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High Precision Moments for the Fourier
Coefficients of Arbitrary Functions

by Shalhav Zohar

ABSTRACT

Evaluation of the integrals
i

kg

[

O/rgn SN 2 ge (n,k positive integers)

cos
is considered in detall., The difficulties in their direct evalustion are
analyzed and overcome in a method capable of very high precision. A
detalled error analysis yields a reliable crror bound for the results
nbtained this way.

The method has been applied in computing a table of parameters allow-

ing the evaluation of the above integrals for n=2,3,...,201; k=1,2,...,200,

-132(% Z,lo—uo

with a relative error of 2 ). Two types of tests indicate
that the actual errors are well below this upper bound.

At the other extreme, very simple coarse estimates of the integrals
are also obtained and their error bounds established.

The computed parameters are also shown to be related to the (high

order) derivatives of band-limited functions and to the incomplete gamma

function.
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1. Introduction

The construction of quadrature formulae for the evaluation of the

Fourier coefficients of arbitrary functions leads to the following

moments
2n
(1.1) J E? cos mE d&E
o (n,m positive integers)
(1.2) f €” sin m d€
o

When high precision coefficients are required, precise moments have to
be obtained for n ranging up to large values. But in this case (more
specifically: n >(2re)m), serious difficulties beset their computation.

An interesting solution to the problem was suggested by W. Gautschi E9E

who proposed to evaluate the related integrals
2m
n

(1.3) O/§ (1 - cos n§) dg

2n
(1.4) _/ g™(1 - sin n€) &§
[e]

via a recursive scheme. This approach, modified by some refinements,
is the subject of this paper. In order to simplify the computetions,

we shall compute the following multiples of the above integrals:
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n+1l n
(1.5a) (2n)n+l £ cos m§ 4 = en+l,hm
2m - '
{1.5b) n J/F " sinmf G = - 7
(gn)n S n,lm
2m
(1.5¢) n+1 ™1 - cos mE) @€ =1
z2n
. 1
(1.54) n+l f E™(1 - sinmE) & = 1 + Z= 1
-(:—;n:‘—io 2mm n,b{m

All four integrals are computable by one simple recurrence

n = 1. o)
(1.6) k=t (T2 n-2k
2

and the relation
(1.7) 6. = 1-7m
Furthermore, in addition to their role in (1.5), the nnk parameters

introduced here, allow the evaluation of integrals in which the upper

bound is an integral multiple of g rather than 2. This means that
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in the formulation leading from the arbitrary function to the moments
(1.1), (1.2), we do not have to work with & single approximation valid
for the full period but may, instead, use four different approximastions

getting a better fit.

Most of this paper is devoted to the study of the related continuous
™
3 n = n — . 3 l 3 'Y . -
function ﬂn(x) ('nk n(k 2)) Our main goal in this study is to

provide the foundation necessary for the computation of nnk with =

predictable high precision. A table of ?n (n=2,3,...,201; k= 1,2,...,

-13
200) with a relative error bound of 2 132 is one outcome of this undertesking.

k

Note that most of this precision can be carried over to the moments them-
selves since the only seeming obstacle here is the exact computation of
powers of w . As 7 is available to more than lOu decimal digits [11],
the construction of a ™" table with precision compatible with that of

nnk’ is certainly no problem.

We proceed now with a brief description of the layout of the paper.
Section 2 is devoted to the derivation of the generalized version of
the integrals (1.5a), (1.5b). The function ﬂn(x) is introduced here,
Section 3 establishes the recurrence relation satisfied by ﬂn(x}
and considers its application in computing ﬂn(x). We show that both
forward and backward recursions are necessary. The discussions here are

preliminary, pending the establishment of various important properties of
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ﬂﬂ(x) in section 4. Section 5 resumes the discussion of the computation
of ﬂn(x). The dividing line between forward and backward recursions is
considered here in detail.

Section 6 tackles problems associated with the initiation of the
backward recursion. It provides detailed design information to determine
the first term of the backward recursion from a prescribed error bound.

Section 7 considers the effect of truncation errors on the precision
of the computed ﬂn(x). An easily computable error bound is the msin
result here,

Section & describes a specific implementation of the algorithm
developed in the earlier sections. The result is the nnk table already
m=ntioned. A verification of the computed values is also considered
here,

Section 9 takes up various other applications of nn(x). It consists
ofhﬁhree parts. In part a,the main integration results established in
section 2 are extended to integrals of type (1.3), (1.4). Our main
concern here is in verifying the precision in this case. Part b shows
the relationship of ﬂn(x) to the derivatives of band-limited functions.
Part ¢ considers the connection between ﬂn(x) and the incomplete gamma
function.

Section 10 establishes a relationship between nnk’ Riemann's zeta
function, and various other related functions. The availability of high
precision tables of these functions makes it possible to exploit the
established relationship in a test of certain computed nnk values.

Results of these tests are presented.
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A few topics whose analysis had been deferred in the interest of a
smoother development of the subject, are discussed in section 11, the
last one. In particular, the failure of direct computation of the

integrals is analyzed in detail.

2. The Integration Formulae

Though the integrals we are concerned with involve trigonometric
functions, it is simpler to deal initially with the exponential function.

Our starting point is the following closed form integration formula [27.

n
n ig _if k-1 n, .n-k
(2.1) fg e = e Z}{,O S
. L T
(2.2) U (-38)
r.
r=0

We have here a partial sum of the e‘lg series. Bearing this in mind we

rephrase (2.2) using the following notation

(2.3) g, (x) = “ET
and getting n
(2.1) g" &% g = 1771 gy 18 g (-if)
r=0
(2.5) = in‘l n' eig [e-ig - :E:: gr(—ig)]
r=nt+l

Note the modification from a finite summation in (2.4) to an infinite one
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in (2.5). The motivation prompting this step will be dealt with in
section 11.

Using (©.5) we obtain the desired definite integral

X [eed
£ nt 1 ix
(2.6 I (x) = fin ar o= 4 n! e z -
) 10 = a L 6 (-5x)
+1 ix
(2.7) N Wn(x)
(oo}
where g ( ix)
(2.8) w0 = oy L N
n -ix] g, (-ix)

@n(x) is a complex valued function of the real argument x. Our main
concern in the following sections will involve the closely related real

function ﬂn(x) which we proceed to introduce now.

Our first step is the segregation of the sum in (2.8) into two

separate sums as shown below

oo [o2]
E : g, o (=1ix) :E : g (-ix)
b=l nt2s , = (n=l)+28*" "~

2.9) (-ix) ¢ (x) =
< B g, (-ix) g (-ix)

Being guided by the first term inside the brackets, we introduce now

Z gn—(-gs(-ix)
(2.10)  M_(x) = - ==
n .
g, (-ix)
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(2.11) . s=1
g, (%)
Noting that (2.3) implies
o = Z
(2.12) g z) = —¢g ,(2)

we see that the second term in (2.9) is expressible in terms of Tn_l(x)

and thus

1,(x)

X

(2.13) ¥ (x) = 5 M (x) - i

The formulation of ﬂn(x) in (2.11) clearly shows it to be a real function
of x. It also shows its relationship to the infinite series expansions

of sin x and cos x. Thus, for n even, Jnn(x) is obtained by striking
n+2
2

and dividing the remainder by the last eliminated term.

out the first [ ] terms of the cos x series (sin x series for n odd)

In some of the subsequent developments, a more explicit formulation

of ﬂn(x) is required. This is obtained by substituting (2.3) in (2.11)

- K+l _ x°F
() G = D (VR X
k=1 2k
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We have used here the standard notation

:\\
fod
1
S

(n + l)k = iﬁ_i_ﬁll

nl

Note that this formulation specifically shows ﬂn(x) to be an even function

of x.

(2.152) n,(-x) = M _(x)

The integrals we have set out to evaluate can now be expressed in

terms of ﬂn(x). We note first that a trivial change of variable yields

X
° I (x) ]
. X .
/ n iaf _ n . X ix
(2.15b) / S e = g = Ty e Yy (x)
o a a
Hence
X
a
an+l n ix 2
- £ = = ' i
(2.16) 1 e cos 2EdE = Re [e™"x ¢n(x)] nﬂn_l(x) cos X + xﬂn(x) sin x
X
nrl ) ix 2
(2.17) 2 €” sin 26dE = Im [e ™™ x“¢_(x)] = o . (x) sin x - «_(x) cos x
Xn—l S n n-1 n

Egns. (2.16), (2.17) are valid for any real x. However, we are
particularly interested in those cases in which one of the terms on the
right of (2.16), (2.17) vanishes. The precision of such integrals will

directly depend on the precision of ﬂn(x)c Note that for arbitrary x
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this is not the case since loss of significance due to "cancellation”
is certain to set in for some n, x values, no matter how precise ﬂq(x} is.
In view of the above, the computed integrals will be those

in which x is constrained as follows
n .
(2.17a) x = k3 (k¥ integer)

From (2.16), (2.17) it is obvious that under these conditions we will be

dealing with
ﬂn(k = (k integer)

Hence, the notation

= T (kA%) (x integer)

(2.18) nnk n

Applying the constraint (2.17a) to (2.16), (2.17) we obtain our main

results:
r
I =
n nn—l,k (k mod &4 O}
km
n+1 a2
a 2 (k g) nnk (k mod 4 = 1)
(2.19) (x Ty " cos afdE  ={ :
nﬂn-l,k (k mod &4 2)
n —~
Y _(k 2) nnk (k mod L@ = j}
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-k F) 7 (¥ mod b = 0)
ko
L a 2 nﬁn~l,k, (¥ mod b = 1)
a
2,20 g £ - <
(2.20 TR O/ e sin ads )
2 ’ (v =) Mok (k mod b = 2)
-n nn—l,k (k mod b = 3)

Note that (1.5b) is a special case of (2.20) with

a = integer = m; k = lm

The relation of (2.19) to (1.5a) will become clear later (section 5).
With the establishment of (2.19), (2.20), we have transformed our

problem to that of evaluating the nnk parameters. It turns out, however,

to be more convenient to deal with the continuous function ﬂn(x). This

will occupy us in the following sections.

3. Preliminary Considerations in Computing Mp(x)

For low values of n, ﬂn(x) appears to be quite elementary. To see
this we recall that the infinite summation appearing in (2.11) is a direct
result of the manipulation transforming (2.4) into (2.5). For the present
discussion we now manipulate (2.11) in the opposite direction getting

the following finite summation formulation:
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r .
(2] oo x - D (DF g ()
(-1) 2. kro( ) {n even)
g (x
(3:1) 1,0 =¢ n
(5]
- . k
[E;g] sin x - ;i% (-1) g2k+l(x)
(-1) . hat = (n odd)
9 g, (%

Direct substitution yields
(3.2) ﬂo(x) = 1 - cos x

sin x
(3‘3) nl(x) = 1- X

X 2

2 2 sin 2

(3.)-1-) T’Q(X) = 1 -*;-é- + '}-{"2- cos x = 1 - X
2

6 6 sin x
(3.5) n3(X) = l-— + = =

x X

Note that (3.1) specifies ﬂn(x) as an alternating series. This raises
the specter of loss of significance due to "cancellation". As a matter
of fact, it will be shown in section 11 that direct application of (3.1}

does, indeed, lead to very severe "cancellation" for certain n, x
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combinations. We conclude therefore that (3.1) has to be rejected as a

general method of computing ﬂn(x).

With direct computation ruled out,

of evaluating ﬂn(x) via a2 recurrence relation.

casily obtained from (2.1k) as follows

Let us substitute now k = r - 1

we consider now the possibility

Such a relation is most

2r-2 2r
(3,8) 3 l_nn(x) - E ( l)r+l(n+}£) n(n;l) (_l)r+l n_}:l (n >
r=1 2r-2 X =1 2r
_ n(n-1) S
= —;E*— ‘ﬂn_e(x) (n
Hence the simple recurrence formula
n(n-1) .
- - _ >
(3:9) M0 = 1 BN ) (0> 1,
Denoting
n(n-1)
(3.10) —— = e/ (x), (n >1)
X
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We gzet the final formulation

(3.11) T‘ln(x) = 1 - en(x) 'ﬂn_?(x) (n > 1)
Egns. (3.11), (3.10) are the basis for most of the subsequent develop-
ments.
In examining the suitability of (3.11) to the computation of a
sequence of ﬂn(x) values, we are assuming in this preiiminary discussion
infinite precision arithmetic end ere concrorned mainly with the effect

of error propagation.

Assume that in computing ﬂn(x) via (3.11), we have not used the

1]

exact ﬂn_g(x) but rather an approximation to it, ﬂn

_Q(X) where
(3.11a) M) - _(x) = 8 T_(x)

It is obvious then that A ﬂn(x), the resulting error in ﬂn(x), is given by

(3.12) AT (x)

]

—en(x) A ﬂn_e(x)

We conclude that the stability of the recursion process depends on e (x).

11

Thus, as long as
< 1
e (x)

for all n in the sequence generated, an error injected in, say, Hn{x)

[
il
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will be progressively sttenusted in ™ _(x), 7 (x), ete. Under these
v n+e T2 A b ’

conditions, the desirved sequence could be generatsd by a simple stable

process starting with ((2.2), (3.3))

Ty
L

¢ obsecrve, however, that for n > %, en(x) is a monotonically increasing function

off n. This meens that For every x thsrs is a specific n value, nl(x), such
that

e (x) <1 (n < n, (x

() < (x))
(3.13)

en(x) > 1 (n > nl(x) )

fny error introduced past ﬂn (x) will be progressively magnified in
1

subseaquent terms, eventually rendering the computed values completely

meaningless.

The resclution of this difficulty is quite simple.

Rewriting
(3.11), (3.12) to obtain
(2.14) (%) = 1 [1-7 (x)] (n>1)
AN 6)) n'*)
1
{3 L ; = - m
- l)) A 'ﬂ"l- (X) W A n(X)
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we observe that for e (x) > 1, the recurrence (2.1U) revresents a stable

i
process in the backward direction; that is, we can safely generate
ﬂn_?(x) from ﬂn(x), etc. This, of course, immediately poses the dileuma
of the unavailable initial value,

The soluticn 1s provided by a simpls argumsnt oripzinally applied
by J.C.P. Miller [31 to the computation of Bessel functions. The reason-
ing is as follows: If the generated function is lknown to be bounded,
it does not really matter what estimate we adopt for the initial valuc
starting the recursion, provided we start with an index n
sufficiently removed from the first index of interest. 3Jince the initial
error is finite, it will take only a finite number of cycles to reduce
it below any permissible error.

To justify the application of this idea to our case, we have 1o
show that ﬂn(x) is bounded. However, the design of an efficient cuaranteed-
precision algorithm calls for more than that. In short, we have to know
more about the function we wish to compute.

It is with this in mind that we take up the study of ﬂn(x) in the

next section. Most of the properties derived there are subsequently

applied in the design of the algorithm generating ﬂn(x).

L, Properties of T (x)

The properties of nn(x) proved in this section may be divided into
two groups. In the first group we establish the range of ﬂn(x) and its
asymptotic behavior near the boundaries of this range. In the second

. group we are concerned with the variation of ﬂn(x) inside its range.
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Our starting peint is an integral definition of ﬂn(x). Setting a = x

in (2.15b) and applying (2.13), we get#*

. Fon ix(1-E) 1
L,1) 1.(x) = x In [é e 2/QE = xf§ sin [x(1 - £)Jag
0 o
1
(b.2) = |x| /(1 - )" sin (|x]g)aF
(o]

Consider now the above integral for n,lx‘>0. Wwith (1-g8)" = 0, the
integration over the first half cycle of sin |x‘€ yields a positive number.  The
second half cycle yields a negative number. However since (l—é)n is a monotonically
decreasing function, this negative term is of smaller magnitude than the preceding
positive term so that the net contribution is positive. Continuing this way, we
conclude thet the integral is positive, that is,

(4.3) n (x) >0 (n>0: x #0)
Combining this with (3.9) yields

(k) o<1 (x)<1 (x # 0, n>1)
Finelly noting that (2.14) prescribes

(£.5)  7(0) = o,

we get #¥¢
(k.18) 0 < Tln(x) <1 (n>1)
(%) Throughout this paper, ﬂn(x) is constrained to integral values of n.

Egn. (4.1) provides a convenient extension of the definition of ﬂn(x) to
arbitrary n.
() The proof of (L4.18) presented here, is much shorter than the original

euthor's proof and is due to an anonymous reviewer.
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In connection with the upper bound, note that (3.9), (4.18) imply

(x)

n-2

(L.18a) lim nn(x) =1 - n(n-1) lim 5

X X X

We therefore conclude that the bounds (4.18) are the tightest possible.

If we relax the n constraint in (4.18), it is replaced by

(4.18b) 0= (x) =2 (n20)

R——e

as is apparent from the explicit expressions for Do(x), ﬂl(x) ((3.2

The limit (4.18a) implies that the line y(x) = 1 is an asymptote

of ﬂn(x) for x== (n fixed). ﬂn(x) also has an asymptote for n—e (x fixed).

To determine it, consider the explicit formulation of the recursion (3.14)
x2

1 = -

(4.192) ﬂn(x) (o) (1) [l ﬂn+2(x)

This implies (with (4.18b))

(L.19v) lim ﬂn(x) =0 (x fixed)

o

Returning now to (4.19a) and applying this limit to ﬂn+2(x), we see that
the function

1

N 2
(h19e) M) = ymD e

JPI, Technical Memorandum 33-460
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is the asymptote of ﬁn(x) for n = », that is,

- 2
(féalgd) Tjn(X) ~ Tln(X) = m ‘ (n - =) X fixed)

Note further that with ﬂn+2(0) = 0, (4.192) and the continuity of ﬂn(x)

vield

2
X

(hu19€> ’nin(x) ~ ﬂn(x) = m (X _’O; n fiXGd)

Our next concern is with the variation of ﬂn(x) inside its established
range. We shall prove that (for n > 2) ﬂn(x) is monotonic in both n
and x. The proof employs the derivative of ﬂn(x) which we evaluate now.

Starting with (2.11) and noting that (2.3)

(ls.20) dg (x)
(B2 d; = gn_l(x) , (n > 0)
we get
; an_(x) ~ sl
T Ma® 6, () = g (%) —— ¢ g, (x) M (%) R ARV PPNCY
(n > 0)

With the use of (2.12), this yields
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an, (x) |
(k.21) X—e——+ n [ﬂn(x) - ﬂn_l(x)] = 0 (n>0)

Note the symmetry of the two parts of this formula with respect to x and
an (x)

n

dx

n. Thus, corresponding to x
(- ()

n~(n-1)

X, we have associated with the discrete variable n.

The derivative forumula tells us that if(in a given X,n region)
ﬂn(x) is monotonic with respect to n, it is also monotonic with respect
to x.
We turn now to establish the monotonicity with respect to n or,
equivalently, the sign constancy of the function
(k22) P (x) =7 (x) -1, (x).
From (4.18a), (L.19e)
= H i = >
(4.23) Fn(O) 0; lim Fn(x) 0 (n > 0)

Since Fn(x) is continuous and not identically zero, it must have some extremum

points X 3 that is,

= 0

(L.2Lh) an(x)'
dx }
xzxn

Application of the derivative formula (L4.21) yields

n
(h.25) Fn(xn) T ol Fn-l (xn>

This suggests the suitability of an inductive argument., e start with

(5.26)  Fy(x) = My(x) - Ny(x) = -Q—é (2 + cos x) - 3 ..____Sii x

»
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Cbviously
(L.27) Fe(x) >0 (x >m)

2
- . . . X .
For (0 < x <m), the result is not so obvious. However, since z~F,(x) is &

22
continuous well-behaved function, the question can be easily resolved by a computer
plot covering this restricted range. The result obtained this way is
(1.28) T (x) >0 (x # 0)
Tn particular, F2<Xn) > 0. Successive application of (4.25) now yields

(L.29) (xn) > 03 Fh(xn) > 03 cose Fn(xn) >0

F

3
Tn other words, the curve Fn(x) which touches the x axis at the points O, «, has
21l its other extrema above the x axis. Hence

(L.30)  F (%) >0 (n>1; x# 0)

or, squivalently (proving n-monotonicity),

(L.31) T x) - L (x) >0 (n>13; x#0)

This and (4.21) now yield the x monotonicity

an_(x)

(k.32) & -0 (n>2;x#0)

Both these monotonicity statements are clearly borne out in Figs. 3, L.
Note that the origin is excluded from (k.31), (4.32) only in the interest
of a stronger statement. Thus, with ﬂn(O) = 0 we can certainly

extend (4.31)
(4.33) n,(x) =M (x)=0 = (n>1)

Similarly, application of (4.19e), shows that the origin derivetive is
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zero, thus yielding

an_(x)
(4.34) = = 0 (n>2)

The monotonicity of ﬂn(x) will now be applied to constrain ﬂn(x) to
x dependent tighter bounds. We start with (L4.19a) expressed in terms of

n (%) (h.age)
(4.35) ﬂn(x) = %n(x) [1.- ﬂn+2(x)] :
Applying now (4.31), we get

~

(4.36) gm<nJM=ﬁ5m[1w%ﬁuﬂ >%W)bmgwﬁm>z;x¢m

nt

This yields the following two bounds ~ (x)

~ ble
(.37) M o(x) <7 (x) [l - ﬂn+2(X)]; e o (K< (n>1; x £ 0)

141 (x)
n
(1.38 R 1‘in(x) {

-30) ﬂn(§) > Nplx) [1 - ﬂn(x) 3. ﬂn(x) > l+ﬁn(x) (n>1; x ¥ 0)

and hence finally,

n > 1 for lower beundwé

n_(x) N ,(x)
(4.39) B ___ < n (x) <,“E;§_____ <1 n > 3 for upper bound §
PG, () #0 /

- X



A simpler upper bound obtained from (4.35) and (h.4) is
(1.40) 1 (x) <7 _(x) (n> 15 x £ o)

In other words, ﬂn(x), lies below its asymptote, ﬂn(x).

We conclude this section with a summary of the main results obtained:
2

- X
> Y i I =
For n > 1, x # 0, and with “n(x) TS ﬂn(x) has

the following properties:
1. o< ﬂn(x) <1

P M (x) < ()

n
(x) n ()
3. = < ﬂn(x) < — (n > 3 for upper bound)
140 (x) L, (x)
b, ﬂn(x) is a monotonically increasing function of x (n > 2)
5. ﬂn(x) ~ ﬂn(X) (x = 0; n fixed)

6. lim M (x) = 1
o O

7. ﬂn(x) is a monotonically decreasing function of n
8. ﬂn(x) ~'ﬂn(x) (n = »; x fixed)

g

dn_(x)
9. x g *+n [ﬂn(X) - Wn_l(X)] = 0

These properties are utilized in the design and performance analysis of the
algorithm computing ﬂn(x). Some additional properties will be derived

later on.
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5. The Algorithm to Compute M, (x)

Having established the basic properties of ﬂn(x) we return now to
consider the application of recursion to its evaluation.
Our first subject is the dividing line between forward and backward

recursion. We have already seen that this is characterized by
(Sol) e (X) = l

Now, since n is an integer, (5.1) has no solution for an arbitrary x.

Hence we proceed with caution replacing (5.1) by (5.2)

(5.2) e (x) = &) oy

X

where o is not constrained to be an integer. The solution is given by

(5.3) o= o(x) =3 (\I 1+hx® +l>

It is obvious then that nl(x) introduced in +(3.13) satisfies

(5.4) n () = [ato]

This means

(5.5) n(x) S (x) <1+ n (x)
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nl+l(x)

(5.6) enl(x) £1<e

We pause here to derive some simple subsequently needed inequalities

concerning nl(x). Starting with (5.2), (5.4) we get
2 2
(nl—l) < nl(nl-l) < o(o-1) = x°
B nl(x) -1 <x
Similarly,
(n +l)2 > (n,+1) n, > o(e-1) = x°
1 1 1
Con(x) 41> x
Combining, we get the required result

(5.7 wx) -1<x <n(x) + 1

Let us consider now the evaluation of a specific ﬂn(x) by either

forward or backward recursion ((3.11), (3.14))

(5.8) ﬂn(x) =1 - en(x) ﬂn_g(x) T T X [1 - nn+2(x)}
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Application of (5.6) shows that forward recursion is applicable for

n < nl(x) while backward recursion is applicable for n + 2 2 n_(x) + 1,

1

that is, n 2 n,(x) -1. We see that there is an overlap and the conclusion

1

for the evaluation of ﬂn(x) is therefore as follows:

rFor n s nl(x) -2 use forward recursion only
(5.8a) < For n = nl(x) + 1 use backward recursion only
For n = nl(x) -1, nl(x) use either
k _

Note that since ﬂn(x) is a monotonically decreasing function of
n, this means that forward recursion should generate the high values
of ﬂn(x) while backward recursion should generate the low values.

Actually, with the properties of ﬂn(x) so far established, it is
possible to make a stronger statement regarding the value of ﬂn(x} at

the transition between forward and backward recursions. Thus, we prove

now that
(5.9) USROS
(5.10) ﬂnl_g(x) >3 (x # 0)

This is a direct result of combining (4.39) and (5.6) while recalling the

definition (4.19¢) of 'ﬂn(x). Specifically,
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(5.11) M (1)< ——m— = —L1 1 (x # 0)
mtd 1+nnl_l(x) e ()01 2
T ()
(5.12) N (x)> —F—nv = 1 2 (x # 0)
S l+ﬂnl-2(x) e, (x)+1 ° *
1

The property just proved makes it possible to apply a slight modification
to the directive (5.8a) that would set the value 3 as the dividing line
between forward and backward recursions. To accomplish that we tentatively
adopt the following algorithm:
1. Compute ﬂn(x) using forward recursion up to n < nl(x).
2. Let ﬂm(x) be the last 7 function computed in step 1. If
ﬂm(x) < % erase ﬂm(x) and go to step L.
3. Sct nm+2(x) as the last T function to be computed by backward
recursion. Go to step 5.

L.  set ﬂm(x) as the last N function to be computed by backward

recursion.

\A

Initiate backward recursion.

This algorithm, while consistent with (5.8a), ensures that forward
recursion generates ﬂn(x) 2 1 while backward recursion generates ﬂn(x) <3,
Note that only one term has to be tested in step 2 whereés (5.9),

(9.10) indicate two questionable terms (ﬂn](x), ﬂnl_l(x)). This follows
from the fact that n is stepped by two in évery cycle of the ﬂn(x)

recursion.
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Note further that, in vie& of the limit (L4.18a), some of the ﬂn(x)
values generated in the forward recursion will be very close to 1 and if
a need for the entity (L - ﬂn(x)] will arise, loss of significant digits
will result. One could essily protect against this by modifying the
forward recursion to generate [l - ﬂn(x)] rather than ﬂn(x). We examine
this in detail now,

Denote
(5.15) O,(x) =1 -7 (x)
Applying the recurrence (3.11) we get

(5.16) 0 (x) = e (x)[1-6€ (x)]

The initial values for the recursion are obtained from (3.2), (3.3)

(5.17) GO(x) = cos X

_ sin x
(5.8) e (x) = DX

Note that while in general ((L4.18), (5.15))

(5.19) 0 < en(x) <1, (n >1)
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the values of en(x) generated by the forward recursion satisfy

(5.192)  0<8 (x) =3

The significance of (5.19a) is that conversion back to ﬂn(x)(using (5.15))

would produce an ﬂn(x) having the same number of significant digits that

~

0 (x) has. We conclude that the advantage of generating en(x) in the

forward recursicn is that it guarantees essentially the same relative
error in both ﬂn(x) and 1 - ﬂn(x).

It should be pointed out that there is an alternative approach to

the problem, based on the recursion (3.9)

(5.20) 8 (x) = 3&;:&2 -

x)

that is, if we need a high precision [1 - ﬂn(x)] when ﬂn(x) is close to 1, we
should get it from.ﬂn_z(x) as indicated in (5.20) rather than use subtraction.
We prefer the first approach based on the generation of en(x) for the simple
reason that when a transformation is called for, it is simpler in this case.

With the adoption of the Gn(x) forward recursion, the algorithm to
compute ﬂn(x), Gn(x) now assumes the following final form:

1. Compute On(x) using forward recursion up to n $ ql(x).

2. Let em(x) be the last € function computed in step 1. If

em(x) > L erase em(x) and go to step k.
3. Set HHH2(X) as the last T function to be computed by backward

recursion. Go to step 5.
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4. Set ﬂm(x) as the last M function to be computed by backward
recursion.

5. Initiate backward recursion.

Before leaving this subject, we consider a somewhat different
formulation of the basic integrals (2.19), (2.20), made possible by the

introduction of en(x). Let us denote in analogy with (2.18)

. - T
(5.21a) 0, =8 (k)

The equivalents of (5.15), (5.20) are now:

(5.216) 8 =1-7_
_ n(n-1)
(5.21¢) 6, = T2 a2
2

Applying (5.21c) to all nn 1.k terms in (2.19), (2.20), we get
=

r
) |
ntl,k (k mod L = 0}
nt+l
Tk M
1 2 a “5n (k mod 4 = 1)
2 . a n_ (k 3)
£ 2 ; = 2
(5.22) (n k) fg cos agdg <
o
n+l,k
- L = 2%
——Exi— (k mod 4 = 2}
n
. ?kﬂ (k mod 4 = 3)
(k %)
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A (k mod It = 0
(k%) mo )

—-’g—i‘ (k mod

i
)
~

"

(x g> (k mod 4 = 2)

'—__e_ljj_]—_L}S (kmodh=3)
k n+l ’

lote that (1.5a) is a special case of (5.22) with
a = integer = m ; k = Lm

The more general integrals (2.16), (2.17) can also be rephrased,

using Gn(x):

X
a
n+l§ 6  (x) M _(x)
(5.2L) f e” cos afdg =<§) {__nll_____ cos x + —= sin x
S a n+1 X
-X— ]
5 +1( 8 (x) M_(x)
n X x
[ n . +
(5.25) f £7 sin afdf = (3-;) {-—-——%_;-]—]:——— sin x - nX cos x}

0]
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Bquivalently,

a3

¢ o] n
(5.26) e ial . | fx s ix n+1(x>—i r1(x)
B > S = = e n+l -

6. The Backward Recursion

The basic questions that will concern us in this section relate to
the initial value for the backward recursion. As in the preliminary
discussion in section 3, we are still assuming; infinite precision computa-

tions. If we set out to compute ﬂp(x) for
(6.1) nl(x)—l <p<n,

the recursion should obviously start with T x) where

n+ k(

(6.2) k>0

This raises two related questions:
a. What estimate should be adopted for the unavailable ﬂn+k<x>?
b. With the adopted estimate, how large should k be so that the
effect of the estimation error on ﬂn(x) be negligible?
Precise answers to these questions will be obtained here.
We start with the error propagation in the backward recursion. Let
the error in ﬂn+k(x) be denoted Aﬂn+k(x). We have already seen ((3.12),(3.10))

that Aﬂn+k_2(x), the resulting error in M (x) satisfies

n+k-2

o
n+k-2(x)| - (n+k)?n+k-l) IAnn+k(X)l

(6.3) | an

(O8]
—
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Successive application of this equation yields (with the notation (2.15))

k
(6.1) lan_()] = _(5—%)—1; lon ., ()]

We turn our attention now to the initial error AnnAk(X)' Cbviously,

we could adopt the estimate T . (x) = O and be sure that (5.9)

ntk

Mnm]&(x)l < %
We can, however, do better than that if we adopt ﬁn+k(x) (k.19¢), the
asymptote of ﬂn+k(x) (for n » ) as its estimate. We have already seen
(L.LO) that the asymptote ﬁn(x) lies above In(x) so that the error in
adopting it as an estimate is positive. To determine its bound, we
rearrange (4.35), getting

- ~

(6.7) MG = 0(x) = () (%)

~

But (L.L4O), n o (x) < ﬂn+2(x). Hence (4.19¢),

n+2

X

(6.8) 0= ﬂ'rl(x) h ﬂn(x) < ﬂn(x) nn+2(x) - TE:TTE

The constraint x # O is implied here and is to be understood throughout

this section as there is nothing to compute otherwise (ﬂn(O) = 0).
(6.8) is directly applicable to our problem. Thus, if we adopt
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) +k(x) as the estimate for ﬂn+k(x), (6.8) tells us that

4
- X
(6.9) lan_,, ()] < [CE=

Substitution in (6.4) now yields

kb
x

6. ) (x
(6.10) lf-mn( )] <m

Qur goal however is to establish bounds for the relative error

lAnn(x)/ﬂn(x)l. This can be obtained from (6.10) as follows

(6.11) Mn(x)| o 1 X ik _ nn(x) xHe
1, S TG D), e, © 1.0 (o,
But (4.35) prescribes
, 1, (x)
(6.12) n__ o L
nn("() l-nn+2 X)

Now, since n = nl(x) -1 (6.1),

M o(x) < “nl+1(x> <3

(see (5.9)). Hence
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(6.13) REY

(n = nl(x) -1)

Substituting in (6.11), we finally get the basic result for the determination

k+2
X

\
n

Assume now that we wish to choose k so as to guarantee

AT A
&;n<X)

)

n

(6.19) < §
(0.19) b

Writing out (6.18) explicitly, suggests one way of accomplishing that

(6.27) 1 ~ﬂé¥> X X v eees o X < EE
o 2 ﬂn(x n+3 n+h n+k+h 2

2

A computer subroutine implementing (6.2C) would multiply and count the

indicated factors (starting from the left) and test after each multipli-
&

cation whether the bound 7; is still exceeded.

A simpler solution can be based on the fact that in general (

2.15)
(6.21)
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Hence

(6.22)

This yields

(6.23)

In a binary machine we express the realtive error bound 5b as a power of 2
(6.2L) 5. =27y

Hence

(6.25)

The disadvantage of this method is that the k prescribed by (6.25)
increases without bound when n + 3 = x . This is a direct result of the
application of (6.21).

To overcome this difficulty we proceed now to establish an
x-independent upper bound for k. This constraint means that the bound
will have to be computed only once for a computed array and thus we can

afford a more involved computation here.

Our first task along this line is the determination of a lower bound
for the general expression (m+l)r. Starting with Stirling's formula

(with the correction term) [k]
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we get

We replace now the variable r by the more convenient variable s where

(6.28) T = sm
Hence
S ul
(6.29) (m1) = o [(g‘) <1+s)1+3:,
where
fl[m(l+s)]

(6,30) Qsm = l+s —-——f—W

Next we establish a lower bound for Qsm' Qur starting point here is the

observation that [4]

(6.31) £(m) S 142 (c = 0.084kk; m = 1)

Hence

n

(63?) m Sfi(m)=l+s§(2+%)<l+ s—g—%tQ:l-l 0.088s
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The last inequality follows from the fact that in our case r = k + 2 > 2,

Substituting in (6.30) we get

_ 1+s 1+
(6.33) Q. = ‘/ ) 5 > Tfo._g'g? > 1 (s > 0)
I R
ey |
Therefore
(6.3k4) (m +]_)sm> [(g)s(l 4 S)1+s]m

Applying this to (6.18) and noting that in this case

(6.35) k+ 2= s(n+é) ,

we get
n+2
(6.36) P i [(xe )s 1 ]
2 nnixi n+2 (l+s)l+s

To eliminate x from (6.36), we note that (6.1), (5.7) enforce

(6.37) X < X _<

+2 +1
n nl

Hence, finally

(6:38) : 7@
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The resulting equation fTor s is

Ln(éb/2)
<6@39) -—-—'—n:-é*—— = 8 - (l*‘S) Ln(l'P'S)
or, eqguivalently
(6.40) }Yl% Ln2 = (Lis) Ln(l+s) - s

The implementation of (6.40) is done as follows: As part of the initializa-
tion of the program, a table of the function [(I1+s) Ln(l+s) - s] is coﬁputed
and stored. The determination of an acceptable s value is accomplished by
comparing successive table entries to %;% ILn2. The position of the first
entry exeeeding this value indicates the s to be adopted, which in turn
yvields the desired k (from (6.35)).

As previously indicated, this k value serves only as an upper bound
against which the k value computed by the direct formula (6.23), is to be
compared. Note however that (6.40) and (6.23) are truly complementary
in the sense that the region where (6.23) breaks down (the vicinity of
x = n+3) is essentially the region where (6.40) yields its best (most
realistic) k value (the vieinity of x = n+2). (see (6.36), (6.37), (6.38)).

Having adopted a specific initial value for the backward recursion,
we consider now briefly the details of the convergence of the computed
value ﬂ;(x) (= ﬂr(x) 4 Aﬁr(x)) to the true valu~ nr(x). Note first

that the sign of the error alternates (3.12). As the recursion is
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(x), this means that the next computed value,

ai i () >
launched with nn+k(y) nn+k

T]Y

. ] . - . o
fn+k—2(x)’ lies below the true value, nn+k-h(x) lies above the true value

and so on. In other words, the computed curve, U;(x) (veer) oscillates

about the monotonic ﬂr(x) with a damped oscillation starting with the
highest amplitude at r = ntk and diminishing to practically zero ampiitude
(as guaranteed by the choice of k) at r=n.

Another important aspect of the ﬂ;(x) curve is that it lies below

~

ﬂr(x) throughout. To see this, recall that (in the backward recursion)
ln;(x) - ﬂr(x)l = lAﬂr(x)‘ decreases with decreasing r. On the other

hand, (6.7) shows [ﬂr(x) - ﬂr(x)] increasing with decreasing r. Since the
initial values of the two functions (for r=n+k) are identical, our contention

is proved. This result is utilized in section 7.

7. The Effect of Finite Precision Arithmetic

So far we have assumed infinite precision arithmetic. We consider
now the guaranteed precision attainable with a normalized floating point
number representabtion employing a f;nite number of digits. The treatment
here is similar to that of the previous section though the situation is
more complex. Whereas section 6 dealt with the propagation of a single
error injected in the initial phase of the backward recursion, now we
have to deal with the cumulative effect of errors injected in each and
every cycle of the recursion.

Note that we are dealing now with both backward and forward recursions.
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Adopting the algorithm structure of section 5, we employ the forward
recursion to generate Gn(x) rather than ﬂn(x). This means that the

functional forms of the two recursions dealt with are quite similar.

(7.1) 0,(x) = e () [1 -8 ,(x)] (6, (x) =3
. m _ 1 1
(7.2) 1, (x) = e [1 - ﬂn+2{x)] (m, (x) <3)

Both equations asre constrained to n regions in which the multiplier

affecting error propagation is constrained to the (0,1) interval. Also,

both recursions start with an initiel value close to zero and successively
produce higher and higher values approaching the limit %. As a con-

sequence of this, the following derivations for the two cases are quite
similar. We exploit this fact, giving detailed derivations only in one

case (ﬂn(x)), being satisfied with very little more than a mere listing

of the essential equations of the development in the other case (9n(x)).

In treating the backward recursion, we adopt the following conventions:

The computed values are ﬂp(x) with

(7.3) n(x) -1=p=n

The initial value starting the recursion is ﬂm(x) as the estimate for

n (x).

m

In conformance with our goal in this section, we adopt here a

40 JPL Technical Memorandum 33-460



slightly different definition of the error Aﬂr(x). Let ﬂr(x) denote

the values computed with infinite precision following the prescripticn of
section 6. The di“ference between ﬁr(x) and ﬂr(x) is due only to the
error in the initial‘term of the backward recursion. Note, however, that
for r £ n, the two may be assumed identical. When we consider now the
effect of finite precision arithmetic, we find that the computed wvalues,

ﬂ; (x), differ from.ﬁr(x). This difference defines Aﬂr(x) in this

section
( = M -
an_(x) = Mo (x) =1 _(x)
Let the component of Aﬂr(x) due to an error introduced in ﬂs(x?
(s 2 r) be denoted ers(x). Applying now the reasoning that led to

(6.4), we get

(7.4) (x)

€
r+k,r+k

-
er,r+k(x) RN ETS N

-~
As the recursion generating ﬂp(x) starts with ﬂm(x), errors ol the

type considered will be injected into ﬁm(x), ﬁm 2(x), ces ﬁp(x).

Hence, the total error in ﬁp(x), being the sum of these injected errors,

is bounded by

%(m-P) 2r

< X
:Z: Zp+lj
r=0 2r

(7.5) ‘zmpm (x)

ep+2r,p+2r
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We note that each cycle of the recursion involves the operation of
subtraction from unity followed by multiplication. Depending on the
specific computer used and its arithmetic subroutines, an upper bound
5 can be determined for the relative error generated in these operations,
that is, we ¥now that the injected errors in (7.5) satisfy

legs () |

/7,6 s <
e (%)

Therefore, the total error in T _(x) satisfies

(7.72)

N (x 3(m-p) 7
(7.70) —L—A pt) <581+ 2&: % ﬂp+2r(x)
o ﬂp(x) = (pt1),, ﬂp(x)

From the discussion at the end of section 6, it is obvious that the
curve ﬁr(x) vs. r lies beneath the curve ﬂr(x). Therefore

(7.7¢2) ﬁp+2r(x) = %p+2r(x) < ﬁp(x) | (r > 0)

and hence (6.13)

~

o T (%) T (x)
<f°7d> pier .p <
L S
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Applying this to {(7.7b) yields

(AT (x)

X z(@gp)  eor
(7-8) ‘-—,p;(;{—s < 9§ 1+ 2 £ m

It can be shown that in most cases the multiplier of the sum in (7.8)

may be reduced to 1. However, the complications inherent in such an
analysis do not seem to be Jjustified and we have adopted the higher but
simpler bound of (7.8).

Expressing (7.8) in terms of factorials yields

«AT‘,p(x) ot %—p) Xp+2r
(7.9) ,n—p<?{—5 < § l%-?;} el (—p:??ﬁ

We have here a partial sum of the sinh x or cosh x series and proceed now
to modify it so as to get a partial sum of the g series instead. Wc

start with the following identity

k+1 k k+1
X . x ., X
(k+1)! ~ 1L K (k+1)"
X

1 k k+1
(7.10) < —2' -i{-(—, + z%-f)—, (k+l 2 X)‘

Now, the lowest factorial appearing in the (7.9) sum is (p+2)! = [nl(x)+1]
(see (7.3)). But from (5.7), nl(x) + 1 > x. Hence the constraint in

(7.10) is satisfied by all the summation terms of (7.9) which can therefore

>
w
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be modified according to (7.10). The result is

D wF _pr R
bl . X n L B X

r=]1

an_(x)

ENE)

(7.11)

The partial sum of the e series appearing in (7.11) may now be evaluated
. 2
in terms of Q(x“|v), the (tabulated) integral of the x2 distribution [6]

as follows:

r r &1 r

X X X
E : i rl T

r=8s I‘=O T=0

(7.12) e* [a(ex|2t+2) - o(ex|2s)]

Applying this to (7.11) yields

AN (x)

(7.13)
np X

X

<5{l + ‘p‘._lejx [Q(2x|2m+2) = (;(2x|2p+2)]}

Note that the 0@ functions are bounded by 1 and their difference will usually
assume a value close to %. The bound (7.13) is applicable to arbitrary

P,x. When we are interested only in the maximal bound, (7.13) can be
further simplified. We observe that (7.8) shows the relative error bound

to be a decreasing function of p and an increasing function of x. This

means that the maximal bound is associated with p = nl(x)-l. Furthermore,

since (5.7) x < nl(x) + 1, it is safe to substitute this bound for x.
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To obtain the maximal bound we therefore make the following substitutions

on the right of (7.13)

(7.14) nl(X) "

P
» o]
I [

nl(x) + 1

In particular, we substitute for E; &
X

n_+1

(n,-1)! n,+1 (n +1)'e
1 1 1\ Jo T
e i - — < v 14
w1 e <l + nl/ ) 1.085 2F(n1+1) <.ﬁ -

(;l+1) (nl+ 1)

(see (6.26)). The final result is

AN_(x) :
(7.15) mIan _n_im <5 {1 + 1.085\/2rr(nl+1) (l-!—%—l>[Q(2nl+2l2nr+2)—Q(2nl+2Eznl—Q E

We turn now to the case of Gn(x). The convention adopted here is

as follows: The computed values are ep(x) with
(7.16a) m+ 2<ps nl(x)

For even p, m=0 and the recursion starts with Go(x) = cos (x). For

odd p, m=1 and the recursion starts with Gl(x) - S X

We assume
that both initial values are available with a relative error bound ¢&.

As previously explained, the derivation here will be sketchy.
In analogy with ers(x)’ let yrs(x) be the (non relative) error

component in er(x) due to an error introduced in es(x). From (7.1) we get
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(p+1-k),

7.16 ' x)| = — 8 (x
(7.160) }YP,P_k( |- —= ‘vp,k,p_ )
Hence
x . (x
lyp,p—k(x) (p+1-5), | Yok, p-kX) | (pr1-x) lyp-k,p—k ).
(7.17) _ k 5 < k ot
- k [
‘ gp(kj‘ xk P(x) X ‘ p-k x)
The initial value is Gm(x). Relative errors bounded by
Yok, p-k (%)
(7.18) ——-————~——y- <5
QpJK(X
are injected into Gm(x), 6m+2(x), cees Gp(x). Hence
m)
A8
(7.19) (X) t (p+l-or),
9 ix5 =0 X2r
L
pe_(x) .2 &)
(7.19a) . 7. ' <8414
The sum in (7.19a) is to be modified now according to
Xk 1 Xk xk+l 1 xﬁ Xk+1
= = =13 4 >
(7.20) k! 1 X kT (k+ 1" < - (k+1)° (x = k+1)
k+1

For the application of this to (7.19a) to be valid, we must have nl(x)-l < x.

This is indeed the case (5.7). Applying (7.20) to (7.19a) yields

ASP(x) L ot il oF
bgl\ < 6 14 = =2 —_—
(7.21) ‘ epZXS 2. p Tn T
preX
(7.22) < § {l + 5 '; Q(2x|2p)}
X
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(7.24)
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(7.19) indicates the error bound is a decreasing function of x and an

increasing funection of p. Hence the maximal error bound is obtainable with

(7.23) p = 0 (x)
X = ng- 1
A8 (x)
max P < T 1 _Aln [ > 1
0 __93—)(-5 § <1 + 1.085 2(n1 1) —————1‘__1_ Q(gnl 2‘¢nl)} (ny 1)
= ‘
1

The most common application of the formulae derived in this section
would be in the determination of a single error bound applicable to a whole
array of generated ﬂn(x), Gn(x). To illustrate this, consider the somewhat
arbitrary x,n plane situation described in Fig. 1. The shaded region represents
an area where ﬂn(x),Gn(x) are to be computed. The locus ﬂn(x)= % represents
the separation between ﬂn(x) recursion (backward) and en(x) recursion (forward).
We refer to this locus as the separation.line. It is closely approximsted for
large n by the curve n=a(x)~x+s(see(5.2)). Inequality (7.8) tells us that
the error bound for an ﬂn(x) corresponding to a point on this line is

higher than the bound for any point above it (same x, larger n). (7.15)

computes this maximal bound. Now, for large nl(x), the dominant term in

MMy ()

(7.15) is /n,+1' . Therefore, the highest bound for is obtained

1

by moving up along the separation line. This brings us to point A in Fig. 1.
The same line of reasoning can now be applied to the computation of

en(x) in the shaded region below the separation line. The conclusion is
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the same, namely, point A has the highest error bound for the forward (en(x))
recursion. Therefore, the overall error bound sought is the higher of
expressions (7.15), (7.24) evaluated at point A. Due to the coarser
approximations utilized in (7.15), it will usually prescribe the higher
bound.

A specific example of the application of (7.15),(7.2h) is described

in the next section.

8. The TMypy Table

The presentation in the preceding sections has been couched in general
terms so as to be applicable in a wide range of differing circumstances.

A specific implementation of the ﬂn(x) algorithm will be described
in this section. This involved the high precision computation of nnk for
n=2,3, ... 2013 k=1, 2, ... 200 on an IBM 7094 computer.

The computations were carried out in penta-precision arithmetic [7],
that is, 5 computer words were allotted to each floating point number in a
scheme that assigns 14O bits to its fractional part.

A choice of v = 140 in (6.24) is certainly sufficient in this case.
However, we chose to add 10 more bits as a precautionary measure and based
the backward recursion starting point on vy = 150.

Our aim was to get as close as possible to the limit of 14O reliable
bits in each ﬂnk' The guaranteed precision actually obtained is of
course lower than that. Its determination involves a direct application

of the results of section 7. We recall that these were phrased in terms of

0, the relative error produced in a single cycle of the recursion. To
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cvaluate &, we assume that the exact ﬂn (x) is available and consider the

+2

relative error accompanying the computation of ﬂn(x) according to the

preseription (7.2)

(8.1) n (x) = m]} - nmg(x)]

Let € denote the (non-relative) error in computing the difference

1-7

n+°(x)’ and let 6m. denote the overall relative error introduced

in the various multiplications and divisions. ﬂé(x), the computed ﬂn{x},

is given by

(8.2) n(x) = (1 +8) 1M (x)
2
(8.3) = e (L Mpep(a) + €)1+ 8)

Multiplying out (neglecting second order terms) yields

i

(8.3) M)

€
N (x) |1+ s——F=+b
n -To(x) m

and hence

8.3b § = ———— & +
(8.30) = LS
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A simple & bound can be obtained from this on recalling that in the backward

recursion ((5.9), (Lk.L4))

(8.3)

N

<7 - <
1 ﬂn+2(x) .l

The bound obtained with this condition is

(8.30) lo] <2lef + o]

Inequality (8.3c) is also the basis for the analysis of the sub-
traction error €. WNote first that (8.3c) implies that in a binary,
normalized, floating point representation, (1 - ﬂn+2(x)) will always be
represented with the exponent zero. Its least significant bit therefore
represents in our case 20.?—1h0 = 2-1%0 It follows that |€r\, the

absolute error in the representation of 1 - T (x) 1is bounded by

nt2

(8.%) le, | <270

Note that the Ber‘ bound is independent of the specific way in which

1 - ﬂn+2(x) is computed and as such serves as a lower limit for the |e|
bound. Whether this bound will be 2-1&0 or a higher number, will depend

on the way we implement the subtraction. As a matter of fact, straightforward

subtraction is to be avoided as it yields a higher bound. To see this,

note that the number 1 is represented in the computer as 21’% . This means
[
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that prior to subtraction, ﬂn+9(x) has to be brought to an (unnormalized)
representation with the expons=nt +1. In this representation, its least

-1! =
140 I 139

significant bit corresponds to 21'2 « Therefore,

0< e < o~ 139

Note that this bound is twice the bound of |er!. The loss of precision
involved here is directly relsted to the loss of bits attending the
alignment for the subtraction from 1. Therefore, if we could implement
the computation in a manner requiring alignment with a number smzller

than 1, we would get a lower € bound. This is, indeed, possible as

indicated by the following identity

(8.5) I nn+2(x) = % * (% - ﬂn+2(x)>

In following the prescription on the right, note that since the representa-

tion of % is 20-%, the least significant bit of the aligned ﬂn+2(x)
corresponds to 9002-lu0= 2-1%0 Therefore
(8.6) 0<e <ot

Note, also, that since (5.9) % - ﬂn+2(x) > 0, no further error is involved
in the final addition of % as required by (8.5).
In the construction of the table we have adopted the "indirect

subtraction" discussed here. Hence (8.6) is our € bound.
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Next we turn to ém. Note Tirst that in our case
- 2 2n .
(8.6a) x =k - (kx integer)

kg and (n+2)(n+l) were initially computed in fixed point without error
and subsequently converted to floating point representation (still without
error). The term ¥§ is directly available with more than 140 bits.

Hence the relative error in its 1h0O bit representation is easily determined
and is found to be less than Q-lho. Finally, with the precomputed k2 and
(n+2)(n+1), the computation according to (8.1), (8.6a), involves 2 multi-
plications and 1 division. Fach such operation introduces an error bounded
by & unit in the least significant bit position and hence a relative error

bound of 2—139. This leads then to

(8.6b) s | < 7027140

Applying (8.6) and (8.6b) to (8.3d), we get finally

(8.7) 5] < ge2™1HO

An analogous treatment of the forward recursion of Gn(x) shows that
the bound (8.7) is also valid in this case.

We turn now to determine an upper bound for the cumulative efTect of
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these errors. The peint of maximal error bounu is determined in Fig. 2.
The reasoning here is the same as that associated with Fig. 1 of secetion 7.
Obviously, in this case we have nl=201. The backward recursion leading to
point A starts at point T with the (computed) value m=Lh3. Hence we have
to evaluate (7.15) with

n, = 201; m = L3

The result is

i

on, ()
No(x
n

max
(8.8) 7%

< {1 s 1.0854 Lok (1 =) [Q(uou|888) -c(uouii;-oo)g§

With

Q(kok|888) ~ 1 5 o(Lok|Loo) @%

this leads to

max Aﬂn(x)
(8.9) n,x W < 20.56

Next we apply (7.24) getting

MO (x)
max n 1 \
(8.10) b [0 < 6{1 + 1.085 100 — Q(uoo!hozﬁé

201
<

With

a(koo|ko2) ~ 3
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(8.11)

(8.12)

this yields

max Aen(x)
i <
nyx [0 (m) - 10658

Increasing the bound to the closest integral power of 2 we get finally
max
n,x

that were adopted to get a manageable error analysis, this Tigure is

ATn(x)l
ﬂn(x)i’

A€n(x)l 3

-132
2
"]

It should be pointed out that in view of the various simplifications

definitely too pessimistic. This is borne out by two independent checks
of the generated table. One is treated here, the other one in section 10.

The check considered here is quite obvious and has been incorporated
in the generating program itself. Consider the curve nn(x) vs. n(fixed x).
The program described here, essentially génerates this curve in two
pieces, one for low n and one for high n. An examination of the matching
of these two pieces at the transition region is an obvious test. We
implement this by extending each recursion to generate one (test) value
past its legitimate range. This gives us two n values for which both
recursions have generated specific values. Comparison of these should
vield a good indication of the inherent precision.

Note that en(x) used in generating the test term from the last
legitimate term is very close to 1. Therefore the relative error in the
test term 1s essentially the sum of the last term relative error and

& (vbounded by (8.7)).
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The program represents the two differences involving the test terms
as K.2-lh0 and prints the integer K. It also prints the maximal ixﬁ,
For the generated table described here

max lKl =3

that is, the maximal "mismatch" error is less than |6| (8.7). This is
certainly much lower than the value of 288 upon which the claimed precision
(8.12) is based.

Computer plots of ﬂn(x) are presented in Figs. 3,4. As these are

derived from the nnk table, correct values are shown only when x is an integral

0
2

between these points. In view of the logarithmic x scale, this is noticeable

multiple of 5 while the plotting subroutine introduces linear interpolation
only for low x.

The various properties proved in section L4 are clearly visible here.
Note the asymptotes. Note also the monotonicity vs. n and x. Of particular
interest in this context is the expanded view provided by Fig. 3a for low n
values. We recall that monotonicity vs. x was proved only for n > 2 (4.32).
Indeed, we see here that ﬂz(x) is not moﬁotonic. The prominent rippling
displayed in ﬂg(x) is also visible in ﬂ3(x). However, its magnitude is
much smaller in this case, ensuring the monotonicity prescribed by (4.32).

A more useful representation is shown in Figs. 5,6 which are more in
line with the actual algorithm implemented. Note that all curves in
Fig. 6 have been generated by recursions starting at the bottom and building

up to the value %.

JPL Technical Memorandum 33-460 55




9. Other Applications

Our main concern in this paper has been with the integrals (5.22),
(5.23). However, the functién ﬂn(x) which is instrumental in their
evaluation,turns up in other areas too. We devote this section to a
brief description of three such cases.

a. Related Integrals with a Positive Integrand

With the established properties of ﬂn(x),it is now possible to
extend the results (5.22), (5.23) to the following related positive-

integrand integrals

( (
k
nn+l,k
Tk
2a ﬂ
2 a (k“)
n+l 2
g n+1l 1 - M .=1- 5 (1
(¢.1) (ﬂ““’l)@ ‘E) ﬁn(l- cos af)d§ = (k.T_ZT) nk nt2  n+2,k
° |
k
1+ en+l,k (
(x3)
o+l >
L 1+ (kﬂ) ﬂnk 1+ =5 9n+2,k (x
2
( (5)
n+l _ 2
1+ (kn) ™ L+ 55 en+2,k (k
2
Tk
2a x
s \Dtl n nn+l,k
(9.2) (ﬁ+l)§i E) € (1- sin ag)dg =
Tk} i
1-2L g o9 Ug) 8 (x
- (kE) nk~ - n+e n+2,k
2
8
L1 Pk (k
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Note that (1.5c), (1.5d) are special cases of (9.1), (9.2), respectively, with
a = integer =m ; k = bm

¢

Given the results (5.22), (5.23) the derivation of (9.1), (9.2 is
rather trivial. The non-trivial gquestion posing itself, however, concerns
the relative error in the above expressions. Given the fact that these
integrals are actually obtained as a difference of two terms, would the
relative error increase due to "cancellation"?

Inspecting (9.1), (9.2) and recalling that nnk’ Gnk 20 we see

that the only terms requiring further study are

n+1
i)
m
(k3)

(9.3) IS

nk

Actually, with ﬂny being an even function of k(2.15a), we may restrict

the investigation to the term

(9.4) 1- f(‘*i,) n . (k > 0)

Our problem then is to determine the degree of "cancellation" in this term,

or, in a slightly more general conteXt: Determine how closely the function

(9.5) p (x) = =21 (x) (n,x > 0)

approaches the value 1. Since pn(x) > 0 , the answer will be provided by
establishing a sufficiently low upper bound for pn(x). We start by

considering the asymptotes of pn(x). These are derived from those of
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M (x) ((4.19),(k.18a))

2
n+1l X X :
(9.6) pn(x) = TEaNaE] " wh (x = 0; n fixed)
4+ +1
(9.7) p, (x) ~—nx w1l = EX— (x = ® ; n fixed)

Thus we see that pn(x) is an increasing function for low x and a decreasing

function for high x. Since, in addition to that, it is also finite and

continuous, we conclude that there exists an x (denoted x ) for which pn(x)
nn(x) - Pn(x)

is maximal and has a zero derivative. (See plots of in
. \ges 3 x e

Fig. 7). Evaluating the derivative of pn(x) via (4.21) we get

dp_(x)
Z— m 5 Dl (-, ()
(9:8) = 2 [p L (x)-p (x)]

We conclude therefore that

(9.9) B, (%) = B (%) 20 (x)

that is, the peak of pn(x) is a value of pn_l(x). Hence, Pn-l<xn-l)’

the peak of pn_l(x) must satisfy
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(9.10) p_q(x, ) 2 e (x) =D (x)

Successive application o7 this, yields

(9.10a) p,(x) < p,(x)) (n > 0)
%Xy is determined from (9.9)
po(x) = py(x))
Using (9.5), (3.2), (3.3) we get
sin %
- coSs Xy = 1-2 " E
1
X, =T
Hence
(9.10b) (x,) = 2
: P\ n
and the final result is
(9.10¢) (x) <2 <3 =011 (n > 0)
: Py m L .

This means that in the subtraction indicated in (9.4), the worst that could

happen is cancellation of the leading bit. Upon normalization, this leads
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then to the introduction of a meaningless zero bit in the least significant
position. In other words, we "lose" only one bit.

We conclude therefore that formulae (9.1), (9.2) yield results which
st worst are correct to one bit less than the number of correct bits in

nnk'

cos X sin x
X 3 X

b. The derivatives of , and band-limited functions

Let us denote

eix
(9.11) h(x) = —

We proceed now to show that h(n)(x), the n-th order derivative of h(x),

can be expressed in terms of ﬂn(x), 9n+l(x).

Using the derivative operator D and applying Leibnitz's rule to
(9.11a) n(®)(x) = D Le™),

we get (see(23))
n
rz:o g.(-ix)

h(n)(x) Py LelX gnf-ixi

L,

O
]
N

S

"

Replacing the finite sum by an infinite sum as in section 2, we get

(recalling (2.8))

(9.13) i) - iy - MRy
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Application of (2.13) and (5.20) brings out the explicit dependence on

n_(x), & . (x).

n “n+l

(9.14) h(n)(x) _ (_1)n‘,2i_ _ ei[x+(n—12§] {enﬁl(x) o nn(x)é

n+l n+l X
X

Finally, separation into real and imaginary parts yields

(9.15) a" <CO§ X) n nt € +l(x) m no(x) - -
T == (-1) = . B cos[xt (n-1)5) - — sinlx+ (n-1)=]
nt 1 2 X 2
dx X n+1
ny{ sin x
d < ) n (x &) (x)
X _n ™ _  ntl . ERul
(9.16) o = — cos[x+(n-l)2] — sinlx+(n l)éj

The precision obtained with these formulae is severely limited for
certain n,x combinations due to "cancellation". Hence, for arbitrary
n,x the method of W. Gautschi [8] which obtains the derivatives directly,
is definitely better. There are, however, important applications in which
one term of (9.16) always vanishes. In these cases, one could take
advantage of ﬂn(x). A specific example of this is presented by the deriva-
tives of band-limited functions, our next topic.

Let p(T) be a band-limited function such that its Fourier transform
p(v) vanishes for lv\ > %~. Using the sampling theorem, we can reconstruct

p(T) from its samples

(9.17) Py = p(k) (k integer)
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as follows:

_ sin[m(k-7)]
(5.18) o(1) = 2 o, Smpls)]
Hence
n ® a? sin
(9.19) geln) (-n)“k_;, oy =
ar - dx x=11(k~7)

Usually, only the samples Py are available and one is interested only
in the derivatives at the sampling points (T integer). In our case we
have a specific application in mind (section 10) and exploit the fact
that even when

(9.20) T (m integer)

f
ol 8

that is,

m(k —-g)

%
]

eqn. (9.16) still yields a one-term derivative. Evaluating (9.19) under

this constraint, we get

(L) T }E: (0F

o ™1 = P Opt1,2k-m (n-m=2r)
(9.21) | &olr)
n
ar m
T=z r+n n-l n 2k-m
2 (-1) Z (-1)" P T  (n-m=er+l)
._-GD
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Note that the continuous functions ﬂn(x), 8 have been replaced by

n+l(x)
the corresponding discrete parameters.

Eqn. (9.21) gives the derivatives at the sample points as well as
at points centered between them and should prove useful in dealing with

band-limited functions. The functions appearing in (9.21), namely,

no(x) e (x) :
- are plotted (vs. x) in Figs. 7,8. Note the markedly

X
different behavior of the two functions and their asymptotes.

Our interest in (9.21) hinges on its application to the M function
testing developed in section 10. For this purpose, a more specific
formulation is desirable. Furthermore, ﬂn(x) (and hence Gn(x)) are even
functions of x (2.15a). Taking advantage of this fact we can modify (9.21)

to get the following explicit formulation:

2k
(9.22a) d—%ﬁﬂ] SN ?T};l{ 2( 1) Py ¥ Piyp) 92k+l,2'r }

- T=t
) [ Ok+1 had n..
4 o(r) kel 2k r 2k+1,0r
= L.d - -
(9.22b) d72k+l ] ( l) i rZ;( l) (pt+r t-r) -
- T=1%
(9.22¢) EEEELIJ - (_l)k+l2n2k-l ji:(_l)r( + ) n2k22r-1
) grok r=1 Corr T Prom 2r-1
T Tt

2k+1 2k+l
(9.224) [d—d:—-p—gﬂ] = (-1)k+1gml;l(-.l)r(pt+r-

6
Peore1) So(i1),or-1
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Note that the variable t in these equations is an integer.

c. Relationship to the incomplete gamma function

Consider egn. (2.15b) for a = 1

X
(9.23) v(x) = x (o) / Enei(g"‘)dé

e}

Transforming now from the real axis to the imaginary axis by the substitution

(9.24) §=1t
we getl -ix
-ix
(9.25) b (%) = ——— J[e'ttndt
n , DL
(-1ix) S
e—ix
(9.26) =z—j—35;1— v(ntl,-ix)
-ix

where +v(a,z) 1is the incomplete gamma function [5]

Z

(9.27) v(a,z) = fe-#ta_ldt

o]

We conclude therefore that the 1T functions are instrumental in evaluating
the incomplete gamma function for an integral first argument and an

imaginary second argument. Rearranging (9.26) and using (2.13), (5.20),

~we get explicitly

1

‘ (¢
(9.28) v(n,ix) = (ix)ne-lx;{ nix) . nn;l(X)}
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For the related function [5)

-a
(9.29) v¥(a,z) = ?ng v(a,z) ,

we get

-ix {en<x> e }

(9.30) v¥(n,ix) = %n-l)! — -1 —=

The similarity between (9.28) and (9.14), suggests a direct relation-
ship between the derivatives of section 9b and v(n,ix). Indeed, combining

(9.26) and (9.13) yields

n, sin x
a( ——)

(9.31) x o (-x) L 1o [y (e 1,-ix)]
ax
gl £os Xy
(9.32) - = (-X)-n-l gRe[y(rﬁl,—ix)] - nl
ax
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10. An Independent Verification

One type of test to verify the claimed precision of the generated
T functions was considered in section 8. An independent test of a quite
different nature will be described here. This test is based on a formula
relating nnk to Riemann's zeta function and various other similar functions.
The method is essentially constrained to the testing of n?n,l’ n2n+l,2’
ﬂ2n+1,h' Note, however, that for any m > 4, nm,l is the value most difficult
to compute directly (see analysis associated with (11.4)).

We establish the above relationship via the notion of band-limited

functions mentioned in section 9b. Consider the following complex function

(lOJ-) p('r) = ei?ﬂvo'r (l\)ol s %)

Its n-th order derivative is obtainable by direct differentiation

n .
d Er(l'r) - (i2ﬂ\)o)n elt?n'\)o'l'

(10.2) dr

Now, the Fourier transform of p(t) is the delta function 6(v-vo) which
vanishes for |v| > % (see v, constraint in (10.1)). This means that p(T)
is a band-limited function as defined in section 9b and as such, its n-th
order derivetive is obtainable from (9.22). Applying then (9.22) to p(T1)
and equating the result to (10.2), we obtain the following identities

((10.ka) is derived from (9.22a), (10.4b) from (9.22b), etc.)

(10.ha) :E:(-l)r cos (2ﬂrv°)6

2k-1_2k
=(2k+1)2 " VE - 3 (v, ] =3
r=1

2ktl,2r
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Rt gktl,2r  _ k 2k+l 1
(10.4b) E (-1) sin(emry ) =25 = -m by ([vo] <3)
r=1

(10.4¢) Z( 1)F cos[2ﬂ(r-2)v ] _g_l&_g_r_-_}_ 11 hk-lvik (Jv

1
or-1 < 3)

ol
(10.44) ;(-l)rsin[.?ﬂ(r-%)vo:] O, 2r-1= ()T (v | = 2)

We are particularly interested in the special cases of these equations in
which the trigonometric multipliers are simplified. Obviously, such
desirable summation formulase are generated when v, is constrained to the

following values

(10-5) v =0, 'l]fs %

Substituting these in (10.4) we obtain the following results

(10.62) 2k+l 0 2 92k+1 op = K (from: (10.4a); \:@:%}
‘ , ] .
(10.6b) ék)o = Z e2k,2r-l =k (from:(10.44); vg:%)
r=1
-]
= +1
(10.6¢) éizl 0 f=:E;f—1)r Sok+1, 20 3 (from:(10.4a); v_=0)
Ir=

() = r+l 2k+1 .
(10.64) 2k+l 0 —gl(-l) e?k+1,hrz% 1- ¥ (from:(10.ka); v =t

<
[}
ot

- 2 k
(10.6e) vgs?o =-:E%}-1) 2 eek,gr_1=a/? ZE (from:(10.L44a); o
Ir=
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2 Ll
(10.6f) g(6) EZ(-l)rJ'1 2kerel . (from:(10.ke); v _=0)

?k,1 2r-1
r=1
(7) e~y T+l k-1 kr-2 _  m . o
(10.6g) Eoxo1,1 —Z(-l) s = (from:(10.4b);v =3)
r=1 2
8) _.< [%'1'3 Tok,or-1  /2m L
(10.6h) E?k,l =:;;1(-1) Sy1 ! (from:(10.hc); V=)

Though these summetion formulse are quite interesting, they sre not
particularly suitable for the contemplsted high-precision testing because
of their relatively slow convergence. They do provide, however. the start-
ing point for a recursive scheme thst does yield rapidly converging summation
formulae.

As elready hinted by the notation in (10.6), all the sums appearing

there, may be regarded as special cases of one of the following two sums

. had . 1|
(10.8) Ez(;) =§v(;) __I}%

® 8
(i) _ (i) “nk
(10.9) an = E Vi -;Ij
k=1

in which the range of all v(l) functions is the set {-1, 0, 1}.

k
(1) ()
T

Fast convergence is displayed by Enr s

with large 1r. These

are not available but may be computed from the available Eii) s Tﬁg) (10.6)

by applying the recursion (3.14). Writing down this recursion for x = kg ,

(10.10) T]n-22k _ T
2 = LIn(n-1) (l - T]nk>
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multiplying both sides by v(;)/kr and summing over k, we get

(1) i =
i _ T k i
10.10) £ 5 = WD) |2 o o Far
k=1
Denoting
(1) _% vl(:i)
(10.12) HI‘ =Z —1:;-
k=1

yields the final form
(10.13) g(1) . GO CY)

: n-2,r+2 In(n-1) T nr

Note that the introduction of the sums Hil)'(10.12) facilitates a transfor-

(

mation between En;) and (1) Applying 6.21b) to (10.9), we obtain
nr

. ® .y 1 =T .
(10.14) Tr(l;) ?;l vl(:) — mk Hﬁi)- Er(l:;)

Applying this to (10.13) we get the recurrence for Ti;)

. _ . 2
(10.15) Tr(:a),,r = Hﬁl) - nT(Tn-l Tﬁfz-z

The functions vﬁl) appearing in (10.8), (10.9),(10.12) are implicitly

defined in (10.6). Therefore, we can obtain the specific forms of the

sums H(i)
T

1) _% 1 1.1, 1 ~r
(10-168) HI' —%l -(—2—;)—;—- = 21‘ + L—r- + —6—1-.- + ... =2 g{f’}
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8

(10.166) u(?)

(10.16¢) H§3) >

(10.164a) H$”=2:

(10.16e) H(5)=Z

(10.16¢) u(6) =:£:

(10.16g) H§7) = i
K=l

-]

(10.16h) H£8) = }E:

k=1

S N S S

(ex)t 2T T &

D kel N SN S

[ S N N Vol
5

_ 1. 1,1
(2k_1)r 1T 3r 5r
G il WS R U
(U-2)" of & 10"

k-1
S s N U S R
(2k-1)F 1 o3F st

"5'0

The symbols on the right correspond to the notation adopted by Fletcher

et al [10].

High precision tables are available for most of these functions.

The application of the above results to our testing scheme is

based on equations (10.8), (10.13), (10.6). Egn. (10.8) specifies E(;z

directly in terms of ﬂnk‘
a function of the first nnk in the sum, that is, nn,l or nn,?' Eqn. (10.13),

on the other hand, determines this same Eé;) through a recursion utili-

zing H
(i

nr

(i
)

an B

value which is a function of the tabulated H

1

) ana starting with the Eél) specified by (10.6).
3
(i)

r
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For a sufficiently large r, this is mainly

The result is

functions and is



totally independent of the computed ﬂnk's. The test consists of compar-
ing these two values of Eéi).

Note that when the recursion (10.13) generating Eii) is used

with n >>‘g, the error propagation properties are very favorable.

Adopting this constraint in our test, ensures the high precision needed.

(1)

The same approach could be applied to an

leading to a test

of en,l’ en,?’ en,h (see (10.6)). We note, however, that for large n,
these enk values are close to 1. As indicated in section 5, our algorithm
actually computes in this case a high precision nnk << 1 and thé an
required for the test would be obtained by subtracting this nnk from 1.

In this subtraction, many of the bits of nnk are "shifted out" so that
even if we find out that 21l 140 bits of enk are correct, this tells us
nothing about the precision of the "shifted out" bits of nnk'
We conclude that conversion of the 65 sums in (10.6) to Mg
sums, will give us a more stringent test. Applying (5.21c)

(10.17a) Ty, o2 . .
12 " In(n-1) "nk ’

i
multiplying by vl(i')/kr and summing over k, we get

i) _ _m (1)

(
(20.170) Er = L(n+1)(n+2 Tn+2,r-2

Applying this to (10.6) yields our results:

1) s~ Mewenor o
(10.188) Bpo1,2 —z; or)?  B(EED)
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-] 'ﬂ .
2) 2k,2r-1 1
(10.18b) ( = 2 =
Eox,2 ;g; (2r-1)° 8(2k+1)

(10.18¢) g3 (-1)T*1 Mog.a, 2r _ e
F2k- 1,2 ;;3_ (2r) 16k(2k+1)

(10.184) éizl ’ :E: (-1)*" Moyq, ur o [ 1 %]

ol (ur)2 18k {2kl Tk
(5) s (= ] 2k 2r—l V2 e
(10.18e) = (-1)-2 =
) Pexy2 g; (2r-1)° 452 (ok41)

We consider now a specific example to illustrate the testing procedure.

6)_ o,

We base our exsmple on H for which an extensive 50 decimals

table is available [1]. Starting with (10.18¢)

£(3) e

(10.192) Bls1,0 = 1676153 ,

we apply (10.13) to obtain E{S% 50° Having obtained this value recursively,
3

we turn now to its direct evaluation as an infinite sum. From (10.8),

(10.18c) we determine its explicit form

= - +
101,52 552 152 652

i T T
(10.19b) E(3) _ 01,2 101,4 101,6 _
Obviously, a few terms will suffice to get a highly precise estimate of
this infinite sum. To determine just how'many, let the first neglected

term be

(10.19¢) ()t 101,21
.(21')52
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Note that (10.19b) is an alternating series whose sum is very close to its
first term. Therefore the ratio of (10.19c) to the first term is a good

approximation to the relative error in the truncated estimate of E(3}

101,52 °
As the computations are performed in penta-precision, we bound this error by
2'1“0, getting (with (4.39), (4.19c)) the following condition for r
1
1+
- il - o (™) - -

(10.20) 2 140 > ﬁlglz§£ r 52 > 22 r 52 ~ T 50

101,2 1+ 1

T101.(™)

(10.21) e T > 22'8 ~ T

We conclude therefore that (10.19b) may be truncated after the seventh term.
In the actual computation of the sum, 9 terms were used and the partial

sum was octally printed each time a new term was added. These partial sums
were found to be affected by the added terms only up to the seventh term.

The eighth and ninth terms had no effect in agreement with the above analysis.

(3)

Comparing the two values of ElOl 52 we found that their fraction parts
3

differed only by 2.2-lh0. Our conclusion is therefore that the relative

error in the computed value of nlOl o is well within the bound prescribed
>

by (8.12).
Note that we cannot make here any useful claim regarding nlOl Lo the
2
next term in (10.19b). This is due to the fact that the ratio of these two

terms is about 252 so that in accumulating the sum, roughly 52 of the least

significant bits of the second term are "shifted out". This is equivalent

to saying that the normalized 14O bit value of Eigi 52 is independent of the
3

52 least significant bits of ﬂ101’u.
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The same argument holds even more forcefully with respect to ﬂlOl 6
S
and so0 on. We may say then that we have here a test of nlOl 5 which relies
3

on successively coarser estimates of ﬂ101,u, ﬂ101’6, cees nlOl,l2 and is
completely independent of the remaining terms of this infinite sequence.

What we have seen in this specific case is true in general, that is,
the application of this testing procedure is limited to the testing of only
the first term of E(L) |

nr

Bqually encouraging results were obtained with other cases. The

results are summarized in Table I.

Table 1

Test Results

Tested Sum involved in Difference of
parameter test . fraction parts
To1,2 Eﬁé%,se 127140

T100,1 E§gg,68 ©
o1,z Eigi,se 22”10
01,4 Eig%,Se 0
100,1 E£gg,uo 1271
01,2 Eigi,uo 0

The only test types not tried were those employing HﬁS), H£8) (see (10.16))

for which tables were not available.
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11. Concluding Remarks

The one theme, central to all of this paper is the function ﬂn(x)m
We have shown how it arises in connection with the problem considered,
we have studied some of its properties and finally applied these to its
precise computation.

Two important questions regarding this function are yet to be answvered
though. The first concerns its evaluation. We have seen in section 3
that ?n(x) can be expressed in a simple form involving a finite sum
(3.1) which we have actually applied to determine ﬂn(x) for n < 3.

Why couldn't all ﬂn(x) be evaluated this way?

We have indicated earlier that severe "cancellation" is to be
expected for certazin n,x combinations. Having established the necessary
prerequisites since then, we are now in position to substantiate this
statement and show how severe this "cancellation' is.

Ean. (3.1) prescribes ﬂn(x) as a finite sum of terms. Consider now
tha ratio of each of these terms to ﬂn(x) and denote the maximal magni-
tude of these ratios, hn(x). The usefulness of (3.1) as a prescription
for computation, strongly depends on Kn(x). The larger An(x), the more
severe the "cancellation', and the lower the number of meaningful digits
in the computed ﬂn(x). In view of this, we proceed now to establish =
lower bound for %n(x).

We note first that since ﬂn(x) < ﬁn(x) (4.40) we shall still
obtain a lower bound for A (x) if we divide the terms of (3.1) by ﬁn(x)

rather than by ﬂn(x). This simplifies our task to that of determining
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n_(x)
the series expansion of ﬁET§7 . Applying (4.19c) and (2.3) to (3.1),

n
we get
N, (x) ' '
(11.22) =22~ = (1)™" {(?-‘“Q—mﬁ-é—?-)-:- (cos x-1) + 3 {2mRLL }
ﬂem(x) X Tox

Mogs1 () e ,
(11.20) 2T ()™ {(22$+3)é (Sli X -1)+ 3 (2m2): (1.5 - }
n2m+l(x) x x

In determining a meaningful Llower bound for kn(x) from (11.2), it should be
borne in mind that there are applications where x is an exact integral

-(2m42) 4 orm in (11.2) will

multiple of g. In some of these cases the x
simply be omitted. It is, therefore, safer and certainly legitimate to

bese the An(x) bound on the —_ term of (11.2). An obvious such bound is

(11.3) A () = 3 {2m2) (o = 2))
X

On applying Stirling's formula (6.26), this yields

2
(11.4) Kn(x) > 2/fm (m+l)(2m+l) (%2) "’ = Egﬂ

It follows that for n > ex, hn(x) increases very sharply with n and soon

attains astronomical proportions. Consider just two examples

20 68

i

(11.58) 130(3) > 6.40 ¢ 10 1.56 « 2

43 1.30 - 2lhh

]

(11.5b) k50(3) > 5,63 ¢ 10

JPL Technical Memorandum 33-460



This means that a computer like the IBM 7094, for example, would not be
able to compute “30(3) even when employing double precision arithmetic.
Furthermore, even the use of penta-precision arithmetic would not allow

computation of M_.(3). 1In contrast, note that thekspecific nn ‘s tested

50 k

-138
in section 10 indicate a relative error of less than 2 13 while the

5199

associated A has a lower bound of in this case.

In view of the relationship between ﬂn(x) and y(n,z), the incom-
plete gamma function (9.28), the above discussion is pertinent to the com-
putation of this function on the imaginary axis (imaginary z). \It is
(correctly) stated that y(n,z) is an elementary function for imeginsry z.
In view of the above discussion we may comment that it is elementary a1l
right but just ss incomputable by elementary methods as any "non-elementary’
function.

The second question to be considered here, concerns the definitiopn
adopted for ﬂn(x) as @n infinite sum (2.11). We recall that the natural
formulation of the problem (2.1) actually leads to a finite sum and the
_infinite summation formulation was obtained by a device (2.5) which,
though legitimate, seems quite arbitrary and unwarranted. We consider
now the motivation for this step. Our method consists of a brief descrip-
tion of the results obtained when this step is omitted.

Retracing the derivations in section 2 with the objective of =

finite summation formulation, one is 1led to the following function

replacing ﬂn(x)

,,,%,
=3
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(11.6) | SDF gy ()
[g] k=0 (n even)
]’E] f("l) 2 gn(x)
5
(-1)% g, _op (%)
Ep(x) - k=0 =1 [g] .
&y (%) 2 (1) gy ()
g = (n odd)
(1) g_(x)

This function satisfies a recurrence relation identical to that of nn(x)
so there should be no problem in its computation. Comparing now (11.6)
to (3.1) we see that they differ only in the absence of the trigonometric

functions in (11.6). Specifically,

2] .
(-1) 2 Eé cos x (n even)
x
(11.7) B, (x) - M .(x) =
[B
(-1) 2 -ﬁ sin x (n odd)

This means that the curve of En(x) vs. X will oscillate about the

nl

monotonice ﬂn(x) with amplitude éé . We have zlready seen that for n > ex
X

such a term may attain astronomical values. Thus, we have here a function

which, though sharing the same value with nn(x) at regular intervals, is widely

different from it at others and therefore has extremely large derivatives.
To see the bearing this has on the problem considered, we apply

(11.7) to the second case of (2.19) under the condition

(11.8) n > e

getting
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ko
an+l 2 a n - [E] !
L T3r = = Ty (. . A AR
(11.9) ( Egn .}[ E" cos afdg nnk n(k2) (-1)'2 (kﬁ)n (n odd;k mod h=1)
2 o 2

Note that the properties of ﬂn(x) (4.18) bound the above expressicn by 1.
On the other hand, the term involving n! will be extremely large under (11.8).
Hence, the integral is being evaluated in this case as the small difference
of two, almost equal, extremely large numbers. The same situation obtains
for all other cases of (2.19), (2.20) in which n+k is even. We conclude
therefore that all the integrals in (2.19), (2.20), subject to °
(11.10) n+k even; n >> Egg
are essentially incomputable via En(x). Note that the trouble is not with
the computability of En(x) itself which, unless we run into exponent over-
flow problems, can certainly be computed through its recursion. Rather,
the difficulty lies in the unsuitability of En(x) to the problem at hand.

When n+k is odd, En(x) can be usgd to evaluate the integrals as
this ‘situation corresponds to the intersection of the En(x) and ﬂn(x)
curves. BEven in this case, however, En(x) poses problems since, under
(11.8), its derivative at these points is extremely large. This does not
affect the actual compuﬁations but makes it quite difficult to justify
them.

There is no question then that nn(x) is the better instrument to
tackle the problem at hand.

We turn now to the third and last topic: cCoarse approximations.

While our main concern throughout this paper has been with the high precision
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determination of ﬂn(x), the results established are also applicable to the
gquite different situation in which only a cosrse estimate of nn(x) is
desired. We refer specifically to the bounds (4.39), (4.40) which are the
basis of the normalized bounding curves shown in Figure 9. Expressing

these bounds in terms of the entities

2
(11.11) y(v) = = 5
1+v

(11.12) x = \/n(n-l) (that is, en(xn) = 1)

L

. 2 2
(11.13) hn J(l-hﬁ) é.-hﬁ-:i-) ,

we Obtain

; . X X ‘ > 1; lower bound
(11.1ke y <7 (x) <y{n ’
h ) (xn+2 ) n X o n > 3; upper bound
X % 0
% 2

(11.14p) N,(x) < ( ) (n>1; x# 0)

X

n+2

Thus, the bounds on nn(x) can be expressed in terms of the family of curves

y(hnv) and the curve N shown in Figure 9. Setting

(11.15) v =

we see that ﬂn(x) is constrained to the region defined by the following

three curves of Figure 9.

left boundary V2 (n > 1)
bottom boundary v(v) (n>1)
top boundary y(hnv) (n > 3)
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Note that as n increases, the top boundary approaches the bottom boundary,
thereby reducing the maximal relative error of an ﬂn(x) estimate based on
Figure 9. Note also that for a given n, this error bound is a function of
x attaining its highest value at the intersection of the left and upper

boundaries at the point

(11.16) vio=1 - 5 (y_(hnv) = vg)

The same family of curves is also useful in dealing with-en(x)
)

(directly). Application of (5.15) to (1l.1lka) yields

X b / A
N n ; lower bound
(11.17a) y(x) < en(X) < YG%I x) ‘ ; upper b@undé

§
4

[ s e
VOV
O =W

while (5.20), (4.18), (11.12) imply

2
(11.17b) en(x) <(-};ri) (n > 3)

Note the similarity of (11.17) to (11.1%). Obviously Figure 9 is appli-

cable in this case with

Xn
(11.18) V= o

We illustrate the application of (11.14), (11.17) with the estimation of
ﬂlo(x). Our main concern here is not with the estimate itself but rather
with the accompanying error bound. From (11.16,(11.13) we find that the highest

error bound will be associated with
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that is ((11.15), (11.12)),

Thus, the worst case in estimating ﬂlo(x) via (11.14) is the estimation of
ﬂ10(6.5). The ratio of the two bounds of nlo(x) at this point is given by

2

V1 2

¥(vy)

Therefore, if we adopt the geometric mean of the two bounds as our esti-
mate, we are assured that the true ﬂlo(6.5) lies within + 15% of this

value (1J1.32 = 1.149 ~ 1.15)

A better estimate will be obtained in this case by proceeding

indirectly via (5.20)
2 .

(11.19) n,(x) = (x") 84n(X)

n+2

In estimating 612(6.5) we have to enter Figure 9 this time at the value

(11.18)

X
v, = gl% = 1.768

The ratio of the two bounds of 912(x) in this case is

y(hlzvg)

70, = 1.071
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Therefore, 912(6.5) can be estimated with an error of + 3.5% Qﬁ:?ﬁi = 1,035).
In view of (11.19), this will also be the error bound of nlo(6.5) obtained
from 912(6.5) via this formula.

There are various other possibilities of improving the estimete by
exploiting the erfor reduction properties of the basic recurrence relation.
Indeed, by & judicious choice of the number of recursion cycles,it is possible
to obtain any type of estimate, ranging all the way from the coarse cnes
indicated above to the highly precise ones of the table described in

section 8.
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