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Introduction

i.in the area of Delta Mogiulaftion being supported under NASA Grant -

“NGR 33-013=063 during the period Januery 1, 1971 - July 1, 1971.

'Eiectronics Conference in October 1971.

- quencies of 19.2 kllObl'CS / second (NASA quahty) and 56 klloblts/ second

.

This status report summarizes several of the areas of research

This research will be p’fesented as a paper at the National
The Delta Modulation

systems descnbed here have been constmcted and tested, A voice

1
tape has been. made to 1llustrate thelr operatlon at sampling fre— 5

Se 4 e g e

(Telephone quahty)
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" sinusoidal, square-wave and pseudo-random binary sequence inputs-

. The results show that thé output 'sighal-to-noise ratio is independent

Abstract : : ' !

“ oo : .

I [ An optlmum adapulve delta modulator-demodulator configuration

;ls oerlved Thls dev1ce utilizes two past samples to obtain & step , - *
..SLZC which mlmmrzes the mean squaré error for a Markov gaussian

f SOurce. The opnmum system is compared using computer simulations

R wrth tne linear delta modulator and an enhanced Abc.te delta mooulator.
'In addition the pemormance is compared to the rate distortion bound

for a ‘\/IarkoV source. It is shown Lhat the optimum delta modulator 1s

f

-neither quantlzatlon nor slope overload limited.

The optimum system, an d,em}ar.mggc,i__v_eral_gn._o_x_the Abate delta modu-

lator and a linear delta modulator were tested and compared usin

of the input signal power and is subject only to the limitations of the

hardware employed.’ In -addition; voice was recorded using these systems..

The demodulate’d"v:oice~"i'rxdi‘,<:ates': negligible degradation is caused by the

optimum system and by"th'ze;':‘err'hanoe;d"-'Abate system while the linear delta
modulator suffers sxgruflcam degradatlon at a samplmg frequency of '

56 kllOblts/SeC. . E R e
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’,'to vary the step 51ze or ‘the system to cope with the changing input |

' 51gnal T—Ience an adapnve scheme. ~

'. -and olscrere nave been presented in tbe recent past (2), (3), (4),

.,',-:square error.< .5;.‘5"':’ DT e e |
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' VARIABLE STEP-SIZE ROBUST DELTA MODULATION - N
{

Delta modulauoﬂ has recelved wicespread attention recenily

: due to the increased 1mormaL on rauevpossmle, as compared o

|
conventional source-encodi'xg schemes. However, the commonly }
|

.studied lmear delta mooulator has severe limitations. The dis-

adVQmages and llmlted performance of the linear deltc modulator

Brohn and Brown (3), and "Abate (4)- "~ The basic hmltatlons are

' aue LO the narrow aynamlc range produced by two mherem

|

n!as been described by O'Neal (1), Towozawa and Kane:(o (2), { ‘
|
{

characLerlstlcs. The f1rsL 1s the gronulor or quantization noise

" produced Dy tne flmte step sxze 'of the syste'n. The second is
’fslope overload n01se mtroduced when the system cannot follow

' rhe mput 31gnol Hence the delta’ moaula.or has only one optimum .
»-:porlt i e where the ou;put s1gna1 to nozse ratio is @ maximum for

L a gwen mput power. To ovércome tnese basic problems, it is neccs]swy

Several dlfferent adaptlve delta’ modulators both continuous

7--(5)' However mstead of obtaining en. adap ive procedure emoiricall‘y,
S as’ dld the prevxous mvestigators, Lhis ‘paper presenis an cmaly..mall

f; aporoach to o.otam an adapnve screme whlc‘mproduces least mean |
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el fj’l’ne accumulator is used as a predictor, estlmatmg the value of the

lm_;al..L.near Delta ‘\/Iodulator

'T‘he encoder and decoder of a linear dlgltal delta modulator are

snown rn F1g 1 The 1nput conszsts of samples of a continuous

‘ r;nout :waverorm normally a ‘highly correlated ‘sequence {skf Tha

dlfference between sk and xk, called dk’ is quantized into two levels

- to oroduce a sequence of posztlve and negative 1's denoted by { }

. next source sample.' In the case of a noiseless channel, the decoder.

recelves the sa-mple ek and thea--adds the-estimate - X—]Z from-the

‘accumulator to form an output sample Iy -

A dlg-ltal computer-s1mulanon of the digital delta modulator with .

a first order:Mark)ov”sec.zuence having a Gaussian amplitude distri-

.'butlon as an 1nput results in: the performance curve shown in Fig. 2.

- This curve has the same general shape as the performance curve of
the’ contmuous lmear ‘delta modulator.~“Note that the system is optlmum
ror a very narrow range of 1nput signal power ‘and the 51gnal 1o noise
ratio decreases on’ both. s1des ofthe’ ‘optimum point.  The slope for low

- input power is due to the granular noise produced by the lmlte step
51ze fed to the- accumulator. “Phe' downward slope for hlgn input signal _

- power is accounted for by‘thej inability of the‘accumulator to follow the
input. "This con‘ditioln'is commonly 'c'all_ed slope overload (1). In a practical
application, these two?detrime‘ntal’factors" severly limit the usefulness' of

N e e s = aee PPN,

_ the linear delta'modulation"scheme‘}‘ TN S S ,

PR \) __,4,'._ P

2. Dtgrtal Sr)ng Var1able Stj Slze Delta \/Iodulator

N |

~To mlmmlze the granular n01se that appears when the 1nput signal |

: amohtude is small, the quant\lgtndhstep rnust also be small However,
to reduce tne.sl—ope overloadJnolse when\the srgnal varles ropldly, the
step size must increase and thls mér'ééée must be fast enough SO that

RUZRIT JA.\I

the. predictor w1ll closely approx1mate the 1nput 51gnal Fig. -3 shows the

,,,,, A
Ll

general structure of the varxable step srze celta modulatlon system. i

s
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. : k=1 S ‘
- estimate_sequence X are ‘defined as - , ;

In this delta mod‘ulation'system, the same processor is used in

‘ . gy k- i
both the encoder and decoder. The mput sequence e 1, and the

e ‘=e :,e e .« o :
. k=" k=2’ k-3’ 1,

and

'
!
t
|
i
1

\
i i
I

S S -k k-1
The processor operates on both sequences e and x'. to determme
the optimum variable gain u .

The varlable galn u multlplles e to obtam the appropriate step.

k K.
By properly varying uk. the granular n01se and the slope overload noise

are both decreased a‘nd therefore the dynamlc range of the linear delta

SO i N

modulator is 1ncreased

The following assumptlons have been made sO that a practical con-

}

flguratlon for the optlmum vanable step-size delta modulator could be.

denved

1

(1) The dlg1tal channel is -error free.

(2)'The 1nput-smgnal is generated by the following difference equatlon,

[ BT EE ST RIS

o :. N }\ 4 : eeand ‘o .
.sk"pkiskx, k-1 | (M

where A is normal ‘zero, mean .and has standard devxatxon oA

k-1 k-1
Eq (1) descnbes a ﬁrst order Markov Gau551an amphtude distributed

51gna1 Whlch 1s a reasonable model for Jmany commumcatlon sources..

Referrlng to P1g 3 the equatlon descrxbmg the encoder is seen to be,

PRI NN

vx =: _}c,-t,:.-- -’- u‘ k S n s i . [ N Lo . v 2
- ' 1'ilk:A Lo .!k-"-':.l.‘x.: :.K-..th.x g ( } J - k-l) il B Lot b ‘. N ( )
=x. +u, e
K=1 k=1 "k-1
.-:l_n\_: L Laoelior ff(?f;.
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T _ To obtam the opnmum gam uk' one mmrmlzes the mean square error' 4
l
between mput and output sample, i e. {
min - wch w0 2
SIS Tk k T
‘ ":;E{s el (XL, & )}
\f‘k-l ‘ka.<- sz"
i To do thls let fv',,,/."f‘
af..,E{ k-r (x ,e )}
o k kK [ 2o 1K K
Px‘, a5y [ (s ) PEy [ x5, e as
‘[_ ( ":-,) ( )_m(kk ‘k,‘ ' k !
_}]<ull‘ " e, it the

‘where d (x e ) _d k
; . - ¢ ( N bam'
-Since the 1nner mtegral and P (xk, e ) are non-negative, a 1s minimized

by mmlmlzmg the mner m“’t)egral Hence, to find the optimum uk, one

’ d1fferent1ates the mner mtegral w1th respect to uk and sets the result

-equal to zero

) P(s ]xk,ek)ds =0

k

. L

: f _l k(e, -~ 5'1,)‘ P(-.'; [ %~
uk+xe k °°k lx e~)dsk 0
Therefore, |
= 1.
€ {E (Sk ]x - e ) B Xk J Ty son-negative, ¢ il G
e D izl O ':':"('J the DOLLY..JL’;'.

_This result shows that the Optimum, Step- size progcessor. comgutes
the,pqnd_lt;_qnel expectanon of Sy given all past data(xk and e ), subtracts

the past estimate xk, and multlphes this result by the sign information, e1 .

1 e
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Tne new estimate x can be found by substituting Eq. (4) into

1‘.’“1
'Eq. (2) ;

-

klk+1_xk+e {E(s lx,e) j’

—E{ !x,e}

Eq' (5) suggests‘that the adaptive delta modulation system utilizing

-the stmcture of the lmear delta modulator with a variable step size is .

..equlvalent to optlmum estlmatlon using all’ past and present data in the

feedback path as shown 1n Flg 4

3. One Past Sample Case

In thzs sectzon the optlmum estimator is evaluated for the case

' where only the most recent sample is avallable for processmg. The

esumator equanon for th1s case becomes,

"\;

Ler gt
At

The conchtlonal probablhty denSity function P’ (s e k’ ‘% )'is o

-."_shown in Appendlx I to be pobelag et B L8 e
: P (Sk) . =
N P o /c ) sk Xk' ek +1
ot Sk Dy
:’4 LA, 0 \\/c..’.g..).< x_\/. e,uk__ +1 S I
! T ! k k’ k
P (Sk "ekf xk) e s,
‘ P (sy)

'q (xk/os, )i s <xk, e =-1

',t_]d ,_,

_A 0 1S, >X ,e, =-=1
"'I . TkG k’ k
! [ . ot
' LRy Geasity ILLCtidel st L L8
. -
I/’
S| .
[ S 2, -
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NS A -l
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e e e ey e sages,
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where g, (x) and (x) are defined as, |

A A 1 P 1 2
q'(x) =erfc (x) = 7 exp (- z v dy
. el

- —— -

a )21 -q" (x)

and Os = standard deviation of S)
1

k. . :

Therefore the.estimator equation becomes

[SV]
B

.

2/
/ csk exp (—X /

H ek"= +1 X
”' 2Wq ,- (Xk/csk )
— | S
B
|
Usk exp (-x /‘7 Sk | y !
hd ;4 é"]{.-=_/_1 l|

/-:‘Z—TTq (xk/c )

The resultmg opumum one sample observation delta rr*odulauon sysiem
" can tnen be 1mplemem:ed as shown in Fig. 8. The function generator 1s

defined by Eq. (7). Comp{t.\.j;e_r_.\_/s,_l_r_r_u:_l\e:c_l_g.n__s_ of Fig. 5 with a stationary
‘ G-aussian Markov input were performed. The system performance is

discussed in Section 5.

4. Two Past 3ample Case

In the structure for the one sample observation described in the abbve
section, the most recent sample amplitude and the sign of the coded outp
" are the only pleces of information used in-the processmg Since the son.rce
SOGL.\..HCG is Markov, the correlation and the difference between cho.cen
samoles give addl,.ional information to the estimator.

For a system employmg the past two sample ooseertlons, the esh-ma:or

ecl..anon lS



: . ; ) . ' :
N o . : ~ LI o ! . . 7
s ' In Appendix II ,rk is ’shown to be;
Xy oy
j‘ ) - 5 - , . .{“lexp ( lz2 ) _;
S a’ (z s +— ~-3 .
= L @ B S T kot J P (S )dsy
.'\Ak__l L . . B )ek-l:-l’ 61;2_:'1
gtz P(s: ds . ' 8-z
J ® 1 ( k-—l)' ( k-—1) k-1 4 : (6-a

r "‘ | | 4 O)\
g’ + k-1 exp (-1z2
! L Pr-r @ (zk-l)_ Sk~1 X exp .('éz k4-1) JP (Sk-l)dsk—l '

Xk"l L B V217 ‘e =+1, e =+1
G . /K=1 4
j q'(z, _)P (s, _,)ds : ' ‘ :
Xy 1 k-1 k-1 k-1 ‘ - (8 -Db)
-]
o .
>‘3<-1

\J‘ [_Pk—l Sk—l'q(zk—l) - \/_é_'ﬁ'- exp (-3 ?k-l) ]P,(Sk~1) ds.k-l

k-1 ov) ) e1 =;-,'—l’ e, =_1
f ‘ _ =1
‘ z P (s ds ;
Ix, _lq (2, )P (s _)ds | o)
X go) A
- k-llr_. kk-z . .
J L%y Skey @ (&) mam - ¥R (m2 2 ) P (5, ) dsy
- T R JeT =-l, 67 i
j’xk-l _ I ] ] k=1, <
e Az )P (5, ) ds, e
Lo - - j ,
‘ |
- |
i *K™ k-1 k-1 |
where.z, = — ' |
. = O}\ L |
Cke~1.__ . L |
- Equation (8 ) mvolvesmtegrals w'ith‘the random variable x, in t:he

X=1

limits. The functional relationship between the estimator rk and the

estimates xk and Xk . is not apparent by simply considering these

integral relations. To simplify-the restlts and make the results more

-useful the following-approximations.are.made:..-.

omaxt o L > .
: : e 2 - x>0 1
a' ~ 2 ~-ax~ . . . a=5 9
' x) 1-3e . x <0 2 (=)



"Por the case of highly correlated input samples, i.e., 032 >>ck
LR e T c ' ' k-1 S K=l
III shows that Eq.(8) can be approximately

: redz.ced 1o the’ fdlibw;’.incj;f '
/,7,) S {x _ ',}\-k'-l exp (-3 yi) ]

=0 + k = G =] =+ i -

[ TS B A (10-2)

! N .-’. ’ [0 . . I
. o A . ! 5
COEL Oy +‘_fx»'+,__}\_?_1__exp (-gyz“)}. :
} S ?’_1" 'L.. k /A7 g () 5 ek_l =+1, ek= +1 : (10-D)

. - - X .
< o exp (-3 v
Vo2 Oy 1. N o1 k)‘L

. t - - ! , — = - 0o
; \/Z‘T k 1 -Jlxk + ./2m a (yk) i Cry +1, ek 1 (10-c)
S 05 . exp =ty .

TNt e TRV -
\-72:,; ® Tk /2w q (v, ) ) k-1 Tk (10-c)

where . - ’

o« _
y = k-1" k=1 k
1 N
. Ox.k._l

The first term in Eq. (10) is contributed by the uncorrelated portion ©
the signal, while the.second térm Is contributed by both'the two sample

difierence in the previous estimations and the uncorrelated portion of

the signal. : , |
’ a ‘ - .." . - "‘ — ““'_" \_-:'_r .
- - — et ~-__.._.4.... —_— .
— n \‘_/"'/ -
[SSR] \- /. }
b - - \f\‘, ; [ - . - -
-
ol e
“ ._/‘ / o — -
L



-t

5. Simulation Performance

In this section the periormance of each system is observed through
computer simulations. The signal power {0 mean square error ratio is |
employed as the performance criterion. Each system was simulated by
operating on 1000 consecutive stationary {irst order Markov, Gauésian
amplitude distributed samples. |

Figure 6 shows the output signal-to-noise ratio versus input signal
power curves for the one sample observation case. The curves are flat
and independent of input-signal power;' i.e., the slope overload and granu--
lar noise regions are avoided. f‘or an uncorrelated source (p=0) all the |
information needed for the estimation is contained in the present sample
while for a correlated source ali the samples are neaded for an optimum
{in mean square error sense) ‘esti'mation. Hence, the output signal-to-noise
ratio is highest for P (correlation coefficient) = 0, as shown in Fig. 6. :

The performance of the approximated two past sampie observation case

is shown in Fig. 7. The results show that the




’

output signal-to-noise ratio is once agaih indepehdent of input
signal power. However, the signal-io-noise ratios are much
higher than that of thé one sample obser\)ation case. Also; the
system performs b'etter for a more hilghly oorrelated source., The
performance of the linear delta modulation sys'tem with the Markov
inputs is also shown in Fig. 7 for co,mparison.'

The performance using three or more past samples increases ‘

the signal-to-noise level above that of the two past sample case.’

However, a study of the three past sample case yields extremely
<complicated estimator equations and the simplification to obtain
a practical system implementation is not feasible. Furthermore, ;
comparisori of the performance of the two sample case to that of ‘
the rate distortion bound shows that not much mors improvement
can be gained by using three past'samples. |

The rate distortion bounds for a first order Markov, Gaussian
‘source for P (cofrelation coefficient) = 0.95 and for p = 0.9 are
derived in Appsndik III. The bounds are plotted in Fig. 8. The
| comparison shows that the signal-io-noise ratio for the two past
sample case is only 3. ldB less than the rate dlstomon bound for
p= 0.95, and only 3.2dB less than the rate dlstortlon bound for
-p O 9. . 4

6. Experimental.Results

The design of an efficient encoding system usually requires
some knowledge of the statistics of the signal on which it is {0 be
used. However, in pratioal communication systems, statistics of

‘real signals are seldom know;i a priori. The system structure
derived in the previous sections is adapulve to the known statistics
of the 1nput signal. ' '

For the case of the two past sam-ple observation, the realizeable
algorithm used to détérmir;_e ‘the parameter © A s using the past two

K-1

‘estimated samples xk and Xy is

oxk_1='| Xy Xk-1l~ (11)



A piecewise linear approximation of the function generator is used
' to déscribe Eq. (10). The complete structure of the adaptive delta

modulator is shown in Fig. 9.

Referring to Fig. 9, one sees ‘chat‘sk is converted to digital form .f

using an eight bit A/D converter. Afterthe processing, the decoder
is cbnverted béck 10 analog form using an eight bit D/A converter. |
The encoder transmits a binary signal obtained from the sign bit.

The entire system was constructed using DTL integrated circuits.

The data rate was set at 56 kilobits/second. The minimum gquantiza-

tion step was limited to 0.04 volts and the maximum voltage'was limited

to T 5 volts.

The function generét_ors g; and g3 shown in Fig. 9, have the form
shown in Fig. 10, The slo’pés a and 8 may be a@justed for different
types of input signals.

A. Response fo a Square Wave Input

The response of the systerﬁ to a 500 Hz square wave input is shown
in Fig. 11 forae=1, B = 0.5, « = 1, B = 0; and the linear delta modulator.
When o = 1 and B = 0, the step size'ils seen to increase and decrease'

linearly, which is equivalent to an enhanced 2Abate adaptive scheme

with 256 control switches. Note that this system has different steacy
state quantization steps, while for'the case where ¢ = 1 and F = 0.5
the quantizing step always redjuces to the minimum step in the steady
state. The square wave responses show that the system performs best
with ¢ = 1 and 8 = 0.5. o . ;
B. Response to Sinusoidél Inpﬁts ' | ‘
The output signal-to-noise ratio versus the input signal power
curves shown in Figs. 12a & b were measured for different input frequen-
.cies. The slopes of the curves in the small signai region are caused'by
the quantizing noise of the A/D and D/A converters. If the logic would
. be extended 1o ten bit words, the flai portion would be extended 12dB
in the low-siénal direction. Thus, the number of bits could be increésed
as désired to enable the system to operate at signal levels as 'small as
desired. The upper limit of *i:¢ input signal power is due io'the I5v '

1

limitation of the A/D and T/A converters. .

11



12
For sinusoidal input‘s the resﬁlting curves show that @ =1 and
' .B = 0 the system performs the best. . Ny j
C. Response to Random Data Sequences : "
.The osc1llograms shown in Fig. 13a & b show the eye pattems
of the system responses to random data sequences. ’Ihe input was
obtained by passing the output of the pseudo-random sequence
generator through a l.ow pass filter. Fig. 13a shows the eye pattern
of the linear qelta modulator while Fig 13b shows the eye pattern of
the adaptive delta modulator with @ = 1 and § = 0.5. The results clearly
show that the adaptive systems have much better ability in reconstructing
‘the data. o | -
D. Subjective Test of Speech Input
Subjective tests of speech to the adaptive 4 M was also performed.
- The adaptive sfeheme yielded orders of magnitude improvement in clarity.
over the linear delta modulator. Negligible degradation o_f speech was

obtained using @ = 1 and 8 = 0 at 56 .kilobits/secohd.

7. Conclusions

The general structure of the variable step size digital adaptive
- delta modulator was derived and prove;i to be equivalent t0 optimum
estimation at the encoder and decoder. The ‘epecial case of the two
past sample observation was found to bé comparatively simple to con-
struct and useful for practical applications. The structure was derived
by assuming known statistics of a first order Markov process. However,
in the implemented system, the design included continuous estimation of
" the parameters of the input signal. Hence, the signal statistics were riot
Aneeded a priori. A

The system was designed and constructed for real time operation
“using all digital hardware and was tested for several deterministic
signals as well as pseudo-random data sequences. The experimental
results show that the system performance was quite good for all types
of input signals.~ With extended hardware the output sigrial-to-noise

ratio can be made relatively independent of the input signal power.
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‘ ..Output Signal to Noise Rati'o'(dB)
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‘ an(é A: Rate Distortion Bound for p=0.95

o : " B: Rate Distortion Bound for p= 0.9 2

' ' : C: Performance of the Two Past Sample Case for p=0.:95:
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o

'

~ Relative Input Signal Power (dB)

. I
Fig. 8 Comparison of the Performance of the Two Past Sample Case
. to the Rate Distortion Bound |

20



21

101R[NPOWa(I 1010 [NPOIN B2 1SNqoy 921§ doig a[qelieA 9y} JO aInjoniis pajuswaldw] 6 *61d

Csepoosd L. ~ 19pooug



22

wayog ordwes 1sed om], oY} 10} SI101RISULE) UOHIOUN] . 01 'B13




-Adapfive Delta Mddulator a=1,’B

=0

500 Hz Square Wave Input

s

'
tiavems

eonl

1IN
e

N e f
AR

=0.5

Linear Delta Modulator

Adaptive Delta Modulator o=1, B

{1z Square Wave

I

Fig 11 Responses to a 500



(dB)

'Y
(o)

Output Signal to Noise Ratio
} S
0

X
O
T

i
(a2) Input Frequency = 400 Hz ' |
. _ : |

LPF set to 3.3 KHz ' ‘ |
o . Robust =1, ,BfO

e — — .

\-—-Robust ¢ =1, £=0.5

\/,.Linear AM

\

2 : . : 3
¥

W A
< Q

Output Signal to Noise Ratio (dB)

N
<

-

([‘A.-
S

-I5 =0 ' -5 o :
. Relative Input Signal Power (dB) . _ |

LPF. set_ to 3.3KHz"

(o) Input Frequency = 800 Hz

Robust o =1, £=0

—\—-Robust a=1, 8=0.5

\ Linear A M

1 : 1

v

e -/0 -5 o 5 10
Relative Input Signal Power (dB)

Fig 12 Response of the Variable Step Size Robust Delta Modulator

N memn St b dlam T lmmmw TVYAlES AN AAN T et Aye

N

A



(g*0=¢ ‘1=0) IoreInpolN eed -
eapidepy oyl Jo uieiied 947 qgl 61l

R ._ _— ‘foyRInpoN eifed .
_ Ieaur oyl Jo ulalied 943




Appendix I

Derivation of Equation (6)

| - T
P (s, !ek xk)'- ask F (s, | ek,xk) |
~ where 4 ) e |
F (x) £ cummulative function of a random yariable' x
=p- <
F sy ey %) =Pr(sy Sk lefk.,xlk)‘

Since s, >x, fore, =+1

"k Tk k
. <s . S e
and S xk for ek 1
" we have o
y l = = ! < >
3 (sk lxk, e = +1) Pr (S_]S. A skA | Sy xk) |
. : o rsk ' ' ;
CPr(Sk s s ) b Ps)dee
— - — T X
Pr(5£>xk‘) R q_(_k)
qSk
PR SO SN & ) |
P (sk lx»k’, e, = +1‘) — a-gkfzf‘,':-('sk lxk. e = -f-l) T (,\.ﬁ(_)for Sy >x
. R oSk
and
P.(s.k | Xy » e, =_,+1)‘=_‘0, . for Sy <xk
Similarly for e =1
o P(s) . o o <
Pis | X0 =-1)= qf_’?) ok T
0 fqrs >x
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Appendix II - . | ;

Proof of Equation (8)

When e, s e =+l .
. : . "..(\'.
P (s lxk e =-1,e ='+1)—-"—'F(S' | x e 1, e =+1) -"
Stk k=1 "k-1 77" Tk ask k k-1 ""k~1 » & g
nX, -
k= p q
-® (sk-1’ sk) Sk -1
= IXk_l PwPS s.)d (s, _»8.) for s, >x
B _ ) Pl sy sy X |
- . X . x
. {
<
0 for S <Xy
- - .
. k=1
Thus, J‘_m fx Sk P (sk ’ sk)d(s1 I,Sk)
| ok ’ Tk N(-1,4
no=E(sy Ix e =-lie =+)= ———g7 D(-1,%
. . r k=11 p Y g ‘
- X ‘
: K :
Smce Sy = pk_‘1 sk-1 + }\k-'1,
. ' . ’ 2 f
Pis, |s, )=— i G SU 5
Bk k-t T mmg, TRLTTT 5 J | |
: k-1 ' )\k_l .

The dehomihafor -

K4

D (-1 +1)=ka-l'P P (s, s, _)P (s, _)ds  ds,
ok » o Y kT Tk=1" " Vk=1 k-1 7k
| . - x
k
Let : A ’
B S T Tl ) ;
k-1 g ! L (9] '
A K=-1 A
k-1 k-1
Then
D (o1, 4= [ Kmr 1T = 2 Toes.
CLsn=g ] vaw e (-zh )dt | (P(s, ) ds,
T Zx-
x .
Xy S
= '
) a (zk ) P (sk-1) dsk_1



The numerator . _
' l

_ [Tk=1 - _ k=1 ]
N(-1,+1)=] fx S P {Syoyr Bid @ (Sycpr 830 = f_w L &ksk%kl?k-l)dsk-; ]
. Tk 5' , " . .
o ' | ‘ E P.<sk-1) ds:’k-‘
Since the integral
- R ‘ : ' ® ‘ : tﬁ 1-'! A
J s Plslsy _ds, = f 7=-—(pk .S - O) fey) xR (Zydy
X : k~1 . 2
K . . k- A M~ _ . ,
: o o 24,
= P a1 S (3 ) +_k16xp ()
Hence, ;.
r‘xk -1 O | -
N(1+1) , q'(z )+__1.exp(-— ) P(s;)ds
_Q"{-.kzkx k14@‘ ‘ k ] -=-1 k-1
" Therefore, ‘ ‘ T '
_ N( 1l +1) i

‘Slmxlarly, Eq. (8- b) (8-c) and (8-d) can be proved by followmg the
same procedures... L g

f
]
‘




Appendix III

Derivation of Equation (10)

Az.ﬁk'l o k-1

29

With the approximation shown in Eq. (9), when ek_1 = -1, ek= +1,
the denominator of Eq. (8-a) becomes: ' .
X, '
£ 5 <%
M Pkt T
. X ) : Xk _. .
Then D (-1, +1) = ’15']?" Lo, Lds, 4| 11 1732k |
' k ’ J-m,(—l 2 ip (sk-l) 1 ;’( (1-ze > )P(Sk-l)d
' : . X :
X] . . " e _ X
_ k 2
- LY o -az.. Pk-1 K-1_552
= CI(afk_l) "Q(-pf.L) .+ I'QK','I e k-l P (sk_l)dsk_l _%f ‘e 'sz_;
K=1 -*® -
a%k= Ly 2Tk L, 8Tk Pk-"key |
where k-1 Os k-1~ Os r k-1 :
k-1 -1 %A !
. k-1 . f
| 2 2 1 Xk-1~ 2apk~1X1 Osk—l I
3 = o} Io) 2 . ‘1 = P2 o
.Defme Bk-l (2a pk_1 sk-1+ }\k-l) P Yy _ Hg;f—l |
' » Sk-1 k-1 ' '
’ : Bk~l i
‘ X, = 2a X, g2 -
k %%Pk-17k % P
Pr-1 Rz k=1 , T
el BN ST ACEE
A Sk—1 }‘1 - o :
. Bk-l - : :
After complzating the square of the exporients. and integrating, the ;
denominator becomes - ' ' |
Yk-1 cxk-l 1 ' -~ Tax? |
-1 4+ =.al& N gl o - ' { k
D, (~1,41) = a(d) ) =a(F,_r 5o Laln) - ay',) Jexp [k ] ety
. ' K=1 B X
-1
e X,
if "k >y
P. ; k-1
K- .
xk-l 1 2 o
Dk(—l, +1) = {m : 5 exp (-azk_l) P (sk-1) ds.K_1
= k=1 i 'ax? ]
14 (y,) exp | - _ﬁ'é"i ] (A-2)
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The numeréto_r of Eq. {8-a)becomes the following: . S

if — <x , ‘ -
p‘ k_l . ‘, - ’ K

. ; ‘ ' o) :
‘ ¢ r . . k
- = ;P » L - 2 -
Nk( 1,+1) J. k-1 2_:'Dk_lsk_1exp‘( azy )7 XP( sz ]P(s ) Sk-1

;f(k-l i 1{1 1 exp(-az® | H"+ e exp(-~Lz2 —[P s,
" l< 1 k1 p( l)j ‘/2-—-_” p( 2 k- 1 N ( k 1
k/Qk -
L2 2 ' ‘
GK‘<>( L UL S
a(y, Yexp(-5573 )21 k-1 exp{-~-L k=1"Sk= JREEIN
\/iﬁﬁk k 25,{ -1 /on { ) )+-—~/~;J~é_:--le p( 2{)2‘{-1)
Xk ‘ | ! .
TPy -Jm:‘l p ds,. 3 [k
(=19 k’ exP( aﬁ ) (Sk 1) Sk 1 :{ Sk exP(_a%( )P (s,
ds Sy
\, :
where 8 X B-k_l(a=-§-)
Since the integral
pxk-l
J_w Sy - exp (-az P(U stk-}
= Ezapk‘_ixkczsk“lc}\ k=1 ( ) O%\k- osk"l exp ( 1y2 ] axzk
’ g qly!) -—==t= -2Y. ) {exp (-
8 | YR 7B, » P Tﬁk-q)
_ ~1 . k=1 p Os X~1 k~ “
N, (-1,+1)= —— - k~1" Sk~ - + 1 _&
(A== exp ( o7~ 7w exp(-", )W 1y, Jexp(- gjkfl)
k~1 -
2ax, P s2 as | Y 0%
k"k k-1~ A, -1
- - J- 1 exp. (-1
1( 1 L B?(__ . {G(I’k) ZQ(yk) /'Q’FBZ { p. ( k)
. 19 \\ '*I ' ax2 A ;
-5 e,xp("zyk) J JeXp ('.BQ.}‘_* } ' I (A-3)

k-1 .



x o ~
if’ -5]5- X1 |
k=1
f' k-lrl | O>‘k
k( 1 +1) [ 2P .5k exp(-azk )+W-lexp( 2zk )_jP( Koy
_Q ] <
) _
o}k-1 p
= 2 Q(y")exp(- k, Yt k=1 28Pxogx) OAy CACHEN
/omBy 28, 3 T2 ! —K2 gy
. : k=1 - Bk-1 -
of o .
">‘k-1 Sk-; 2
- 2 axs ..
7 ©XP ('%ykﬁ“) exp (- _ k)
— 7o ) e Tk 5
' X .
Therefore, for £ <x
pk k=1
-1
1ty N >—q~—<——i
Dy (- 1+1) q- (A1)
X >
for 7k xk_1
Pk-1 |
(1) = MeCLE _Eg (aog)
Dk(-llf"l) Eq.. (A-Z)
' 2
f Al 2 o
;i 3=z, and 0 51 >> }‘k-x
s

Yr =Yy “yk. Bk_i =_§ k-1~‘pk-1' k-1’ y-_k wrk .

VI z__\i<—1
k-1

Therefore Eq. (A-5) and Eq. (A-6) reduce to eq. (10-a). By following the

same procedure Eq. (10-b), Eq. (10-c) and Eq. (10:-d) can be derived.

-

i
i
i
:
|
‘

|
- )ds,
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Appendix IV ;

.The rate dzstortion function of the first order Gaussmn Mamov

Source with the autocorrelatlon functlon

lkl

: - 2
R(k) = p o s

has been found to be (6)

(1Bt ..
R(D) = 7 logz <——-—D-)-—-§- (bits /sample) 0 <D <8,

where ¢ A= 52

Since the 4 M system can transmit at most one bit per sample,

1-p%) o2 A ' 1-p
1=1 (-e) 9% <P < ;i
R | L 0<D 1+p02

where
—n2y 2
(1-p%) %
4

D=

Therefore,

. o2 . ‘
SNR = 10 log === 10 log <. 2
. D _ 1-p%
-~ Hence, ‘

for p = 0.95 SNR = 16dB"

for p= 0.9 - . SNR = 13.2dB
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