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LIST OF SYMBOLS

The Tist below contains symbols in general use‘thrqughout the
dissertation. Additional specialized symbols of limited usage, such as

those appearing in examples, are defined as they are encountered.

Ad matrix of model dynamics

Ap(t) matrix of plant dynamics

al; ijth element of Ay

a*]?;i ijth element of A (t)

aip unknown constant plant parameters

Bd model input matrix

Bp(t) plant input matrix

bgj ijth element of B,

bﬁ.’j ijth element of B (t)

bip unknown constant plant parameters

b?p unknown constant plant parameters

cs coefficients of P(s)

C?j unknown constant part of agj

c?j unknown constant part of b?j

d?j unknown constant in agj whose sign is known
d?j unknown constant in b?j whqse sign is known
d vector of unknown constants

d, ith unknown constant

di(t) ith unknown variation

D, bound on ldi(t)]
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ix

error state vector

“ith element of e
linearized error vector
ith element of Ae
matrix of model dynamics
matrix of plant dynamics
ijth element of Fp
model input vector

plant reference input vector
plant control input vector
ith element of

ith element of jz

model output vector

plant output vector

ith element of gp
m x m identity matrix

linear combination of the a..

1]
Tinear combination of the Bi'

J

vector of adjustable parameters

ith adjustable parameter

adjustable gain

adjustab]e'parameter in the 1j$h_e1ement of Ap(t)
adjustable parameter in the ijth element of Bp(t)

number of model zeros

number of plant zeros



model numerator dynamics

plant numerator dynamics

number of plant poles

characteristic polynomial of the model
characteristic polynomial of the plant

positive definite symmetric matrix

polynomial with left half plane roots

ijth element of P

pdsitive definite symmetric matrix

constant vector

ijth element of Q

defined by K1/K2

reference input

Laplace variable

time instant the adaptive mechanism is initiated
control input

constant

Liapunov function

model state vector

constant vector

plant state vector

ith element of X

ith element of ép
model state vector

plant state vector



Zip ith element of zZ,
%43 diagonal elements of A
Bij diagonal elements of AB
B indexed set of arbitrary positive constants
By arbitrary positive constant
Yij diagonal elements of AY
Sij diagonal elements of A
€ bound on || e]]
Aq smallest eigenvalue of Q
A(X’ AB’ A >
Y positive definite diagonal matrices
Ags Ao B

llell defined by (e'e)'/?



CHAPTER I
INTRODUCTION

A. Background Information

The imposition of stringent performance requirements on systems
which undergo wide parameter variations frequently necessitates the use
of an adaptive control system. For example, adaptive techniques have
been applied to devices such as autopilots [1] - [2] where satisfactory
response characteristics are required in the presence of unpredictable
changes in flight conditions along the aircraft's trajectory, causing
parameter variations in the airframe's equations of motion. More
recently, an extensive investigation into the possible application of
adaptive techniques to the control of tactical missiles [3] was per-
formed. Air targets require the missile autopilot to achieve rapid
response to guidance commands in order to overcome target maneuvers.
Other possible applications include the control of optical tracking
mounts. The results of preliminary testing on one such mount are given
in Chapter V. 1In this case, small tracking errors are required in the
presence of changing mount inertia and bearing friction.

A brief summary of the various paths which research in adaptive
control sysfems has taken is shown in Figure 1.1. The majority of the
design techniques which have been developed can be classified as one of
two types: parameter adaptive or adaptive insensitive. A parameter
adaptive control system is an adaptive system in which the adaptive

mechanism is fixed to a set of adjustable gains, which are either
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contained in the open loop plant dynamics or introduced externally.
These gains are then adjusted according to a specified adaptation algo-
rithm. An example of this kind of adaptive system is shown in

Figure 1.2. In the figure, the plant outputs or state variables are
elements of the vector ép(t) while the vector 5d(t), the state vector
of a model reference system, represents the desired plant trajectories.
A measure of performance is given by the error vector e which is defined
as & = Xy = X It is evident that plant compensation is to be accom-
plished via a vector, k(t), of adjustable parameters which are defined
as feedback gains on the plant states. The parameter adjusting
mechanism is to provide continuous adjustment of k(t) in a manner which

guarantees that 1im e(t) = 0. On the other hand, an adaptive insensi-
toe

tive control system, as shown in Figure 1.3, incorporates a fixed
controller structure to minimize the plant's sensitivity to unknown
parameter variations. The simplest technique which fits the configura-
tion of Figure 1.3 is the classical high gain feedback approach [4], [5]
in which the controller is just a large negative gain. Liapunov theory
has also been utilized [6] to design the controller in order to achieve
a stable error system. In general, the techniques utilizing insensitive
controllers obtain a fast convergence rate without a great deal of
controller complexity. However, they usually result in larger control
input signal magnitudes and are more 1ikely to excite high order plant
structural modes than the parameter adaptive scheme in Figure 1.2.

A11 of the parameter adjusting designs which have been developed

employ either explicit or implicit plant identification in the process
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of control. An adaptive scheme with explicit plant identification
attempts to directly estimate the unknown plant parameters and then
utilizes this information to adjust the adaptive gains. Techniques
based on this approach are found in [7] and [8]. The implicit plant
identification approach maintains continuous parameter adjustment based
on minimizing the error between the plant outputs and desired responses.
This method, while more complex than the adaptive insensitive schemes,
does not require the degree of controller complexity necessitated by

techniques which perform explicit plant identification.

B. Summary of Previous Research on Gradient and
Liapunov Methods

The first parameter adaptive design utilizing implicit plant
identification were gradient methods used to minimize a suitable perfor-
mance index., The most popular of these was the "M.I.T.f rule deveioped
by Whitaker, Kezar, et al. [9]. It was shown in [10], however, that
this approach led to analysis difficulties as well as possible
instability for simple systems with step inputs. Subsequent techniques
based on gradient methods [11] - [12] suffered from these problems as
well. As an alternative method, it was suggested fn [10] that adaptive
loop synthesis be based on Liapunov's direct method. In [13] the
adaptive laws were chosen in order to make the time derivative of a
Liapunov function negative definite. Hence, global asymptotic stability
was obtained as a byproduct of the design. Following its introduction

in [10], [13], the technique was improved and extended by other



researchers, [14] - [16]. For the case of plants with an unknown
constant gain, a more heavily damped error response was obtained in [14]
with the addition of a subsidiary feedback loop. In [15], the technique
was extended to plants with unknown time-varying gains and in [15] and
[16] the number of derivative signals required for controller impiemen-
tation was reduced in the case of plants with an unknown constant gain.
In [17] the design technique was extended to a broader class of linear,
time-invariant plants which contained as many as n2 + nr adjustable
parameters (nth order plant with r inputs). However, there were several
disadvantages with the technique in [17]. First, simulations show that
large adaptive loop gains are necessary to achieve a satisfactory plant
response. These large gains‘may be shown to lead to high frequency
oscillations in the transient response of the plant if the error system
is perturbed from its equilibrium point. Second, the method fails if
plant parameters cannot be adjusted directly; i.e., feedback gains only
can be adjusted. This is unfortunate since this is the case which occurs
most frequently in practice. The problem which arises is that the
adaptive laws for the feedback gains are generally nonunique. Third,
the adaptive laws as presented in [17] require the generation of n - 1
output derivative signals (or n plant states)., Hence, controller
implementation necessitates building (n - 1)th order physically
unrea]izabie derivative networks. Finally, all of the work reported on
the Liapunov technique in [10], [13] - [17], with the exception of [15],
has been concerned with plants containing unknown parameters which are

constant. In [15], a technique was developed for plants with unknown



time-varying gains only, and required a bound on the unknown parameter

as well as its time derivative.

C. Purpose of the Dissertation

The adaptive technique discussed in this dissertation is of the
parameter adaptive variety utilizing implicit plant identification.
Due to the difficulties in analysis and possible instability associated
with most gradient methods, Liapunov's direct method has been selected
as the basis for synthesizing the adaptive laws. It is the purpose of
this dissertation to eliminate several disadvantages which are asso-
ciated with the Liapunov approach. Specifically, the goals are the
following:

1. Develop adaptive laws which yield a rapidly convergent error
response and eliminate the high frequency oscillations which
are present in the transient response of both the plant out-
puts and the adjustable parameters.

2. Alleviate the problem of conflicting adaptive laws which
results in the practical situation where the adjustab]e
parameters are incorporated into the plant dynamics as feed-
forward and feedback adjustable gains.

3. Develop a parameter adaptive configuration and associated
adaptive laws which require a minimum number of physically
unrealizable derivative networks for their implementation.

4, Extend the Liapunov technique to plants whose unknown

parameters are time-varying.



Furthermore, all of the results above are to be obtained while

maintaining the global stability of the resulting error system.

D. Layout of the Dissertation

In Chapter II, a "modified adaptive rule" is derived which results
from the choice of a new Liapunov function. A local stability analysis
of the modified system is performed which shows that a more rapidly
convergent error response is attainable. It is also shown that the
high frequency oscillations in the plant outputs and adjustable para-
meters are not present when using the modified adaptive laws. 1In
addition, simulation results are presented which show the flexibility
afforded by the modified design. For instance, by varying the fixed
adaptive loop gains, a tradeoff between small error overshoot and
minimum settling time is effected. Furthermore, system performance
comparable to the previous design may be maintained with much smaller
gains in the adaptive loop. Furthermore, the modified adaptive rule
requires only one more summing amplifier per adjustable parameter as
additional implementation.

Section A of Chapter III is devoted to the problem of conflicting
adaptive laws which results when the Liapunov design technique is applied
to single-input single-output plants whose adjustab]e'parameters are
introduced into the plant dynamics externally. The adaptive technique
in Section III-B eliminates this problem, while requiring only n - m - 1
derivative networks on the plant output in contrast to the n states

(or n - 1 derivative networks) required in [17] (nth order plant with m



zeros). Accordingly, if m=n - 1, no derivative networks are required
even though the plant transfer function is not positive real (P.R.) as
required in [10]. Furthermore, the result in [10] applied to plants
whose transfer function was known to within a gain factor as did the
derivative reduction technique in [16].

Chapter IV deals with the extension of the Liapunov parameter
adaptive approach to plants with unknown time-varying parameters.
Adaptive laws are derived which guarantee the global stability (in the
sense of Lagrange) of the resulting system error. It is shown that a
suitable norm of the error vector e may be driven into an arbitrarily
small region of state space about the origin, the error bound being
determined by certain fixed adaptive loop gains. It is required that
bounds on the unknown parameters be known and if the plant contains
differential operators acting on the input, bounds on certain of the
time derivatives of the unknown parameters are required.

In Chapter V, the results of the adaptive control of an optical
tracking mount are presented. It is shown that the adaptive compensa-
tion of changing mount inertia and bearing friction results in increased

tracking accuracy.
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CHAPTER 1II
IMPROVED CONVERGENCE IN THE PARAMETER ADAPTIVE CONTROL
QF PLANTS WITH UNKNOWN CONSTANT PARAMETERS
A. The Modified Liapunov Design

In this chapter, an adaptive rule [18] is derived which is based
on a‘certain Liapunov function, thereby assuring the global asymptotic
stabi]ity of the resulting system equations. Since the adaptive laws
developed here include the integral terms incorporated in the laws
given in [17] plus the time derivative of these terms, they are termed
the "modified adaptive laws." Local linearization and root locus
techniques are utilized to illustrate the more rapid convergence and
improved transient response of the modified design.

Consider the multi-input, multi-output plant described by the state

equations (see Figure 2.1),

L] = + -
Xy = Aj(t)x, + B (t)u (2-1)
T _ a3
where the state vector 5p (x]p, X2p’ ces 3 an)’ the input vector

ET = (u], Upys eoe s ur) and A _(t) and Bp(t) are, respectively, n x m

p
and n x r matrices containing adjustable parameters as well as unknown

parameters. For example, each of the elements agj and bgj of Ap and Bp’

respectively, are assumed to be of the form

p = 8 a4 i = 9 =
aij Cij + kijdij’ i=1,n;j=1,n

| (2-2)
P = b b 4p i = 1 =
bij c1.j + kijdij’ i=1l,n;j=1,7r
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a b a b .
where Cij°* Sij° dij’ dij are constant unknown parameters with only the
signs of d?j and d?j being known and each k?j and k?j is a unique para-
meter to be adjusted. Furthermore, it is assumed that}the desired plant

characteristics are represented in a model reference system described by

Xy = Agkq * Bl (2-3)

T_ .
where X4 = [X1d’ Xoqs ==+ Xnd]’ Ad and Bd are known constant matrices

of dimensions-n x n and n x r, respectively., If the error is defined as
&= X4 - X (2-4)

where e = [e], @5 eee s en] then (2-1) may be subtracted from (2-3) to

yield the error equation
é-=.Ad§.+ Aép + Bu (2-5)

where A = Ad - Ap and B = Bd - Bp.

The design procedure leading to the modified adaptive law begins

by choosing the following potential Liapunov function:

- ol T, T, 3,1
V=ePe+ (a +za)r (a+nrz)

T

T -1
+ (0" + zZga (b + (2-6)

sZu)

In (2-6), the elements of the symmetric matrix P are denoted by Pij

and the column vectors a, b, z , and z, are of dimensionality nz, nr,
nz, and nr, respectively, partitioned according to
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T_,T . T T
E_ = (_tl]s 229 o sgn)

T _ T T
_Z_X_ (Z -l, Z ce e 3_Z_xn)
T - T T T
% (z Zy1s Eype v 0 Zun)

where a, and Q, are the ith rows of the matrices A and B, respectively;

i.e., the n elements of a, are a1J J =1, nwhile the r elements of

b; are b.., j =1, r. The n elements of the vectors zy; (n x 1) and

Zy (r x 1) are given in (2?8).

i
—
-
=

i T kg] ekpkixjp’ J

Zyi © kZ] ®kPyilse i=T,n

The matricesiA;],(n2 x n2), AB,(n2 x n2),bA;i,(nr x.nr) and‘Aa,(nr§x nr)
are positive definite and diagonal. The n2 nonzero e1ements of Aa’ in
the order of their position along the diagonal, are giVen by ]/“1j’

J=1,m5 Vages 3= 1,05 oo 1/ay 55 § = 1, n, while the diagonal

elements of AB’ Ay, and A are, respectively, B i

Yij i, J=1, n; and aij’ j = 1, n which are ordered in the same manner

as the elements of A The second and third terms on the right-hand

s s =1, 03

side of (2-6) differ from the corresponding terms in the Liapunov

function used in [17] which was
b (2-7)

The additional terms in (2-6) lead to direct feedback of the error
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states to each adjustable parameter, resulting in a faster convergence
rate and an improved transient response. The time derivative of (2-6)
is

YRR PN T T T,-1; T,-1,
V= g_(AdP + PAd)g_+ Z{Q_PAgp teButadatal o2y

°T,-1 T -1,.2° T,-1.
talh Az toz o Kz, + b A b

'T 1 T -1,2°
tbA Az YDA Az oz ANz }
(2-8)

where the sécond'and third terms in (2-8) may be written as.
(2-9) -

The vectors a and b are now selected in order to make V negative

definite. They are chosen as

‘T_-_ _ L] -
a =-hz,o- Az (2-10)
bl = -nz - Az (2-11)
- Y=u &=u T

Since from (2-2) the elements éij’ bij of the vectors é_and éﬁ

respectively, are related to the adjustable parameters ka and k?j

=-p-— : =_.p— b 1 i
according to a1J a3 5 k1Jd1j and bij bi k13d13= integrating

both sides of (2-10) and (2-11) yields the adaptive laws

t :
()T = by, [ B0 a4 g0 + ()" (2-12)
0
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. |
)7 = g, [ 250 dt + agezl() + (e )T (2-13)

%

In (2-12) and (2-13), the vectors 5? and EP are deffned by

&7 = Wt 6T, kD
&) = (T, w7, L DD

where the elements of gg are given by k?j, j =1, n and the elements of
5? are denoted by k?j, j =1, n. The elements of the positive definite
. . . A .
diagonal matrices L Ads’ Ady’ and_Ad6 are given by Qij/dij’ Bij/dij’
y../d?,, and &../d?., respectively, positioned along the diagonal in
13743 137743 U v
the same manner as the elements ]/“ij are ordered along the diagonal of.
the matrix A, These elements are arbitrary positive or negative
constants depending on the signs of d?j and d?j and‘t0 is the time

instant the adaptive loop is closed. Substituting (2-10) and (2-11)

into (2—8),.0 becomes, in view of (2-9),

YRR Y T T
V=g (AP +PAe - 2z, 0z, - 2z,Mz, (2-14)

Now if Ad is a stable matrix, the positive definite symmetric matrix P
may be determined as the unique solution [19] of

AgP + PAy = -Q (2-15)

where Q is an arbitrary positive definite symmetric matrix. Since the
last two summation terms in (2-14) a:e less than or equal to 0, Q, with

this choice of Q, is a negative definite form over the space of e and V
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is a Liapunov function for the error equation, (2-5). Thus, asymptotic
stability, in the sense that e ~ 0 as t -+ », is assured. The a4 and
bij may or may not converge to zero since V is only a negative semi-
definite function of the variables e s aij’ and bij" The plant output
however, will always track the model output. Equations.(2-12) and
(2-13) are the modified adaptive laws for each adjustable parameter in
the Ap and Bp matrices. Implementation of these laws requires only one
more summer for each gain than implementation of the adaptive laws in
[17] which can be obtained from (2-12) and (2-13) by setting Bij = 843
=0, for all i, j.

B. Comparison of Convergence Properties

The convergence properties of this design and previously reported
Liapunov designs will be compared by performing a local stability
analysis when.fhe adjustable parameters are 1mp1emented first according
to the development in [17] and then according to the modified adaptive
law. A comparison of the root loci of the characteristic equations of
the perturbed linearized system equations for the two cases will show
that the modified law speeds convergence. In order.to-clearly illustrate
the details of this comparison, the local stability analysis is first
performed on a second order system. Consider the plant with scalar
input described by

x]p : 0 1 x.‘p . 1

: a ja a a .a b b,b
Xap| |21 * Ka1day  Cop t Kpplpal|Xpp|  [S2 * Koy

(2-16)
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with X1 being the plant output. The model is taken as

p

x]d 0 1 x]d 1
= + u (2-]7)

i 'ad ad X b

2d 21 22- V"2d d
where ag] and agz are negative constants. Hence, the error equation is
ey | 0 1 e, 0 0 x]p ’O

= + + u (2-18)

d d b

AN ) B PR L) 821 @2l %9y 2

_.d a a ja _.d a a ,a
Where ayq = a5y - Cpy = Kpydays 8pp = 3y = Cpp = Kppdyps and
_ b b b
by = bpg = ¢ - kadp-
The adaptive law in [17] requires that the time derivatives of the
adaptive parameters be chosen as
T 2 . ‘b 2
Koi =i L &Predipr 171025 kg = owp L byl
where o3 oo and Yo are arbitrary positive constants.
Equations (2-18) and (2-19) constitute a set of system equations.

An equilibrium point for this set of equations may be defined by taking

a _,a0 . _ . b - b0 - .=
= 0 = -
X = Xy and u = u (2-20)
a0 . _ . b0, - 14 » 0 .
where ko, 1= 1, 25 ko 5 and uy llf u(t) are cqnstants and x4 is a
constant vector. Note that it is not necessary to assume a,;, 5o and

b2 are all equal to zero for kgi = kg? and kg = kgo. ‘The Tinearized
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set of system equations given in (2-21) is derived assuming small pertur-

bations from the equilibrium point. Thus,

se, = a3 re. + 2 ne, - % x .ok, - u dBak]
2 21771 2272 .40 Mid2it2id 0272
i=1 (2-21)
. 2
a _ a .
Bkp; = (ap/dy;) k§1 BeyPpoXgis 1= 1,2
2
b _ b .
akp = (vp/dp) 1 deypyou,
where the definitions for the perturbed variables are given by
a _ ,a0 . . b _ b0 b
kz.i - kz.i + Akz.ig 1= -I, 2, k2 = k2 + Ak s
e = Ae, and x_= xO + ax_ = x° - ae (2-22)
=" b5 A A B A, R

where égT = [Ae], Aez]. Equation (2-21) is Laplace transformed and the
characteristic equation in a form for root locus analysis for this system

is found to be

Ky(Pqp + Ppys) a

1+
2 d
s(s” - ay,s - a2])
where K, = % (x8 )2 + uBy, is a linear combination of the arbitrar
174 Mhd! %21 T o2 Y

positive gains a,qs dnos vp in (2-19). It is seen that the gains dnys
Goo s and Gy do not act independently of one another in their effect on
the linearized system dynamics. A typical root Tocus for (2-23) as a
function of K] is shown in Figure 2.2. If the gains Goys Oon and Y, are

made large 1t'is evident that the linearized system response becomes
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Figure 2.2. ‘Root Locus with Respect to K] for Linearized
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Figure 2.3. Root Locus with Respect to Ky for Linearized
~ Error System (Modified Rule)
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highly oscillatory. This is verified in simulation results presented in

Section B.

For comparison, the development (2-16) to (2-23).is_repeated with

the adaptive parameters defined by (2-10) and (2-11) instead of (2-19).
Thus

2 2

ra d . _

K2i = =%2i L. ®Pketip ~ F2i [kz] ekpk-inp]’ 1=1,2
) (2-24)

- 2
b : d
kg = = 1.21 kPr2¥ - 82 dE (k; ekpkzu]
The characteristic equation for this case is

Ki(pyp + Pyps) (T + Kys/Ky)
1'P12 * P dz) 1V, (2-25)

14+
2 d

0)2

(x1.d Bog * ugsz. The root Tocus for (2-25) is plotted

Ne~1MN

where K2 =

i=1

as a function of K in Figure 2.3 where R (> 0) is defined by Ky = RK2.
The effect of the additional terms in (2-24) has been to place a zero
at =R, which eliminates the oscillatory behayior of thé previous design.
In addition, it is evident that one pole of the linearized system response
may be made as heavily damped as necessary by increasing R and K].

The root locus behavior in Figures 2.2 and 2.3 for large Ky is
typical forJhigher order systems of the form (2-2) and'(2-3) as well.
The character1§ti§ equation for an nth order system analogous to (2-23)
is given by

Ky(s" + dys"T a4 )

1+ > =0 (2-26)
s%[sI - A4l
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where K] is a linear combination of the o.. and the di’ i=1,n are

1J
. d
functions of the aij’ %50 Bij’ and q1.j and the root;_of A
s"_+ d]sn'] + eee + dn = 0 are in the left half s-plane. From (2-26)

it is seen that there are two more poles than zeros whose loci must
approach +90° asymptotes in the complex plane for large.K]. On the
other hand, using the modified adaptive rule, the characteristic
equation becomes

n+1 n
- K'I(S + 9]5 + cee + gn+.|) _

> 0 (2-27)
s™|sI - Ayl

. . - d
where the gis 1 = 1, n + 1 are functions of the aij’,Bij’ aij and qij‘
Again, the modified rule forces the locus back to the real axis by

introducing an additional left half plane zero.

C. Simulation Results

Example 1. Consider the second-order system shown in Figure 2.4
where u(t) is a scalar input, KV (> 0) is a constant unknown plant gain,
KC is the adjustable plant gain, and K (constant) is the known desired
gain. The system can be represented in the form of (2-5) by the

0 1 0
[ J et [ } u(t) (2-28)
1 -2 K - KK,

e(t) and e2(t) = é(t). In (2-15), Q, which may be any

equations

R

€

whére e](t)

positive definite symmetric matrix, is chosen as



22

>

MODEL REFERENCE

K
*'1 52 +2s +1

A 4
u(t) Adaptive
| Controller
PLANT
K o
¢ b 52 +2s + 1
4
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7/4 1
Q= [ ] (2-29)
1 3/4

in order to yield a P matrix which is

2 1
P= [ ] (2-30)
1 1

The app]icatibn of (2-13) results in the following implementation of Kee

Ke

t . .
o f (eu + eu) dt + g(eu + eu) + Kc(to) (2-31)

t

where o (> 0) and 8 (> 0) are arbitrary constants. The application of
Equation 9 in [17], using (2-30), yields
t L
Ke=v|[ (eus eu) at] + K (t) (2-32)

%

where vy is an arbitrary positive constant.

The dashed line in Figure 2.5 is the error response, e(t), when the
adaptive controller is implemented according to (2-32) with K = 25,
K, = 1o u(t) = 1.5 sin 2.8t, t_ =0, K (0) = 5, e(0) = e(0) = 0, and
vy = 93. It was found that f; le(t)] dt = 0.63 and any decrease in y
resulted in ‘a larger integral absolute error. The solid line indicates
e(t) when’KC is implemented according to (2-31). It was found that the
same integral absolute error could be obtained if o« = 8 = 16, about six
times smaller than the gain requirement when using (2-32). Figure 2.6

shows the response of é(t) with the two different implementations of Kc.

The rapid convergence of é(t) when using (2-31) is clearly evident. The
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time response of the adjustable parameters of (2-31) and (2-32) are
compared directly in Figure 2.7, illustrating the smooth adaption
afforded by (2-31). A

Example 2, An illustration of the flexibility of'fhe modified
design is provided in this example. Consider the first order adaptive
system in Figure 2.8 where u(t) is a step input with magnitude 5 and
3, (> 0) is an unknown constant. The adaptive controller must compensate
for the difference in the location of the model and plant poles. The

system can be represented in the form of (2-5) by the equation
e = -de + (ac ta, - 4)xp (2-33)

The matrices P and Q in (2-15) are scalars in this case and the choice

of Q = 8 yields P = 1. The application of (2-12) yfe]ds the following
adaptive law for ac(t)
. t

ac(t) = q f ex. dt + 8 exp + ac(to) (2-34)

P
t

where o (> 0) and g (= 0) are arbitrary constants. The developments in
[10] and [17] yield an adaptive law containing only the integral term in
(2-34); hence, (2-34) represents the previous design if g = 0.

Three simulations were performed on the system in Figure 2.8 with
a, = 1, t, = 0, e(0) = 0, aC(O) = 0, and o = 100, Figure 2.9 illustrates
the error response for the system when the adaptive controller is imple-
mented accordihg to (2-34). The three curves correspond to three

different values of g3 i.e., 8 = 0, which corresponds to the design in

[10] and [17], and 8 = 10 and 90, which correspond to the modified
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Figure '2.9., Error Response of First Ordar System.
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design. It is seen that the modified design with g8 = 90 yields a peak
value of |e(t)| equal to 0.043, which is five times smaller than the
peak value of the previous design (0.22). In addition;:the modified
design with 8 = 10 requires only 0.8 sec for |e(t)| to reach and remain
below 0.02% of the input, whereas the previqus design requires almost
four times as long (2.9 secs). Values of B between 10 and 90 in the .
modified design result in a tradeoff between settling time and peak
absolute value of e(t). Figure 2.9 illustrates the time response of
ac(t) for the three simulations. The rapid adaption provided by the
modified design for both values of g is evident. As in the previous
example, the modified design does not contain the undesirable oscillations

encountered in the designs in [2] and [9].

D. Remark

The design technique presented in [14] is actually a special case
of the modified design presented here. (See [21].) For example, the
configuration which results when the adaptive technique in [14] is
applied to the system of Example 1 in Section C is shown in Figure 2.11
where vy and G are arbitrary positive constants. On the other hand, the
implementation of the adaptive controller in Figure 2.4 according to the
modified rule given by (2-31) is shown in Figure 2,12. It is easily
seen that the configurations in Figures 2.11 and 2.i2 are mathematically
identical if o and 8 are related to vy and G by o = G:and B = yG. The
use of the subsidiary input technique in [14] is, however, restricted to

plants with unknown gains only and requires exact cancellation of the
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‘Figure 2.12. Implementation of (2-31)
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plant zeros with a fixed prefilter prior to injection of the subsidiary

input.
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CHAPTER III
EXTERNAL PARAMETER ADJUSTMENT SCHEMES FOR
PLANTS WITH UNKNOWN CONSTANT PARAMETERS

A. Motivation

In Chapter II, it was assumed that the adjustable parameters could
be introduced into the plant dynamics in the manner described by (2-1)
and (2-2). Oftentimes in practice this must be done by utilizing feed-
back and feedforward gains bn the plant states and inputs, respectively.
It was shown in [17], however, that the Liapunov approacﬁ suggested in
[10] and [13] results in nonunique adaptive laws for single-input/single-
output plants. To see this, consider the plant described by the

equations:

. *
= + g | -
y4 Fz +gr+gu (3-1)
- 1T _
Xy h.z (3-2)

where gp is an n-dimensional state vector defined by .

gg = (zp], Zpgs wee zpﬁ), xp(t) is the plant output, r(t) is the
command input, and u(t) is the control input to be defined. Each

*
pi* 9pi’ Mpi

- %
respectively, of the n x 1 dimensional vectors gp, gp_(not necessarily

element (f?j) of the n x n matrix Fp and each element g

equal to gp) and bp is an unknown constant parameter. The equations

of the model are given by

Zy = Fdzd tgyr (3-3)
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I

Plant compensation is provided by implementing the scalar control law

in (3-5); i.e.,
T

u=kx +kr (3-5)

Xy T Ky
where ET = (k1, k2, cee s kn) and kr are adjustable pérameters. Substi-

tuting (3-5) into (3-1), the closed loop form of the plant becomes

Equation (3-6) is now in the form of (2-1) with Ap(t) = Fp - gSET(t)

* »
and Bp(t) =94 9% - gpkr(t), where Bp(t) is now a co]qmn vector.
Each element, then, of Ap(t) and Bp(t) is defined in the form of (2-2);

aP.-*fP. -g*.k. ‘
(3-7)
¥ =g . -g

pi pikr

If (3-6) is subtracted from (3-3), an error equation in the form of

- * T _ } *
Z4 - Zys A=F,- Fp + gpg_-and B=g4- gp + gpkr'
It was assumed in [17] that hy = bp and hence, if e = 0, then, the

(2-5) results with e

il

desired result e = Xq - xp = DES = 0 is achieved. For this system, it
is seen that
- P =gk -
43 7 "% T %pifye tehn
(3-8)
5 = -Bp =g k i=1,n
i i gpi r? ’
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which, upon the application of (2-10) and (2-11) generally results in

n conflicting definitions for each of the kj, J=1,n and &r' Thus,
for systems in which one has access only to a set of feedback and feed-
forward adjustable gains, the adaptive laws given by (2-10) and (2-13)
are not directly applicable.

Several other authors [9], [11], [12], [23] have considered the
parameter adaptive control of plants described by (3-1) and (3-2). The
basis for synthesizing the adaptive loops in these techniques has been
the minimization of some performance index via a gradient adjustment
law. A11 of these design techniques, however, suffer ffom the disadvan-
tage that the global asymptotic stability of the error e cannot be
guaranteed. For example, it has been shown in [10] that the technique
in [9] is unstable even for first order plants with step inputs.
Furthermore, the approaches in [11] and [12] require extensive stability
analyses and/or simulations in order to determine if'the error will
converge to zero. Finally, the method presented in [23] guarantees

only local stability for stationary inputs.

B. -Degign Technique for Plants with Feedback
and Prefilter Adjustable Gains ~
1. Development. The design technique presented in this section
[22] a11evia£es the problem of conflicting adaptive laws for the class
of plants described by (3-1) and (3-2). Unique adaptive laws are
derived which result in a globally asymptotically stable error system

for arbitrary inputs. In addition, it is not required that the elements
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of the vector bp in (3-2) be known or that the states of the system be
available for measurement. The technique, however, does utilize the
plant output and its first n - m - 1 derivatives (nth order plant with

m zeros).
The c]aés:of plants to which the technique applies can be described

by (3-1) and (3-2) which may be put into the form

0§ o i) P b, 1) ‘g‘

*  (m=1)
j=1 PP i=o 1P ito 10" (3-9)

p
* »
ip® !
n - 1. The plant output is xp(t)

(0) 4y =
b (t) = xp(t).

The reference input is r(t) and u(t) is the control input through which

where the aip’

*
constants with bO

i=1, n; bip’ i=1, 2 and b

>0 and 2, m

= 1, m are known

in

p
and xé1)(t) denotes the ith derivative of xp(t) with x

the feedback and prefilter adjustable gains are to be introduced. The

*
= 1, 23 and b,

constants aip’ i=1,n; b ip? i=1, min (3-9) can

ip’ 1

* a 3
be related to the vectors gp, gp, bp and the matr1vap£1n (3-1) and
n . .
(3-2) as follows. Ifm(s) = ¥ a, s("'1), n(s)= Y b; 5(2’1),
, p i=0 1p p j=0 1P
* _ m s (m=1)
and np(s) = iZO bips , then
n_(s)/m.(s) = h (sl - F )] (3-10)
p+>//Mp Ip p’ Ip
and
* ) _ T - _'I * _
np(s)/mp(s) bp(sI Fp) N (3-11)

The desired plant characteristics are given by a stable model reference

system described by

xgn"i) = bidr(m'i) (3-12)

(n) , %
*d ' iz i

)
Qs
- =0
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n .
where the roots of s" + '21 aids(n'1) = 0 lie in the open left half
‘l=

s-plane. The a;4, i =1, nand by, =1, ¢ in (3-12) may be related
to Fd’ 94° and bd in (3-3) and (3-4) in the same manner as described

n N
by (3-10) and (3-11); i.e., if md(s) = 7 a.ds(n'1) and

i=1 1

nd(s) = '§1 Bids("'i); then,
i=
ng(s)/my(s) = hi(sI - Fy)™'g, (3-13)

A differential equation for the error, e = Xq = Xpo is obtained by

p
subtracting (3-9) from (3-12) which yields

o(n) .31 a1.de(n-i) - w(t) (3-14)
where 1
w(t) = E (a, = a )x(""i) + % (b., - b )r(m-i)
C o421 ip T1dp 520 *id T Tip
M s (o
" i bip”(m k (3-15)

A reduction of the order of Equation (3-14) may be accomplished as

follows. Take the Laplace transform of both sides of (3-15) and then

%§F1Mmm

m
divide both sides by the polynomial P(s) = s™ + )
i=1

0 are in the open left half

c; >0, i=1, m, and the roots of P(s)
s-plane. Since the coefficients CRgP i=1, n, are real, the poles of
the model transfer function are either real or they occur in compliex
conjugate pairs. Hence, the roots of P(s) = 0 may always be chosen
equal to m of the model poles, i.e.. the roots of |sI - F | =0, ifm

is even. If m is odd and the model possesses no real poles, the root
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of P(s) = 0 which does not cancel a root of |sI - Fdl = 0 is chosen in
order to make Ad in (3-16) a stable matrix. For example, if n = 2,

m= 1, and the two model poles are complex, P(s) is given by P(s) = s + ¢
where c¢ is chosen such that 0 < ¢ < CEPR After the Lab]ace inverse is

taken, the error equation may be written in phase variable form as

e = Age+b(d'f, - b;pu) (3-16)

where gT = (e, é, ces s e(n-m—]))’ QT = (0,0, ... , 0, 1), and Ay is a
stable matrix (by the choice of P(s) in standard form representation as
defined in [24]. 1f y (¢) = L7T0x (s)/P(s)3, up(t) = L7Maw(s)rp(s)a,
r(8) = LTR()/P(s)1, and p(e) = L7T01/P(s)) where X (s), U(s).

and R(s) are the laplace transforms of x_, u, and r, respectively; then

the vector jd is defined by i

jﬂ = (f}, IE, cee s fg, ecs 1) (3-17)
with

f} = (xp, ip, cee s Xén»m—]))

£ = (¥ys Qp, : yém']))

jg = (up, ﬁp, cee s uém'1)) (3-18)

jz = (rp, ;p’ cee s rém']))

= (), By o s ™ ()

and es(t) = 134{5(5)/(5 + s?)} where s? is the root of P(s) = 0 which

does not cancel a model pole. If m is even or if the model transfer
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function has a real pole, then es(t) does not appear on the right-hand
side of (3-16). The vector d is an n + 3m + 2 dimensional vector whose
elements are comprised of plant and model parameters and initial

conditions on xp, Xqs and their n - 1 derivatives. For example, in the

case where n = 2 and m = 1, the elements of d are

dy = agp - a5gs by = a5, - 2y - oy, - agy)s
dg = bgpCq = bygs g = byg = by = clbyy - byy)s
dg = e(0) + (a]d - c])e(O) -(a]p - a]d)xp(o) (3-19)
d. = a;4€1 - 8,4 - c2 d, =bsyy - b
6 1d™1 2d 1 77 od Op
The control input, u, in (3-16) is now defined as
= 7 _
u=kfy (3-20)

where k is a vector of adjustable parameters defined by

T. ‘
e L R

and model parameter differences represented by the vector d. Substi-

2) which is introduced to compensate for plant

tuting (3-20) into (3-16) yields
fd (3-21)

The system error equation, (3-21), is now in suitable form so that the
development (2-6) to (2-15) may be arplied to obtain the adaptive laws

for the adjustable parameters
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t
= T T
k=1 JO fieqdt+ Afeg (3-22)

In Equation (3-22), Ay and A, are arbitrary positive definite diagonal
matrices and g = Pb where P is the unique solution of PAj + AgP = -Q.

The Liapunov theory guarantees that 1im e(t) -~ 0 if the adaptive control
t

system is implemented according to (3-21) and (3-22). However, in order
to maintain a bounded control input, u(t), it is necessary in practice
to restrict the zeros of the plant to the open left half s-plane. In

order to show this, the model equation (3-12) is alternatively described

by
X4(s) = (my(s)/ny(s)IR(s) + I (s)/ny(s) (3-23)
where md(s) and nd(s) are defined above (3-13) and

n-1 . . .
Id(s) =._Z N-1-4 _% aidx33'1)(0). The plant equation (3-9) is

j=0 i=0
similarly described by
x*
m (s) m (s) I (s)
Xo(s) = ﬁﬁm R(s) + ﬁEj(’sT U(s) + F\f,‘(?f (3-24)
m . m .
- (m-1) _* - * (m-i)
where mp(s) iZO bips . mp(s) iZO bips .

_(n), ¥
np(s) = s\ ¢ 12

The steady state transfer function, U(s)/R(s), can be derived from the

. -1 . i . .
(n-1) L S B (-1)
1 3 , and Ip(s) 'ZO s iio aipxp (0).

steady state condition e(t) = xd(t) - x (t) = 0 which implies that

p
Xd(s) = Xp(s). For arbitrary inputs_ r(t), this requires, from (3-23)

and (3-24) that
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U(s)/R(s) = md(s)np(s) - mp(s)nd(s) + np(s)Id(s) - nd(s)Ip(s)

L3
mp(s)nd(s)
(3-25)
Hence, in order that u(t) remain bounded, we require that the polynomials
*
mp(s) and nd(s) be nonminimum phase. In other words, the model must be
stable and the zeros of the plant transfer function Xp(s)/U(s) must lie

in the open left half plane.

2. Second-order example. The implementation of (3-20) for a
second-order system (i.e., n =2, m = 1) is shown in Figure 3.1 where,

for convenience, bgp and b* have been chosen equal to bo and b

Tp p 3¢ P1p?
respectively. It is evident that the adaptive control system is
building, on-T1ine, an appropriate cascade compensator, feedback compen-
sator, and prefilter to give the desired plant behavior. In addition,
the adaptive scheme utilizes no derivative signals nor is it required
that the plant transfer function be positive real (P.R.) as in [10].
Furthermore, the result in [10] applied to plants containing an unknown
gain only, whereas the results here obtain for plants withn + m + 1
unknown parameters.

A simulation was performed on the system in Figure 3.1 using

particular parameter values in order to verify the preceding theoretical

results. Consider a plant in the form of (3-9) described by

X o+ x + =r+ U+ 2 -2
X, _xp xp r+2r+u u (3-26)

where xp(O) = x (0) =0 and r(t) =1 rsint, t>0, r(0) = 0. The

P
model reference, representing the desired plant characteristics, is
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+ s+ a1ps + a2p
Ky
s + ¢
+ . k '
6
(%5** k5 + s + ¢
+ |
+ k]
Q,—
éﬁi s +c

Figure 3.1. Design of Second Order System Using Feedback
and Feedforward Adjustable Gains ‘
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defined in the form of (3-12) by
Xq * 3xd + 2xd = 2r + 6r (3-27)

where xd(O) = ;d(O) = 0. Applying the development (3-14) to (3-22)
with P(s) = s + 1 and Yi/bOp = 100, 61./bOp =10 for i = 1-4, 7 yields

the following adaptive laws for the adjustable parameters, ki

t
ki = 100 IO efdi dt + ]Oefdi’ i=1-4,7 (3-28)

where ki(O) = 0,.1 =1-4, 7. In this example, it is not necessary to

introduce the adjustable parameters k5 and k6 since d5 = 0 and d6 =0,
e(0)

respectively. It is not necessary to introduce k5 since e(0)
= xp(o) = p(0) = u(0) = 0 and k6 is not necessary since the root of
P(s) = 0; i.e., -1 is one of the poles of the model. The error response,
e(t), and the input, r(t), are plotted in Figure 3.2 for 0 < t < 1.2 sec
illustrating the rapid convergence provided by the adaptive scheme.
After 1.2 sec it was found that the absolute value of the error remained

below 0.003.
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CHAPTER IV
PLANTS CONTAINING UNKNOWN TIME-VARYING PARAMETERS
A. Development for Plants without Input
Differential Operators

The research presented in Chapters II and III, as well as the work
reported in [11] -~ [18], [20] - [22], dealt only with the control of
plants whose unknown parameters were constant. In many applications,
such as the control of tactical missiles, this could be a severe
Timitation [3]. The design technique to be developed here, which was
summarized in [25], extends the Liapunov parameter adaptive approach
to plants whose unknown parameters are time-varying.

The technique is perhaps best illustrated by its application to
plants of the form given in (4-1). The case when the plant contains
differential operators acting on the input is considered in Section B.

Consider the single~input/single-output plant described by the equation
(n), ¥ (n-1) _ Yk )
X iZ} aip(t) X, bp(t)r bp(t)u (4-1)

where instead of constant parameters as in (3-9), the aip(t)’ i=1,n,

bz(t) (> 0), and bp(t) (not necessarily equal to b;(t)) are unknown

: % * *
time-varying parameters bounded by A ; < aip(t) < Agqe By = bp(t) < By
and B, < bp(t) < By, respectively. It is assumed as in (3-9) that the
desired plant behavior is represented by a stable linear, time-invariant

model described by

Xc(:“) +r2\ anS""i) = byr (4-2)

i=1
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where the CRUR i=1,n and bd are known constants. A particular form

for the differential equation of the error, e = X4 - xp, is obtained by
*

subtracting (4-1) from (4-2) and dividing by bp(t) (> 0), which yields

1) (n) 1 0
— e + ) a, e
b(t)) b (t) i=1 19

p
(2;5(8) - 2y W(n=1) Fﬂlj;fifoJ r-u (4-3)

* p *
1L by(t) ] by (t)

(n-1)

1}
|11 e o]

i
The control input, u(t), is to be defined in a manner which insures that
le|l < e where ||-]/is a suitéb]e nom and ¢ is a positive constant which
can be made as small as necessary by adjusting certain fixed design
parameters. This kind of stability is generally termed "strong practi-
cal stability." The design procedure is as follows. Rewrite the
parameter differences on the right-hand side of (4-3) as the sums of

constants plus time-varying unknowns.

aip(:) o f e f(e), =1,

bp(t) R
o (4-4)
—-.c-i-—-;—p——= gO + g(t)

bp(t)

where the fio’ i=1,n and g, are unknown constants, and the fi(t),

i =1, n, and g(t) are unknown time-varying deviations about the fio’

i=1,nand g , respectively, with [fi(t)l < F; and [g(t)] = G for all

t. The Fi’ i =1, n and G may be determined from the upper and lower
bounds on the’aip(t), i=1,n, bp(t), and b*(t). The control input,

Y
u(t), is now defined as
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n .
- (n-1)
u iZ] k1.xp k" (4-5)

where each of the adjustable parameters ki’ i=1,n and kr may be

written as the sum of two terms; i.e., ki = k% + k?, i=1, n and

I P

kr = kr + kr“ The superscript I denotes the fact that kg, i=1,n

I

and kr

are to be integral functions of the error states while the
P
-iﬁ
relationship to the error states. When Equations (4-4) and (4-5) are

superscript P in k;, i = 1, n and ki is indicative of a proportional

substituted into (4-3), and the error system is rewritten in phase

variable canonic form, the result is Equation (4-6).

H—} e- [i*] Age + bw(t) (4-6)
by bp
where
| n ,
w(t) = 121 (o - k%)xénﬂ) + (g, - ki
b 5w - s T g - B @)
=1 ] ip 8 Yo r

and the pair (Ad, b) are in phase variable canonic form defined by

0 1 0 vee 0]
0 0 1 0...0 |
Ay = b =(0,0, ... , 1)
“%,d  TIh-1,d T4

(4-8)
The structure of the error equa*ion (4-6) is such that adaptive

laws for the ki’ i=1,nand kr may be defined so that the ki, i=1,n



48

and ki will compensate for the constant part of the unknown quantities
while the k?, i=1,n and ki are to compensate for the rapid variations
of these quantities. To this end, a potential Liapunov function is
chosen, which is a positive definite function of e and includes n + 1

semidefinite forms in certain parameter differences. It is given by

1T d 1,2 1,2
V= E*'Q-P—-+ i§1 2(Fio = k)" + 2lgg - Ky (4-9)
P
where gT = (e, é, cee 3 e(n'])), P is a positive definite symmetric

matrix to be determined and X;, i =1, n and A, are arbitrary positive
constants.

The adjustable parameters are now defined by

t .

I_ . Toro(n=1) I .
t

kb=, f e'Pbr dt + k(0)

’ 0 (4-10)

P _ : Ton, (n=1) .

ki = Mi sat[(ei/Mi)g_Pg_xp 1, i=1,n

ki = N sat{(er/N)gTRgr]

where the a; = 1/X;, 8. = 1/A,, 8; and g, are arbitrary positive

constants and Mi > Fi’ N 2 G. The sat function in (4-10) is defined by
sat(z) = 1 if|z|> 1 and sat(z) = z ifl|z]< 1. The time derivative of

(4-9) with the definitions in (4-10) becomes

V= (b /b P)ePe - (1/b7)c'qe + y(t) (4-11)
where PAd + AgP = -Q, Q positive definite, and y(t) is given by
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i=1 Hi

. e, zx(0-1)
y(t) = 2z 'E xé“") (fi(t) - M, sat[&lﬁiﬂ———ﬂ]

g zr
+ 2zr (g(t) - N sat[}%r%} (4-12)
T

with z = e Pb. There are two cases for which V(t) in (4-11) must be
examined: (1) 6; >0, and (2) 5; < 0. In the first case, V<o
if gTQg > b;y(t). In the second case, it can be shown, by integrating

both sides of (4-11), that

V(0)b™(0) t .
W(t) s —-——BR——epoO (camp)eee - y(0)1y] dt} (4-13)

L

Hence, V is bounded by a decreasing exponential if gTQg_> b;y(t). In
order to obtain a bound then on gTQg, an upper bound on b;(t)y(t) must
be obtained. Consider the second term in (4-12). When lsrzr/Nl > 1,

sat[srzr/N] = 1 and since |g(t)] < G < N, it follows that

J(t) = 2zr(g(t) - N sat[arzr/N]) <0 (4-14)
On the other hand, when lsrzr/NI <1, sat[srzr/N] = Brzr/N, and

J(t) = 2zr(g(t) - srzr) (4-15)

In this case, setting 3J/szr = 0 yields the fact that J(t) attains its

maximum value when zr = g(t)/ZBr. This implies that for all t,
2 2
J(t) < g°(t)/28, < 6°/28, (4-16)

The other n terms in (4-12) may be bounded in a similar manner and since
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* *
bp(t) < Bh; then,

* * n - 2
by (BD¥(8) < Bh/z(é] o878, + /s, (4-17)

Hence, V(t) will decrease until
' *

2
B n D; 2
Toe < 1 1,6 )
eles 7;{ LEtE ] (4-18)

Therefore, (4-9) is a Liapunov function for (4-6). Since

STQQ 2 A ng, where Aq is the smallest eigenvalue of Q and an appropriate

q
norm on the vector e is [g|| = (_tg_T_e__)]/2

n 1/2
lle|| < e where ¢ = [kB:/qu) [ Z] (D%/Bi) + (Gz/sr)}} can be made as

'|=
small as necessary by increasing the arbitrary positive gains Bys

, it is seen from (4-18) that

i=1,n and By

B. Plants with Differential Operators
Acting on the Input
In this section, the design approach is extended to plants with
mth order input differential operators. It is shown that the adaptive
Taws may be defined on a reduced state space error vector at the expense
of requiring that certain derivatives of the unknown parameters be

bounded. Considér the plant
% .
(n) , ¥ (n-1) _ (m-1)
X5 iZ] aip(t)xp izo bip(t)r

m 4 s
+ 1Zo bip(t)u(m 1) (4-19)
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where the definitions of the aip(t), X.s Py and u are the same as in

P

(4-1) and the bip(t) and b: (t) are time-varying unknown parameters

bounded by B . < b < i dB. <b: ¥ with B
ounded by B ; =< ip(t) < By, and By, < bip(t) < Bhi with B, > 0.
The stable linear time-invariant model for (4-19) is given by
n . 9 .
n - -i
g+ Loagg" ) e b (4-20)
i=1 i=0
where the 3542 i=1,n and bid’ i =0, m are known constants., If the

error e = X, - xp is defined as before, and (4-19) is subtracted from

(4~20), the error equation in (4-21) is obtained.

n . 2 Z3
el 4 1 a;e" ) - L by by )+ 1)

n .
(n-1)
+ .= Q.
121 (a1p a1d)xp
m .
- 1 by ulm) (4-21)
i=0

From here on, this approach deviates from the development (4-4) to
(4-18) since this would lead to adaptive laws which require mth order
derivatives of the reference input, r(t). Instead, a reduction of the
order of (4-21) is performed to eliminate its dependence on the deriva-
tives of r(t) and the (n - m + 1)th to nth order derivatives of e(t).
In order to accomplish this reduction of order, the procedure is, as in
Chapter III, to take the Laplace transform of (4-21) and divide both

m s
sides of the equation by the polynomial P(s) = s™ 4 ) cism T where
‘ i=1

c; > 0, i =1, n, and the roots of P(s) = 0 1ie on the negative real

axis of the s-plane. After the Laplace inverse is téken, it is shown
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in Appendix A that Equation (4-21) may be written as

& = Age * blvy +v))

where v1(t) is defined by

v%m) (m-1) _

?
+ c.V
=1 1

and vz(t) is defined by its Laplace transform as

-1 m—fl . n iy
VZ(S) =P (S)LZO Y-is1 + i(i=l§1+2 (aip - aid)x‘()“ 1)H

- H(s)E(s)

In (4-22), the pair (Ad, b) is in phase variable canonic form and

(4-22)
A i
do G o
mt1 .
(n-1)
+ izl (aip - aid)xpn 1
m * 3
= izo bipu(m 1) (8-23)
(4-24)
Ad-is

stable and in (4-24), H(s) is a known transfer function which can be

generated with (n - m - 1)th order derivative networks (see Appendix A).

The v; are functions of the initial conditions on the error and its

derivatives and b and e are defined as in (4-6).

In order to eliminate

the dependence of v](t) on the mth order derivatives of r and u and the

(n = m+ 1)th to nth order derivatives of x

state-variable formulation in [26] is utilized.

p? @ particularly useful

In [26] it is shown

that (4-23) may be represented by the state equations
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B

=AMt g,
(4-25)
= 4F

where Av(t) = g_xxp(n -m=-1) + g,r + g,u and ¢w(t) = (a'lp - aid)x(n-'m-])

p
N * . L3 o
+ (bod - bop)r - bopu° The matrix AC is the (stable) companion

matrix of P(s) in standard form representation which is defined, along

with the vector d in (4-26).

0 10 07 1)
0 0 1 0 ... 0 0

A, = ,d= (4-26)
L"Cm ‘Cm_] es e -C.I"‘ LOJ

The quantitiés-gx, 9,» and g, are m-dimensional column vectors whose

elements are generated according to (4-27). These elements are

9pi = Dyg = Byp(t) - Silgyp5)s i=lm
9yi = byp(t) = S;(gy5)s i=1,m (4-27)
9i = 2i41,plt) = 3441 q = Silgyg)s = Tom
where i-1 -] n+ k + 1)d%g,
19 o ci‘j'k( n- 1 };Eﬁl
with 9 = a1p = 4> 9o T bod - bip’ Yy0 = 'pr‘ HIt is assumed that

bounds on the 9pi> Jyis and 9y exist and they are given by

|91 < 6.5 19,41 < 64> and | ;] < G;. It follows from (4-25) that
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gTyﬂt) may be rewritten as
dw(t) = g (s)z )y + L7ia"(s)w(0)) (4-28)

where gT(s) = QT(sI - AC)']. The elements w;, i = 1, m of the vector

w(0) are defined from (4-22) and are given by

. -1 .
w1(0) = '¢(1)(0) - n.]z.lzwgm-?)(o)s i=1,m (4"29)
J=

Utilizing (4-25) to (4-28), the function (v] + vz)/b:p can be

written as

Vo + v a,. - a b ,-b
1 2=(“°* ]d} Xénm1)+(—2“—r—"ﬂ]r-u-y(4-30)

bop bop bop
where
y(t) = E;’_ L7 (s) i{axXén'm']) * gr - g uil
op
+ = 27 H(s)E(s)]
bop
1 g=1fp-1 a oy (n=i)
et oz L, - uag™))
+1 (t) (4-31)
and Ic(t) is given by
m-1 . _
1(t) = ;}— £ ) 1o+ q'(s)u(0)} (4-32)
'I=

op
The parameter differences in (4-30) can be decomposed in a manner
similar to (4-4). For instance, the difference appearing in the first

term on the right-hand side of (4-30) is written
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a;. - a
L;Uljr—qu = a + a1(t) (4-33)
bop

and similarly decomposing the unknown parameters in the first term of

y(t) yields

___]*__= + bz(t)
b

op (4-34)
9yq = 95 * gy(t)

where a], b2, and 92 are unknown constants and 3 Vi), bg(t), and
gz(t), respectively, are variations about these constants. Hence, it

is seen that

[a]E ; a]d] x(n-m-]) - d(])X(n-m-l) + d](t) (4-35)
| bop Y p
(n=-m-1)

where d? = a% and d](t) = a‘]'(t)xp , while the first term on the

right-hand side of (4-31) is written as

L7y () g™
op

= & Lig () L™y + gy(8) (4-36)

0 . . 0 _.,cc
where d2 is a constant given by d2 = b292 and

4y(t) = bg L7Tay () LLgy ()™ Uy
+ (1) 870y () LLgy ()™ D+ gfole) L egg () £1x{™™ V.
The signal Ic(t) is handled in the following manner. Since

qT(s) = ADJ(sI - Ac)/Ps’ Ic(t) can be written as
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1(t) == L1 Ts)esn (4-37)
bop

where Q(s) = Z ¥; 14 ADJ(sI - A )w(O) Expanding Q(s)/P(s) into

partial fractions yields
o 0
Q(s)/P(s) = .Z] A/ (s +s5) (4-38)
1=

if the sg, i =1, mare distinct. In (4-38), the A,, i = 1, m are
unknown constants and -s?, i =1, m are the roots of P(s) = 0 with the

s? being real and positive due to the choice of P(s). If the s?

are not
distinct, the right-hand side of (4-38) contains terms of the form
Bi/(s + s?)z, 2 =2,3, ... » where the Bi are unknown constants.

Utilizing (4-38), Ic(t) becomes

m
I(t) == ] Ae "5 t20 (4-39)
by i '

op
and in lieu of the first equation in (4-34), Equation (4-39) can be

written as
m -s?t m
Ic(t) = Z J+1 + 121 J+1(t), t=20 (4-40)
where j = n+ 2m + 2 .. - bSA., and d. .(t) = b (t)A
g N & 3 27i° jHi

Since all of the terms in (4-30) and (4-31) can be written in a
manner similar to (4-35), (4-36), or (4-40), the function (v] + vz)/bzp
n (4-30) and (4-31) can be alternatively described by

v] + v2 n+3m+2 0 n+3r.-2
= 1 dghy v T di(t) - u (4-41)
bop i=1 i=]
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where the h., i=1,n+ 3m+ 2 are a sequence of filtered signals which
N A CHOT (O L P R AR T

m+ 2, n; h

are given by h1 =
- 1-1.p-1 (n i)

L1 (s)L(x;" )3, ]
i- ]{g (s)R(s)}, i=n+2,n+m+1; h; = dl-]{gT(s)U(g)},

LV H(s)E(s) T3 h; = e-s"t,

-
i

= 3

=
L1}

-
1l

n+m+2,n+2m+ 1; hn+2m+2

s
]

n+2m+ 3, n+ 3m+ 2,
The control input, u(t), in (4-41) is defined by
n+3m+2 I n+3mt+2
i=1 i=1

where the h%, i=1,n+ 3m+ 2 are obtained from the hi’ i=1,n+3m+ 2,
respectively, by placing absolute value signs on the signal associated
with that term. For example, hj = |x(n'm'1)|; hs ==i:]{q](s)ii|x("'m"])|)},

s horis = | £V eH(s)E(s) ], =hg, i=n+2m+3,n+3m+2
Substituting (4-41) and (4-42) into (4-22) and d1v1d1ng both sides of

(4-22) by b yie1ds an equation similar to (4-6); i.e.,

op
1 * 1
&7?} e+ {1FJ Ase = bw(t) (4-43)
bop bop
where
n+3m+2 0 I n+3mt+2 P
W(t) = z (di = ki)hi + Z (d (t) 1h ) (4‘44)
i=1 i=1 !

The development (4-7) through (4-18) can now be applied to (4-43),
yielding the following adaptive laws: |

I t g I ’
ki(t)=a1.f e Pbhy dt + k:(0), i =1, n+3m+2

0 (4-45)
KE(t) = M, sat[(s,/M)e'Pbhil, 4= 1, n+3m+2



58

where the 055 Bis k%(O), and the matrix P are defined as in (4-9) and
(4-10), b is defined in (4-8), and the M; = D,, the D,, i =1, n+2m+3

being defined below. In this case, the error is bounded by

lell < e (4-46)
*
Bhy ne3m2 , |1/
where ¢ = 7iq L. Di/8; . The Dy, i =1, n+ 3m+ 2 are upper
~ i=1

bounds obtained from the di(t), i=1,n+3m+ 2. For example, D1 and

D2 are defined by (4-47) and (4-48) as follows:

IA

|4,(t)] D]lxén'm'1)| = Djhi(t) (4-47)
and |

|d,(t)|

A

t
D, fo ay(t = DX (0] de = Dhy(t)  (4-d8)

. * *
where D] = m%x a¥(t) < (a]d - Azl)/BQO’ and D, = [mix gx1(t)]/[m1n bop]

= Gx1/B:0' Equation (4-48) follows from the fact that

ql(t) = ﬁL'l(qi(s)) > 0 for all time. This is shown in Appendix B. It
is also shown in Appendix B that qi(t) = 3L'](qi(s)), i=2,mand

p(t) = i.'](1/P(s)) are greater than or equal to zero for all t.
Therefore, following Equations (4-47) and (4-48), the di(t),

i=1,n+ 3m +A2 are bounded by
ldi(t)l < Dih%(t) (4-49)

Hence, the adaptive control of plants in the form of (4-19) may be
accomplished utilizing n - m - 1 outrut derivatives. Bounds are

required on some of the derivatives of the unknown parameters.
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Similar to the case of plants with unknown constant parameters
which was discussed in Chapter III, it is necessary to examine the
boundedness of the control input u. From Equation (4-19), it is seen

that

T (mei) o (n) D (n-i) _ § (m-1)
. = + . - . -
izo N x5 121 3% iZO b1pr (4-50)
At the completion of adaptation, e is bounded by (4-33) and
To* mei) _ (n) , D (n-1) _ & (m-1)
+ e(t) (4-51)

where e(t), [e(t)| < E, arises from the difference between the model and
plant outputs. Since r is bounded and the reference model is stable, to
determine if u(t) is bounded, it is necessary to ascertain the bounded

input-bounded output stability (b.i.b.o.) of the equation
Mmoo (i)
Y biou = u(t) (4-52)
i=0 P

n . %
where u(t) = xgn) + -21 aipxén_1) - -Zo p
i= i=

in [27] that (4-52) is b.i.b.o. stable if the solution of the homo-

b r(m'i) + ¢(t). It is shown

geneous equation

mox (m-i)
P

=0 (4-53)

2t eop some

goes to zero at an exponential rate; i.e., [¢(t)]| < Me
positive constants M and A. For example, if m = 1, the solution of

(4-53) becomes



¢(t)

t-, * *
L otbyp(8)/bg (1) 1dt
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(4-54)

*
Since bop(t) > 0 and B:] < b:p(t) < 8:1, ¢(t) approaches zero at an

exponential rate if b;p(t) > 0 except over a finite number of finite

. *
time intervals during which b1p may be negative or zero. For arbitrary

m, sufficient conditions for the exponential stability of (4-53) are

given in [27]. First, however, it is seen that Equation (4-53) may be

rewritten as m first order state equations

$ = B(t)g (4-55)
where
"0 1 0 7
_ 0 0 0
by b ba
wp m;],p 1p|
_bOP bOP bOR

and QT = (¢, é,v... ’ ¢(m—1))° Now, following Brockett, restrict the
eigenvalues of B(t) to the half-plane Re(s)< 0 for all t and define the

Liapunov function
V — T
=y P(t)y (4-57)

where P(t) (m x m) is a positive definite symmetric matrix. The time

derivative of (4-57) is given by

V= -xTx_+ XT&X (4-58)
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where P(t) has been chosen as the unique solution of
PB + BIP = -I (4-59)

where I (m x m) is an identity matrix. Now ﬁ(t) is a function of the
b:p/b:p, i=1, mand their time derivatives and the maximum eigenvalue,
s Of P(t) can be made less than one by placing suitable bounds on

the time derivatjves of the gquantities, (b:p/bzp), i=1, m Hence,
dividing both sides of (4-57) by xTi_yie]ds

Wyly = <1 + (y"Py/y'y) (4-60)

and 1T§x/xI1 < Ay» Where ay is the maximum eigenvalue of ﬁ(t). If

A <1 as discussed above, then V < 0 unless y=0.  Hence (4-57) is a
Liapunov function for (4~55) and (4-55) is exponentially stable. In
general, then, it is necessary to restrict the eigenva]ﬂes of B(t);
i.e., the roots of 150 b:p(t)s(m'i) = 0 to the open 1eff half s-plane
for every t as in the case of constant parameters discussed in

Chapter III.“In.addition, however, it is necessary to place bounds on
the time derivatives of the ratios (b:p/bzp), i=T1,m

C. Simulation Results

In this section, the adaptive control of the secohd order plant in
the form of (4-19); i.e., n =2, m =1, is considered. In this case,
the polynomial P(s) is given by P(s) =s + ¢, 0'<c < CRpp and the error

equation in the form of (4-22) becomes
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A * V, + V
e/by, + (c = ajg)e/by) = Tb* 2 (4-61)
op

%
where (v] + VZ)/bop is defined by (4-30) as

v, + v a,;, - a b -.b
]b* 2 - { L2 14 X, * LﬁELzr—fﬁq r-y-u (4-62)
op Pop Pop

In (4-62), y(t) is defined in (4-31) by

, (3lgx +gr-gul
y(t) = o £ Loy * orr - sty 1 (ay4¢ - apy - cPle’
- % (3¢ - 3y

s tc
op op
(4-63)

where 354C = By - c2 =0 if -c is fixed at one of the model pole
locations. In (4-63),'gx, Ips and g, are scalars with the following

definitions:
g, (t) = 3y = ¢ + clagg = ap,) -3y

gr(t) = b.|d - b] + c(bop - bod) + b (4-64)

P op

gu(t) = b'lp = Cbop - bOp

The signal ef(t) in (4-63) is a filtered version of e(t) given by

ef v cef=¢ (4-65)

with ef(O) évqg‘and v(t) is defined by

y('t><=-;,1-— [e(0) + (ayq = c)e(0) - (ay,(0) - ayy)x,(0)
" b,

= (byg = bop(0))r(0) + b, (0)u(0)] (4-66)
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The signals, hi(t)g i=1, 7 and the h%(t), i

of (4-42) become h1 = xp, h2 = X

1, 7 in the control law

f _f _ F
r, h5 =u, h6 =e,

f
= |ul”,

s h3 =r, h4 =

Il T -h

- “Ct — ] f P o [ f
hy = e ~"U(t) and hj = prl, hs ]xpl » hy = [r], hy = ir]'s h

f o of

g
5
§ f T _ =ct . *

hg = le|"s hy = h, = e -"U(t), where, for instance, r' +cr' = r.

I

A simulation for this system using particular parameter values was
performed. The plant parameter values selected were

a(t) = 2 + sin(2t) + et

 agp(t) = 1.5 - 2 cos(5t), by (t) = bop t)

= 2 + sin(4t) + te™% and bzp(t) =1 + 0.5 cos(cos t) while the model
parameters chosen were A4 - 2, Apq = 1, bod = 1.5, and b1d =1,
Initial values for the plant and model signals were given by xp(O)

= xp(O) =0, x4 = xd(O) =0, r(0) =1, u(0) = 0 and the reference input
was r(t) = U(t), a unit step function. The parameter c, in (4-65) was
chosen equal to 1 which yields 14C = A4 - c2 = 0, eliminating the
necessity for introducing the adjustable parameters ké and kg. Using
these parameter values, the M. i =1, 7 in the adaptive laws in (4-45)
were computed as M; = 1, M, = 6, My = 5, M, = 6, My = 5, Mg = 0,

M, = 5. The arbitrary positive gains o, and g, in (4-45) were chosen
to be o = By = 10, i = 1-5, 7.

Figure 4-1 shows the response of the uncontrolled plant, the model
reference system, and the controlled plant fqr 10 seconds. Figure 4-2
illustrates the érror response, e = X4 - xp for the same time interval.
It is seen that after the initial transient, the adaptive system results
in an error which is bounded by |e(t)| < 0.01 for 0 < t < 10 secs. After

10 secs, the absolute value of the er.or remained below 0.01 as well.
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CHAPTER V
APPLICATION OF THE MODEL REFERENCE PARAMETER

ADAPTIVE TECHNIQUE TO AN OPTICAL
TRACKING MOUNT

A. The Existing Servo Control System and
Motivation for an Adaptive System

The National Aeronautics and Space Administration has recently
developed a telescope at the Optical Research Facility of Goddard Space
Flight Center, Greenbelt, Maryland, for research and development work
in Taser space communications and the tracking of deep space probes.

The telescope consists of a tube, gimballed about two axes (X and Y),
which is approximately 14 ft long and 3 ft in diameter._ The 3,500 1b
weight of the telescope must be pointed to an accuracy of 1 or 2

arc-sec (less than 0.001°) due to the narrow laser beamwidths which are
required. In addition, the system must drive smoothly at rates ranging
from 0.007 deg/sec to 5 deg/sec in order to track stars and low altitude
satellites.

The control system configuration for one axis of the mount, as it
presently exists, is depicted in Figure 5.1. The design philosophy is
discussed thoroughly in [28] and will be treated on]y'in brief here.

In the figure, the input signal, r[(n + 1)T] is a predictive position
command consisting of an angle in digital form that indicates, for
example, a sate]iite or star's position at time t = (n + 1)T, where n is
the number of the current sample interval, and T is the sampling interval.

In the course of operation, two system states, x_(t) and xp(t), are

Y
monitored which represent the mount's continuous position and velocity,
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respectively, in one axis. As seen in Figure 5.1, the control sysfem
for each axis of the mount incorporates three feedback Toops. The inner
one is an analog rate loop closed by a D.C. tachometer. This loop acts
to minimize the effects of friction and to reduce the effective mechani-
cal time consfant. The second Toop is an incremental position Toop
which drives the mount 0.001° for each pulse of the command train e'(nT).
The outer loop is a digital position loop which is differenced with the
reference input thus generating a discrete position error,

e(nT) = v[(n + 1)T] - xp(nT).l\rate signal, generated on the basis of
this difference, drives the rate loop at the precise rate required to
reduce the error to zero in the sampling interval. Finally the digital
counter and analog compensation network are designed to provide zero
steady state position, velocity, and acceleration efrors, substantial
gain and phase margins, and appropriate forward 1oopubandwidth.

Due to the variety of uses for which it was assemb]ed, the mount is
operational -in several different modes. The first mbde analyzed was the
manual velocity mode, in which the mount is required‘to drive smoothly
at Tow rates in order that slowly moving stars and satellites may be
acquired within the field of view (about 20 arc-sec) of the automatic
tracking system. In this mode, the position loop is open and a fixed
command rate signal is applied directly to the incremental rate loop.
Figure 5.2 depicts the outputs of the D/A converter, compensation net-
work, and tachometer, respectively, while the mount was driving in the
manual velocity mode. Although the rate selected was 0.005 deg/sec,

the tachometer output plot shows that the mount rate WaS'actually
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fluctuating about the nqmina] rate from 0.001 deg/sec to 0.012 deg/sec.
This fluctuation is apparently due to the discontinuous nature of the
D/A output, which is smoothed over somewhat by the compensation network,
but reaches the analog tach loop in the form shown in the second plot in
Figure 5.2,

In order to drive the mount smoothly at given input rates, the
following scheme was developed. The output of the compensation network
in Figure 5.1 was disconnected and a constant reference signal was
applied to the analog tach loop. In Figure 5.3, the resulting configura-
tion is shown, along with the transfer functions of the different
elements in the loop. The constants Kp and -ap are the gain and pole,
respectively, of the transfer function of the combined D.C. motor and
load, r(t) is the reference input, and ip(t) is the tachometer output.
The transfer function of the motor and load neglects variations due to
changing mount inertia and friction, but these effects will be discussed
shortly. The closed loop transfer function is given by

il[xp]' 1400 K

R TS ¥a T
(s) S ap 400 Kp

where R(s) = i[r(t)]. Hence, if r(t) is a step function with amplitude

(5-1)

A and ip(o) = 0, then from (5-1),

. 1400 KpA ]

x (t) = T
P a, 1400 KpJ

(1 - e-(ap+1400Kp)t) (5-2)

Since the order of magnitude of Kp is 10'2, the transient decays rapidly

and kp(t) Z (1400 K A)/(a, + 1400 K ). Figure 5.4 illustrates the
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tachometer output when driving the X-axis with r(t) = 13 mv. This input
voltage was selected so that the X-axis of the mount would move at

0.005 deg/sec when the Y-axis was fixed at 0 degrees and the X-axis was
initially positioned at 0O degrees driving East to West. The coordinates
X=0° Y = 0° correspond to the mount's zenith position. The X-axis
was then initially positioned at -80°, -40°, +40?, +80°, respectively,
and the output rate was recorded at each point for 30 secs. The Y-axis
was then fixed at +80° and the various X-axis rates were again recorded.
The Tast two plots in Figure 5.4 show the output rates when the same
procedure was followed with the mount driving in the opposite direction
(West to East). It is apparent by comparing Figures 5.2 and 5.4 that
far smoother fach output rates are obtained when applying a fixed voltage
to the analog tach loop as in Figure 5.3 rather than to the incremental
rate loop as shown in Figure 5.1. However, in Figure 5.4, it is also
observed that, depending upon the positioning of the X and Y axes and
the direction of motion of the X-axis, an input of 13 mv will drive the
mount at various rates ranging from O deg/sec to 0.0094 deg/sec. It is
apparent, then, that changing X-axis inertia, mount imbé]ance, and
static friction cannot be neglected if the mount is to move smoothly at
the desired rate over the entire field of view. It is here that the

adaptive technique described in Chapters II and III can be of use.

B. Developing the Model Reference Adaptive Control
Technique for the Tracking Mount ‘

The adaptive technique presented here is an application of results
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presented in Chapters II and III, and includes a new adaptive term which
compensates for the nonlinear bearing friction characteristic. Consider
now a diagram of the analog tach Toop in Figure 5.5. The differential
equation relating ip(t)'UJzawhich includes an approximate model
(neglecting hysteresis) of static and coulomb friction as reported in

[29], is given by

. + a -
X a xp 140 K

b o z+ f(xp) + 140 K u (5-3)

P P

where u(t) is the adaptive input to be defined and —f(ip) is described
in Figure 5.6. It is assumed that the plant parameters, Kp and ap, as
well as the coulomb friction level fc, are slowly time-varying parameters,
which are essentially constant over the adaptation period of the adaptive
mechanism. This assumption will be justified shortly. An ideal model

of the motor, load, and tachometer, representing nominat plant charac-

teristics, is given by

'>id +12xy = 0.252, (5-4)

where ;d is the model or ideal velocity. Defining é = ;d - ip and

subtracting (5-3) from (5-4) yields the error equation

" 1on o _ - o PR
e + 12e (ap 12)xp (140 Kp 0 25)za f(xp) 140 Kpu

(5-5)

In order to provide adaptive parameters to compensate for the unknown

quantities appearing on the right-hand side of Equation (5-5) the

control input u(t) is defined as
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u = k]xp + k22a+ k3 sgn(xp) (5-6)

where k](t), kz(t), and k3(t) are the adjustab]e paramefers and

sgn ip = +1 for ip > 0, sgn ip = -1 for ip < 0. The third term in
(5-6) is new here and its purpose is to compensate for coulomb friction
in the mount bearings. Substituting (5-6) into (5-5), and rewriting

(5-5) yields an error equation in the form of (2-5), given by

. . 3
e+ 12e= ] y.q, (5-7)

where y; = ap - 12 - 140 ka], Yo = 140 Kp - 0.25 - 140,ka2,
¥3 = f. - 140 ka3, gy = xp, gp = za,and‘g3 = sgn Xgs In Equation (5-7)

it has been assumed, from Figure 5.6 that f(ip) = =5gn ip. The error
equation, (5-7), is now in an appropriate form so that the development

(2-6) to (2-15) may be applied, which yields the adaptive laws
t. . _
ki (t) = o fo eg; dt +p.eg., 1=1,2,3 (5-8)

where the ai_and By i =1, 3, are arbitrary positive gains. Hence,

we are guaranteed that lim é(t) = 0 and that ip(t) will track the output,

to

id(t), of a linear, time-invariant model.

C. Driving the Mount at Fixed Rates
Utilizing the Adaptive Scheme
The implementation of the adaptive design is shown .in Figure 5.7
with the ky, 1 =1, 3 defined in (5-8). In the figure, the power ampli-

fier, motor, 10ad, and tachometer have been combined as the "plant" and
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o o o - —fc, Coulomb Friction Level

]
,—fs, Static Friction Level

Figure 5.6. Bearing Friction Characteristic
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the model system is represented by the transfer function for Equation
(5-4). Figure 5.8 illustrates the results of using this design with
values for the o, and B; in (5-8) of ay = a, = 100, By = B, = ag = 10,
and 83 = 1. The reference input (r = 13 mv) for Figure 5.8 was the same
as the input for Figure 5.4. However, it is evident that the mount is
driving at 0.005 deg/sec regardless of the initial pQSitioning of the
X and Y axes. In Figure 10, the mount was moving West to East with the
Y-axis fixed at 0°. This corresponds to the third plot in Figure 5.4
which was obtained without utilizing the adaptive system. It is seen
that when Y is fixed at 0° and X is initially positioned at -80°, the
mount drives at nearly 0.006 deg/sec without the adaptive scheme.
Hence, the control input (Figure 5.8) is negative, resulting in an
opposing torque to slow the X-axis rate. However, for the next four
runs (-40°, 0°, +40°, +80°), the mount will drive too slowly or not at
all without the adaptive technique. In Figure 5.8 it is seen that the
control input gets increasingly more positive as the X-axis is moved
further East, supplying the additional control force necessary to
drive the mount at the desired rate. A table illustrating the steady-
state values of k], Ko s and kg for the 35-sec runs in Figure 5.8 is
given below. The table shows the different cqnfiguratiqns which the
system in Figure 5.7 assumes as the X and Y coordinateé of the mount
vary.

Figure 5.9 is a concise illustration of what is to be gained by
employing the system in Figure 5.7. In the figure, the tachometer

output and its time integral, which is proportional to the mount's
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Table 5-1: Steady-State Adaptive Gains Driving West
to East (Y-Axis at 0°)

X-Axis Initially '

Located at k] k2 _ k3
-80° (West) 0.65 -0.13 -0.33
-40° -0.32 +0.02 | +0.88

0° -0.39 ¥0.31 +1.31
+40° -0.65 +0.85 +0.88
+80° (East) -0.89 +1.33 +1.54

X-axis position, are compared during a typical run when incorporating
both the existing manual velocity mode depicted in Figure 5.1 and the
adaptive technique in Figure 5.7. For both runs, the Y-axis was fixed
at 0° and the X-axis was driving East to West beginning frqm ]0? East.
In the manual velocity mode, the tach output deviated m@re than +0.004
deg/sec or £80% of its correct value, while the mount position deviated
+8 arc-sec from its nominal position. On the other hand, utilizing the
adaptive scheme with an analog tach loop input, the tach output deviated
only +0.0002 deg/sec or +4% of its correct value, while the mount was

tracking to within an arc-second of its nominal position.

D. Adaptive Compensation of Static Friction

In order to illustrate the effectiveness of the adaptive scheme to
compensate for static friction in the bearings, a tach loop input of

r = 0.013 sin 0.01 t (volts) was chosen. This input approximates the
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the velocity characteristic of the circular-orbit 100-mile high orbit.
The graphs in Figure 5.10 were taken on separate runs with the Y-axis
fixed at 80° North and the X-axis oscillating about 40° West. The

input for all three runs is shown in the first graph. The second graph
illustrates the tach output without utilizing the adaptive technique.
The effect of the increasing retarding torque caused by increasing
friction when the mount velocity passes through zero is clearly evident.
The third plot in Figure 5.10 shows the mount ve]ocity when the adaptive
mechanism of Figure 5.7 is employed. It is seen that the resulting
mount velocity is nearly free of static friction effects as well as
being completely symmetrical about zero velocity. The last plot in
Figure 5.10 shows the mount velocity when only two adjustable parameters
in Figure 5.7 are incorporated, i.e., k1 and k2. Although this repre-
sents an improvement over the second graph, the mount does not drive as
smoothly as when the adjustable gain, k3, is utilized, The compensation
afforded by uti1izing the additional adjustable parameter is clearly
illustrated in Figure 5.11. The first plot is the negative of the time
variation of k3(t). It is evident that k3(t) is following the changing
friction level as shown in Figure 5.6. Since k3(t)'is_mu1tiplied by
sgn(ip) prior to injection into the power amplifier, as shown in Figure
5.7, the adaptive mechanism automatically provides a cantrol signal of
the proper sign, depending upon the sign of ip(t). The third plot in
Figure 5.11 is the time response of é(t), the error between the model
reference and the "plant." The peaks in this curve occur around the

instants of time when ip(t) passes through zero and their absolute
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-1.0 mv.
x (t)

10 mv 4

~10 my

e(t)

1.0 mv |

0.5 mv

120 t (sec)

Ed

QL

Figure 5.11. —k3, ip, and é Utilizing Adaptive Mechanism
with Sinusoidal Input
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CHAPTER VI
SUMMARY AND SUGGESTIONS

A. Summary

A modified Liapunov design technique for model referenced parameter
adaptive control systems was presented. A modified adaptive rule for
plants whose open loop transfer function contained adjustab1e parameters
was developed from a new quadratic form Liapunov function. The modified
design yielded a more rapidly convergent error system and an improvement
in the transient response of the adjustable parameters. Simulations
illustrated that, by varying certain fixed gains in the system, a trade-
off between small error overshoot and rapid settling time could be
effected. In addition, comparable system performance with previous
designs could be maintained with smaller gain requireménts. As
additional impTementation, the modified design required only one more
summing amplifier for each adjustable parameter.

The case when the adaptive parameters must be 1ntkoduced as feed-
back and feedforward adjustable gains was also treated; A technique was
developed, utilizing the modified adaptive rule, which alleviated the
problem of nonunique adaptive laws reported in the literature [17]. In
addition to the adjustable gains, physically realizable, linear, time-
invariant filter networks were incorporated in the design if the open
Toop plant transfer function contained zeros. Unique adaptive laws were
derived which required the generation of only n - m - 1 derivative net~

works (nth order plant with m zeros) in contrast to the n states or
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n ~ 1 derivative networks required in previous designs. Furthermore,
in the case where n = m - 1, the plant transfer function was not
required to be positive real as in [10]. In order to maintain a
bounded plant input, it was necessary to restrict the plant zeros to
the open left half plane.

The parameter adaptive approach was then extended to plants whose
unknown parameters were time-varying. Adaptive laws were derived which
guaranteed the Lagrange or practical stability of the résu]ting error
system. Upper_and lower bounds on the unknown parameters were required
and if the open loop plant contained differential operators acting on
the input, bounds on certain of the time derivatives of these unknown
parameters were also required.

Finally, the results of the parameter adaptive control of an
optical tracking mount were presented. Included in this application
was the adaptive compensation of the nonlinear stiction-friction
characteristic of a D.C. motor. It was shown that;the mount's position
error could be reduced to less than 1 arc-sec with the adaptive scheme

whereas the existing servo control system yielded an error of 8 arc-secs.

~B. Suggestions for Future Research

Future research in parameter adaptive control systems should
include the control of plants whose open loop transfer function is
nonminimum phase. It would seem that in order to accomplish this while

maintaining a bounded plant input, one will have to be content with a
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scheme which provides adaptive compensatiqn for the plant poles only.

Subsequent endeavors should also be concerned with the effects of
measurement noise on the adaptive schemes discussed here. Some results
have already been reported in this area [30] for plants whose unknown
parameters are constant.

Furthermore, it seems clear that discrete adaptive laws analogous
to the continuous laws exist for the classes of plants treated in the
dissertation. One problem which will have to be resolved in this
regard is whether or not the multiplications, additions, and numerical
integrations required for each iteration of the discrete adaptive laws
can be accomplished in frea] time.f For example, these calculations
will have to be performed in time t' < T where T is the sampling inter-
val. 4'

Additional areas of research would also include exiending the
parameter adaptive approach to systems with more general nonlinearities
‘than the one treated in Chapter V, as well as developing a technique

which, when implemented, requires no derivative networks.



APPENDIX A

If the Laplace transform of both sides of (4-21) is'taken, it is

seen that

s o

SRS (A1)

% .
where Ve(s) =’ji{120 (bid - bip)r(£-1) +,.g (ai - a1d)x(n -1)

i=0 j=0

f (A-1) by P(s) = s™ +
i=1

left half s-plane yields

m

(P, (s)/P(s)IE(s) =

n n
where Pa(s) = s + .Z
can be written as follows:

P,(s)/P(s) =

where kr =n - m, and Pje i
i

n-1
z b. pu(m 1)} .Z Sm"]-'J

cisi where the roots of P(s)

n-ij

1=

] s
) aide(J 1)(0). Dividing both sides
i=0

Vo(s) (A-2)

. The ratio of polynomials, Pa(s)/P(s)

k
e ] pys T (Gs)/R(s)) (8-3)

i=1

=1, kr are given by

Pis1 = 3441,d = Si4] -1 C5P;.3 and the polynomial G(s) in the

J=1

remainder term G(s)/P(s) is of order m - 1. Equatiqn'(A-S) can be

rewritten as follows:

P,(s)/P(s) =

P
-

r i X] agdS'r + H(s) (A-4)
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= 0 are in the



o

r r KT gs
where H(s) = .21 (pi - aid)s + 5%;} and the roots of
"|=

k 4
k r =i _
s '+ _21 a?ds " =0 are in the left half s-plane. Substituting
i=

(A-4) into (A-2) and taking the Laplace inverse of both sides of (A-2)

=

yields
k (k.-1)
r.r r _ -
i=1
where ve(t) = jL'][Ve(s)] has been decomposed into the signals v](t)
and v2(t), defined in (4-23) and (4-24), respectively. Equation (A-5)

may be represented by the state equations:
e =hAge +b(vy +v,) (A-6)

where Ad and b are given by

0 1 0 . 0 0
0 0 1 0 .. 0 0
Ag= | b= (A7)
r r r
!_'ak d "ak_--l ,d XK "'a-ld_ b]-
r r

and the vector e is defined by gT = (e, é, cee s e(n-m—l)).
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APPENDIX B
The vector g(s) may be written as
T )
q'(s) = d' (ADI(sI - A ))/P(s) (B-1)

. . _
since (sl - AC) = ADJ(sI - Ac)/lsI - AC| and [sI - Al = P(s)
m .
=s"+ ¥ c;s
i=1
T _ T .
ga(s) = d'ADJ(sI - AC) are given by

M1 The m elements d ; of the row vector

m=1

d. =™ 4y ¢ M- i=1,m (B-2)
ai =1 J ?

The polynomial P(s) may be written as a product of factors; i.e.,
m 0
P(s) = T h (s +s5) (B-3)
'|=

where the s?, i =1, mare real and positive. Each e1ement in (B-2) can

be rewritten in terms of the s?, i =1, min the following manner.

. s a M . m-
dai - Sm—1 + Sm-1-1_. s? + Sm-1-2 . Z s? S?
i=1 1!,1?=] 12
+ sece +—.|mrsg. (B-4)
j=1

Dividing (B-4) by (B-3), it is seen that the elementé_q{(s) of g(s) are
given by

qp(s) = 1/P(s)

m
qp-q(s) = l//1fg (s + S?) + 1 s%//ﬁ(s)

i=2



Gpop(s) =1 /ﬁT"r (s + s°) +. Z S; /LT1' (s + s

+ ? s?sg /b(s)

i,3=2
i#J
0 o0 ., .0
gi(s) = —L— 4 m b oave g omom=1"""52
1 s + s'?] (s + s°)(s + 59 ) P(s)
¥ m m=1 (B-S)

Since the s?, i =1, mare real and positive, it is evident from
(B=5) that each element qi(t)== if][qi(s)] is comprised of a sum of
-g0 )
terms of the form kgg(t) where g(t) = e S’t® e SJt ® -+ for some

is Js see » and kg > 0. Since g(t) is a convolution of time functions
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which are greater than or equal to zero, we have that g(t) = 0 as well.

Hence, q.(t) = 0 for every 1i.
i
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