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LIBRATIONAL STABILITY CONDITIONS FOR 
DEPLOY I NG SATELLITES 

W. R. Delameter and T. P. Mi tche l l  

Department of Mechanical Engineering 
Univers i ty  of C a l i f o r n i a ,  Santa  Barbara,  C a l i f o r n i a  

The equat ion of p l ana r  l i b r a t i o n  of a s a t e l l i t e  i n  o r b i t  i s  

(1) 2 [c(& c$ + w)] + 3w 2 ( B  - A)sinc$ cos4 = 0 
d t  

where w is  the  o r b i t a l  angular  v e l o c i t y ;  A ,  B,  and C are the moments 

of i n e r t i a  of t h e  s a t e l l i t e  about i t s  p r i n c i p a l  axes which are 

directed, when @ = 0 ,  along the r ad ius  vec to r  of the o r b i t ,  along 

t h e  t r a n s v e r s e  d i r e c t i o n  and along t h e  normal t o  t h e  o r b i t  plane 

r e s p e c t i v e l y ;  @ i s  the l i b r a t i o n a l  angle.  (See Figure 1). For a 

s a t e l l i t e  i n  a c i r c u l a r  o r b i t  (w = p o s i t i v e  c o n s t a n t ) ,  this equat ion  

may be w r i t t e n  i n  t h e  form 

and 

where 
x = 24 

3(B - A) 
C b ( T )  = 

T = , w t  
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and deployment i s  assumed t o  t ake  p lace  i n  the t i m e  i n t e r v a l  

(0, t f )  . 
t o  the nondimensional t i m e ,  T .  Equation (2a) i s  nonl inear ,  

The s u p e r s c r i p t  do t s  denote d i f f e r e n t i a t i o n  w i t h  r e s p e t t  

nonstat ionary ( s ince  t h e  c o e f f i c i e n t s  are nonconstant func t ions  of 

t i m e ) ,  and nonautonomous ( s ince  t h e  r i g h t  hand side is  n o t  i d e n t i c a l l y  

zero) .  Very l i t t l e  i s  known concerning t h e  s o l u t i o n s  of  such equa- 

t i o n s  although G. Leitmann [l] has derived s u f f i c i e n t  condi t ions  

f o r  the s t a b i l i t y  of the nonl inear ,  nons ta t ionary  equat ion 

a ( t ) x  + b( t ) ; (  + c ( t )  f (x)  = 0 ( 3 )  

which inc ludes  the autonomous form of equat ion  ( 2 ) .  

Equation (2b)  i s  equat ion (1) r e w r i t t e n  w i t h  the assumption 

t h a t  A,  B ,  and C are cons t an t ,  which they a r e  when deployment has 

ended. 

I n  this paper which i s  a f u r t h e r  development and refinement 

of the method presented i n  [ 2 ] ,  the s t a b i l i t y  of t h e  s o l u t i o n s  of 

equat ion ( 2 )  are s t u d i e d  and s u f f i c i e n t  condi t ions  f o r  s t a b i l i t y  

are derived where s t a b i l i t y  i s  def ined  i n  a phys ica l  manner, v iz . :  

A s o l u t i o n  t o  equat ion  ( 2 )  i s  said t o  

t o  be stable i f  t he  corresponding 

motion of the  s a t e l l i t e  i s  l i b r a t i o n a l  

I 

as d i s t i n c t  from r o t a t i o n a l ,  i .e .  

I $ ( T )  I <  IT/^ f o r  a l l  T. 

S t a b i l i t y  i s  examined about  a stable equi l ibr ium p o i n t  and the 

coord ina te  axes are chosen so t h a t  this equi l ibr ium p o i n t  i s  i n  the 

neighborhood of x = 0 ,  This impl ies  t h a t  the coordinate  axes are 

b 
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chosen such t h a t  t h e  s t a b i l i t y  requirement f o r  t h r e e  dimensional 

motion C > €3 > A i s  s a t i s f i e d ,  Therefore (B - A) > 0 and s i n c e  'C 

must be p o s i t i v e  on phys ica l  grounds, b(T)  > 0 f o r  a l l  T. 

It is  apparent  from equat ion (2a) and (2b) t h a t  dur ing  

deployment, energy is  being added and sub t r ac t ed  from t h e  motion of 

t h e  body, whereas a f t e r  deployment ends (i.e. T > T f )  , energy is  

conserved. This conservat ion i s  expressed by t h e  f i r s t  i n t e g r a l  of 

equat ion (2b) . 2  - 2  
xf 5- f 2 ( 1  - cos x) 

bf bf 
(4) = - + 2 ( 1  - cos X f )  

where t h e  s u b s c r i p t  f denotes t h e  va lue  of a q u a n t i t y  a t  T = T f .  

If lxfl < T, Xf i s  rea l ,  

and 

it follows from equat ion  ( 4 )  t h a t  1x1 w i l l  remain < T f o r  T > T ~ .  

That i s  t o  say ,  t h e  motion w i l l  remain stable. 

It can t h e r e f o r e  be a s s e r t e d  t h a t  a s u f f i c i e n t  condi t ion  f o r  

s t a b i l i t y  i s  . 2  

(T) + 2 ( 1  - cos X ( T ) )  < 4 ; T > 0 (6 1 bo 
which it should be  noted guarantees  t h e  i n e q u a l i t y  ( x ( T )  1 < T. 

Equation (2a) may be w r i t t e n  as a set  of two f irst  order  

d i f f e r e n t i a l  equat ions . 
and 

x = z  

c7 1 2 = - a ( T ) z  - b ( T ) s i n  x - 2aC.r) 

Consider t h e  func t ion  V ( X , Z , T )  def ined  by 



where f ( T )  i s  t o  be determined la ter .  The s t a b i l i t y  condi t ion  (5) 

may be expressed i n  t e r m s  of V as 

If 

condi t ion  (5) may be  expressed i n  the form 

< 0 fol lowing t h e  motion then  V ( T )  - < V ( T  = 0 )  = Vo, and 
d T  - 

vo < 4 + f(T) (10 1 

Theref o r e ,  

The s o l u t i o n  of t h e  equat ion x + a(.c)& + b ( T )  s i n  x = 

- 2 a ( ~ )  i s  stable i f  a i s  f i n i t e ,  b > 0 ,  and there e x i s t s  

f ( T )  such t h a t  E - < 0 and Vo < 4 + f ( T )  where dV 

d V  
E 5 0.  Y e t  t o  be  determined are t h e  condi t ions  under which 

From equat ions  (7 )  and (8), dv fol lowing t h e  motion i s  given 

[ % +  6 z - - 4 a z + I  b 
= -  

b 

d V  Thus 0 i n  t h e  i n t e r v a l s  where the q u a d r a t i c  polynomial i n  

equat ion (11) i s  zero or negat ive.  From equat ion  (8)  z may be  

expressed as 

2 = + [V - 2(1 - cos x )  - f7 - 

4 
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The rninhum value of z accordingly s a t i s f i e s  t h e  i n e q u a l i t y  

1'2 1 / 2  
Z min - > - I V  - flmax bmax 

and the maximum value of z satisfies the  i n e q u a l i t y  

ll2 1/2 
'max - < [V - flmax bmax 

I f  condi t ion  (6) i s  sat isf ied t h e  r e l a t i o n s  (13) and ( 1 4 )  may be 

expressed, u t i l i z i n g  equat ion ( 9 )  , i n  the form 

1 / 2  
'min -2bmax 

and 
1 /2  

< 2bmax max - z 

Thus, 

rZmin/ max 

0 i f  I! i s  chosen s o  t h a t  D z 2  + Ez 4- 3 - < 0 i n  the  i n t e r v a l  

z I .  T h i s  r e q u i r e s  t h a t  2 < 0 always. 

I f  D .= 0 ,  the polynomial has one r o o t  a t  z = -E ' and it i s  

requi red  t h a t  

or f t o  be  chosen as 
R 

f =  -2bmax 'I2 d.r 
J 
0 

s o  that  condi t ion  ( 1 0 )  now s p e c i f i e s  t h e  i n i t i a l  condi t ions  f o r  

s t a b i l i t y  . 
I f  D C 0 ,  the i n t e r v a l  [ z , ,  z 2 ]  where 

i 
F 

- -E - vh2 - 4D? 
z1 - 2 D  
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and -E + F x z  E 
2 D  z =  2 

must no t  i n t e r s e c t  the i n t e r v a l  [zmin, zmaxl except  a t  i s o l a t e d  

po in t s  ( t h e  endpoints or a t  z1 = z2 = - E / 2 D  i f  t h i s  e q u a l i t y  i s  

s a t i s f i e d )  i f  - :y i s  t o  be less than zero i n  the requ i r ed  i n t e r v a l .  

This  condi t ion  permits  i! and t h e r e f o r e  f t o  be s p e c i f i e d  so  t h a t  

condi t ion ( 1 0 )  sets t h e  permiss ib le  range of i n i t i a l  condi t ions  f o r  

s t a b i l i t y .  For example, i f  

d V  - < 0 over a l l  z .  However f may be chosen s o  t h a t  it i s  less 

r e s t r i c t i v e  on i n i t i a l  condi t ions  i f  E dV i s  allowed t o  become 

greater than  zero ou t s ide  the i n t e r v a l  [zmin, zmax1. 

d T  - 

I f  D > 0 ,  the i n t e r v a l  [zmin, z max 1 must be contained i n  the 

i n t e r v a l  [ z j ,  z 2 ]  where z1 and z 2  are again taken t o  be the r o o t s  of 

the q u a d r a t i c  equat ion.  T h i s  aga in  permits choice of k (and- there- 

f o r e  of f) so t h a t  condi t ion  ( 1 0 )  sets t h e  permiss ib le  range of 

i n i t i a l  condi t ions .  
I 

I f  D = 0 and a = 0 ( t h i s  i s  the cons t an t  parameter case), 

f (T) may be chosen t o  be i d e n t i c a l l y  zero and E dV w i l l  a l s o  be 

i d e n t i c a l l y  zero. Then condi t ion  ( 1 0 )  becomes 

;c2 < b o  vo = 2(1 - cos xo) + 
0 

which i s  t h e  usual r e s t r i c t i o n  on i n i t i a l  cond 

i n  t h e  cons t an t  parameter case. 

0 

4 

t i o n s  f o r  staJ 1, t y  
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The condi t ions  under which E < 0 have now been s p e c i f i e d  i n  
d T  - 

e 

terms of r e s t r i c t i o n s  on t h e  choice of ? (or of f ) .  Therefore 

The s o l u t i o n  of t h e  equat ion x + a(.r)? + b(-c) s i n  x = 

- 2 a ( ~ )  i s  stable i f  a i s  f i n i t e ,  b > 0 ,  and Vo - < 4 + f ( T )  

where V ( T )  = 2 ( 1  - cos x)  + 6 G2 + f ( T )  and f (T) is  chosen 

t o  s a t i s f y  t h e  condi t ions  o u t l i n e d  above. 

I n  summary the  condi t ions  on f a r e :  

ii) i f  D = 0 ,  f = -2bmax 1 IE/ d-c 

0 

iii) i f  D < o,, f must be chosen so that  z l  max can 

i n t e r s e c t  [ z , ,  z2]  only a t  i s o l a t e d  p o i n t s ,  f i s  then 

T 

chosen as f = \ Hd-r 
0 

i v )  if D > 0 , f- must be chosen so t h a t  [zmin, zmax] i s  con- 

t a i n e d  i n  the i n t e r v a l  [z,, z23 ; 

where -z  = z  - and where z1 and z2 a r e  r e a l  r o o t s  of 

t h e  q u a d r a t i c  Dz 2 + Ez + when these 
- 2bmax min max 

5 -[% + i7 b ] z 2 - - 4a z + 
e x i s t .  

The s o l u t i o n  t o  equat ion  ( 2 )  has  been der ived  i n  s p e c i f i c  

cases [3] .  Comparison of t h e  s o l u t i o n s  obta ined  i n  [31 w i t h  the 

s u f f i c i e n t  condi t ions  f o r  s t a b i l i t y  der ived  i n  t h i s  paper shows t h a t  

they are compatible. 
e 



The case i n  which D < 0 w i l l  now be discussed i n  g r e a t e r  

d e t a i l .  A l a r g e  v a r i e t y  of deployment programs i s  included i n  the  

fol lowing assumed forms for t h e  moments of i n e r t i a  

where A. = A ( o ) ,  Af = A ( T ~ )  etc.  and g ( o )  = 0, g ( T f )  = 1 W i t h  

1 f o r  o < T < - c f .  
Furthermore t h e  formC201 as su res  t h a t  - - 

t h e  i n e q u a l i t y  D < 0 i s  s a t i s f i e d .  Accordingly one may choose 

T 
E2 - dT 4D f (T) = 

0 

= -a Rn[l + 2 B g ( ~ ) l  

i n  which t h e  cons t an t s  a and B a r e  def ined  by 

.. 

Two important  consequences of equat ion  ( 2 1 )  are f i r s t l y ,  f ( T )  i s  

independent of -cf and secondly,  s i n c e  g (Tf )  = 1, the  minimum value  

of f (T) i s  a t t a i n e d  a t  T = - c f ;  i n  a d d i t i o n  t h i s  minimum i s  indepen- 

den t  of t h e  d e t a i l s  of t h e  deployment program. 

The s t a b i l i t y  condi t ion  (10) namely 

vo 5' 4 + f (TI 

8 



can now be w r i t t e n  

or 

A s  an i l l u s t r a t i o n  of t h e  a p p l i c a t i o n  of t h i s  r e s u l t  consider  t h e  

case of a sa te l l i t e  deploying two t h i n ,  long uniform rods i n  

d i ame t r i ca l ly  oppos i te  d i r e c t i o n s .  Assuming t h e  m a s s  of t h e  rods t o  

be  much less than t h a t  of t he  c e n t r a l  body of the  s a t e l l i t e  one 

w r i t e s  
2 3  2 A ( t )  = A. + 3 pR ( t ) s i n  8 

2 3  2 B ( t )  = Bo + 2 p R  ( t ) C O S  8 

2 3  C ( t )  = co + 3 pR (t) 

where p i s  t h e  mass p e r  u n i t  l ength  of t h e  rods ,  R ( t )  i s  the  length  

of t h e  rod as a func t ion  of t i m e  and 8 i s  t h e  angle between t h e  A- 

p r i n c i p a l  axis and t h e  d i r e c t i o n  of the  rod. For cons t an t  speed, v ,  

of deployment R ( t )  = v t  = v T/U one can choose g ( T )  = ( T / T ~  wi th  

- 2 2 3 
Af - , A o  - 5 p s i n  8(v.rf/w) 

- p cos 2 8 ( V T f / W )  3 Bf - Bo - '?; 

3 - 
cO 1 

Numerically e.g. one can take  8 = 30°, 2 p ( v ~ / w )  

4Bo = 3C0. 

The s t a b i l i t y  cond i t ion  i s  accordingly 

= 3C0, 2% - 

Then it fol lows that  4Af = 3C0, 2Bf = 3C0, Cf = 2C0. 

I 
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4 A2 + 2 ( 1  - cos xo) < 2.87 3 0  

As a check a computer program w a s  run i n  t h i s  case f o r  two sets of 

i n i t i a l  condi t ions  and parametr ic  va lues  A. = 2 . 0 ,  Bo = 3.0, 

Co = 4 . 0 ,  T, = 3.0. 

xo = 0 ,  x 

The f i r s t  s e t  of i n i t i a l  condi t ions  w e r e  

= -1.465 and r e s u l t e d  in 
0 

- k2 + 2 ( 1  - cos xo) = 2.865 
3 0  

x('C,) = 2.525 

- G 2  + 2(1 - cos x,) = 3.91  
3 f  

and s t a b l e  motion. . 
The second s e t  employed xo = 0 ,  xo = -1.550 r e s u l t i n g  i n  

- k2 + 2(1 - cos xo) = 3.200 
3 0  

x(T,)  = -2 .778  
, 

k2 + 2 ( 1  - cos Xf) = 4.35 5 f  

and uns tab le  motion. 
c 

Several o t h e r  cases were tested on t h e  computer, with var ious  

condi t ions  and paramet r ic  values .  N o  case w a s  found t o  be uns tab le  

! 

when t h e  theory p red ic t ed  s t a b i l i t y .  
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THE INFLUENCE OF COROTATION ON INTERPLANETARY 

DUST GFiAIN ORBITS 

THOMAS P. MITCHELL 

Department of Mechanical Engineering 
University of Cal i fornia ,  Santa Barbara, Cal i forn ia  

ABSTRACT 

The per turbat ive e f f ec t s  of an azimuthal component of the  so l a r  

wind ve loc i ty  on the  o r b i t a l  cha rac t e r i s t i c s  of g rav i t a t iona l ly  bound 

interplanetary dust gra ins  a re  analysed. The azimuthal motion of the 

wind i s  assumed t o  a r i s e  from corotat ion of the  so l a r  plasma within a 

ce r t a in  region surrounding the  sun. It i s  shown, i n  pa r t i cu la r ,  t h a t  

the  azimuthal wind veloci ty ,  as d i s t i n c t  from other  sources of per turbat ions,  

causes a secular  decrease of t he  o r b i t a l  i nc l ina t ion  of the grains .  The 

conditions under which an appreciable decrease i n  o r b i t a l  inc l ina t ion  can 

occw,  with a consequent concentration of t he  d u s t  i n  the  e c l i p t i c ,  during 

the  Poynting-Robertson l i f e t ime  of a grain a re  discussed. 

I ,  INTRODUCTION 

The p o s s i b i l i t y  t h a t  the  so la r  corona, and t o  some extent t he  in t e r -  

planetary medium, corotate  w i t h  the  sun has been theo re t i ca l ly  invest igated 

by Axford, Dessler and Gott l ieb (I-963), Pneuman (1966), Weber and Davis 

(1967) , Ferraro and B h a t i a  (1967). 

densi ty  and veloci ty ,  t he  interplanetary magnetic f i e l d  and the  dynamics of 

Type I comet t a i l s  Brandt (1967 a,b) estimates t h a t  the so la r  wind azimuthal 

By studying observed values of plasma 

1 



veloc i ty  a t  1 AU i s  about 10 km/sec. 

by the observations of Strong, Asbridge, Bme and Hundhausen (1967). 

Furthermore, Biermann and L b t  (1964), as  a r e s u l t  of t h e i r  study of Type 

I comet ta i ls ,  conclude t h a t  t he  azimuthal component cannot be grea te r  

than 50 km/sec at 1 AU and is ,  i n  f a c t ,  probably l e s s  than 30 km/sec. 

This finding i s  s t rongly supported 

The extent  of the region i n  which corotation e x i s t s  has not been 

de f in i t e ly  es tabl ished by e i the r  theory o r  observation. However, it appears 

t o  be general ly  accepted t h a t  it p e r s i s t s  out t o  the  Super-Alfvgnic point  

i . e .  the  distance a t  which the Alfve/n veloci ty  corresponding to the  

meridionalmagnetic f i e l d  equals the  expansion ve loc i ty  of the  plasma. A t  

g rea te r  distances the  azimuthal ve loc i ty  of the  wind i s  presumably determined 

by the  conservation of angular momentum about the  so la r  spin ax is .  

adopts t h i s  l a t t e r  c r i t e r i o n  and ,an azimuthal wind veloci ty  of 10 km/sec a t  

1 AU corotat ion i s  found t o  e x i s t  out t o  approximately 30 Rg. 

be compared with the  recent estimate by Brandt (196711) of 20-40 Ro f o r  

the  distance t o  the  Super-Alfvlnic point .  

If one 

T h i s  is  t o  

Since dust grains  i n  o r b i t s  of low inc l ina t ion  can reach high helio- 

graphic l a t i t u d e s  a knowledge of t he  so la r  wind behavior i n  regions not 

necessar i ly  close t o  the  e c l i p t i c  i s  required i n  order t o  carry out the  aim 

of t h i s  paper. It i s  not possible,  unfortunately,  t o  i n f e r  de f in i t e ly  from 

the  space probe measurements, which were made i n  o r  near the e c l i p t i c ,  whether 

o r  not there  i s  a l a t i t u d i n a l  dependence i n  the  wind. However, Antrack, 

Biermann and L c s t  (1964) have found no evidence i n  t h e i r  cometary s tudies ,  

a t  l e a s t  up to heliographic l a t i t u d e s  of about 30°, f o r  such a dependence, 

Hence it i s  assumed t h a t  the  so l a r  wind cha rac t e r i s t i c s  a re  independent of 

he l ipgra ih ic  l a t i t u d e .  
0 .  
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11. THE COULOMBIC AND COLLISIONAL PERTURBATIONS 

I n  discussing the  in t e rac t ion  of a dus t  grain and the so l a r  wind 

the  mphasis  w i l l  be placed here almost exclusively on the secular  behavior 

of the o r b i t a l  inc l ina t ion .  It w i l l  be advantageous t o  adopt the  standard 

o r b i t a l  parameters a, e,  f ,  i, and u) t he  semi-major ax is ,  eccent r ic i ty ,  

t rue  anomaly, o r b i t a l  inc l ina t ion  (measured from t h e  e c l i p t i c )  and 1ongituGe 

of per ihel ion respec t ive ly  i n  addi t ion t o  the  spherical  polar  

coordinate system (r, 8, cp) . 
wind is  then given by 

The r e l a t i v e  ve loc i ty  of the  d u s t  and the  

u = ( w  - v ) e + ( w ~  COS i Cosec 8 - vf)  gf - w Sin i Cosec 8 COS (w + f )  e (1) 
Ny r r er cp kn 

i n  which w i s  the  so l a r  wind veloci ty ,  v the  Keplerian o r b i t a l  ve loc i ty  of 

the  gra in  and the  uni t  vector e i s  normal t o  the  o r b i t  Flane. It i s  noted 

t h a t ,  i n  magnitude, t he  o r b i t a l  can be neglected r e l a t i v e  t o  the  wind, ve loc i ty  

and a l s o  t h a t  I w I << I wr I M w.  

n 

Hence, one f inds  so 
W 

- 3 Sin i Cosec 8 cos (u + f )  e Y = e + (3 cos i Cosec 8 - - w b f  u -r 
f V 

--n w 

2 where w = rQ Sin 8, r < R 

angular ve loc i ty  (2.87 x rad/sec).  The dis tance over which corotat ion 

ex i s t s  i s  represented by R . The e f f e c t s  of a possible  f luc tua t ing  d i rec t ion  

of t he  w comzonent a re  not  considered i n  t h i s  analysis .  

w = R Q Sin 0 / r ,  r3 Re, and Q i s  the  solar cp e’ cp c 

C 

cp 
The in t e rac t ion  of t h e  wind and the  grain can take e i the r  of two forms 

1 
depending upon the  e l e c t r i c  charge ca r r i ed  by the  grain.  F i r s t l y ,  the  grain 

may s c a t t e r  t he  ions and electrons i n  the  wind through Coulomb in te rac t ions  

and, secondly, d i r e c t  co l l i sons  between the p a r t i c l e s  i n  the  wind and the  

- _ .  

The influence of t he  magnetic f i e l d  car r ied  i n  the  so l a r  plasma i s  not 
being considered a t  t h i s  point .  

~ 

3 



d u s t  grain may take place.  

and other parameters both p o s s i b i l i t i e s  w i l l  be examined and compared. 

Because of the uncertainty i n  the  grain poten t ia l  

a )  The Coulombic Drag 

To s tar t  wi th  t he  Coulombic in te rac t ion  of t h e  dtist and wind i s  con- 

sidered. The problem i s  tha t  of determining the  r a t e  of change of momentum 

of a charge ( the  grain)  moving through a plasma ( the  wind) the  const i tuents  

of which a re  assumed t o  have a Maxwell- Boltzmann veloci ty  d is t r ibu t ion .  

Using establ ished formulations, Spi tzer  (1962), Trubnikov (1965), i n  conJunction 

with equation (2)  one f inds  the  per turbat ion accelerat ion i n  the  e 

i . e .  normal t o  the  o r b i t  plane, t o  be 

2 

direct ion,  n 

i n  which q(esu) denotes the  charge on the  grain,  nw the  so la r  wind density,  

% t he  g ra in  mass, h t he  Debye length, p the  c r i t i c a l  impact pa rme te r ,  e 

and mw the  charge and mass respect ively of t he  wind const i tuents ,  T t he  

temperature of t he  Maxwell-Boltzmann d is t r ibu t ion ,  u = Jmw - kT 

W 

and 

2U2c G ( 6 )  = e r f ( 6 )  - u erf'(i3). It i s  understood t h a t  t he  r igh t  hand s ide of 

equation (3) i s  t o  be summed over t he  d i f f e ren t  const i tuents  of the  plasma 

which i s  considered t o  consis t  of e lectrons and hydrogen ions. The-alpha 

p a r t i c l e  and possibly other  components are  not included, t h e i r  contribution 

being negl igible .  In  addition, temperature anisotropies  i n  the  wind w i l l  be 

ignored. A possible difference between t h e  electron and proton temperatures, 

Wolfe and Si lva  (1967) i s  not su f f i c i en t  t o  change t h e  numerical r e s u l t s  

appreciably. Hence, t h e  electron and proton temperatures a re  taken t o  be 

A copy of t h e  paper "Scattering Probabi l i ty  for Fast Test Pa r t i c l e s  i n  a Plasma" 

by Husseiny & Forsen, Phys Rev.A, Nov. 1970, p2018 was  not avai lable  t o  the 

author i n  time for  consideration i n  t h i s  analysis .  

- .  
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3 

= %(RE/ ' )  , i n  which n 

ident ica l .  If one adopts a number density-position dependence of the  form 

n 

the  t o t a l  accelerat ion per turbat ion normal t o  the  o rb i t  plane i s  given by 

2 i s  the  number density a t  r = R = 1 AU, then 
W E E 

i n  which % i s  t h e  Debye length at 1 AU and the  parameter y = ahE/%p . 
For representat ive values of w and T v iz .  5 x 10 

one f inds,  as expected, t h a t  t he  electron contribution t o  equation (4)  

dominates tha t  of t h e  protons by a f ac to r  of about f i f t y .  

7 cm/sec and 1.5 x lo5 OK 

Consequently, 

f o r  t he  remainder of t h i s  calculat ion only the  electron terms w i l l  be 

retained. The standard form of the  o r b i t a l  per turbat ion equations, Sterne 

(1960), gives 

d i  r W  Cos (w + f )  - =  
(5 )  

w i t h  V = GMo. In te rpre t ing  as secular  those terms i n  equation (5) which 

a re  independent of angular pos i t ion  i n  the  o rb i t  and per ihel ion longitude 

one finds t h a t  t he  secular  r a t e  of change, denoted by subscript  S, of t h e .  

o r b i t a l  inc l ina t ion  i s  described by 

and 

- 

3 For t h i s  and other  assumed propert ies  of t h e  s o l a r  wind see t h e  review 
papers by Axford, Space Science Rev. Vol 8, p331 1968 and Hundhausen, 
Spa= Science Rev. Vol 8, p.690, 1968 0 .  
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2 2 2  

and po ten t i a l  Q, ( s t a t v o l t s ) .  

w i t h  equation (4)  t o  produce equations (6) and (7) involves the  averaging 

with Y = 3n R e G /2kTwps fo r  a spherical  grain of radius  s ,  densi ty  p E E  

The reduction of equation (5)  i n  combination 

over an o r b i t  of a va r i e ty  of functions of r and f .  T h i s  process w i l l  not 

be reproduced here but it i s  remarked t h a t  i n  carrying it out w ,  T and q 

were assumed t o  be independent of posi t ion.  

the  per turbat ion of charged dust grain o r b i t s  by the  magnetic f i e l d  car r ied  

Parker (1964) has discussed 

i n  the  so l a r  plasma. It can be shown t h a t ,  assuming the e l e c t r i c  f i e l d  i n  

the  frame of reference of t he  plasma t o  be zero, t he  o rb i t  per turbat ion i s  

caused by the  Lorentz force -(q/c)w x B. I f ,  following Parker4(1958, 1963), 

the  f i e l d  B i s  represented i n  component form by 

2 
B r = B 0 (:) cos e 

Bq = Bo 7 bR r; s i n  8 cos e 

which corresponds t o  a so la r  dipole f i e l d ,  r = b being the  base of the corona, 

t he  r a t e  of change of t h e  o r b i t a l  inc l ina t ion  i s  determined by 

which, as d i s t i n c t  from t h e  per turbat ions considered i n  t h i s  paper, does 

not produce any secular  change of t he  inc l ina t ion .  

of d i r ec t  co l l i s ions  i s  examined next. 

L 

The per turbat ive e f f e c t  

b )  The Col l i s iona l  Drag 

It i s  a matter of straightforward ca lcu la t ion  t o  f i n d  the  drag force,  

due t o  co l l i s ions ,  which a c t s  on a sphere of rad ius  s and densi ty  p moving 

with ve loc i ty  ‘u through a Maxwell-Boltzmann d i s t r ibu t ion  gas whose number 

b 0 .  

Parker i n  h i s  analysis  assumes the wind ve loc i ty  t o  be radial .  



densi ty  and temperature a re  n 

e.g.  by Kubo (1965). 

and T respect ively.  The d e t a i l s  a r e  given 
W 

The drag i s  

where, as i n  equation (3),  a summation over t he  individual  components of 

the  gas is  understood. 

describing the  secular  r a t e s  of change of the  o r b i t a l  inc l ina t ion  

Equation (8) leads t o  the  following two equations 

1 
-17 "Ew r 2 1-2 - di = - 3.5 x 10 

dtS 
- ps La(1-e )A Sin i, r < R - c' 

and 
f3 

(9) 

I n  these  two equations t h e  e lec t ron  contr ibut ion has been dropped because, 

7 as i s  t o  be expected, f o r  w = 5 x 10 cm/sec and T 

proton terms dominate it by a f ac to r  of about 200. 

= 1 . 5  x lo5 OK the  

111. COMPARISON WITH THE POYNTING-ROBERTSON EFFECT 

The Poynting-Robertson drag on a gra in  i s  d i rec ted  oppositely t o  the  

g r a i n ' s  o r b i t a l  ve loc i ty  and hence, of course, l i e s  i n  i t s  o r b i t a l  plane. 

Akcordingly, t h i s  re ta rd ing  force does not a f f ec t  t he  o r b i t a l  inc l ina t ion .  

It does, however, as was shown by Robertson (1937), secular ly  decrease both 

the  major axis and the  eccen t r i c i ty  and ul t imately,  i n  the  absence of other  

per turbat ions,  cause the  gra in  t o  spiral  i n t o  the  sun. The question of 

i n t e r e s t  here  i s  whether or  not s ign i f i can t  changes can occur i n t h e  o r b i t a l  

7 



i n c l i n a t i o n ,  a s  descr ibed  by equat ions (6) , (7)  , ( 9 )  and (10) 

during t h e  Poynting-Robertson l i f e t i m e  of t h e  g ra in .  Before 

examining this ques t ion  d i r e c t l y  t h e  r e l a t i v e  magnitudes of t h e  

two sources of i n c l i n a t i o n  decrease  a r e  compared. A s h o r t  

c a l c u l a t i o n  based upon equat ions ( 4 )  and ( 8 )  shows t h a t - . t h e  r a t i o  

of t h e  Coulombic t o  t h e  c o l l i s i o n a l  p e r t u r b a t i o n  i s ,  t o  a good 

approximation, 2 x 1 0 l 6  V2/nY 2 where V ( v o l t s )  i s  the g r a i n  poten- 

t i a l .  Hence the c o l l i s i o n a l  p e r t u r b a t i o n  i s  dominant f o r  

w = 5 x 10 7 cm/sec and T = 1 . 5 . x  l o 5  O K  unless  the  p o t e n t i a l  i s  of 

t h e  o rde r  of 1 0 0  v o l t s ,  This conclusion i s  c l e a r l y  dependent upon 

t h e  choice of bulk wind v e l o c i t y  and temperature.  Since per iods 

of low wind speed ( 2  x l o 7  cm/sec) tend t o  coincide w i t h  per iods  

of low temperature ( l o 4  O K )  a 1 0  v o l t  g r a i n  could be s i g n i f i c a n t l y  

per turbed by t h e  charge drag  during i n t e r v a l s  of low s o l a r  a c t i v i t y .  

Wyatt ( 1 9 6 9 )  estimates the  g r a i n  p o t e n t i a l  a t  about 1 0  v o l t s .  

Under normal cond i t ions ,  however, t h e r e  being no reason t o  suspec t  

t h a t  t h e  g r a i n  vo l t age  would. be high,  it appears t h a t  t h e  pe r tu r -  

ba t ion  due t o  c o l l i s i o n s  i s  dominant and hence it alone w i l l  be 

compared he re  wi th  t h e  Poynting-Robertson drag.  This l a t t e r  

p e r t u r b a t i o n  r e s u l t s  i n  a semi-major a x i s  ra te  of change given by 

da = - 3QE 0 ( 2+3e2) 
3 1 6 n p s c 2  a(1-e 2 ) 3/2 

i n  which E = 3.9 x e rgs / sec  i s  the r a d i a t i o n  emi t ted  by the 
0 

s u  

which i s  a func t ion  of i t s  r a d i u s ,  composition and e l e c t r i c a l  

and t h e  dependence of t h e  e f f e c t i v e  c ross -sec t ion  of t h e  yra in ,  

8 0 
p r o p e r t i e s ,  i s  subsumed under t h e  one symbol Q. 
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That t h e  c o l l i s i o n a l  and Coulombic drag  cause s e c u l a r  changes - 
i n  t h e  major a x i s  i s  c l e a r  from t h e  f a c t  t h a t  they modify t h e  

o r b i t a l  energy of t h e  d u s t  p a r t i c l e .  Since these changes do n o t  

a l t e r  i t s  o rde r  of magnitude I t he  Poynting-Robertson e f f e c t  

descr ibed by equat ion (11) i s  taken t o  be t h a t  which determines 

the  l i f e t i m e  of a g r a i n  i n  t h e  s o l a r  system. On combining equa- 

t i o n s  ( 9 1 ,  ( 1 0 )  and (ll), and confining t h e  d iscuss ion  f o r  

s i m p l i c i t y  t o  c i r c u l a r  o r b i t s  I one ob ta ins  t h e  f u n c t i o n a l  dependence 

of t h e  o r b i t a l  i n c l i n a t i o n  on t h e  major a x i s  i n  t h e  forms 

I r F R c  3/2 -29 E 3/2 I a 
n w  

Q 
i 

(aO 
- 0 = t a n  - exp i t a n  - 2 2 

and 

0 -28  - nEW 2 -1/2 - a  -w) i i 
2 Q Rc (a  0 

t a n  - = t a n  7 exp I 

L 

( 1 3 )  
The two equat ions  ( 1 2 )  and ( 1 3 )  when a p p l i e d  t o  a g r a i n  

moving under t h e  Poynting-Robertson drag from a. > Rc t o  some 

a < Rc are tantamount, assuming w = 5 x 10 7 cm/sec, t o  t h e  s i n g l e  

equat ion 
3/ 2 1 /2  

i 0 RC a -21 E c 
Q 2 

n R  
-0 .7 (g) 

i 

0 C 
t a n  - = t a n  exp 

which shows c l e a r l y  t h a t  t h e  r e l a t i v e  importance of t h e  

s e c u l a r  decrease i n  i n c l i n a t i o n  depends s t rong ly  upon the  “&re@ 

9 



parameters n Q and Rc. The co ro ta t ion  zone has been es t imated  E '  

t o  extend t o  Rc 

Despite such u n c e r t a i n t i e s ,  t he  impl ica t ions  of equat ion ( 1 4 )  can 

be exemplified by t ak ing  e .g .  a. = 1 AU, nE = 1 0 ,  Q = 1 . 0  I 

a = - R and Rc equal  t o ,  f i r s t l y ,  30 R and secondly 5 R . One 

f i n d s  approximately 

30 R b u t  may i n  f a c t  be f a r  less ex tens ive .  

1 
2 c  0 0 

i 
= 30 R i -3 0 t a n  - = '  4 . 5  x 1 0  t a n  - 

2 2 ' Rc 0 
and 

I 

= 5 R  0 t a n  i = 5 x l o w 2  t a n  - 
2 2 ' Rc 0 

Accordingly, i f  t h e  c o r o t a t i o n  zone extends t o  about 1 /7  AU the 

c o r o t a t i o n  drag on t h e  o r b i t a l  i n c l i n a t i o n ' o f  a g r a i n  is consider-  

a b l e  and leads  t o  a concent ra t ion  of d u s t  i n  t h e  e c l i p t i c  whereas 

i f  the  zone extends only a few s o l a r  r a d i i  t h e  drag e f f e c t  i s  an 

order  of magnitude smaller. However, i n  i n t e r p r e t i n g  equat ion ( 1 6 )  

it should be kep t  i n  mind t h a t  assuming the  wind temperature and 

v e l o c i t y  t o  remain cons t an t  t o  w i t h i n  2 - 3R of bye sun may n o t  

be v a l i d .  

I 

0 

10 
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A NOTE ON THE RIGID-BODY DYNAMICS OF THE 
DAVIS-GREENSTEIN EFFECT 

Thomas P. Mi tche l l  
Department of Mechanical Engineering 

Universi ty  of C a l i f o r n i a ,  Santa  Barbara, Ca l i fo rn ia  

I n  o rde r  t o  exp la in  the  observed p o l a r i z a t i o n  of s t a r l i g h t  

i t  i s  genera l ly  assumed t h a t  some phys ica l  mechanism a l i g n s  t h e  

i n t e r s t e l l a r  d u s t .  The Davis-Greenstein mechanism assumes t h a t  t h e  

d u s t  g ra ins  a r e  non-spherical ,  paramagnetic and are coupled t o  t h e  

i n t e r s t e l l a r  magnetic f i e l d  through t h e  imaginary p a r t  of t h e  

magnetic s u s c e p t i b i l i t y .  This coupling which i s  d i s s i p a t i v e  has 

been d iscussed  i n  t h e  o r i g i n a l  paper by Davis and Greenstein (1951) 

and a l s o  by Davis (1958). The t h e o r e t i c a l  b a s i s  of t h e  coupling 

mechanism has been f u r t h e r  considered and developed by many authors  

inc luding  Jones and S p i t z e r  ( 1 9 6 7 )  S p i t z e r  ( 1 9 6 8 )  and P u r c e l l  ( 1 9 6 9 ) .  

The purpose of t h i s  no te  i s  t o  examine t h e  rigid-body dynamics of 

an i n t e r s t e l l a r  g r a i n  assuming t h e  Davis-Greenstein mechanism i s  i n  

e f f e c t  and a l s o  t o  comment b r i e f l y  on t h e  s t a t i s t i c a l  mechanics of 

t h e  g r a i n s .  I t  i s  shown t h a t  t h e  dynamical motion can be descr ibed  

and analyzed i n  t e r m s  which appear more elementary and d i r e c t  than 

those prev ious ly  employed. To begin w i t h  w e  consider  t h e  dynamics 

of a g r a i n  i n  an ensemble of e l l i p s o i d a l  g r a i n s  i n  equi l ibr ium a t  

temperature T.  

It  i s  e a s i l y  shown t h a t  t h e  d i s t r i b u t i o n s  of angular  momentum 
2.. 

H and angular  v e l o c i t y  $ are 
6 
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I -  2 

(5 I1 + + 

I- 7 

n(;) = 

and t h a t  t h e  average 

The i n e r t i a  t enso r  of the g ra in  about i t s  cen te r  of mass, i s  

considered t o  be diagonal  with elements I , ,  12, 13. 

of energy of r o t a t i o n  about t h e  t h r e e  axes c l e a r l y  app l i e s .  Consider 

Equipar t i  t i o n  
I 

f o r  d e f i n i t e n e s s  a p r o l a t e  e l l i p s o i d a l  g r a i n  f o r  which I1 = I ,  

3 3 3  
I2 = I3 = YI; y 1. L e t  (i1i2i3) be  the  usua l  t r i a d  of orthogonal 

3 u n i t  vec to r s  a t  the  c e n t e r  of mass with il po in t ing  along t h e  g r a i n ' s  

a x i s  of symmetry, 
k 

I f  e q u i p a r t i t i o n  of r o t a t i o n a l  energy app l i e s  then 

I 1 2 1 2 - 2 1.; = 2 yIw2 = 2 yIw3 

o r  

Hence the  angular  v e l o c i t y  i s  

3 
w = W l ( f l .  + f 2 / 4 y  + 4 , /4y ,  

and t h e  g r a i n ' s  angular  momentum i s  

( 4 )  

2 



Accordingly f o r  y > 1 t h e  angular  v e l o c i t y  vec to r  i s  b i a sed  toward 

t h e  ax i s  of symmetry while t h e  angular momentum vec to r  i s  b i a sed  

.away from it. I n  f a c t  i f  $ i s  t h e  angle between 2 and one sees 

t h a t  - 1 / 2  (1 f 2/Y) 
-1/2 cos$ = 3(1 f 2 y )  

-+ 
and so f o r  needle- l ike g r a i n s ,  as y i nc reases  t o  l a r g e  va lues ,  w 

tends t o  and Q tends t o  7r/2 i . e .  t h e  g r a i n  tends t o  r o t a t e  about 

i t s  a x i s  of symmetry, b u t  t h e  angular momentum vec tor  tends t o  be 

perpendicular  t o  t h e  a x i s  of symmetry. 

These observa t ions  can be extended from t h e  s i n g l e  i s o l a t e d  

g r a i n  case j u s t  d i scussed  t o  t h e  s t a t i s t i c a l  s i t u a t i o n  by using the 

d i s t r i b u t i o n s  (1) and ( 2 ) .  One can determine e .g .  t h e  d i s t r i b u t i o n  
-+ 

f ( 9 )  of the  angle 9 between the angular  v e l o c i t y  v e c t o r  w and the 
-f a x i s  of symmetry d i r e c t i o n  x1 as fol lows;  

-+ where w,is t he  component of w perpendicular  t o  t h e  a x i s  of symmetry. 
03 Thus 

f ( e )  de = n (w,) n ( w ~  ) dwldwl 
-03 

The r e s u l t  of t h e  i n t e g r a t i o n  i s  
2 2 3/2 

f ( 0 )  = ys ine / (cos  8 + y s i n  9) 

and hence t h e  d i s t r i b u t i o n  func t ion  of 0 i n  t e r m s  of t h e  s o l i d  angle  
about t h e  a x i s  of symmetry i s  

0 2 2 -3/2 
F ( 9 )  Q (cos 0 + ys in  9) 

3 



This func t ion  i s  a maximum a t  8 = 0 and a minimum a t  0 = ~ / 2 .  

Accordingly, as  t h e  s i n g l e  g r a i n  d iscuss ion  showed, p r o l a t e  e l l i p -  

so ids  i n  thermal equi l ibr ium are most l i k e l y  t o  be found r o t a t i n g '  

about t h e i r  axes of symmetry. 

W e  now examine t h e  motion of a s i n g l e  p r o l a t e  paramagnetic 
-+ 

e l l i p s o i d  under t h e  in f luence  of a cons tan t  uniform magnetic f i e l d  B. 

Davis and Greenstein ( 1 9 5 1 )  and P u r c e l l  ( 1 9 6 9 )  showed t h a t  t h e  

torque,  L ,  which a c t s  i n  t h e  g r a i n  can be w r i t t e n  i n  the form 
-+ 

I; = X V ~ X ( ~ X B ,  (14) 

where K i s  a p o s i t i v e  cons t an t  r e l a t e d  t o  t h e  magnetic s u s c e p t i b i l i t y ,  

V i s  t h e  volume of t he  g r a i n  and i t s  angular  v e l o c i t y .  Consequently 

t h e  r o t a t i o n a l  motion i s  governed by 

i n  which t h e  s u b s c r i p t  g r e f e r s  t o  t i m e  ra te  of change which i s  
e?? measured by an observer  r i g i d l y  a t t ached  to t h e  i1i2i3 axes i n  the 

g r a i n  and B = . B k ,  k being a u n i t  vec to r  po in t ing  i n  a f i x e d  direc- 
3 - + +  

t i o n  i n  space; t he  cons tan t  a m u s t  be p o s i t i v e .  I n  d iscuss ing  t h e  

motion w e  are conf in ing  a t t e n t i o n  here  t o  the e f f e c t s  of t h e  torque 

I;; t h e  in f luence  of torques produced by thermal f l u c t u a t i o n s  i n  t h e  

g r a i n  i s  neglected.  

3 

It fol lows d i r e c t l y  from (15)  t h a t  t h e  r o t a t i o n a l  energy, E ,  of 

t h e  g r a i n  s a t i s f i e s  

(16) 
3 - t  - + 2  - -  dE - w * L = - a / $  x w l  d t  

a 



which e x h i b i t s  t he  d i s s i p a t i v e  na tu re  of t h e  torque. Steady s t a t e  

so lu t ions  of (15) must be those €o r  which the torque vanishes .  

( 1 4 )  i f  follows t h a t  the  torque vanishes  only ' i f  ei ther w i s  p a r a l l e l  

t o  IC o r  w = 0. The l a t t e r  case i s  obviously n o t  of i n t e r e s t .  I n  

t h e  former t h e  r o t a t i o n a l  energy E rernains cons tan t .  But then 

From 
3 

3 3 

However, from (15)  it 

L; 

follows t h a t  

and hence 

d$ 
d t  
- b  

8 = k" = cons tan t  

cons t an t  ( 1 7 )  

= o  

(19) 

i s  a cons t an t  of the not ion  i n  genera l .  

t h a t  t h e  angular  v e l o c i t y  vec to r  i s  cons tan t  i n  magnitude and 

d i r e c t i o n  which impl ies  by (15)  t h a t  2 x 3 = 0 .  This e q u a l i t y  can 

hold only i f  t he  g r a i n  i s  r o t a t i n g  about one of i t s  p r i n c i p a l  axes 

of i n e r t i a .  W e  conclude t h e r e f o r e  t h a t  a s teady  s t a t e  motion i s  one 

Thus when $ = wg it follows 

i n  which t h e  g r a i n  i s  spinning wi th  cons t an t  angular  v e l o c i t y  about 

a p r i n c i p a l  a x i s  and tha t  a x i s  i s  p a r a l l e l  t o  t h e  magnetic f i e l d  5 .  
3 

The energies of r o t a t i o n  i n  the s teady  s t a t e s  corresponding t o  

r o t a t i o n  about t h e  long a x i s  o r  a s h o r t  a x i s  of t h e  spheroid can be 

compared as follows. That f o r  r o t a t i o n  about t h e  long a x i s  i s  

l " '  + 2  - - $ Iu: = F ( H  * k) /I 
EL ( 2 0 )  

while  €o r  t h e  s h o r t  a x i s  one f i n d s  

5 



+- 
because i n  t h e  s teady  s t a t e  w i s  p a r a l l e l  t o  g.  
t h a t  "H g i s  a cons t an t  of t h e  motion. 

f o r  given i n i t i a l  angular  momentum H ,  t h e  s teady  s ta te  i n  which t h e  

Equation (19) shows ' 

W e  may s t a t e  t h e r e f o r e  t h a t  
+- 

g r a i n  r o t a t e s  about a s h o r t  a x i s  i s  one of lower r o t a t i o n a l  energy by 

a f a c t o r  y - l  than t h a t  i n  which r o t a t i o n  takes  p lace  about t h e  long 

a x i s .  Given t h a t  t h e  rate of change of t h e  r o t a t i o n a l  energy i s  

negat ive except  i n  t h e  s teady  s ta te  conf igura t ions  one expec ts  t h a t  

t h e  u l t ima te  conf igura t ion  of a g r a i n  i s  t h a t  of minimum energy. 

I n  summary, p r o l a t e  spheroids  i n  equi l ibr ium a t  some temperature 

T ,  i n  t h e  absence of e x t e r n a l  f o r c e s ,  a r e  l i k e l y  t o  be found spinning 

about t h e i r  axes of symmetry wi th  t h e i r  angular  momentum vec to r s  

tending t o  be perpendicular  t o  those axes. On t h e  o t h e r  hand a 

paramagnetic p r o l a t e  spheroid i n  t h e  presence of a uniform cons tan t  

magnetic f i e l d  has as i t s  lower energy s teady  s ta te  conf igura t ion  

t h a t  i n  which t h e  angular  v e l o c i t y  and t h e  angular  momentum are both 

p a r a l l e l  t o  one ano the r , t o  a s h o r t  a x i s  and t o  t h e  f i e l d  d i r e c t i o n .  

This d i s t i n c t i o n  between t h e  s t a t i s t i c a l  behavior of a g r a i n  and i t s  

dynamic behavior i n  t h e  presence of a magnetic f i e l d  becomes t h e  more 

pronounced as y i nc reases  i .e .  a s  t h e  g r a i n  becomes more needle- l ike .  

I t  should be understood t h a t  those conclusions a r e  made with- 

o u t  a d e t a i l e d  s tudy of t h e  s t a b i l i t y  of t h e  h igher  energy s teady  

s ta te  conf igu ra t ion  o r  an a n a l y s i s  of theeEfec ts  of random pe r tu rb ing  

torques .  I n  a f u r t h e r  development of t h i s  no te ,  it i s  hoped t o  

examine both of t h e s e  a spec t s  of t h e  gene ra l  problem and a l s o  t o  

estimate t h e  p e r t i n e n t  r e l a x a t i o n  t i m e s .  - 4  
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