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A study of technigues fov the predictio

Pt

1 of crime in the City of
L.os Anceles has been conducted by the Space Technology Applications
Office of the Jet Propuision Laboratory. This is a part of a continuing
program of the application of technology to civil problems, funded by
the Technclogy Applications Oifice of NASA. The motivation and

ate application for the study was the evaluation of the effective-
ness of a new tactical system -- use of helicopters as police patrol

vehicles,

Alternative approaches to crime prediction (causal, quasi-
causal, associative, extrm:oiativé, and pattern-recognition models)
are discussed, as is the environment within which predictions were
desired for the immediate application, The decision was made to use
time-series (extrapolative) models to produce the desired predictions.
The characteristics of the data and the procedure used to choose
equations for the extrapolations are discussed. The usefulness of
different functional forms (constant, quadratic, and exponential
formas) and of different parameter estimation techniques {multiple
regression and multiple exponential smoothing) are compared, and

the quality of the resultant pretictions is assessed,

Appendixes present a dizcussion of the different approaches
to crime prediction that were censidered, a technigue for simuitaneous
consideration of arrests and offensesz, and algorithms for analysis of
time-~geries. Included is the development of a modification to the
multiple exponential smoothing technigue which elirinates the need

for a priori estimates of the model parameters.
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SECTIONT

INTRODUCTICN

A, BACKGROUND

The capability to predict crirme could be of considerable value to the
nolice ‘n a number of ways. Fov exainple, strategic decisions relating to
force structures ond training eraphazes would be easier if reliable long-range
forecasts of criime were available, Tactical decisions on the day-to-day
'fanioy'ment of forces would be eased by zccurate short-range forecasts or by
forecasts of specific crimes. Analysis of the effectiveness of new {(and old)
equipment can be performed more accurztely if apprepriate crime prediction
capability exists, An understsnding of the relationships between social,
economic, political, and rnorz! conditiona wnd crime, expregsed in a model,
could be used to devise effective crime prevention campaigns. These potential

ugzes have generated interest in the broad technical problem of predicting crime.

In 1968, the Jet Propulsion Laboratory (JPL) was called upon to assist
the Los Angeleg Police DRepariment (LAPD) in evaluating the effectiveness of
helicopters as police patrol vehicles. The requested assistance was provided
by JPL's Space Technology Applications {STA)Office, as Task 86. (The re-
sults of the Task 846 evaluation are documented elsewhere®,) Thxs was funded
by the Technolegy Applications Office of NMASA as a vart of its continuing pro-
gram in applying technoloyy to civil problems. If was necessary to this eval-

uation that arime levels be predicted,

Investigation of the prediction of ¢rime was undertaken separately, as ST
Task 125, with the evaluation of the sffectiveness of a new tactical system (that

s, Tack 86) to be used as a focus for the effort, In particular, a major part o

[

" the eveluation waz to be a determination of the reduction in crime, if any, due
Y

*Weaver, R, W., F“;:n_i’vw«qg “nﬁwu of Helicopter Patrols. JPL Documer
650-89, Jet Propulsion Leiboratory, Fesadena, Czlif,, Jul. 27, 1970,
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to the presgence of the helicopters, In order to make th
predictions of the crime levels that would have ocourred withour the helicopiers

were veguired,
B, OBJECTIVES
The objectives of Task 125 were ax follows:

1) Aszist Task 85, Effectivensic faclveie of Helicoplier Patrols, in
thie evaluation of the effectivensag of helicopters as patrcl vehicles
by producing a set of crime predictions for uge in corpariscns
with actual crime occurrences.

2) Determine current and poteotial applications of crime prediction
to permit assessment of the usefulness of different types of crime
prediction models. Determine input and output requirements and
operational constraints for these rauvdels,-

3) Review existing and potential crime prediction techniques to

determine the most promising approaches for further developmeant,
fa) Iy

Thus, the task consisted of three interreleted parts which were carried on
essentially in parallel! A determination of the potential applications of crime

prediction, a atudy of the state of the art, and 2n exercise in the real world.

C. APPROACH

Crime predictior is but one application in the general problem of quanti-
tative forecasting, Thus, in reviewing the state of the art, it was necegsary to
consider recent advances in forecasting procedures as well as the relatively
scant literature on crime prediction. '

Potential applications of crime pradiction capability were determined by
surveying the applicable literature and by consid:ring operations within the
LAPD, They were further explored in discuszions with officials of the Los
Angeles Police Department,
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to ohow effecis on nwnbers of nifzasas and arvests, 50 iaese guantitie

selacted. The heoljcopler experiment was to run for & yeer, so prediciions

were nxzaded for the same b

A second major factor in choosing the kind of model to use wae the con-
straint on the vesources avsilable for the study., Thus, although one could
speculate that the use of cause and effect relutionships might provide the most
reliable predictions, development of such relationshipe -sauld have been a more
extansive research project than possible within the limited resources of this

task.

A third factor that had to be considered was the availability of data, Many
data types exist in the files of various public agencics, but others would have
to be collected in the field - often a2n expensive, time-consuming operation, Pre-
iminary crime prediction work for Task 86 had revealed that division boundaries
had been changed 2 number of timea during the historiczl period of interest,
Fortunately, the LAPD filea included quarterly crime reports for each of about
600 reporting districts, which can be considered as building blocks out of which
divisions are made. Thus, it was possible to re-combine the data from the
reporting districts according to the gecgraphical boundaories of the divisions

during the test period,
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Section 1T of thiy repovt discuszes the generation of prodictions in greater
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detail, In brief, ihe zppveach taken was as follows: Time-scries for each of 27

crimie types in 24 geogrnphical arcos were built from LAPD quarterly sammaries
for the beale geoprenhicael building blocks, the police reporting dictricts, Ana-
lytical techniques used for each time-sevies were chosen by comparing the
predic‘ci?e accuracy of 2ach of a variety considered,

It was reasoned that arrests were related to offensea, and that a system

e

that reduced offernccs would tend to reduce arrests as a result, Further, an
increase in arrest effectiveness could be expected to reduce offenges due to
the detention of multipla offsnders, This relationship was investigated, and a
statistical teet for evzluation of the experimental results, using arrests and

offenses topether, is discussed in Appendix B of this report,

® Kight years was chosen as the sample size to avoid a major jurisdictional
bom dary chanse, affecting five of the current divisions, which oécurred
in Januaxy, 1961,

®r A gmaller interval, such as a month, would, if the data were obtainable,
provide more data points in the history., The main benefit provided by
tuese additional pomta would be a more detzilnd deterrination of seanonal
eifects; they would provide little, if any, imw‘rm emeant in trond caleuletions,
Alarger interval, cuch as a year, would previde larger numbers to work
with, (It {s shown later that prediction uncertainties are vsually emaller
parcentages whare expected numbars ave lavrger.) It was desmed impractical
to use a ya,“rly inte rvul, howaver, bacause it could be anticipatad that the
effectiveness of the helicopter patrol might change ai’% r some braak-in
period.
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PREDICTION OF CRIME

A, SUMMARY

In developing a prediction model, it is nacessary to make technical
decizions on three levels (see Table 1). The first decisicn levzl is the most
cornprehensive and has a major impact on the predictions eventually produced.
At this level, the varizbles to he predictzd and the type of micdel to be used
raust be chosen, The second decision level ig the sclection of independent
variables and their functional relationehips. The last decision level is the

choice of specific parameter estimation techniques.

Selection of the variables to he predicted depends upon the use to which

they will be put. Hence, for the evaluation of heliccpter patrols, number of -

offenses - with an emphasis on property crimes - was chosen {o allow inves-

tigation of anticipated crime reduction, and number of arrests was chosen to

allow investigation of anticipated improvemeni in police operaticnal effectiveness.

The quality and availability of data plays an important role in many of the
modeling Jecisions which must b2 made. Since the immaediate application called
for accurate predictions of crime levels, it was dacided to use extrapolative
models to make quarterly predictions of 27 crime types {see Table 2) in 24

geographical areas (see Table 3 and Fig, 1),

k3

techniques were made on the basis of their predictive abilities, Standard
sconometric techniques were considered, but rejecicd because of the failure
of key assumptions, Instead, 6 of the 8 yeurs of dato was used to predict the
remaining 2 years for each of the 648% Hine-series, by ecach of the medel-

techunigue combinations. The resultant matvix of prediction results was then

w . .
{27 crime types) x {24 geographicel areas) = 648 Hme-series,
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Level 1, Type of Madel and Depandent Vaciahles (o Le Predicisd
a, Types of Models {see Appoadin A)r Extrapcliative, associative,

gquasi-cauzal, causal, rattern refwaum*'in Y

Denendent Varizbles to be Predicted: Num

arvests, probability of a crime eveni, speck

police service, and cthers.
chical Boundariss: Block, cengus tract ov reporting

Geograp
district, division, city, cocunmty or region, sf.,,‘m, nation,

C crimea caiis for

Trequeancy and Length of Prediction: Hourly, daily, weekly,
mona,h:,y, quarterly, annually.

Level

Independent ("Explanatory') Variables and Functional Relationships

Independent Variables: Proxy variazbles such as time, corre-
lated variables such as population, variables resulting from
theory such as measures of socinl pressure,

Functional Relationships: Linear or norlinear, feedback control
systems, and others. :

Level 3. Parameter Estimation Techniques

Mathematical: Regression (least-gquares), e}..ponentza} smooth-
ing, Fourier analysis, spectcal analysis, moving averages,
and others,

Nonmathematical: Trial and exror, "eyeballing', simulation,
physical modeling, and others.

Treatment of outlying points resulting from unusual occcur-
rences and/or clarical errors,
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Teble 2. Crimc types predicted {or Task &6

1. Murdaes, rape, and apgravated assault offenses
2. Street robbery offenses

3, Othey robbery cffenses

4, Tatal vobbery offenses {2 + 3)

5. Residence purglary offenses

6. Business burglarvy offenses

7. Phone booth and other burglary offenses

8. Total burglary ctfenses (5 + 6 + 7)

9. Theft irom verson offenses

10. Theit and burglary from auto offenses
11. Bicycle and other theft offenses

12. . Total thefi offenses {3 + 10 + 11)

13, Auto theft offenses

14, Total property offenses {4 + 8 + 12 + 13)
15, Total property arvests {19 + 20 + 23 + 24)
16. Total "Part ' offenses® (14 + 1)

17. Other arrests {murder, rape, drunk, etc.)
18. Aggravated asszult arrests

19, Robbery arrests

20, Burglary arrests

21, Felony theft arrests

22, Misdemeanor theft arrests

23. Total theft arreste (21 + 22)

24, Auto theft arrests

25, Narcotics arrests

26. Total arrests other than traffic ,
and forgery (17 + 18 + 19 + 20 + 23 + 24 + 25)

21, Total arrests {26 + traffic + forgery)

“"he FBI publishes the Uniform Crime Report annually..
The "seven major" or "Pavt I' crimes, as defined in
that publication, are murder and non-negligent man-
slaughter, forcible rape, aggravited assault, robbery,
burglary, theft, and auto theft,

7
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Table 3. Geographic areas used for Task 86 predictions

1, Central Division 13. WNewtion Street Division

2. Rarnpart Division 14, Venice Division

3. University Division 15, North I—-Icvlly;\vood Division

4, Hollenbeck Division 16. Focthill Division

5. Harbor Division 17. Devonshire Division

6. Hollywood Division 18, Area 2 (Divisions 3, 7, 12, 13)

7. Wilshire Division 19. Area 3 (Divisions 1, 2, 4, 6, 11}
B. West Los Angeles Division 20. Area 4 (Divisions 9, 10, 15, 16, 17)
9. Van Nuys Division 21, Area 5 (Divisicns 5, 8, 14)
10. West Valley Division 22, Area 2 less University Division
11, Highland Park Division 23. Area 4 less West Valley Division
12. 77th Street Division 24, Los Angeles City (Sum of 1 thru 17)

8
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Figures 2 and 3 show the steps involved in procesding foam

2

1

(LAPD quarierly revoris, internzl memoranda, jurisdicticnadt boundary maps,

and discussions with pzrsconnel within the department) to the {inzl pradictions.

Firsi, a'dictionary" was construcied. By erteving this dictionary with
a reporiing district number and a dat2, it was possible to determine, among
other things, which division contained thaf reporting district at any other
spacified date. Program 1 used this information to recembine tha historical data
from the LAPD reporiing districts given in the quarterly crime repovts into
isl

timec~series data for the LAPD divisions as they were during the stud

This data was then used by Program 2 to svaluate a set of models. There
were 54 models in all that were compared, these being formed through combina-

tions of the following (see Fig. 4):

1) Constant, quadratic, and exponential dependence on time. (Time
was used as a proxy variable for the underlying causal factoss,)

2) Outlier rejection criteria of 2, 4, co standard deviations of the
{uncensoved} trial fit. (The data containsg some "outlying' points,
that is, points that might decrease prediction accuracy. Such
points could be the result of clerical error or unusual events,
such as riots.)

3) Muliiple regression (least squares) and modified raultiple exponential
smoothing algorithms for determination of model parameters. Five
smoothing constants (0.01, 0,903, 6.1, 0.3, 0.5) were tried with

the exponential smoothing algorithm.

Program 2 applied each of the model-technique combinations to the first 6 years
of each time-series and determined prediction errors during the seventh and

eighth years of data.

These results were then compared with plots of the time-serics, produced
_ by Program 3, and models were chosen for the extrapolation into the test

‘period,

10
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i s = - e s s s v S P

R, 5 4 90 PN i, T Y T Do

: exp (bg 4 b}.t)

¥ seazonals

-

where v, ig the predicied amount of crime during
period ¢

t is the time proxy

b, bl’ bz,
° are the parameters of the models,
seasonals
- Y4

N

Criterion for Rejection of Outlying Data Points

20 40 w0
{No rejection)

where iz the standard deviation of a fit to all the data.

X

Parameter Estimation Technique

Regression Exponential Smoothing Constant
{Lieast Squares) 0.01 0.03 0.1 0.3 0.5

>

(3 Fumctional) (3 Outlier Raj@cn>

(fnparame%:er Eeti- (54 Moedel-technigue
Forms -

tion Critsria ation Techniques Combinations

Filo, 4, Modslstechniove combinations
- ]
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4 o pronuce predictions for the test

FUNCTIONAL FORMS
Once it has been decided to produce predictions by extrapolation of

historical time-series, it iz necescary to select candidates for the equations
In the present case, this problem has three

to be used for this extrapolation.

parts: treatment of trends, incorporztion of seasonal variation, and the

hendling of cyclical variations,

Time-series prediction mcdels use time as a proxy for the unknown
If it is a poor proxy, or if these

variables that cause crime levels to change.
variables do not change with tirme, then no variation with time would be
A

Hence, a constant model was included among the candidates.

expected,

linear model accounts for a steady change in crime, while a quadratic model

allows a steady change in that rate of change. Since a quadratic model can

also show a steady change in crime, and since it was desired to keep the number

of functional forms investigated to a tractable number, the linear model was not
The rate of change of

included as a candidate, while the quadratic model was,
many processes is dependent upon the current state of that process, thus leading
nt for such growth processes

to exponential behavior with time. To account{
among the factors causing changes in crime levels, an exponential model was
included among the candidates. The growth rate was arbitrarily allowed to
change linearly with time to provide slightly greater ﬂexibility'. Since the

model was not based on an understanding of the basic phenomena involved,
it was felt that additional candidates would be superfluous.
Seasonal variaticn can be incorporated in a number of ways, the simplest
If a large

of which =~ the use of additive* seasonal constants - was used here,

i
“The cxponential model is analyzed as linear with time after the dependent
Additive seasonal constants become

variable is replaced by its logaxithm.
multiplicative when the antilog is taken,

14
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Paossible cyclical variations were ignered, with the expzctation theat the

provisions for modeling changes in tronds would account for the most prominent

5

cyclical changes, if any. Further, the data buse was not long enough to

anticipate much success in determining cyclic variations if present.
C. DATA PROBLEMS

A history of the variable to be predicted is the only data required for
predictidn by pure extrapolation. Thig history, often available for some period
of time, can be quite extensive. The 27 crime types {see Table 2) for each of
24 geographic areas (see Table 3 and Fig, 1)} constitute 648 different time-
series. Quarterly data for 8 years provides 32 data points in each series.
Whether 32 data peints is sufficient for development of a satisfactory prediction
model depends not only on the use of the model, but on the dispersion of the
data itself. The minimum amount of data needed cannot be predicted ahead of
time, but the success of this task indicates that, for most of the crime types

treated, the data obtained was sufficient.

Available crime data suffers from a number of problems. One of these
is that reporting criteria may vary considerably from place to place and time
to time. As an extreme cxample, when New York City introduced centralized
reccrd keeping in 1950, the reported number of burglaries jumped 1300% over

the preceding year,

Another problem is that the jurisdictional boundaries of various police
organizational units within a cily are generally deteérmined by operational

‘considerations., As a result, recorded data for these urits suffers from discon-

tinuous changes, From 1958 through 1968, for example, the LAPD underwent six

major and about 30 rninor boundary shifts, going from 13 divisions at the
beginning of 1958 to 17 at the start of 1963 (sea Fig, 5, which shows only the

15
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o data about people,
incivding LAPD, are fww using consus fracis as barsic unifs, so that it was
possible (o obtain consistenl histories oy geographical aveas.

A further problem iz that amvsual events are commonly recorded in the

Tt

standard categories., For example, buwrglary avrests in tha University Division
in August 1965 were 10 times the normal average for August because ol looting

during the Waits riot., Such points muszt bhe identified and properly handled.™
g prog ;

A slightly different kind of problem is the appropriateness of the data
type usced. Specifically, in order to detect whether helicopter patrol has a
repressive effect on crime, it is desirable to deal with numbers of offenses of
various types of crime.. However, a large fraction of crimes committed are
nevet reported to the police. et the files of "offenses known to police' are
the primary {or only available) source of hisicorical data. Changes in any of
several factors, such as police~community relations, could conceivably change
the fraction significantly, To validate the prediction techniques and to detect
whether such changes were occurring, predictions were made for the divisions
that did not use helicopter patrols, It may be noted that the divisions without

helicopters did indeed perform as predicted®¥,

To determine whether the helicopter patrols contribute directly to the
effectiveness of police operations, it would be desirable to deal with the number
of offenders caugnt and the number of crimes solved. Conceivably, court

conviciion records could be used, bué this data would be difficult to obtain and

*Since the objective in this task was to predict under '"'normul" conditions,
such extremely unusual data points were simply rejected as inappropriate,

*There is one chance in scven that the nen-test divisions would have looked
mozre effective than they did, but ouly thres chances in 100, 000 that the test
divisions would have mnde a betber showing, as reported in the Task 86
final report (Weaver, R, W,, Effvctivencss Snelveis of Helicopter Patrols,
JPL Docurment 650-8%, Jet Propuleion Liaboralory, Pasadena, Calif.,
July 27, 1970.)
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may serve as a satisiagctory measure of police performanes in the apprehension
; : f

by

cf offerders,
D, DATA BASE

Each police division in Los Angeles countains about 30 or 40 police reporting
districts {roughly cquivalent to census tracts), which have almost always
remained intact during jurisdictional boundary changes. In addition, the LAPD

has a file of quartcrly crime summaries by reporting district.

A detailed history of the 600 or so police reporting districts was obtained
from files of LAPD internal memoranda. A computer program to generate
time-series for police divisions as congtituted in 1969 was applied to the

60, 000 IBM cards containing all crime data quarterly reports,

The quarterly reports ured for this data base were compiled from
reports filed on each incident and contzined some clerical mistakes, thus
placing a limit on the possible accuracy for subsequent predictions. By way
of illustration, it may be noted that about 2 1/2% of the reported offenses and

arrests were attributed to nonexistent™* reporting districts.

%
In addition to the desired information, conviction data ray also reflect the
police department's effectiveness in gathering and processing evidonce and
the capabilities of the District Attorrey's office in prosecuting cases,

**Reporting districts are identified by four-digit numbers, the first two of
which corcespond to the division number. Thug, about 60% of tha poasible
numbers are not assigned, The first two digite ware assumed to correctly

_identify the divislon, Consequently, most of the incorractly numbared
reporting dictricts were probably placed in the corrsct divisions by the
aggregation process,

18
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Time~series prediction rmedels can be expressed as ggnations coniaining

param:—zi‘arzz chosen to provide o bes? {14, in some senszse, of the ruode! o the

%

The traditional statistical techoique, maultiple regression, finds those
valuss thai minimize the sum of the squares of the differences between the fit

and the data, The validity of this criterion rests on three assumptions:

1) The variables uced in the model (in this case, tirne and season)
are adequaie proxies for the factors that control the underlying
process and are modeled in a functionally correct way.,

2) The process remains stable, in the sense that the "true' values of
the parameters do not change. If, for example, crime of a
particular type is constant, it must be assumed that that constant
does not change.

-3) Variations about the general trend result from a multitude of small,
unmodeled causes, independent from one {ime period to the next

and independent of each other,

There is no reason to believe, however, that any of these assumptions
are fully satisfied in the case ot crime prediction, Hence, it seems likely that
placing greater emphasis on more recent data may lead to a better fit during
the period for which predictions are desired. Fortunately, a relatively new
technique, exponentizl smoothing, does this by giving exponentially decreasing
weight to past data., This technique has shown promise {an marketing and inven-

tory control applications.

The published procedure for exponential smoothing requires initial
estimates of the parameters., To avold ertimating thousands of initial values,
a modified procedure was developed. Algorithme for this procedure and {or

multiple regression are given in Appendix C of this report,

It was not known beforehand whether the parameters derived through ex-

ponential amoothing or thuse from multiple regression would produce the better
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yizndard econcmetric technigques o commpare the prediciive copabilities of

r

differeni model-fechnique combinetions were investizgated,

:

but were vejected

due to failure of key assumpiions.

it was decided to vsge 2 divert approach: applying cach model-techeiqua
combination to the fivsi & years of detz of each time-garies tn generate pre-
dictions for the seventh and eighth years®*, The variances of these predictions
were then compared, and plots of the time-sories weve inspected to select

model-technique comparisons for exirapolation to the ninth year, 1969,
F. STATISTICAL EVALUATION TECHNIQUES

For some purposcs, predictions can be used directly., Other applications,
however, require that the predictions be processed in some way., When evalua-
tion of the effectiveness of a new tactical system is the goal, the predictions must

be used as a basis of comparison with the crime levels that actuzlly occcurred,

To be meaningful, these comparisons must be made statistically. That
is, the predictions cannot be expected to match the actuals exactly, Statistical
evaluation is required to determine whether the differences should be attributed

to chance or to the new tactical system,

The differences to be expected as a result of chance are described by the
standard deviation of the prediction error, Estimates of the standard deviations
were also determined directly®™¥*: Once the models were chosen, 4 years of
data were used to predict the fifth year, 5 years to predict the sixth, 6 years to
predict the seventh, and 7 years to predict the eighih. These 16 quarters

“Two years were used for the comparison period in order to have a larger
number of data points for the estimation of the prediction variance.

Nk . T
That is, they were determined by consideration of the models' predictive
perforrnance, rather than by the usual econometric procedure of dealing
solely with errors in fitting historical data.
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fime-gseries,

The walidity of the modals and estirasted etandard deviations was deter-
mined by applying the azine technigues to the divisiona without the new tactical
system (thot is, without the helicopiers). It "wes expected that statistical eval-

ation would indicate that prediction errors in these cases would be attributable

to chance,

Results during the test period were then compared to confidence limits
based on these estimated standard deviations. Ir particular, the probability
is 0,10 that offenses, for example, of a paviicular type in a particular division

during a given quarter would be lower than the 90% lower confidence limit,

Treatment of offenses and arrests separately is pot necessarily sufficient.
A reduction in offenses could be expected to reduce the opportunities for
arrests. (Considex, for example, the extreme of no offenses,) Thus, effective-
ness in reducing offenses could mask-an increase in the fraction of offenders
apprehended if these related variables are only considered separately.
Scattergrams of arrests versus offenses were ploited for several crime types
in several divisions. The resuliant clouds of points showed the anticipated
correlziion and suggested that the relationship may be linear. This correlation

was used o devise a test for determining the statistical significance of offense-

arrvest vectors {that is, pairs of values).

Results from several quarters or several crime types can be compared
by using a test that considers the directions and/or the amounts by which
offense-arrest vectors differ {rom predicted offense-arrest vectors, This
test can be described by the following analoygy: If arrows shot at a target with

no crosswind present cluster about the center of the target, then a cluster of

*Since a lon ger historical period can usually be expected to produce better
predict iam thease estimates are, in the main, conservative {i.e., slightly
ge)

too larg
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Unio rtunately, the asefulness cf this test relies vpon tha =
prediction evrors are not correlated. As there wae some evidence of corvelation,
:zf, though supporting the conclusions™ of othzr anclyses,

the resulis of this t:

were iaconclusive by themselves,

*Sc«e the Task 86 {inal report (Weaver, R, W,, Effectiveness Analysis of
Helicopter Pairols, JPL Document 650-89. Jet Propulsicn Laboratory,
Pasadena, Calif. July 27, 1970.)
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AMALYEIS OF THE SRILECTION PROCESS AND RESULTS

A, THE MATRIX

It was noted in parts A and E of Section II that 54 model-technique com-
binations were applied to the first 6 years of data from each of the 648 time-
series o produce prediction errore for the remaining 2 years for which data
was available, The resultant 35 thousand comparisons are too voluminous to
publish in this report. Table 4, restricted fc the test divisions and suppressing
the variation with different outlier rejection criteria® and different exponential
smoothinyg constanta*¥, suggests the nature of the information used. The body
of thig table contains the ratio of the standard deviation of the prediction errors
during the two years 1967 and 19638 produced by the model-technique combination
at the top of the column to the standard deviation about a horizontal line fit by
least squares through the historical data. For each crime type, the denomina-
tor of the ratio is the same for all model-technique combinations, so differ~
ences result entirely from differences in the prediction accuracy of the model-
technigue combinations. The purpose of forming the ratios was to provide
"normalized" numbers describing the prediction accuracy which could be
compared among crime types and arﬁéng divisions more easily than the "unnor-
malized" estimated standard deviations of the prediction errors. The reader

is referred back to Table 2 for a list of crime types.

To iliustrate how this table can be used, consider total burglary offenses
{crime type 8) in these two divisiona, The data fox these two time-series is

plotted in Figs. 6 and 7. The strong trend noticeable in both divisions explaing

K gurea are shown for the best rejection of outlying points on the regreseion

A
ts and no rejsction when exponential sraoothing was used,

=

%ﬁf‘t
Lr}

iguras are shown for those smoothing conciznts that indicated the best per.
farm::mce {srmallest ratiog). Resulis for erxpsnzniial smoothing with the quad-
ratic modzl 2re not shown becavse a prozrumming ervor e:;::u.d when the

maotrix was prepared,
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1.5
1,0
1.2
0.6
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1.0
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Not

available

because of
program-

ming exrror

1.9
1.3
2.2
2.6
I.4
0.8
2.4
1,1
2.7
0.9
1.4
1.3
1.5
1.0
2.2
1.0
7.6
0.9
1,8
0.6
1.5
1.7
1.9
2.2
2,6
1.3
1,2

0.9
1.3
0.9
0.4
0.6
0.8
0.6
1.6
0.8
0.7
1.6
1.6
1.0
1.0
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hod =l atic , Erponential
Alvorithn :;222?&;’ Regrezrion Pgi‘zzg;,i;;
[ Crime o i
Type
l 3.0 1.5 1.4 i.1 1.0
2 3.0 2.9 5.6 1.9 1.7
3 2.9 2.6 5.0 2.0 1.7
4 3,1 2,2 1.3 1.3 1.4
5 1.7 0.9 0.4 2.1 0.7
6 0.9 0.8 0.8 2.3 2.3
7 5 1.4 2.1 Not 2.2 1.8
8 2.0 0.4 1.8 available 0.9 0.6
9 2.6 1.8 2.0 because of - 1.9 2.0
10 2.6 1.0 1.2 programe- 0.7 0.4
11 2.2 0.7 1.4 ming errer 0.8 0.6
12 2.5 .8 1.3 0.7 0.4
13 2.6 1.0 1.1 0.7 0.7
14 2.4 0.6 1.4 0.8 0.3
15 1.9 0.8 1.5 1.1 0.6
16 2.4 0.7 1.4 0.7 0.3
17 1.1 0.2 2.0 18.7 0.9
18 1.3 0,6 0.8 9.9 0.8
19 4.8 4.5 4,1 4,2 4,2
20 3.2 1,17 1.5 ) 1.0 0.6
21 1.2 0.7 2.1 1.7 1.5
22 1.3 0.7 1.4 2.2 0.7
23 1.3 0.7 1.7 2.2 0.7
24 1.5 1.6 1.9 ‘ 2.0 2.2
25 22. 4 20.4 19.3 21.0 14,8
26 2.1 1.4 1.0 0.9 0.7
: 27 1.7 1,0 0,6 0.5 0.7
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the nooo prodictions obtainad by the regrersinn fif of the congtant medel, while

iz showa by its relatively

Forrnance sven with the constent moaet, {The i“s.i.gh&:s’: value of the

ngE counstant wag veovired o obisia this pericrmanco,) The S-shope of
West "v’“cil.f:‘»,”s curve eruiaing the poor pevformance of tho quadratic model. In
both cases, the exponentinl model with the exponential smoothing zlgorithm was
aventually chocen, 1t may be noted that the prediclion error in the West Valley
Division would be exrected to be smaller than in the Universily Division, ba-
cause there is noticsably less variability in the data. (Closec inszeciion of the
plot for University, however, will show that much of the apparent variability is

gseasonal,)
B. MODELS SELECTED

Model-technique combinations* cannot be chosen by simply finding the
smallest numbers in the matrix, Many other factors rmust be considered.
Among these are the following (not necessarily in order of importance):

1) For each crime type in the several divisions, and in each division
for the several crime types, somewhat gimilar processes can be
expected to be at work. Hence, models chosen should show consis-
tency in both directions unless there are reasons tc choose other-
wise. v

2) A poor fit by the regression algorithm (for a particular medel)
suggests that the model shape is inappropriate, so that a good fit
with exponential smoothing should be viewed with skepticiam¥¥,
Similarly, a fit that improves drastically as older data is discounted
more and more rapidly (that is, as the expencential smoothing con-

stant increases), also suggests an inappropriate model,

*That i3, a model {constant, quadratic, exponential), an algorithm (regres-
sion, exponential zmoothing), a smoothing constant (0.01, 0,03, 0.1, 0.3,
' 0.5), and an outlier rejection criterion (no rejection, rejection of points
outside 2 or 4 standard deviations),

*%For example, crime typs 17 (other arrests), with the exponential model, in
the West Valley Division,
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3) Poor fite by 2ll models™ guppest that dats 1o the fvie yea
;

re ussd

e“

for evaluztion of the prediction errors were unusuzl in aome way and

§ %

that mindal-technicque combinations shouwld be chosen some other way,

]

4} Yisval inspaction of plote of the tima-cerics can be vory helpful in
deciding upon ilie appropriatencss of variows modsls and the useful.

ness of results in the matrix,
5) Generally speaking, whea the exponaetial sracothing algorithm is to

-~

be used, small valueg of the gmoothing constant are to be preferrad,
because large values essentially ignore a great deal of the available
data.

6) Occasionally, trend parameter egtimales, seasonal parameter
estimates, and data during the final 2 years combine in peculiar

ways to suggest inappropriate models.

Table 5 shows the final choices of models for each of the 648 time-series,
and Table 6 gives a summary of the frequencies of choice. Refer to Table 2 for

the list of crime types and Table 3 for the list of divisions.

It may be observed from Table & that the exponential model was chosen

more than half the time, suggesting that much of the crime in the city of Los
Angeles is growing exponentially and that better predictions might have been
obtained if population had been used 28 a proxy variable instead of or in addi-
tion to time. It may also be noted (and this was also apparent in Table 4, show-
ing a portion of the matrix) that the exponential smoothing algorithm was chosen
more than 4-1/2 times 28 often as the regression algorithm, when both algo-
rithms were equally available,

Several general concluzions were drawn about the selection of model-

technique combinations for predicting crime:

1) Automatic rejection of ovtliers is very rarely useful with the modi-
fied exponential smoothing technique,
2) Automatic rejection of outliers i3 rarely uzeful with multiple re-

gression; when it is useful, 49 and 20 seem about equally effec-
tive.

For example, crime type 25 (narcotics arrests) in the West Valley Division,
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Table 6. Frequencies of choice of models

I Algorithm .

Functional Multinle Exponential Total

Form Regression Smoothing
Constant + 23 92 115
Seagonals
Quadratic . ”
+ Seasonals 155 18 173
Exponential
+ Seasonals ' 62 298 360
TCTAL 240 408 648

B

The computer implementation of the exponential smoothing
algorithm for the gquadratic model contained a prograraming
error. Consequently, this model-technique combination was
chosen much less often then it would have been otherwise.

it is probable that most of the quadratic modsl-multiple
regression technique choices would have been displaced if
the programming error had not been present.

It is significant to note that the exponential smoothing tech-
nique was chosen 4-1/2 times as often as the regression tech-
nique with the other two models.
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C. RESULTS

.

Quarterly predictions and asso

ated prediction uncertainties for 27 crime

c
typea for 24 geographical areas for 1969 were cbtained., Crime in the divisions

without helicopters matched the predictions well.* The uncertainties {magni-

tudes of one standard deviation) varied with the crirne type and sample gize,

but were usually about 15% (see Fig. 8). As would be expected, unceitainties

are, in general, larger when the expected number is smaller and smaller

when the expected number is larger.

®That is, a chi-square test on the distribution of residuals, measured in stan-
dard deviations, produced values well within those that would be expected to

occur at random if drawn from a Gaussian diatribution.
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SECTION IV

CRIME PREDICTION AP LICATIONS

A, POTENTIAL APPLICATIONS

Crime prediction methodology is relatively new fo the police system. As
a resuli, its full potential is largely a matier of speculation. Some conjectures

«

are presented in this section.

Long range (5 or 10 year) forecasts could be used by police policy-
making echelons in planning vecruitment campaigns, police academy curricula,
force structure, and equipment acquisition, Forecasts would be particularly

useful in this area if they cculd be relied upon to reflect changing trends.

Policy planners and operational comimanders must know what alternative
force structures can do. Task 86 has demonstrated that crime predictions can
be used in conjunction with operational experiments to assist in the evaluation

of the effectiveness of certain new and old tactics and equipment.

Tactical commanders can more easily deploy their forces in an effective
manner if they know when, where, and how much of their forces will be needed. .
Prediction models can help supply this information. In this application, the

capability to predict specific crimes might be of the greatest benefit.

1f, as anticipated, activities of the police have an influence on the amount
of crime, then a tool that would allow police planners to estimate the effects of
a number of alternative possible actions could be of considerable value.
Development of such a tocl requires a better description of social forces and
processes than is currently available to analysts, In addition, since these
relationships are probably also dependent upon social conditions {(such as
e.ducational levele, vnemployment, housing conditions, etc.), such a postulated
tool would potentially be useful beyond the police system - by legislators, social

workers, city planners, and others. {In this regard, it may be noted that the

w
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B. CUKRENT APPLICATIONS

Correspending to the broad specirurn of potential uses for crime prediclion
methodology, several rather different approaches have bzen propesed and are
under study. The next few paragraphs will describe some of these apglications
briefly. It should be noted, however, that there are some gaps - no quantitative

. . N : s
research was uncovered focusing on soine of the potential uses.

Predictions for use in decisions concerning the tactical deployment of
police resources are concerned more with calls for police service than with
actual crime data., To be useful, such predicticns must be concerned with the
distribution of needs for the police by jurisdiction, by hour of the day, by day
of the week, and by season. LEMRAS (Law Enforcement Manpower Resource
Allocation System), which has been in use in several cities and in the Van Nuys
Division of Los Angeles for about 1 year, produces such predictions by use of

exponential smoothing techniques,

Prediction of individual crimes requires a different approach. Conceivably,
"a comprehensive study of the causes of crime could provide sufficient under-
standing that such predictions could be made. As a first step, Philadelphia, in
conjunction with the Franklin Institute, has been studying the correlations
between about three dozen variables and the occurrence of crime in order to

identify conditions under which crime is likely.

*In particular, there appears to be no quantitative research relating crime to
controllable social factors. Changes in housing conditions, unemployment rates,
welfare rules or costs, police deplcyment policies, and the like are apparently
not being investigated in termao of their quantitative effects on crime. As a

result, there i3 not enough information to construct closed-loop control models
or long term prediction models,
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Faoher approach to the prodiction of individuzl cyvimes is under study in

Los Ag Called PATRIC, itis an aftempt o isolals the crimes committed
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Ly the same criminad or gang by secognition of patierns in modi opcrandd

{methods of operation), This approach has ynet with fwe major bnplementation
problems, both of which can prebably be resolved Ly sufficient time and
experience. One problem is the difficulty in describing crimes in such a way
that the computer can identify patterns. This problem has two facetls, deter-
mination of suitable descriptors and guality controls. The other major problem

is that of collecting and processing data fast enough to be useful.

The deiermination of effectiveness of new tactical alternatives is exem-
plified by Task 86. Since this application is discussed throughout this report,

it will not be elaborated upon here.

The scientifically most appealing technical approach to crime prediction
is that of causal modeling. Models of this type are considerably beyond the
current state of the art: A great deal of research into the forces interacting
‘within our scciety must be conducted before such a model will be feasible., A
good causal model would give insight into the probable efiectiveness of various
possiBle gross social actions and changes, and is the only hope for reliable
long term predictions, But it is quite possible that extrapolative models would

continue to give more precise short term predictions.
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SECTIOMN V

CONCLUSIONS

Crime statistics can be predicted wiih sufficient accuracy foy some
of the possible cpplicetions by exirapolation of historical data.

The potential applications of crime prediction methodology are
suificiently diverse that no single technical approach is appropriate
to all.

Current qualitative and quantitative understanding of the causes of
crime is grossly insuificient to permit the construction of usable
causal crime prediction models.

Extrapolative crime models rely upon the assumption that trends
will continue as in the immediate past. For example, changes®

in public policies (especially, but not exclusively, by police
agencies), in economic or social cenditions, or in public moral

or philosophical attitudes can invalidate this asswnption,

-3
That is, extraordinary changes in these factors beyond those that have
‘occurred during the period of time covered by the data base,
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PREDICTION MODELING
There are three levels on winich modeling decisions must be made: the

kind of model, the choice of independent variables and functional relationships,

and the selection among many available parameter estimation techniques. Each

of these topics is discussed below,
A, TYPES OF MODELS

The first consideration of any modeling effort must be the user. What
kinds of information will be most useful? Are some kinds of information
required? How will it be used? How accurate raust it be? What are the payoffs
for accuracy and the costs of errors? What are the users' data resources,
constraints, and computational capabilities? Will the user need more, better,
or different information later than he needs now? Questions such as these are

prerequisite to an intelligent choice of analytical emphases, |
A classification of model types follows:
L, Extrapolative (Time-Series) Models

Historical data is simply extrapolated into the immediate future., Sophis~
tication can range from simple ""eyeball" extrapolation of a plot of the historical
data to complex manipulation dealing with cycles, trends, and seasonal

variations,
2. Associative Models

If two objects behave similarly, it is not unreasonable to anticipate that
this similarity extends beyond the data used for the comparison, That is,
objects that are associated in some way with the phenomena of interest can he
used to predict those phenomena. For example, if the divisions of a city are
assumed to be alike in some sense, crime data from some divisions could be

used to predict crime rates in other divisions,
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A limited zpproach io consideration of the faciors that influsnce crime iy
to seek those whoee time -series are highly covrelated with the crime time-
series of inferest. Prediciions zre thea brged on the assuirption that the

observed correlations will continuc ana the cxpectation that the highly correlatad
variables are at least proxies {or the real causes. 8ince the supposed cause-
effect relationships are noi known, the pararmeters associated with the genuine
causal factors used are, at Lest, point estimates of the partial devivatives of
those relationships. The danger of identifying false causcs is particularly high

in a model of this kind.
4, Causal Models

If some or most of the factors that influence the variable of interest and
the ways in which these influences occur are either known or theorized, causal
models can be constructed to express this knowledge or theory. Causzl models
that include factors under the control of one or more of the users are clearly

of the greatest potential value.
5. Pattern Recognition Models

Models in this category are aiimed at isolating the crimes committed by
single criminals or gangs, and using this information to identify likely crime

targets and likely suspects.
B. VARIABLES AND FUNCTIONAL RELATIONSHIPS

With the exception of models designed to test theories, the selection of
appropriate factors to be included as independent variables and the functional
forms to be used is a difficult question. Resource limitations generally dictate .
that the variables be restrictod to those data types for which records are
available. Some insight into the choice of functional forms may be gained by
consideration of plots of the variable to be predicted against each of the

candidate factors. Consideration of the fraction of the variance which is
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the best {it do notl necessarily provide the bhesat prediciions.

in this iask, time was selected as proxy for all other varciables in the
expectation that it would serve as an adequate proxy. Fuanctional forme were
chosen on the basis of how well they performad when &6 years of data were used

to piedict the next 2 years,
C. PARAMETER ESTIMATION TECHNIQUES

The {inal level on which modeling decisions must he made is the technical
one of choosing techniques for determining the prediction parameiers. Two
technigues were discussed in Section II: regression and exponentisl smoothing,
There are other techniques, such as moving averages and optimal filtering,
that might also be considered. When a manageable number of variables are to
be predicted, and especially when unmodeled changes are known to have occurred,
consideration shouid be given to ""eyeball' fitting and extrapolation, coupled with

the use of experienced judgement,
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The anticipated efiects of uring belicenters as paizel vehicles include a

veduction in the number of olfenses {in af leest semi= categorins of crime) and
an increase in the proporiion of offendess cauvghi, 1% has been observed in the
past that (in most crime categories) arvesic axe positively corvelated with
offenses*, Hence, the data iypes desit with heve, orrests and offenses, are

not independent, and a reduction in the number of offenses can cause a reduction
in arrests that might mask, if the data types are treaied separately, an increase
in the fraction of cfienders caught, This appendix presents the development of

a techaique for determining fhe statistical significance of test results when both

daiz types are considered simultaneously.

The {irst step is te consider the relationship between arrests and offerises
for a particular crime type in a particular civision. This is done by combining
the arrest and offense time~series in the arresi-offense plane (see Fig, B-1,
the details of which will be discussed presently). Each time point then provides
two coordinates {one from each time-series), which may be used to prepare an
arrest-offense scattergram. The resulting '""cloud” of historical points can be
represented by a probability distribution, two contours of which are shown
(labeled "1g" and "20") in Fig, B-1l, The contour lines shown are ellipses, a
consequance of assuming that the appropriate probability distribution is bivariate

Gaussian., Matheraatically, the parameters of the ellipses are given by

*Since a larger number of offenses usuelly means that rmore criminals are

woxing in the area, this is not a surprising obsexrvation,
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where
a = semimajor axis of the 10 ellipse
b = semiminor axis of the lo ellipse
= orientation angle
and
p = correlation coefficient obtained from a simple regression

of past arrests o past offenses

o = standard deviaition of arrast forecasts

i

T standard deviation of offense forecasts
Assuming that the bivariate Gaussian distribution is appropriate, the 1¢ ellipse
can be expected to contain 39% of the data points, the 20 ellipse to contain 86%,
and a 3¢ ellipse to contain 99%. Further, data points are equally likely to fall

into each of the quadrants.

In light of the previous discussion, it may be noted that points falling in
Quadrants I or IT suggest improved effectiveness in apprehending offenders,
while points in Quadraats I or 1 suggest successful repression of crime. Only
thoae peints {alling in Cuadrant II suygest improved effectiveness in both areas,

and only points in Quadrant IV suggest decraased ciffectiveness in both areas. -

The next step iz to deleriniae what reculis are needed to conclude (at

some statistical confidence level) that a change in the aystemn {such as using
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The problem may be stafed mathernatically as {oilows:

Given N statistically independent ¢ rials of some event R, Whatis the

number n such that the probability is at least p {the coafidence level)

that the number ot times the event occurs, k, will be less than n, .

under the hypothesis that the probability of occurrence of the event is P?
or
Find the smallest integer n such that Pr{k <n |P, N) > p

Since each trial is independent (by assumption) and has a probability P of

resulting in R,‘ the probability obeys the Bernoulli distribution law:

Pr(k = x| P, N} = (E) P*(1 - P)N"‘ (B-1) |
Consequently,
p e by ox N-x (B-2)
r{k<a|lP, N = ¥ < F {1 -P)
. x=0

*The following '"crosswind' analogy has been suggested: Consider an ideal
archer shooting along a long thin line, Ignore the few times his arrow
actually lands on the line. This archer is ideal in that his shots are unbiased
and sfatistically independent. If theve is no wind, approximately half his shots
will go to the left of the line and half to the right {since he is unbiased). It is
not likely, however, that exactly half will go to each side., If there is a right-
to-left crosswind, considerably more than half can be expected to go to the
left of the line. If he shoots N arrows, how many must go on one side of the
line before the existence of a crosswind has been (statistically) demonstrated?

48



yz’ f,,k»:i ‘;@
Thaen, the degired value of nis thet ol i
o= ) iy e
., H I\X 3 I AN S ) P L A
RN S0 T O TN < R N R LT RUMt b (B-3)
., ﬁ,'m,w' 0 \x . ] (’ ‘\4“‘1‘, £
w = # !
To simplify notation, let
- T3 o 3 4
£,= Pelksx|e, N (B-4)
N
- C)
G =Pri(kxv|p Ni=n 5% f {B-5)
T e %

q =1 «p (B-6)

With this notaiion, Eq. (B-3} may be rowritiau, aflsr multiplying by minus one

(which reverses the inequalities) and adding one, s FEq. {B-7).

G, Sa <G (B-7)

The value of n that satisfies these conditions cannot be found analytically, but
must be determined by computation of the C;g or by ¢table seayrch, When Nis

1
large, the Gaussian approximation to the Darinoulll distribution may be used,

with Eq, {(B-7) becoming

fn-NP nw MNP
“Vrar-a) = » -0 i) (5-5)

where

o>
=
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Teo recap, when n has been found fvon: il weTl oov Eifq_ﬁ (B-by, 1is vasaning
is

n = the roinimum number of ooccurrences of evoent K in N trials to
veject, at a confidence leval of p, the hypoihesis that the

probability that event R will occur is no greater than P,

This statistical test rests upon the assumption that differences between
predicted and actual crime data are stailstically independent from one time
period to the next. Unfortunately, inspection of the crime-~time plots for the
non-test divisions showed that this assumption could not be relied upon. Thus,
though application of the test to LAPD data during the helicopier test period
gave results suggesting that the use of helicopiers did indeed give improvement.
in both axeas of effectiveness, this statement could not be given a statistical

foundation.
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SARPENDIX C

ALGORIVHME FOR TALBERIES ANALVES

The extrapolation of time-serie: bza been used {ov some time by statiz-
ticians, sconomists, scilentizis and othevs interested in forecans ting the luture,
This appendix presents somc discuscion of the lechnical problerms involved and
two algorithme, multiple regrcoseion and inodifizd multiple exponential smooth-
ing, fo» producing predictions from streams of hiatoricel data, Since regres-
sion is an older technigue, with a longar history of developrient, a more com-
plete get of theoretical recults is presented, but the snalytical development
ia abbreviated, Exponentia! srnoothing iz a considerably newer technique:
Theoreatical results ave lesa extensive, and more attention is devoted to the
analytical development. It should be noted that both techniques are members

of the general class of weighted regression techniques,

In general, time-series data exhibit four components: zecular trend,
cyclical variation, seasonal variation, and irregular fluctuationa. The trend
component ig probably the most familiar; its existence iz uveually easily recog-
nized when the scries is graphed. This component commonly increases with
time since many factors {for which time ia vused az a substitute, or proxy) grow
as a result of population increases, technological advances, etc, Since, in the
main, these underlying factors change smoothly with time, the trend components
of time-~geries uzually change sincothly (bui not nacessarily linearly) with time,
The second, or cyclical component, has been chiefly observed and studied in
economic time-geries: As a result of feedback loops in the economic system,
busineas conditions tend to vary between the extremes of boom and recession
over intervala of several yeara, Cyclic fluctuations have aiso been observed
in meteorclogical and sunspot data and undoubtedly exist in many other types
of time-serlea. Seaconzl efiects ars aleo evident in many time-scries, Because
of their ruygulartity, it ie common for published data to be seasonally adjusted
to provide more readily underatendable statisiical inforraation. The irregular

»

cormponent of time-zevies is the most difficult to interpret, There fluctuations

regult frem {octors thet do not change smoothly with tirne, When the fluctuationa
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axpected variztion can vzuaily be inforred ond B fluctuaticns may be approx-
imated by a prebability distributicon, Coeasionally, Ouctucstions occur which

are unlikely to be associatad with thic disivibution, poessibly causad by unusual,
nonrecurving events such as riots, uantural dioasters, ete. The difficulty in

distinguishing between these two types of flucivations makes the irregolar com-

ponent of time-geries the most difficulf to intexpret and to deal with,

A common approach to tiima-series analysis has been to model first the
trend by fitting a polynomial or other function of time to the datz and then to
search for periodic fluctuations that result from seagonal and cyclical influences,
The zeasonal effects are oftzn quantified by indices obtained by averaging month-
ly or quarterly values of the serizs, Cyclical effects are ofien determined sub-
jectively through observations of the residuals after the removal of trend and
seasonal effects. A sophisticated technique for analysis of cyclical effects is
spectral analysis, originally developed in research on telecommunication Eys-
tems. This approach, which has been applied to economic time-series {see
Ref, C-1), consists basically of the determination, by means of the spectral
density function of the series, of the period and phase cof cycles that account
for a atatistically significant portion of the series variance. This technique
has the advantage of verifying the existence of suspectsd cycles and even un-

covering cyclic behavieor that would otherwise go unrecognized,

A, MULTIPLE REGRESSION
1, Preliminaries

The problemn to be solved is the estimation of the coefflicients (and related
stutistice) of a model relating one dependent variable, denoted y, to one or
more (K, say) independent variables, denoted by Xy The regreasion is linear
if the only power Ry X, takea in the model is unity, It is rnultiple if Kis 2 or
more, The dependent and independent variables all vary with some index vari-
able (such as time); hence, a subscript, t, is added to the notation: Yy and xtk'

The model iz then represented Ly
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where ey i the residual, veprosoniing the "irregular flucivations',

1

in the time-serics application where the modal is o polynomial in ime

plus seasonal constants, K = u ¥ L - 1, where

n = the degree of the polynomial

L = the numbey of scasons in 3 year.

Furt-er, the independent variables are

X = Git fori=1ltoL

where

1 if t corresponds to season i

0 otherwise

and

k _
xL+k—t fork=1to K

For convenience in notation, the various time~series are defined as

vectors and matrices:
A Y

yl Kllxlz 200 le . pl

Y, Kyp Xpg oo v Bz
Y= - ,X: s &« ® e s e« » ,ﬁz . .etCo ’

}C.rl XTZ . .XTK
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2. Determination of Paranieters

It can be shown {see, for example, Ref., C-~2} that the choice of parameters

that raivimizes the sum of the squares of the residuals (hence the lerm "least

squares'), thereby minimizing the variance, is given by Egq, (C-3),
< -1
B = {(X'X)"'X'Y (C-3)

where the prine (') denctes a matrix transpose, and B is the vector of estimates

A
of the coefficients, 61{' Then, the vector of simoothed values of Y, denoted Y,
is

% = xB - (C-4)

and the vector of estimated residuals, E, is estimated by

A o
E=Y~-Y=Y ~XB ‘ (C-5)

3. Coefficient of Determinaticn and Muitiple Correlation Coefficient

The coefficient of determination, Rz, is defined as the ratio of the amount

oi variation "explained'" by the regression to the variation of the original series
of the de;;endent variable:

'y o ' )
R? =1 . Lo BEX (C-6)

i\ 2

54



Lommia et

R s

e

ok

n

e s st ek e e AR e Tt e A s . o P P e e e e A . . 1 o A e o T 1t o o i

IVL-STA 550126

[

WA }.‘3
v
. 1 ‘{‘f{“‘ .
Voo o Y geries.
t=1

1

The rmultiple correlation coefilcient, R, ceromonly used as a measure of
the "goodness' of fit, can taks on values between «! and +1i, with the exfreme
valuas representing perfect negative #nd perfect positive correlation, respec-

tively, beiwecen the dependart and independent vaviables, Multiple correlation

cocificient vaiues near zero represent vegressions with litile or no correlation.
4, Statistical Inference

The estimated standard deviation of the til, denoted s, may be found from

qu (C“?)c

s = BEAT - K - 2) (C-7)

The estimated covariance matrix of the coefficient vector, denoted Sbb'
is given by Eq. {C-8).

5,y = & (x'x)~! | (C-8)

5. Forecasting

Suppose a forecast is desired at some time t = 7, and estimated values

of the independent variables, R, are known. Then the forecast for the dependent

TD
variable is simply

B, (C-9)
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where
2 A ~
g = X' 8 )4
g ¥ bb T
6. Confidence Intervals

{C-10}

{C-11)

Upper and lower 100y percent confidence limits on the model parameters

are given in Eq. (C-12).

where 5, is a K x 1 vector of the squazre roots of the diagonal elements of S

240 is frem a Student's t distribution of cumulative probability,
p = (1 + ¥/2), and

v = T~K-2 degrees of {reedom

i

(C-12)

bb’

*If the independent variables are known exactly, then 0% 2 is, of course, zero,
T
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Fhe statistical significance of individual components of B is demonstrated

" 2 iy - w - SN S S, - i
st e 100% porcent condidence lovel if

> oz {C-13)

where bi and Sb arc the i~th elements of the B and S, wectors, respectively,
; )
i
Similarly, 100y percent coafidence levels for a forecast are given by
Fq. {C-14).

(C-14)

5. EXPONENTIAL SMOOTHING

Exponential smmoothing has emergad as a competitor® to simple regreasion
ay a technique fov estimeabing the paramaters of 2 madel fit to & nocnstationary
discrete time-series, Thanretically speuking, exponential smoothing®* and
glmple regression ave membeve of the move general closs of weighted regres-
aion technigues: In simple regrezsion, duts peints arve weighted equally; in
exponential smoothing, they are woighted by 2n exporentizl decreacing with the
Mages' of the data polnts, As 2 resalt of glving more weight to the more recent
data, exponential smoothing oft:n perforras better ln extrapolation, particularly

when the process is modeled fraperisctly or is nonstiationary,

.

®¥Lhare are, of covrse, other tochnlgues, such ag moving averares and Fourier
analysis, which are aleo compaiitive,

seneantia! winccothing as developad by Brown ln Ref,
= AVY) Toopome recent yeneralizations, such

oy » .2

as proconicd in Rk, civi lven to gech dota polat oy be dilferent
é >

e e 3
a8 » A gy s . % o1 R
for compulation of entimatus of dliorent paramelers in the moea =1 beinyg fit,
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model parameters, After b scificienily lony time, denonding on the smoothin
sy Ei i ¥ & s 2
1 T - H LY - 2a Sy $te 2l . LA N, SO AU P ! $ves ba
congiant (that is, the rate at which tho welghiing fnctore decay), the initial

estitnates do not influsace the ¢stimales producad, In the meantime, a poor
set of initial estirmnates can lead to pooy praliciions, flere, Brown's develop-
ment {Ref, C-3, Chapter 9} of multiple sxponential emootbing is paralleled

to derive 2 modified multiple exponential smoothing procedurs which does not
require initial estimates of the paremetars. The resalt {s analogous to com-
putation of 2 cumulative average, such as ie used to report season-to-date

batting averages for baseball players,
1. Preliminaries

The problem te be soived is the estimeztion cf the cozfficients of an nth-

degree polynomial in time™ to model a given discrete time-series.

Let
N Vi fort=1, 2, ..., T represent the uniformly spaced (input data)
- . values of the discrete time-series to be modeled,
/;t for any (integral) t represent the-predicted or smoothed values of
the time-series, '
N for k.= 1, 2, .o, L and any t represent additive seasonal effects
for each of L. seasons, and
X, fort=1, 2, ..., T represent the seasonally adjusted time-series,
so that
. A ,
*
= The index variable, denoted here by t, could refer to some other quantity

instead of time, but it is convenient to use ther term "time! rather than
the more precise, but awkward term "the index variable, "
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Rl (2 S LI (C-16)
pe ey » " -
trr - Anort s
or as
n b |
; = 5 ==Y 4. (C-1T7)
fter - r! T -
r=0
where
a br are alternative expressions {or the coefficients of the poly-
nomial depending upen whether the polynomial is expanded
about time 0 or time {, respectively, and
e, is the wvesidual {that ic, the difference between the fit and the

data), and is ofien assumed to be an independent, Gaussian

random variable,

Several of the variables defined above will be estimated at different points in
time. The following conventions will be used to indicate such estimates: When
the variable does not already have a subscripted t, a subscript t will be added.

{For example, b_, will represent an estiraate of r made from data available at

*t
time ¢. )} When the variable does already have a subscripted t {as does yt), then

a circumilaxz {or “hat'') will be added {as in ?t).

Often, the seasona) cifects must also be estirnated prior to their removal,

Since

n
- J ?
xt - Z br’ t-llro
r=0

this can be dong as follows:

in b :
A .a s Jntnl ( o .
i) = Cuteendy T G ;Z;., r £ Cmum) (C-18)




wheso single exponeniial smoothing is anslled to each seasonal constant

separately™ with a possibly ditferent smoocthing consiant for each. Time-varying

velues of the snovinng constants, £, 48 shown later™%, can be found from

%y
1 -1 - ak}

where o is the ultirnate value of the kth smoothing constant.

With these preliminaries out of the way. it is possible to proceed to the
next subsection with the seasonally adjusted time-series Xy for which the poly-
nomial coefficients brt will be estimated.

If it is desired to study the variations in the fitting constants, it may be

more convenient to deal with the a since their values do not nominally vary

rt’
with t. (That is, the a,, = 2, for all t if the data is from a noise-free poly-
nomial of degree less than or equal ton.} The a . and brt are related by the

following equations:

- - 1 $1 . = -
a, = ); (-t by Jilsr =01 ..o (C-20)

*Cf. Pegels' models in Ref. C-4,
*¥See also Ref. C-5,
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2. The Fuudamentz! Theorem of Modified Exponential Smoothiag

To procecd with the development of axvponential srnoothing, the next step

is te define muliiple smcolhing of orders 1 through p. Let

(2) _ . (2)
5,7 = a s + 8,5 (C-21)

{p) _ {p-1) (p)
St = zxt St + ﬁtst.-l

where o, is the smoothing constant to be used at time t, and is so defined
that the ratio of the weights assigned to successive data points
is (1 - ), and the asymptotic value of ¢

t
constant chosen from considerations not discussed here.

is &, the smoothing

_ Bt =1 - at for convenience, since it occurs often. Similarly, 8 = 1 - a.

Starting with S1 = Xy, these difference equations can easily be solved for the
S(tp) in terms of the x, to provide the following results:
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t 1+8  +8 T bRt % T,
t-1-7,
t-1 T 1o -
¢ 1 5
1-g 7,50 1 -8 11-2-0 172
-1 ]
t'l-% T
t -1 1 t-1-1 =
(p) o - 1 o i i=1 Tp p
St = t Z B t=T Z * Z B xt - Tl
1-8 7. =0 1-8"11_=0 T =0 2_:
1 2 p i=1 _

From these equations, it is evident that the tirne-varying smoothing constant,

@, must be given by

(¢4

or, equivalently, o, = —B-f:c—:-— (C-23)

t-1

tT gt

If it is now assumed that the observations are taken from an nth-degree poly~

nomial in time, so‘that

L Ly g2 1 n _ " p)-
Xpep T Pot PP Y g by AT -t b (-p) = @fﬁ%ﬁ bj1,¢ (C-24)
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sraooihead , Binear combinations of the
cocliicienis bgzg . v .:_37% p=nt 'Y the rocificiants

L 13
can be expressed as livoax moothed series. More
succinctly, the fundomental thzooein are exists a matrix M, _such

that
S, = M, b (C-25)
with (if p = n + 1} an inverse M
be = My 8 | (C-26)
where

(2)
b, EN

v
iy

o
(g
>

f

b S(P)

and M, is the upper left hand corner of

mll l..ﬂ.

t M2t M3t

Moy Myp ™M

b
*

Map Mi3zp Ma3p 0t

R EEEE RN T I I I R R B RN I

—d
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The theorern may be demonsireted by sabstituting g, {C~24) inte Eqg, {C-22},

which gives, fer r =1, ..., p,
tel-T
i l:_‘l T . T.
Sjcr) = = C 6! AT B e
1-gr,=0 1-87"r =0
r -1 - {Cc-27)
t-1- 2. T
i=1
L
T intlb. r j~1
o ‘} r j-1,t
Lo H -
ST B IO P S 1l RIS
t - Z 7‘1 r J = t=
1-8 i=1
Comparison of Eqs. {C-25) and (C-27) shows that
. - t-l-Tl T
L (_)J l‘ar t-1 T) 8 2
SEoa-gh G- rTo g8 1,50 1 -T2
(C-28)
r-2 r~1
t-l-g T; r t-1- Z: T, . j-1
i=1 _ 3 r-1 i=1 ‘l’r
5 =T » fUE
T =0 t- ¥ 1. T i=1
r-l1 , = i r=0
1 -B i=1
3. Computational Sequence

The algorithm for use of modified exponential smoothing is essentially the
same as that used by Brown (Ref, C-2). Explicitly, the following sequence of

steps may be used:

o4



IR — A N s it s A e x A

Va1

JPL-GTs 656124

Awa‘« guesaea of e values of the coefficients, br' are

not raquired, bul starting values ave needsd, One way to

obtain the fivul sel would be to tewsporarily ignore the

vl

seasonnl censtanis, ¢, . and fit the {iyst L {or the {irstn + 1)

&y

data points to thz polynorial. Thus, if L > (1M + 1}, set

, -1
= IR o WS T
bt—*—I {F'FY "FY, where

and F = /1 -(L-1) (L-1% ... (%L-D°

1 ~(L-2) (L-22%... (L -2

[
H
s
ot
.
.
»
o~
]
o
=

[
o
(=]
.
O

If L < (n+ 1}, then simply fit the first n + 1 points to the
polynornial by b, ., = F-lx. where

andg = 1 -n na eer (=)™ %

1 ~{a-1) (n-1% ... (=)%n-1)"

L] - L] » L . . L] . L) . . L] L] L] L] . > » L]

1 -1 ! ver (a1

1 0 0 ‘e 0
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b} With starting values of the coeificients in hand, the starting
values of the simcothed sexies Istaviing att= L oorn + 1) may

e obtalued {rom the fundamental theorem, Eq. {C-25):

§t=IJorn+1 w:'?\,iii:—tl.-crrstlRi:'—“Lorn‘P1

c) Next, itis necessary tc obtain starting values for the
seasonal constants. If I. > {n + 1), the residuals during the

initial periocd can be used, so that

o8
o
™~

H
<
“r
[ e}
0
H
e
I
o

1' >0y L"'l

nMs
(o
H
[
-
i
2
~
N
'
-
e,
e
H
0
!

If, on the other hand, L € {n + 1), the polynomial fits the data
points exactly, sa the next L points may be used to find initial
values of the seasonal constants. Perhaps a better technique
is to use 2L or 3L data points in finding the initial set of brt'
d) At completion of the initialization, the smoothed series, S

»
~t
and the seasonal constants, ¢ are available as of some

time t.
2) Step 2: Increment the time index.

a) Increment t by 1. Find the seasonally adjusted value of the
time-series {rom X, =Y, + ck(t-L)' Compute the new value’
of the smoothing constant, @, from Eq. {C-23).

t
b) Compute the smoothed series from Eq. (C-21).
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c} Corapate pev valwes of the noesfficients {vom Bq. {C-26}, and

. by o . e b e A R sy vy o P - ~ - . <
andats the cefimate of the appropriate sezsonal constant by

d) If desired, uvse £q, {C~15) to compute the smoothad valus of

the time-series; {;;t' and compile any statistics of interest.
3} Step 3: Exit.

Has the available data been exhausted? If not, return to Step 2.

If so, the b and ¢, are now available for prediction by

Fad - ‘{ -
Eqs. (C-15) and {C-17).
4. Elements of the M. aand I_\:;Igl Matrices

It can be shown that

t=1
S {t,x) = E K" xllc =S (co, x) - xttn D (¢, x)/(1 -~ x)n+l
n 1 n n
n .
where Sn (o0, x) = jgl Anj J, and
n n n xJ r
Dn(t, x) = {1 - x) + rgl jz.::l er(n) /t

The Anj are Eulerian numbers and the er(n} are another set of numbers, given
by

- i +1
CrJ(n) = (:) if;o(-) (ni (j - )%, and
Anj = an(n)
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elziions to shimplify calculation of these numbers

can be demonstrated:

1 for j=1

A = . + - . 1 .

Anj JAn—l,j-l F{n -3+ 1) An-—l,j for 1< j<n/2
An. n-jt1 forn/2< j<n

] = £rcs
(r) forj=1, 1 <r=sn
(-)j-ln(?:i) fori<jsn/2 r=1
(n+1-j) Cr-l,j-—l (n-1) +_]Cr-1'j (n-1)
er(n) )

- cr,j-l {n-1) + er {(n-1) for1<j<n/2, i<r

jcn-l,j-l (n-1) + (n+1-j) Cn-l,j (n-1)for 1 <j=sn/2, r = n
n-r . .

(-) Cr. n+1-j(n) forn/2<j=n 1sr

*The author i- indebted to Dr. Harry Lass for diacovery of the recursion
relation for the er(n).
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In particalax, the first few sums ares

S {e, x} = {x - xt)/(i o )

506 %) = [ et v - 0T -0

5,(t x) =[x+ I P S S R P L VS e

53(t, x) = {(1 - xt) (x + 4x2 + x3) - t3xf'(l - x)3 - xtJrl {(3(:2 + 3t + 1)

b x (-6t + 4) + x5 (382 - 3t + D} ML -0

These sums can be used to obtain simpler expressions for some of the

elements of the Mt matrix given in Eq. (C-28). In particular, withj = 1,

m i, =1 forallr t

=P 1 g -1 1 d&t ok ¢d ot ieler
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M3t T 2 £ (t ¥ &)
2B 21 - 87
Similarly, forr = 2, j > 1,
(! ( VAN ﬁ BTlflJ‘l'q
m,. = e R —
2it (D] 4t q§1 q 1o ] - g1
S, . (t, B)
+ -J———--—-“la

-

Sq (t - 71’ B)

1

In addition to the M, matrix used in Eq. (C-25), its inverse, LNIIt- , is

also required, as may be seen in Eq. (C-26).

For exponential smoothing where the data base is assumed to be

(practically speaking) infinite, the M matrix is constant®, and is the upper

left hanud corner of

*See Brown (Ref. C-3), p. 135,
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« _ - 2f 23 (1 + 28}

’I}:‘im = 1 = -

2o

.38 38817 38)
)

0

Inverses of this matrix for n = 2 and 3 are presenied here, even though

computation is trivial, for the convenience of the reader.

-1 2 =1
When n 2, M =
~ Q0

a/B -a/B
3 =3 1
When n = 3, M;)l = &1‘6"2553) - Q(IOZ-BL‘t) Q’(4-23Cl)
- 28" 28 28
oFigt - 2tg? o’ 182

\

The inverses, for n = 2 and 3, of the mors general Mt matrix are given

below. The subscripted t has been omiited for improved readability.

Ifn = 2,
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wuiie if o= 3,

M= 1 m,, m,,
I m,, mg,
then
(mj,myg ~myomyg) dmyom) 3 - m,my3) (m,m,, - m,,m ;)
M-l=-1~ {m,, ~-m.,,) {m,, ~-m,,) (m,, -m,.)
- D 23 33 33 13 13 23
(mj, - my,,) (m, - m3,) - Amy, -my,)
L | -
where

D = detM = m,(m,; =mj3) + my,(myy -m);5) + myylm ;- m,,)

With modern high~-speed computers, computation of the elements of these
matrices is a simple matter. It should be noted that they depend upon @ and t,
but not upon the time-series data, and need not be recalculated for each time-

series.

W
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