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ABSTRACT
 

Strain Rate Sensitive Constitutive Equations (August 1971)
 

Charles Edward Nelson, B.S., Texas A&M University;
 

Directed by: Dr. James L. Rand
 

The purpose of this research is to develop rate sensitive
 

constitutive equations. The constitutive equations are analytic
 

relations between stress and strain. The developed equations make
 

use of a yield criterion which incorporates the second and third
 

invariants of the stress deviator. The deviator defines a
 

materials' change in shape. The resulting equation is applicable
 

to any type of stress tensor. Values of stress and strain under
 

uni-axial and torsional states of stress for various strain rates
 

are generated. Stress-strain behavior at various strain rates is
 

predicted for copper, lead, At 1100 (99.00% pure), At 1060-0
 

(99.60%), Annealed Aluminum (99.995%), and High Purity AZ (99.997%).
 

With the incorporation of rate sensitivity into the constitutive
 

equations, a material's response to strain rates of 106 sec- I and
 

higher is predicted. A comparison is made between the response
 

predicted by the constitutive equations and published experimental
 

results. Good agreement exists at high strain rates, but as the
 

dynamic strain rate approaches the "static" value small amounts of
 

error are incurred.
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NOMENCLATURE
 

Variable
 

A,, Bl,Cl = coefficient in expansion of slope by Eq. (61)
 

A2 , B2, C2 = coefficient in expansion of intercept by Eq.
 

(61)
 

C = intercept of kn - Zn plot in Fig. 4
 

E = Modulus of Elasticity
 

eij = component of the strain deviator
 

,VP

eij = visco - plastic strain rate tensor
 

F = static yield condition defined by Eq. (5)
 

f = function relating second and third stress
 

deviator defined by Eq. (28)
 

G = Modulus of Rigidity
 

Jl1 = first stress invariant
 

J2 = second stress invariant
 

J3 = third stress invariant
 

J1 = first invariant of the stress deviator
 

= second invariant of the stress deviator 
J2
 

= third invariant of the stress deviator

J3 

k = constant in the yield condition 

L elastic constant 

M - slope of Zn - Zn plot in Fig. 4 

p hydrostatic pressure 

S- component of stress deviator 



x 

Variable 

Y 

a 

= yield stress 

= summation index 

Y ij = shear strain tensor 

= shear strain rate 

0 
y 

i 

= static shear strain rate 

= physical constant 

= strain tensor 

ell 

0 
Oi 

= plastic strain 

= static strain rate 

= plastic strain rate tensor 

= strain rate for uni-axial loading 

= plastic strain rate 

= elastic constant 

o 

v 

= 

= 

coefficient of viscosity 

Poissons ratio 

a = stress tensor 

a 

a 

= static yield stress in pure shear 

= uni-axial stress 

a 

'ij 

O(F) 

Subscript 

uni-ax 

sh 

= dynamic uni-axial stress 

= shear stress tensor 

= rate sensitivity material parameter 

= uni-axial loading 

= shear loading 



CHAPTER I
 

INTRODUCTION
 

1.1 The Need For A Strain Rate Sensitive Constitutive Equation
 

Material response to various rates of deformation has long
 

been of interest to scientists and engineers. The simulation of
 

relatively low rates of strain can be obtained in the laboratory
 

and until only recently, there has been no need to extend the
 

testing ability to rates much greater than 104 sec -. Then,
 

with the advent of the space age, engineers became interested in
 

areas of high velocity impact and high rates of strain. Ques­

tions were asked as to how would a material respond when im­

pacted by a particle traveling at 72.0 km/sec. Numerical simu­

2 3
lations1 , , were developed which attempted to predict the effects
 

of these high speed events. But to adequately predict these effects,
 

it became evident that some mathematical model needed to be de­

veloped which would describe the response of a material for
 

different rates of loading.
 

From these early codes, predicting crater size for various
 

size projectiles and impact velocities demonstrated the complex
 

mechanism operative during a hypervelocity impact. The quali­

tative results which these investigators obtained were used to
 

The citations on the following pages follow the style of
 
the AIAA Journal.
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develop an understanding of the role played by material response
 

in regions of high velocity impact. However, to gain a quantita­

tive answer to high speed impact, material parameters such as
 

strength and rate sensitivity were needed for inclusion in the
 

numerical codes. This rate sensitivity, or time dependent be­

havior, along with a constitutive equation describing stress as
 

a function of strain helped extend the understanding of high velo­

city impact. High velocity impact is normally characterized by
 

a hydrodynamic state where shear effects are negligible. However,
 

when the initial stages of hypervelocity impact have passed,
 

strength effects of the impacted material must be considered in
 

order to adequately describe the material's response. It is in
 

these later stages of high velocity impact that rate sensitive
 

equations are needed. A constitutive equation which is strain
 

rate sensitive should be able to describe both the elastic and
 

plastic response of a material and be capable of a smooth transi­

tion between the two regions. It should be capable of showing an
 

effective change in the yield stress if the material is rate sen­

sitive and conversely, no change if the material's response is
 

rate insensitive.I1 

1.2 Variations In Experimental Results
 

Even with the advent of devices to measure the rate sensiti­
i I
 

vity of a material, the conclusions from these experiments show a
 

variation in effective strength for apparently the same material.
 

http:insensitive.I1
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Lindholm4 and Rand5 both considered the dynamic loading of commer­

cially pure aluminum for strain rates up to about 103 sec -I From
 

these two studies it can be seen that for similar strains and strain
 

rates, different stresses were encountered. See Fig. 1.
 

As can be seen from the data collected by these two investi­

gators, even a slight variation in types of testing, residual stress­

es, and grain structure of samples can be enough of a difference to
 

cause a change in the stress-strain curves. By comparing published
 

strain rates for similar metals and alloys, it appears that no two
 

results have the exact same stress-strain curve. In fact even the
 

quasi-static data varies; some investigators5 consider quasi-static
 

-2 -l 6
 
to mean a strain rate of 10 sec while others consider a
 

-l
 
strain rate of 10 sec
 

Changing the temperature of a material will also affect the
 

results of dynamic testing. The inclusion of thermal effects into
 

a materials behavior will effect the constitutive results. For an
 

increase in temperature, the effective strength decreases, which
 

might be analogous to lowering the rate of loading.
 

1.3. Strain Rate Considerations
 

The constitutive equations developed by Perzyna7 are for gen­

eralized states of stress. He developed a general three dimensional
 

elastic - viscopllastic model for rate sensitive materials and it
 

is his work that is extended by this research. By using his
 

generalization o1 the constitutive equation
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* _1 = ±. ~FSi +i 0O (F) aF for F > 0 
ij 2p1 ij 9a 

ii ) 

ejj = lii for F<O 

£ ii 3-L ii 

where
 

Sij = component of stress deviator
 

eij = component of strain deviator
 

Cli - strain tensor
 

UL = elastic constants
 

Oij = stress tensor
 

= total time deviative
 

0
 
y = physical constant
 

O(F) = results of material behavior under dynamic loading.
 

Any function, F, which represents the static yield condition will
 

satisfy the above equation. That is
 

f(Ji',J;) 
F 2 -1 if f(Ja J) > a 

a n3'
 
0
 

where J' and J' are the second and third stress invariants of the
 

2 3 

stress deviator which are developed in Appendix A. The expression
 

a is the yield stress.
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By considering the non-elastic part of the strain rate tensor,
 

we get
 

0 "(F) So ' (2) 

which means that for a plastic strain rate, some function O(F) may
 

be chosen to represent the results of tests on the behavior of
 

metals under dynamic loading. Once this function has been deter­

mined, the problem of investigating rate sensitive constitutive
 

equations and describing a materials response is complete.
 

Various forms of this function O(F) have been suggested,
7
 

however after applying strain rate data to the suggested forms,
 

no apparent continuity existed and a new O(F) was developed. This
 

new function is sensitive to strain rate data for the determina­

tion of material constants as will be seen for the two different
 

sets of data on 1100-0 Aluminum. Determination of these material
 

constants, requires having a prior knowledge of strain rate his­

3 -1tory, however by using data in the realm of 10' sec , predicting
 

effective strengths for strain rates of 106 sec -1 becomes possible.
 

7 
The forms of the function suggested by Perzyna were either
 

an exponential series
 

N 
S1(F) = E Aa [exp(F)a-l] (3) 

a=l 

or a series expansion
 



7 

N
 
D2(F) = Z B Fa (4)

a=l 

where F is the static yield function given by
 

F 2 _ -1 (5)
a a


0 0 

For the uni-axial loading considered in this investigation, 

a = a, and a = a = o, whereby F takes the formxC y z 

F = -1 (6)
 
0 

By considering the form of 4'(F) suggested, and with the com­

parison of strain rate data for AZ 1100-0 (99.00% pure), At 1060-0
 

(99.60%), Annealed At (99.995%), High Purity At (99.997%), copper,
 

and lead it became apparent neither of these forms would adequately
 

describe the material response. The evaluation of these functions
 

will be discussed in greater detail in Chapter III along with the
 

evaluation of a new expression for $(F).
 

In Chapter II past work in the area of rate sensitivity is
 

reviewed. The review is broken down into two sections, theoreti­

cal wave propagation relating to strain rate and experimental in­

vestigations. In the theoretical section, discrepancies arise be­

tween the mathematical models due to the assumptions used to describe
 

various material's response. For the experimental investigation,
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rate sensitivity varied for a particular material among the in­

vestigators. The results and conclusions were in general con­

sistent when the entire area of dynamic material response was
 

considered.
 

Chapter III considers the form of the rate sensitive constitu­

tive equation developed and explains how the equation predicts var­

ious stress-strain curves for various strain rates. The amount of
 

error incurred by using this form of equation is discussed and a
 

comparison of predicted values with experimental results is shown.
 

In Chapter IV, the results and conclusions are made concerning
 

the rate sensitive equation along with further possibilities con­

cerning a better refinement of the (F) function. Also discussed
 

is the applicability of this equation to torsional loading situa­

tions. Discussion is also directed toward the materials' effective
 

yield strength at high rates of strain encountered during a hyper­

velocity impact.! The application of a rate sensitive constitutive
 

equation to high yelocity impact compliments the hydrodynamic models
 

initially considered for these problems which were insensitive to
 

strength.
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CHAPTER II
 

LITERATURE REVIEW
 

Recently the question of strain rate effects seem to be play­

ing a more important part in dynamic testing of materials than it
 

has in the past. It has been concluded that during dynamic test­

ing, materials behave differently than when tested statically.
 

Many theoretical and experimental studies have been devoted to
 

observing this effect. Various effects have been observed, but
 

it is rather difficult to describe them mathematically, and there­

fore give a full description of a material's response to different
 

rates of loading. The magnitude of the rate of strain at which
 

a particular material begins to be rate sensitive varies from
 

material to material. Cristescu8 feels the limiting rate of
 

-4
strain for some materials can be as low as 10 sec
 

To understand strain rate problems, an investigation of theore­

tical and experimental work should be considered. Some experiment­

al investigators disregarded wave propagation phenomena although
 

the rate of loadings are high. There are cases where stresses and
 

strains are averaged.out and the result can be indicative of the
 

dynamic properties of the materials considered. This averaging
 

of the stress and strain can only be considered if the specimen
 

is small compared to the length of the loading pulse. However,
 

conclusions in this area are sufficiently inconsistent to warrant
 

further investigation into the rate influence of certain materials.
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In the present study, rate effects of materials are broken
 

down into two sections. The first being that of experimental re­

sults, in which the constitutive relations are determined for
 

various rates of loading and secondly, a theoretical investiga­

tion which describes adequately a general constitutive equation
 

for a particular material.
 

From a theoretical standpoint, an ideal rate sensitive con­

stitutive equation should be capable of describing the various
 

aspects of mechanical behavior normally encountered during any
 

rate of loading. This equation should be capable of describing
 

both the elastic and plastic part of the stress-strain curve and
 

also be capable of a smooth transition between these two regions
 

of behavior. However, presently there seems to be no single con­

stitutive equation which adequately describes all aspects of mech­

anical behavior.
 

2.1. Experimental Investigation
 

Probably the first experiments dealing with strain rate sensi­

tivity were conducted by B. Hopkinson9 who studied the propagation
 

of longitudinal waves in wire. He observed that the dynamic yield
 

stress was approximately twice that of the static yield stress.
 

After this initial work by Hopkinson, the study of rate sensiti­
110
 

vity received little attention until Taylor and Quinney did ex­

perimental work on mild steel and copper. In their investigation,
 

they showed that due to the dynamic loadings, the dynamic yield
 



for steel was much larger than that in the static case, and for
 

copper it was only slightly higher. Consequently, steel has more
 

strain rate sensitivity than copper. Drucker considered several
 

classes of mathematical theories of plasticity for work-hardened
 

materials and compared their advantages, disadvantages, and agree­

ments with experiments. He even went so far as to make a distinc­

tion between various types of loadings and deformation in an attempt
 

to explore and generalize the stress-strain relations.
 

Naghdi, et al.1 2 did an experimental study of the initial and
 

subsequent yield surface in plasticity. Their investigation con­

cluded that 24ST-4 aluminum alloy subjected to torsion-tension re­

versed torsion produced an initial and two subsequent yield surfaces.
 

That is, it showed three distinct stress-strain curves. Cook13
 

did an extensive investigation on various steels for both a chang­

ing strain rate, and varying temperatures. He found that while 

yield stress generally increases with strain rate and decreases 

with temperature for any steel, the change in yield can be described 

by either a semi-logarithmic formula 

a= A log 9 + a (7) 

or a power law
 

= a B dn (8)o 
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where a0 is the static yield, 6 the strain rate, a the dynamic yield, 

and A and B constants. In some cases, the first formula and in
 

others the second adequately describe the experimental data, how­

ever, there did not seem to be any simple relationship. The same
 

was also true for the temperature effects, no single formula cov­

ered all the data.
 

Kolsky and Douch14 did an experimental study in plastic wave
 

propatation. The measured dynamic stress-strain curves for speci­

mens of pure copper, pure aluminum, and an aluminum alloy were
 

generated by firing the specimens at a steel pressure bar.
 

They found that for copper and aluminum the dynamic curves lay
 

above the static ones, whereas for the aluminum alloy, there appeared
 

to be no significant strain rate effect. Then with their dynamic
 

results, they tried to test the prediction of a strain-rate inde­
15
 

pendent theory by using plastic wave propagation. Bell, who has
 

done experimental work dealing with dynamic stress-strain curves,
 

has concluded from experiments using diffraction-grating techniques
 

that wave propagation is governed by strain rate independent theory
 

and the static stress-strain curves.
 

Alter and Curtis1 6 conducted tests to determine how pulses of
 

plastic deformation disperse during propagation along a bar. It
 

was shown in their study that wave dispersion cannot be due solely
 

to the nonlinearity of a time independent stress-strain relation.
 

However, a model not displaying rate parameters of a material exhi­

biting a strain rate sensitivity did not serve to adequately predict
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the experimental observation. Thus they concluded that for lead the
 

strain rate effect played an important part in controlling the
 

behavior of a plastic strain pulse.
 

Lindholm and Yeakley,4 in their experimental investigation
 

of strain rate sensitive materials presented the split Hopkinson
 

pressure bar method for obtaining complete stress-strain curves
 

at high strain rates. Their strain rates were on the order 103
 

-I
 

sec in either tension or compression. Rand5 also used the split
 

Hopkinson pressure bar to determine the stress-strain curves for
 

strain rates up to approximately 103 sec -1 In his investigation,
 

Rand analyzed in detail many of the assumptions and techniques
 

used to obtain strain rate data. He also attempted to give an
 

overall evaluation of the quality of the data generated by the
 

pressure bar equipment based on one-dimensional wave analysis.
 

In the split Hopkinson pressure bar, the testing procedure
 

consists of placing the specimen to be investigated between two
 

pressure bars, both of which are cut from the same stock so as to
 

have identical properties. An elastic driver bar is accelerated
 

down the barrel of an air gun to impact one of the pressure bars.
 

The stress waves caused by this impact travel down the elastic
 

pressure bar until they reach the specimen. Then part of the
 

stress waves are reflected and the remainder travel through the
 

specimen into the last pressure bar. Strain gages on the pres­

sure bars sense the stress waves and these stress waves are ob­

served on an oscilloscope. By applying one dimensional wave
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analysis to this recorded data, the velocity and force applied to
 

the specimen can be determined. The stresses can then be found
 

for any instant of time by averaging the forces and velocities.
 

Baron17 considered rate sensitivity for metals and alloys at
 

low temperatures. In his study, he varied the strain rates from
 

-
about 10 11 to 104sec -1 and varied the temperature from 200C
 

to -1960C. He noted that at these low strain rates, creep effects
 

started to become effective, while at the high strain rates, wave
 

propagation and inertia effects appeared.
 

Chiddister and Malvern18 did experimental work for rate sensi­

tivity on aluminum at elevated temperatures. With the introduc­

tion of elevated temperatures into rate sensitivity, these inves­

tigators found that strain rate dependence could be fitted by
 

either a power function (log-log plot) or by a semi-logrithmetic
 

plot and that ratd sensitivity was found to increase with tempera­

ture.
 

McLellan19 has shown how inelastic stress-strain behavior
 

can describe strain rate sensitive materials other than 2024-T4
 

aluminum in compression. In his study, he found that stress and
 

strain rates are proportional on a logrithmic basis; and of the
 

materials he examined, it was found that the rate of plastic flow
 

was insensitive to strain rate.
 
20
 

Green, et al. did a comprehensive strain rate study for
 

aluminum and aluminum alloys in which they observed that the
 

greatest rate sensitivity was in high purity aluminum (99.9999% pure)
 



15 

and decreased with increasing impurity content (1060-0 and 1100-0
 

aluminum). That is, 99.9999% pure aluminum is more rate sensi­

tive than At 1060-0 or 1100-0, while At 6061-T6 and AZ7075-T6
 

are not rate sensitive at all. They theorized that impurities
 

form stronger barriers to the motion of dislocations than the
 

mechanisms predominant in high purity materials.
 

Karnes and Ripperger21 did experimentation on specimens of
 

high-purity polycrystalline aluminum to determine the amount of
 

strain rate sensitivity. Their specimens were cold worked to
 

varying degrees from an annealed condition to an engineering strain
 

of 50%. They found, contrary to the prediction of the intersection
 

mechanism of dislocation theory, that the cold working had little
 

or no effect of the type or degree of strain rate sensitivity and
 

that the material used in this study was strain rate sensitive
 

regardless of the degree of cold working.
 
Lindhol22
 

Lindholm,2considered the deformation of aluminum at strain
 

-3 ­rates from 10 sec -I to 103 sec I and temperatures from 300 K to
 

7000K. In his work he considered stress states which included ten­

sion, compression, torsion, and combined tension and torsion. From
 

the results he found that his tests compared favorable with the
 

thermally-activated dislocation model of deformation.
 

Brown23 conducted stress tests on thin walled tubes of poly­

crystalline 2024-T81 aluminum at temperatures of 1500C and 2500C.
 

For steady state creep strain rates, the aluminum exhibited a con­

siderable dependence on load history. For a certain history, he
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found it possible to determine unique surfaces of constant creep
 

strain rate. In the temperature and small strain regions con­

sidered, room temperature yield surfaces were found to be unaffected
 

by elevated temperature deformation.
 

Lindholm,24 in his study of dynamic deformation of metals,
 

has scaled strain rates from regions of creep to hypervelocity im­

pact as can be seen in Fig. 2. Also included in his study of rate
 

effects was a discussion of plastically deformed metals in terms
 

of thermally activated dislocation mechanisms.
 

- - 4 -
Bell 25 worked with "quasi-static," (10 2 to 10 sec. I ) strain­

rate data. He related the dynamic rate data to finite amplitude
 

wave theory and includes a description of linear temperature-depend­

ance. This theory is a generalized parabolic stress-strain law
 

governing strain rate independent finite amplitude wave propata­

tion in predicting dynamic and ultimate strength data.
 

2.2. Theoretical Investigation
 

To predict the performance of a structural system, it is nec­

essary to consider the mechanical properties of the material. If
 

the structure is subjected to strain rates greater than the static
 

strain rate, then the resulting effect on the strength, modulus,
 

and ductility of the material must be understood. An analytical
 

description of the mechanical behavior by a constitutive equation
 

which accounts for property changes with strain rate becomes nec­

essary for accurate response calculations.
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Dynamic states of one-dimensional stress and one dimensional
 

strain are usually the easiest to produce in the laboratory. While
 

these are the easiest to investigate, they also represent the ex­

treme bounds of an envelope of material behavior which includes
 

most other states of stress.
 

In one dimensional stress, there is no restriction to lateral
 

motion of the material. In one dimensional strain, the resistance
 

is such that the lateral motion is nonexistent. Physically, this
 

means that radial stress can be neglected and still obtain useful
 

information.
 

Butcher and Karnes2 6 present a discussion in which 'theyuse
 

low strain rates as a starting point for their experimental analysis
 

to understand strain rate snesitivity. In their theoretical in­

vestigation, they considered wave theory to calculate stress-strain
 

curves for different strain rates. From their one dimensional
 

loadings, and their wave analysis, they concluded that the stress­

strain relations for a particular material determined under "quasi­

static" conditions, may not be extended to dynamic conditions.
 

An effort to predict the propagation of plastic deformation
 

was made during World War II, and then declassified in 1945. At
 

this time, three investigators, von Karman of the United States,
 

Taylor of ,England, and Rakhmatulin of the U.S.S.R. presented their
 

theories on wave propagation. Rakhmatulin27 studied the propagation
 

of deformation along a bar due to a sudden pressure beyond the
 

limit of elasticity and attempted to define a law of loading and
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unloading. In his work, a process for the propagation of deforma­

tion was established. He started from the instant of time that 

deformation of an element occurs. The bar is loaded continuously 

up to a value predicted by a = a(s), and then this deformation 

decreases depending on the form of load as well as the form of a 

new function, a l = a (e). Also considered in this study was the 

form of the function a = o(s), in which the scheme of Prandtl was 

examined. In this case, the distribution of residual deformation 

along the bar for an arbritrary change of load is considered. 

About the time at which Rakhmatulin published his work, T. von
 

Karman28 of the United States investigated stress waves caused by
 

longitudinal Impact of a cylindrical bar., The bar was impacted
 

with a velocity great enough to produce plastic strains. He
 

presented a theory for computing the stress distribution along a
 

bar at any instant after impact. He showed that for a given material
 

there was a critical impact velocity, such that when subjected to
 

a tension impact with a velocity larger than the critical velocity,
 

the material would yield with small plastic strains.
 

Once the theory of plastic wave propagation was introduced,
 

commonly referred to as the KTR theory, Malvern2 9 developed a theory
 

for longitudinal waves of plastic deformation. His development
 

extended the KTR theory to include material properties in which
 

the stress was a function of the instantaneous plastic strain
 

and strain rate. He attempted to use solutions for idealized flow
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laws where he compared his solution with those which neglected
 

strain rate effects. He showed that for the existing theory of
 

a = a(e), considerable deviations were produced from the static
 

stress-strain relations for changes in strain rate. He theorized
 

that stress was a function of instantaneous plastic'strain and
 

strain rate. He assumed that there exists some relation where
 

stress is defined as
 

a = a(E (9) 

and e" is the plastic strain and C" the plastic strain rate.
 

Wood 30 presented a theoretical description which described
 

the propagation of longitudinal plane waves of large lateral ex­

tent in solids for waves of plastic as well as elastic strain.
 

He found that stress-strain characteristics of materials are, in
 

general, dependent upon the duration and rates of loading, their
 

wave propagation properties differing somewhat from those predicted
 

from static stress-strain relations. He found that some materials
 

were not affected much by a change in the impact loading and that
 

the properties were confined primarily to the resistance of the
 

materials to plastic shear strains. However, those materials that
 

were affected by short loading times and high rates of deformation
 

led to a change in the initial yield stress and a raising of the
 

entire flow curve. Consequently, a change in the stress strain
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curve due to impact loading was a direct result of the waves them­

selves.
 

However, the first theory which discussed the relationship
 

of stress and strain rate was that presented by Hohenemser and
 

Prgr31
rager 1 in 1932. Itwas their work which attempted to define a
 

possible rate sensitive constitutive equation. They theorized that
 

the form of a constitutive equation could be defined as
 

P 2a <F> F(10)

ij = 0 i
 

where
 

B S 1iji/211 

o a 
0 0 

is the static yield function and s' the components of the plastic

ii
 

or, more generally, the anelastic strain tensor, n is the coefficient
 

of viscosity, and a is the yield stress in simple shear. The
 

stress deviator for uniaxial loading is nothing more than
 

the difference between the stress tensor and the hydrostatic tensor.
 

The symbol <F> is defined as
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o,F < o
 
<F> = (13) 

F,F > o 

For the elastic strains, Hohenemser and Prager took the elastic
 

strains into consideration, and denoting by eij the-components of the
 

strain deviator and by U and L elastic constants, they obtained
 

the relations
 

+ o2 Si if J.3k > cs
ii 2v ii 2n 2 0ij 

2 if 


114
 

=ij i ',< a (14) 

ii L ii 

Thus, from the work of these two mathematicians, a constitu­

tive equation for rate sensitive plastic materials was defined.
 
7
 

Following the work of Prager, Perzyna generalized the one
 

dimensional constitutive equations for rate sensitive plastic ma­

terials to general states of stress. He presented'the dynamic yield
 

condition for elastic, visco-plastic materials and also incorporated
 

J31 the third stress invariant, into his rate sensitive model.
 

Perzyna theorized that instead-of using the term2 c <F>, in
 

equation (10) of the Hohenemser formula the expression y°%(F)
 

could be used, where y is a physical constant of the material,
 

and where O(F) satisfies the condition
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(F) = o if F < o 
(15) 

0 (F) # o if F > o 

Then when elastic strains are added, the constitutive equa­

tions take the form
 

1 C + y0 O(F) for F >o 
ii= 2p ii a i 

for F < o (16)
ij - 2 j1 

1 .i
 
ii MLii
 

The term O(F) is a function which is chosen to represent the
 

results of the behavior of metals under dynamic loading. In his
 

work, Perzyna felt that possible forms of the function '1(F) could
 

II 
be an exponential expression of F,
 

N 
= Z A [exp(F)a-l] (3) 

a=1 

or possibly a polynominal expansion
 

N 
0 = E B aF (4) 

a= F 

However he felt that for the determination of the expression
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(3) and (4) the correlation of stress and strain for various strain
 

rates must be studied extensively.
 

Rosenblatt32 in an attempt to describe material response for
 

hypervelocity impact attempted to incorporate Perzyna's expression
 

for rate sensitive constitutive equations. Due to the fact that
 

experimental strain rate data had not been generated for strain
 

-
rates above 104 sec. , and since hypervelocity impact (see Fig. 2)
 

-
produces strain rates on the order of 106 sec. , a strain rate
 

sensitive constitutive equation is needed to predict material re­

sponse for high strain rates. Consequently, in his study, Rosenblatt
 

attempted to determine strain rate sensitive equations which would
 

adequately describe the material response to high velocity impact.
 

However, of the forms he considered, no single expression adequately
 
-
1


predicted the material response for rates greater than 106 
sec.
 

Consequently to extend the $(F) function he chose an additional
 

equation, where by matching slopes and magnitude, he was able to
 

6 -1
 
predict rates greater than 10 sec.
 

Thus it can be concluded that during dynamic testing, materials
 

behave differently than when tested statically. Many experimental
 

and theoretical studies have been devoted to observing this effect.
 

Various effects have been observed, but it is rather difficult to
 

describe them mathematically, and therefore give a full description
 

of a material's response to different rates of loadings. It is
 

the purpose of this paper to develop a constitutive equation which
 

incorporates rate sensitivity into the description of a material's
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behavior at various rates of loading.
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CHAPTER III
 

DEVELOPMENT OF CONSTITUTIVE EQUATIONS
 

3.1. General Discussion
 

It would be highly advantageous to have at one's disposal a
 

general constitutive equation for a material which would be capable
 

of describing in a single expression the various aspects of mechan­

ical behavior normally encountered during the loading process. Such
 

an equation should be capable of describing both the elastic and
 

plastic response, and additionally, provide for a smooth transi­

tion between these two realms of behavior.
 

Presently there are two approaches considered in the formula­

tion of constitutive equations for elastic-plastic bodies. The
 

first is the rate theory based on the Prandlt-Reuss relation which
 

considers intervals of plastic strain as proportional to the stress
 

deviator. The second is the total strain theory based on the Hencky
 

equations which consider plastic strain as proportional to the
 

stress deviator. Although the theories differ in many areas, they
 

both consider total deformation as consisting of a small recoverable
 

elastic component and an irrecoverable plastic component.
 

Experiments have been conducted on a large number of materials
 

to determine whether the rate theory or the total strain theory is
 

more realistic. From the experimental results,17 it appears that
 

the rate theory follows more accurately the experimental results,
 



27 

and it is this theory that is adapted for this work.
 

The rate theory of plasticity is essentially a dynamic theory7
 

the constitutive equations being formulated in terms of rates of
 

stress and deformation. The description of purely elastic behavior
 

in metals, given by Hooke's law for small strain, is not dynamic;
 

it is based on a static strain rate state and a constrained initial
 

configuration. However, as long as elastic strains remain small,
 

a rate form of Hooke's law may be employed to describe elastic re­

sponse. In fact, the elastic component of strain is described by
 

the rate form of Hooke's law. Consequently, it becomes clear that
 

the constitutive equations governing elastic-plastic response in
 

metals are most naturally expressed in rate form.
 

For & large number of metallic solids, which exhibit little or
 

no strain hardening, the classical elastic-linearly plastic body
 

has proved to be a realistic model to describe material response.
 

This classical response is characterized by two regions of mechani­

cal behavior, each of which has its own constitutive equation. There
 

is the elastic region in which Hooke's law applies and the plastic
 

region where plastic flow equations are employed. In an effort to
 

combine the constitutive equations of each region, a yield condi­

tion is applied.
 

Employing the elastic-linearly plastic model is not well suited
 

to realistically describe the response of non-hardening materials
 

for large deformations. In fact, when considering high impulse
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loading in deformable bodies, the material response is normally
 

characterized by shock waves, large deformations, and maximum
 

states of stress exceeding that at which the material yields. In
 

order to realistically describe the mechanical states experienced
 

during high velocity loading, it becomes clear why a constitutive
 

equation, more general than the one for a classical elastic-plastic,
 

must be employed. A suitable model must be capable of accounting
 

for non-linear effects arising from large distortions and finite
 

compressions.
 

3.2. Formulation of Yield Criterion
 

It is obvious that the constitutive equations (16) are valid
 

for any function F representing the static yield condition pro­

vided the assumptions concerning plastic material are satisfied,
 

that is, that the function F does not depend on the strains. For
 

instance, for
 

f(Ji ; 
F 2' (17)

a
 
0
 

a0 is a quasi-static stress, the strain does not appear. Rosenblatt,
 

in his analytical study of strain rate effects considered using
 

only the J' component. However, most researchers feel that the
 

2
 

third invariant has some influence on the yielding of materials.
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Anticipating that the incorporation of the third invariant of
 

the deviatoric stress tensor into the yield criterion of metals
 

might give better strain rate sensitivity parameters and functions,
 

the following type of relation was formulated. Ignoring the
 

Bauschinger effect, it can be assumed that materials behave simi­

larly in tension and compression. This points out that quadratic
 
2 

or even powers of stresses need to be considered. Therefore a - rd
3
 

power is used for the third invariant as follows,
 

2 2 32
 
-
J' + k(J3)3 = - + k(2-)3 (18)
 

where k is a constant to be determined and y is the yield stress
 

in tension.
 

To determine k and to see whether the slight deviation of
 

the experimental points from the von Mises yield condition, which
 

is
 
2II = y-- (19) 

2 3 (
 

might be due to the influence of the third invariant, the classi­

cal experimental results of Taylor and Quinney10 were used. Since
 

they used thin walled tubes subjected to torque and axial loading,
 

the above criterion simplified to a stress tensor.
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i=X +L 0UO 
The first tensor on the right hand side of this equation is
 

the deviatoric stress tensor. From this deviatoric stress tensor,
 

where the prime denotes the deviator:
 

Jt =o 

1
 

2 
J= + T 2(20)
 

2 3 xy 

3 27 x 3 x xy 

Therefore, in order to satisfy the case of uniaxial stress, where
 

J2 + k(J3)2/3 2 + k 2 3)2/3 (21) 

we get
 

a ' 2 a ay T 2 2/3x +3 ( xy) 2 x i() (
y 3k{ () + y( 

(22)
 

1. + .529134k
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This polynomial is solved using the computer to find
 

T y/y for each experimental value of ax and different values
 

of k. It was found that the preceeding equation agrees well with
 

the experimental results of Taylor and Quinney for aluminum, copper,
 

and mild steel, and are plotted in Fig. 3. The value of k = 0.0
 

corresponds to the Von Mises condition and k = -0.13 corresponds
 

to the inclusion of J' Hence, for further study of yield criteria,
3.
 

the equation
 

J2 - 0.13 (J (23) 

2 3j 3 (lk 3 

will be used to predict yielding for all other materials. 

It is also concluded on the basis of the limited data avail­

able, that the effect of the third invariant is more pronounced at 

the combinations of lower normal stress and higher shear stresses.
 

However, as to the exact significance of adding the third invariant
 

to the yield criterion warrants further investigation.
 

3.3 Incorporation of Yield Criterion
 

On the basis of including both J' and J in the yield criterion,
23
 

the form of the static yield function, F, can now be established.
 

In order to apply the conditions of uni-axial loading, the stress
 

deviator is nothing more than equation (12).
 

So that:
 

J! =
 0
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2
 
j= a (24)
 

2 3
 

3 -27a 

From the prescribed definition of f used 
by Perzyna7
 

f = 'U (25) 

and defining a as the yield stress in pure shear, the value of
 

F becomes
 

F =-- 1. (26)
 
a
 

0 

Now by applying the J' component and defining y as the yield stress
 

in pure tension
 

f(J, a;) 
F 3 (27)
 

y
 

we have
 

[J2 _r - 01( )2/3] 1/2 (8 
f(j = 3() 

and
 

a 2 3F/ (29) 
29
 

- 0.13 - o 

where
 

-
a (3)
1/2 y (30)
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the value of F becomes
 

- 0.13 (J; 2/3] 
F -l1 (31) 

- 0.13 3V4 2] 

but for uni-axial loading,
 

2 

2 3
 

(32)
 

2 3 
3 27
 

thus by substitution into (32), F becomes
 

-0.13 (27 %2j 

F= -1
2
F 1 

/
1L-- 0.13 2 


( _ 

then by factoring and cancelling
 

F = 2--__ 1 (33) 
0 

With the form of F and f defined, it is now possible to consider
 
I 

the visco-plastic portion of the generalized constitutive equation.
 

That is
 

Vp = y $(F) 3F (34) 
ii5

30yi 

where is visco-plastic strain rate tensor, y is a material

ij
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constant, q(F) is a analytic solution relating stress, strain, and
 

strain rate, and oij is the stress tensor.
 

Considering the term f, defined by equation (28) the expression
 

3F becomes rij c 3cij3
 

and the partial derivative of f with respect to aij becomes,
 

+ (36)
 
t0ij J2 9aij 
 J3 auij
 

then by setting
 

tij 3a ij 
 (7
 

the above partial derivative can be broken down into a J' and 3
 

component. Where the parallel wrt is the second invariant is
 

S[J- 0.13 (J)2/3] -1/2 (38) 
2 

a3'
 
ij aij (39)
 

and the partial derivative wrt the third invariant
 

_1
Sf -J'-0.13 (J,)2/3] 2 F-0.13 ()yds (40)'3 -2 2 3 J L 3 

Substituting (36), (37), (38), and (39) into (35) yields
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aF = 1e r 1 1 
auij L2 [J - 0.13 (J)2/3 ] 1/2 13 

(41)
 

0.13 tii 
3(J3)i/3(j; - 0.13 (J)2/3)i/2] 

and finally substituting (41) into (34) we easily obtain 

.vij ° yD(F)[12a_-_-__-_-_--_-_-- (42)p 3(J) 1/30J 0.131 (J)2/3] 1/2 

2 3i I1r 2() 

For the uni-axial case under consideration in this investiga­

tion 

-2 
0 0
 

0
0
ij 

0 0 -
a 

then
 
2 

aly =a (43) 

and considering the expression for t j 

t =t 1 (44) 

applying the J' to the above partial, tll becomes 
3 1
 

2 
= 14 a (45)

! = 81
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where
 

, =2 3 (46)
3 27 

and
 

a2
 
J1 (47) 

3
 

Now with the above parameters defined for the case of uni­

axial loading, the expression (43) for visco-plastic strain rate
 

can be calculated. In this method, Ros'ntlatt, applied the von
 
i 

Mises yield condition to obtain a term which became independent of
 
9F
 

aaij 

However, by the inclusion of the third stress invariant, the
 

expression (42) when simplified becomes
 

= Ok(F) (.565)' (48) 

3.4. Consideration of 0 Functions
 

By considering the general nature of the constitutive equa­

tions the final expression relates a yield criterion and a 0
 

function. The form of the function 0 is determined analytically
 

by considering a material's response to stress, strain, and strain
 

rate. As was noted previously, some materials exhibit a rate
 

sensitivity and some do not.
 

Several general mathematical models have been related to
 

static stress-strain curves. These models are series expansions
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which are in the form of an exponential or polynomial expression.
 

These functions then take the general form
 

(F) = Z Ai -exp(F)- (49) 

i=l / 
or 

N 
$(F) = B F (50) 

i=l i 

for
 

F f(J2, J3)
 
-l
 

0 

where A. and Bi are material constants.
 

Bodner and Symonds33 considered a polynominal expansion where
 

the relation between stress and strain was:
 

F6DF) = = _ 1)' (51) 

then the form of the constitutive equations became 

=1 + ilk S fO k 
jj 22 ij '2J >
 

J2
 

ei = if J < aij 22 -io 

* 1. 
ii 3L ii (52) 

when elastic deformations are small in coipparison with the plastic
 

deformations, and for one dimensional states of stress, the con­
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stitutive equations become
 

= Y ~ (53) 
a 
0
 

This expression (53) is known as the Cowper-Symonds-Bodner
 

strain rate law where a = /3K. Skolovskii34 defined'his strain
 

rate law by using the assumed 4'(F) in (51) and assigned 6 = 1.
 

Malvern,29 assumed a material's response for differing one
 

dimensional states of stress and strain that was in the form of an
 

exponential:
 
j,1
 

2 

( 1) -1(F) = exp 1--- (54) 
G 
0
 

and the constitutive equations take the form of
 

•~ 1 2+ 

eij =~9±j + (exp~(- ) ­

22 
J2f oI (55)
 

1 
 i i 

ij 211 ij' 2 ­

8ii JL ii
 

then the above equations yield:
 

C y {ex - -J} (56) 
0 

As can be seen from the strain rate laws developed by Bodner
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and Malvern, their s(F) functions are extractions of the general
 

forms in (49) and (50).
 

Because of the analytic nature of equations (49) and (50),
 

experimental results of stress strain curves for various strain
 

2 2 24 
rates were considered.5 , , The stress strain curves for strain
 

rates up to 104 sec.-I were found in the literature for Aluminum,
 

mild steel, and copper. From these data a general (F) function
 

was sought which would predict the stresses for various strains
 

and strain rates. The exponential form of 1(F) was applied where
 

the strain rate in terms of F was:
 

3 
+ Z A (exp F' - 1); F=---l (57) 

=i 0 

where subscript (o) denotes static values, and A terms are deter­

mined by a least squares fit. However, due to the nature of
 

annealed aluminum (99.995% pure) which is highly strain rate
 

sensitive, values of F were found to be greater than one. Then
 

by taking the exponent of an exponential, values of the series ex­

pansion became unbounded. The unbounded problem was only en­

countered with the values of F > 1 in this one material. But since
 

the type of 4D(F) function desired for application to all materials,
 

did not prove successful, another series, the power series was
 

investigated.
 

For a power series, a three term expression was investigated.
 

The general form of this expression was:
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N 
£n(&/&)= E A F for F 11 (58)0-l a a0 

where again, the subscript (o) denotes the static values and the
 

coefficients A are determined by applying a sets of strain rate
 

data for any strain.
 

Each A term was found to be a function of strain and a
 
a
 

quadratic dependence was assumed. Consequently for a = 3, the
 

coefficients of A took the form,
 

s2
 
A1 =A 11 + B1 1 e +C11
 

e2
 
A2 =A 2 2 e+ B2 2 8 + C22 (59)
 

A = A33 s B33 6 + C33
 

Then by applying a least square fit to the data for various
 

strains; the coefficients A1 , A2, A3 were determined. Difficulty
 

arose however when the constants A were inserted into the assumed
 

()(F) function. Because a cubic equation had been assumed, the
 

solution for F, or more appropriately the calculated values of
 

stress gave three possible solutions. In some instances the
 

solutions were imaginary. Since no justifiable reason could be
 

made for incorporating the real portion of an imaginary root of
 

O(F), the polynomial expansion was not further investigated.
 

Since a least square fit was applied to the experimental
 

results a general description of this technique is presented in
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Appendix B. However, because of the general nature of curve
 

fitting to such a problem, the deviation from actual data points
 

prompted skepticism in the final solution scheme.
 

Further mention should be made regarding the polynomial ex­

pansion for O(F). Although real and imaginary roots were generated
 

for various values of F and &, reasonably good values of stress and
 

strain rates were obtained for strain no larger than 7%. However,
 

when larger values of strain were considered there appeared a jump
 

in the stress-strain curve generated. Following the idea that
 

higher order polynomial expansions would yield imaginary solutions
 

no further attempt was made to fit a fourth order or greater ex­

pression. One and two term series were considered, however, the
 

resulting error was considered too severe.
 

From the difficulties encountered in describing a general 4'(F)
 

function with an exponential and power series expansion, it was
 

felt that applying experimental results from stress and strain
 

curves for various strain rates to another expression should be
 

7
investigated. By considering the assumed 4'(F) functions of Perzyna
 

analytic results from stress-strain curves for various strain rates
 

held only in some cases.
 

Attempts to relate stress and strain rates were investigated
 

and by applying strain rate data for lead, annealed aluminum,
 

AO1100-0, AZ1060-0, and high purity aluminum general trends were
 

sought.
 

From the mathematical fits considered, the solution scheme
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that best fit all the data was a particular kn - Zn plot of stress 

and strain rate. The parameters which best described the data 

were in(eF - 1) and Zn( / 0) for various strains. The equation 

Zn (eF -1 ) =M n (/ )C (60)
 

is compared to experimental data in Fig. 4. The values of M and
 

C, which are slope and intercept respectively, were then calculated
 

for various levels of strain.
 

Because a general 1D(F) function was sought which would
 

uniquely define a stress-strain curve for various strain rates, the
 

values of M and C were related to strain. This relation of M and
 

C to strain was sought since a strain term has not yet been intro­

duced into the assumed (F) expression. For each value of strain
 

there was a corresponding value of M and C for all the data sets.
 

The relation of M and strain along with C and strain appeared to
 

follow a quadratic expression where
 

M =A1 2 + B s+ C 

(61)
 

C A2 +2 6 +B2 C2 

The plots for annealed aluminum of M and C versus strain can be
 

seen in Fig. 5. Although three data points were used to define
 

the curves, since the data for all the materials considered
 

followed the same pattern it was felt justifiable to assume a
 

quadratic fit. Since the number of data points on the C and N
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curves were small, a least square fit was made which would deter­

mine the constants A1 , B1 , ..., C2
 .
 

From the six calculated constants the expression to define
 

the plastic portion of a stress-strain curve for various strain
 

rates took the form:
 

+
£n (eF - ) = (AIE2 + BI + C1) £n(/ o ) + A22
2 +BS C2 (62)
 

where
 

f(J;, J.;) 
F = 1 = G 1 (63)

C 
0 

for uni-axial loading.
 

The sensitivity of the six constants can be seen from the
 

two sets of data on 1100 Aluminum (Table 1). The strain rate data
 

from Lindholm4 and Rand5 , considered in this study, differed
 

according to values of F for similar strains and strain rates.
 

Due to this difference in F, the corresponding constants were
 

quite different. However, for the constants determined from each
 

set, the computed stress for various strain and strain rates were
 

quite close.
 

3.5. Induced Error
 

The error encountered by assuming a stress to strain rate
 

expression of
 



TABLE 1. COMPUTED CONSTANTS FOR VARIOUS MATERIALS 

MATERIAL AI BI C1 A2 B2 C2 

At 1100-0 -2.1182 2.1434 -0.0394 -79.4931 -3.5101 -2.1708 

(Rand) 

At 1100-0 -17.8434 4.7191 -0.0045 289.2405 -77.4536 -0.5598 

(Lindholm) 

AZ Annealed 2429.0990 -61.0948 0.9625 -32465.5800 796.5879 -12.8006 

Copper -4.4854 0.2209 0.2120 104.8376 -9.8354 -4.3805 

Lead -0.2403 0.0803 0.0900 -20.4498 9.8762 -2.6013 

High Purity At 6.5523 -0.4771 0.3245 -102.0860 17.7017 -3.0999 

At 1060-0 -61.1543 5.2988 0.0459 512.1492 -44.3766 -2.4634 
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£n(eF M Zn(&fl + C (64) 

was considered for uni-axial loading where the form of F was
 

F 1 
0
 

and where the static values were investigated. At a static strain 

rate, the valuerate, of stress tends toward a and strain rate to o' 

that is 

a- a and -­

a 0 

Consequently, F in the limit goes to zero and
 

n(eF - 1)1 =_= - . (65) 

and the value of £n(&/ 0) goes to zero. However, with the above
 

expression in the limit the right hand side goes to the value of
 

C, and the left hand goes to - =. As a result, an error was cal­

culated in terms of C and a . By considering equation (64) and
 

setting
 

C = kn C5 for C5 < 0
 

we get
 

e-F = 5( I o)m
 

or
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F = 	 Zn [1 +05 (&/&)m] (66) 

then 	by considering
 

0
 

0
 

the expression (66) becomes
 

aa 0 + a n(l + C5).
 

But because a goes to a0, the difference between the two stresses
 

is the error. Or
 

a 	 = n(l + C5) whereC 5 = e C (67) 

0
 

For the materials considered, C varied between -1.5 and -9.7 with
 

strains up to 30%. As a result, for C 0.0 the error predicted
 

by (69) becomes small.
 

3.6. 	 Incorporation of '(F) Into the Constitutive Equations
 

With 4'(F) now defined as a function of material constants A1 ,
 

B1	 ... , C for various strains, the expressions for the equi­

valent forms of the constitutive equations become
 

=i + .565 Y '(zF) 9F for F > 0
 

, 


11 	 2P 1S1
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11 for F < 0 (68) 

=
1l3L 11fofor
11i ­

where
 

(F) = o {expE[n(exp(F) - 1) - C6 (69)O() 0}ep 


and
 

M A1 + C1 

C A2 + B2 + C22 

3.7. O(F) for loadings other than uni-axial.
 

The capability of the constitutive equation to predict strain
 

rate data for loads other than uni-axial is also considered. For
 

the case of pure torsion, the stress matrix is
 

"0 I2 0
b T 12 

ij '21 0 0 

0 0 0 

which, when considering the form of the deviator, the invariants
 

become
 

Ji = 0 
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9= t 2 (70) 

J= 0
 

At yield, the second invariant from pure torsion is equivalent
 

to the second invariant from uni-axial loading by the Von Mises
 

criterion and assuming the material is incompressible the relation
 

T2 =-2/ only at yield (71)

torsional 3 uni-axial
 

is obtained. 

Consequently the form of shear stress in terms of axial 

stress is 

T 0 (72) 

The form of shear strain can be calculated in a similar
 

fashion. By considering the relation
 

E= 2 G(l +v) (73)
 

where E is the modulus of elasticity, G the modulus of rigidity,
 

and v poissons ratio. The maximum value of v is 0.5 at yield,
 

which gives
 

E=3G.
 

Considering the relation for the modulus of elasticity
 

-
E
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becomes
 

a rit 
3G 3 G 

and when simplifying the axial strain becomes 

= -. (74) 

ri
 

With the shear stress and strain now defined in terms of
 

uni-axial stress and strain the form of the 4'(F) can now be con­

sidered. Considering the form of the 4'(F) function for uni-axial
 

loading
 

WeF - 1s2 + BIE + C ) n(/ o ) + A2s2 + B2e + C
2 (75)
 

and adapting it to a similar expression for shear loading, where
 

for shear the Z(F) expression becomes
 

F- . 2
 

Pn(eF -1) = (A3y2 + B3Y + C3) in(y/yo ) + A4y + B4y + C4
 

Now defining M and C from (74) and (75) as
 

Muni-ax 
 1c + Bi + C1I
 

Puniax = A2e2 + B 
 + C2
22 

(76)
 

MSH = A3y
2 + B3y + C3
 

CSH = A4Y2 + B4y + C4
 

and realizing that for similar materials
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HI
 

Muni-ax 
 MSH 
(77) 

Cuni-ax 
 CSH
 

the constants in uni-axial loading cal also be used for torsional
 

loading. That is for similar powers of
 

22
 
A1 + BIC + C1 = A3y2 + B3y + C3
 

the terms
 

Als2 2
 
A = A3Y 

B1c 
 = B3Y 

CI = C3
 

From which follows
 

2 y2 A 
A3 = AI-=AAI- 31
 
3 y 3y 2 3 

In a similar manner, the forms of MSH and CSH become
 

SA1 y2 By +_
S 3 13 1 (78) 

2
 

A2 y2 B2 Y + C 
3 V3i 

Then by applying the (78) and (77) to (75) the form of D(F) 

becomes 

A 2 (A2y22 
We -1) +-- + CI ) Zn(jl ) + 2-+- (79)

3 /- 10 3 3 +C 2 ) 
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The form of shear strain rate now becomes
 

2 

n(eF i)A 2y + B2Y + C2 

= texp n - 2 (80) 
Ay + Bly + C 

3 3 1 

Comparison of theoretical stress-strain behavior for shear,
 

calculated by use of the constants determined by uni-axial data,
 

from (80) is shown in Fig. 6. Duffy et al. 36 considered the
 

behavior of At 1100-0 in pure torsion for shear strain rates up
 
-I 

to 800 sec. . From their results, they established a region
 

where shear stress and shear strain would be for strain rates on
 

the order of 800 sec. -1
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CHAPTER IV
 

RESULTS AND DISCUSSION
 

4.1. Results and Concluding Remarks
 

The development of a rate sensitive constitutive equation has
 

been presented which is able to describe both the elastic and
 

plastic part of the stress-strain curve and capable of a smooth
 

transition between the two regions. It reflects an effective
 

change in yield stress if the material is rate sensitive and con­

versely, no change if the material's response is rate insensitive.
 

To carry out the investigation, certain steps concerning a
 

yield criterion were established. It is from the yield criterion
 

that the values of F, a static yield condition, are determined.
 

This yield critertion, similar to von Mises was established on
 

the basis of static test results and incorporated the J2' and J3'
 

stress invariants. The addition of the third stress invariant
 

J3', to the yield criterion required both'the addition of-a
 

coefficient and an exponent to the J3 ' expression. The form of
 

yield criterion incorporated in the rate sensitive constitutive
 

equation was
 

J + k(J3 1)2/= (1.0 + k ) (81) 

where the value of the constant k of -0.13 was determined from the
 

experimental results conducted by Taylor and Quinney10 for aluminum,
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copper, and mild steel. On the basis of the data available, it is
 

concluded that the effect of the third invariant is more pronounced
 

at the combination of lower normal stresses and higher shear
 

stresses. When the value of k is zero, the expression (81) becomes
 

nothing more than the von Mises yield condition.
 

By analyzing a material's behavior experimentally, two strain
 

sensitive material parameters can be determined. Material responses
 

to any type of loading can be predicted by application of the con­

stitutive equations. There are, however, two features of the equa­

tion that must be considered before determining a material's re­

sponse for various strain rates. The first is determination of a
 

static load condition, o, and secondly, a static strain rate o"
 

By assuming the lowest strain rate given by the experimental in­

vestigations as the static rate of loading, the form of the rate
 

sensitive constitutive equation became
 

= 2- Si + (.565) 0 {exp 

[n(e - ) - (A2s2 + B2E + C2 ) aF
 
As + BIt-C 11~lforrF>1
 

+ 1 Ea 11 (82)
 

e S for F < 1
 

11 - L 11l 

for uni-axial loading where
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F=--1.
 
o 
0 

The constants determined for various materials are given in
 

Table 1. In addition, detailed comparisons of theory and experi­

ment are given graphically in Appendix C. In some instances large
 

strain rates for highly rate sensitive materials depict significant
 

changes in stress for a given strain, as for example high purity
 

aluminum. Likewise, little or no change in effective stress is
 

displayed for rate insensitive materials such as copper.
 

The development of the constitutive equations to account for 

torsional loadings is also made by applying the von Mises criterion 

of T = a and y = r e and using the constants in Table 1, the 

strain rate sensitive constitutive equations can account for 

dynamic shear loadings. Comparison of predicted values with the 

experimental results of Ref. 36 is made for Aluminum 1100-0 at a 

shear strain rate of 800 sec -. Good agreement exists for low
 

shear strains, however, for large shear strains there seems to be
 

some discrepancy. This discrepancy could be due to the difference
 

in static strain rates used to calculate the constants and that
 

used in the experimental torsional tests. Also as was noted in
 

Ref. 36, the experimental results for dynamic torsional loadings
 

at high strain rates do not follow the values experimentally ob­

tained by Ref. 4 for high strains. Scatter in test results of
 
-l
 

Ref. 36 for shear strain rates of 800sec can be seen in Fig. 6.
 

However for low shear strains, .02 < y < .05, the predicted stresses
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and strains by using (82) with the results obtained from Ref. 36
 

are in reasonably close agreement.
 

Small discrepancies arise in the comparison of experiments
 

and theoretical stress for various strain rates due to the incor­

poration of scattered data. In the experimentAl study concerning
 

lead, the scatter of stresses for strain rates of 104 sec -1
 

affected the determination of the six constants. Consequently, in
 

the comparison of the theoretical and experimental stress an error
 

might be deduced from each of the stress readings. However, to
 

predict a trend for this material, the theoretical results seem
 

plausible.
 

For the '(F) function developed, the error introduced by 

considering the limiting values of stress and strain rate where a 

tends to a and & to & becomes 

a a 0A 
 2
 
o n{exp (A2 2 + B2 e + C ) + 1} (83)
 

0
 

where the exponent of the exponential is always negative.
 

The use of the strain rate sensitive constitutive equation to
 

predict stresses for various strain rates on the order of those
 

encountered during hypervelocity impact is now possible. However,
 

comparison of theoretical values to experimental data is not
 

possible at the present time, since there is no rate testing device
 

-I
 
which can generate strain rates on the order of 106 sec.
 

The incorporation of rate'sensitivity into the constitutive
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equation adapts the constitutive equations to account for various
 

strain rates. By applying the constitutive equations developed
 

here, to a material's response at hypervelocity impact, a legitimate
 

method is now available to determine strength effects of various
 

materials to different rates of loading.
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APPENDIX A
 

A.l. Development of the Stress Deviator
 

In the development of the constitutive equations, the incor­

poration of the second and third stress invariants is made. By
 

using the notation of J2 and J3 as the second and third invariants,
 

the nomenclature of the yield criterion is simplified.
 

Considering an elemental volume which has nine stresses
 

acting on it, the stress tensor can be defined as
 

011 	 a13
a12  


a.. = 021 022 023 (A-1) 

031 032 033 

however the form of a is such that it can be broken down into
 

two parts. One part deals with the change in shape and the other
 

with the change in volume. That is
 

(Stress Tensor) 	 Change in Shape + Change in Volume
 
(deviatoric tens6r) (hydrostatic tensor)
FE
-rap 	 0103
 

31 032 03 	 31 032 o'33 

.1[i] 
(A-2) 
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where
 

F a11 + a 22 + a33 (A-3) 

3
 

If the notation for the deviatoric tensor is a'. and for the

1J 

hydrostatic tensor a'!, then the expression for the invariants of
 

the stress deviators become
 

.3 = a' 

! aii
 

2 (S ,
, 1 a(A-4)ji)
 

1 '. a t 
T 

J3 = (ij 0 jk "ki) 

where a!. is the substitution of (A-3) into the deviatoric portion

ij 

of (A-2). The form of a!. becomes 

(A-5) 

2a11 - 22 - a33 
3 012 013 

a' a 2022 - 11 - y33 

ii 021 3 023
 

2a - a a

233 11ll-'2
 

031 32 3
 

The above tensor becomes symmetric if the non-polar form of stress
 

is considered. By considering the components of the tensor (A-5)
 

and applying them to (A-4) the deviatoric stress invariants greatly
 

simplify. The deviator of the first invariant becomes
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1 =ll a22 + 33 (A-6)
 

The second invariant of the stress deviator is
 

2 2 11 ll + 12 21 13 031 + 21 a12 + 22 -22
 

+ a23 032 + 
31 13 + 32 "23 + 33 0 3
 

1 2a11-22-a33 2 222 - 0ll- 2 
or J2 2 3 + 3 

2o33-022-0li)2 2 2 2 

2 2 2 2 + 2a2 + 23}" 

Then with further simplification and considering the symmetry
 

of the tensor, the second invariant becomes
 

S { 2 +2 2 1 + + 
=3 (1 22 + 33) 3 1 22 11 33 022 33) 

3}
+a2 + a2 + a 
+012 13 23 

For the uni-axial case considered in this research, the final form
 

of J' becomes
 

, 1 2 
 (A-7)

C2o h i all
 

Consideration of the third invariant of the deviator yields:
 



67 

J'={al 0' 0 +0 0 '0' +0' ' a'
 

3 1 a22 U33 +12 a23 a31 + 13 a32 U21
 

I
at a? of a t I U33 0iI a23031 013 022 012 021 - 32 

or
 

2a 1 a22 a033) 2a22 - aIi - U33X2033 - a11 - a 33
 
=
J3 3 3 3
 

+0120r a +0 0 0 -G aa 22 a11 -a33)
12 23 31 13 32 21 31 13( 3
 

2a22 - C11 - 033
 
012 a23 031+ 13 032 021 - 31 13( 3
 

2a33 a11 - a22) 2 11 - a22 
- 33)
012 O21( 3 23 a32 ( 3
 

Then for uni-axial loading, the expression becomes
 

2 3 (A-8)
 
3; 27 all
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APPENDIX B
 

Least Square Fit To Data
 

Least square curve fitting amounts to determining the curve
 

passing through the average of x and the average of y, i.e., the
 

center of gravity of the data, with the incremental slope m, which
 

minimizes the sum of the squares of the deviation of the data from
 

the curve.
 

Assume for the present problem, that we seek the best fit by
 

minimizing the square of the deviation from a set of experimental 

points and which satisfy the condition & = 0 and F = 0 at the 

origin exactly. Also assume that we have H pairs of data (&i Fi) 

0 
0 

0 

& 0 

0 

0 

F- ­

and we wish to fit this data with some analytic expression
 

K
 
y& + Z A f (F)
 

0 n1l n n
 

The function f should be chosen so that:
 
n 
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fn-(0) = 0 for all l < n < 
-

K 

Posible functions which satisfy this condition are 

n
1.) f n(F) =F
 

nF
 

2.) f n(F) = e - 1 

n
 

3.) fn(F) = (eF - )
 

1 
4.) f (F) = FfG (F)1 except if G = 

n n F 

The difference between the predicted and experimental ith point is:
 

y(Fi) - i = 6i 

Now define the residual as the sum of the squares of the differences
 

M M]
 
=
R Z [Y(F i ) -Zn 

i=l i=l 

where R = R(An ). In order to minimize R, we write K equations in 

the form 

7 A = 0 n = 1, 2, 3, ... , K 
n 

thus
 

a M 2 M .Y(F )
 

Zn Z 2{Y(Fi1 - Zn Di} 0
S-Z [Yi ­
n i=l i=1 
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where
 

_ _= f (F)
 
3A n ±
 n 

Substitution for y(Fi) yields:
 

M K 
Z fn(Fi) Z A f (Fi) E fn(F) Zn (i/o) 

i=l nl 

This can be further simplified by considering:
 

K M 
Z An Z f (F.) fn (Fi) 

n-1 i=1 

From the above expression parameters such as
 

M
 

pg i=l p (Fi q (Fi)
 

and
 

M 

C n E fp (Fi) zn (I0 

can be defined. Then the simplified expression
 

K A =C
 
pq q p
 

follows, and if put into matrix form
 

[K] fAI = {C} 

the values of WA can be made by inverting the matrix [K], or 



71 

{AI = [K]-I {CI 

which yield K values of Aqq 

For a sample calculation, consider the quadratic expression
 

Y = Ao + A1 X1 + A2 X2 

where
 

X = F
 

F2
 =X 


and four sets of data points for Y and F: (11,1), (21,2), (29,3),
 

(36,4). Then
 

E Y =n Ao + A Ir X1 + A2 E X2n n n 

Z X' Y =A X + A XX X + A XX X 
1 0o 1 in 1 1 2 1 2
n n n 

2 AaY0. X2 E X2 X2 n n n 

and by .usingmatrix notation
 

n1 2 AEY
 
n n n
 

X EX11 2EX1X A1 r- 1 Y
 
n , n n n
 

EX2 XX2 EX2X2 A2 E X2 Y
 
n nu 
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Considering the four sets of data, the above expression becomes
 

(4) (1+2+3+4) (1+4+9+16) -A -(11+21+29+36)
o 

(1+2+3+4) (1+4+9+16) (1+8+27+64) s A = (11+42+87+144) 

(1+4+9+16) (1+8+27+64) (1+16+81+256 A2 (11+84+261+576) 

and the expression for the constants to the expression 

Y= A° + A1 X1 + A2 X2 

becomes
 

-A 4 10 301 1 97­
0 

A1 = 10 30 100 284 

A 30 100 354 L932 

where by 

A = - 0.25 
0 

A, = 12.05
 

A2 = - 0.75
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APPENDIX C
 

Strain Rate Data
 

Rate sensitive data for various stresses and strains were
 

necessary to carry out the investigation of the constitutive equa­

tions. Due to the lack of an available testing device, published
 

data in this area were consulted. Because a general rate sensitive
 

constitutive equation was sought, various materials were considered.
 

The materials considered were lead, copper, high purity aluminum,
 

annealed aluminum, and 1100-0 Aluminum.
 

The data consulted consisted only of uni-axial loading and
 

generally considered strains no greater than 15%. The strain rates
 

4 -1
 
given were generally no greater than 10 sec . Once the deter­

mination of stress and strain rates for various strains was made, 

the values of F and &/&o were computed. Utilizing these computed 

values, the constants A1 , B1 , C1 , ... , C2 required for the following 

equation were empirically determined by a least squares procedure 

developed in Appendix B: 

tn(eF-1) = (A1 s
2 + BI S + ) n &/&o) + (A2 e 2 +B + 	 C2) 

(C-1) 

C	 2 

These material parameters are listed in Table 1 for each material.
 

In Fig. 7, a comparison of experimental data and the theoretical
 

prediction for Annealed Aluminum at various strain rates is shown.
 

It can be seen that a significant error is introduced in the
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neighborhood of the static strain rate.
 

Equation C-i is plotted for various constant strain rates in
 

Figures 8 through 14. The rates considered vary from static values
 

to those encountered in the hypervelocity impact process.
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