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Chapter One

INTRODUCTION T0 LASER PLASMA HEATING

In recent ybafs the need has hecome apparent for a new
source of power generatien. The conventicnal sources of
power are either being depleted {coal, petroleum} or else
require careful disposal of dangerous waste products {nuclear).
If controlled thermonuclear reactions can be generated and
made economically competitive, then there should be no dan-~
gerous waste products. The fuel is deuterium (D) and tritium
(), isotopes of hydrogen. Deuterium is found in watex in
a concentration of one part in six thousand and thus is
availeble in limitless quantity. Tritium is not actually
found in nature but can be produced by-using the neutrons
generated in the D-T reaction to bombard LiG. 1,2

The products of D~T and D-D reactions are clean. Ener-
getic neutrons are produced but these need not lead to radio-
sctive wastes if the proper shielding substance is used. One
of the products of the reaction is a large amount of energy,
in the million electron volt range. Then even if only a few
reactions are produced, a 1arée amount of energy can be released.

+  The difficulty in producing a thermonuclear reaction
is the coulomb force barrier that suérounds any charged
particle. Coulomd forces are very strong so that the two
reactants must hit each other at very high speed and pretty
close to dead center to cause the fusion reaction. _Thus very

high atomic velocities-~and hence temperatures--must be present
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before a significant reaction takes place., For a D~T plasma,

the temperature must e in the KeV range before significant
the;monueleaz energy is released. For a D-Dp piasma, thg
requirement is higher by a factor of three.

- There aye two examples of power preducing thermonuclear
reactions that have been observed. One is fhe hydrogen bomb,
where the necessary temperatures are achieved by a triggering
nuclear fission reaction. This is an uneontrolled thermonu-
* elear reaction and is not likely as a good source of commercial
-pcwez. The other example is the sﬁn {oxr any star) which is
an astronomical thermonuclear reactien. It is in a sense
controlled sinve it persistg continuously. The goal is to
produce & small “sun® in a controlled manner s¢ that the
raleased thermonuclear energy can be harvested and used for
other needs.

In conventional energy release, such as fire, ik iz a
simple matter to maintain 3 continuous reaction. This is
highly unlikely with a thermonuclear reactor. The contain-
ment of a continuous raac?ion at 10 KeV temperatures and huge
pressures is a frightening thought. For this reason, most
studies have been directed toward producing a pulsed type
reactor where gach pulse is short enough so that containment
is possible. A very simple requirement has been calcoulated
stating the conditions necessary to achieve gain in a pulsed
thermonuclear reactor. This is called Lawson's criterion, >
Its simplest expression is that the temperature of the reao~

tants must exceed 10 KeV, and the product of the number
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density and the confinement time must exceed 1014

sec/cmB.

" This criterion is based upon the principle that more energy

ﬁust be reaped from the reaction than is required to prepare

the next reaction. Thus the problem at hanh is to heat a

b-T plasma to a very high temperature, and to maintain it

for a certain length of time.

] Significant efforts have been made in several countries

for moxe than a decade to achieve a controlled thermonuclear

reaction. This length of time spent proves the difficulty

in achieving the very difficult conditions of Lawson's cri-

terion. A number of éevices using various principles and

geometries have been suggested and tried in search of the

goal., Most of these devices have two things in commeon; very

sfiong electric currents and magnetic fields which are used to

heat and contain the plasma. Significant progress has been

made in this direction--especially in the Soviet Unicn with

the Tokamak device.4 Yet, even this, the most successful

device to date falls one to two orders ?f magnitudé short of

both reguirements of Lawvson's criterion. The Tokamak has

not been fully exploited éet, but it is still wise to find

other appreoaches that may be better. One attractive approach

that has come to the front_in the last three or four years

is the use of lasers teo heat the rear:tants.s’e’7 ] ‘
Ten years age, the thought of using a laser to heat any-

:thing would have seemed unrealistic since laser power outputs

wore typicaliy very low, on the order of milliwatts. But

since then, laser technology has advanced at an incredible
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rate and powerful lasers have become available. Of most inter-

est to fusion is the development of the so called giant pulse,
and mode-locked lasers. Giant pulse 1aser§‘produce a burst of
light of microsecond to nanosecond duration. As much as 500
to 1000 Joules have Eeen produced in this kind of a pulse.
Hode-locked lasers produce pulse lengths on the order of pico-
seconds. As much as 80 Joules have been reieased in this

kind of a pulse. Thus, the laser is an excellent way to
rapidly deliver energy. This is essential or else the heated
plasma will expand and cool before all the energy is delivered.

Another advantage of the laser is its ability to get
energy into a magnetic container. Magnet@c pressures have
long been suggested as a means of containing a thermonuclear
.plasma. Some approaches have used the MHD system {including
both currents and magnetic fields) to both heat and contain
the plasma. This requires a great deal of versatility of the
magnetic field and the currents., However, now the henting
way be leift up to the laser so the magnetic field can concen-
trate on the containment. .

A thermcnuclear plasma may also be confined iﬁertially,
i.e,, within a jacket of very heavy atoms. The large mass of
the atoms would restrict the expansicn.of the plasma. This
) approach is essentially a small explosion and the products
must be contained which may be difficult in that the size of
the explosion may be significant for a positive yield.

Several difficulties-have been previously found in the

lagser heating of a plasma. The first diffieulty is due to
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* the limited confining ability of a magnetic field. This puts

a limit on the density that can be contaiﬁed: But lower den-
gi?ieé lead to very loﬁg absorption 1engthé¢—some even as high
as many miles. This difficulty has been reduced with the
adveni of powerful gas lasers which are characterized by long
wave lengths. The long wave lengths lead to shorter absorp-
tion lengths.

Another difficulty is that typical estimates of energies

required to satisfy the Lawson criterion are 10s to 109

Joules
per pulse. This is two or more orders of magmitude greater
than present lasers.

A third difficulty arises out of the nature of inverse
bremsstrahlung absorption. Inverse bhremsstrahlung is a three
body collision between an ion, an electron and a photon where -
. by the electron gains the energy of the photon. Thus only

the electrons are heated directly. The deuterium and tritium
ions-must be héated by collisions with the hot electrons.
This equilibration process may well be painfully slow-espec-
ially for lower densities, and may not even ocecur before the
.dynamics @issipates the plasma.

The purpose’bf this work ié to examine in detail some of
the fhenomena in laser heatiné to thermonuclear temperatures.
Much of the work in this field has been confined to estimates.
Most previous solutions have relied on complex numerical caléu—
lations which typically leave a dearth in understanding of the
physical process that produced the results. This study seeks
gimple analytic solutions wherever possible and avoids the

computer code approach.
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- ‘Standard procedures of analysis begin with the simple

and once the simple is understood, the more complex is
aétackea. Accordingly, the first study i;‘of a ptuictly one-
dimensional plasma heated by a laser. Only statioﬁary heat-
ing is considered since maximum temperatures are produced if
the plasma remains stationary throughout the laser pulse.
Assuming the two temperature continuum equations, analytic
solutions have been found for all stationary regimes for a
plasma with arbitrary density profile.

One among ., several heating regimes may appear. One is
the stationaxy~frozen-nonconducting regime (where conduction‘
will always refer to thermal conduction unless otherwise
noted}. The heating is sufficiently rapid that the ions
vemain frozen at their initial temperature and little thermal -
conduction occurs. This regime is chaxaéterized by two parts.
For optically thin plasmas, the entire irradiated part of the
plasma iz heated simultanecusly, producing a highly nonuniform
temperature distribution. An extreme hot spot appears at the
point of farthest penetration of the radiation {the critical
density point). For optically thick plasmas, the plasma is
opague sSo tha?rthe radiation bores its way into the plasma:
This phenomena is called a bleachi%g wave since the plasma
behind the wave is made transparent by the heating. Conse-
quently, the temperature profiles pxésent a wave like character,
the heated region advancing deeper into the plasme with time,

" The stationary-frozen-conducting regime arises for less
thik plasmas. In this regime, thermal conduction is very strong

80 that the temperature isg nearly uniform. Even the plasma
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beyond the light reflection point (critical density) may be

_heated in this case--by thermal conduction.

The eguilibrium counterparte of thsse two regimes will
érise for the lower laser energy inputs‘and for the longer
pulse lengths. -In these regimes, the electrons and ions
remain in eguilibrium during the heating. The solutions in
these regimes are essentially the same as those for their
“frozen" counterparts.

Qf critical importance is the dynamics that follow the
stationary heating. * This process appears primarily in twWo
regimes. The frozen-conducting regime is characterized by
cold ions and isothermal plasma motion. This regime is
unacceptable in that the ions never are heated to thermonu-
clear temperatures before the motion dissipates the plasma,
The equilibrium-nonconducting regime is characterized by
electron-ion equilibrium and no thermal conduction, tThis is
the desired regime for the achievement of a thermonuclear
réaction.

The classical threshold for the achievement of gain in
a thermonuclear reactor is the Lawson criterion. Lawson's

“eriterion reguires the containment of the plasma for a
certain length of time at a temperature of 10 KeV. Attaining
this requires fairly large energy depositions, more than is
available today, but probably in reach of future lasers.

Also reguired are fairly long plasma lengths unless some
means of-enhancement of the confinement £ime is found.

Pollowing the initial step of understanding a2 simple

geometry comes the analysis of a more complex one. A geometry
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which seems appropriate for a magnetically confined, laser heated

plasma is a long cylindri;al shape, the laser being fired into
the end of the column. The one dimensional results would apply
to this shape if conditions across the column were uniform.
This of course will never happen. In fact the density varia-
tion across the cylinder will cause gradients in the index of
refraction, so that the beam will be refracted.

Refraction is a major problem as demonstrated by failures
in attempts to propagate a laser beam down a plasma column.B
The reason is that the usual density profile in a magnetically
confined plasma (maximum dengity in the center) is unfavorable
--the beam is refracted out of the plasma column. Calculations
are made of the refraction of the beam in a plasma column with
a typical density profile. It is found that the beam is essen-
tially refracted out of the column after moving only a few
column diameters. Appropriate focusing of the beam helps by
zouq?ly a factor of three.

However, if it is possible to generate a plasma column

_with a favorable density profile (a density minimum in the
center}) , then the picture is the reverse: the beam is trapped
perfectly. Not only that, but.the effective absorption length
is enhanced due to the peculiar refractive effects. Some
unusnal features arise in th?s case, The ray paths are sinﬁs-
soidal functions, oscillating back and forth across the column,
Caustics are formed from the locus of points where the rays
ayaflect” back toward the axis.’

The theoretical results on refraction in a favorable

density profile are useless if it is impossible to create the



. .9
favorable profile. This type of profile can be created--and in

several different ways. One way is to cat?h the plasma in its
formation stage.- Characteristic of the formation of pinch
devices are collapsing and reflecting shock waves., These
shock waves generate—-for very short times--density profiles
that are favorable.

another appreach is to change an unfavorable densiEy pro-
file to a favorable one by seléétive heating. This technique
is called "density tailoring". A laser {called the pre-laser)
is used for the density tailoring. It is usually advantageous
o have a shorter wave length for the pre-laser than for the
main laser pulse. B&nalysis of the lateral dynamics of a plasﬁa
column reveals that the motion will fall into one of two regimes.
There is the conducting regime which is dominated by thermal
conduction and the nonconducting regime. Several density
¢ailoring techniques are suggested and studied. HMost of them
can ﬂe used in either regime, but in the conducting regime the
favorable profiles produced will disappear rapidly when the
pre-laszer pulse ends. ‘

Oftentimes in the analysig of a'particular pﬂysical pro-
blem, the solution is seen to resemble solutions to other
physical problems. This is a clue to mathematical similarities
in the governing equations. Occasionaily however, the resem-
hlance is not due simply to chance mathematical resemklance,
but rather to a principle of physics in which both problems
are rooted. An apparent chance resemblance is seen between
the bleaching wave and nonlinear thermal conduction phenomena

{thermal waves). Purther examination reveals that these two
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phenomena are actually the same but in opposite limits. Both

‘belong to a large class of nonlinear diffusion phenomena that
demonstrate wave like characteristics, The bleaching wave is
diffusion in the “"coherent” limit, and the thermal wave is
diffusion in the "eguilibrium" limit. Two other physical
phenomena are identified as diffusion in the coherent limit:
laser irradiation of a two level substance, and the laser
induced breakdown wave. gumerous examples are presented of
diffusion in both limits. -

Understanding wave diffusion suggests the possibility of
laser heating of a very dense plasma by thermal waves. A
plasma at solid density may have laser energy added at its
edge by anomalous absorption, and the overdense portion would
be heated by a thermal wave. Such high densities would require
inertial confinement, but the problemg of electron-ion equili-
bratign may be overcome by those hiéh densities. Also, the
high denéity may permit heating by absorption of g-particles

from the thermonuclear reaction.



Chapter Two

LASER HEATING OF A ONE-DIMERSIONAL STATIONARY PLASMA

An important limitation on the maximum temperature
that can be created iﬁ a laser heated plasma a;ises from the
plasma motion. During the laser pulse the plasma may begin
to expand and much of the thermal energy would be converted
to directed kinetic energy of the plasma motion, as Qas first
noted by Basov5 and Da.wson.6 However, the recent development
of powerful sub-naﬁosecond Q-switched lasers and mode-~locked
picosecond lasers makes it possible to overcome the prohlem
of‘expansion during the heating process. For appropriately
short laser pulses, the plasma can be heated to thermonucleax
temperatures before significant macroscopic fluid motion begins.
The irradiation of a plasma by these short laser pulses then
becomes a stationary heating problem. ‘

) & study has been made of the stationary heating of a one-
dimensional plasma with an arbitraéy density profile. %he
purpose of the study was to determine the fine details of the
heating process as well as the overall features. The spatial
distribution of temperature is cne detail of interest which
will hold the key to the plasma motion that will follow the
heating process. Another detail of interes£ is the fraction
of laser energy that is lost by reflection’ from the nonuniform
'plasma.

Several theoretical investigations of laser plasma heat-
ing have been made; but most models have neglected the fine

details and concentrated on over-all results, e.g., the tem-
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perature achieved. Previous investigations have also used
time scaleg in vhich plasma motion is sigq?ficant.

A study by Fader9 considerad the expaﬂéion of a sphexw
jcally symmetric plasma subject to Q-switched laser radiation.
the expansion of the plasma was found to be a major linitation
on the temperatures achieved according to both numerical and
analytical caleulation. This study assumed spatially uniform
ahsorption throughout the plasma.

10 also considered the motion of & spher-

A study by Kiddexz
ic;lly symmetric plasma but with irradiation by a radially
convargent light pulse. His numerical study also showed the
limitation of expansion on the temperatures achieved.

DEWSOR, et.al.}ll studied the over-all absoxption char-
acteristics of a one~dimensional nonunifozm overdense plasma.
Without studying the details of absorption, they found the
‘length of plasma necessary to adequately absorb the radiation.
The critical density is the plasma density at which electro-
magnetic waves cannot propagate, i.e., the plasma fregquency.
Undexdense and overdense rafer to éensitiesfless than and
greater than the critical density.

This study alse consiﬁerg a one-dimensional nonuniform
plasma and examines the heating process for time scales suffi-
ciently short that plasma motion can be neglected. The
results indicate that for a thick underdense region, a
bleaching wave pxopagatés into the plagma, heating it in’
the process. For a thin underdense region, the heating is

simultaneous--with an extreme hot spot appearing at the critiecal
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density. For a very thin underdense regioh, thermal conduction

Jominates the heating so that nearly uniform temperatures appear
in the underdense region and thermal conduction carries energy
to the overdense region of the plasma by means of a thermal
wave. The thermal wava:phenomena has been mentioned by several
writers (see chapter IV). The bleaching wave was seen to appear
in the numerical studies of Kidder,lo and the analytical studies
of Rehm.,l2 N

Another result is that maximum temperatures or other
optimizing conditions can e achieved by proper tailoring of
the initial density profile and plasma size. The idea of tailox-
ing the piasma to optimize the results was first suggested by

Daiber, et. al.,7 and later in another scheme by Luhin.l_3
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. EQUATIONS AND PARAMETERS

1. Hodel

The plasma is taken to be a one-dimensional nonuniform
fully ionized ga; being irradiated by a laser of wave length
i, at normal incidence. Figure 1 is a diagram of the config-
aration. The initial density and temperature profiles are
arbitrary to the extent that a fully ionized gas is a valid
assumption. The plasma is assumed to be a dense ideal gas
mixture of electrons and ions such that there is charge
neutrality a£ every point for all times.

The one-dimensional two-temperature continuum equations
will be used with the addition of terms accounting for radi-
ayive energy addition. The electromagnetic force will be
neglected since its effect is small compared with the effect
of thermal Fforces for regimes of interest, The effect of
electromagnetic forces is studied in the first appendix to
this chapter. -Also, a form of the radiative transfer equation
is added which neglects line, free-bound, and bremsstrahlung
radiation. The radiative tranéfer equation is simplified to
account only for the 1aser_radiation entering the plasma
{(+ x direction) and does not take into account the reflegﬁion
of radiation that wouid occur if the plasma is overdense. If
the laser radiation does penetrate to thé critical density then
appropriate calculations must be made to account for the
reflected light. The absorpticn coefficient used is thaé of

inverse bremsstrahlung.
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. Nondimensionalizatién Scheme

The length scale used is R . If the plasma is overdense,
then x = R will define the point at which the critical den-—
sity p, occurs. If the plasma is not overdense at any
point, then x =R gives the rear edge of the plasma. %The
+ime scale is the 1$ser pulse length tp since only the heat-
ing érocess is considered ;n this study. Hence, the indepen-—
dent variables, dimensionless distance and time, will alssays
bhe of order Ane or less. The temperature scale used for both
electron and ion temperature is T and is defined as the
temperature change that would arise if all the energy in the
laser pulse were added uniformly to a critical density plasma

of thickness .R . Then,

3,/ 8

T, = (2-1)

3
-3 ¥BecR
vhere J,/A is the energy contained in the laser pulse pel
unit area of plasma, k is the Boltezmann constant, and n,.

is the critical electron number density given by

2
47 comec0

n I etememm————t et
ac 2 2
A @
where €, is the permittivity in a vacuum, m, is the mass
of an electron, ¢, is the speed of light in a vacuuﬁ, and
e- is the charge on an electron. The scaling factor for the

density is the critical density which is related to the criti~-

cal electron number density by e, = minec/z . my s the
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mass of the ion, and 2% is the charge on the ion. The pressure
scale P, is the pressure that would arise in a perfect gas at
temperature T, and density p_ . The velocity scale is the
acoustic speed for a perfect gas at P, and Pe , i.e.,
ai = 5P0/3°c . 'The electron and ion entropies are scaled using
the cohstant volume specific heat. The Fadiation intensity
gcale is the average laser intensity duxring the pulse, I, =
JD/htp + The abéorption qufficient, electron-ion equilibration
“time , and the electron thermal conduction coefficieqt are

taken from Spitzer.14 These are based upon a scale using a

density p; and a temperature To

_ . -19 3/2 13 3/2 -1
£, = 1.13 x 10 ""n_ /T =-6,81 x 10 ZDC/WTO m o,
_ 7.3/2 ) _ -26,_3/2_2 2
teqo = 3.17 x 10 T, W/hecz(1+z} = 5.26 x 10 T, W /DQZ {143}
. saec
K, = 7.40 x 10 3 Tg/ 2/ Joule/sec-m~eV . -7
o ; .
for nec‘“ cm"3 . Otherwise, MKS-eV units are used everywhere.

The Columbic légarithm, inpg = 10 everywhere. Henceforth;, the
ionic charge 2 , and the atomic weight W are taken as one and
two respectively as for deuterium. The radiation intensity scale
is the average laser intensity during t?e pulse, I_ = Jo/htp .

The dimensionless variables are: distance, vy = x/R ;

it

time p/'po :

2

5 o= t/tp ; density, ( = p[pc ; pressure, I
electron temperature, @ = T,/T, i ion temperature, 8, =
Ti/To : absorptign coefficient, K = ¢/x, ; fluid velocity,

U = u/ho ; electron entropy, = se/cv ; ion Entropy, g; =

e
s./bv ; and intensity, i = I/Io .

b. Parameters

Using the nondimensionalization scheme described, five


http:Spitzer.14
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parameteré arise Which control the plasma behavior. The first is

- L€ '30{:1_::/R (2-2)
wﬁere .¢ 1is the ratio of the laser pulse time to the time for
an electron accustic wave to traverse the underdense region.
It is called the dynamics paramter. If ¢ <1 ; then the
pulse length is so short that essentially no plasma motion

occurs.- If ¢ = G{1} , then significant motion occurs before

the pulse ends.
o = KQR- - (2-3)

a is the ratio of the thickness of the undérdense region to
the absorption length scale. It is called the thickness para-
meter since it is a2 measure of the optical thickness of the
*irr;diated plasga. The absorption 1eﬂgth is the reciprocal of
the absorption coefficient. If g <<l ,.then the plasma is
nearly transparent to the radiation. If the plasma is over-
dense, then the radiation will be reflected and the reflected
beam will be negligibly reduce in intensity. The result will be
to effectively double the absorption coefficient. If 4> 1,
then the plasma is nearly opague to the r;aiation.

o= t?/teqo
% is the ratio of the ﬁulse time to the electron~ion equili-
bration time and is called the equilibration parameter. If

A << 1, then the electrons will tend to be heated by inverse

bremsstrahlung; but the ions will remain nearly frozen during
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the laser pulse. If X >> 1 , then the electron and ion tem-

peratures will be the same.

2
n = KEO/Pcf_:vR {2-5)

where e is the time for significant thermal conduction to
traverse the underdense region. It is called the thermal con-
duction parameter. Then, for example, if N << 1, there will
be very little thermal conduction by the electrons during the
laser pulse. If n, >> 1 , the thermal conduction will be
strong, tending to egualize the temperature of the plasma.

c. Egquations

The governing eguations in dimensionlesss form are:

—g—g- + £ %g% = 0 FZ-G]
%g+e[U%+%%-%1=0 {2-7}

%%? + €U %%? = oK Ei; = A ag 5 E%:Ei + T %%z‘fzzégi , (2-8}
Ly et - A 95/2 3%;9:: g %BLZ °Ze;2/2 (2-9)
_g% + QKL = 0 (2-10)

K = ~gy———7s (2-11)
' eg Z(1-¢) 372
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1= gle + 50, (2-12)
8 = §2/3exp{ae) {2-13)
8, = ¢ explo;) (2-14)

The equation for the absorption coefficient (2-11) breaks down
for densities very near the oritical density (€ = 1} . There
is actually an extremely high value of the absorption coeffi-
cient at that point, but not an infinity. Hence, solutions
that are found will probably ‘have a singularity at that point
and thus cannot be trusted for ({ very near one. This singu-
Jarity will turn out to.be integrable sé that integrations
with respect to y over the sinﬁularity will describe the
actual case fairly accurately.

The initial conditions will be an initial temperature and
an initial density profile. The boundary conditions will be
on the intensity; the intensity entering the plasma will be
d8/dar where £ is the fraction of the laser energy delivered

up to time T ;

: t
2 = E%E ], T(wa

so that- 5=0 at 7T=0 and &=1 at T =1 (the end of

the pulse).
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2. Preliminary Study of Parameters

The size of the parameters e , i', Mg,y Will determine
the character of the plasma heating and the important parts of
the governing eguaticns. " One of the factors determining these
parameters is the size and density of the plasma. For this
discussion, the plasma is assumed to be overdense {i.e, the
plasma frequency at the point of highest density is greater
than the laser frequency). Furthermore, to simulate a typical
-nonuniform plasma, the density is assumed to rise linearly
from zero at the edge of the plasma and remain linear at least
to the critical density point. '

&. Dynamics Parametex

From (2-2)}, € = aotp/R . R depends on both the electron

density gradient and the critical demnsity {which depends on the

laser frequency).

Bag 4ﬂ2eomec§ 1

R =32 - [ . S (2-15)
i Is) e

The acoustic speed scale ao depends in the usual way on the

temperature scale T, . A deuterium plasma is assumed in cal-

culating the acoustic speed. Applying (2-15) T; becomes,

lane(Jb/h)
T = ) z 3

4ve m_c
3 oe o
'z'k[ T ]
e

Then, ¢ can be written,
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.
¢ = 1.0t x 2070 (g, /m A% e ) ¥ 2

P

with J_/a in Joules per square meter, X_ in microns, vn,

¢
in electrons per meter to the fourth, and tp .in seconds.
b. Equilibration Parameter

14 Litn

Using Spitzer's electron~ion equilibration time,
(2-4)

» =5.78 x 16°® (JO/AT3/2(vne5'3/2N;BtP _

¢. Thermal Concuction Parameter
Using Spitzer'sl4 electron thermal conduction coefficient,

the conduction parxameter {2-5) becomes

- 5/2
N = 4.55 x 1078 (3,/a) / (ng) ¥ Mo,

.

Then, the pulse time tp , laser energy per unit area
J;/A'f laser wave length A, and electron density gradient
Vne arise as the key parameters of ‘the problem. With a par-
ticular laser pulse length tp and wave length A, the var-

ious regimes can be shown graphically as a function of J, /A

¥

-2, 10712 gec for

and Vn, . Figures 2, 3, 4, and 5 show when ¢ , A , and 0,
are large or small for the cases tP = 10

3 sec for lo = 10,64,

= = 10”° -
Ao = 1.06y and = 107", 10
The various lines in figures 2-5 separate the different
ieqimes from each other. Each regime is characterized by a

sﬁecific combination of large and/or small parameters. Where

these regimes are distinct, they have been labeled with the
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names, “stationary-equilibriuwm-nonconducting”, “stationary-

frozen-nonconducting", "stationary-frozen-conducting*, and
_nonstationary. Conduction will always Yrefer to thermal con-
duction unless otherwise noted. Since the purpese of this
chapter is to study stationary heating, the nonstationary
regime is not divided into specific regimes xelating to
conduction or eguilibrium,

Supposedly in a particular regime, each effect is either
present or not at all. For example in the stationary-frozen-
nonconducting regime, one expects that there is no thermal
conduction, no plasma motion, no ion heating, and only the
electrons are heated by the laser. Thus in a particularx
regime, the neglect of certain effects reguires that the appro-
priate parameters be much less than one {or much greater as
the case may be).rather than just less than one {or greater
than one). Hence the approximate solution found will probably
fail near the lines bounding the varigus regions in figures 2-5,.

It is not always enough for the parameters to bhe small.
The Zfrozen ion condition may break down whilé L dis small.

If the electron temperature is much greater than the ion tem-
perature, then lBe/Bi ﬁwhich appears in (2-9) ) is-not neces—
sarily small even though A may be small. Aalso, if the non-
dimensional temperature at some local point has a first or
second derivative not of order one, then the solution may

not be valid at that local point. For example, in the sta-
tionary-frozen nonconducting solution, there may be z large
temperature gradient in some regions of the plasma., Signifi-

cant thermal conduction may cccur at thoge points even though
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the remainder of the plasma is nonconducting.

&. Thickness Parameter
At this point it is of interest to calculate the thickness
parameter -a . The solution may take on a widely differing
character for different values of & . From (2-3),

@ = 2.35 x 1058 (JO/AT3/2(VneTS/2)\;10

In considering the three stationary regimes, assumptions will
be made--neglecting certain terms depending on the regime.
However, terms in o will never be neglected so that o will
appear in every stationary solution. Thus, in a sense o is
a free parameter governing the solution, a parameée; that may
be 1§rge or small.

Once having solved for a particular regime, it will be
necessary to re-—examine the various regimes of validity. This
"is to be expected since the temperature depends on a , and
thus its order of magnitude may be large or small compared

£0 cone.
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B. STATIONARY-FROZEN-NONCONDUCTING PLASMAS

1. Eqguations

For very rapid energy addition, the plasma may absorb a
laige amount of energy before the random thermal energy bedins
o change to ordered fluid motion, The heating may be rapid
enough so that the diffusing effect of thermal conductivity
will be negligible. Also, with very rapid heating, the equili-
bration processes whereby the heated electrons transfer their
gnergy to the ions will not have proceeded to any significant
extent.

The problem studied here is the case where all of these
conditions appear simultanecusly. Then, the heating is essen-
tially a stationary, nonconducting process whereby energy is
Eransferred from a beam of light to the electrons in the
plasma. No energy is transferred hetween electrons by thermal
conduction, and no energy is transferred to the ions, either
by electron-ion equilibration or by ordered plasma motion.

The requirement for a'staﬁionary plasma is that the dyna-
mices parameter e << 1 . ¥For a nonconducting plasma the
requirement is thaF the thermal conduction parameter ne,i<< 1.
Also, for a plasma in which the electron and ion temperatures
are uncoupled, the equilibration parameter A << 1 ; and, if
the electron temperature is large compared with the ion tem-
perature, then 1Be/ei << 1 is required.

For the limit e , 27, xee/ﬁi , ﬂe’i % 0 , the governing
equations simplify considerably. The continuity equation (2-6)

becomes (/%7 = 0 8o that the Gensity profile remains
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stationary ( = ({y) . The momentum equation (2-7) becomes

BU/DT = § so that the velocity remaing zereo throughout the

process, The eleatron entropy equation (2-B) becomes

e = 2K -
¢ {2-16)

The radiative transfer equaﬁion {2-10) remains the same, as
does the absorption coefficient {(2-11} and all three eéuaticns
of state (2-12, 13, 14). %The electron entropy equation (2~1€)
plus the radiative transfer eguation {(2-10}, the absorption
coefficient (2~11), and one equation of state {2-13} form 2
complete set of four egquations in four unknowns.

These can be reduced to a gingle eguation for electron
temperature. Solving (5«13) for Oy » taking the time derivaw

tive and eliminating éce/bf uging {2-16} yields

b8e _ oX . _
ST C ¢ i {2~-17}

then solving for i and using. {211},

‘ 5/2
TETeC T

(2-18)

M fferentiating with resplact to ¥,

2,.5/2 ;3 5 /2
2 _2 (Y2 e 5 1-3C ac ¥
oy 5 af dy ot 5 ag2{l_§}l/2 dy ~oF

Combining this equation with {2«18) using (2-10) to eliminate

i and {2-11}) to eliminate K yieslds
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2,5/2 5/2
(4] Ge/ 2 1 - —C ac DB QCZ bBe
5 (1~ g) ay bT ‘(1—g)1/2 oy

(2-19)

which can immediately be integrated once on T to give

i
2 _e _2_.._._.___2 ag 4572 a = -
2 Py ?I:é;iJﬁf o, = £ly) .  (2-20)

£({y) arises out of integrating with respect to T and is

determined by the initial conditioms. I£ the initial condi-

tion is Be(y,o) = Bz(y) , then [2-20) becomes

2 5/2 _ 405/2 - 2g ac - n5/2 _ q05/2
T L GEUAGERE 21 L ERLAGE
” (2~21)
* (lac)l72 [ 6 ~ B; ]

This is the eguation governing electron temperature for a
stationary-frozen-nonconducting plasma. .

It is noteworthy that although the dependent variable Ge
js a function of both y , and 7 , (2-21) is essentially an
ordinary differential equation in 8, in that only the partial
derivative with respect to y appears. The only precaution
in considering (2-21) as an ordinary differential equation is
that'in the solution, arbitrary functions of T arise instead
of constants (as in the case of a real ordinary differential
equation) .

Tn order to formulate a well posed problem, appropriate
boundarﬁ and initial conditions must accompany the governing

eguation (2-21). The initial condition is
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o o
-8 ty,0) = 8 (y) (2-22) .

The density profile ¢({y) remains the same throughout the
stationary process, and hence is the same as the initial den-
sity profile. ‘

Phe basic boundary condition is that the intensity at the
outer edge of the plasma equals the intensity delivered by the

laser,

i{o,r) = d@/a-

put a boundary condition on temperature Be must bhe developed.

{2-18) is rewritten as

5/2
bee _5 al -
T 2 *
Nl =~ g
and tfhe boundary condition is
28 5/2
e _ 5. . oc{o as (2-23)

13 y=0 2 ‘ﬁfjrifﬁff-dT

If ¢(y) 4is such that c{0} = 0 , then the appropriate boun-
dary condition is on the First derivative with respect to ¥y

5/2
226

_5 _8f st
by 0T o ar

e & (2~24)

y=0
for ((0) =0, and 4¢/dy yzO# 0 . It is necessary to resort
%o the derivative in this case because (2-23) will turn out to

be satisfied automatically when ((0} = 0 . The same basic
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:bounaary coﬁdition'on the intensity governs.both cases. Equa-
tion (2-24) could also be found by combining (2-18) and {2-19)}
at the edge of the plasma. (2-22) and (2-23} or {2-24) together
with the governing differential equation {2-21) form a well

posed problem.

2. Analytic Solution

& study of the governing equations shows that the nature
of the heating depends on the size of the thickness parameter
a . @ large corresponds to Vn, sufficiently small such that
the underdense portion of the plasma is optically thick. The
result is 2 "bleaching wave" process whereby successive layers
2ye heated until they become nearly transparent, allowing the
beam to penetrate to a deeper layer. a small corresponds
to éne sufficiently large such that the underdense portion
of the‘plasma is optically thin. Then, the whole underdense
region is heated simuléaneously. If a is sufficiently small,
the laser will have only a very small heating effect on the
plasma and would be ineffective in the production of a thermo-
nuclear plasma.

If the initial temperature of the plasma is much less

than T , then another small parameter can be defined,
9 .
_ 8 (¥) = ugly) (2-25)

where .the méximum value of g{y) is chosen to ks one and u
ie the small parameter. p is called the initial temperature

parameter since it is a measure of the initial temperature.
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- The governing equation is now

i 1 :
; 1 - =C
2. ( g 5/2_5/2.5/2 ) 2 2°_al ( 4 5/2_,5/2,5/2

0=%5 % \'% ST -Crdy \ e

_._U.i%._.g 2-26)
= (8,~1g) (2~

If the final electron temperature is in the neighborhood of

T, then 8, will be of order one. Hence, during the hotter

stages of heating, the terms in will ke relatively small.

If only terms of order one are considered, (2~26) becomes

.

1
372 %% 2 1 -3¢ ac 52

2
ag
0=8 " 5 -Sta =g a e * 8, + 0{u)

NI-¢

{2-27)
this is designated the "hot equation" since it corresponds to
the hotter stages of the heating.

 In the initial stages of the heating, 8, will be near
6; which is of order p . For this case Be must be
rescaled; 8 = uau where 6, is of order one. Then,

e
(2-256) becones

. -
1 - ¥
28 ( ,5/2_5/2\_2 35 ac (. 5/2_5/2
°=50y(9|.1 -9 ) SC(l—g)dy(eu g’*)

e _€° - -
+~7—u32 — (6,~9) (2 28)'

This is designéted the "cold eguation” since it corresponds %o

the colder stages of the heating.

)
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" $olving the problem for B: << 1 involves solving {2-27)

and (2-2B) separately and then appropriately matching thé two
solutions to the boundary conditions, ipitial conditions, and
o each other. Solving such a problem where different parts
of the solution must be matched with each other reguires the

method of matched asymptotic expansions such as described in

detail by éole.ls

a. Solution to the Cold Equation

/2

A significant parameter 0./113 appears in the cold

equation (2-28) which may be large or small. There are two

3/2 3/2

important cases, o > or a << , a thicker; or

a thinner plasma, respectively.

3/2

-For a thinner plasma «a << i (2—28i becomes

1
. 1 -3¢
_ 2 5/2 5/2\ 2 2> af 5/2 5/2 3/2
T 52y (Bu o) -ETE T O & (9“ g2’ %y &+ ofa/e>’?)

Rearranging this equation gives

5 5/2__5/2Y _ b ¢ 3/2
By lég (Bu o ) = Ty log —Ef:—z + oo/ "}

which is integrated

-2/5
o, =L %+ T o(a/u®?) (2-29)
==

i

£(1} is an arbitrary function of 7 that arises in the
iﬁtegration with respect to y . £{(7} is found by applying

the boundary condition, which is {2-23) or {2-24). The resultis



which is integrable

where a is the constant of integration. a can be evaluated
by applying the initial condition (2-22). Since §(0) =0,

= 0 also, and with {2-25}, (2-29} becomes

5/2
_Cs
( 95/2 + —-——7~ + 0(a/u3/2) , (2--30)
. i
3/2 .
the solution to the cold equation when « <R . Physically,

this corresponds to the case where the entire underdense regicn

of the plasma is simultaneously heated from the very bedinning

of the laser pulse.

3/2

For a thicker plasma a >> | {2-28} becomes

3/2 2
0=2..“_"._._°_ 95/2_g5/2)+._.§_-_(9 -g)
5 a by ¢ A=t ®

3/2 1- ¢
2 g 3 &b . 5/2_5/2
o et s W LT B (2-31)

Since the derivative term is multiplied by the small parameter

uS/Q/u , the method of singular perturbations must be used foxr

the solutién. Thus, the solution to (2-31) is composed of an

r

outer solution, 8 where terms of order u3/2/u can be

neglected, and an inner solution, @i , where the temperature

changes rapidly in a very short distance.
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The outer solution is to order one,

8, =g+ 0% . (2-32)

Physically this represents the unheated parts of the thick

plasma.

Finding the ipner solution requires expanding the secale

of vy ,
w Y=Y,
y‘.:'—j—?T-—
W'

whexe y, = ¥,{7} gives the location vi the "transition layer™.
The other functions in (2-31), gly} and {(y) , Wwill be constant
to order one in the scale of y . For example,

w32 _ u? . g 3,2
Cy) = Cly, + = 31 = (ly,) + S5 ¥ Glymy * O/

-

Then to order one, the inner egquation is

2
@, £7(y,}
S e (8;-a(y,)) + o ta®2/a)
°F W1 - ¢y )
which can be integrated
3/2 se,
e ®s Cz (YGJ - "3/2

'.f'é""'_'T"‘j‘i = = BT} =~ e ¢ O /). {2-33)
17 9% VI = ciyoi ]

m{7) dia the function of time that arises in the integration

with respect to ¥
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The 1ntegra1 on the left slde of {2-33) can be evaluated
using ordinary methods of integratlon. chuuctlng the integra-

tion, {2-33) becomes

6 1/2
@ 3/2 0, 1/2 3 -1
(-——) + 2 (-———} + log 9
9. 1/2
@)+1
o (y,)
Eg(yo)1372[ JI =) ] -

The complicated expression on the left side (2-34} can be

expanded for limiting values of @i/q .

For ei/g ' near one, (2-34) can be solved as an expansion
for ei/g ,

2 ' .
£y}
8 Y, e
g{1+4EKP ..}.m(}___._._.__o.._—-y|+...]
[(yH: EAEETA =
+0(u3/2/a}

which is valid fo£ @i/g -1 <<1.

As ¥ goes to positive infinity, B8, is seen to reduce
exponentially fast to g which is just the outer solution (2-32).
Thus, the inner solution (2-34) correctly matches the outer
solution on the positive y side of the tramsition layer.

_For @ifé much larger than one, (2-34) can again be

solved as an expansion,

'.',z(y0 2/3

8, =| 2 m(r) -é--———-—www-——] + of 3/2 y , (2-35)
=L 2 T-cw,) HoE
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which is valid for @i/g > 1 . Si is seen to grow very large
if ¥ becomes large negative. Hence, for large negative ¥,
(2-35) must be made to match the solution to the hot eguation.
This inner solution correspo&ds physically to the front of a
bleaching wave where the temperature begins to rise signifi-
cantly above its initial value.
b. Solution to the Hot Eqguation

When the enérgy in the lase; pulse is large compared with
the initial internal energy of the plasma, then generally
(ee}final/a; >> 1 . 1In this case (8))g; 4 is essentially
independent of Bg(y) . The "hot eguatien" (2-27) governs this

case, Dividing (2-27) by Be gives a lineax first order equa-

3/2

tion in 8 .
e

3/2

20 3 1-3¢ 4 3/2 3
o 3 TG ,32 3o
by 5 ¢{1 ~ ¢} gy e - - ’

~

which can easily be solved to give,

5 P tetm-3a UAR IR
e - 0 /3 ¢ z % do - s H

The -function c(7) that arises in the integration with respect
to y is determined by applying the boundary condition (2-23)
or {2-24)

48 5/3 5 , &
ar [e(MI7 =5 gy

or ety = a¥® G e+ 0P
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b is the constant of integration and will be determined by the

matching with the cold solution. Hence,

2/5.2/5 - ¢ (/5. 23
_a’ ¢ .- 3/ 3 .2/5 £ ay
% s e NP VE 1orom

{2-36}
The expression (2-36) is only physically realistic when the term
in brackets is greater than or egual to zero. It is seen that
given a T , this term is positive for y less than a certain
value.
The physical impossibility of its being negative is seeﬁ

if the resulting expression for i(y,T} is written using (2~18),

~

as
[‘5 5+ b)3/5 3 2/5 ¥ g’/5 ay 75/3 =
] (1 g)l/S — (% {))2/5

fhe term in brackets becoming negative corresponds to the inten-
sity becoming negative which %s impossible. The hot solution
is only valid for positive values of the term in brackets. The
cold solution must be used elsewhere. Physically, (2-36) des-

'

cribes the temperatures behind the bleaching wave.

if EZ/S << 1, (38) can be expanded with a2/5 as the
small parameter,
2/5.2/5 5 )
——Ql7§ (2 s+ 125 4 0™’ L0 (2-37)
{1-¢) .

This limit corresponds to the physical case of thin plasmas

when the entire underdense region is heated simultaneously.
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c. Hatching Hot and Cold Solutions

in the various expressions that compose the solution
{2-30), (2-32}, {(2-34), and (2-36), various'unknowns arose:
b, m{7), and yO{T} . These unknowns will be determined by
matching the d4ifferent components with each othexr for' the

possible ranges of the parameter a .

o < u5f2

This limit corresponds to a very thin plasma. ‘the oold
_=zolution iz given by {2-30}. fThe first term in the paren-
theses is of order one and the secondé term is of order

a/i™/?  apd is relatively small. Then, (2-30) can be cxpanded

akout g(y) (where g is non-vanishing} giving

3 €z 3/2
B, =g+ + of{e/w™ 7} . - (2-38)
= S

It {s immediately seen that at the ond of the heating {3=1} ,

5/2

the term in o/l is still swall compared with g &nd thus

there is no need to seck a hot regime. The temperature Ba
remains in the cold regime throughout the laser pulse ana.is
governed by (2-28) X )
Thysically, this means that very little of the laser energy

ig actually absorbed by the plasma. The whole underdense region
is penetrated by the beam so that a reflected light wave will
arise, BSince the intensity of the reflected light will be imper—
.ceptibly diminished due to weak absorption, its effect will he

o raugély double the heating due to the inciddnt light, i.e.,

the term in afhs/z ig doubledl
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Neglecting the effect of the reflected wave, the tempera-

turé produced is

8 = 0 °(y) + a 4]

+ O0{a/p
e e Ce,’ ()12 it

1/2
&
This is shown schematically in Figure 6 for a linear density

gradient, a constant initial temperature, and for cr./;.ls/2 = 1/10.

u5/2 <« g << p3/2

This limit corresponds to a plasma sufficiently thick
that significant heating occurs, but thin enough that the
heating is.done simultaneocusly even at the beginning.

The cold solution is again given by (2-30), but now the

/2

term in u/ps dominates the term of order one. Expanding

about the term in « (where & , { are non-vanishing) gives
- 2/5
2
LY 53 5
TR gt

+ 0(1) . {2-39)

This must match with the small o limit of the hot solution
(2—375.‘ The matching require; that the constant b in {2-37)
be zero. Once again the entire underdense region is heated
and a reflected light wave will arise whose intensity has very
1ittle attenuation since a is small. The effect of the
reflected wave then is to double the témperatﬁre in {2-39).

' Heglecting the effect of the reflected wave, a composite
solution can be constructed which possesses the features of

the hot solution (2-37) and cold solution (2-30),
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electron temperature
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Figure 6, Temperature distribution for

a very thin plasmai 0(/‘“5"‘?‘ = 0.10
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: ‘o 3 2/5 ]
-ee = (aes/z + fg——-—-ig- = ) + o(a/u‘]'/z)

372 <o

This limit corresponds to a plasma that is heated at the
beginning by a bleaching wave. The cold soluticon is given by
an outer solution (2-32) and a transition 1ayer‘solution {2-34).
As was seen before, the transition layexr (iocated at yD(T) }
wae matched with the outer sclution for ¥ > yO(T) . Now {2-34)
must be matched with the hot solution (2-36) . The asymptotic
Jimit for @i large-is given by (2-35). The limit of ©

e
small in the hot solution must be calculated., This matching

problem is demonstrated schematically in Figure 7. 60 in
£

{2-36) achieves small values near the point where the term in

brackets vanishes. Given T the term in brackets vanishes

at some ¥, = yw(r) . Expand the scale of Yy - in the neighbor-

)

hood of vy, ,

.- I Yy
Y, = v

where v is a small parameter to be determined in the match-
ing. Then (2-36) becones

i) 22
{~y ) i 4+ L)

JI=Cly,) -

; =1 &
Ge =13 av

This can be matched to (2-35) if v = uafz/d , m{t} =0 , and
YU(T) =y, (1) , in which case y,, = v .
A composite solution valid over all y cannot be written

in this case but the components can be summarized,



45

3/2
o o> }L
electror
teaperature hot solutic%
transition solution
breaks down

]
i
]
i
1

. transition

layer
1 matching solution
f hot solution 1
i
sold
breaks down | solution
- ot !
¥ {T) ¥ (T}
¥ distance o
Pigure 7.

trensition layer and the cold solutlon
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2/5.2/5 ~ 3/5 y ¢7/5 2/3
C 5 3 2/5 €'“ay _
e s L2 2 ° (1-0*” Jorow a0

for y < yw(T) ’

5/2

g = Be° + 0" “fo) for ¥y >-yw{T) , {2-41)

=
. 3/2 |, 3/2 S 1/2
X (Yw)} [e T, )] +2 L 20 A

[6 ° (Y, )] ~a§ {y.)
Y [y-y,) + ot /a) (2-42)

[ «/TW)—

+1

3/2
for y-y, = 0(u //a) .
A bleaching wave is seen to arise which separates hot parts
of the plasma from cold parts. The location of the wave,

ZW(T) is given implicitly by

3/5 ¥ (T} (7/5
€% 2) = 3 EZ/SI c dy

2 0 (-0 /> (243

As & increases from zerxo, Yo is seen to increase monoton-
ically with & . The velocity of the bleaching wave can be

found by taking the implicit derivative of (2-43},

-2/5 1/5 7/5
. d8.5
V= gpaed [0y )] /c(Yw)

For a laser pulse with i ~ 7 , Ve, ~-r1/5 for a constant den-

sity. A positive density gradient has the effect of limiting



thé maximum velocity of the w;iz and eventually causing it to
decrerse.

If a is very small, the wave speed approaches the speed
ef light and reaches the eritical density very early in the
Iaser pulse. From that time on, the laser heats the entire
underdense portion of the plasma simultansously and the teit-
perature profile produced is

_2/5
o, = (32£8) s o0t m (2-44)

i

A "hot spot" is generated near ¢ = 1 , the critical aepsity.
0f eolirse, the original expression for absoxption coefiicient
{2~11) breaks down very near ( = 1 and remains finite at the
critical density. Nevertheless, a hot spot is produced in this
region. This limit is called the *simultaneous heating case®.
In this case the actual temperature produced will be roughly
twig; that given in {2~38} since the light wave is reflected
at the eoritical density and travels backwards through the
region with very little intensmity attenuation (see 2-10) J.
Hence, most of the laser radiapion is lost to reflection.

If the thickness parameter ¢ is larger than a certain
value o the wave travels much more siowly and does not even
reach the critical density by the end of the laser pulse. e,
is & eritical value of o that depends on the density péofile;
but is always of order cne. Hence, in this case there is no
igolated hot spot as for o small. This limit can be termed

the *hleaching wave cage" since a bleaching wave continues to

move into the plasma throughout the laser pulse., The heating
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is by no means "simultanecus”. In this case all of the laser

'epergy‘is absorbed.
In summary, stationary—frozen—noncoﬁaucting heating of a
cool plasma will occur in one of-éour regimes depending on the
sizes of the thickness parameter o and the initial temperature
parameter ¢ . If o << p5/2 , then the plasma is only slightly
heated and the heating is simultaneous., A weak hot spot occurs
at the critical density and nearly all the lasar energy is lost
5/2 3/2

?

to reflection., If H << o << the plasma is heated to
temperatures much hotter than the initial temperature but still
most of the laser energy is lost to reflection. The heating is

32 o

simultaneous and a stronger hot spot appears. If
<a, , 2 vexry rapid bleaching wave traverses the underdense
region early in the pulse. Aftex that the heating is simulta-
neous and a significant hot spot appears at the critical density.
buring the simultaneous heatigg stage, a significant part of

the laser energy is lost to reflection but not as much as in

the previous cases. If a>a, , @ much slower bleaching wave
-.propagates into the plasma and the wave does not penetrate all

the way to the critical density. No hot spot or reflected

wave appears, and ail of the laser energy is absorbed.

* 3. Application to a Linear Density Profile
The solutions given in the lasé section can easiiy be
ealeulated for a linear density profile, ( =¥ . Tﬁese results
for three different values of the parameter « are shown in

Figures 8, 9, l0. For a linear density profile, a_, = 5.2 .
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Fipure 8, Temperature distribution for a

linear density gradient with o = 1000
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Figure 8 clearly demonstrates the bleaching wave moving

into the plasma. In this case (a = 1000} corresponding to an
opt;cally thick plasma, the bleaching wave\only propagates )
about halfway across the underdense portion of the plasma by
the end of the laser pulse. In Figure 3 {c = 4) corresponding
to a medium thickness plasma, the bleaching wave reaches the
critical density just beforé the end of the laser pulse, and
a weak hot spot is generated at the critical density. In

‘ Pigure 10 (a << 1} corresponding to an optically thin plasma,
the bleaching wave travels almost infinitely fast in trave;—
sing the underdense region and hence is not shown. & strong
hot spot arises at the eritical density.

While Figures B, 9, and 10 give the analytical features
of the solutions,.they are given in terms of dimensionless
quantitiés and do not show cléarly the temperatures and other
conditions that are attained. Figures 11 and iz are summary
plofé for laser wave lengths lo ="1.06u and 10.6u , respec-
tively. The "maximum temperatures" given are the maximum
temperatures without the hot spot. Naturally, when a hot
spot appears, there will be a much hotter temperature in a
very localized region. In the simultaneous heating part,

the temperature is of order u2/5To . In the bleaching wave

part, it is of order al/BTo since smaller demnsities are

heated. The expressions for the maximum temperature are,

: 2/5
T & 1.08 (T _/A) eV for M << g < 5.2
max °
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v Z1.64 x 10° (.:ra/}x)lf'z(wme)]L/"'J\Q"’/3 for a > 5.2 .  (2-45)

“max
The "plasma length" is defined as the thickness of the
plasma that is irradiated by the laser, This thickness will
be R for the simultanecus heating case, but will be of order

« /8%  for the bleaching wave case,

L =R =112 x 1027(‘."‘:13)"1?\0-2 for W << g < 5.2
(2-46)
~ 1,53R _ 12 1/4 -7/12,~1/3
L = -;-76"— = 3.18 x 10 (JO/A) (Vne) )LO for ¢ > 5.2 .

where L is in meters.

The maximum density heated is egual to the dimensionless
length heated for the case of a linear density gradient. Then
the maximum density heated is one for the simultaneous part,

1/5_ for the bleaching wave part. These are not

and*1.53a"
shown on the summary figﬁres.

It is noted that the 10.6u radiation heats in the simul-
¢aneocus heating regime for much smallex electron density
gradients than does the 1.06u radiation, i.e., & relatively
Ioné plasma may be in the simultaneous heating regime under
10.6u radiation but in the bleaching wave regime under 1.06u
radiation. By comparing Figures Il and 12, it is also seen
that the temperatures achieved are independent: of the laser
wave length in the simultaneous heating regime.' However, the

longer wave length heating produces higher temperatures in

the bleaching wave regine.
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£+ has been previously noted that not all the radiation

is absorbed in the simultaneous heating‘case but that much is
lost to reflection. It is important to know what fraction of
energy is absorbed--both fxom the standpoint of efficiency and
from the fact that reflected radiation may damage the laser.
Integrating the temperature (2-44) for the thickness parameter
a << 1 over the width of the underdense region, the fraction
éf energy absorbed can be enloulated. This fraction is doubled
to take into account the absorption of reflected light, and

the result is

Jabs _ 58 a}z/s 1 ¢7/5ay
o 2 o (1-0%7"

which for a linear density profile reduces to

%25: = 1:72 2/5
]
Thege results are shown in Figure 13. For o > 5.2. there is
total absorption and for o << 1 the absorption is given by
the above eguation. Intermediate values of o are represepted
by the dashed line whiéh is an interpolation.
7t has been shown recently that another effect may nearly
eliminate the reflected light for sufficiently high intensities.
This is the anomalous absorption effect that éccurs near the
eritical density. This effect was studied theoretically by
Kruer et-al.,l6 and is confirmed by an earlier experiment by

cekker and Sizukhin.17
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4, Summaxy

Analytic smiutions have been developed for the laser heat-.
ing of a one-dimensional plasma under the ;ssumption that the
plasma is stationary, non-thermally conducting, and that only
the electrons are heated {(the ions being frozen at theiy
initial temperature}. .These assunptions were found to be
reasonakle for many cases ﬁf interest. In these cases, the
laser pulse is sufficiently shoxrt so that the processes of
plasma motion, thermal conduction, and electron-icn equili-
bration do not have time to make a significané effect, These
agsumptions reduce the problem (zside from equations of state)
ko a pair of equations: a radiative transfer eguaticn and an
aequation for the temperature containing an energy source fexm.’
These equations were combined and solved for all ranges of‘
the thickness paramétex a by the method of matched agymptotic

expansions.

~

The use of a one-dimensicnal plasma was motivated by thé
need to make the mathematics tractable. No real plasma is
sErictly one-dimensional but many plasma geometries of interest
are nearly one~-dimensional and the analytic results of this
gtudy can be applied to such élasmas with reasonable accuracy.
an exaﬁple of thermonuclear interest i§ the longitudinal hea§‘
ing of a2 colwnn of plasma that has a uniform density across
the column, such as might be found in a plasma focus or a
theta pinch. Another example is the radial heating of such a
column which is quasi«on&—dimensional-if the absorption length
I/KO is leas than the radius of the column. Such a plasma

with a number density of 1019/bm3 heated by a longitudinally
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aimed laser of wave length 10.6u to a temperature of 10 KeV

could be contained with a magnetic field -of 3 MG (as might be
developed in a plasma focus). For plasmas that are not nearly
’ one-dimensional, the results of this study are still valuable
in understanding gualitative results.

The analytic solution shows markedly different behavior
for different ranges of the thickness parameter a . For
thick plasmas (corresponding to o large} the response is
characterized ﬂy a bleaching wave proceeding into the plasma.
Behind the wave is a hot nearly transparenE plasma being irrad-
iated by the laser. BAhead of the wave is an unheated opaque
plasma. Physically, the motion of the wave corresponds to
the hcatihg of succeszsive layers of opaque plasma to tempera-
tures at which they become transparent_and allow the radiation
to pass on-to deeper layers. For o greater than a certain
distinct value o, which depends on the density profile, the
bleaching wave fails to penetrate to the critical density by
the end of the laser ﬁulse. Then none of the radiation is
refiected back at the eritical density.

For o less than a, , the bleaching wave reaches the
critical density before the laser pulse ends. At that time;
reflection occurs at the critical density and some of the light
ié reflected. Although the heating is simultaneous once the
bleaching wave traverses the underdense region, it is by no
means uniform-—-an extreme hot spot is created at the critical
density point. For relatively thin plasmas {a somewhat less
than one)} the bleaching wave traverses the underdense region
extremeiy fast and all but the earliest stages of the heating

are "gsimultaneous®.
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For the thickness-pérameter' a smaller than the small
parametex u3/2 , the entire heating process is simultaneous
with no bleaching wave at all. u is the initial temperature
parameter. The efficiency of the heating drops further as
more of the laser energy is lost to reflection. For o even
5/2)

emaller (less than u the heating is so ineffective that

s
the temperature is scarcely changed at all.

& is clear that in the preparation of the plasma to be
heated, the temperatures {or other conditions sought) can be
optimized by proper choice of the thickness parameter @ .

For a given laser energy per unit area and wave length, a
depends on the density gradient. Hence, proper tailoring of
the density gradient beforehand will give the best results,
whether that be maximum temperature or maximum yield from a
thermonuclear reaction.

- The solution found in this section is only for a stationaxy,
nonconducting, frozen ion plasma. But the solutioné for a
stationary-frozen—conducting plasma, and a stationary-equili-
briun-nonconducting plasma are closely related. In the sta-
tionary-frozen-conducting regime; the effect of conduction will
simply be to smooth out the nonuniformities in temperature that
are produced. This case is studied in more de£ail in the next
section. In the stationary—equilibrium-ﬂbnconducting regime,
the effect of the equilibration will be to divide the energy
equally between the electrons and ions. In this case, the

result is almost identical to the frozen ion solution presented

in this section.
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C. STATIONARY-FROZEN-CONDUCTING PLASMAS

For sufficiently thin plasmes, thermal -conduction effects
become important. When thermal conduction is strong enough to
smooth out major temperature nonuniformities, then one has the
stationary-frozen-conducting regine, This regime is similar
to that studied in the last section except that thermal con~
duction effects are dominant. In this section, a simple solu-
tion is developed foxr the ;tationaxy—f:ozen—conducting regime.
tt is not intended that this solution be as rigorous as that
of section B since it is desired only to demonstrate its

major features.

1. Equations

" The requirements for this regimeé are € << 1, A <<1,
lGe/Bi << 1 as before, but now a different condition N, > 1.
Ion conductivity nj is always small compared to electron
conductivity and is neglected. It is assumed that € , A,
xee/ei are actually zero, and n, >> 1 . Then as before,
the solutions to the continuity and momentum equations are
§-= Cly) and U= 0 , respectively. The electron entropy

equation (2-8) becomes

2 72
._.__.“e =K L . 2/1 .b. %
dT ¢ 6 R bYz

This can be combined with an equation of state (2-13) to

eliminate the electron entropy,
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o S, d%/?
£ ra = a1 + 5 ne DY-?-‘

Using the absorption coefficient {(2-11) this becomes,

b0 2 a297/2

e _ ia2 o e -
Cor = ¢ 377 TEF z_ (2-47)

ey by

(1-o) 1% e

In the stationary-frozen-conducting regime, the thickness
parameter o is always small {see figures 2-5). The sta-

tionary-frozen-nonconducting solution has the temperature 6

2/5.

e
of order o ag seen in the last section {in the simulta-~
neous part of the regime). Since the primary effect of thermal
conduction will be to smooth temperature nonuniformities, it

is reasonable that the same temperature scale weould appear in

the adjacent con@ucting regime. Taking Ge = uz/sﬂa , (2-47)
becomes
28 e ” 2207/
ST T TR Lt T We 2 (2-48)
o7 ai 2(1_01/2 7 e by2

if an, << 1 the conduction term is negiigible and the solu;
tion is stationary-frozen-nonconducting. If an, >> 1 then
thermal conduction is dominant and the solution is stationary-
frozen-conducting. Thus it is seen that ang (not ne) is the
important parameter that determines whether the plasma is
thermally conducting or not. This will doubtless shift the
boundary between these two regimes as will be disgcussed in

section D.
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—Twa'unknowns remain in {2-48}; ﬁa and i . But in the

stationaxy~frozen~condacting'xegime, o << 1 so the laser
intensity-is only weakly diminished in passing through the

2/5)] as seen by

plasima, The intensity is i = §"{7}L1 + 0l
comparing the radiative transfer equation (2-10) and the absorp—

" tion coefficient {2-11). In view of this fact (2-42} becomes,

2,.7/2
[lad 1 38 s t 2/5
2 3 1 T Q [ 5 {~ ] o
o= TS SO I JEv. A +0 . (2-49)
T g2 g Lo T3 (10} 2/ 2 (cma )

Still needed to form a well posed problem are the boundary
and initial conditions. It is not the intent of thig discus—
sion te include the details of finite initial temperature as
done in section B for the nonconducting solution, so the initial

" comdition ig ta%an to bhe ea{y,ﬂ} = 0 . The boundary conditions
are on the -thermal conduction at both ends of the plasma. Since
ﬁhexe'isra vacuum at the front end, y = 0 , there can be no

thermal conduction, so beafbyi G . The same condition

y=0~
would apply at the rear edge of the plasma.

2. Analytie Solution
s : . - 1
Comsider the asymphotic expansion, 8@ = 39 + aﬁ;-ﬁl S P

- Then {2~49) becomes
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The equatlon to order one is 2 3/2/5y2 = 0 and has solutions
= [a {(n)y + a, ) 2/7 where a, and a2 are the arbitrary
functions of T that arise in the integration thh respect to
y . The adiabatic boundary condition at y = 5 reguires that

al(T) = 0 so that & becomes purely a function of T . The

euation to order l/ane then becomeé,

b8

5/2 23+ (v
0 = —-l-...g °+T2_J_)—7—
° (1~}

by

Integrating once and applying the boundary condition at y =

to order l/u.ne yields,

0—95/2 J'gdy+-—:;—}—;—)—j

Integrating again and solving for 81 yields,

' Y ¢Y ¢tay
8 = 5 2 B+ I {I Cdy}dy - :é;}ﬂo{jo(l_gl/z}d{l* ag(M, (2-50)

where aB(T} ie the arbitrary function of time that arises in

-the integration with respect to y . Then,

. d
6= 0, (1) —-7{ I L S Uirrers
o)

2/5 4
T4 33(1')] + U(E&'fg,'(:]:—-i')

M)
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a. Underdense Plasmas
First suppose‘that there is no thermal conductiog through
the point y =1 . This is the case where the plasma doesn't
achieve critical density anywhere and y = 1 1is the rear

edge. Then the rear boundary condition is bea/byl =0 .

y=1"
This is catisfied automatically to order one. The ordex

1/nne equation gives,

' %8, 1
3/2 4
B°/ b: = &Hm r (lé )172{, gdy}
-G
Integrating with respect to time, and applying the initial con-

dition of zero temperature,

8, = L'g' ¢ Io (1~ ny gdy} I (2-51}

.

Thus it is seen that applying the rear boundary condition
to order l/ane determines the unknown function SO(T) in
_ the term to order one. Applying the rear boundaxry condition
to the next higher order would determine the unknown function
as(T) in the term to order l/an .

b. Overdense Plasmas

Suppose that the plasma does achzeva critical densxty and
that the portion beyond the critical density (the dark part)
is heated by thermal conduction from the irra&iatéd portion
which is heated by absorption. This is shown schematically in
figure 14. 1If the mass of the dark part is of the same order

of magnitude as the mass of the light part, then the presence
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Figure 14, Laser heatinz of an overdense plasma

in the

stationary-frozen-conducting veglae
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of the dark part will not alter the basiec character of the
soiution, i.e., that it is dominated by thermal conduction.
However, the temperatuéc'produced will be less since a
greater mass of plasma is being heated.
To construct the solution in this case, one must solve

{(2-46) for both the light part, 8 and dark part B8

ak ! ad *
geparately. Then the two solutions are matched at the point
y = 1 with the condition that thermal conduction at the
junct%on is the same for both. Thus (8, ,- ead"y=l: 0 and
(beaz/by - beud/by)[

the same as the light form except that the absorption term

Y*l 0 . The dark form of {2-49) is

{that conéaining &'(t} ) is missing in the dark eguation.
The order one dark equation is the same as that for the

light eguation; 7/z/by = 0 , and its solution is

eod = fbl(T)y + b2(T)] 7/2 . Applying the adiabatic boundary

condition at the rear edge (y = L) of the plasma, beu/by}y=L

i

requires that bl(T) = 0 so that Bod = Bod(T) . Matching
this to the light solution to order one requires that

aod(f) = 805(7) = BO(T) . The order l/bqe equation is,

. 2 .
% _ 572 D04
oT o 2

by
Integrating with respect to y and applying the boundary

condition at y=1L g;ves

20,5 . J.L a
oy . . 5/2 5 o4
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tntegrating again gives,

1 M
%10 T 7572 BT y{fzidy}dy + bglm}
o

where b3§T) is the arbitrary function arising in the integra-
tion. Matching to the light solution {2-50), Bld(l,T)
elz(l,f) merely forms a relation between the two unknown
functions of time aa(T} and b3(1) . But the matching of

the first derivatives bBla/by|y=1= °Blz/°Y|y=1 gives,

08 1,2 b6,

b gr{r) I Fay- TV _ L1 T

"'95'72'[: w0 CdY 5377 G 72 TR - IL C‘iy-‘
O . [+]

23y

3/2
)
;}1 2

Integrating with respect te 7 and applying the zero initial

temperature condition,

LN e AL T

(1- C)

which is the same as the solution to the previousgly solved
case except for the different range of integration in the
denominator (over the whole plasma}.

ghen the usual nondimensional electron temperature is,

2/5
0, = /%0, [ § ot (; o L) ] o)

C)

(2-52)
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Thus, for the stationary-frozen-conducting plasma, the

. temperature is seen to rise—-uniformly--with the two-fifths
gnwer of the laser enexgy releésed {as measured by %}. This
agrees wi&h the fact that thermal conduction dominates and
also with the fact that as the plasma heats up, it becomes
more and more transparent to the radiation, thus heating

more and more slowly. The fall off in the rate of heating

is c¢learly seen in figure 15 which is the time history of the
electron temperature Be for a plasma with a parabolie den-

3

sity profile, ( = R yz , heated by a constant intensity

(N1

Jaser pulse for which § T . This solution is based on the
assumption that the masses of the light and dark parts of the
plasma are of the same order.

Suppose that the dark part of the plasma is much larger
than the light part. Then, even though the light part is
dominated by thermal conductioﬁ and has a nearly uniform tem—
perature, the dark part may be quite nonuniform, Ifsthe dark
part is Jarge enough, then it will have a nonuniform tempera-
ture profile diffusing with time into the dark part. Since
the thermal conduction coefficient of a fully ionized plasma
is proportional to the five-halves power of the temperature,
the thermal diffusion is nonlinear. It will proceed into the
cold dark part as a "thermal wave" resembling the "bleaching
waveé" found in the statichary-frozen-nonconducting regime.

The close relation of these two phenomena is discussed in

detail in chapter IV.


http:temperature.is
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Figure 15, Time history of electron temperature of a

pilasma in the stationary-frozen-cohductlng regime
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D. RE-EXAMINATION OF HEATING REGIMES

As was préviously mentioned, it is necessary to take anf
solution found and reconsidex the regimeé in which i£ is wvalid.
This is especially true in this study since the dimensionless
electron temperature 6~ varies over many orders of magnitude.

e
Be is of orxder a2/5

in the stationary-frozen-conducting
regime and in the simultaneous heating part of the stationary-
frozen-nonconducting regime, For the bleaching wave portion
of the stationary-frozen-nonconducting regime § -~ a1/3 .

@ is a parameter that may either be much larger or much
smaller than one.

Any locally extreme values that may occur in Be or its
derivatives may also invalidate the solutions. Indeed such a
singularity does occur in the neighborhood of the critical
density where a temperature singulaxity does occur (in the
stationary~-frozen-nonconducting regime).. However, it is not
the purpose of this discussion to probe the fine points of
local phenomena——such as that very near the critical density.
- Rather it is intended to re-examine the overall behavior and

to find the correct boundaries of the various regimes since

Be is not of order one.

1. Onset of Motion
The original estimate of the plasma regimes (section A 3}
indicated that the onset of motion occurs toward the upper
right corner of the summary charts (figures b-s), i.e., for

higher values of ¥n, and J,/A . A study of the governing
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equations with cognizance of the correct temperature scale

reveals that the original estimate is too conservative, and

that the onset of motion ocecurs for evenrhiqher m, -
_The appropriate criterion to determiné the onset of motion
is the conditions for which the plasma motion begins to sig-
* nificantly ‘affect the temperature that is produced. Consider

the asymptotic expansions,

¢ = v {a)g + vylo,e)gy + vas

0 = o gl(a.,e)Ul+ cne

ee = )\.9 () 90 + )‘1(“”6) el 4 ees {2-~53)
1= i £ 6y(a,e)iy + on

y = 8y

where Xa(a) and vo(a} are the orders of magnitude of the
“temperature and density for the stat?onary solution. B is the
appropria?e length scale, They are to be determined by the
nature of éhe stationary solution. The terms of order Vl-,
€10 M+ 8 contain the lowest order effect of motion.

The terms of order one , vy and ko give the stationary
solution. The object of this discussion is to find xl/lo
which is the ratio of motion induced temperature change to the
stationary temperature.

Applying the expansions (2~-53) to the momentum equation

(2-7) together with the equation of state (2-12) gives
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[o ] [gr'o'u““ f*a‘%

In this and in subsaquent squetions, the first bracketed

iioﬂo}] e = 0L (2-54)

DQY

term represents the stationary ‘terms and the second represents
the lowest orxder effecct of motion.
Applying the expansions {2~53} to the continuity seuation

{2~6} givesn
l

ol : Vn§1 5
95? ] [vlﬁ “—"""—"' '_';:(goulj‘] *oeaa = O {2"‘55}

Rpplylng' the expansions {(2~53} to the radiative transfer

equation {2-10} with the absorption cosfficient (2-11) gives

vo o gozi : ] oy iy 8 v§a KN .
[E by 3f2 3”2.,“3 otees” 5 by ; :’

' 2 2
ovlu.‘zgeglio \’o‘\la 3Cpi,® 1
IR o 5/ 265f2 j e

lﬁo o

= 0 . {2-556)

Nota that the radical J = Maloter- ‘was not expanded. This

factor hecomss important only if the plasma becomes overdense

at some point. . .

The electron energy équation is found by combining {2-8)
with {2-11) and (2-13},

’ + thermal
D% _ 2%.a¢ + U % 2%, poy %21 conduction
oY 3 bt Dy 3 w) T 3/2 p— and equili-
] . % W1={ pration terms
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The thermal conduction term is not written out since its only
effect is to smooth out thermal nonuniférmities. The equili-
bration term is not written since it can only affect the
electron temperature by a factor of two. Applying the ex~

pansions {2-53) to the electron energy eguation giwves

3

2
b8, o¢ V Lo 1
2 2 o O o "0
[voﬁo(gob'r A A3/2-93/2JW *
, ] o oS0 "°°*

be ® d8 ag
L, 24 52 °o 25 "1
[“0"1(50 5 305 ) * viro{erzr - $%0% )+

E1Vohot be, 2 8 bgo Vpvid 2§o§110

(UC._._...._._U + R
I%0, o~ 3 o, ~ 3/2 3/2
8 o5 371 Ao/ 6, 7

= 0 . ({2-57)

2 2, 2 2.

Voiby6 Coll V0A1Q°3C01081 +
3/2" 3/2 " 5/2 52] "

Ao / eo/ Ao /2 290/

The most general equations are found when all terms

within a pair of brackets are the same order of magnitude.

Then from the stationary terms, one can conclude that

3/2
Ao /
.2 = «,
BVO
A 5/2
L = o, (2-58)
Vo

From the motion térms, one can conclude that

gl = "B_G,'
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Voﬂoez

o
e
i
®
-

Ay = S3E - (2-59)

{2-58) and (2-59) are now examined for various cases to
determine the appropriate variables for the onset of motion.

For a linear gradient plasma in the bleaching wave

~1/6 1/3
[+ 4

regime, y, = B = and p, = o (from section C)

which is éonsistent with (2-58). Then (2-539) leads to
. 1/z 1/2 2 2/3 2
Eg = a €, vy Ta / € = o / €

1
Thusg Al/ﬁo = a2/362 is the parameter determining the onset

2
s 0 and py = g€ -

'
of\motion in thig regime.

. For a linear gradient plasma in the simultaneous heat-
ing regime, y, =B =1 and p, = a2/5 . This is consistent
with the second equation in (2-58) but not the first. The
reason is that the characteristic length scale predicted by
the radiamtive transfer equation is éhe absorption length,
which is erroneous in this case sinée the characéeristic
Jength is the distance to the criticél density where the heat-

ing ends. Then {2-~59) leads to gy = az/se ’ Vl = a2/562 ?
2/5 2
o €

2
5y = o /52 - 4752

parameter determining the onset of motion in this regime.

ig the

¥

Then hl/Ao

For a uniform plasma, v, is the specified scale of the
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"density (which is constant),. Tﬁen {2-58) leads té hg =

(wa)’z" 5.; g = a-z/ 5%"?/ 3+ Thus {2-59) leads to gi’a
aé/svog/?a R a6/5v021/5€2 , 6l - 0}5,:"'5\1'016/5‘32
= 85, 18/5.2

and

r

o Then  py/h, = aﬁvaslsfssz is the para-

Ay
meter determining the onset of motion for a uniform plasma.
. In & linear gradient plasma, the onset of motion will

oecur in the simultaneous heating regime for cases of inkerest.

In this regime the important parameter is

l':': -
e = ea® = 2.42 x 10 47(Jo/h)2/5(vne)2xo4tp2 . (2-60)

If 92a2f5 << 1l , then there is no motion during the laser

pulse. If ezuzfs >> 1 , significant motion oceurs.

In & uniform plasma, the Important parameter is
& = A2 < 120 x 16%5 sy 5x;“t; . (2-61)

where ( has replaced v, since they are identical for a

" uniform plasma. {(2-61} fils very near ¢ = 1 since the

radical I - y,{, + ... becomes very small in that case.

) 2. -Oﬁﬁet of Thermal Conduction
In developing the stationéry-frazen—conaacting solution
for o < 5.2 (section C}, it was found'thaF ang is the
parameter neasuring the thermal conduction. However, thermal
conduction will first bhecome dominant in regioés where g ™= 5.2
and a different parameter is reguired to determine the onset

of thermal conduction.

The energy equation including thermal conduction but not
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the motion or equilibration terms, is

bo
e

¢ e =
bT eg/ZJi—:E 7ebY

This was folnd by combining (2-8), {2-11), and (2-13). With

the scaling ¢ = vyq » ee = QB s ¥ = By , the energy

equation becomes

2, 5/2 2.7/2
¢ 80, Vet Co N Ao/ e.2° eo/
o - 5/2 .3/2 g 2 7 *
ot . AD/ Bo/ l—\’o l;o B Vo bgz
. . . 5/2 _
The scales are consistent if the parameter voﬂ/AQ =1.

Then onset of thermal conduction occurs when the parameter
nos/zne/ﬁzvo exceeds one. Eliminating v, , the key para-
. 2 -
meter is an,/8" -
For a linear gradient plasma in the bleaching wave regime
B =\a-1/6 _and the onset of thermal conduction is @etermined

by the parameter-

4/3

*/3n, = 3.07 x 107%°

o/m 2 (en) /O e, L (2-62)

If a4/3ﬂe << 1

A -
a./Bne >> 1 , thermal conduction is domimant.

, there is no-thermal conduction, and if

For a uniform plasma, consideration of {2-40) indicates

_ that the plasma length heated is Yax = 1.13 a—2/5c-?/5

= a“zfsg-7/5 is the

’
valid for ( less than one. Then 8§

appropriaie choice and the thermal conduction parameter is

# 9/5 _14/5  _. 11 -1/5.14/5, -2 )
n = a4 ngt /5 = 5.51 x 10 (v,/3) /3¢ /Ao - (2-63)
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3. Onset of Blectron~Ion Equilibration
The electron and ion energy equations including egquilibra-

tion but not thermal conduction and motion terms, are

20 = ‘ gzi y A Qz (o 8}
Cor Bz/zm e2/2 e i’
o6 Y (2-64)
(Hre = * 57208 - 85) -
[

With the scaling ¢ = voCo » 8 = Aobo » 85 = holoj , ¥ = BY
the scale of the equilibration terms in (2-64) becomes voh/ﬂg/z
which is the proper scaling when the ion temperature is of the
same order as the électron temperature. If however, the ions
_are very cold (at the initial temperature) then u is the
proper scale for 6; . In this case the coefficient of t@e
egquilibration term in the ion energy equation becomes -vcl/hg/zu
which determines the ion heating.

.- The parameter h:q = vol/ngfz determines the bounds of

x
the equilibrium regime. IE£ ke >> 1 there is electron-ion

=
equilibrium. IX£ k:q << 1 the elgctron and ion temperatures
are not in gquilibriﬁm.- The parameter k;r = vokfhi/zu
determines the bounds of the frozen regime. I£ l;r > 1

some ion heating takes place, though equilibrium is not assured.
If k:r << 1 +the ions remain frozen at their initial temper-
ature throughéut the heating.

Before calculating these parameéers it is necessary to

know the expression for 'the small temperature parameter
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[TRES Tg/To . Using {2-1},

35 ~1 -1, =4_o
m = 3.0 x 10 (JO/A) (vne) Ao T s {2-65}

where Tg is in eV and the other terms are in the usual units,.

In a linear gradient plasma, in the bleaching wave regime
1/3

Ay = ¢ so that the equilibration parameter iz
* 2/3 _ 7 -1/2 1/6 ,~4/3
reqg = »a = 7.05 x 107(J_/8) (vn ) A
for a > 5.2 , (2-66)
s . . _ 2/5
In the simultaneous heating regime where 3, =g »
) - -
v oo a5 - 5048 x 10835 )02 for a < 5.2
ed ° © P (2-67)

The freezing parameter in the bleaching wave regime is

~1
—2/3‘1'2 t  for g > 5.2

= w3 = 67.2 (vn )13 . 2 o

M o

In the simultaneous heating regime the freezing parameter is

-1
® /5 _ 13 -1/5.-2_0
)Lfr = Mo u = 4.08 x 10 (JO/A) A Tg tp
for o < 5.2 {2~69)
. 2/5
In a uniform plasma v, = ¢ and X = (af) and the
equilibration parameter is )

* 13 -3/5,2/5, -2 L
leq = B,50 x 10 (Jo/h) ¢ LYY tP , (2-70)
and the freezing parameter isg

. : -1

* _ 13 -1/5 4/5. -2, 0 -

Ay = 4.09 x 1077(3 /A) I gy {2-71)
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4. Summary

The results of calculating the varioﬁs purameters are
shown in figures 16, 17, 18, 19 for a linear gradient plasma,
and figures 20, 21, 22, 23 for a uniform plasma. The lines
bounding the regimes ars extended on into the coﬂducting
regime as dashed lines even though these parameters were
caleuliated from the nonconducting peoint of view. -

The heating of a linear gradient plasma falls éonveniently
linto several regimes. For short plasmas {high Vn, } the
;heatiﬁg is nonsta%ianary, Por slightly lower values of Vne

the heating is stationary and conducting. For even lower n,
{icnger plaséas} the heating becomes stationary and noncon-
ducting. Equilibration effects depend primarily on the enexgy
deppsition and the pulse time rather than on I, . The
golution of section B applies in the stationary-frozen-
coﬂducting regime, and the golution of séction ¢ applies to
the parts of the stationary-frozen regime above the line

g = 5.2 .

PYhese solutions can also be applied to the regions where
gome,” or complete equilibrati?n oceurs. This fact is easily
seen by observing the stationary energy equations for electronsg

“and ions, (2~64)., For the frozen case, the elecéron energy
eguation governs the heating as studied in sections B and C.
For equilibrium regimes, @ = Bi and the two eguationsg combine

<}
to give,
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This is the same as the previous electron energy eguation
except that «/2 has replaced a as the absorption parameter.
Hénce, the equilibrium solution is the same as the frozen
solution except a is replaced by /2 . If there is partial
equilibration, the absorption parameter will be between a/2
and & . A similar calculation including the thermal conduc-
tion term in the electron energy egquation shows that in an
equilibrium regime, the thermal conducting parameter is reduced
by one half. Thus the solutions found in sections B and C
apply to essentially all the nonstationary regimes.

The heating of a uniform plasma falls into the same basic
regimes. For a uniform plasma, larger values of { corres-
pond to shorter plasmas and vice versa. The length of the
plasma is just the length that is heated. One noticeable
difference of the uniform plasma from the lineaé gradient
plasma is that even for large energy deposition, the heating
may still be in an equilibriuﬁ regime for the 1ongér pulse
.;engths.

hs before, the sclution found in section B applies in
the stationary—nonconductiﬂg regimes whgther equilibrium, frozen
or somewhere -in between. The solution of section € does not
apply in the conducting regimes because there ic no critiecal
density point to cut ofﬁ the radiation and limit its penetration.

No solution was developed for those conducting regimes
where the‘critical density does not appear.(such as in the

uniform plasma} or where the critical density region may not
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"pe irradiated (such as in the part of the stationary-condue-
ting regimes below the a = 5.2 1line for the linear gradient
plasma). It is expected that a wave like heating will occur
in these regimes also, and the reasoning behind this is
explained following. The thermal conduction will tend to move
as a wave. Behind the wave is a hot transparent plasma, and
ahead of the wave is a cold cpaque plasma. Then the lasger
beam will tend to penetrate the transparent hot region and

be absorbed near the front of the wave.‘ Thus, even though
thermal conduction is strong, it is expected that the speed
of the “wave" will be governed primarily by the absorption

of radiation in its front, i.e. as in the bleaching wave.
Hence it is expected that the‘solﬁtion in this regime will be
very similar to the stationary—frozen-nonconducting solution=-
both insofar as the temperatures achieved and the Iengths
heated. Of course, detailed phenomena of the two solutions
may differ. Thus the extension of the lines for the onset of
motion, freezing, and equilibration into the conducting regime

‘in figures 17-23 is apparently justified.
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E. POST-HEATING DYHAMICS

One objective of laser plasma heating is to achieve gain -
in a thermonucledr reaction. The general criterion for gazin
is governed by Lawson’s criterion which is discussed in
appendix 2. Lawson's critericn regquires that the product of
the number density of the reactants [(deuterium and tritium

ions) and the time of confinement must exceed 1014

secfem3,
and the temperature must exceed 10 KeV¥. A csrtain mini$um
confinement time is required simply to get enough energy out
of the reaction. For a Co, gas lasex, the appropriate density
would be on the order of the critical density, lolg/bms.‘ This
calls for a confinement time of 10 yse¢. For a &d+ glass ’
laser, the appropriate density would be 1021/cm3. This calls
for a confinement time of 100 nsec. Thus, the plasma must

be contained for times significantly longer than the laser

pulse that would heat it in a stationary regime. Hence, what

happens to the plasma after the pulse is of critical importance.

1. Post-Heating Dynamics for a‘Linear Gradient

Por a thermonuclear reaction to proceed at all, one con-
dition must be met. The electrons must equilibrate with the
ions before the‘plasma motion reduces the electron temperature
and the densities. This is critically important because the
thermonuclear reac?ion rate is strongly temperature depsndent.
Thus it it essential to find two time scales, the time scale
for electron-ion equilibration, teq' ; and the time scale for
significant plasma motion to arise, t . A third scale of
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interest is the time scale for significant thermal conduction,
ten

An examination of these time scales indicates that the
post-heating dynamics falls into two regimes for conditions
of interest, One regime iz characterized by frozen-conducting
dynamics, and the other by equilibxiumwcon&ﬁcting aynamfms.

' a. Acoustic Time

The acoustic time is the time for an acoustic wave to
traverse the heated region. The thickness of the heated region
Yoax® » 2nd the maximum electren temperature, T, {which

ax -
max 1/2

determines the acoustic speed using a = 6.36 % 103 Ta mn/sec

fox %, in eV}, are given in section B. Then the acoustic

time is .

—2/3l~2j3 .
©

£ = 2.54 x lon“(vne) séc | (2-72)

&

This is for the bleaching wave paxt, g > 5.2 sinee it is in
this regime that the three effects, motion, eguilibration and
conduction, Will compete,
b. Electron-Ion Equilibration Time
The correct electron-ion equilibration time corresponding

to the maximum temperature and density in a linear gradient

* »
plasma is given by teq = tp/leq {in the bleaching wave regime)
where hzq = 1/¢2;3 is the equijibration parameter calculated

in section D. Then,

_ -8 1,/2 ~1/6. 4/3 .
teq = 1.42 x 10 (Jc/h) W”e) Ay sec . [2+73)
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¢. Thermal Conduction 7Time
The thermal conduction time is the time for significant
thermal conduction to diffuse accoss the thickness of the

laser heated region and is given by

- 2
- Umaxcv(ymaxR) (2-74)

th Ko

t

where K, is the electron thermal conductivity given by
- .
Spitzer.l' Applving the maximum temperature and density found

in section B 3,

) , i o
e = 3.26 x 10 g /m) /2 (en ) 7/6x08/3 sec . (2-75)

The same result would be attained by taking ty, = tp/{a4/3ne)
where d4/3“e is the thermal conduction parameter found in
section D.
d. Summary
The results of these calculations are presented in figures
24, and 25, for a na* glass laser and a CO, gas laser respec-
tively. It is seen that post-heating behavior falls mainly

into two regimes: the equilibrium-nonconducting regime where

and the frozen-conducting regime for which

<< <
teq %a L tth’
tth << ta < teq . In the former regime, nonconducting

dynamics will occur and in the latter the dynamics will be iso-
thermal, based on the isothermal speed of sound.

In the equilibrium-nonconducting regime, after the pulse,
the.temperatures equilibrate, and the subsequent motion is of

an equilibrium nonconducting plasma. Thexmal conduction never
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occurs.

tn the frozen-conducting regime, after the end of the
heating, strong thermal conduction smooths the nonuniformities
in the temperature. Then the isothermal motion begins. Very
jittle electron-ion equilibration occurs before the motion
cools the plasma. At some point in the coeling, the equili-
bration time gets short enough that the ions equilibrate
with the electrons—-but at a much lower temperature than the
original electron temperature.

Thus the issue is clear, for a thermonuclear reaction to
occuf during the confinement time of the plasma, the plasma
must be in the equilibrium-nonconducting regime, Otherwise the
ions never get heafed to the temperatures required for a ther-
monuclear reaction. This criterion reguires thicker plasmas

(lover Vne) , and the reguirement is more stringent for grea-

ter laser energy (larger Jo/hi.

2. “post-Heating Dynamics for a Uniform Plasma
In this geometry as well as the linear density gradient,
the relative sizes of the equilibration and acoustic times are
all important. These and the thermal conduction time from
{2-74} can be easily calculated using the maximum temperature
and density in a uniform laser heated plasma. The same results

¥ *
would be found by taking t = tP/Aeq , and t., = tp/“ .

a
The time scales are,

- ~13 2/5 -8/5, 2
t, = 8.66 x 10 7,/ "¢ A s

o

ec
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-14 3/5.-2/5. 2
teq = 1.82 x 10 {Jéfh} / 4 / Ay S€C ,
b = 1.82 % 107 %y sy /BClA5, 2 (2-76)
th * o o !

The relative sires of these time scozles are presented in
figure 26, along with the maximum temperature achieved {which
is found by applying {2-40) to a uniform plasma}. Also shown
is the length of plasma heated, L corresponding to a 10,.6p
c02 gas lager. The leﬁgths for a 1.06K Nd+ glass laser are
smaller by a factor of 100. The chart uses Jo/h and
g/(l--g}l""2 as the independent variables. A nanlinear scale
for ( is shown side by side with that for QK(lwg)ljz . &s
with the linear density gradient, the post-heating behaviox
falls basically into two regimes: the same two in fact. Given
a constant Jofh , highez gensities lead to frozen-conducting
méticn, and lower densities lead to eguilibrium-nonconducting
motion. This is the opposite of the natural tendepty for téq

to decrease with increasing density. The reason For this

behavior is that for higher densities, the temperature is
_higher which tends fo increase teq (teq o~ Teajz/he) : The
' temperature increase is greater than the density dincrease,

hence the equilibriation time will be greater.

a. Wave Diagrams for a Uniform Plasma
It is appropriate to calenlate a wave diagram for the
motion that occurs in a wniform plasma, This calculation has

been performed for a plasma in the equilibrium-nonconducting

regime, This is the regime of interest for achieving a fusion
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reaction, so this calculation will be applicable. To simplify
the calculation, several assumptions were made: 1} neither
thermonuclear energy release not bremsstrahlunyg alters the
dynamics, 2) the temperature profile produced by laser heating
was taken to be uniform at the average heated value, T . che
initial temperature was taken to be 1/100 ‘of T ., fThe results
of this calculation are presented in figure 27 which is the
wave diagram, and figure 28 which shows the temperature
profiles for successive times.

It is seen that the plasma expands freely into the vacuum
at the plasma edge. A shock tube like phenomena occurs at
the inner edge of the heated region. An expansion wave moves
into the hot plasma and a shock wave moves into the gnheated
plasma. Tﬁe shocﬁ wave heats the cold plasma to only 12% of
the temperéture of the laser heated region. —

A similar calculation was performed for a uniform plasma
with a solid wall at the inner edge of the heated region.
Physically this corresponds to a plasma heated from both ends,
designed so that the bleaching waves just meet in the center
at the end of the laser pulse. The wave-diagxam for this case
is shown in figure 29. -

b. Release of Thermonuclear Energy

The usual estimate of thermonuclear energy release is to
agsume the plasma reacts at its initial temperature for exactly
one acoustic time., Of course this is not the case because

the temperature begins to reduce from the very beginning, and
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it does not cool abruptly at exactly one acoustiec time. It
iz worthwhile then to use the solutions of motion in figures
27 and 29 to compare the actual zelease of thermonuclear energy
to the estimate,

This calculation was performed assuming the results of
the wave diagrams. The result is shown in figure 30. The ratise
of the_actaal energy released by the D-T reaction per unit cross
sectional area, Epq » to the estimate of the same, (EDT}O .
ig plotted versus the mean temperature to which the plasma is
heated, T . The actual enargy release is lower thag the
estimate ﬁy only by 50% at 10 ReV {or 20% for the cass of a

eonfining wall at the inner edge of the heated region).

4, Summary

An exanxnatxon has been conducted of the plasma dynaﬁxcs
follnwmng -laser heating in a 5tatzonary reglma. Post heatxng
dynanics will appear in one of two regimes, Frozen-conducting
dynamies will ocecur for denser biasmas {since higher densities
lead to higher temperatures). In this regime, the electrons
never equilibrate with the ions before motion dissipates and
cools the plasma. HNo thermeonuclear energy is released in this
regime, For lower plasma densities, equilibrium-nonconducting
dynamics oceur. Here, the slectrons equilibrate with the ions
before the motion and thermonuclear energy is rcleased if the
initial temperature is high enough, The usual estimates of
thermonuclesr energy released are accurate to within a factor

of two or better for 10 KeV temperatures.
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F. APPENDICES

Appendix 1
Effect of Electromagnetic Forces

The primary thrust of this chapter is laser heating of a
staticonary plasma. Hence the effect of forces on the plasma
does not appear in the solutions. Neverthele;s, the size of
the forces will affect the regime of validity of a stationary
solution. The object of this section is to consider the size
of the electromagnetic force that was included in neither the
original eguations, nor in any discussion of the regimes of
validity.

Electromagnekic forces are proportional to the intensity
of Eadiation. Thermal forces (pressure) are §roportional to
the time integral of the intensity since absorption builds the
temperatﬁre and pressure with time. Thus it is possible with
a sufficiently high intensity to have an electromagnetic force
larger than the thermal force. But even a large force may
have little effect if it operates for only a very short time.
The largest electromagnetic forces will arise in picosecond
laser pulses--which have the shortest duration as well. Thus
the ratic of the two forces does not determine their relative
importance. One must find the.actual effect on the plasma
motion. Previous investigations of electromagnetic forces have

18,19

been made. Hora discussed the electromagnetic forces

acsociated with the radiation and drew some conclusions relat-

ing to its effect on plasma motion. Lindl and Kawzo studied
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the effects of these forces when the radiation is not neces-
sarily normal to the surface of the plasma. However, these
two papers do not determine the relative effects of electro-
magnetic and thermal forces for typical laser produced plasmas.
In this appendix, it is shown that electrémagnetic forces have
little effect on plasma motion in the stationary heating regimes
with one exception, the case of a picosecond pulse with a co2
gas laser.
a. Calculation ¢of Electromagnetic Forces
The dispersion relation for eleckromagnetic radiation

subject to inverse-bremsstrahlung abosrption is,

2 2
1/2
e R ey
. w? + 1/7° T w1/

vhere A is the complex‘index of refraction, w and ., are
the laser and plasma freguencies respectively, and 7 is the
clectron-ion collision time. For a sufficiently slow variation
in the index of refraction, the approximation of éecmetrical
optics can be u5ed.21

The Lorentz force density can be written in terms of the

Maxwell stress tensor and the Poynting vector. Following Hora,

this force is,

R d o - -
s a1, 2 2 1
Eem = ~ i) 3z 2 (6B tuH) - 3 ppExH,

c

for a one-dimensional plasma with a density variation in the

x direction with a plane electromagnetic wave traveling in the
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+ x direction.

Only the time averaged value {over a few oscillations)
of the Fforece density is considered. BAlsc, the time average
of the Poynting term will be negligible for laser pulses

much longer thian the periocd of the wave, Then the time

averaged force is,

e

= - G:Eg

_ 3 =~k ~a1/2.2

- fem 1 4 ax e [{RE n )
4

T

v re 42 4 @ 832 4 @ B9,

where %k represents the damping of the wave,

o .

X
J ¥ d=n
o

il

k=2

alE

and B, is the amplitude of the electric field of the radi-
ation entering the plasma. 1I/wt will be small for plasmas
irradiated with a laser bhewm in the visible or longer wave
lengths for a temperature greater than about 20 ev. The
amplitude of the electric field is simply related to the -

intensity--and to the temminolegy introduced in section A,

2 .
€8 + 7 Vs

o
= = = g
2 c ct 4
. P
where &' = d§/dtr . Moreover, the solution to the radiative

transfer eguation (10} is,

L i=3te
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Hence, the magnitude of the time averaged electromagnetic

force is,

I, /A

- M T ¥
fem = 2Rctp 3y i{l/m+n} + ...]

vhere
a= 1-00Y? + o[/ wn?] (2-77

In the stationary-frozen-conducting regime, in which

i =8 [L+0(?)1,

I, /A c__ 4
£ == 3 g5 (2-78)
em 4Rctp (1_€)3/2 dy

The apparent singularity at the critical density is not a real
one since -the expression used for the index of refraction (2-771}
£ails near that point. The stationary—frozen-conducting‘regime
is presented since it is in that regime, if at ail, that elec-
tromagnetic forces may be important.
. Calculation of Thermal Forces

fhe thermal force density is simply the pressure gradient

Yp . BAssuming the contribution of the cold ions to the pres-

sure is negligible, the thermal force is,

= 2 =2 PG -
l9p] = 55 (ngkTe) = 5 =S5 gy (€8]

In the stationary-frozen-conducting solution from (2-52),

J /A
~ 20 5 2/5 da¢
ol 2522~ B 7 &y
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where the ratio of the two integrals in {2-52) was left ocut
. for brevity. This ratio is of ozder one if the dark part of
éhe plasma is roughly the same sizeé as the light part.
c. Comparison of Thermal and Electromagnetic Foxrces

The ratioc of the foreces is,
. 3
2/57 st T 8-35¢

"i .
3R L a4 T

fem/{:rpl = [R/ctp (—i— a)

The first part of the expression, R/ctp(S/Z a)2/5 , gives the
order of magnitude of the ratio. The second part, 5‘/@2/5
gives the time variation and is generally of order one or less.
The third part, a complex function of ( , gives the spatial
variation, and it is of order one except near the critical
density,' ¢ = 1 , where there is an apparent singularity. This
is not a real singularity of course since the expressions used
to derive (2-79) breakdown near the critical density. It is
clearly seen that——holding other things constant--it is possi-
‘ble to make ?;m/[VPI as large as one wants if the pulse time
tp is made small enough. -

the first factor is in the usual terminology,

3/512t_1
o P

2 -
/et (> 032/ =115 x 10745 _/a) .
2. o
Given 10 . tp , then when Jo/h is larger than a certain
value, the factor will exceed one. This gives the approximate
size of J /A for which electromagnetic forces exceed thermal
[+] .

forces, 'The table below shows these values of beh for

typical pulses and wave lengths.
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Clearly then, the électromagnetic forces will exceed the thermal
forces for values of Jo/h- well within the range of interest
to laser plasma heating.

It is established then that electromagnetic forces may
well exceed thermal forces. But this does not mean that they
will have a major effect on the plasma motion, especially
since the largest electromagnetic forees occur in the pulses
of shortest duration. The real measure of their effect must
be based on the total motion they gencrate.

d. The Overall Effect of Tleckromagnetic Forxces

when a force acks on an object for a certain length of .
time, the object attains a certain velocity. Then the effect
of electromagnetic forces is to impart a certain velocity to
individual particles of the plasma. 1f that velocity is small
compared to the local acoustic speed, a , then the effect of
electromagnetic forces on the subsequent motion is small., If
that velocity is of the’ same order or larger than a , then

the electromagnetic forces strongly affect the wmotion.
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_ A caleulation is made of the velocity, Vo » Jenerated
in a nonuniform plasma by electromagnetic forces. For simpli-
city, it is assumed that only electromagnetic fd%ces operate,
and that each individual particle is accelerated by the force
for the time % . The effect of any motion during the laser

pulse on £ is neglected. The calculation uses as the

equation of motion,

- f (2-80)

_ Integrating (2-80) from t =0 to t~= tp using fem from

(é-?S) and an acoustic spéed based on the stationary-frozen-

conducting solutién, the ratio of the electromagnetic to the

acoustic velocity is found,

Vem —

I, /A 7 ac 1 ’
< 75 A\ & 3 78 175) , {(2-81}

|

a 1-0) ¢

5
4micn  Ra 5 o)

where a, - is the acoustie speed based on the temperature T; .
The size of vém/h is roughly the size of the term in brackets
and is given in figures 31 and 32 for a na* glass laser and a
CO, gas laser respectively.

Tt is recognized that the spatial variation given by the
term in parénthesis may be much larger than one in two places,
near the plasma edge, -C = 0 , and near the eritical density
{ =1 . The motion near ( = 0 will be dominated by the dyna-
mics of the adjacent denser parts of the plasma. The electro-

magnetic force does seem to have a significant effect near
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£ =1 though, but the presgncé of anomalous absorption effectsg
in this neighborhood will likewise generate high thermal forces
which may well be more important. Tﬁe anomalous absorption
effect has been studied theoretically by Krier et al.16 and
was seen to appear in an earlier experiment by Gekker and
Sizukhin.17

The comparison of figures 31 and 32 with figures 16, 17,
18, and 19, the re-examined regime charts shows the xregimes
in which electromagngtic forces become important. It is seen
that Vem/a becomes of order one only in a heating regime
that is already nonstationary and hence not of interest to
the problem of stationaxy laser plasma heating. The one excep~
tion is a picosecond pulse with a co, laser where electromag-
netic forces become important at the edgé of the stationary-
frozen-conducting regime. But even then the nonstationary

regima is only extended slightly.

Bppendix 2
The Lawsoh Criterion for Heating a Uniform plasma

The focus of laser plasma heating as described in this
work is to achieve & thermonuclear reaction that releases more
energy than required to generate it, i.e., the achievement of
éain. Thus it is appropriate to conclude this chapter with
peftinent statements regarding the achievement of gain.

The.standard requirement for gain in a pulsed reactor is
known as the Lawson criterion.3 The Lawson criterion is that
the product of the number density of the reactants {egqual

parts Deuterium and Tritium) and the confinement time must
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exceed 1014 sec/cm3, and that the temperature of the reactants

exceed 10 KeV,
at > 1007 sec/em® (2-82)
?; > 10 KeV (2-83)

Physically this means that a sufficiently dense D-T plasma
must react Ffor a long enough time at a high enough temperature
in order to release more energy than went into heating the
plasma. The beauty of the Lawson criterion is seen by -its very
simplicity~-and by its applicabllity to most any scheme ox
geometry. Of course, when the design stage is approached, a
nore exacting criterion will be needed to take into account
the details of the thermonuclear reactor. For the analysis of
a laser heated plasma the confinement time t is taken to

be the ordinary acoustic time, ¢, , fxom (2~76) . The number
density of the reactants is n; =n, = 1.116 x 1021 g/lf /Ema .

Phus the first part, (2-82) of Lawsocn's criterion becomes,

- ¢ 3/2
J /a > 3.60 x 10 —_—
o 7 (JT—'E)

The second part, (2-83), of Lawson's criterion is that the icn
temperature exceed 10 KeV. Phis is true if the electron ten-
perature exceeds 10 KeV, and if there is electron-ion equili-

brium, % = te (2—76)3 These are presented in figure 33

q H
where the various requirements are.plotted against laser

energy per unit area, J /s, and the density, { .
0 .
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Figure 33, Lawson's criterion for a

uniform laser heated vlasma
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The first part of Lawson's c¢riterionrequires ({ %o be
below the line nt = 1014 . The second part redquires [ to
be below the line ¢, 6 = teq and above the line T, > 10 Kev.
Lines are also shown supposing that the confinement time is
ten acoustic times.

The minimum energy for achieving gain is 1011 Joules/h?,
large but probably feasible for future lasers. The corres-
ponding density is 0.1ln__ and the plasma length is 60 m. For

a €0, gas laser this corresponds to n, = 10%8 en™3

. B mag-
netic field of about a megagauss would be required to contain
such a plasma. This is a large magnetic £ield, but not
beyond possibility for the future. A 60 m length for such

a magnetic field is a major engineering project to be sure.

If it were possible by some techniqgue to confine the

plasma for ten acoustic times (by a magnetic mirror effect
possibly}, then the minimum energy needed reduces to about

10

10 Joules/mz, corresponding to a density of 5 x 1018 for a

CO2 gas laser. The confining magnetic field needed is only
increased by a factor of two, and the plasma length is a very
reasonable 60-cm. This is an attractive possibility if the
2 MG magnetic field together with the enhanced confinement

can be attained.

Appendix 3
Effect of z-Doping on Lawson's Criterion
One of the characteristics of laser heating with a long

wave length-laser (such as the 10.6u Co, gas laser) is a

fairly long ‘absorption length. 2 long absorption length
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requires that the plasma volume be large and thus the laser

energy regquired will zlso be large.

A possible solution to the problem of unwieldy absorption
lengths has been suggested by Dawson,22 and that is to dope
the D-T plasma with an impurity having a high atomic number.
The presence of the *high 2" impurity will inerease the elec~
trons significantly and thus increase the electron~ion collision
#ime 1T . ZIncreasing T shortens the absorption length.

Specifically, the absorption length is proportional to 1/22/5

where % is the effective atomic number of the ions. % =1
for a pure D-T plagma.- It is appropriate then to examine the
Z-doping approach in the'light of achieving gain in a thermo-—
nuclear reaction.

First of all, the temperature will go up~-simply because
a shorter length of plasma is being heated. Raising the tem~
perature will alsc raise the pressure. Now if the plasma is
inertially confined, then an increase of pressure may be of
no consequeﬂce._ But in a magneticélly confined plasma, only
80 much pressure cén be contained. Thus the plasma must be
initially at a lower density so that the higher pressure can
be contained by the magnetic field. But reducing the density
to keep the pressure fixed increases the absorption length
and the net effect is that the absorption length is not
reduced at all! Thus, Z-doping is of no value in a magnetically
confined p%asma.

Subsequent discussion assumes that the electron number
density is held constant since it determines the refractive-

properties of the plasma {when reflection occurs, ete.}. Then
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the length‘of the plasma is reduced. This will immediately
reduce the confinement time, which is detrimental with respect
to achieving gain. Moreover, doping with an impurity (holding
ng constant) reduces the number density of the reactants--
and hence the thermonuclear energy release. BAlso, bremsstrah-
lung losses will increase due to the increased ratio of elec~
trons to ions.

A measure of the effect of Z~doping on gain has been made.
There is a certain fixed amount of energy that must be added
to a pure D-T plasma of a given electron density to raise its
temperature to 10 KeV. & winimum nt is then needed to
achieve gain from the reaction that follows. Suppose that
exactly .the same amount of energy is added to a doped D=1
plasma which has the same electron density. Then a

new minimum nt for the doped plasma can be calculated using

the D-T reaction and the bremsstrahlung power densities,

2
- - -24 n 13.94 3
Pogp = 2.5% x 10 ;573 [ exp - 7;E7§' a; watt/om

-31 n2Tl/2

P, 5.35 x 10 - a, watt/cm3

br

N

where n is the number density in /cm3 of all particles, and
T is the temperature in KeV, An eguilibrium plasma is assumed.

ay and a, are factors depending on the doping,

L s em-nin e sp?on)
1 (1 + ¥£(a-1) 12
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I WS
8y = [1 Y
+ Lf{(a-1)]

£ is the impurity fraction of the ions and & is the atomic
number of the impurity (assumed fully icnized). Then Lawson's

criterion is

P P
1. BT _ __br (2-84)

nt " 1-n 5 %p KT

ﬂ is the efficiency of conversion of released enexgy into
heating the next slug of plasma to thermonuclear temperatures.
This calculation takes 10 = L/3 after Lawson. Using the
above equations, the required net for gain (i.e., satiéfying
the ineguality.(2-84) was calculated and is plotted in figure~

34. Used in the calculation was n = agn, where

o -a PO .. -
3 1+ £{a-1)
Also used was T = a4T° where T is the temperature that is
achieved in the doped plasma with 'the same amount of energy
that produces the temperature T, in the pure plasma. 3,

is given by

1+ f@-n178
3, TTT + LE(a-1) ]

It is clearly seen that Z-doping always makes the Lawson

criterion more difficult to attain, i.e., the minimum n t



T 1 ] T 1
A .2 +3 Lo 5
ion fractiom of impurity f

O

Figure 3%, Lawson criterion for a high-Z doped DT plasma
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is always raised. _Moreover, Z-doping does not improve the
electron-ion egquilibration time. In fact it raises teq
(2-76), since T, is increased, and n, is held constant.
Thus the conclusion is obvious; Z-doping is to be discarded

insofar as the goal of a thermonuclear reactor is concerned,



Chapter Three

iASER REFRACTION IN CYLINDRICAL PLASMAS
A, REFRACTION IN & STATIONARY PLASHA COLUMN

1. Infroduction

One of the promising geometries for the production of a
thermonucleay reaction is a jong cylindrical plasma column,
Surh a column might be contained on the sides by a magnetic
field which could be generated in several ways. Bulb magnetic
fields can only hold s; much pressure, thus the plasma density
must be made low enough 50 that the pregsure at 10 XeV can he
contained. Previously this was an impossible drawback to the
lager heating of magnetigally confined plasmas since the cur-
rently availsble magnetic fields (ca. 300 KG) could only con-

3. The sbsorption length

tain a plasma dengity of ca. lolvfcm
for a Nd+ glass laser in a 1617fcm3, 19 KeV plasma is an ’
incredible 450 miles!

Howaver, the advent of powerful long wave length lasers
has made a dramatic change in this situation. Dbawson, Kidder,
and ﬂertzberg23 have proposed the use of a long wave length
gas laser to heat such 2 magneticvally confined plasma. Recenht
24,25,26

developments of high power pulsed CO, lasers with

As = 10.6y show that gas laser development is becoming compeb—

itive with the solid ztate lasers in the production of high

eneryy pulses. The significant advantage in using the long
wave length, as first noted by Dawson, is that the laser energy
can be better sbsorbed by plasmas at densities which can be

confined in the magnetic fields that are currently feasible.
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The mgchanisms of absorption {with the exception of the

.xecently‘&isccvezed anomaloug‘absorptienlsi are fairly well
understood. The primary mechanism ig inverse bremsstrah-

14,27,28 1% and resonance phencm-

lung In addition, nonlinear
enaﬁ’29 have been examined. The actudl character of the
heating has also been studied {see refexences cited in Chapter
¥T)}. But with one e;ception, nothing has been said about
refractive effects in a columnar plasma: Viases and anistrom>?
studied the thermodynamic, abserption, and-refraction problems
associated with heating a maghetically confined plasma column
with a long wave length laser. )

This lack of previous work is not to indicate that refrac-—
tion is not a pr&blem. On the contrary, an attempt hés been
rade to propagate a laser down a typical magnetieally confined
plasma {s-pinch). The result was that the beam was refracted
Lout of the column to the exten£ that no signal penetrated to

the far end of the plasmae. Thus the refraction may play a
veiy signﬁficant role in plasmas of this geomatry. If it is
not possible to keep the laser beam in the plasma column, then
21l the advantages of leng wave length heating are losk, and
it is critically important to study the refraction problem.

o a. General Refraction Problem

When the geometry of a particular scheme is investigated

it beccmes cbvious that refraction effects can play a dominant
-role. The density gradients in the plasma may refract the
radiation out of the plasma before it has traveled far enough

to be absorbed., The eguation for the index of refraction in a

, gas composed of atoems, i&ns, and electrons is
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Bo=l+ (ot e ing + (KK 250, - 4.5 x 10720 5,2

L]

3

where 0 ; ~ tm > and )e . microns. This equation

¢,e,d
.applies when the frequency w is much greater than the plasma
freguency wp and the cyclotron fregquency. For 3, > 0.5
and a typical gas the contributions due to the atoms and the
ions can be combined so that .

B 1420673 mgdn,) - 4.5 x 107270 5,7 .

Thus it is clear that for 13, > 0.5u and jonization greater
than 10% that 7 - 1 < 0 whereas for an un-ionized gas
" -1>0 . Therefore in an un-ionized gas the refracticn
deflects the beam towarxds the higher density but in a fully
jonized plasma the index of refraction decreasas with increas-
ing density so the refraction deflects the beam towards the
Lower density. Since all plasmas have n, = ¢ at their
boundaries, refraction could play a dominant role in the
application of laser radiation to the production of CTR,

The simpie equakion relating the radius of curvature of

a ray, R, to the index of refrackion gradient ig

1-80E ) graat ],
R n

vwhere ¢ d4s the angle betwsen the ray and the direction of
grad . It is particularly interesting to note that R « 0
at the-plasma eritical density, i.e., vhere the laser fre-

quancy equals the plasma frequency. For laser heated plasmas,
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the maximus density Dpsne may be greater or egmal -to the

critical density, [

In this study only the problem of a cylindrical plasma
with azimothal symmetry irradiated in the axial direction is
discussed. The results developed here indicate effects that
would be important in other geomeiries as well, and ths general
trends can be carried over,

- bh. Unfavorable Density ?rqfiie
) FThe most obvious geometry, where plr) is parabolic with
Puax 2% ¥ =90, is considered first. The refraction effects
are detrimental because of the unfavorable density gradient.
It ig chown that héating this type of plasma is very difficult

Bl

due o the refiaction lousses,

If the incident laser besm is focused then it is shown
that there exizts a2 solubtion where the laser beam naﬁihe made
o propagate indefdnitely even in an unfavorable density
gradient, Realistically some deviation from the ideal case
wenld oscnr in prezctice. When a2 realistie deviation is allowed
then ik is shown that the propagition distonce is improved by
a factor of appfoximataly thres over the unforused case,

¢. Favorable Density Profile
The other possidiliby which exists is that the laser boam
is propagated in a regioh vhere the density gradient is favop-
able, i.e., leads to self focusing. It iz shown that for a
favorable deneity variation a parallel incident beam is trapped
ag i; a light pipe. Solukions fox the wave fronts in a para-
bolic density profile are presented. These solutions based on

‘gecmatrical optics show that the wave fronts are a fémilg of
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cusped curves that extend down.the column, alternately collapa-

ing and expanding. During this process envelopes of the wave
- fronts, caustics, are formed at the locus of points of the end
of the cusps. ‘ -
It is also shown that in a light pipe configuration of the
plasma, the effective sbserption length of the plasma can he

reduced by as much as an order of magnitude.

2. Defocusing in a Parabolic Density Profils
a. Unfocused Laser Beam

The geometry considered is a long cylindrical plasma
column with azimuthal symmetry and a density maximum on the
axis with & monotonic decrease of the dehsity in the radisl
direction. A laser beam is incident on the plasma column in
the axial direction vhere it is assumed that the diffraction
affects can be neglected and the lasey bheam is in the TEMGG
mode with the intensity distribution approximated.by a para-
kola. The general configuration is shown in figure 35. It
iz %cchate te use geometrical optics as long as the plasma
density is Jess than the critical density and eczustics are
not generated. The equations for the intensity and the
aposrption wmust be modified near the critical density and
caystics if the details are desired in these localized regions.

The Eikenal equation for a cylindrically symmetric geome-

try is
2 2
1 ¢ a du
= “— kS .
<2 r) \ ax ) ( ar

where wu corraesponds to time and c is the phase velocity.

This eguation can be reduced to a differential equation for the
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* rays .

2 ’ 2

2’ dx gde . . N

dx2+[1+<dx) ar = 0 : (3-1)
where the two boundary conditions are that

r{0) = x5 ,

(3-2)

8r 5y =

dx(o) =0 .
- The integration of (3-1) leads to the ray egquation

j' ‘—-——-‘—"‘1‘; (3-3)

Ty [c {xy)-c ] N

The phase velocity is given by

Cc = G (I.—C)“!“i ’

" 2
where c, is the speed of light in 3 vacuum and ¢ =5 = -g-—,
. w c

the ratio of the density of the plasma to the critical density

for the particular laser wave length. Thus (3-3) becomes

- r ar
x = JI- —== , (3-4})
go Iro ';o'c

where o = ((rp} and (= g(r) .
Now in order to evaluate the integral in (3-4), a para-

bolic density variation is asgumed,

¢ = cm['l —‘r@z]_ .- (3-5)

T =1 correspeonds to ( = 0 at the edge of the plasma r = b;
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and T <« 1 corresponds to ‘C = (I-F)gm at, r=5b . Thus for

‘T <1 the density profile is flatter as shown in figure 36.

The ray equation, (3-4), using (3-5) reduces to |

{—o = cosh{ﬁl _‘ i ]’ﬁ} (3-6)

€ (1~ 52/%)

(3-6) can then be used to determine the distance that the
laser beam propagates along the column. A measure of this
distance is the value of x for which cone half the laser beam
energy has left the plasma column, x% . Figure 37 shows the
variation of x%/b with T for three values of C * For
each of the values of €m @ value of the absorption length
for o = 10.6y and Te = 10 KeV is also given, It is clear
that the radius of the plasma .would have to be very large for
any significant portion of the energy to be absorbed at 10 Kev
and that T <should be very small. -

It should also be pointed out that the case T < 1 could

be considered as a full parabolic plasma profile, F =1 , with

a smaller radius laser beam Ly, - For example if » is the
plasma radius then rb/b = % corresponds to T & fa and

=L ’ =1 -
rb/b =30 corresponds t? r= {00 * As long as the character

istic thermal conduction time in the lateral direction is much
less than the longitudinal acoustic time, the whole plasma i
column would be heated.

Finally for this case it is Epraiqhtforward to make & per-
turbation calculation of the percentage of the energy absorbed
at any-given temperature. Figure 38 shows that for a c02 laser

_and temperatures greater than 100 eV a significant fraction of
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the energy is not absorbed and at 10 KeV the percentage

absorbed is negligible. These calculations were done for
= 1.0 cm and I = 0.10 . For larger plasma diameters and
smaller values of [I' the picture would of course be more
favorable.
B. Focused Laser Beam

Now suppose for the parabolic density profile, the
incident laser beam is focused by a lens such that in the
absence of the plasma the focal point would-be at x=h as
shown in figure 39%. Before solving this case two limits are
obvious. I % - @ then this is.the unfocused case dis-
cussed in the previous section. If % + 0 then the radiation
will traverse the plasma column and go out the other side.
Solutions for finite values of h/b  should give increased
propagation distances; in fact it would seem reasonable to

search for a solution such that the radiation is trapped.

The boundary conditions are now

r(0) =15 ,

(3-7)

ar. .-
axi0 =" -

The solution for this case has three forms:

e , .=l T 2 '
% = y{sinh 1 Ef%T - sinh 1 EW%T% for g~ =0, {3-8)
x r o ’ ’ 2 )
5= y{ln g - In 7%] for p" =10, (3-9)
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<§ = Y{cosh 1 Sf%T cosh 1 b % T  for Bz <0, {3-10}
where
2
2 1 >
g% = I v AN
h ™ b
.l-!'—"——:,z‘
. %o
and
2 1
EIN WS U5 SEPI
Ty gm
1+ 5
h

Fox Bz'> 0 the ray paths are overfocused so lhat they cross
over the axis and exit from the plasma on the other side. For
82 < ¢ the ray paths are underfocused {as shown in £igure 35}.
For B2 = 0 all the ray paths approach the axis asymptoti-

cally. This condition requires

02
bZ

L 11

L. -
(cm 1) - {3-11)

Tt should be roted that in heating a plasma, this type of solu-
tion would only be useful if the characteristic thermal conduc-—
tion time in the lateral direction is much less than the longi-
tudinal acoustic time so that the whole plasma is heated.

As a practical matter it would be impossible to satisfy
{3~11}) exactlf. Tﬁus it is of interest to examine the effect

of an error in e.g., T' . {3-8) and (3-10) give
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where Fc is the correct value for (3-11} to be satisfied.

It is easily seen that only a small error in specifying T

®
leads to values 7? close to those obtained in the unfocused

X
case. Figure 40 shows the variation of 7? vs ' for I - rc

0.10T, and 0.01T, . It is seen that x%/h is improved

over the unfocused case by roughly factors of three and nine

for T = T, = 0.0 and 0.0LF  respectively.

3. Refraction in a Favorable Density Profile
Tt is clear that if the density profile has a minimum the
rays will be refracted into this region. It may even be pos-
sible to trap the‘rays in a minimum density region. The con~
figuration considered is the same as that of Section A 2 exXcept
now it is assumed that a density minimum exists. In this case
it is both convenient and interesting to use the equations in

their characteristic form so that

L-t2 e - cm ] (3-12)

and
gx —2——( L~ C( )35 (3-13
ds ¢, ¢lry) . )

consider the density variation shown in figure 41 . From
(3 -12} it is clear that any ray entering the column with

£y s r, s r, and (0) = 0 will be trapped in this minimum

1
region. Such a conflguration could then be called a "light
pipe" since the light is trapped in the plasma column.

In order to study the behavior of the radiation in a

minimum region in more detail, it is instructive to assume a
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spacific density profile and solve (3-12) and (3-13} for tha

ray paths and the wave fronts. The density variation chosen ig
v 2
g(r) = Cm + U—"Cm) ('1_.;} . (3_14}

This is a parabolic curve with minimum density Cn 2t T =0
and ( = 1.0 or p=p,  at r= b . The radius of the laser
beam is again assumed to be egual to b .

The eguation for the rays is then

X,
r = I, cosl. /b

b1 - x, 2 o )35 (3-15)

The wave fronts are given parametrically by the equations

* r———e———
x _ s Jr £ 2
b T Q'J?"Cm ) '\/l S
r £t -
= cos(z_\/l Con cob) , (3-16)}

——ESQ—-=21-C S —%—(E)r 1Q _s +-!'-$1n(41-

bfi-c m g b L2 2 - cob)]

& and € are two parametric variables. f%The wave fronts arise
for constant values of the time variable, u .

The general proof has already shown that all the rays would
be trapped and is confirmed by (3-15)., For this parabolic
density profile all the rays are cosine functions where the wave
length of the oscillating rays goes te zero as r, -~ b .
Physically, this ;neans.." that those rays entering the column near

the critical density point are bent the most sharply and
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oscillate back and forth across® the column with a very short

wave length. Those rays that enter the column near the center
are only weakly deflected and oscillate back and forth very
slowly. The ray that enters the colunn right on the axis will
proceed along the axis without oscillation.

A series of wave fronts are shown in figure 42 . They are
a series of'cusp@d curves thab alternately collapse to the
axis and then gxpand. This behavior leads ko & series of
envelopes or caustics at the points of reflection, i.e., vhere
the wave front turng around and heads bgck:toward the axis.
Several caustics are shown in figure43.

These selutions have infinities on the caustics which are
Ays to the geometrical optics approximation. The behavior
near a caustic is discussed in the first appendix. fThe axaial
| symmetry alse ieaés to a singularity at the axis. The behavior

near the axis is also discussed in appendix one.

4. 2bsorption Length with a Favorable Density Profile
It is of interest ko compare Ehe‘absorption length in a -

uniform plasma to the absorption length iu the plasma with a
favorable density profile. Naturally, the absorption length
in the "light pipe" is not a clearly defined guantity. The
rays of the laser beam that enter the ecentral region where the
density ié lowest will experience weaker @bsorpticn than those
rays vhich enter near the periphexry--at a higher density.
rurthermore, all rays which do not enter at the density minimum
will oseillate back and forth across the plasma as they move
down its length. ‘fhue, at any point in the column one finds a

strange conglomeration of rays, whose intensity has been damped
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‘by widely varying amounts, and whose position seemg to have no
éelationship to the origin of-the rays.

The appropriate way to measure an "effective” absorption
.length for such a plasma is to calculate how the overall laser
power diminishes in moving down the plasma column. The appreach
is to find first how each bundle of rays has diminished in
intensitf. Consider an annularx bundle of rays of equal inten-

sity,
x
GWlx,r,) = Iixr,) + 2mr,dr, exp{—f K{r(x,ro)]ds}
. o

Where éW(x,ro) is the power at x of the iadiation that
entered the plasma between the cireles I = Ip and

"y =1r, +dr, . I{r,) is the intensity profile of the laser:
K(r) is the absorption coefficient, and ds is an incremental
distance along the ray which kegan at xr; . The total power
in the cross section at x is found by integrating dW over

all r, ,
o b roX : '
Wix} = 2n Io I(ry) - expL~Io de]rodro . {3~17)

The effective absor;;tion lengtl:a can be calculated by performing
the integral (3-17) for a paiticular deénsity profile. Weak
oscillatory terms will arise in the calculation of Wix) but
these should be neglected giving W(x) . The effective absorp-

tion length is then given by

- (f E(x)/gﬁlﬁl

Laff dax /x=0

- (3-18}
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Calculation of ‘Leff/co 31 was performed “for the favorable
parabollc density proflle (3-14) using two different intensity
. profiles; If{r) ~1 - (r/b) which approximates the TEMOO
mode, and I{r) ~ (r/b)z[l—(r/b)z] which approximates the

mode. ¢, is the speed of light in a vacuum and

EMy0+01 ei

is the electron-ion collision time. The results are presented
in figure 44 where they are comgared to the absorption length
in a uniform plasma at a density equal to the minimum density
of the favorable profile. It is seen that there is significant
enhancement of the zbsorption length. In fact there is an
actual maximum aﬁscrption length which occurs approximately
when the minimum density is half the critical density. There
is at least an order of magnitude decrease in the zbsorpticn
length for all densities less than abouk 0.4 of the critical
dens;ﬁy. .

Thué, it is seen that the light pipe not only traps the
laser radiation, but reduces the absorption lengths considerably
from the often inconveniently long lengths which arise in a

uniform density plasma.
5. Summary

The problem of propagating a laser beam along a long cylin-
dricaily symmetrical column of fully ionized plasmas has been
considered using geometrical opties. For the case where the
density has a maximum on the axis and decreases monotonically
in the radial direction the ray paths are refracted out of the
plasma column. The solutions show that it is very diffieult
to hesat a long plasma column with this unfavorablé density

profile. By focusing the incident laser beam it is theoretically
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possible to keep the light from being refracted out of the

plasma colunn. However, this sclutiﬁé can be compared to
finding # nentral stability point in the middle of én unstahle
region. So that any deviation leads to a very vapid refraction
of the laser heam out of the plasma.

A "iight pipe" effeckt is Found if there is a densiby
minimwn. For the general case of a density minimum it is
shown_that a parallel incident beam is trapped by the plasma
column. A special case where the density variation is para-
bolic is considered, and the solubion shows that the wave
fronts are a family of cusped curves vwhich alternately collapse
to the axis and then expand mntil reflected back along & cmustic.
The intensity aleng the caustics is very large as is the inten-
sity alorg the axis. Geometrical opties fails in these local-
jzed reéions {cee appendix cne).

rinally it is shown that for the “ligﬁt pipe® solutions
" there iz a significant decrease in the effective absorption
length due to the rays oscillating back and forth across the
plasma. It is clear from these solutions that thexe are very
significant advantages to the light pipe configuration for the

production of a thermonuclear plasma.
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B.- DYNAMIC GENERATION OF FAVORABLE DENSITY PROFILES
i. Xntrﬁauction
gince the plasma density profiles generally encountered
are unfavorable with respect to refraction {such as in the
quasi-steady stage of a 0~pinch), it is important to look for
ways of creating a favorable profile. There are basically
two_app:oaches to this problem. ‘phe first approach is to ecatch
the plasma during its formative stage when the density may not
have settled down to its ﬁtead§ runfavorable" state. The second
approach is to take the quasi-sgteady unfavorable profile and
change it to z favbrable one, i.e., density profile tailoring.
The £irst approach can be applied to a pinch device. Dur-
ing‘the formation of the pinch, an axially symmetric shook wave
céllapses to the axis. Across the shock the density rises. So
at any instant of &ime during the collapse, a favorable density
profile is seen to appear: a lowex densiéy on the axis than’
farther out. The density profile during the "collapse'phase“
would resemble the solid line in figure 45. -
After the collapse phase comes the "bounce phase" when the
shock wave reflects from the axis. "Due to the nature of the gas
;dynamics, a favorable density profile is left behind the reflec—
ted shock. The 6&nsxty profile corresponding to the bounce
ghase is the éashed 11ne in figure 45.
~ If laser heating durlng the eollapse phase is used, the
laser pulse nust be shorter than the time for the imploding
shock to collapse through a distance equal to the radius of

the beam. Likewise, for the bounce phase, the pulse mugt be
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Figure 45. Favorable density profiles in the collepse
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shorter than the 1ifetime of the favorable density profile.

All subsequent discussion will deal‘with the second appxoach,
that of changing an unfavorable density p;ofile into a favor-
able one. The basic method here might be called “"selective
heating® whereby the region near the axis is heated with a small
laser, the "pre-laser"., The added energy would produce a. pres-—
sure imbalance causing redistribution of the plasma and possi-
bly a favorable density profile for traﬁping the beam from the
main laser. ’

This approach offers a greaé deal of flexibility in achiev-
ing the desired‘résult. The pulse lengths, the wave lengths,
and the energy of each pulse can be treated as independent
parametérq. For example, ;uppose the intent is to prepare a
plasma for heating by a powerful co, laser. Then the plasma
length would correspond roughly to the absorption length of
10.6y radiation at 10 KeV. But the absorption length at,
say: 100 eV is only 1/1000 of its value at 10 KeV, Hence, a
co, pre-laser could not be used to heat the plasma longitu-
dinally. Only a small fraction of the lengtl would get heated.
But a na* glass laser which has a longer absorption length may
be used.

Bnother advantage of using a shorter wavelength for the
pre-laser is the refractive improvement. Figure 37 shows that
if the initial plasma column has n x = 5 X 1018 /cm3 and

e
T'=0.10

, then for a €O, gas laser, oue half the laser beam

would have left the column in three plasma radii. However if

lo = 1.06p corresponding to a wa* glaés laser, then x%/b = 100.
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Figure 46 (which is the same as flgure 38 except A, = 1. Q5u
Nd_ glass laser) shows that if b = 1l cm , BO% of Lhe energy
would be absorbed

a second consideration is that the pre-lasex preparatlon
of a Favorable density profile need not be a high efficiency
process. For example, if the initial temperature is 100 eV ,
then this represents only 1% of the energy required to achieve
10 KeV. If the heating from 100 eV to 200 eV were done in a
way that produces a_favorable density profile, then the remain~
der of the heatlng (to 10 KeVv) could be done very efficiently,
gince thege would be no refraction losses. Inefficiencies in
the heating to 200 eV could be tolerated since this represents
only 1%.9£ the total energy required.

It iz also interssting to note that once a favorable den-
. gity profile has been produced the additional energy absorp-
tion due to an incident Gaussian iasrr bheam will continue to
push _mass towards the outez edge of e beam. This problem
is very similar to the thermal blooming problem3l'32 which is
experienced in the propagation of a laser beam through the
atmosphere. The fundamental and convenient difference is that

in the case of a fully ionized plasma the laser beam is trapped

~
because n — 1 ~ “Ng -

2, Governing parameters
Before considering the methods of density tailoring, it
is necessary to calculate the various parameters that govern
the dynamics. Rather than set up the full equation it is

sufficient at this point to examine the scale- of the parameters.
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The length secale is Zrb ‘where Ty is the radius of the laser

beam entering the plasma. £y, will b? less than or equal to
the plasma radius, b . The density and tahperature scales
aré the maximum density and temperature respectively in the
unheated plasma column. v

There are several time scales of interest. Thexe is the
heating time scale %, which ig the time in which the tempera-

h
ture would double if the plasma were held stationary. Then

where T is the initial temperature, C  is the constant
volume specific heat, X is the absorption coefficient, p

is the density, and W is the laser power. Then ¢, becomes

17r 2T5/2

2
b o

& = 7.40 x 10

/S WATn_ sec . {3-19}

[

where r, isinem, T inev, A in microns , W in
watts , and n, in em™>

The.acoustic time scale ta is defined in the usual way
as the guotient of the length scale and the acoustic speed.

Then

6 . o-1/2

b sec {(3~20})

ta = 1.80 x 10" T

The thermal conduction time tth is defined as the time

for significant thexmal conduction to traverse a distance 2ry,

B 2
tep = G, ()" /K,



154

where KE is t+he electron thermal conduction coefficient.

Then

£ = 1.20 x 10720 %n 172 sec (3-21)

Figures 47 and 48 compare the acoustic and thermal’ conduc-
. tion time scales to the heating time for lo = 1.06p and
10.6u , respectively. Figure 49 compares the acoustic time to
the thermal conduction time,., The interpretation of the various
limits will depend on the particular method of density tailox-
ing, but a general comment can be made. If the thermal con-
duction time is shorter than the char;cteristic time of the
particular method, then thermal conduction will tend to wipe
éut any favorable density profile that might be generated.
This conducting regime poses a ﬁajor difficulty. & nonconduc-
ting regime océurs if the thermal conduction time is longexr
than the characteristic time of the particular method, then
favaorable density profiles generated will endure at least for
that characteristic time. Several schemes for density tailor-
ing are presented below for both conducting and nonceonducting
regines.

One more time scale must be introducéd, the magnetic
diffusion time, which will be important in determining the
characteristics of the conducting - ~gime. The magnetic diffu-
sion time, €, , is the time in which a significant amount
of the magnetic field diffuses through one characteristic

length. It is found by an examination of Haxwell's equations,

£y ¥ uo(2r)?
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where u is the permeability, and © is the electrical con-

ductivity. Using electrical conductivity from Spitzer,l4 tB
becomes
£, =7 x 1075 372 rﬁ sec (3-22}

for temperatures in the eV range. The magnetic diffusion time

is plotted versus temperature in figure 50.

3. Density Tailoring in the Nonconducting Regime

TIf L is much longer than the characteristic time of the
process, no thermal conduction occurs. In this regime it is
relatively easy to change an unfavorable density profile to a
favorable one. The central part of the plasma is heated, it
expands and the density drops to a relative minimum on the axis.
There is no thermal conduction to smooth out the temperature
profile and consequently the density. Moreover, fairly modest
‘énergies are required to make a significant density minimum in
a plasma.

The simplest estimate of the behavior can be made using the
work of Raizer33 on laser focusing and defocusing in atmospheric
ajr. This can be applied exactly to weak laser heating of an
ancenfined nonconducting plasma slab so long as the correct
ébsorption length is used. Applying Raizer's results, it can
he shown that for laser pulses longetr than the time for an acous-

tic wave to traverse the beam, the density change is given by,

J./A
80 o173y 105 00 b (- L=}
: S (32)
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where I(x) is the beam intensity ?éofile, and I .. is the
maxinun intensity. Hexe it has besn assumed that the absorp-
tion length is long compared to the radius of the beanm, and
linearized fluid mechanics is used to evaluate the motion.
Physically, it is seen that the heating produces a "hollow"
in the density with the same shape as the beam intensity
profile, As an example, the density profile that would be
produced by & laser heam with a-paraholic intensity profile
is shown in figure 51. ¥For practical vaiues, e.g., J, = 20

2@‘7:

Joules at 1.064 , A =3 me® , { = 1/2 , and T_ = 10

then 6pfp° = 0{1} ., fhis ealculation is valuable only as an

order of magnitude estimate but it does indicate that a

sizeable density hollow can be produced by a modest lassr pulse.
a. Longitudinal Boring

Suppose the pre-laser is firved down the length of thg
plasma, then the technigue might be called *longitudinal
boring" since a hollow is being “bored® into the column in
a longitudinal manner.

There are basically twc ways that a plésma can be bored
longitudinally. The first way could be used if the plasma
length is cemparable to the absorption length of an available
pre-laser. The laser beam could be made wvery narxow by &
couple of lenses {beam shrinking). In this case the entire
length of the plasma could be heated simultaneously with a
very short pulse. %The subseguent motion of the plasma
would produce a density minimum along the axis wheve most
of the radiation had passed. For this method the character~

igtic time is not the pulse length, but the acoustic time--
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which is the time in which the dynamics will produce a favor-

able density profile. Then to be in the‘}‘aonconducting regime
one must be below the correct ga =ty iine in figure 49.
This coﬁresponds to lower plasma temperatures or higher plasma
densities,

'Beam shrinking corresponds to a reduction in the parameter
T: T = {:b/b)zh. Small values of T allow the beam to be
trapped for much longer lengths as ssen from figures 37 and
40, 0f course the smallness of the beam is limited by diffrac-
tion effechts so that there is a limit on the length that a
beam can be contained by beam shrinking. The diffraction
limit for a nat glass laser is shown in figure 52 whexe the
focused laser results of Figure 40 aye a2lso plotted. For
example, at R, = lOIB/ng {gm = 0,001) with b =1 cm and
rb/b = ,25 , a columwn of plasma ~ 10 meters long can be irrad-
jated. The absorption length at 100 eV of 7.2 m is compara-
ble. So an N&* glass laser could be used to prepare such a
plasma for later heating bg the main laser.

3 second approach to longitudinal boring uses the favor-
able eifects of plasma motion that arise during longer laser
pulses. The physical process that will ensue is described
briefly. When the laser pulse begins, the heam is refracted
aut of the column in a faw diameters. But the absorptioﬂ and
the higher intensity in the center of the beam tends to heat
the central portion more skrongly. It expands and a very '
weak dSensity hollow is formed right at the end of the column.

As soon as it is formed, the refraction losses ceage at the
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hollow, so the beam can travel a few more diameteré down the
column pefore being refracted out. Strongef‘heating of the
central region of the plasma beyond the density hollow occurs.
Tt then expands and extends the hollow farther do@n the column.
The proceés continues with the hollow-formation region moving
on down the plasma column much 1ike a wave. Behind the hollow-
formation region is a trapped beam in a favorable density pro-
file. Ahead of the follow-formation region is a rapidly diver—
ging beam in an unfavorable density profile, Phe "laser drill"
as it might be called is shown schematically in figure 533. So
then a curious coupling of the refraction and the dynamics pro-
duces a phenomenbn whereby the laser actually tdrills" out a
density hollow in the plasma column. The column }s then ﬁre—
pared for the main laser whoge heam will propagate down the
column without refraction loss.
. Tt is clear that the laser driil will work in the noncon- -
dueting regime. But it is not certain that it will work when
thermal conduction effects become important--for they tend to
prevent the formation of density hollows. The possibility of a
laser drill in the isothermal regime is discussed in section B 4.

The velocity of the laser Grill is an interesting calcula-
tion to make. This cannot Dbe calculated exactly without solving
the complete problem in which dynamics and refraction are
coupled, but a suitable estimate can be made.

The length of the hollow-formation region is roughly the
lehgth ig which the beam is refracted out of the unfavorable

density region, i.e., Xy . Then the velocity of the drill
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must be on the order of xsi givided by the acoustie time.

Otherwise the drill would be movan faste“ than the plasma ¢an
move to establish a favorable profile--which is Impossible.
Hence the governing condition is
*
. S

Vﬁrlll / t . 2xy

where a is the acoustic speed in the plasma. So the drill
velocikty exceeds the acoustic speed by a factor of x%XZrh -
This condition is necessary for another reason, If the arill
velocity does not significantly exceed the aconstiec speed,
_then the plasma will squixt out the ends of the column belore
the drill gets moving. -
bh. Lateral Boring
There is another technigue whereky 2 plasma column may be

selectively heated from the sides to produce a favorable Gen-
sxty profile. If a laser wexe fired into the column from the
side, then the denser parts of the plasma would absorb more
energy. But in an unfavorable profile, the highest density
is in the center. Hence, if one is in the nonconducting
. regime, the hottex center region will expand to produce a
dengity minimum, 2 favorable profile. The requirement for
this regime is simply- ty < tth , i.e. gelaw the appropriate
iine in figure 4%, except nov the characteristic distance ig
2p  instead of 2ry . Thig merely involves identifying the
1ines in' figure 49 with b ingtead of ¥, - A possible

geometxry for 1ateral boring is shown in figure 54.
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4. Density Tailoring in the conducting Regime

The conducting regime is domiéated by thermal cenduction
so tﬁat temperature nonuniformities are small. This is a majc-
.problem in a plasma with an unfavorable density profile since
there must be a higher relative temperature near the axis to
achieve a density minimum. '

. a. Unconfined Plasmas
_ The problem can be amply illustrated by solving a simple

case-~-weak laser xrraﬁlatxon of an infinite plasma slab in the
isothermal regime. Assume small perturbations in tenperature
/T, =1 + g* , with 8' <1 ; vhere T, is the temperature
of the unheated plasma, Let the dimensionless distance and
time be R = r/rb ,and T = t/tP , respectively. Suppose the
heating is sloﬁ enough that pressure equilibrium is maintained,
i.e., t, << tP . fhen the energy equation is
where Yy is the ratio of specific heats. The thermal conduc-
tion parameter, ' =t /tth is large in the isothermal regime.
The absorption parameter a' = tp/th is small for weak heating.
the density is assumed to be less than the critical density.
The dlmenSLOnless intensity profile i(R; is the quotient
of the intensity at a point in the beam and maximum 1ntensxty.

This eguation can be solved using Hankel “transforms and

has the solution,



® 2 R

0t (R, 1) —L-i!_ (R) -j 1) (e v )scr smas !,
[+

) {3-23)
where 4i{s) is the Hankel transform.of i(R} and J, is the
Bessel funckion of order zero. Since the pressure is constant,
the density perturbation (¢ = {p - po}/pQ is related te the
temperature by ¢* = - 6' , Bxamination of {3-23} reveals
that the initially uniform density profile decays in roughly
the time w'7 = 1 (ty .. =t
with a hollow the exact shepe of the intensity profile. Thus,

to a steady state profile

¢HR,T) = - 13_ ot 3R + O(AT } (3-24}

for =m't >> 1 . The resulting density profile resembles that

shown 531. The depth of the density hollow is

- A gl +1) &
: p;’poikzo '\'?/{\' )ty

Thus, it would seem that even in an isothermal plasma,
density hollows can be produced. But, as soon as the pulse
énds, thermal conduction will £ili in the hollow in a time of
oxder &, , S0 oRe cannoet éelay firing the main laser into
the favorable density profile.

b. Hagnetically Confined Plasmas

The conclusion is a bit optimistic when the reality of a
nonuniform initial density profile is faced. Instead of making
a density hollow in & uniform density profile, Sne must make a

density hollow out of what begins as a density "hump. This i=
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a more Gifficult problem. complicating the problem is the fact
.that the magnetic £ield is nondiffusive as seen from figure 50.
The magnetic diffusion time is very slow compared to times of
interest, so the magnetic tines of flux remain fixed to the
fluid particles. The disadv;ntage of this is that the plasma
has a "memory", it remembers its initial density profile and
is inclined to retain a profile of similar shape. Thus, as
gsoon as the laser pulse ends, the nonuniform temperature decays
away in a time tg, and a density profile resembling the oxi-
. ginal one is ?ssumed.

A discussion of the prob;em of heating an isothermai plasma
column contained by a nondiffusive magnetic field is given in
appendix two. There it is seen that it i; impossiblé to change
a ‘density hump to a density hollow in an isothermal plasma
contained by a nondiffusive magnetic field.

Thus, the question of making a favoraﬁle profile out of
an unfavorable one is simply a matter of making the hollow of
(3-24) deep encugh to over power at least the center of the
hump in the density profile. BAn approximate expression for

the net density preofile wauld be simply the sum of (3-24) and
the initial profile. Thls is Leasonably accurate under the
assumptions of (3-24) . It disregards the effect that the over-
all temperature of the plasma will increase slightly due to

the heating.-

It becomes even easier to make a density hollow if the
radius of the laser beam is somewhat Jess than the radius of

the column. Then the adverse curvature of the density profile
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will seem much Fflatter relative to the narrower beam. This

effect is demenstrated in figure 55 for a parabolic density
profile and a laser pulse of 22 joules, a cglumn radius )
b=1em n, =5 x10%cn’, &, = 1.064, for various beam
vadii. It is seen that the smaller beam radii produce deeper
Put narrower density holiows. The larger beam radii produce
no density hollows at all.

Then it is possible to generate a favorable density pro-
£ile in a conducting plasma, It is done by wontinucus energy
addition to a 1ocalizéd region in the center of the column.
This is made possible by the fact that when there is continuous
energy addition, the temperature really isn't spatially uniform
but may have 2 density hollow., Therefore there is a possibi-
1ity of having a laser drill in an isothermal plasma column,
if the absorption length is less than the length of the column.
it is also possible to use the beam shrinking approach in the
cond;eting regime, except the pulse must be long enough for

-the ensuing dynamics to create a density nollow.

%+ Summary
There are many varied approaches to achieving a plasma
column with a favorable éénsity profile. One is %o cateh the
plasma during its formation when it may have a favorable profile
due to collapsing or reflecting shock waves. the other is to
operate on the quasi-steady plasma column in such a way as to
produce a_ favorable profile. ‘

The -laser which is used in the operation need not have the

same wave length as the main laser. In fact the low temperatures
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seem to demand a shorter wave length for the pre-laser.

paser ixradiation of a plasma column falls generally into

one gf two regimes. The nonconducting regimé has no thermal
conduction and will arise for lower temperatures., The con-
ducting regime is Gominated by thermal conduction and cccurs
for higher tempezatures.

T£ the plasma column is azbout as long as the ahsorption
length of the pre-laser, then the vhole column can be bored out
in the centexr by bheam shrinking, making the lasex heam naxrow
enough to travel the entirve length without being refracted out,
Tf beam-schrinking doesn't work, then the laser drill can be
used whereby the shape of the intensity profile actually drills
sut a density hollow along the axis. The plasma column can
also be bored by heating from the side (in the nonconducting
regime) . )

" There are certain peculiarities of the Eonducting regime.,
It is\ possible te generate a density hollow but it persists
only as long as the laser pulse. Afier the pulse ends, the
tmenory" of the nondiffusive magnetic field returns the plasma

to an unfavorable profile much like it had in the beginning.
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C, APPENDICES

Appendix 1
Behavior Near the Axis and Mear Caustics

Applying directly the results of_geometrical optics leads
o infinite electric fields at both caustics and at the axis.
They arise at causties since the rays envelope. They arise
at the axis simply due to thé_cylindrical symmetry, a wave
qollapsing to the axis will genexate a singularity in the
intensity {at least in the linear case). But singularities
in electric fields do not océur in nature and thus there must
be an éffeat that limits the magnitude of the electric field.
The failure of geometricél optics can reasonably be expected--
one cannot apply it to phenomena eccuring in lengths shorter
than a wave length. ‘ 7

The study-of these singularities begins-with an examina-
tion of the full linear eguations. Eliminating the magnetic
field intensity £rom Maxwell's equations, an equation for the

electric field can be found,

- - . 22
by 1_%¥E
0= 9X(¥xE) + L= + 5 —% {3-25)
CLI 2 bt2 !
4]
< . ’ -+
whaere E is the electric field intensity and J is the current

-+ -+
density. Consider only the current due to electrons, J = -en v,

-y
where v, is the mean electron velocity which is governed by

an electron momentum equation,
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bve - -+ meve
m, - = - =~ {3-26)
e Db Tei

The last term in (3-26) is the electron-ion collision term.
T+ mssumes the electrons lose their ordered oscillatory motion

£o random motion due to collisions in a time Tei *  Tei is

the electron-ion collision time. Considering only oscillatory

- wt
flelds, E E(r 2)e %t then all time derivatives can be

replaced by the factor ~-iw . Then (3-25) and (3-26) combine,
to yieid

27 >
VE-V(VE)-!—k E=0 , (3-27)

where % is the magnitude of the wave vector

-—-——L— (1-1/um_1
w +1/T

2 (r) =

which depends only on r .
If attention is confined to the case where the electric

_£ield is in the azimuthal direction, then (3-27) becomes
b.E_,{,l._P_(r.u_.).;.kE:o (3-28)
2 ' r or /| *

Suppose now that in addition to %k being independent of =z ,
that E is alsoc independent of =z except for periodic spatial
oscillations. This assumption is not exactly true in a real
plasma column irradiated from the end by a laser. In that case,
rays entering the column at different peints will trace some-

what different shaped paths, This model has all rays tracing
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the same paths--so will only be locally valid. 1In other weords,

. the behavior of a particular ray in the real case is 5eing simu-
lgted by a solution in which all rays trace the same shaped
fath as that particular ray. -

Then one can take E = F(x) explik(r} sin®(r) z] where
@(r) is the angle between the wave vector and the r axis.

Then (3-28) becomes, eliminating the dependence on 2z :
1 4 2 3,2
T ar (r %%) + (X% () - ko sin“g8(x)jJFr =0 , (32-29}
k({r)sinb{r) = k;sinf, , (3-30)

where k_ is the wave vector at r =0 and 8, is its angle
with the r axisat r =0 . (3-30} is the condition that
must be satisfied to eliminate the dependence of F on 2 .
(3-30) also gives the angle of the rays at a particular' r

and glves the "turning point” where a ray is reflected. Figure
56 plots the rad;al position of the turning point versus the
angle of the ray as it emanates from the axis for the case of
the parabolic density profile (3-14) with Cn = 0.1 .

The turning point in this approximate model corresponds to’
the point where a.ray borders the cgustic in the real problem.
In the real problem the ray touches the caustic a shoxt distance
after achieving the maximum distance from the axis--not right
at the maximum peint.

Applying (3-29) to a parabelic density profile (3-14)
yields,
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)

2
<4 ar 2w _ 2, _r 1 - B
X g7 {r dr) + r 2 {1 gm)[co§ B, 2 + O{WTei)]F =0 . {3-31)
o )

It is seen that the.coefficien£ of F in k3—31) becomes smali
at two places; at " r = o it actually_vaniéhes, and near r = b
cos 80 ‘(the turning point) where the coefficient becomes small
(of order 1/wr). Neaxr the turning point, T =Db cos & , the

solutions are Bessel functions of one third order,

¥ =~ gonst y1/3 (J1/3{Y) + J_1/3(Y} | 2

with
3/2
_bw 2(1"Cn9 gosﬂo r(cose _ Eﬁ 2(1-gm) coseo S
¥ c o b wT

2 . 2 . 2
o COS e°+gm sin Bo cos 9°+§m sin 6o

where b cos 80 -r<<b .

This type of solution has been discussed by Ginzburg.21
éh¥§ically it represents a standing wave pattern near the turn-
ing point due to the superposition of the incoming and reflected
rays. There is not a real singularity since yl/3 J_l/3(y)
approaches & constant value as ¥ + 0 . The electric field
intensity near the turning point will exceed that in nonsingu-
lar regions by.a factor on the order of (bw/co)l/6 .

Near the axis, r =20, {3-31) approaches Bessel's equation .

of zero order so that the solution will be for r <<b ,

F = const Jo (%f-Jl—gm + const YO(EE-Jlugm)

c
[*]
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where J, and Y, are thé Bessel functions of zero order of
£he first and second kinds respective}y. It is Yo that has
an actual singularity. Geometrical optiés predicts = 1l/r
singularity in the intensity or a 1/r singulaxity in the

electric field. For large values of the argument of Yo ,

1/2
) el B

(JfT)(

-

L

which (aside from the oscillatory part) varies like 1/r
and agrees with geometxical opties. But geometrical optics
fails for distances smaller than a wave length, r'<c/w,

i.e., when the argument of ¥, becomes small. Then,
¥ (“’r ST )™ 2 1og(¥E Jl- ")

which is a much weaker singularity--though nonetheless still
present, Physically this means that most of the wave is
reflected within a wave length of the axis and only a small
pasrt ever converges all the way to the axis to generéte a
singularity.

Of course the axial-singularity is not a real one., HNon-
linear effects will stop the singularity at some point. HMore-
over the significance of the singula;ity is doubtful anyway.
oOnly for small distances much less than a wave length) wili
the electric field be very large. But the electron mean free
path (for collisions with ions)is never much less than thé

laser wavelength for thermonuclear plasmas. There can be no
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heating without electron-ion collisions, hence the temperature

‘couldn't have a gingularity even if the electric field a&id.
There is another effect that has been observed along the
axis of a laser beam. That is the collapse of part of the
beam into an intense fi.lament.34 This bhas been attributed to
nonlinear effects of intensity on the index of refraction,3%,3%
This effect--which is not well understood--may hold possibi-

lities for the trapping of very narrow laser beamns .

Appendix 2
Heating of Conducting Plasmas
‘Contained by Nondiffusive Magnetic Fields

& solution has been found for the heating and expansion of
a plasma column which is in the conducting regime. The heating
is slow enough that pressure equilibrium is maintained,
€, <ty ,and the heating is conducting, &,y «<t, - This
reguires a plasma temperature above the.line &, = t_ in

h a

figure 47 and above the line t = tth in figure 49.

In a oylindrical magnetic field, the magnetic field, B ,

ig related to the magnetic flux, QB' , by

]
N T
-2

iz Ox

Since the field is nondiffusive, &, is fixed to the fluid
particles and moves with them. The displacement function for
a particle is r = X(r ,t) , where X is the location at time

+ of the particle that was at =z, when t =0 . Then §B


http:filament.34
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is a function of r, alone, so that

d@Bﬁﬂro
[s%:4

Br
Q

B =
X

Then the mégnetic pressure pp = Bz/Zu becomes

Py = Pp, rf/x %’f:— " (3-32)
where pBo(rO)- is the magn?tic pressure profile before the
heating; £t =0 . -

Hondimensionalizing the variables, the pressure scale is.
the total_pressﬁre before the heating. The temperature scale
is the initial temperature which is spatially wvniform like
the pressure. The density scale is the maximum initial den-—
sity which is on the axis. Tﬁen the equation of state is the
pressure, § , equals the sum of the magnetic pressure HB

and the thermodyqamic pressure {6 ,

n = ¢86 +iIB . {3-33)
“Initially, the equation of state is,

l= g? +IiBo (3-34)

The Lagrangian continuity equation relates the density to its

jnitial value using the displacement function,
e = Co¥o (3-35)

where ¢ (r ) is the initial density profile (at t = 0).
0 0

fhen, combining (3-32, 33; 34, 35), an equation for X results,
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2
b 0% 2 _
H(x 'Sr—o- - Brogo (X 31:.‘-; -" (1-CD}?.0 = .0 -(3—36)

Since I and B are spatially uniform and depend only on

time, (3-36) can be integrated exactly and has the solution

T

. .
]
2 =20 e + 2+ 2(1-¢,) 1 5,8, (3-37)
o —

The density profile { c¢an be written using (3-35) and (3-36),
i

20

g = LN (3-38)

1~
:L+4/J.+izIl 2°
8c ¢

[+}

The pgessure, 1 , and tempesrature, & , are functions of
time which depend on the laser power and on the character of
. the confining magnetic field.

ﬁnfortunately, (3-38) gives ¢ as a function of 1, ,
but one is interested in ({(r) . It is then necessary to
invert the displacement function found in (3-37): r = X_lh;th
which probably cannot be found explicitly in most
examples of interest. But at léast the solution is available
in quadrature form.

The solution has been calculated for the case of a para-

- bolic initial density profile, ¢, =1 - (r /b)> . The dis-

<

placement function using dimensionless variables, y =r/b =

%¥/b and x = ro/b , is
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, . ) ed P,
29 Fe_ 1 4 2%HA Z, 4 _ A
L SR N e e LA X rl
2 2 2, .4
4=A 2REEA2SI A1 ]
3 log e _1 ’ {3-3¢

where A:%-Z. .

an approximate expression for the density profile neax

the axis is
i 12
¢ =41~ = y° + oly™) (3-40)

Tt is seen that it is impossible inan isothermal plasma to
change an unfavorable density profile to a favorable one.
{3-40) shews that it is =%il)l unfavorable with ‘méximum £

on the axis, The only way then to get a favorable profile
‘js. to have continuous localized laser heabting as described

in section B 4. Then a small density hollow can be maigztained

as long as the laser pulse lasts.



Chaptexr Foux

DIFFUSION WAVE PHENOMENA

&. THEE BLEACHING WAVE

one of the really interesting results of chapter IT on
laseyr heating of a stationary plasma was the appearance.of
the so called bleaching wave. This phenomenon differs gigni~ -
ficantly from the usual linear abscrption. In the linear
absorption problem, light is attenuated by a substance whose
absorption coefficient is a constant. The resuit is that the
intensity decays in simple exporential fashion.

In thg case of laser plasma heating, ghe absorption
coefficienf is not a constant but decreases with increasging
3/2

} . Generally, K, is quite

eleatron temperature {KJVT& v

large in the unheated plasma so that the radiation is atten-

uéteﬁ in & very short distance, i.e., the plasma is opadgue

to the radiation. If the absorption coefficient is large,

then all the laser energy is added to a very thin layer of

plasma. ‘The energy addition causes the temperature to increase

rapidly, so that K, Jeereases--even more rapidly. Thus, the

layer becomes successively more tyapsparent as time proceeds.
qhen the overall behavior is characterized by the propa-

gation of a bleaching wave into the plasma. Successive layers

absorb the radiation and become transparent. In essente,

the radiation bores its way into the plasma. Behind the

wave, the plasma is highly excited and nearly transparent,

so that the radiation is only weakly attenuated. In the front
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of the wave is a region of rapid attenué‘tﬁ.on of the radiation
and consequently rapid "“heating”. Rhead of the wave is a
‘weak exponentially damped beam in a “"cold® plasma, closely
resembling a linear absorption problem.

The term_bleaching wave is an appropriate name for this
phenomenon. As the wave moves, it bleaches the opague plasma,
mzking it transparent to the laser radiation.

it séems intuitive that any material having an absorp-
tion coefficient that decreases undér continuous radiation--
will exhibit a bleaching wave behavior. This is indeed troe
and several illﬁstrative examples are discussed. However,
first a presentation of a general example is given to demon-~
stréte the bleaching wave.

fhe radiative transfer equation for radiation propaga-
ting_in the +x-direction and neglecting thermal radiation is

oL,

+ K I

0= bx VoY 5 (4=1}

where T, is the radiation intensity. The absorptioﬁ coeffi-

cient is some function of the temperature and the demsity, o,

Kv = Kv(p,x) . The energy eguation for a stationary substance
is )
oT;
dT v
p(x)cv 5 T Tox {4-2)

whera the right member represents the divergence of the energy

£lux (intensity}, C, is the constant volume specific heat,
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and p{x) is the density. The initial condition is the

spatial temperature distribution at t;me £t=0; T{x,0 =

Tc(x) . The boundary condition is the intensity entering

the substance at its edge (x = 0); IV(O,t) = Ivo{t} which is

the intensity delivered by the laser. )
Combining {4-1) and (4-2} yields a second ordexr partial

differential equation
I e S 2.
o=l &% (o1 | + 5 (o™ (4-3)

In general, the absorption coefficient is a function of
p and T : Kv = Kv(p,T) . This can also be expressed as a
function of p , and pT : K, = Kt(p,pT) . Over any given
range of the variable pT , the anti-derivative of 1/Kt

with respect to pT exists such that

dL{p,pT) - ___1 )
Bpr) | KGlp,pT) (-

L being the anti-derivative, The anti-derivative is not
unique because if any function of p is added, (4-4) is
stil]l satisfied. Then one can say that IL{p,eT) = Lo(p,pT)
+ F(p} , where Lo is chosén as the principle anti-deriva-
tive and F(p) is an arbitrary funckion.,

Based on the existence of the anti-derivative, and the

independence of p on time, (4-3) can be rea;raﬁged te give,
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2}

AT v ool
0 = 3 b (Lo + P} + pT}

{4-5)

Using the initial condition T{x,0} = Tolx} , [4-5} can be

integrated with respect to time to yield,
0=2T1 (p,pT) - {p,pT.) | + T = pT (4-6)
= 3w (o (P30T = L {p,pT) [+ p pT,
Notice that the arbitrary function #{p} has disappeared in

the application of the initial conditions.

The boundary condition can be written as

S dipT)
Iy, 8 *ic':“ b | x=0

which.in turn can be integrated, applying the initial condition
to yield

T

1 ¥ ¥
[I:Q (o, pT) -‘LO {p,pTa)] b g = o j’a 1,,(tnatt .
) (4-7}

The first oxder partial differential eguation {4-6) together
with the boundary condition {4-7) comprise a well posed pro-
blem. These are the general equations governing temperature
in a one-dimensional medium irradiated by a laser.

If the sbsorption happens to ﬁe linear (Kv independent
of &Tj, then Lc is just pwfkv : Then the familiar

axponential decay temperature preofile will appear. For
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example, if the initial temperature is zere, density, laser
intensity, and absorption coefficient are constant, then the
temperature profiles are
K X K X
v

vy
T = e f @
aty

4

The temperature is exponentially damped as one moves into the
plasma, and rises with a uniform time factor as time moves on.
This illustrates the basic character of linear absorption.

’

?h&re are two types of nenlinear absorption; X, decreas—
ing or inereasing with temperature. The former rarsly occurs
in nature and does not produce a bleaching wave except in
the case of a focused beam. The latter leads to the bleach-
ing wave. )

= (4-6) cannot be integrated in general. -Thxee physical
examples are presented for which solutions to {4-6} have been
found. Taser heating of a stationary plasma was presented in
chapter II. Daser irradiation of a resonant two level sub-

stance, and the laser induced hreakdown wave are presented

in this zection.

. 3. Laser Irradiation of a Two Level Substance

Generally an atom or molecule has ﬁany discrete ensrgy
Jevels in its intérnal structure., A moleculs has one or more
vibrational modes, each with ifts own set of energy levels and
the corresponding guantum numbers. An atom also has a com-

pilex set of energy levels and corresponding gquantum numbers.
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Tranéitioné by individual paxéiélas from one energy level to
another are made ﬁ} geveral means. TFor exaiple, a particle
in a lower energy state of energy £, oan be ralsed to a
higher energy stats B, by the absorption of a photon of
of exactlf the right energy; hv = EZ'EL « 0O, & particle
‘in the higher energy state when bombarded by the same photon,
will drop to the iawér anexryy séate, emitting a photon of the
same energy--go that two identical photons result, which is
called stimulated emission. !

consider a substance that has more particles in the lower
energy state that is being irradisted by a laser of ewactiy
the vight wave length so that hy = By-Ey - Then, on the
statistical average more photons are being absorbed than ars
being.emittad by stimulated emission. This iz simply because-
more particles are in the absoxbing” state than are in the
remitting” state. Buk, as the bean is absorbed, more and
more of the particles are raised to the upper level, so that
the number in the upper level approaches the number in the
lower level. Now, the sbsorption is much weaker since the
ratio of abesorbed to emitted photons is reduced to near ona.
Bventually, the pumbers in the twe levels will be egual go
thzt there is no absorption at all, because the numbar being
emitted is equal tc the number being absorbed.

It is immediately ssen that this is exactly the same
‘phenomencn that occurs in the laser heating of a plasma. The
ioeal absorption ccefficient diminished with time under

continous irradiation.
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This sort of phenomena is known as saturable absoxption,
a type of nonlinear absorption. It has heen studied exten-
sively since it is this sort of-substance that makes a laser
or a laser amplifier, The only difference is that for a
laser, there are more particles in the upper energy state
than the lower so that a beam of the right wave length is
amplified rather than being attenuated.

The solution to this proglem was first worked out inde-~
pendently by Bellman, et. al.,37 by Frantz and Nodvik,BB and

by Schultz—Duhois.39

Each worked out the general time depen-
dent-solution in a two level substance. These papers neglected
spontaneous emission and thermal relaxation from the upper
energy level which is appropriate for short time scales.
Bellman, et.‘al., pointed out the appearance of a phenomena
whereby the radiation "bores"” its way through the substance
with a certain velocity which is simply a bleaching wave.
Laégr, Siegmann40 worked cut the solution neglecting the
transient term in the radiative_transfer equation. ¥e obtained
the same results as in the original studies but in a much
easier mannexr with more lucid results according to his claim,

Presented below iz a simple solution of laser irradiation
of a two level substance. This calculation is similar to .
the approach of Siegmann but it is instructive in that it
clearly demonstrates the bleaching wave:

The radiative transfer equation has the usual form (4-1) .

For this problem the energy equation takes a slightly different

form,


http:Schultz-Dubois.39
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o ) o
e (4-8)

where n. is the number density of particles in the upper
state and is analogous to the temperature in {(4-2). h is
Planck's constant and v is the freguency of the radiation.
Of course the sum of the number densities in the upper (n}
and lower {n‘c) states in a constant {n) .

In a fwo- level substance, the absorption coefficient is

K, = cv(nﬁ-nu} {49}
where o, is the absorption cross saction of the radiation.
The initial condition is

n,(x,0} = n,, x {410}

The boundary condition is IV(O,t] = IVQ{t) . f(4-8) and {4-9)
combine to yield,

0= ‘(KV BE )"‘" :i: {4~11)

lfkﬁ has as its principle anti-derivative, —(I/ZGV}lag(n—En“)
se that (4-11) can be integrated with time. Performing the

integration and applying the initial condition yields,

@ =-§;—-~—‘{10g{n~2n }~log (n-2n }} # n_-n {4~12)
o, ® u

e

"
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This is in the same form as (4-6) with pT replaced by n_ .
the boundary condition is

£
Y. [10g(n-2n,) ~logn-2n0) M g = Iolvo(t‘)dt'_ (4-13)

v

" which is analogous to (4-7).
A particularly simple solution is available for the case

Do = const. Solving (4~12) for this case gives the solution,
n = n, + %(1-n) {1+tanhl (1-n) (5,-8)11 ,  (4-14)

where 17 = Znu/h is the dimensionless measure of n, .
E=x/Ax, and T = t/At are dimensionless distance and time
respectively. The length scale is 4Ax = 2/bvn and the time
scale is A&t = hv/2cvi; s T;_ being the average incident
intehsity. The position of the wave as 2 function of time
ig given by

T T

(1) = ETI%HET IOE;dT‘ +log{1-exp[-£°§;d7']}

where E; = IVO/f; « The numser density is seen to be a
hyperbolic tangent function. It raises n from 1, ahead
of the bleaching wave (§>>§w(7) } €6 1 behind the wave

(g << £ (7} } . When =n = 1 , the substance is said to be

fgaturated".
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The expressiosn for §w(7) is compoéed of a steady state

term and a trangient term, Considering only the steady siate

term, the veloeity of the bleaching wave is given by

L
T 2(1-n,) 4t

Vi

The velocity of the bleaching wave can alzo be found by using
the conservation of energy. This is done by reguiring that the
energy flux delivered by the laser (energy per unit time pex
unit area} must be equal o the energy reguired per unit
volume to bleach the substance times the velocity of the
bleaching wave. The calculation is made possible by the fact
thgt essantially all of the laser cnergy is added to a thin
region, the *front® of the bleaching wave. However, the con-
servation of energy cannot be used to caleulate the velocity
of the bleaching wave in a plasma. qu this case the energy
continues to be added to the ﬁlasma far behind the actual
front of the bleaching wave. A plasma never saturates com-
pletely as does a two level substance since an infinite plasma
temperature is reguired for perfect transparency.

The thickness of the bleaching wave is roughly the dis-—
tance in which the argument of the hyperkolic tangent makes

a change of one, so that

~ D3
Axw l—no

For the particular example of n, = 0 I(no molecules initially
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I the

#

. : ~
in the upper state} and a uniform laser.pulse, I, .

solution becomes -~
n = %1 + tanh(§ ~E)] ,
g, =47 + in{l-eT")
v, =% =

This example is shown graphically in figure 57. Also shown

in the same figure are temperature profiles for the heatiny

of a uniform stationary plasma b} a uniform laser pulse. While
certain featu&es differ between the two phenomena, a bleach-
ing wave is seen to appeax in both. BAhead of the wave there

is apparently little radiation since the variable (n or Qe)
changes slowly. In the front of the wave, the variable rises
ﬁapidly, due to strong irradiation and large absorption
coefficient. Behind the wave, the variable rises much more
glowly due to bleaching as the absorption coefficient goes

to zerc.

2. ‘Laser Induced Breakdown Wave
For many conditions, an un-ionized gas such as air is
egsentially transparent to laser radiation. At least the .,
absorption lengths are quite long compared to absorption
lengths that arise in partially and fully ionized gases, or
from resonant line absorption (section A 1). Nevertheless,
an extremely intense laser beam can cause breakdown of the

qas. This phenomenon was first obsarved experimentally by



195
lsser irradistion of 2 two level substance

number density
in vpper stalte Qo =

L1 a
1.0 -

timer T =1

. i [ [ i
¢ i 2 3 b
distance §

iy

laser heating‘of a8 plasma
temperzture

0 02 nl‘:’ ﬁé ‘B * 1:0

2/5°
2 /2ub
di.stance -S-gy(:?i-:xgu)

Pigure 57. Comparison of dleaching waves
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Damon and ‘I'omlinson41 and by Meyverand and Haught.42

Studies of the mechanism of laser induced breakdown show
 that the breakdown begins with either stray free electrons in
the gas, or with electrons produced by the multiphoton effect.
The multiphoton effect is due to the simultaneous bombardment
of an atom by several quanta of light, with enough total energy
to free an electron. Once an electrén iz free, the large
osciilating electric field causes the electron to collide with
atoms and free &oré electrons. The cascading process pro-
duces a large ﬂumber of electrons in a very short time. A
clearly defined threshold intensity charadterizes this break-
down. Several theoretical investigations of the breakdown
phencmena followed the experimental disccvery.43'44’45’46’47

The dynamical behavior following the initial breakdown
was” seen to exhibit unusual effects. The expansion of the
icnized region was not uniform in all directions. Rather,
it moves muéh more rapidly in.the cone of the focused laser
beam, This phenomena was first exélained by Ramsdeﬁ and
Savic48 and was shown to be a radiative detonation wgve, that
ig a detonation wave whose fuel is the energy absorbed from
the laser beam.

If the intensity of the laser heam appreciably exceeds
the threshold intensity for breakdown at the focus, then
another phenomena can cccur. In this case the intensity will
algso exceed the threshold over a certain length of the beam

and breakdown will occur at these points also. The gas in
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the breakdown region is stationafy and thé wave like propaga-
tion of the region towards the laser source is due to the
breakdown limit being reached at successively longer times
for points closer to the source. The speed of this “break-
down wave" may exceed the speed of all of the possible gas
dynamical processes. The breakdown wave was studied by

9

Raizer4 and its speed was calculated by a phencmenological

model.

T is shown here that the breakdown wave is governed by
equations which give the bleaching wave solution. The only
variation is due to the non-one-dimensional geometry which
causes the wave to move backwards, i.e., moving towards the
laser source as contrasted to the usual sense of a2 bleaching
wave moving away from the source. Otherwise one sees all
éhé‘usual features of a bleaching wave. On one side of the
wave (behind) is an opaqde piasma. on the other side (ahead)
iz a transparent un-ionized gas. The heating of the gas is
done by absorption of the laser radiation—-most.of which
occurs very rapidly at the front of the wave.

) The nature of the‘bfeakdown wave as a bleaching wave is
seen by considering-a solution to a simple breakdown model.
The radiative transfer equation is given in terms of the

g
power , W ,

o= - K = 0 {4-15)

The opposite sign from the usual equation arises since the
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beam is assumed to travel in the —x direction as shown in
figure 58. Figure 58 also shows the éeometry of the focal
region. At any point the intensity is related to the powerxr
by I =W/A(x) , where A (x) %s the cross sectiqnal area
of the beam. -

The energy equation is

ol 4
pA(x)cV BE © Bx (4-16)
where pA{x) is analogous to the density in {4-2} and the
power W is analogous to the intensity. combining (4~15}

and {4-18) yields,

o= (ALY 22

which is clearly analogous to {4-3).
This problem can be easily solved with the folloewing two

assumptions. First the absoxption coefficient is given by

C oy )
K=% H(ne'net} . (4-17)
where £ is a short absorption length, n_. is the electron
nunber density for breakdown, and H{ } 1is the Heaviside
function. Thus there is no absorption for electron densities

below the thresheld, and strong absorptioﬁ above the threshold.
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Figure 58, Geometry of the focal recio%
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Following Réizar,4g

the second assumption is that the
b
electron number density grows at a rate proportional %o the

intensity times the number density,

- (i ) v (420
max
where A, 18 the focal area, W .. 18 the maximum power

and %% is the characteristic time of breakdewn at the focal
AYed ..

Since the absorption ;oefficient depends on the slectron
density, it is easier to solve the problem in terms of n,
and then £ind the temperature.

Solving (4-18) for W and applying to (4~15) to eliminate

W yields
Bn n
JL2 (aE Pey A e -
0= K dx { ng bt ) n, ot - {4~19)

Applying the absorption coefficient {4-17) to {4-19)

yields
b2 1 b
0 = Tiim (A (x) log ne) - H(ne-net} 5t {a(x} log né
o {4-20}
The initial conditions are
na(x,O} =R {4-21)

%,0 T
‘I‘(,)ma
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where ng, . is a small residual electron density due to chance
free electrons in the gas, or due to electrons produced by

49

the multiphoton effect. The boundary condition is

Wie,t) =W (8 {4-22)

where Wi(t} is the time history of the laser power. {4-20},
{4-21), {4-22}, plus (4-18) relating ng and W form a well
posed problem. (4-20} can be solved in two parts; for

ng <N and for n_ >N, , and these two parts can bhe
matched. First solve for n, <n, so° that the Heaviside
function is zero. Then (4-20) becomes 62(a(x)ne)/bxbt =0,

for which the solution is
afx) log ng, = al{t} + bl(x) , {4-23)

vhere ay and b; are arbitrary functions in & and X
respectively. 3pplying the jnitial condition (4-21) yields
0= al(o) + bl(x) . But this can only be true if bl(x) is
a constant. Without loss of generality, this constant can
he taken as zero so that bl(é} =0 = al(o) .

Applying the boundary condition requires a little intui-
tive thinking. Consider that for n, <n,, there is no
absogption. tonsider also that the successi;e points of
breakdown (vhere .n, = net) will have to move in the +x
diéection as time proceeds. Then, if at some point in time,
breakdown has not occurred at a point x , then it surely

has not occurred at any place between X and the laser.
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Then the intensity at x must be the undiminished intensity
delivered by the laser., 5o then the boundary condition {(4-22)
actually becomes

W(x,?) w@ Wt(t} , for ng < N -

Applying this to {4-18) using the solution (4-23) yields

dal s Roe Af

. = W, (1)
df: t"‘Wmax ) L

which integrated using al(G} = (0 Dbecomes

t

a ;
L= (—-f——) Jr WL(t')dt' o (4--24)
o .

a &
W ax

Then the electron number density is

— = exp { T Ww_{£")dat for n_<n (425}
nBo t*Wmax A{x) jc 5L e et

§ince the absorption coefficient is zero for n, <n_, ,.the
temperature will not rise at all, but remains at T, in this
region. )

The location of the breakdown wave xw(t) is at the
point whare n,6 =N, which using (4-25) is given implicitly
by ‘

t

n .
1 et _ 1 T ] [}
- Wm t* log I‘l-;: =& (xw ) JOWL (t*)dae (2~26)

Ag
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‘0f course thig is precisely the point where the-solution

{4-25}) Ybecomes valid, ’

Now the solution for By 7Ny, must he constructed.
Then {(4-20} becomes
2 .

[ b /1
sz (B(x} log n) ~3p \F AKX log na)

0 =
This equation can immediately be integrated with respect
F
to time, resulting in a first order linear differential equa-
; .
tion in % for (A{x) log ne) + Solving this eguation

;- vields

’ ®x/4
log n, = az{"t:) Ag'x) <) /. + by {x} (4--27)
. Bt this point it is possible to go directly to an equa-
tion for the temperature behind the wave rather than solving
for n, . Using {4-18) and (4-27), the laser power at a
point behind the wave is
IRt

W= () e e

x/é

The boundary condition is W{xw{t},t) = WL(t} so that

Af -xw(t).&

2{t) = (e —) W, (¥} e
%2 (t*w max) L
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and

W = T (8) exply (xx,(8) )] (4-28)

Then the temperature can be found by applying (4-28) to the

energy eguation (4-16) and integrating with respect to time,

1

T =
pzcva(x)

[y L (x-x (t*) ylat £
Jo L( ) exp 7 (x=x, ) + cons

The constant is found by applying the condition that

T(xw(t),t) =T, . Evaluating the constant, the equation for
the tempefature can be written,
t
T=T + Fﬁfm j‘o H(x, (£ =Wy (£1) exply (a=x,(e1) )lde’
] (4-29)
vhere xw(t} is given implicitly by (4-26}.
Another form of (4-29) which is more amenable to calcu-

lation involves the inverse of the function xw(t) ,

S jt W (61 expl: (x-x_(t') )lat’ {4~30)
o pzcva(x) £ (%) L exply ¥Ry ) !
- W

where tw(x) is given implicitly by

1 Bat 1 S
[=] _ £ [ .
—_— w'm +* 109‘ ——e—o— =% (X) Io “’L (t ) de* . (4—31)

The wave motion is clearly seen in {4-29) wvhere the Heaviside
function in the integral implies there is no heating until the

wave arrives, at which time the temperature rises,
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The velocity of the breakdown wave can be found by teking

‘the time darivative of (4-26},

Af Wb(t)
(¥ n o)
. %&;E log ne't max
x=xw(t} a0

this velocity could also be calculated by applying conservation
of energy. '

The wave is more clearly seen by calculating an example.
Consider a wniform laser pulse so that W = WQH€t} B To = 0 .
and a focal region where A{x) = Af(l + Bﬁi? , i.e., a conical
beam shape, where rg is the radius of the focal area. For
this case the solution is

. 1
W Bt¥ x, ~ 5, (£ ~x)
R Py T+ 8 - (et (EDe S

T pr AL
Pfgf"(l+tarl}
£ .

L .
- - {x (1) -}
+ Be fi1~e L%

rﬁ - -

These temperature profiles are plotted in figure 3. for various
timeg. The temperature profiles have the same wave character
asg the laser heated plasma and the laser irradiation of a two
level substance. The only major difference is that the bleach-
ing wave moves backwards, This iz due to the geometry—-~the

focusing effect on the laser intensity.
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§
| temperature

: c T 2

i AeTrly alx) = 4.(1 + px/x,)
Tl y £
Bta¥pay -

distance gz/rf

.Plgure 59. Ereakdown weve
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Thus three examples of the blééching wave have been pre-
sented which bear similar characteristics. In the first two,
laser irradiation of a layer of substance in time produced
a significant decrease in the absoxption coefficient. The
result was a boring effect of the laser beam into the sub-
stance. In the third example, laser irradiation produced in
time a sharp increase in the absorption coeffieient. This,
together with the focused geomeiry caused a reversed boring
effeot to appear. The penetration of the beam diminished
with time, B3All three of these phenomena show similar pro-
files in the dependent variable, as seen in figures 57 and
59, In the next section, another phenomenon will demonstrate

+his game wave like behavior.
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B, THE THERMAL WAVE

There is another class of phenomena Vhich soems to have
a different physical base than‘the hleaching wave but whose
solutions exhibit a very similar behavior. There are several
manifestations of thig in physics as will be discussed in
gection D, but in this section, the discussion will be con-
fined to one example, thermal waves in media with nonlinear

'ggermal econduction.

In thermal conduction problems, one usually assumes a
constant coefficient of thermal conductivity. This is motiw
vated by a desire to make the equations tractable~-linear in
this case go that superposition and all the other techniques
associated with linear eguaticns can be used. Yet, there is
no substance found in rpature which has a constant thermal |
conduction coefficient: it always depends on the temperature.
6n1y for small changes in temperature will linear analysis
apply--and then only approximately.

Mogt real diffusion problems are nonlingar and numerous
exa&ples have been cited by cOle.5° Some of thase examples
will be mentioned in section D, A thorough review o0f the
mathematios of nonlinear diffusion has been given by Crank.s}

Yhe numerical approach to nonlinear diffasion problems has
been discussed by Richtmeyer.52

A typical nonlinear thermal conduction problem is governed

by an equation of the form,

LobT b BE Y L
Py T = B ( R ) =Q {432}


http:Richtmeyer.52
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where 7T is temperature, K(T} is the coefficient of thermal
conduction, and Q is a source term if needed. Suppose that
at the edge of a substance, energy is being added. Then thex-
mal conduction will transport the energy from the edge to, deeper
layers of the substance. At any point in time, the temperature
profile will be monotonically decreasing with increasing dis-
tance into the substance., If the thermal conduction coeffi~
cient were constant (linear diffusion) then any température
profile Qould be an exponentially damped curve.

However, if the thermal conduction coefficient is éreater
for higher temperature, then heat Qill conduct more easily
in hotter regions, i.e., nearer the edge. Thus the hottex
regigns will require smaller temperature gradients to conduct
a certain amount of heat than cooler regions. Hence the
temperature profiles will exhibit the humped shape seen in
the laser heated plasma of figure 57. . .

This is clearly seen if a particular example is worked
out, that.of_a fully ionized plasma. In a fully ionized
plasma, the thermal conduction coefficient is proportional
to TES/Z .53 Buppose the source term in {4-32) corresponds
to a constant heat addition rate at the edge of the plasma,

g =Q, 6(x) HE(t) , where 5{x) is the delta function., If
the initial condition ig T(x,0) = 0 , and the boundary con-
dition is T{=,t) = 0 , then (4-32} can be written as an
ordinary differential equation using similarity methods.

The similarity variable is n = x / %7/9

[

~
, where x and
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are suitably chosen dimensionless distance and time, respec-

tively. The dimensionless temperature is T = /e £inl .
£{n} is gowverned by

2.7/2
~ g% 7 _ 4af
an 2 " dy 1

o~ .
where K  is the dimensionless paramefer representing the
thermal conductivity. The boundary conditions are £({®} =0

as?/?
an

which the conductivity parameter is large, K >> 1 , an approx-

and {(0) = - 1 . Then for length and time scaless for

imate solution can be calculated,

£ S (ng - 7

This solution becomes invalid for 111-130[ <<l . For n>mn,
the solution is £ =0 . Near 7 =n, , & boundary layer
approach is necessary to give the details of the solution.

n, is a constant which can be evaluated by integrating over
¥ to get the total energy added, and eguating this to the
time integral of the source term. Conducting the integrations

yields n, = {9/7)7/ % . Then the temperature profiies are

oY tn, %*7/9 _ ;{'}2/7

Several of these profiles are plotied in figure 80 for a
fully ionized plasma. The "boundary layer” at the front of

the wave is not shown.
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The presence of wave like hehavior is clearly seen. This
has been apprepriately called a thermal wave by Zel‘dovich

x 4 . . . - "
and Raxzer.s The resemblance is even more strijking due tTo

the differing character of the governing eguations. The thermal

wave is governed by an eqguation of the form of (4-32) which
is parabolic. The bleachiqg wave is governad by an eguation
of the form of {4-3) which is hyperbolic. This resemblance
i5 carried over to the linear case where laser irradiation
and thermal conduction both produce exponentizl decays in the
temperatures prodaced.

The resemblance of the thermal wave to the bleaching wave
is not preganted as a mere curlosity. Nor is it presented to
introduce a eoineidental resemblange between two physical
phenomena. Rather, the goal is %o demonstrats that these two
phenomena--which arise out of widely differing egquationsg=-—
actually are due to two opposite limits of a physical process,
i.e., they both fit into a gener%l eclass of "diifusion waves".
There are many physical phenomena which exhibt these diffu-
sion waves. This contention is presented and supported in

the next section.


http:Raizer.54

‘213

C. DIFFUSION WAVES.

The bleaching wave and th;ﬁthermal wave actually belong
to a single class of diffusion waves. These diffusion waves
appear since the rate of diffusion varies with the magnitude
of the property that is being Giffused. Specifically, diffu-
sion proceeds more rapidly for higher values of the property
being diffused. This process can be understood by examining
the character of diffusion processes.

A diffusion process is a transport process. Therefore
two things are required: something must be transported and
there must be a transporter. There are several examples of
things that can be gransported: energy which may be measured
. by temperature, momentum which is essentially measured by velo-

city, and mass such as the mass of a particular species which

is measured by concentration. There are four things that can

o™~

perform the transporting. This first three fall inte one group
ané are atoms, molecules and macroscopic particles. This

group is simply referred to as “"particles". The last are
massless particles, photons.

Hence, one sees a ‘curious wedding of two opposite view-
points, the continuum viewpoint and the particle viewpoint.
Dﬁscrete particles transport*fby their mction--continuum
properties. For example, electrons move and have a certain
energy. The continuum viewpoint measures the average energy
of the electrons in terms of temperature, a continuum con-

ceﬁt. The random motion of the electrons transport energy
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and the process is called thermal conduction,
Actually, any system always has both particles and photons
present. Thus koth photon and particle transport will always

be present; however, one or the other may dominate.

1. Equilibrium

A system will always attempt to reach an equilibrium
state., That is, the tendency is to smooth ocut any macroscopic
nomuniformities that might exist. - Macroscopic nonuniformities
are smoothed out by either macroscopic or microscopic motion
or both. If by macroscopic motion, then a dynamical process
ensues. If by microscopic moﬁion, then a diffusion process
ensues.

Thus a diffusion process is unidirectional, it always
proceeds toward equilibrium; This is just ancothexr statement
of the second law of thermodynﬁmics which says that on the
average, a system of particles Qill always approach a more
random disorganized state..

a. Types of Equilibrium

Yhere are four types of equilibrium that must be estab-
1lished by diffusion or a dynamical process. The most obvio;s
is spatial equilibrium of a macroscopic property. For example,

diffusion processes attempt to smooth nonuniformities in the

temperature.
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The second kind is interspecies eguilibrium. If there
is more than one kind of particle in é‘system, then there will
be an exchangé between the two groups of particles to establish
équilibrium. For example a fully ionized plasma is a mixture

--of electrons and ions. If the electrons and ions each have a
different temperature, then the system will seek to equalize
the two temperatures. Anocther example, any system is a mix-
ture of particles and photons. If there is an imbalance of
enerqgy between the photons and particles, then adjustments
will be made to create the correct balance between the tweo
systems.

The third kind is intraspecies equilibrium. There is a
certain kind of equilibrium that must be established between
the members of a certain species. For example, suppose all
of the members of a certain species were moving at the same
speed. This is certainly not a equilibrium situation. Such
a system would apprecach a state where all speeds are represent-
ed. A few particles would be moving fast, and a few very slow
and most would be sgmewhere in between, i.e., in equilibrium
a "distribution® of speeds exists. An equilibrium system is
characterized by a certain statistical distribution of its
members. Fo£ example, there is a certain statistical distri-
bution of energies for a system of particles which is c;lled
the Boltzmann distribution. This distribution function gives

_the probability of a particle having a cerktain energy in a
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’gystem with intraspecies equilibrium. . For particles in the
élassiaai 1imit it is the Boltzmann distribution that a
particular particle gpecies will approach within itself.
Another examples:s there is a certain statistiecal distribution
funciion characterizing photons which is the Planck function.
Th "gives the probability of a photon having a certain energy
in an eguilibrium system.

The fourth kind is directional eguilibrium. A system of
particles will tend toward a state in which there is an
equal number of particlies moving in all directions with speeds
independent of direction. This is the random component of
veiocity since macroscopic velocity always has a single direc-—
tion with a certain velocity. This egnilibrium state ig’
called isotropy of particle valocities. Thus four types of
equilibrium are simaltanecusly being approached by‘the parti-~
cles in a system. Of couvrse, the rates of approach te the
variocus kinds of equilibrium are all different--but this ig
one of the things that maﬁas diffusion p;ocesses so interesting.

bh. Approach to Equilibrium

If the paxticleé of a system did noft interact, then there
would be no means by which to appreoach an eguilibrium states
the particles would continue in their initial stéﬁe forever.,
But particles do interact by means of collisions. %here are
four types of collisions that may ocour between particles:

i} collisions bebtween particles in which energy or momentum
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is ghared; 2} coollisions between a particle and a photon ﬁn
which the photon is deflected {Compton scattering}; 3} colli~
gions bebtwsen a particle and a photon in which the photon is
extinguished (absorption): and 4} collisions between particles
in which a photon is emitted (emission).

In each type of cdllision, the quantity that is being
transported is chared between the c¢olliding particles. On the
statistical average therefore, collisions tend to move the
system toward eguilibrium. For example: 1} collisions between
particles tend to share energy and to promete isotropy of
particle motiony 2} collisions between particles and photons
promote isotr?py of photon motiony 3) absorption and emission

share particle and photon energy.

2. Degrees of Bguilibrium

GEf the four kinds of equilibrium, the degree of intra-
species and directional equilibrium arve important in discussing
thermal and bleaching waves.

The Eendency of a group of particles is to approach a
cartain energy distribuéion function. A system with such an
equilibrium distribution can be said to be in gnergatic equili-
brinm, Tha nmost extreme noneguilibrium situation is when all

the particles have axactly the same energy. ‘This state is

called jispanergetic for particles and_mopochromatic for photons.

An example of a system in energetic equilibrium is the interior

of a perfect bilack body. An example of an-iscenergetic state
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is an electroﬁ beam, and an example of a monochromatic state
is a laser beam. ‘ ' ’

A group of particles will approach directional equilibrium.
Such an equilibrium is called isotropy. The extreme directional
.nonequilibrium state is when all particles are moving in exactly
the same direction. This is called goherence. éhere is a
directional state that is somewhere in between these two that
might be called guasi~coherence. This is where all of the
.particles have a positive velocity component in say, the x
direction, i.e., tend to be moving through the y z plane in
the same éirection. The particles are not moving in exactly
the same direction, but in the same general direction. An
example of a coherent state is a laser beam, or an electron
beam. An example of a quasi~coherent state is the diffusion
of particles from a very hot substance into an adjoining cold
substance (such as the hot region behind a shock adjoining the
cold region ahead of it). Here, the vast majoxity of the

transport is crossing from the hot to the cold region.

3, Bleaching and Thermal Waves as Diffusion Processes

Both thermal conduction and laser irradiation are diffu-
sion processes. Clearly, thermal conduction is a diffusion
process. The transporters are the particles themselves ipri—
marily electrons in the case of a plasma). The guantity
being transported is energy, és measured by temperature.

pDiffusion takes place as particles migrate and collide with
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other particles, thereby sharing theif‘energy. Thaermal con-
duction is usnally characterized by a thermal conduction
coefficient K and assuming that the energy flux vector

is given by the Fourier heat conduction law,
o
g=-KvT

This law wag derived assuming guasi-eguilibrium in the energy
hoth spatially and locally. A typical derivation is given

by Vincenti and Kruger.ss It is only wvalid when the Epatiax
variation in the temperature iz small in a mean free path, '
and when there is nearly an equilibrium distribution function.
Thus, thermal conduction when governed by the Fourier law

ig diffusion in the equilibrium limit.

Laser irradiation is also a diffusion process. The trans-
“porters are photons. The guantity being transported is energy
which may be measured by temperatufe, or by the number of mole-
cules in the upper state of éitwo level system. Diffusion
takes place as the photons migrate, are absorbed, and stimulate
the emission of other photons, thereby transporting energy into
the system. This type of behavior which has not been identified

as diffusion is governed by a radiative transfer ecuation,

BT L
3§’+ K, = Q

Where the absorption coefficient Kv inoludes the net effect
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of szhmorption and stimulated emission. Then, laser irradiation
:'-Ls diffusion in the extreme nonequilibrivm limit, i.e.., mono -
chromatic particles moving in coherent fashion, ‘

Hence, laser irradiation and thermal conduction are both
diffusion processes, which are merely at opposite ends of the
eguilibrium spectrum. Then the fact that both exhibit similar
characteristice (blenching waves and thermal waves) is not

surprising. The character of equilibrium and ccherent diffusion

operating side by side is demonsirated in the next section.

4. An Tilustration of a Single Diffusion Process
in the Bguilibrium and Coherent Limils
Consider the example of thermal radiation in a medivm as

58 The radiative transfer

discussed by Zel'dovich and Raizerx.
eguation in the steady stake case for a particular direction

can-be written as

ar,,

Fe T REy TR

© {433}

where I, is the spectral'ingensity, K,, is the absorption
coetficient {taking into account stimulated emiss;en). Iup
is the spectral intensity for radiative egquilibrium and &

is the coordinate in the direction of interest. The solution

of {4-33} is


http:Raizet.56
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g j‘B “"’! : '“ @ !—l
I,(s) = J . Kvxvp exp [- e K ds J ds* + I, exp’}“-ﬂfsc K ds 1

{4-34}
where IVO is the constant of integration, and S, is the

value of s at the edge of the syatem. The interpretation
of {&-34} revaals both equ?libriam and cocherent diffusion.
The first term is the radiation due to equilibrium processes.
This term is due te incoherent radiation, which is generated
and absorbed within the system. The second term describes the

coharent radiation coming from outside the system. If the

direction being considered is the same as the laser radiatioem,

then I, is the laser intensity entering the system. 1iIn

any other direction, I, is zexo. .

A quasi~coherent case would arise if the systen vas
bouna?d by a much hottgr black body. ‘Then I,o would repre-
sent the spectral intensity corresponding to the temperature
of the hot black body. T, would be nonzero for all direc-
tions that pass through the boundary inte the system.

Examination of the governing equat;ons in both the equili-

briom and coherent limits shows that they are similar in char-

" acter even though they seemed quite different in section B.

In either Iimit, the energy equation is

s
pcv-g% =% .q . (4-35)
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In the coherent iimit, the intensity is given by

I =1, exp [—f: K ds'] (4~36)
Q

-
The energy flux is the radiation intensity: d=1x e, where

-5
e is a wnit vector in the direction of the laser beam.

s
In the eqguilibrium limit, the energy equation is the
same as (4-35) but the energf flux vector is different. The

- .
spectral energy flux vector 5, is given by
A

s v
Sy =~ 3" Uy

3 P y (4-37)

where Lv is the absorpt%on length at frequency v , and

va is the equilibrium spectral radiant energy density (the
Planck function). This equation, called the diffusion approx-
imation comes from assuming quasi equilibrium locally and
spatially.s? But the total energy flux is needed and this
requires an integral of (4~37) ovexr ail frecuencies v . The
integration yields the energy flux for the equilibrium limit,
§--4 = - L sor? 91 . (4-38)
. iz the Rosseland mean free path, an averaged value of Lv
{with proper weighting).58 Up is the radiant energy density

and is given by Up= 4UT4/C where ¢ 1s the Stefan Boltzmann



223

constant. So then, in the equilibrium limit, the radiation
and absorption mechanism actually behaves like thermal energy,

Qiffusing with a conduction coefficient,

3

Kr-—-lé—s-.zaT (4-39}

his radiation process has been identified as a diffusion
phenbmenon and shown ko result in thermal waves by Zel'dovich
and Rai'zer.s4

The similarity of the energy flux in the c;herent {4-34)
and the equilibrium (4-38) limits is easily seen. In the
equilibrium 1§mit consider a hot body hordering a cold hody
at % = 0 . The radiation from the hot body diffuses into
" the céld body. As the temperature of the cold body increases,
the coefficient of radiation thermal conduction (proportional
to T3 as seen in (4-35) } increases greatly. So a thermal
wave phenomenon will oceur similar to that in section B.

In the coherent limit, consider a laser beam which enters
the cold ﬁody at x = 0. If the absorption coefficient K,
decreases with increasing temperature (as with inverse brem-=
strahlung or any cther bleachable type absorptién), then the
bleaching wave phenomenon will arise.

Thus, these two limits of the-same physical phenémenon
_ produce similar results. Granted, the details:of the processes
may vary somewhat but the general character is the same. The
next section discusses a number of physical phenomena that
are governed by nonlinear diffusion. Among them are examples

in both the eguilibrium and coherent limits.
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b. EXAMPIES OF DIFFUSION WAVE PHENOMENA
There are many physical examples of nonlinear diffusion
phenomena, and alwost without.exception the nonlinearity is
'of the bleachable variety so that diffusion waves appear.
Several physical exampléé are discussed below. A chart sum-

marizing these phenomena-is given in figure 61. -

i. Particle Diffusion
a. Diffusion of Mass or Species
The Giffusion of a plasma through a magnetic field is

discussed by Kaufman.s9

The property being diffused is mass
as measured by the number density of the particles. The
diffusion coeffiéient is proportional to the number density,
so this is bleachable diffusion. Kaufman presents a similar-

_ ity solution that clearlg demonstrates the diffusion wave.
Phis diffusion is the "equilibrium" variety since it is char
acterized by a diffusion coefficient. A

The diffusion of lead chloride in solid silver chloride
is studied by Wagner.eo The guantity being diffused is the
molecules of a certain species and is measured as concentra-
tion. The diffusion coefficient is proportional to the
concentration, so then it is governed by the same equation as
the diffusion of a plasma in a magnetic field.

The diffusion of H,0 in swelling membrangs w;5 studied

by Fatt and Goldstick.®! In this instance the diffusion

coefficient decreases with increasing concentration so that


http:Wagner.60
http:Kaufman.59
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vhenomernon trans- trens- direc~ energetic |nature
. ported porter| +tional|equili-
property equili- brius
brium
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FPigure 61. Examples of diffusion phenomena
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the diffusion is noé the bleachable variety., Then no diffu-
sion wave appears, This wés the only instance found of ;
nenbleachable diffusion mechanism although there are Pro=-
bably éthe; examples. This is diffusion in the equilibrivm
limit since a diffusion coefficient is used,
b. Diffusion of Energy

The ¢iffusion of thermal enexray by nonlineayr thermal
conduction bas heen demonstrated in the numerical studies of
Shearer,sz and in the analytic studies of Babuel-Peyrissae,
et. al~63 The phenomencn arose with the rapid lasger heating
of an overdense plasma. The laser rafliation only penetrates
to the critical density, hence only heats the un&erd&nse'
regioq directly. But the hot underdense region acts like an
energy source and rapidly confucts energy to the overdense
“fegion. The thermal conduction coefficient is propsrticnal‘
to the five halves power of temperature, so is bleaéhable.
Thus,la diffusion wave moves intoe the overdense material.
Interestingiy enough, in the caleulation of Babuel-Peyrissac,
at. al.,'the thermal wave moved very Fast at £irst then slowed
down, and was succeeded by a shock wave propagating into the
material. This illustrates that diffusion waves can move
faster than dynamical processes in, some cases.

The preheating by thermal cenduction in front of a strong
shock wave is discussed by Zel'dovich and Raizér.54. This is

a steady state diffusion phenomena so the temperature profiles
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produced are stationary xelative to the shock wave. Nevexr-
theless, the familiar humped shape in“the temperature profile
arises due to the bleachable diffusion. If the thermal con-
duetion were constant, then only the exponentially decaying
profile would he observead.

‘Heating by an electron beam is suggested to be an examble
of coherent diffusion. This is conceptually the same as the
heating by-a coherent monochromatic beam of photons, i.e.,

a laser. Some detalls way differ since electron beams generate
streaming effects leading to the two shream instability, somew

thing that may not have an analogy in photon beams.

2. Photon Diffusion: " Diffusion of Energy

the laser heating of a stationary plasma has been studied
in chapter IX. This is an example of toherent diffusion. The
diffusion is bleachable so the Familiar bleaching wave appears.
-Laser irradiation of a two level substance has also been
discussed in section & L. It is cbviously a Ekleachable
diffusion phenomenon so the bleaching wive appears. Any other
bleachable absorption mechanism, such as bound free absorplion,
will also résult in a bléaching wave.

The breakdown wave, an example of a backwards moving
hleaching wave {or an unbleaching wave) was also discussed
in section A 2. Thig is alszo cocherent diffusion., The reverse
nature of the wave iz due to the converging geomelry of a

focused laser beam.
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The initial expanding fireball in an atomic explosion
has been explained by Marsha.k64 as the diffusion of equili-
brium radiation. In this example, the radiation diffuses
rapidly at first, then slows down and is succeeded by a shock
wave-—in the same manner as in the study of Babuelupeyrissac,-
et. al. However in this instance it is equilibrium radiation
that is diffusing. So this is an example of eguilibyium
diffusion by photons. The equations governing this problem
were mentioned in section C 4: {4-33} and (4-36).

These are a few examples of nonlinear diffusion and
doubtless there are others. But it is clear that many
physical phenomena-— especially those characterized by high

temperatures—— are characterized by the diffusion wave.
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