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INTRODUCTION

This Final Report contains the results of our research
act1v1t1es supported by NASA Grant NGR 22- 017 019.

» Part T deals with the scattering of llght from a
rotatlng ground glass reproduced from Dr. Rlchard Tuft's
Ph.D. thesis. | o | |

.Part IT concerns itself with the counting statistics
of second harmonlc light generated by a pseudo-thermal source
and is in the form of a reprlnt submltted for publlcatlon to
the Journal of the Optlcal Soc1ety of America. |

Part IIT descrlbes an 1mportant theorem in Applied
» Optics deallng w1th the upper bound of the optlcal transfer
functlon. In addltlon we have taken the 11berty of enc1081ng

reprlnts from a recent JOAS artlcle deallng w1th some

research carrled out durlng the prev1ous NASA grant.
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PART T

Scattering of Laser Light From

a Rotating Ground Glass

g g g e



ABSTRL IT

Experimental results ccrncerning the statistical
‘properties of a light beam s:attered by two rotating
ground glasses have been obtzined., Photocount statistics
measured at different scattering angles and different
translational speeds of the ground glass have confirmed
the known result that the sczttered light amplitude is
a stochastic Gaussian variable in the case that there
are many scatterers in the illuminated regilon, Further
results indicate that, as ths size of the inhomogeneities
én the ground glass becomes comparable to the size of
the illuminated region, the ield amplitude probability
distribution tends toward loc-amplitude normal.

Self-beating measurements on the scattered light
of a He-Ne laser in a TEM,, configuration have shown
that the power spectrum is a Jaussian function of the
frequency. The dependence oI its half:ﬁidth on the
translational speed of the ground glass and on the
focal length of the lens tha-= focuées the beam on the
scattering surface has been —=asured. The experimental
results agree very closely wizth the theoretical pre-

dictions.
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STATISTICAL PROFZIRTIES OF LIGHT
SCATTERED FROM A ROT~-TING GROUND GLASS

by
Richard ~. Tuft

I. INTRCIJCTION

When a beam of 1light imringes on a scatterer of
linear dimensions e, a diffrzction pattern originates
with an angular aperture ¥ = A/g . If a collection
of indepéndent scatterers is placed in the path of a
coherent beam of finite diameter d, the diffraction
lobes will interfere with one another generating a far
field pattern which is a rancom distribution of bright
and dark areas of irregular =napes and sizes. Each
bright area is known to subtend an angle of the order
of A /d which only depends cn the wavelength of the
incident light and the diamet=r 4 of the beam. This is
also known in diffraction theory to be the pattern gener-
ated by a collection of holes randomly distributed over
an opaque screen.l If the sczatterers are set in motion,

the diffraction pattern exhitits local fluctuations of

intensity.



Although the distributicn function of the scattered
electric field amplitude is expected to be Gaussian2
regardless of the details of the motion of the scattering
medium, if the phases of the diffracted lobes are random
and if a large enough number of independent scatterers
are illuminated, the field irtensity correlation function
does depend on the type of mction the scatterers are under-
going. For example, if a larze enough number of scatterers
are undergoing Brownian moticn, it has been proved that the
spectrum T (W) of the scattered light is Lorentzian.3

An interesting situatior. arises when a beam of 1light
is scattered by a plece of ground glass which is set in
motion, for example, with corstant angular velocity. It
is reasonable to assume that Jifferent microareas of the
ground glass scatter indepencently of one another. However,
the motion of the séatterers hrough the illuminated area
is characterized by a velocitr distribution which is a
delta function centered at th2 value of the velocity of
translation.u In a certain sznse particles in Brownian
motion and the microareas of z2 ground glass represent
extreme cases in which the mcsion of the scatterers is,

respectively, completely unccrrelated and fully correlated.

The study of the field scattered by a rotating ground glass



appears to have some bearing, therefore, on the much more
complicated problem of the light scattering from density
fluctuations in a medium where a finite correlation exists
between different coherence volumes.5

We are presently interested in studying the statistical
properties of a coherent light beam scattered by a rotating
ground glass for a variety of surfaces characterized by
different'average irregularities. We discuss results for
two ground glasses with average irregularities on the order
of one micron and 20 microns respectively.

In Chapter II we treat the problem of the power
density spectrum of the scattered light. The calculations
and the experimental verifications of the theory are
presented,

In Chapter III we briefly touch upon the formalism

of photocount statlistics and then describe the construction

of a photocount "experiment and the experimental results.



II. THE POWER SPECTRUM OF THE SCATTERED LIGHT

A. Theoretical Description of the

Spectral Br:-adening

In this section we derive a theoretical expression
for the power density‘Spectr:m of the scattered light.
We will consider the problem in the scalar approximation,
thus ignoring depolarization phenomena.

We will first consider the formation of the laser .
spot on the ground glass, WIth reference to Figure 1,
the laser beam B is incident from the left upon the
lens, which is located in the (WU,U) plane. Since the
laser is a Spectra-Physics mzdel 119 He - Ne 6328AO laser
operating in a TEMyqo mode, tre field intensity may be taken

as a plane wave with a Gaussian cross-section:
_ - (xEeyt)

L(x,y)= TITo ¢ 2e? . (11.1)
Here o~ is the "radius" of The incident begm, and in this
case 1s known to be on the order of 0.5 mm. We now consider
the lens to be aberration fr=z, so that it merely super~
imposes a quadratic phase factor upon the incident beam.
Thus, at the exit pupil of tre lens, we have an electric

field amplitude of the form

E(u,r) = E, exp {-—(‘/‘Lz + éé} (u2+ 02‘)} . (11.2)
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To obtain the electric field amplitude in the (X, 5Y,)
plane of the ground glass, we propagate the field of

Eq. II.2. a distance Z Dby means of the Fresnel diffraction

7
formula

Flx,4,) = ‘““3 jducfu’ E(u«f)€XP{ [(x,~“)+(‘—sx U')]g * (I1.3)

'Usin'f the explicit form of E(4,v) , we obtain
L/?Z ‘
E(%,4,)= - L& e Eo fjdu dv exp {fé[(x,-u)"q-(g,—u‘)"]}. (II.4)

cexp {8" (é‘é +,;,':j.z)(u"+cr")}

This integral is of the form:

[~ 7]
a(x,~- u.)?' b(X'l.'-u) . _
Je e = & = b (x-x)"[ (11.5)
-0 ’
In our case:
o= _";_é b = - i I _‘_-__é_
27 ’ Y62 2¢
X, - 7(, 9 XZ = 0
and the integral 1s repeated for vv. Thus
/ 5~ X, + '5
E(Xl}%l)z Fo, expq- ‘SZE 20’ )( ; } (11.6)
4 ra )]
. Chz
/ (4 ﬁ/ E o

where Eo = ~ 2% (I1I.7)



We now look for the form which the scattered electric

field amplitude assumes at the detection point, which is

a distance ® away from the (X¢yY4,) coordinate system.
(See Figure 2) We look upon the ground glass as a collection
of independent microareas of average linear dimension £ ,9
located at distances /?1 away from the ‘& axis of propa-
»gation in the (X%,,4,) plane. The microarea about the |
point k".’ will produce an electric field at the detection

point which takes the approximate form

Ej-(f":t) = E(ﬁ;(i)) 55 eXp{t:(L,P,; +h|P- EB) 'wot)g (11.8)

where (Paé is the phase of the elementary wave at /?{»1' (’f))
S." is a shape factor which account_i for the diffraction
produced by the microarea around Ri(f) » and Wye is

the angular frequency of the incident field, which has been
suppressed in calculations up to this point.

We now make the expansion

| 2 A —\'[
l?—k‘-l=\/ “pR-2FR =k \[1+ R -2 22k (IT.9)
3 P i rt r

-—
where 77 is a unit vector directed along ¢ .

A -2
[?-?{IZF(/“.’ZT‘:Ef +~2'—-€1-+) (1I.10)
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-
Now if lel-<< I' , we can neglect all terms but the first
two, S0
- — ~ A A.
|F-R;| = #- 7. Ry

and

Eg(Fe) = E(Ri®) S exp{i( 9 +hr-wot -M-ﬂf(ﬂ)}. (11.11)

The total field seen by the detector is the result of

the coherent superposition of the elementary contributions

—
E(fe) = & Ef(FR®)
3
& by
= exp [l'(‘éf,*wot)j Z; Sj’ e 1.
i (11.12)
k7 E (PR R o)
.jc/’*f:’scft)e r £ (F=Ri@)
3
where d*F = dx, °I‘:fc and the integral extends over
the illuminated area,
The flield amplitude correlation function at the
- W,
detection point is given by an average of E(F,%) E (P &+T)
over the ensemble of phases (,”1 3 diffraction factors S,j' ’
-

and locations of the microareas R'S' . Thus we have

- ¥, S - LWt "((P' "(P)
CEGIECEDYy sz = NS s e TR
( £

3 (11.13)

L AR AR @l (. 4
onzr‘,Jze EMER) ¢ LS (R -Rp®) § (P, - Retere))>,
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[ Y
We now assume that Cﬂj' ) 55', and R,_( are all independent
random variables, so that the average factorizes. We

then make use of the fact that

i Fe-)N - (. | |
< e SIC D Cg‘ﬁ (II.1%)
to obtain
e, T
LE(ARE Aert)) = € Ls*>
2 . o LRAB-F L L (II.15)
) J Jzi‘;cjﬁ'?- E(ﬂ)E*('&) el § 26("1;/"1.) J

where we have defined the density correlation function

G(ﬁ,?z)as

G(A,A) = 2¢S (7-Fij@®) & 2(7”2~%1-(t+?>)>? . (II1.16)
1" jﬁ

Equation II.15 differs from a previously published
resultloin that the density correlation function weights
the product of two field amplitudes rather than a field
intensity.

We now use the knowledge that the. ground glass is
in uniform motion to construct an explicit value of G(F;,f—';.> .
Since we have

ﬁ{(f-):: 7(5‘3'(0) +(j:t',
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we may expand the delta func:tions in integral form to

obtain |
L, Ey . ..
CAA) - T, "‘7»""*-exp{f%-(ﬁ-m+zczz-<f1-u(f+~c>>§.
oo (27)
-<6XP {-—[(‘?,-i-é}__)- K{(O)}> . (1T.17)

If we assume that the —icroareas are uniformly

distributed over the illuminzted area A, we can write

JFix drey =€ (3,%82)- R1 ()
Lexp{-¢ (3+32). K‘, () = jf = e e (1I.18)
_.1,/2

or

sinc {(‘?ﬁ';z)gla} sinc {(g,mg)z/v } (1119

-(:(E;,‘i' ??.—z.) ’ ﬁ{ (°)> =

{e

where we have assumed a squar2 illumination area for
11
In the 1limit that L is large,

- . _(2)
“""’{(*—"‘qﬁz)x’bfSmc{("‘“‘—"j'qﬁz) § = (—-ZZ) $(3,+3.). (11.20)

convenlence in calculation.

2
Using Eq. II1.20 in Eq. II.17, and letting L, = A,

the illuminated area, we have

4 [ it sy
2T

i

G(7,R)

H

@ . .
S (7-h+07T) (11.21)
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where N 1is the number of scatterers in the beam., Using
this expression for the density correiation function, the

field correlation function, Eg. II.15, becomes

E(RBENA 0> = A/qu’> exF{z (o + A7) § -
(11.22)

.jazﬁ, E(R)EX(F+07T)

‘where E (7)) 1is the incident field on the ground glass
given by Eq. II.6. The frequency shift K .U appear-
ing in the exponent of Eq. II.22 is a Doppler shift
which is zero if the direction of observation is main-
tained perpendicular to the direction of the velocity
of translation.

The integral in Eg. II1.22 can be written in the

form
12 a(x:z"‘glz) Q*[(x; "'U"r)z"' ‘5:21
,Eo, xld‘jl e e (11.23)

where we have chosen the (X,,y,) axes such that CF = (UjCLO).

Here

e (I1.24)
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Now the integral of Eq. II.23 is in the form of Eq. II.5,

with b= o[x Thus we have .

(a7 e EX (7T
,.Icle 2 .72 :
E’/qu;“ exp{ 2 R O vt T } . (1I.25)

With this result the final form of the field

amplitude correlation function, neglecting the Doppler

shift, can be expressed as

L E(AE) EX(Ft+e)) =

2,2, p5%°
c'édo’c‘.’e~ U%( £z +Z/c,'2)

Z—-;"g/v (s*y EZ e (11.26)

The field power spectrum I () , according to the
12
Wiener-Khintchine theorem, is the time Fouriler transform

of Eq. II.26;

T(w)= — J & g
VEr’_m
(W"WO)Z
2 - 25t i
- 27c NS E e 20 (%% “7e3) . (1ver)

" )]
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I (w)is a Caussian function of frequency centered around
the angular frequency Wo of the incident field. The half-
width at half-height of L (w) is

] e ! ’/2. ‘
AWy = (2/,,12)/7‘0’( %,%f * ;7}"2) . (11.28)

There are several feat.-res of A W Iz worth noting.
First of all, as one might expect, the power spectrum
broadening 1is directly proportional to the translational
velocity of the microareas across the illuminated region.
Secondly, for focal lengths P ,%fcm’ the J‘:?"‘ term is
negligible, resulting in a piwer spectrum broadening which
is inversely proportional to the focal length of the
focusing objective and linearly related to the dimensions
of the incident beam.

It is interesting to ncte that the power spectrum
broadening AW !/z is prediczed to be independent of
the parameter Z . Equatizn II.28, in fact, indicates
that no matter how far out o7 focus one sets the surface
of the ground glass, the hall width A« I/ remains constant,
every other parameter being Tixed.

We have indeed verifieZ this statement experi-

mentally for appreciable variations of Z from perfect
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focus., The reason that this result is interesting is
that the diffraction pattern produced by the ground
glass 1s very sensitive to slight displacements of

the focusing lens to the extent that large diffraction
spots are visible only if ths distance Z Dbetween the
ground glass and the lens is very close to the focal

length F .

B. Relationship of the Zluctuating Photocurrent
to the Fluctuating Field Amplitude

In this section we describe the pechnique of
“"self-beating" spectroscopy. In particular, following
closely the treatment of G, =. Beﬁedele, we derlve the
relationship between the powsr density spectrum of the
fluctuating photocurrent, mezsured by this technique,
and the power density spectrmn of the field amplitude,

A schematic representation o the '"self-beating" spectro-

meéter is shown in Figure 3. The fluctuvating field E (¢)

produces a fluctuating photocurrent € ()

£(2) = Geﬁ.é‘;_[E(f)]2= GeBTL () (ir.20)
| - _
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which 1s propeortional to the incident field intensity

at the photodetector. Here

G

it

gain of the photomultiplier

e = charge on the electron

Ve

it

quantum efficiency of photomultiplier
multiplied by area of detector

Thus /3 L (¢) is the average number of photoelectrons
emitted from the photocathode per second., Here we are
assuming that the photomultiplier is illuminated over
one coherence area. If such were not the case, we would

have to express the intensity as

T()= “9%; Z 'Ej ('l')]2 4-1-5)&3 (I1.30)
]

where A4 ﬁi denotes the coherence areas

Ej' denotes the electric field in each

coherence area

/Q = total detector area.
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Considering only a single coherence area, we may use
Eq. II.29 as it stands.
According to the Wiener-Khintechine theorem,

the power spectrum of the photocurrent is given by
60
. _ | . . —(wT
Ge(w) = NeT f(/é(f) 7T (t+E)y € dT . (1I1.31)
- 00

14
It can be shown that the photocurrent correlation

function may'be expressed in terms of the intensity

correlation function as

@) = /326262<I(75)IGW)> +Geto 50 (11 3

where 1:0 is the time average photocurrent. The first
term on the right 1s a consequence of the field intensity
fluctuations while the second is a consequence of the
sharp pulse nature of the photocurrent and is an approxi-
mation to the autocorrelation function for a photocurrent
pulse. The representation of this correlation functilon
as a delta function is a good one in this case since the
pulses are on the order of 1079 sec. long, while the
fluctuations of the field have relaxation times on the

3

order of 10 - seconds.
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Using the expression fcr the intensity of the field

in terms of the amplitude, we have

<z.(t)4'(—é +'t)> = (%———f}?lE(ﬂf,E(‘ti-?)P} + GE’ z'o 8(’7:). (I1.33)

Now, if E (t) 1is a Czussian random process with
15
zero mean, it can be shown That

Z 2
E@PIE@R = IEW@.2) + [KE@E &+ ¥D]" (11 50

Now denote the correlation fimctlons by:

[7(t) = < 1(E) ¢ (e+D)D

4(e) = L E(#) 2% (z+0)>

Then using Eq. II.34, Eq. II.33 becomes

ree) = (%2)(viow [70]°) + Gedo 8D . (rr35)

2 2
But (g—;-‘—) ?/(07 = <—é‘7—r JE@®I*D> = <IT(®))

) L\~ .
and thus (GG/” <I('é>) = 10 ) SO

(A
3 ,
ro= {21+ ’4/(%’/’2] + GetloS(¥) . (11.36)
/1/(0:4’
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By Egq. II.31, the photocurrer-t power spectrum is the

Fourier transform of Eq. II.-5, using Eq. II.26

ror P (Y) :

o0

G = =5 [yvr F(z) e ¢“%

Ny

-0

.2 .
—— 1, 8S(w) + Ge o

1)'21? (11.37)
..,rz
.2 ,{‘c’z _.L %
r il (85 2 gm)] exrl 77 (w C)

We note that the spect—um comprises three
distinct components: a broac white spectrum due
to the Shot noise of the pho-omultiplier, a very
high d.c. component due to tr2 average intensity of

the incident light and a Gaussian spectrum centered

7]

at w= 0 whose half width I3 J? times as large
as the half width of the fie_d power density spectrum
as given by Eq. II.27. Furt-ermore, the spectrum of
Eq. II.37 is centered at w = o , whereas the spectrum
of Eq. II.27 is centered at The optical frequency of

the laser, a region where the inabillty of conventional
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optical methods to measure the small amount of broadenine
becomes immediately apparent. Thus "self-beating' spectro-
scopy provides an eaéily analyzed audlio photocurrent while
broadening the width of the spectrum by a factor szﬂ s

itself an aid to better resolution.
C. The Experimental Photocurrent Power Spectra

The measurement of the spectral broadening of
the fluctuating field by means of the "self-beating"
technique was accomplished in the following way:

The output of the photomultiplier was amplified
and chopped electronically at 5000 Hz to displace the
spectrum of the photocurrent from the frequency origin,
permitting a frequency scan to both sides of the central
frequency. This chopped output was then fed to the
input of a General Radio Type 1910-A Recording Wave
Analyzer. The output was recorded on a strip chart
1inear in both the frequency (x) axis and the amplitude

(or y ) axis.

Since the detector of the wave analyzer is a

full wave bridge, a linear device, the output yields
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16

the square root of the photocurrent power spectrum .
- The square root of a Gaussian is still a Gaussian,
but with a half-width V2, times the original half-
width. In addition, there is a factor of V2  increase
in the measured half-width of the photocurrent spectrum
over that of the field power spectrum due solely to the
use of the "self-beating” technique, as was shown in
the previous section. Thus we expect measurements of
the half-width of the frequency broadening, which are
scaled off the wave analyzer output, to be a factor of
two times the field half-width predicted by Eqg. II.28.‘
To verify the Gausslan nature of the photocurrent
spectrum, the shot noise was subtracted from one of our
freguency spectra and the resultant spectrum was compared
at several points with a Gaussian of the same half-width.
The results are presented in Figure 4. Within the limits
imposed by the noise, the frequency spectrum is Gaussian .
as expected.
If we ignore the factor //Q/vzin Eq. II.28, we
find that the measured half-width of the photocurrent

power Spectrum is given by

AViyp = RY (2 tn2 Hz .  (II.38)
F
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To verify the dependence of the broadening on
the parameters ¢ and P, a number of spectra were run
at different focal léngths and velocities., In running
the spectra, the wave analyzer bandwidth was set to
3 Hz with the meter response set to SLOW. The
spectrum was scanned at the rate of 25 Hz //min. For
the broadenings obtained in this experiment, the running
of a compiete spectrum could take anywhere from 20 minutes
to about an hour.

For each given set of experimental parameters,
between 3 and 5 spectra were run. The half-widths of
these spectra were then determined by the independent
visual estimation of several observers and the average
and standard deviation of the observations calculated.

The data obtained in this manner 1is presented
graphically in Figures 5 and 6. Figure 5 is a plot of
"AVizvs |/P and shows the expected linear relation-
ship In the region where the ’/l,lc,r"1 term can be neglected.
Figure 6 shows the predicted linear variation of A‘”’?&
with U~ for three different focal length lenses. In
this instance we know that the origin is a physical point,
since there 1s no broadening for zero velocity of the

ground glass.,
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Figure 5

AVi/2 vs 1/f

v = 1.329 cm.secT1
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Figure 6

AVi/e vs

A, £ = 10.1% cm
B, f = 11.3C cm
c, £ = 19,3¢ cm
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The values of ¢ and £ in these results be;lng
well known, we can use the dzta to infer a value of o
for the collimated le;ser' bea—. The computed value
of .U8 mm is in good agreemert with the quoted value
of .5 mm given by the manufa:turer.

The independence of 4 V2 with scattering
angle ¥ was verified experimentally up to ¥ = 239,
The decrease in scattered siznal at these angles made
measurements at scattering argles >23O impractical.

The independence of A-Vl/z with respect to Z
was verified for variations Trom perfect focus up to
10 per cent of the focal lenzth of a 24 cm focal length
lens., For this variation, t-e size of the focal spot
on the ground glass varied ir diameter by a factor of
roughly 2.5, so that the far fleld diffraction pattern
showed large variations in tr-e size of the diffraction
lobes, Beyond the 10 per cert variation, some change

in AY l/2 became apparent. We belleve that this is

due to the appearance of errc»s in approximations made in the

derivation of the Fresnel diZfraction formula, Eq. II.3.
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IITI. PHOTOCOUXT STATISTICS
A, Theoreticzl Formalism

The subject of photoelectron counting distributions
has been well explored in mary places.17 As a convenlence
to the reader, therefore, it will suffice to provide a
very brief synopsis of the seniclassical formalism of
Mandel.18

Starting from a first o—der perturbation theory
treatment of the interaction between the light field
and the detector, the probat:lity P(n,T) of counting
n photoelectrons in an inter—al T which is very short

compared with the c¢oherence ~ime ,/A Y , and for

one mode of the optical fielZ, 1s given by

co
17 ~oT
P(n, T« '/Av)=jP(I) «I) ¢ dI \ (III.1)
n!
where: I = -classical ligrt intensity at detector

P(I) = probability distribution for I
X = BT = product of quantum efficiency times

detector area times counting interval.
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In the event that counting is done for periods T

exceeding the coherence time of the field, the result

becomes

o0

4]
-/gh/

p(n,T) = P(w) ("’;,,Lj‘/) e W (III.2)

o [ 4
where

t+T

W = J‘ I () dt .
2

A number of interesting properties of this
distribution are tabulated in Appendix A of

19
Dr, William Clark's thesis.

B. The Field Amplitude Probability
Distribution and its Counting Statistics

Since we are followlng the semiclassical theory of
photoelectron counting statistics due to Mandel, we
present in this section a classical derivation of the
probability distribution for the amplitude of the field
scattered from a stationary ground glass. The argument

20
is essentially that of Lord Rayleilgh, who treats the
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problem of a random superposition of acoustical vibrators.
In the context of the guantum mechanical theory, Glauber21
presents a more elegant derlvation which leads to a
Gaussian P{ <X ).

We begin by assuming a very simple model for the
scattering of the constant intensity incident beam and
the detection of the scattered field. 1In Figure 7 there
are,.within the illuminated area on the ground glass A,
a number m of equal strength scattering centers s ,
whose phases and positions are uncorrelated. At the
detection point P , some distance away, the detected
fleld is then the superposition of a number of equal
amplitude fields whose phases are random. Lack of any
a priori information leads us to take the phases of the
fields at the detection point as being uniformly dis-
tributed over (0, 2 7). For simplicity we take the
amplitudes of the fields at tﬁe detector to be equal to one.

Consider an ensemble consisting of M of these
m scatterer systems., At the detection point, each system
in the ensemble has a resultant amplitude I and a
phase % ., Now we consider an (x,¥) plane, Figure 8.

Any point in this plane represents a possible

system realization. What we are after is the ensemble
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density function f{m, %, y) for the distribution of
these points in the plane. From our assumption that

the phases of the contributions at the detection point
are uniformly distributed, we know that the distribution
will be independent of 1% .

We assume that Mf(m, X, y) systems in the ensemble
‘are found to have their resultant amplitude and phase
within dxdy. We ask how the addition of one random
phase unit scatterer to each system in the ensemble
changes the distribution function.

To end up at (x, y), the system must have started
atx'=x-cosso ,y'——-y-sin()a.,where ¢ 1is
the phase of the additional unit amplitude at the
detection point. Now y? 1s uniformly distributed with
a density 1/2 7T . The number of ensemble members to

be found within dxdy is, therefore,

27

dechfF(m,x-cos Py Y-sin @) Ezl_q‘_f . (I71.3)
o

But this is also equal to Mf(m + 1, x, y)dxdy. We have,

therefore, the relationship
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27
F(m+i,x,4) = j\p(m;xla‘il) %p . (I11.4)
0

Expanding f(m, x', y') in a Taylor Series, we have

F(ﬂf,x',g’) = F(m,X-cosy, y-smg)

= F'(m,x,"j) + g_}f(" (-cosg) + 9F (~simy)

o9
(111.5)
+_L§E_E C,osZL + *F cos + L _'9_2!3 s’ Foees
Z axe 7 5X 34 ot Tz Y

Using Eq. III.5 in Eq. III.Y4, we arrive at the result:

_ 4P LY L
p(mriyx,y) = F(m,x,4) + 7Sty ¥ +eve (I11.6)

For M very large, we let 1 = gm and obtain the

approximate differential eguation

OFE  _ [ XF J'F
o= o (5= + 3‘3‘) . (111.7)
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Equétion III.7 is in the form of a two dimensional
diffusion equation. We can determine the initial
condition by noting that for no scatterers we

require (looking only at the scattered field)

F(o,x,y) = Sx)§y) . (I11.8)

The solution of Eq. III.7 is easily accomplished
22
using a partial Fourier Transform technique. We

let

/ T | 4'/4,)( Ay
F(’”;knkz): Eﬁﬂp(m)xfj) e € dx Jff (111.9)

and assume the validity of differentiation with respect

to m under the integral sign;

P é/é,x W 4

! e e 2 Jdx c/'j . (111.10)

27 om
-00

dF_
d

Integration by parts, furthermore, gives us the relation
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o0
' ,7( (.szj 2 '
__{_n_ﬂ e dxdy = -k, F(mk, k) (III.11)
-0

A 20
with a similar result for ) //a 32 . Then F(m, kq, k2)

satisfies the ordinary differential equation,

» (A A
dF(mkyka) M) F(r,k, k) (1IT.12)
dm 4
80 | _ (&5

F(mk, k) = F(o,k k.)€ 7 - (I11.13)

By the initial condition,
¢ Chx+koy)
Floky, k) = z‘%ﬂ&xww e dxdy = Z;'r - (TII.14)
Thus
— (k,:-lvk:)m

Fmk, k)= - € . (II1.15)

27

The inverse transform of Eq. III.15 is easily performed

to yield
2, 2
e XY
| 7%
Fnm,x,y) = — e y (III.16)

a Gaussian distribution with zero mean.
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The probability that the field amplitude falls between

r and r + dr is given by

Xty : —/m
! 7 dx d = — e rdrdzwe
0 0
2
~V/m
or  P(r)dr = 2 e rdr . (III.17)
m
For the probability in intenzity, one uses
P(r)dr = P(Z)dI 5 (1III.18)
with I = r2 s to obtain
- L /m
P(T) = € (I1I1.19)
) g4}
The average intensity at the detection point is
<7 .
<I>=jI P(I)G,I = J‘I e = m
" J
o o
- LT
so P(T) = e . (III.20)
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To put this 1In contact with the realities of the
experiment, we use the ergodic theorem to assert that
the probability density derived on the basis of an
ensemble average holds true for one system evolving
in time in a stationary manner. The time evolution
is obtained by merely rotating the ground glass. It
is easy to visualize that if one samples the field at
the detection point at instants of time separated by
a period of time long enough to insure a new random
pattern of scatterers in the illuminated region, the
resulting prbbability distribution will be given by
Eq. III.Z20.

We may thus use Eq. III.20 as the P(I) in Mandel's
formula (Eq. III.l)vunder the proviso that we sample
for a period of time much less than that during which
an appreciable change in the scattering situation takes
place; in other words shorter than the relaxation time
of the scatteref. Similarly, we are requlred to sample
at intervals separated by more than the relaxation time.

Substitution of this P(I) in Mandel's formula gives

~Lio> n  -BIT
P(nT) ‘—'j e (BIT) e dT . (111.21)
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This integral is éasily eval:ated to give

P(n,T) = <”>ﬂ (ITI.22)
(1 +<ny) 1+ )

which is a Bose-Einstein diszribution with <n>= AZT<I) .
For this distribution, the rzduced factorial moments

Ho and HB , defined as

Hy = ¢n°) - <ny - <ny-
{nd®
(II1.23)
H3 = <n3> - 3(n2> + 2¢D ~<n>3

<n>3
are easily shown to take the values H2 = 1,000 and
H3 = 5,000.

C. The Photoco.nt Experiment
To confirm the validity of the assumption of

zero mean Gaussian field staz-istics, a photocount

experiment was constructed. A block diagram of the
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experiment and the photocoun- apparatus appears in
Figure 9. A more detailed dsscription of the system,
as well as operating instruc=ions and schematics, is
given in Appendix A,

In Figure 9, light froﬁ the collimated laser L
is focused by lens f onto ~he ground glass GG .,
The lens is adjusted for perZsct focus by observing
the size of the diffraction =vots in the far field and
maximizing the size of these spots. This insures that
we have the largest possible coherence areas commensurate
with the focal length lens teing used. The glass itselfl
is in the form of a disk 9 irches in diameter., It is
centered on an axle which car- be belt driven by a
synchronous clock motor (1 rrm). Assorted pulleys are
available to provide a range of rotary speeds for the
glass. The laser beam is fo-used to a spot approximately
9.5 cm from the axis of rota-ion., Liberal use was made
of black velvet and cardboar< baffles to limit the possi-
bility that stray light coulZ fall on the detector.

The diffraction pattern from the ground glass is
sampled at a point in the fer- field by a photomultiplier P.

Two photomultipliers were ussd in the course of the
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experiment, an RCA 1P28 and a Phillips XP1021. The initial
experiments were done with the 1P28, which has a lower
dark noise. Unfortunately, as the experiment progressed,
this PMT appeared to give increasing numbers of noise
counts which were correlated with the signal. This
type of correlated noise cannot be separated from the
data by the technique of deconvolving the noise and
signal distribution.23 For this reason, the XP1021
was used for later measurements and showed_no tendency
to correlated counts. Both photomultipliers were equippéd
with 6328A° bandpass filters and approximately 1 mm aper-
tures to insure that field sampling was done well within
a coherence area,

The output of the photomultiplier, in the form of
narrow current pulses, ls amplified by A and counted in
a 200 mHz scaler S . The time during which S can
count pulses isfcontrolled by the duration of the output
pulse of generator Gl. The tralling edge of this pulse
triggers generator G2 which initilates read in of the
number of counts in S into the computer C through the
interface I . After read in, the interface sends a
trigger pulse to Gl which starts the counting sequence

again., The dead time of the system (time following a
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pulse which is counted during which an additional pulse
will not be counted) is essentially detérminedvby the
frequency response of the scaler, and is on the order
of 5 nanoseconds,

The computer 1is programmed to function as a 512
channel storage device. The channels correspond to
0, 1, 2, «..., 511 possible counts per counting interval T .
When the computer receives a given count nﬁmber from S |
which is less than 511, it increments the number 1in the
compﬁter memory at a location corresponding to the giveh
count. It thus records the number of times a given
count occurs up to a maximum of 8.4 x 106 occurrences
per count.

When a count channel overflows, or the operator
so desires, the computer will calculate and print out
all the count probabilities as well as the mean and
mean squared number of counts. It also prints out the
reduced factoriél moments H, and H3 as well as the total
number of sample intervals occurring in the course
of the experiment.

Subsequent to the termination of the counting
experiment, the actual photocount distributlon can be

23
determined by a previously described technique. This
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technique essentially deconvclves the experimentally
determined probabllity distribution and the known
counting distribution of the photomultiplier noise,
In actual practice, this pro:eduré was found to be
unnecessary in most cases, since the 512 channel
capability of the counting sstem allowed operation,
in most cases, at an average number of signal counts
per counting interval that s.-rpassed the noise count
by many orders of magnitude without running into
appreciable dead time effect=, 1In general, we used
the rule of thumb given by z—:ecchi24 that dead time

effects beglin to become appresciable when

T /
n - _— N = IIT.2L
Here Noox = highsst count number recorded
T = lencch of counting interval
v = dead time %5x10 T sec.

Thus, for a 50 amsec countins interval, we require
n.ox < 100 counts.
Some 1dea of the necessity for the processing

of the experimental data may be obtalned by calculating
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the effects on the moments ¢ the distribution due to

the presence of the noise. Z>or this purpose we rely on
some properties of the cumulznts of independent probability
distributions.25

We begin with the chara-teristic function of a random

variable (in this case taken to be discrete)

| 2 LT X
Q@ =2 P& e (111.25)
n=o

We now define the cumulants Xn as

7

L
-

S (£ t)
hpcer -5 0

(I11.26)
771 :

26

Now for two independent dist—ibutions,

(P(f) = CP, (t') (-,52 (¢) 3 hence

L
In Q&) = Ly P () + by Pp(E) = Z (Kn 4 Ka") (%—)

Thus Knp = lé( + Hp (I11.27)
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The first 3 cumulants are, for X, =N
X, = <n>
2 .
Ko = < (n=<m)*> (1I1.28)

]

Ky = <(n=-<nnd> .

"In terms of the parameters which appear in the printout

of the computer,

X, = <nj

<ny H, + <n> (T11.29)

X
N
|

Kz = <n¥ Hg +3<m Hy (1=4<nY) +<nd .

Using Eqs III.29 in conjunction with III.27, we can
estimate the effect of the (known) noise on the actual
distribution. Thus, if we use superscripts E,N,S to
denote respectively experimental, noise, and signal
parameters, and assume the signal and noise counts are

uncorrelated, we may write
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{n®> = <nf> —<nVy
s 2 E 2 N |
Hy = [<n=SHE - <™ ] ]5)—;)1

. (I11.30)
H; = [<n5>3H3E -3(:15931-}25 - <n"’>3H§v

+3<nvSHY +3<nsy HY | g
<n®y
From Egs. III.30, it can be :=een that if the noise count
mean number is small with rezpect to the experimental
count mean number, the expermental parameters will

closely approximate the true signal parameters.

As an example, for an ac=ual experimental case with

<nf> = 3.820 , BE = 1.005, &uFE

5 3 5.006

N

<oy N

0.00098, Hy' = 20.73, HV

It
it

-1.00

-

the signal parameters, usinz Zgs. III.30, are found to be

S
<n®>= 3.819 , H” = 1.006, HBN = 5.000.
An actual separation of the :zignal from the experimental
data showed that the probabi_ities differed only in

the fourth decimal place. I- such a case, therefore,

the separation is not necess:zry. For smaller mean
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numbers, of course, such 1s not the case. In treating
the data presented herein, most data was obtained with
sufficient signal to. obviate the need for unraveling
the noise. For the data which needed unraveling, a
program similar to Dr. John Kuppenheimer's PHOTON 227

was written in assembler language for the PDP-8/L and

"used to determine the actual signal count probabilities.
D. Experimental Results; 1 micron Ground Glass

According to the theory presented in section
I1I.B, the field amplitude probability distribution is
a Gaussian function for every value of the translational
speed and for all scattering angles and focal lengths.
Thus we expect a Bose-Einstein distribution of photo-
counts to be found independent of variations in v, f,
and ’VV.

Preparatory to experimental verification of this
independence, some assurance was needed that the incident
laser veam was truly of constant intensity. The laser
used in the experiment, a Spectra-Physics Model 119
He-Ne laser, has been used at WPI in photoh counting

28
experiments over a period of several years. The
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stability of 1ts output intensity has thus been well
documented. As further evidence we present the data
from one stabllity run on this laser which was made
preparatory to a scattering experiment.

For a constant intensity laser, P(I) = S (1).
Upon substitution of this P(I) into Mandel's formula,
Eq. III.I, one finds a Poisson distribution for the
predicted . P(n, T);

—<m) |
P(n,T) = <m e (II1.31)

ZA
where {ny» = ABIT.
The Poisson distribution has the property that
= = .O.
H2 H3 0
In Table I, we present an experimental distribution
obtained by counting on the output of the 119 laser,
together with a theoretical Poisson distribution with
the same mean number as the experimental distribution.

The error column in Table I is computed by using the

knowledge that fthe standard deviation in a measurement

29
of a number of counts Nn is given by V Nh .
The true probability is therefore
: +l/ 1 : I
P(n) = Nn 2UN»' - pg(n) (1 + =) (111.32)

NT VNP
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Table I.

Counting Distribution, 119 Laser.

NBAR +0.347834E+01

N2BAR +0.155639E+02

H2 -,109777E~02

H3 -.285059E-02

Error

NO. OF EVENTS 3.17E+06 Poisson

P ooo; +0.302156E-01 0.308586E~01 0.986914E-04
P(001) +0.107874E+00 - 0.107337E+00 0.184063E-~03
P(002) +0.185722E+00 0.186677E+00 0.242737E-03
P(003) +0.218580E+00 0.216442E+00 0.261374E-03
P(OOL) +0,186606E+00 0.188215E+00 0.243735E-03
P(005) +0.132034E+00 0.130935E+00 0.203292E-03
P(006) +0.754939E-01 0.759060E-01 0.154735E~03
P(007) +0.373937E~01 0.377181E-01 0.109111E-03
P(008) +0.161812E-01 0.163995E-01 0.719462E-04
P(009) +0,.627511E-02 0.633814E-~02 0. Ul 7273R-04
P(010) +0.216840E-02 0.220462E~02 0,263750E-04
P(011) +0.677350E-03 0.697129E-03 0.148337E-04
P(012) +0.204530E-03 0.202071E-03 0.798626E-05
P(013) +0.530264E-04 0.540671E-04 0.413103E-05
P{(O14) +0,126253E-04 0.134331E-04 0.205911E-05
P(015) +0,473U450E-05 0.311500E-05 0,991563E-06
P(016) +0.631267E-06 0.677189E~06 0.462324E-06
P(017) +0.000000E+00 0.138559E-06 0.209126E~-06
P(018) +0.000000E+00 0.267752E-07 0.919301E-07
P(019) +0.000000E+00 0.490175E~08 0.393339E~07
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where N, 1s the total number of events and PE(n) is the

experimentally determined probability. Since N, ® P(n) Nips

P = R *\f 7?7(5) . (In.33)

Here P(n) is the calculated theoretical probability dis-

we have

‘tribution. The quantity under the square root sign is
listed under the ERROR column ianable I.

We see in Table I that, desplte the fact that
the factorial moments are not quite equal to zero,
the experimental probabilities agree with the theo-
retical distribution to within the third decimal place
until the counting errors become appreciable. The dis-
tribution is, in fact, one of the poorer ones in regard
to the reduced factorial moments, most experimental

values of H, and H, being about an order of magnitude

3
smaller. The distribution, nevertheless, is Poisson to

a high degree of precision. This is shown graphically in
Figure 10, where the agreement over 5 decades 1s readily
apparent. The error bars on this Figure derive from the
counting error associated with finite statistics as
previously discussed. The error bars only appear on the
last two data poihts since in the other cases they are

smaller than the size of the dots used to denote the

experimental points.
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Figure 10

Counting distribution of 19 laser,
The points represent the sxperimental

rdata while the solid line is a theo-

retical Poisson distribution with the

same mean number,

il

Counting interval . 25 HMsec,

Off time

i

10C /(,LSGC.
6

Number of events = 3,17 x 10
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In Table II, we present an output of the program
which separates the signal czunt probabilities from
the experiment and noise datz. The effect on the
probability distribution in -~his case is negligilble,.
The experimental photoccunt data, for the case of
light scattered from a rotating ground glass with
approximately 1 micron inhox:geneities, 1s presented
in Tables III, IV and V‘ Thz reduced factorial moments

H, and H,, which are given fcr each case, may be com=-

pared wizh the theoretical vzlues: H2 = 1,000 and

H3 = 5,000 for a Bose-Einstein distribution. The
invariance of the photocount statistics with réspect

to the parameters v, f and 3” (the linear velocity

of the ground glass, the focz1l length of the focusing

lens and the angle of scattering respectively) is clearly
demonstrated. As an additioral check, a theoretical Bose-
Einstein distribution with ccunting errors was generated
for each value of <{n) obtzined experimentally. The
experimental probabilities, F(n), were observed to agree
with the theoretical distritutions within the errorsA

to be expected from the finiz=sness of the statisties.
Graphical comparisons of two of the experimental dis-
tributlions with their respective theoretical distributions

are given in Figures 11 and 2.
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Table ZI.

Signal Unravelzr Output

Experiment

PE {000 .302156E-01
PE (001 . 1078T74E+00
PE{002 . 185722E+00
PE(003 . 218580E+00
PE(004) ,1B6606E+00
PE {005 . 132034E+00
PE (006 . 754939E~01
PE(007) .378937E-01
PE (008 .161812E-01
PE(009) .627511E-02
PE(010 .216840E-02
PE(011) .677350E-03
PE(012 . 204530E-03
PE (013 .530264E-04
PE (014 . 126253E-04
PE(015 L 473450E-05
PE (016 .631267E-06
SUM « 999999E+00
NBAR .347833E+01
N2BAR . 155639E+02
H2 -.109580E-02
H3 -.284788E-02
Noise

PN (000 . 09631 4E+00
PN (001 347921 E-02
PN{002 . 1689088E~03
PN(003 . 25U532E-04
PN {004 .865933E-05
PN (005 . 183682E-05
PN (006 .524807E-06
PN{0OO7) .262404E-06
PN (008 . O0O0000E+00
PN(009) .262U04E-06
SUM . 999998E+00

Signal
PS (000 .303274E-01
PS (001 . 108167E+00
PS (002 . 186026E+00
PS (003 L 218720E+00
PS{004 . 186498E+00
PS (005 . 131829E+00
PS {006 .752738E-01
PS (007 .377416E-01
PS {008 .150910E-01
PS (009 .623214E-02
PS(010 .214988E-02
PS{011 .BT70246E-03
ps({012 .202081E~03
PS{013 .521755E-04
PS(0O14 .123551E-04
PS(015 LU65773E-05
PS{016 . 5G8202E-06
SUM . 999999E+00
NBAR L3U4TL39E+OL
N2BAR . 155319E+02
H2 -.115359E-02
H3 -,303658E-02
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Table III. Independence of statistics with speed.
f = 19.39 cm. Y=0
Exp. # linear P¢s)) H, H # of events
velocity 3
(em/sec.)
1 . 360 3.795 . 997 4,956 2#53X106
2 - 605 _3.819 1.005 5,006 1.84x106
3 2.970 1.958 1.010 5.200 3.35x10
Table IV. Independence of statistics with foéal length.
v = ,605 cm/sec., Y =0
Exp. # ¢ £nd H H of events
(cm) e 3 7
6
1 19.39 3.819 1.005 5.006 1.84x10
2 27.00 3,700 .9%0 5.022 3, 65x106
3 15.78  3.884 .976 4,817 3. 37x106
4 10.30 3.834 1.019 5,18 3, 56x106-
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Table V. Independence of statistics with angle.

f = 19.39 cm v = 605 cm/sec.
Exp # YW {n) H, H | # of events
(degrees) . 3
. 6
1 0.0 4,350 . 989 5.000 3. 40x10
6
2 11.5 1.340 . 994 4,967 2.7x10

3 21.0 L1754 1.022 5.115 5.88x10
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Figure 11

Experimental distribution, 1/u'ground glass,
The points represent the experimental
‘data while the straight line is a
theoretical Bose distribution with

the same mean number

linear velocity v = .605 cm.sec. L
focal length f = 19.44 cm,
scattering angle Y = 0°

counting interval = 25 Msec,

Off time = 100 /Asec.

Number of events = 1,84 x 106
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Figure 12

Experimental distribution, 1/u ground glass,

v = .605 em.sec,”t

f = 19.44 cm,

Y = 11.5°

Counting interval = 25‘pksec.
Off time = IOO/AAsec.

Number of events = 2.78 x 106
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E. The Coarse Grou~d Glass, Discussion

The previous discussiorn was confined to a ground
glass with average ifregula-ities on the order.of
1 micron., There were, thereore, many scatterers
within the twenty to sixty rZcron diameter 1llumini-
nated area on the ground glass, Thus the classical
arguments for Gausslan field statistics which were
advanced in Section III.B ars expected to be valid.

An interesting situaticr, not previously investi-
gated, 1s obtained when the size of the irregularities
on the ground glass become c¢cmparable in size to the
size of the illuminated regizn, In this case, we
have no concise g priori derivation of the fileld
amplitude probabllity distritution, An énalogy with
the case of electro-magnetic transmission through a
turbulent atmosphere Suggests that, since in this
case the conditions of the Rrvov approximationso
are met, the distribution misat be log-amplitude
normal, That is, 1f A represents the field amplitude,

then 2
[ 21 (A/m,)]

2 ¢*

P[4 (Am,)] = . (II1.34)

£
Vzn' &
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The transformation of thils probability density to one
for Intensity and its substitution into the Mandel

' 31
formula (Eq, IITI.1) has been done by Dr. George Riley.

The result is

‘ 2
20 n oI _ - (-Z’;iél'b)
P(nT) = (dT) e - ] dT . (111.35)
' n! 21 l/Z’iT G
O

This integral is untractable analytically, and one must
resort to approximations or to numerical integration

to get at P(n,T). Discussion on this point will be
deferred for a time, however, since it is possible

to obtain some relationships between the moments of

the distribution P(n,T).

For the case in which the photoelectron counting
1s done within a cocherence time, the factorial moments
of the counting distribution are simply related to
moments of the intensity distribution. Specifically,

32
the factorial moment Fm is given by:

Co
1
F — nc - n(n_l LI ﬂ—m I P(ﬂ'T
m oy | ;;o ) ( +1) ,T)

o0

m
= <(o(I)m> v P(I)JI. (III.36)

o
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In particular, the reduced fzztorial moments are:

m - m ’
Hm = Fm -mF. — T ‘£I> (II1.37)
F:' T3

and the mean number is given by

F, = <nd = o«<IY (111.38)
Now
0 (&= - tnT,)*
<I'">—JIM' e 77 47
5T . (1I1.39)

o

We let
(J = /&4 I 5 (da = Lu Ia 5
dI = eng .
Then Eg. III.39 becomes
o0 _(g-4a)"
my >
LT =S = e dy | (III.40)
~ 0o

2J27'c
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Using y-94, = z
my 0 i
o —Z gf
m e mgz c[ _
= e e 4 . III.41
<™ o X ( )
-0
33
This integral is of the form
oo : 2
A XZ+ bx p— - b/‘/a-
e dx = ‘/:;[ e .
- 00 -
S0 we have
Y, 2 m?e
("> = & __ JEmet o
gt %
or . m 2 mic%
<I"> = T, € . (TIT.42)
Thus, from Eq. III.38
2%
{n> = «TIT, e , (III.43)
and from Eq. III.37
2.2 T
M 2me m 2mg
Hu= SI™-<1" = Toe -Toe
=2
<YY" ome?.m
or
2 2
26" (m*=m)
Hm = € - | (TTI.44)
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In particular,

Hl = @
4e®
Ho = @€ -1 (III.45)
12 ¢**
Hs = e -1 .
So we have the relation between H, and H3,
3
Hz = (Hz+1)" -1, (I1I.46)

which will be useful in characterizing the experimental
distributions.

The integration of Eq. III.35, as has already been
noted, has not yet been accomplished in a closed form.
Several methods of ‘obtaining P(n,T) have been attempted.
These include the method of steepest descent t and a

35

numerdical integration. The method of steepest descent
solution appears to violate some of the criteria36 for
the validity of the method in the range of the relevant
parameters of the distribution which occurred within

our experiments. Indeed, for the low mean numbers
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occurring in Dr. Riley's experimental'work, the method
of steepest descent formula did not provide a normalized
distribution.

The numerical integration, whille accurate, consumes
large amounts of computer time. To circumvent this
difficulty, a computer program was written which cal-

. 38
culated P(0,T) by a Simpson's rule integration and
all higher probabilities by means of a Gauss-Laguerre

38
quadrature. In this technique, an approximation 1is
made to an integral of the form

oo ”
- X
e Feydx =2 Hjflai) .
¥=
o

Here the aj's are roots of an nth order Laguerre

polynomial Ln(x) , and

(n1)*

Hy = 2
mEREIN

The {aj"s? and ggH"' ’Sf are tabulated up to n = 15

in several places.
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The integration of P(0,T) was done by Simpson's
rule because errors 1In the computation at points near
the origin gave rise-to large errors in a Gauss-Laguerre
integration for this case. Because the Gauss-Laguerre
integraticon is much faster than a Simpson's rule
integration, the program could be written in FOCAL
for the relatively slow PDP-8/L computer. A program
listing is given in Appendix B. The program computes
0’2 from Eq., III.45 using the value of H, for a given
experimental distribution. Using this value of CVZ',
the quantity'otjfocan be determined from the experimental
value of <{nd using Eq., III.43, These two parameters are
sufficient to determine the log-normal distribution uniquely.
A comparison between the results of the FOCAL pro-
gram and those of the numerical integration (or NUMINT)
program written by Dr. Riley 1s given in Appendix C,
The agreement is quite good and provides some justification
for the use of the much faster Gauss-Laguerre integration
in preference to the slower numerical integration. The
inclusion of expected errors due to finite counting sta-
tistics was accomplished in the same manner as it was

for the Bose-Einstein distribution.
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F. Experimental Results,

20 micron Ground Glass

To investigate the hypothesis that the photo-
count distribution of the scattered light might be
characterized by a log-amplitude normal distribution
when the size of the ground glass irregularities become
comparable to the size of the illuminated fegion, a
coarse ground glass was prepared.

A nine-inch diameter by one-qﬁarter inch thick
piece of plate glass was hand ground using anothef
piece of plate glass as a tool., The grit used was
number 220 silicon carbide abrasive.uo By carefully
replenishing the abrasive at frequent intervals during
the grinding, so that the grit size was not reduced
appreciably, the final large scale irregularities on
the ground glass were maintained in the range of 20
to 60 microns. There were also many small scale
irregularities on the order of a few microns.

The far field diffraction pattern of this ground
glass was markedly different from the one exhibited by
the 1 micron ground gléss used in the previous experiments.
It was characterized by very large illuminated areas widely

separated. When the glass was set in motilon, the pattern
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exhibited occasional high intensity flashes that were
never present for the 1 micron glass.

Experimental counting distributions for several
values of v, f and ¥ are given in Figures 13 through
17 together with a theoretical Bose distridbution
with the same mean number and a log-amplitude normal
‘distribution with the same mean number and H2. In
most cases the agreement is quite good, especially
since no attempt was made to fit the shape of the
experimental distribution. Only the first two
moments of the experimental distribution were used
to generate the theoretical distribution. Since
the second moment is somewhat sensitive to counting
errors for the higher count numbers, we can expect
some discrepancy in the taill of the distribution.

The best fit to a log-amplitude normal distri-
bution appears to occur at short focal lengths (3.8 and
10.15 cm) and large scattering angles. For small
scattering angles and long focal lengths, the experi;
mental distribution falls off more rapidly with n
than does the theoretical log-amplitude normal
distribution. This is.probably due to an increase
in the contribution to the fluctuations of the

small scale irregularities previously noted. This
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Figure 13

Experimental distribution, 20/u.ground glass
The points represent the data. '
The so0lid curve marked L - N represents a

computer generated log-normal distribution

determined from the experimental values of {N» -

and H2..

The line marked B - E 1is a Bose-Einstein
distribution with the experimental <ND> .
v = 1.329 cm. sec. ™t

f = 3.8 cm.

V= 16.4°

Counting interval = 25 u«sec.

Off time = 100 usec.

Number of events = 9.35 x 106
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H2 =7.465
H3 =345.|
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Figure 14

Experimental distribution, ;D/u ground glass.

Data: points

Log-normal using {N)» and ZZ: L - N
Bose-Einstein using (N> : 3 - E

v = 2.970 cm. sec, *

f = 10.15 cm.

VY = 16.4°

Counting interval = 25'/A553.

Off time = 100 psec.

Number of events = 09.32 x 136
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Figure 15

Experimental distribution, 20‘/A ground glass
Data: points

Log-normal using <N» and H2: L - N

Bose-Einstein using <N» : B - E
v = 1.329 cm. sec, ™t
f = 10.15 cm,
Y= o°
Counting interval = 25 /usec.
Off time = lOO//4sec.
5

Number of events = 7.65 x 10
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Figure 16

Experimental distribution, ZO/M‘ground glass,
Data: points.

Log-normal‘using {N> and ¥z: L - N
Bose-Einstein using <{N> : =-E

v = 1.329 cm. sec. ~t

f = 19.44 cm.

Y o= 0o°
Counting interval = 25 MS=c,
Ooff time = 100 /ASGC.

6

Number of events = 8.26 x -0
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Figure 17

Experimental distribution, 20/u ground glass
Data: points

Log-normal using (N> and H2: LQN
Bose-Einstein using <N» : B-E

v = 1.329 cm. sec. "+

f = 30.54 cm.

¥ = 16.4°

Counting interval = 25 psec.
Off time = lOO‘/usec.

6
Number of events = 14,9 x 10
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supposition led to the further conjecture that the con-
tribution of the small scale granularity might result
in a superposition of Bose-Einstein and log-amplitude
normal distributions. |

To test this hypothesis, the data of Figure 17
was subjected to a test to see if it could possibly be
‘such a superposition. For this purpose, the set of
Egs. II1I.29 were used to obtain three equations in
the three unknowns <7 65> s <I’ILN> , and Hé’v
(the mean number of the Bose-Einstein contribution and
the mean number and H of' the log normal contribution

2
respectively). These equations are:

<nE“> = <ﬂBE> + <'ﬂ.bl\/>
A E

<nE>Hy = <n®ES HEE | < HyV (111.475

e ( Hs -3HE) = <n 55>3<H335~3H285) + S (HEM 3 pgmy

. BE BE
In Egs. III.47, we know that Ha = l.ooo , Hz = 5.o000
AN 4N\3
and, from Eq. III.U6, Hz = (1+H") -1
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The set of simultaneous equations III.U47 were solved
on the PDP-8/L computer using an iterative technique., A
trial value of (7195) was selected and the first and
second equations were used to compute '<77L”> and

-l4éh, . The third equation was then checked for con-

sistency by subtracting the right-hand side from the
left-hand side and minimizing this value.

No roots to this set of equations were found in the
region of physical possibility; that is, no roots were

found for

o <« <n%S 2z «nEs .

It can only be concluded that the original hypothesis was
wrong and that, in fact, the distribution cannot be a
superposition of independent Bose-Einstein and log-

amplitude normal distributions,
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IV. CONCLUSION

The results presented herein complete and extend
a number of previous investigationse’ulconducted to
study the statistical propertlies of a coherent beam
of light scattered by a rotating ground glass,

Measuremenfs on the scattering of light from
a ground glass of one micron average size inhomo-
genelties have verified that the statistical dis-
tribution of the photoelectrons ejected from the
surface of the detecting device by the scattered
beam is Bose-Einstein., The power spectral broadening
due to the motion of the ground glass through the
incident beam has been predicted and verified to be
a Gaussian function of the frequency.

For the case of a ground glass with inhomo-
geneities on the order of twenty microns, a significant
departure from Bose-Einstein photocount statistics is
observed. This indicates that the fileld amplitude

probability distribution can no longer be Gaussian,



76

In the case that the illuminated area on the ground
glass is on the order of the size of the inhomogeneities,
it 1s found that thé assumption of a log-amplitude
normal field probability distribution provides a
very good fit to the photocount data.

A shortened account of the results of this thesié
will be published in a future issue of the Journal

: 42
of the Optical Society of America.
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1. Description of the System

The photocount ;ystem uses a PDP-8/L computer as
a 512 channel analyzer, A block diagram of the system
"is given in Figure Al. A brief description of the
system follows.

The output of the photomultiplier tube (PMT) is
amplified by a factor of 100 using the Lecroy 134
wideband amplifier. The output of the amplifier
goes to one channel of a Lecroy 520A 200 MHz dual
scaler. This scaler counts the number of photo-
electron pulses emitted by the photomultiplier during
a counting interval determined by the output pulse
width of the Advanced Automation 2000 generator.

At the end of a2 counting interval the Hewlett
Packard 222A generator sends a pulse to the interface,
which initiates read in of the number of counts in the
scaler into the computer. After the data have been read
in, a pulse is sent from the interface to start another
counting interval. The computer, at the same time,
begins execution of a program which will increase by
one the number stored in the channel corresponding to
the number of counts Just read in. The data gathering

proceeds 1in this manner.
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Data 1is accumulated untll either the channel
corresponding to the most probable number of counts
overflows (channel capacity is approximately 8.4 x
10 events) or the e#periment is termihated by the
operator from the teletype keyboard.

The computer then calculates the probabilities,
P(n), for the number of counts in a counting interval.
It also prints out the first and second moments of
the probability distribution, <n) and <n2> , as

well as the reduced factorial moments;

it

n®> = &y - {ndZ
{nd?

Hp

!
i

IR o B T S Yo SR ) S
<nd3

All calculations are to six significant figures. The
printout also includes the number of events (i.e., the
number of counting intervals) occurring in the course
of the experiment.

The requirement that the counting interval be
much less than the relaxation time of the scatterer

under study may be easlly met by setting the pulse wildth
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of the Advanced Automation generator. The requirement
that the counting intervals be separated by a time
greater than the relaxation time of the scattering
mechanism can be met‘by delaying the output of the
Advanced Automation generator with respect to the
start pulse sent by the interface. Such a variable

delay 1is a feature of the generator.

2. Some Notes on the PDP-8/L

It is recommended that before trying to run the
system, whose operation is primarily dependent upon
the computer, some attempt be made to familiarize one-
self with the computer controls. It would seem that a

reading of the first 23 pages of the DEC Small Computer

Handbook is a minimum in this regard.

For a more detailed knowledge of the system, and
as a prerequisite for understanding and troubleshooting
the interface, chapters 9, 11 and 12 of the same manual
are recommended reading.

As a reminder, and to keep easily forgotten facts

at hand, the following computer information is presented.
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The Computer N _-mber System

The PDP-8/L computer is a 12 bit machine. That is,
it does arithmetic on binary aumbers with 12 binary
digits or bits, a bit being =ither O or 1. The bits
are numbered from left to richt and have the following

position coefficients:

Bit No. O 1 2 3 4 85 6 7 8 9 10 11
11 10 9 8 7 6 5 4 3 2 1 0
Value 2 2 2 2 2 2 2 2 2 2 2 2
Thus the binary number
100100111

can be found in decimal as:

0
1 x2 = 1 x1 = 1
1
1 x 2 = 1 x2 = 2
2
1x2 = 1x4 = L
0 x 23 = N x8 = 0
0 x 24 = 2 x 16 = o}
1x 25 = 1 x 32 = 32
0 x 26 = ) x 64 = 0
0 x 27 = ( x 128 =
8
1x2 = . x 256 = 256



83

It should be apparent thz¢t 12 bit binary numbers are
rather cumbersome, so the cc-puter is set up to recognize
commands as 4 character octal numbers. These octal
numbers are really the 12 bi< binary numbers handled
in a slightly different manne», They are formed by
beginning with a binary numbe-=, say

011010111121
and separating it into 3 bit zroups starting at the right:
011 010 11Z 101.

The binary groups are then renlaced by their octal

equivalents:
0112 = 3E
0102 = 2E
11, = 7.
1012 = 5E

and the binary number is converted to its octal eduivalent:
3275.
Conversely, an octal nu-der can be expanded to a
binary number using the same table of equivalents:

53078 = 201 011 000 1112
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3. The PDP-8/L Front Panel

In order to run\the photocount system, 1t is necessary
to be able to manipulate the front panel controls of the
PDP-8/L. The use of the front panel in the operations
necessary to load and run the system software 1ls summarized
below. For more detailed information, check the DEC

Small Computer Handbook, Ch. 2.

1. ILoading Program Tapes.
a) MEM PROT, DATA FIELD, INST FIELD: all down.
SING STEP: up.
b) Bits O thru 11 of the SWITCH REGISTER:
all up (7777 octal).
¢) Depress LOAD ADDR momentarily. All lights
under MEMORY ADDRESS should light up.
d) Turn teletype control to LINE. Set reader
switch to FREE. Load paper tape into reader.
e) Turn reader switch to START.
f) Depress START on front panel. Tape should
read in.
2. Loading Addresses and Checking Contents,
a) Set the address into the SWITCH REGISTER in
octal. A switch up is a binary one, down a

Zero.,
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b) Depress LOAD ADD=., Check MEMORY ADDRESS lights
for correct address.

¢) Check MEMORY BUFFZR lights for octal contents
of address,

d) Repeated pressinc of the EXAMINE switch will
increment the adiresses one by one, allowing
you to examine tr2 contents of successive
locations,

3. Changing the Conten:ts of an Address

a) Follow steps 2a) shrough 2¢) above.

b) Set the desired c:tal content of the
address into the 3WITCH REGISTER.

¢) Raise up the DEP switch. This deposits
the contents of the SWITCH REGISTER in the
selected address.

d) Contents of the succeeding locations can be
altered by settirz the desired contents into
the SWITCH REGISTZR in sequence and raising
the DEP switch alzer each setting of the
SWITCH REGISTER.

4, Running *ne System
1. If the Multichannel Anal;zZer program is in core,

begin at step 5. If not, load address 7777 by means
of the SWITCH REGISTER of the PDP~8/L.
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Load the MCA tape into the paper‘tape reader, make
sure the teletype is on LINE, and turn on the reader.
Press START. Tape should read in and stop at roughly
one~-third of the way through.

When the tape stops, press CONT. This loads the

Floating Point Arithmetic package. Entire MCA

program is loaded when tape stops.

Select Options:

a) Address 0020 normally contains 1000, The
program will normally print out 1000 octal
channels (512 decimal). If fewer channels are
desired, the desired octal number may be inserted
in location 20,

b) Address 0021 normally contains a O. This allows
the program to skip an automatic octal dump of
the number of events in each channel after the
printout of probabilities. If automatic octal
dump is desired, any number # O may be put in this
address.

¢) Address 0022 normally contains a 1. This sends

the program into a waiting routine after either

the printout of probabilities or octal dump. If set

= 0, will halt the program instead of waiting.
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6. Begin setup of the system.

a) Turn on interface and rest of experiment.

b) System interconnections should be as shown in
Figuré Al. The generator settings should be:

i) HP 222A
Rep Rate : EXT, -
Pulse Delay : .1 to .5 msec or desired value
Pulse width : .5 usec
Pulse polarity: +
Pulse amplitude: 2 volts
ii) Advanced Automation 2000
Rep Rate: EXT
Gate: OFF
NORMAL PULSE
Delay: Desired Value
Width: Desired Value
Amplitude: + .5 volts

¢)  Connect sync. output of Advanced Automation generator
to external trigger input of oscilloscope. Set
scope to trigger on positive signal.

d) Using a 50 SL terminator on one scope channel
input, connect the output of the HP generator to
the scope by means of a BNC tee. The "FLAG IN"
cable must still go to the interface. Set scope
channel gain to>2 v/cm DC. Uselscope on alternate

mode.



e)

£)

g)

88

Using a BNC tee on the Lecroy channel A inhibit
input, connect to other scope channel without a
50 & terminator. (Use of a 505L terminator
would load down the voltage divider that pro-
vides the negative bias to the inhibit.) Set
scope channel gailn to .5 v/cm.

By means of the SWITCH REGISTER, load address
0023, Press START. This initiates a setup
program which continually supplies signals
between the computer interface and the external
generators. If no waveforms are displayed on

the scope, press the STOP button on the front

panel of the computer. Check the interconnections

and generator settings (see 6b and 6c). Make
sure interface power supply ( + 5 volts ) is

on., Reload address 0023 and press START agailn.
Set desired counting interval. This is done by
setting the time that the Advanced Automation
generator spends at O volts ( O volts 1lifts the
inhibit, - .5 volts inhibits). The time between
successive counting intervals may be varied by

means of the pulse delay control on the Advanced
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Automation generator., After setting counting
interval and delay, check that the flag pulse
(output of Hewlett Packard generator) follows
the trailing edge of the counting interval.
The trace on the oscilloscope should appear

similar to below:

0.0V
r-COUNTING INTERVAL — >~ DELAY =

-05 V

FLAG PULSE-———————%»[_l

The minimum delay between counting intervals is
roughly 12 to 18 microseconds owing to program
delays. Additional delay between counting
intervals, beyond that provided by the Advanced
Avtomation generator, may be obtained by delaying
the flag pulse using the delay control on the
Hewlett Packard.

The main multichannel analyzer program is now started

by loading address 5400 by means of the SWITCH REGISTER

and pressing START. This begins thé sequence of

counting intervals. The counting wlll continue until
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one channel overflows (at roughly 8 million events)

or the counting is terminated from the teletype

keyboard by pressing $.

When the counting stops, through either overflow or

keyboard interruption using a $, the user then has

several optlons available, depending upon the action

taken in step 5. Roughly 8 seconds after the counting

stops, the computer begins its printout routine. It

will printout NBAR, N2BAR, H2, H3, and the total

number of events. It then begins printout of the

probabilities for a given number of counts in a

counting interval. It is at this point that the

options become available.

a)

If left uninterrupted during the probability
printout, the teletype will either printout all

1000 octal channels or the lower number inserted
during step 5a). At the end of this printout,

the teletype will type the sum of the probabilities
which have been printed out. If, during probability
printout a $ is pressed on the keyboard, the tele-
type will finish printing out the line it is on

and will then print the sum of only the probabilities

which have been printed out to that point.



91

b) What happens at this point-depends on what was
| done in step 5b), If the octal dump was selected,

it will begin~immediately. This may be terminated
at any time by a $ on the keyboard. If not termi-
nated, the number of octal channels selected in
5a) will be printed out. Both channel number and
channel content are given in octal numerical
form, If octal dump was not selected, the
program goes to the option described next.

¢) After printout of the probabilities and the
octal dump (if selected in step 5b ), the program
wlll either halt or go into a waiting routine
depending upon the option selected in step 5e).
If the program halts and it is desired to re-~
start it, load address 5400 and press START.
If it remains in the waiting routine, the

following commands may be given from the key-

board:

C - continues count without clearing channels
R - restarts count after clearing channels

0 - prints out octal dump

H - halts program

g, To shut down the system, press H when the computer 1is
in the waiting routine, then turn off the computer

and interface.
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5. Description of Interface Logic and Timing

A logic diagram of the circultry which accomplishes
the transfer of data between the Lecroy 200 MHz scaler
and the PDP-8/L computer is given in Figure A2. A more
detailed breakdown to DEC Flipchip boards together with
connector assignments may be found in Figure A4, A
timing diagram to be used with FigureA2 is‘given in
Figure A3, The description of interface timing following
is done with reference to Figures A2 and A3, |

The timing diagram begins with the computer in a
routine which awaits the appearance of a flag (::) >
signifying the presence of data. Thus the Advanced
Automation 2000 generator (::) s Which controls the
time during which photoelectrons are counted, is still
in the up state. The computer is initiating a series of
6141 IOT pulses which, in the absence of a flag
output, does not terminate., When the flag is set to a
one state, signifying the ending of the counting interval,
the program then initiates an IOT 6142 pulse (::) which
reads in the data. The program sequence to accomplish
this is:

6141 /SKIP NEXT STEP IF FLAG = 1

JVP .-1  /JUMP BACK TO PREVIOUS STEP

6142 /READ IN DATA |
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The 6142 pulse reads ir the data in the following
way:

1. The appearance of The flag also places

the outputs of the first 12 bits of channel A
of the Lecroy scalzr» on the inputs of the
Mo24 bus driver. I% does this by putting

+ 3 volts on the "strobe channel A" input

of the scaler,

2. For the duration ¢ the 6142 pulse, the outputs
of the M624 bus driver and the clear AC are
asserted. This aczomplishes the loading of
the data from the _scroy into the PDP-8/L
accumulator, Beczuse of signal inversions,
the complement of —he data 1s actually read
into the computer as iﬁ (::) ).

The trailing edge of I.T 6142 triggers a one shot
of 5 microseconds duration <:) which sumultaneously
clears the Lecroy scaler and resets the device flag.
The trailing edge of this on= shot triggers another one
shot of 1 microsecond durati:n <::) s Tthe output of
which is used to trigger the AA 2000 generator (::) s
which times the counting intzrval, beginning the whole

sequence again.
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The length of the counting interval is set by the
pulse width control of the AA generator. If it is
necessary to separate counting intervals widely to
insure counting of independent samples, the pulse
delay control of the AA generator does the Jjob.

The output of the AA generator is sent to the
external trigger input of the HP 22A generator
through a differentiator. The HP generator 1s set
to trigger on the trailing edge of the AA timing pulse.
The pulse from the HP generator is used to set the
device flag, thus signaling the availlability of data
for the computer.

The timing diagram shows two sequences that can
happen as far as the routine which waits for data is
concerned., If the MCA routine is accomplished before the
end of the counting interval, the IOT 5I4T sequence of
pulses will occur, waiting for a flag, If the MCA routine
takes longer than the counting interval, the flag will
be set and the first IOT BIHT will initiate read in of the
data.

The IOT 6144 serves no function as far as routine
read in of data is concerned. It can be used to set

the device flag and trigger the 1 microsecond one shot



a7

to provide test pulses to ch=zk the ILecroy scaler and
the interface through the uss of the PTEST program.
PTEST is a diagnostic Zrogram which checks out
a portion of the interface a1 the operation of the
lecroy scaler, at least at rslatively low frequencies,
through the use of counting rulses generated in the
interface. The next page gi-=s a.program listing

of PTEST as well as instructions for its use.



*5400
6144

6142

CMA

DCA STORY
TAD TWO1
JMS COUNT
DCA STOR1
TAD TWO2
JMS COUNT
DCA STOR2
TAD TWO3
JMS COUNT
DCA STOR3
TAD TWO4
JMS COUNT
DCA STORL4
TAD TWO5S
JMS COUNT
DCA STOR5
TAD TWO6
JMS COUNT
DCA STORT
TAD TWOS
JMS COUNT
DCA STORS8
TAD TWOQ
JMS COUNT
DCA STOR9
TAD TWO1g@
JMS COUNT
DCA STOR1d
TAD TWO1l1l
JMS COUNT
DCA STOR11
HLT
COUNT, #
DCA STOP
6144

ISZ STOP
JMP -2
6142

CMA

JMP I COUNT
STOP, @

6.
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The PTZZT Program

/PTEST - DIAGNOSTIC PROGRAM

/TO RUN, PUT START COUNT INTO
/EXTERN-.Z TRIGGER INPUT OF

/HEWLETT PACKARD 222A GENERATOR

/REP, RiTZ -MAN,/EXT. +

/PULSE TZLAY - .5 USEC,

/PULSE wIDTH - .5 USEC

/PULSE FILARITY - NEGATIVE

/PULSE A!PLITULE - .5 TO 1 VOLT
/OUTPUT 79 LECROY CHANNEL A INPUT
/CHANNEL A ATTENUATOR - X5

/MANUAL ZJTTON ON 222A SHOULD FLIP LECROY
/MAKE SUF3 INHIBIT ON LECROY IS OFF
/SET SWITZJH REGISTER TO 7777

/LOAD PTZ3T USING BIN LOADER

/CLEAR LI JROY CHANNEL A USING CLEAR
/BUTTON .3 FRONT PANEL

/LOAD ADIRESS 54¢¢ AND START PROGRAM
/PROGRAM HALTS AT 5445 WITHIN 1 SECOND
/CORRESPZ NDENCE SHOULD BE:

/ADDRESS 1 BIT (ALL OTHERS &)
/558 11
/5581 éﬁ
/552 9
5583 @8
/5584 a7
/5595 76
/5506 75
/5587 ah
/5514 73
2o o
/5513 o]



TWOY, 7777
™02, 7775
TWO3, 7771
TWOL, 7761
TWO5, 7741
TWOG, 7781
W07, 7681
TWOB, Ti4@l
TWO9, T72%1
TWOlg, 6891
TWO1l, 4#@1

*5500
STORY,
STOR1,
STOR2,
STOR3,
STORY4,
STORS5,
STORG,
STOR7,
STORS,
STORQY,
STOR1Z, &
STOR11l, &

ESESRSESRSESESESESY

RSN
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Figur= A4

PDP-8/L photocount i~terface schematic.

Notes:

1.

Connector designations:

LCI ~ Interface input fr:m Lecroy scaler

LCO - Output connector on Lecroy scaler

D34, D35, D36 designate -oth an output from the
interface and an input tc the computer, connected
by ribbon cables.

All signal outputs of thz Lecroy scaler are tiled
to ground through 1 K£2 at the scaler.

Supply voltages:

+5VDC, PIN A2 of M112, MI1D23, MA24, M32

GND - PINS T1 and C2, Al connectors and modules
All gates marked g are on M112 module

+ and -~ 6S are sensing leads to regulate the

+ and - 6V supply which supplies voltages to

the Lecroy scaler.



ID34 ¢ B1

$ DI sE| g HI

pJl gLl g MI

$ M2

1 K2

¢ P2

S <
JEl j P sl T2 O[R2 @)|V2 |
®,
T D2
DI N1 RI P2 u2 |
Cl <
|
b SKIP ON I
LCIeM2  ¢K2 bE2 SV b R| NI SKIP | V624
{Lco 8N oM ‘L b K $J » H ‘F L E LD (¢ (NI SET BUS
=1 BY DRIVER
. _ INIT)
LCT oN2 L2 J2 F2 _—— — ——— — —
pe g g gl = g -
+6S -6Y +6V -BS | DEVICE  SELECTOR ol o
HI | |
- BMBO3 0y D2
. TR VI(+3V]) l
Li| | BMBO5 (1) F2 2 NI
— BMBO6 (1) H2 ‘_—_:53_*’__\/2
ol | — BMBO7 10y 42| P
E2 | ol | P2 ] 5141
H2 . 10p2 DI NC! 6142/
. R2: | [m Ok
M2 |
* | 10P3 FI NCEI 6144/
: [ — _— sz — [
D35 | 144 e @
INITIALIZE s2 TBusec [LECROY
D36 eK2 eM2 epP2 eVy2 _3-\1/—\—@) LCT ¢V2 bU2 ¢R2  ¢T2 qg‘za
FLAG INPUT—> O >3 psed) -
| wsec @ LCOém @] & X
START COUNT INTERVAL ~—&
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APPENTIX B

LOG-NQRMAL DISTRIBUTION
Inputs: {N)», H2 and umber of Events, C

C-FOCAL, 1969

#1.2¢ A ?NBAR?;T !;A 92H2?2;T !;A 2C2?
g1.3¢ s 32“(1/4)%FL0G(H2+1 3 xg;ng%ygxp(_g%sg)

@148 S N=@;S PS=@;S X=1;T !.!;S M=1; S SU=¢
F1.,41 D 5

gi.42 s MY—(IQ/Bﬁg*ﬂ*Y S PS=2S+MY

gl.4h I (MY-1.E-7)3.41,3.81,-.45

@1.,45 S M=M+13;D 5,9

#1.46 S MY~(1¢/3®2*2*Y S PS=Z3+MY

#1.48 1 (MY-1.E-7)3.81,3.41,-.49

@1.49 S M=M+1;GOTO 1.41

g2.1% S A=.933¢g78E-1;S H=, 21_935E D L4,
@2.12 S A=,L92602E¢; S H=. lﬁEﬁgD b,
@2,14 S A=,12156@E1;S H=. 6" 28E@;D 4. ¢
g2.16 S A=.22699581;S He=, 128 26EZ;D 4.0
#2.18 S =.36676331 S H=.U4¢Z59E-1;D 4.0
g2.20 5 A=,5U42534E1;S H=.856738E-2;D 4.9
F2.22 S A=.756592E1;S H=,121-44E-2;D L, [
g2,24 S A=,1@12¢2E2;S H=,1117-74E-3;D 4.¢
g2.26 S A=,1313¢3E2;S H=,642233E-5;D 4.9
#2,28 S A=,166544E2;S H=,222-32E-6;D 4.9
#2.3¢ S =.2¢7765f2 S H=,422743E-8;D 4.¢
@2,32 S A=,256230E2;S H=,302_3CE-1¢;D 4.¢
@2.34 8 A=,31U4F75E2;3 H=,1L3752E-12;D 4. ¢
#2.36 S A=.3853@7E2;S H=,1487 J3E-15;D 4.0
#2.38 S A=, 4B@261E2;S H=.162;5QE~19,D 4.g
g2.40 GOTO 3.1
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P (2*x*FsQT( 6 282.9%52))

P(” N7, i % 7" ", FSQT(R/C), !
N~N+1 S X=N¥X; s PS= 2
SU*SU+P
(P-1.8E-7)3.,95,3. 95,_ 19
%’ ’,"’SUN” l(

PS=PS+H*A% (N~1)*FEXF - (FLOG(A/1g))t2/(8%52))

Y=(18/ (M*1g) ) *FEXP (- *1g/1F~ (FLOG(M/1%) ) t 2/(8*352))
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APPENDIX C -

COMPARISON OF. GAUSS-LAGUERRE INTEGRATION
AND NUMERICAL INTEGRATION

LOG NORMAL DISTRIBUTION NUMINT
NBAR:1.d8714655

H2:,3157846

P(N= @)= &.392495E+@ .3923933
P(N= 1)=&, 3241¢9E+¢g .3259551
P(N= 2)= ¢, 165652bfg . 1678545
P(N=  3)= @,7¢5223E-¢1) .0707399
P(N= U)= @,272267E-F1 .0271630
P(N= 5;= 7. 183841 TE-1 .0100293
P(N= 6)= @.366866E-¢2 . 0036697
P(N=  7)= @$.135391E-¢2 .0013543
P(N= 8)= @.5¢9423E~-03 . 000500k
P(N= 9)= &,196486E-Z3 .0001965
P(N= 18)= @.779558E-gL .0000780
P(N= 11)= @.318665E-g4 . 0000319
P(N= 12)= #,134253E-g4 . 0000134
P(N= 3 = ., 582694E-@5 . 0000058
P(N= = @, 26@332E~@5 . 0000026
P(N= = J.1195G6E-85 . 0000012
P(N= = @.56L202E-06 . 0000006
P{N= = @.273¢35E~-g6

P(N= 18 = @.135334E-g6

P(N= = ¢f,686236L-@7

SUM= ¢.9959¢7E+¢¢
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PART II. Photoelectron Counting Distribution of Second Harmonic Light

(*)

Generated by a Pseudo-thermal Source

William G. Clark, Lee E. Estes, and Lorenzo M. Narducci
Worcester Polytechnic Institute

. Worcester, Massachusetts 01609

Abstract

We calculate the photoelectron counting distribution for
second--harmonic light generated by a monochromatic, single.mode, thermal
light source and compare our predictions with experimental results using

as a fundamental light source a suitably modulated laser beam.

(*) This work was partially supported by NASA Grant NGR 22-017-019

(1970-71) and NSF Initiation Grant GK-5517.



Introduction

The purpose of the present communication is that of presenting
a few theoretical and experimental results concerning the photoelectron
statistics of the second harmonic radiation produced by a light beam whose
irradiance fluctuations are those of a thermal source.

Because of the nonlinear nature of the second-harmonic -generation
(S.H G.) process, irradiance fluctuations that are present in the fundamen-
tal beam are expected to produce quite different fluctuations in the second.
harmonic radiation.

A well-known source exhibiting irradiance fluctuations is a light
beam with a gaussian field amplitude probability density and zero mean.
Although such a source can be conveniently prepared by suitably modulating
a stable He-Ne laser beam by means of a rotating ground glass with small
average inhomogeneitiesl, our presently available power levels are not high
enough to produce detectable second-harmonic signals.

In the present investigation we have electronically modulated the
output of a He-Ne laser in such a way that the irradiance fluctuations are
very close to those of a narrow band, polarized thermal beam. The photo-
electron distribution derived in the theoretical section of this paper has

been favorably compared with the experimentally measured distributioms.

Theoretical outline

When a beam of light is incident on a photomultiplier for a time
interval T the resulting distribution of photoelectrons can be predicted by
averaging the Poisson process of photoemission over the possible realiza-
tions of the field irradiance i(t). If the measuréments are made within a

coherence volume of the light, the probability P(n) that n photoelectrons
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are ejected in the time interval T is given by

/‘O(n)=<_€%z_). xp (- BI T) ()

T

where /5 is a constant which accounts for the geometry of the experiment
1
and the quantum efficiency of the phc-osensitive surface. The brackets,
<' ), indicate that an ensemble averzge is taken over the irradiance fluc-

uations. For the low irradiance levels used in our experiments the process

of S.H.G. can be accurately describec by the expression3
2
ISH = X IF (2)

which relates the irradiance ISH of t-e second harmonic to the irradiance
I of the fundamental beam. The conszant ), is determined by the degree of
phase matching and the magnitude of t=e nonlinear polarizability. Combining
gq‘s. (1) and (2), one obtains the ccunting distribution for the second

harmonic radiation,

A = <(1‘0’X’TI”) oxp(- F’”‘IF)> ®

I¢

We shall perform the averags indicated in eq. (3) for two special
cases. In the first case we consider a fundamental light beam which is
generated by a single mode amplitude-stabilized laser. If the irradiance
of the laser beaﬁ is IL’ the irradiarze probability distribution of the
fundamental beam is a delta function ig(IF - IL),,and eq. (3) yields a

Poisson distribution of photoelectrors,

(4)

by = BrTzl)" iﬂﬂ(“ﬂ’”‘ If)



Experiments have been performed to test eq. (4) and the results which have

appeared in an earlier publication4 are in good agreement with this result.
The second case considered here is that of a single mode laser

beam which is modulated to produce irradiance fluctuations that are described

by the probability distribution P(IF),

I
oy L e -._.__i.._) ) (5)

This distribution function is characteristic of a single.mode narrow..band
thermal beam and the combination of eq's. (1) and (5) yields the familiar

/
Bose-Einstein distribution of photoelectrons,
fJ

(p7<zer)”
/P(m: ' — . (6)
([+ ﬂ'T{IF})

While the lack of irradiance fluctuations in the first case produced a

Poisson distribution for both the fundamental and the second-harmonic beams,
in this case we can expect the nonlinear process of second-harmonic genera-
tion to enhance the fluctuations of the fundamental beam, thus producing
photoeléctron statistics that no longer follow the BOS%EEinstein distribu-

tion.

Using eq. (5), eq. (3) takes the form

(¢
2.\ 1
A () = SdIF (S }"’T'IF) e/xr(‘—ﬁ)é"r I(_”) x (7)
n
O




The result of the integration is the photoelectron distribution

2
/‘o(n) = Q(in-n),’.’ exp( %) :D.(.zn“) (a) (8)

Y

=¥ .
=(XB T (a) j - - metion. >
where @ ( ﬁ 3 ) and :ELZN+I) ) is the parabolic cylinder function.

As expected, the two beams produce quite different photoelectron statistics,

Experimental Results

The pfeparation of a pseudo-thermal source (i.e., a source exhib-
iting the irradiance fluctuations that are typical of narrow-band blackbody
radiation) to be used as the fundamental beam in the S.H.G. experiment
presents two main difficulties. First of all, the low power level (7 niW)
of the single-mode H%}Ne SpectfaiPhysics Model 120 laser does not allow the
sizable power loss which would afise from conventional random modulation
(e.g. rotating ground glass). Secondl?ﬂthe index-matching condition re-
quires that the angle of incidence of the fundamental beam on the ADP crystal
remain fixed throughout the duration of the experiment.

We chose to pass the laser beam through a Pockel cell modulator
exhibiting an extinction ratio of 500:1 as shown in fig. 1. The modulating
voltage to be applied to the Pockel cell was producé; by a signal recorded
on magnetic tape and amplified by a 1000 gain 2500 Xo}t power amplifier with
a linear frequency response from 10 Hz to 15 kHz. The time~dependent behav-
ior of this signal, which was originally produced by a Hybrid computer, was
such that the probability distribution P(IF) of the modulated irradiance
would closely approximate eq. 5.

Experiments performed on the modulated laser beam resulted in the
photoelectron counting distribution shown in fig. 2. It will be noted that

t
the largest deviation from the theoretical Bose-Einstein distribution
ff




occurs for low values of the photoelectron number n. This we attribute to
some low-frequency distortion in the modulating voltage, caused by the ampli-
fier. Since at low irradiance levels, the amount of second--harmonic
radiation is also low, it i; expected that a somewhat better agreement will
exist between the experimental and the theoretical photoelectron counting
distributions generated by the second harmonic radiation.

A typical experimental distribution of photoelectrons is shown in
£ig. 3 together with the theoretical prediction and with a Bose-Einstein
distribution cérresponding to the experimental mean number of photoelectrons.

Although a small systematic deviation exists between the experi-

mental and theoretical results we find the overall agreement quite satis-

factory.
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Figure 1.

Figure 2.

Figure 3.

FIGURE CAZTIONS

Schematic diagram of the experiment.

(1) 1aser; (2) 6328A intererence filter; (3) tape deck; : .
(4) 2500 volt amplifier; (3) Pockel cell; (6) ADP crystal;

(7) Shott UG-5 filters; (& 31642 interference filter;

(9) Amperex XP-1021 photo—=ltiplier; (10) to counting system

Photoelectron counting stzzistics of the pseudo-thermal éource.
Mean number of counts fi = 1.93 and‘the integration time = 50 us.
Curve No. 1 is the théorefical Bose-Einstein distribution and
curve No. 2 is the experiz=ntal counting distribution obtained

by modulating the laser bezm.

Photoelectron counting stzzistics of the second harmonic light
generated by the pseudo-tkzrmal source. The mean number of
counts is n = 2.84 and the integration time T = 50 us. Curve
No., 1 is the theoretical cistribution and curve No. 2 represents
the experimental results. Curve No. 3 is the BoseEEinstein

distribution for the same mean number.
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PART III A BRIEF NOTE ON THE UPPER BOUND OF THE OPTICAL
: TRANSFER FUNCTION (OTF).

For two decades now, workers in optics have been applying the methods
of electrical communication theory to optical systems treated as filters of -
S};)atial frequencies. While the success of this approach is based upon the
similérity of the two fields (linear filter theory), it is important to recognize
that there are essential differences. For example, in electric circuit theory,
the impulse response h(t) is necessariiy causal [h(t)fO, t<0]. This condition .
‘imposes severe restrictions on the physical realizability of the electrical
frequency response H{{D); the real and imaginary parts of which are con-

strained to be Hilbert transform pairs.

In optics, the impulse response s(x), being the intensity of light in the
point image, is necessarily a non-negative function. An interesting.question
that arises there is whether or .no;c.this restriction imposes unique conditions
on the optical transfer function (o). So far as we can ascertain, this is
still an unsolved mathematical problem. Nevertheless, the non-~negativeness
of s(x) does impose an upper bound on 2 ({0). The solution to this problem
in fact, has existed in the optical literature for some time. Lukosz(l) in
1962 provided the answer in ore dimension and more recently (1969) Frieden(z)
gave the two-dimensional solution. In the course of our research, we dis-
covered a simpler proof of the theorem using the Schwartz inequality and,

in addition, determined the optimum lens coating to achieve the upper bound

for each ). Curves illustrating the upper bounds in one and two dimensions



are shown in Figures III.1 and III. 2. The more important features of the

analysis are listed as follows:

1) Midway toward the diffraction limit (W=2), a uniform amplitude
across the entire pupil is optimum. No amount of apodization (coating) or
phase variations (aberrations) can achieve an OTF higher than 2’1= 1/2

at =1. In two dimensions the upper bouad is Z_ =.393 at & =1.

2

2) In the range 1< W42, a pair of slits repreéents the optimum coating
While the slit width is different for each /), an upper bound of & =1/2 can
be achieved anywhere in this band. The corresponding solution in two

dimensions is an annular aperture.

3) In the range 0< W<, the optimum coating reduces to discontinuous

rectangles which yield Lukosz's upper bound Z’é_ cos In two dimen-

/.
N+1
sions, Frieden's upper bound is reached by sets of concentric circles

properly weighted in transmission.

4) In the very low frequency regions p4<L2, the asymptotic solution in
one dimension reduces to a cosine tapering of the pupil with the first zero at
the edge and in two dimensions the corresponding solution is a zero order

Bessel function.
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