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ABSTRACT

The theory of decoupling a multivariable system with the help
of.state variable feedback has been applied to discrete time systems.
The system differential equations in the continuous time domain are
converged to a discrete time representation. A discrete time contrbller
is designed to control the overall input to the system such that a spec-
ified desired decoupled output response is obtained. The main advantage
of such a decoupling is that the decoupled system behaves as a set of
single-input, single-output systems and, hence, state variable tech-
niques can be easiiy applied to control each output individually.

Control is achieved by periodically sampling the inputs and all
the states and feeding them back fhrOuéh a controller. For linear time
invariant systems the control happens to be time invariant, The basic
theory of decoupling involves feeding back all the states twice, first
to decouple the system and then to achieve a desired response. The
states of the system are computed with the help of a state estimator
which calculates all the present states of_the system based upon only
the past values of inputs and outputs so that on-line control can be
applied to real time systems,

Finally, the above theory is applied to a model of a nuclear
rocket engine. In doing so, the nonlinear equations of the model have

been linearized about the operating point.



CHAPTER 1
INTRODUCTION

With smaller, cheaper and faster computers, digital control is a
useful and sometimes more flexible alternative to continuous time con-
trol. In most ndn—trivial, continuous optiﬁal control problems, the
design depends upon the solution of nonlinear differential equations.
Since these equations must be solved on the computer, they must be dis-
cretized in time and aﬁ approximate solution sought. The,alfernative
is to view the problem as a discrete-time problem to start with. Then
onlyAalgebfaicﬁequations‘qccur,rtheoretical;difficul;ies are reduced,
digital computer solutions are straightforward,;aﬁdpéomputation time is
usually reduced dramatically [Williams,-l969].‘

The specific concern of this study is to discretize fhe systems
which have multiple inputs and outputs with no interaction, i.e., to
design the system such that one input affects one and only one output.
(It is assumed that the system has an equal number of inputs and out-
puts.) One very practical example of such a system is a>nuclear rocket
engine where the typical inputs are reactivity and pressure ratio across
the turbo pumps and the outputs are temperature and pressure, We will
consider this example in more detail in later sections of this stﬁdy.

Several other examples are listed in Slivinsky [1969] and Ferg [1971].



One advantage of decoupling is that the_decoupled system appears.
to function in the simplest possible manner when seen from the input-
output poiﬁt of view. Because the decoupled éystem behaves as a set of
single~inpuf—éingle output systeﬁs, wellfknown state variable feedback
design techniques can be>applied to these subsystems to achieve the
desired transfer function response.

Attempts to achieve non-interaction for the continuous time sys-
tems started as early as 1950. Until the early 1960's the conventional
frequency domain techniques were the only basis of desig? [Boksenbom and
Hood;l949; Horowifz, 1960; Brockett and Mesarovic, 1962]. Morgan [1963]
first studied state variable techniques to achieve non-interaction. How-
ever, Falb and Wolovich [1967] were the first to formulate and prove the
necessary and sufficient conditions for decoupling a multivariable sys-
tem, |

In the first part of Chapter 2 an algorithm is provided for dis-
cretizing a continuous time syétem.‘ The method discussed for finding a
discrete time equivalent for a continuous time system has been utilized
throughout this study. The sécond portion of Chapter 2 draws a parallel
to Falb and Wolovich's work in discrete time. The coﬁplicated proof for
necessary and sufficient conditions for decoupling has been omitted but
the procedure is identical to that of Falb and Wolovich.

Chapter 3 drawé a parallel to the w&rk of Gilbert [1969] for .
discrete time systems. Gilbert utilized Falb and Wolovich's standard
procedure fér decoupling and then changed variables in the decoupled

system to establish a canonical form for multivariable systems. The
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use of this canoniéal form permits the -identification of the poles'and
'zefos of each subsystem. The prior theory only identified. the pole~-
zero excess of each subsystem. (The number of subsystems equals the
number of inputs which equals the number of butputs.)

In Chapter 4 we separate thé subsystems of the CD (canonically
decoupled) system and find the feedbéck gnd gain coefficients for each
of the above subsystems to realize a specified subsyétem transfer func-
tion. The feedback and gain matrices for the whole CD system are formed
by assembling the feeaback and gain coefficients of all the subsystems
in partitioned matrix form. Once the feedback and gain matrices for a
desired decoupled transfer function response are known for the CD system
the equivalent feedback and gain matrices for the original system are
easily calculated.

| | In Chapter 5 we deviéte from the main topic in order to pay
attention to inacgessible state variables, Iﬁ many pragtical systéms
it is not possible to measure all the states of the system needed for
state variable feedback. Thus, assuming no noise is present, the con-
cept of observability is used to estimate the present values of the
states from the past and/or present outputs and inputs. Since any com-
puter will take a finite amount of time to calculate the proper control
based upon states, we may not be able to use present inputs and outputé
to calculafe present states for on-line control. Also, a complete
4a1gorithmris developed to compute the present values of ali the states
from the past inputs_énd outputs [Williams, 1969].

Finally, in Chapter 6 we present a simple third order example

in detail and then a more practical example concerning a nuclear rocket



engine, Sincé the compﬁtétions are very involved, computer programs
were used throughouf this latter example and onlY the results of the
various stéps are preseﬁted. '

‘The last chapter presents conclusions and a brief review of
the important steps involved in decoupling a discrete time sysfem.
Suggestions for further research are also given.

The Appendix lists the computer programs which were developed

for this study.
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" CHAPTER 2
PROBLEM 'STATEMENT

System Notation -

Unless specifically mentioned:

‘1, A capital letter in a system equation denotes a matrix whose di-
mensions are compatible with the other variables in the eéuation.

2. A lower case letter denotes either a scalar quantity.or an ele-
ment of a vector,

3. A system equation refers‘to the discrete time system or a
discrete time equivalent system. ' N

4, A subscript i on a vector is used to denote the ith‘element of
the vector,and similarly a subsqript i on a matrix is used to
denote ith row of the matrix.

5. m is the number of inputs and‘also the number of outputs of the
multivariable system.

6. n is the number of states of the system in question.

7. The system under study is both controllable and obse%?aﬁle

[Kalman, 1960],

8. n > m,

System Representation in Discrete Time

In modern control theory the linear differential equations
describing the behavior of a continuous time system are represehted

5



in vector matrix notation as ' a set of n first order differential equa-

tions as follows

[}

X(t) = AX(t) + BU(t) - (2.1)

y(t) = CX(t) - O (@2.2)

where (°) indicates the vector derivative Q.r.t time t.

X(t)_is an n element column vector representing the states .of
the syétem. |

u(t) is.an m ' element column vector representiné the control
inputs to the system.

| Y(t) is an m element column vector representing the outpufs of

the system.

A is nxn system state matrix.

B is ném system control matrix.

C is mxn output matrix. -
In short hand notatidn Eq. (2.1) and (2.2) are written as S(A,B,C).
It is well known [Schultz and Melsa, 1967] that Eq. (2.1) has the
solution

T t .
X(t) = eA(t"tO)x(to) + J eA(t-T)BU(T)dT (2.3)

%

.where X(to) represents the values of states at the reference time ty-

With. T as a sampling time and k an integer, if t is replaced by (k+1)T

f

and t, by KT, we get



X((+D)T) = ATx (k1) + AGH 1-1)

(k+1)T . .
J BU(T)dT (2.4)

kT

. with a change in variable (k+1)T -1 =X, we get

AT Toan,  — |
X((k+H1)T) = e "X(kT) + J e "BU(k+l T- A)dA (2.5)
! ‘ S
The evaluation of the above.integral depends upon the way in
whiéh the input is formed. In this report two separate ﬁethods are con-
sidered for converting ;hé number sequence from the digital controller
into a time function. One of the most intriguing aspects of this thesis
is the substantial differences in the ease of decoupling which occur
between the two methods of data reconstruction.
lf Impulse approximapion: In this method the input in the.
ihtervél_of integration is an impulse.
2. Polynomial approximation: In this method the input in the

interval is a polynomial.

Both methods have their.relative advantages and disadvantages.
Method 1 gives a simple answer and preserveé the form of—the B matrix,
i.e., preserves zeros in the matrix, which has a marked effect on the
decoupling as we shall see in the further dévelopments. However, the
impulse is difficult to approximate in practice. Method 2 is more

practical but has the disadvantage of changing the form of the B

matrix, which'may introduce uncontrollable poles in the system.
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In method 1 U(tr) in the interval kT - (k+L)T is TU(KT) 8(k+1 T-t)

From Eq. (2.4) the s;ate'éqUation becomes

A

X((k+1)T) = T X (kT) + BTU(KT) (2.6)

In method 2 there are several possibilities. If we use a zero order
hold (ZOH), the control input U(k+l T-A) of Eq. (2.5) in the interval

0-T is the constant U(kT). Equation (2.5) becomes

| .
X(H+)T) = ePTR(kT) + [{ A aa BUKT) 2.7)
(o]

Commonly the matrix eAT is represented by the symbol & (T). We_willlomit

the argument T for notational convenience everywhere in the equation.

T
Also, we denote by B' the matrix [J éAA_dA] so that Eq. (2.6) and (2.7)

o

can be rewritten in the simplified form as follows:

X (k+l) = ®X (k) + BTU(k) o (2.8)

X (k+l) = ®X (k) + B'BU(k) ' (2.9)

Both of the above equations can be represented by a single équation
X (k+l) = X (k) + HU(k) (2.10)

where H is the control transition which depends upon the approximation

~

used in the evaluation of the integral. Substituting t = k in Eq. (2.2)

we get

y(k) = CX (k) | 2.11)
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where the argument T is omitted for convenience. Equations (2.10) and
"(2.11) define the multivariable.system in discrete time and form the

basis for the rest of our study.

State Variable Closed Loop Feedback - -

We now want to find out the feedback and gain matrices F and G
- such that the overall control input to the system U(k) [see Fig. 2.1]

is_given'by
U(k) = FX(k) + GR(k) '- (2.12)

The object of the rest of the report is to find F and G which

5

decouples the multivariable system in the desired manner. Here F is a
mxn matrix and G is an mxm matrix. R(k) is the mxl reference input.

Substituting for U(k) in Eq. (2.10) we get
X(k+l) = oX(k) + H[FX(k) + GR(k)]
The closed-loop system equation in terms of the reference input is

X(k+1) = (3+HF)X(k) + HGR(k) (2.13)

Delay Decoupling

Falb-and Wolovich [1967] were the first to develop a procedure
which integrator decouples the continuous time system; that is, they
place all the poles of the decoupled system at the origin. We proceed
on the same lines but with a discrete time system, we delay decouple
the system., That is, we place all the poles of the decoupled system

at the origin in the z-domain,



R(k)

a4

U(k)

Fig. 2.1 Closed Loop State Varidble Feedback

S(¢,H,C)

Y (k)

4

10



Let us define

]

d, = minimum [j; CinH #0, j

1 0, 1 ...n-1]

and di = n-1 if the above is not satisfied for any j less than n. As

th row of the output matrix (C.

‘mentioned in the beginning C, means i
The scalar di is the smallest integer j such that CiQJH # 0. As we will
see in the next chapter, di + 1 represents the pole zero excess for the

ith gubsystem.

For the ith subsystem

Y, () = €, X(kbl) = ci[(§+ﬁF) X(k) + HGR(K)]
= C, #X(K) + C, HF X(k) + X, HGR(k)
= Ci ®X (k)
ifd, >0
) 1
ii(k+2)'= C, ¥X(k+1) = C; o[ (+HF) X(k) + HGR(K)]

C. 2% (k) + C, OHF X(k) + Cy ®HGR (k)

2
Ci ?<X (k)

ifd., > 1
i

and, similarly

d

Yi(k+di) = o941l x(k41) = ce i X(k)



Hence

¥, (hd +1) cicpdix(k+l) = Cifbdi[(<1>+HF)x(k) + HGR(K)]

dij+1

(cy¢%1*h+ ¢ 0%tHF) x(k) + c o%iHER () (2.15)

For the sake of notational convenience we define

‘de+1

*— 1
o, = ¢, 0

*_ di
H, = c; 0%l
Y =y (ktd,+1

g = ¥y (tdgtl)

so that we can rewrite Eq. (2.15) as follows

* * * *
Y, = [oi + HiF] x(k) + H, GR(k) (2.16)

th subsystem.

The value of di+l determines the pole zero excess of the i
We will have m such equations for i = 1 ,.. m and we can combine these

m equations and represent them by one single matrix equation as follows

- X * o - R - - F"*"
Yl ( q)l Hl Hl
= * x (k *1eRK)  (2.17
Y, | = o [+ | Hy | F| x(k)+ | H 'R(.) .17)
Y* ;)* H* H*
L n) L) L'm] ] | o]




or, in its simplified form
* % % % '
Y = (¢ +HF) x(k) + H GR(k) (2.18)

We want to choose F and G such that we can achieve a decoupling between
the outputs Y and inputs R.

Choose

* %x-1 (2.19)

So that Eq. (2.18) reduces to

. 4
Y = R(k) ' (2.20)

or, in its expanded form

”Yl(k+dl+1)" FRl(k) )
Y, (k + d, + 1) _ R, (k)
._Yma:c +d +1) 1L R;(k) |
and separating them
Y (k +d; + 1) =.Ri(k) - (2.21)

Equation (2.21) shows that ith output is a function of only the ith

input
and the output follows the input delayed by-(di+1)T secs, Thus, in a way,

our system has been decoupled.
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‘Falb and Wolovich prové_that the necessary and sufficient condi-
tion fér a multivariable system to be decoupled is the n§n—singularity
of matrix H* [1967].
The F and G matrices of‘Eq. (2.19) are not the only matrices
which decouple the system., Actually this is a very restricted way of

decoupling. To show this, let us take the z transform of Eq. (2.20)

2y @) = R @)

or

Yi(Z) 1
Ri(z) zd-+?L

(2.22)
i

This subsysfem has all its poles at the 6rigin. Our system may
be too sluggish. However, as shown in the next chapter, the above form
_of decoupling forms the basis for further discussion and restores our
confidence in state variable feedback.

To displace the poles from the origin, let us start from Eq.

(2.18) which is

* * * * .
Y =(d +HF) X(k) + HGR(k) (2.18)

let us choose

G=H W where W is mxm diagonal matrix

rq
1}

s .
H*‘l[z M, co? - q>*:| (2.23)

J=o
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where § = max [di’d . dm] and Mj's are mxm diagonal matrices for each

2.
j from o to 6. Then’substituting (2.23) into (2.10) we get

* § j
Y = } M, co” | X(k) + WR(K) (2.24)

J=o

8 :
where -} Mj C¢? is a sum of § mxn matrices and, hence, has a dimension

j=o
of mxn,
. .th .th : '
Separating out the i~ subsystem (i~ row of Eq. (2.24)), we get
4 |
= 3
¥, (ktd, +1) jgo My C 0 X + W R, ()

we know from the development of Eq. (2.15)

J = ‘Y : "
Ci¢ X(k) - Yi(k+j) for j f-di

therefore

Yi(k+di+l) = myy Yi(k) + m Yi(k+l) + m o, Yi(k+2) + e

+ mid.

. Yi(k+di) + Wini(k)

where mij is the ith diagonal term of Mj matrix. Taking the z transform

of the above equation

d.+1 2 ds
= + i
z 1 yi(z) my, + mg ozt m,z + ... midi z 1+ wiiR(z)

zdi+1 - zdi - .. M,

[ il

midi z + miO] Yi(z) = WiiR(z)



or
Yi(z) ) W
Ri(z) zdi-+1 _

z - eee - milz + L)
The coefficients mip where p = 0,1...di can be chosen as desired and,
hence, the poles of the decoupled subsystem can be placed at any desired
position,

However, because the absence of zeros restricts Our'chqice of
transfer functions, a more general approach is considered in the next

two chapters,



CHAPTER 3
CANONICAL DECOUPLING

In this chapter a canonical representation of the multivariable
system is found. The main advantage of such a representation is that
the internal structure of the system is recognized which in tﬁrn may
be used to separate the subsystems of the system.

Gilbert [1969] worked with the integrator decoupled.sys;em of
Falb and Wolovich [1967]. Since the decoupling procedure changes the
system dynamics, the canonical representation of a decoupled system
givés only the approximate structure of the subsystem. However, this
is a signifiéant improvement over the DD (Delay Decoupled) system of
the last chapter where only the pole-zero excess of the subsystems were
available. By finding a canonical representation of the DD system, we
‘are able to determine both the poles and the zeros of the system. We
have more fle%ibility in positioning the poles of the subsystems which -
were cancelled by any open loop zeros in the subsystem in the previous
development.

In Chapter 2 the matrics F* and G* (Eq. 2.19) delay decouple
the system. Since we reserve the notation R for the open loop control
input of the original system, let us denote the open loop input to DD
éystem by U. Thus the closed-loop input to the original system is
given by

17
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U(k) = F* X(k) + G* T(k) . . (3.1)

Substituting the above into the system Eq. (2.21) and (2.11), we get .

the DD systemrequations as follows

X(k+l) = oX(k) + H[F* X(k) + G¢* U(X)]
Y(k) = € X(k)
or
X(k+1) = (& + HF*) X(k) + HG* U(k)
Y(k) = C X(k)
Let us define
® = ¢ + HF"
H = HG¥
C=¢C

then the DD system equations are given by

X (k+1) P X(k) + H Uk) (3.2)

Y(k) = C X(k) (3.3)

The original system S(&,H,C), the DD system S(®,H,C) and the feedback

and gain matrices F* and G* which convert S(¢,H,C) to S(%,H,C) are
shown in Fig. 3.1.

The transformation of the delay decoupled system into the

canonical form is done with the help of a change of variable

X(k) = Q X(k) . (3.4)



Open Loop Original System
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| | o

' t

: I N

' '
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, F* '

' '
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[ 4

Fig. 3.1 Open Loop Delay Decoupled System
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where the matrix Q takes the DD system S(@,ﬁ; ) into the canonical

A A A A

form S(¢,H,C). The-transformation matrix Q is found as follows

[Gilbert, 1969].

The key point in the computation of the Q matrix is to inves-

tigate the Q matrix defined as follows

|
[
o
N

where Qi is an n element row vectér [qil Qyp =o- qin]

where the row vector Qi'satisfieS“the following (m-1)xn relations
by =

k=1, 2, ... mbut k# i : (m-1) values, and

j=20,1, ..., n=1 : n values of j.

There are only n unknowns in 6; and we have (m-1)xn equations, but a lot

of these equations are redundant.

Actually, the real values of 94y Y =1...nare not of interest.

Y
Rather, the number of nonzero different elements in the vector 6; is
the dimension of Qi and is denoted by ng. ng determines the order of

the ith subsystem in the system. The transformation matrix Q is

given by



Ql -
Q= q
R
where Ql is a n, xn matrix for i =1, 2 .. m and Qm+1 is a [ - Z ni] Xxn
‘ ' i=1

matrix. Thus the rank of Q is determine?. The actual elements of Q
~are given as follows. |

The first d, +1 rows of each Q matrix'{nixn} fori=1, .. m
are Cia , 01(5)2, .o Ci(a)di and the remaining nj; - dj - 1 rows are
any linearly independent rows. The‘rows of Qm+l are also any linearly
independent rows independent of all the rows of all the Qi matrices
i=1..m Thus the Q matrix is fully determined.

A computer program has been written by Gilbert and Pivinichny
.[1969] which computes the transformation matrix Q and the matiices
representing the canonically transformed system é(%,ﬁ,é). Consequently,
one need not do by hand the tedious calculations involved. However, in
our simple example of Chapter 6 we illustrate the basic calculations.

To find the equatijons for the canonical representation we simply

substitute for X(k) from X(k) = Q X(k) in Eq. (3.2) and (3.3)

ot X+ = 3Q7T X(k) + H U(k) (3.5)
Y(k) = T Q' X (3.6)

or
X(k+1) = Q QY X(k) + Q H T(k) ‘ (3.7)

Yk) = € QL X(k) (3.8)
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Let us define

2=q7 QT
ﬁ=Qﬁ
c=Cql=co?
Then
X(kH) = 6 X(K) + H T(k) (3.9)
YK = C X(K) | | - (3.10)

Figure 3.2 illustrates such a transformation and the transformed
system, The figure also illustrates the closed loop iﬁput to this
canonically transformed system.

Suppose we are able to find out a set of matrices F and G such

that overall input to the canonical system
U(k) = F X(k) + G R(k) (3.11)

forces the system to give thé desired decoupled response. Tﬁen by
proceeding backwards we can find out a set of matrices F and G which
when fed back to the original system wili produce the same response as
the canonically decoupled system with § and 6, as shown beléwl

The input ﬁ(kj to the DD system is given by

~

T(k) = U(k) = F Q X(k) + G R(K) (3.12)

since X(k) = Q X(k) (see Fig. 3.2). But the total closed loop input to

the original system is given by U(k) where
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R (k) Y (k)

 S(¢,H,C)
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X(k)

>

e ccemdmecccmemc e e amr e e —— =

R(k) U(k) Y(k)
| S(%,H,C) —>

Fig. 3.2 Block Diagram of System with All the Feedbacks and
Gains and the Equivalent Original System



g ® g £ O s eig. 32 2% £4 (3.0}
and substituti.ng ot TR from £q. 3.12)
k) = x gk ¥ *(x q X® 4 6 R(D)
- (F ot ¥ Q 1 (&) * g R(K) (3.1
Ve knowW that ghe pove jnput gives the dest ed deCOupl responss’ But
we wanted £o find out ¥ 20 g such that the closed 1009 inp
) = ¥ %K) + G r(K)
to the origi.nal gyste® gives Al deéu d ecoupl respons
Hence
. ¢ ¥ Q
c=06"G 3
We Kno¥ gyom chaptet 5 how t° £in * and g* ands hences Ww
¥ and g, the matrices for the cp syst® and © are ompletely ko
the onginal system. ow tO fin T an g for the cD gyste® js the
ct patter of the pext chapter
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CHAPTER 4
DESIRED SUBSYSTEM RESPONSE

Separation of Subsystemé

~ N

Gilbert [1969] has shown that the matrices ¢, H and C in the

CD system S(¢,H,C) equations

i(k+1) = éx(k) + ﬁﬁ(k) (4.1)
Y(k) = CX(k)  %.2)

will have a canonical form in which the subsystems of the system appear

in partitioned matrix form. Without loss of generality the canonical

form of ¢, H, and C can be demonstrated by an example of a fourth order
system with two inputs and two outputs. Let ny (the order of first
-subsystem) = 2 and n, = 1. Thus, 4 - n, -,

controllable poles in the system. The superscripts 1, 2, and ¢ will

= 1 = the number of un-

denote subsystems 1, 2, and uncontrollable part, respectively. Then ¢

H, and C will have the form as shown below and also they can be parti-

tioned to separate the subsystems as shown,

r.1 1 ! i - " ol b
. ) 010 w10
]
Lo g 1
- ley, w5, 1 000 X H, 10
O = |- T =2 1-—-—2—4'--—-- H = --——+—-2--
! !
0 0 i e 0 0 | ul
A B N
Cc (o] (o} C Cc (]
%1 % 1 %3 % RS

' ' -
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. 1 ‘2 1| .
X (k+l) = X (k) + U (k) (4.3)
1 1 i
%, % H,
v. &) = et ¢t 1 2t
1 11 ‘12
X2 (k1) = <pi1 %) + HiUZ k) (4.4)
2 2
Yz(k) = C11 X7 (k)

~

Now we want to find out the feedback and gain matrices, F and G, such

that the closed loop input
U(k) = F X(k) + G R(K) o (4.5)

to the CD system produces the desired decoupled response. It has also

been shown that the system will preserve decoupling if F and G can also

~ ~

be partitioned in the same form as &, H, and C, i.e., for our above

fourth order example we must have



' . - 1
) P P00 N T
Fo |-om--ec-o- R S I S S
22 2
0 0 : Fll' 0 0 E Gll
U(k) can also be partitioned into systems. Here
-1 - 1
vt = (7, F,1 ¥ + 68, r () (4.6)
~2 L2 U2 2
U (k) = Fll X" (k) + Gll'rZ(k) ‘ 4.7)

We now have m single input-single output subsystems which are decoupled.
Thus, the familiar state variable feedback.techniques can be applied to
position the poles of each subsystem at the desired positions. In vector

matrix equation form the ith subsystem can be represented as follows

) = ot xla) + 7t vt ' (4.8)
¥, () = ¢t o (4.9)
ttao = Pl + 6t r, () (4.10)

where the dimensions of the matrices correspond to an n, th order single

input-single output system.

We want to find F and G' for each of the m subsystems so that

by combining them into partitioned matrix form F and G can be formed.

-~

Since finding of F' and G' is similar for all the subsystems, we will

demonstrate the method by considering one general case of an nth order
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subsystem. For the sake of convenience, let us drop the subscript from
Eq. (4.8) and (4.9) and assume that the equations describing the ith

subsystem are

X(k+1) = ¢X(k) + HU(k) ' (4.10)
Y(k) = ¢ X(k) o o (4.11)
U(k) = F X(k) + G R(K) (4.12)

Desired Subsystem Transfer Function

First, an input to output transfer function for each subsystem
is selected. The subsystem transfer functions form the'diagbnal terms
in the overall transfer function of the system and since the system has
.. been .decoupled, .the -nondiagonal terms are zero. Thus, picking a .trans-

th subsystem is picking an jth diagonal term in

fer function for the i
thg overall transfer function of the system.

Since we are using only state-variable feedback techniques, the
following two limitations must be kept in mind: |

1. The order of the subsystem response cannot be increased.

2. The position of the subsystem zeros cannot be changed.

If the subsystém zero happens to be outside the unity circle in
tﬁe z-domain, then the system will go unstable at high gains. Also, if
tﬁé.sﬁm of the order of the subsystems is less than the order of the
main system, then there are poles of the system which are not con-

trollable by state variable feedback. If any of those poles happens
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to be in an unstable region, the system will be unstable after deF

" coupling even though the system might be stable before decoupling.

A

Use of Phase Variable Transformation Techniques

Suppose that our subsystem has a transfer function of the form

2 2-1 2-2 '
Y(z) _ 1. kl(Z + alZ + al_lZ + ..., aZZ + al)
R(z) C(ZI -¢ ")H = n n-1 n-2

: z + an + pn_lz + ... pZZ + pl

(4.13)

and keeping in mind the limitations of state variable feedback, our

desired transfer function must be

- 2 -1 2=2
) k(Z" + aZZ + al_lz + ... 3y, + al)
2

n n-1 n-
desired z + 94, Z + qn-—lZ to... 92 + 9

(4.14)

where a;s pi and q; are any general coefficients and £ < n, The feed-
back and gain coefficients to achieve the above desired transfer
function are very easily found if our subsystem is represented in
phase variable from because the coefficients of the transfer function
numerator and denominator polynomial,directly appear in the C and ¢
matrices of the system, respectively. Such a representation is highly
desirable because the feedback coefficients are then directly found by
fhe difference of polynomial coefficients of the similar power of Z

in the two transfer functions.
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Let the matrix T be such that the transformation X'(k) = T—lX(k)
brings the system into phase variable form. Then with the above substi-

tution the phase variable representation of our subsystem is given by

X'"(k+l) = ¢'X(k) + H'" U(k) (4.15)
Y(k) = c' X"(k) | (4.16)
U(k) = F' X"(k) + G' r(k) : o (4.17)
where
o' = 71 o1
' =1ly
C' = CT

It has been shown that such a transformation matrix is nonsingular for a
controllable and observable system and an algorithm for calculating T
has been given by various writers. The one used during this study was

as given by Johnson and Wonham [1966] which is as follows.

Let T = [Tl T2 e Tn] where Tl are n element column vectors.
Then
T =H
n
Tn—l = QTn._ pn Tn
| Tn—2 = QTn—l T Phaa Tn

T, = ¢T, - p2Tn

T, = 9T, - p,T_

e e r o Y ofte A et o o Art OBl L= brs . ey g 8t by P P Y Y P e A A PR = g P D P Y T~ Aot Py~ me ey o s

ey Ot g e e e



Thus, the matrix T can be calculated from the system matrices and the
coefficients of the characteristic polynomial of the system. Thus,

the matrices ¢', H' and C' must be of the form:

[ 001 0 0...0 ] : o]
0 01 0...0 0
ot = | . . . . | H' = | 0
0 0 00...1 0
"'Pl_Pz"P3 . _pn J 5 1 )

C'.= k'[a a, ... -a 0 0..0]

Let

F'= [£] £3 £} .. £'] and G' = g'

So that substituting U(k) = [fi fé .. fé] X'"(k) + g' (k) in Eq. (4.15)

we get



0 1 0 ©O . 0 0
0 0 1 0 . . 0 0
0 ' 0
X'(k+l) = R . 1 X(k) + . r(k)
/
0 o -0 . . .01 -0
- - - 1
i p1+f1 p2+f2 . . . ‘pn+qu i g J

r(k) = k'[a1 a, .. an]

Since even after feedback the system is still in phase variable form,

the new transfer function is given by

g'k'[Zz +a ¥ty L. a,Z + a,]

1
n n-1 (4.18)
z0+ (p -£ )27 + ... (py-f))Z + p £,

Y(z) _
R(z)

If the transfer function of Eq. (4.18) is to be the same as the desired

transfer function of Eq. (4.14), fi and g' must satisfy:

glkl = k gl = k/kl
| -3 SR

pn f qn f pn qn
[ - 1 = t = | -

Poo1 ~ fp-1 T 91 fi-1 = Pp1 ~ 9pa1
' | e = ' _

P, -7 £y =py -9,



. S(8',H",C")

P Rt Sl b i

' |

[} '

1 L
R (k) U' (k) UK Ly (k).
— G T \ ~ 5(%,H,C) R

' |

1 |

: X (k) I

f 3 ;

F! ; ‘ !

| X' (k) = T 1X(k) !

s ) :

] |

! t

R S 1

X' (k)

Note: U'(k) = closed loop feedback for subsystem in phase variable
form S(¢',H',C").

U(k) = closed loop feedback for original subsystem s(¢,H,C).

Fig. 4.1 Phase Variable Transformed System
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Thus,. U(k) = [fi fé ... f;]ixf(k) + g' r(k) can be determined. Substi-

tuting X'(k) = T_l X(k), we get

fr'le'l X(k) + g' r(k)

U =[] £ ...

In order to have the desired transfer function of Eq. (4.14), the closed

loop feedback to the subsystem of the CD system must satisfy [see Fig. 4.1]
U(k) = F X(k) + G R(k)

where F = [fi ’fé .. ft'\]T—1 and G = g'. Reinserting the subscripts

which we had dropped in Eq. (4.12) for convenience

o) = PRt + 6l Y, (k).

Thus, Ui can be calculated for all the m subsystems. Hence, by assembl-
ing all F* and G* in partitioned matrix form, F and G in Eq. (4.5) for
the whole CD system can be calculated. We have seen in the last chapter

that once F and G for the CD system are known, F and G for the original

system can be calculated as given by Eq. (3.14) and (3.15).



CHAPTER 5
-+ INACCESSIBLE STATE VARIABLES

So far the desired transfer function is based upon state vari-

able feedback given by:
U(k) = F X(k) + G R(k).

Obviously, this requires that all the states be available for feedback
at all times k. This is seldom true in practice. In most systems
either.the outputs or a noisy measurement of the internal state vari-
ables is all that is available.

If the sysfem is observable and no noise is present, the states
can be esﬁimated from the input and output measufements which is
relatively simple in descretized systems. The problem of estimating
states reduces to solving a set of n lihear simultaneous equa;ions.
Although in practice, some noise is always generated because of roundoff
error, the effect can be considerably reduced by increasing the word
length of the computer. The following development assumes that the word

length available is sufficient for all practical purposes.

Time Considerations

We assume that the present state and output only depend upon the
past values of the input, i.e., no direct path exists from thé'input to
the output. This assumption is true for systems which cannot respond

35
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instantaheously. Since all computers take a finité time to make a
computation, the current values of the output w;ll not be used in esti-
mating the current values of the states. Thus, the states will be
avéilable when they are needed provided that the estimation time is less

than the sample period. This is necessary‘for on-line control. Once

again the system equations in discrete time are given by

$X(k) + H U(k) : (5.1)

X(k+1)

Y(k) = CxX(k) (5.2)

Since the system is observable and since Q_l exists, we can multiply

both sides of Eq. (5.1) by é-l to get

1

o7l X(k+1) = X(k) + 07T HU(K)  (5.3a)
Shifting one step in time backward
-1 -1 |
¢~ X(k) = X(k~1) + ¢ = HU(k-1) (5.3b)
and similarly,
-1 : -1
¢~ X(k-1) = X(k-2) + ¢ = HU(k-2) (5.30)
-1 -1 |
¢ = X(k-p) = X(k-p-1) + ¢ = HU(k-p-1) (5.3d)

for all integer values of p. Multiplying the equation in (5.3a) by C

on both sides and noting that C X(k-1) = Y(k-1), we get

1

cot X(k) = Y(k-1) + C® ~ HU(k-1) (5.4a)



- 37
For a system of order n there are n unknown states aﬁd, hence,_
we need at least n simuitaneous linear equations to solve for the n
unknowns, But for a multiple input-multiple output system Eq. (5.4a)
is a set of m simultaneous equations so we need p such equations

where

n/m if n/m is an integer

o
]

next greatest integer if n/m is not an integer

o
]

In the first case, we will have n simultaneous equations and n unknowns
and in the second case we will have n unknowns and a little more than
n equations. Multiply Eq. (5.3a) by ¢—l on both sides and substituting

from Eq. (5.3c)

2

o™2 X(k) o7t X(k-1) + ¢ ~ HU(k-1)

2

1 HU(k-2) + ¢ = HU(k-1)

X(k-2) + ¢

Multiplying both sides by C and noting that Y(k-2) = CX(k-2), we get

1

c6™2 X(k) = Y(k-2) + Co2 HU(k-1) + CO - HU(k-2) (5.4b)

Similarly by multiplying (5.3b) by ®p—1 and substituting from Eq. (5.3)

we get

6P xk) = o~ P Vxk-1) + ¢ HUK-1)

]

" P Dx-2) + o wuk-1) + 0PV myk-2)

X(k-p) + ¢ P HU(k-1) + = (P71 HU(k=2) + ...¢‘1HU(k-p)
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Multiplying by C on both sides and noting that Y(k-p) = CX(k-p), we

get
co™PX(k) = Y(k-p) + Co PHU(k-1) + co” P Vayk-2) + ... co lmu(k-p)
(5.4c)
Rewriting Eq. (5.4a) through (5.4c) in partitioned matrix form
- B N - ]
[ o1 ] Y(k-1) [ co~ln 0 .e. 0 1T vee-ny
co~2 Y(k-2) co?n  colm 0 U(k-2)
. X&) = . + .
| ce™® | |l Yk-p) | | coPm co~ PNy ....ch>’1H_ L U(k-p)
(5.5a)

or, in a more concise form,
[Mco] x(k) = [YKP] + [MCOH][UKP]

where MCO, YKP, MCOH and UKP each represent a matrix in Eq. (5.3b)

corresponding to a matrix of Eq. (5.5a) in the same position. Hence,

X(k) = [Mco]'l l:[YKP] + [MCOH][UKP]] (5.6)

Thus, in Eq. (5.6) all the quantities are known by time (k-1) and hence
X(k) the states at time k are known some time after the time k-1, so that

they are available for computing control at time k.
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It is to be noted that if n/m is not an integer, then [MCO] is
not a square matrix and it has a dimension of (pxm)xn. One has to be
very careful in caléulating [MCO]-1 in case [MCO] is not square. In

writing the computer program for this study we used the left inverse so

that
mcol™ = mcoiT [ mcol  x peoi® ]
nx(pxm) nx(pxm)  (pxm)xn nx (pxm)
So that
[X(K)] = [Mcol™d [ [¥kP]  + [MCOH] [uke] ]
nxl nx(pxm)  (pxm)xl.  (pxm)x(pxm) (pxm)xl

' Hence, a consistent set of equations is obtained.
A separate computer program has been written to calculate the
matrices [MCO]_1 and [MCOH] given the system matrices ¢, C, H and n and

m for the system. Thevprogram has been named subroutine INACESS,




. CHAPTER 6
EXAMPLES

Part I. Simple Example

Problem Formulation

fhe theofy of the previous chapters is illustrated in this
chapter by a simple example. This exémple has been taken from Slivin-
‘sky [1969]. The example which he worked in continuous time willvbe
worked in discrete time with our desired transfer function in z domain.
We start with the problem in continuous time and convert it into a
discrete time problem.,. A block diagram of the system in the S domain
is shown in Fig. 6.1.

The system in the S domain is described in state variable

form by
% -5 0 'o'] xl'] 7 0 ]
2. l=] 0 -1 ollx ‘ +] 10 o 1
2 2 u
2
%5 0 0 -2 x3_j 0 10
X
1
Yy ) 1 0 O .
Yy 01 1 2
*3

40



s+5

10
s+1

s+2

Fig. 6.1 Block Diagram of the System in s-domain

379
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"In shorthand notation the system repreggnted by Eq. (2.1).and
(2.2) 1is
).((t)= AX(t) + BU(t)
' (6.1)
Y(t) = C X(t)
First of all a choice of the sampling time T has to be made.  From the
block diagram in Fig. 6.1, the system has time constant of 1/5, 1, and
1/2 secs. So a choice of T = 1/20 (this choice is somewhat afbitrary)
willvbe adequate fof most purposeé since the sampling rate is four times
'faé£;r thaﬁ the fas;estvtiﬁe constént in the system. Prefiltering of

high frequency inputs is necessary to prevent aliasing errors. By

definition of the state transition matrix

1 2
<I>‘(T‘)=(I> -—l=I+—1'-A+(?6A) +
20) ~ 20 21 * :
we have
=5 0 0
A= 0 -1 0
0 0 -2

- [~ ’ T

T g o | 7788 O 0
o(T) = |0 e T 0 | =] 0 .9512 0

0 0 e~2T o 0  .9124




‘The control transition matrix is defined by

-5
e .
T T
H = [ [ o () dlg] B = f 0
o ol
which in this case is
, T ~
1 -5\ i 1, _=5T
=1 o0 ) (81 = | 0
0 0 -%eJA | o
o
f-§<1-e’5T) 0 [ 3096
= 10 (l-e-T) 0 = .4877
| o0 5(1-e_2T) J L .0

A0,
e o da
0 o2A
0 o |
a-"% o
1, -2T
0 Fa-eTh)
0
0
4771 |

[B]

Thus, the discrete time system equations to two decimal -places are

given as shown below.

.78 0 0 31
X(k+t1) = | 0 .95 0| X(k) + | .49
0o 0 .91 0

(1 0 O
Y (k) X(k)
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The new discrete time system can now be put into a block diagram
- format by utilizing the Z transform of ﬁhe'state.équations as shown'in
Fig. 6;2f At this point the feedback and gain matrices which will

decouple the system may be calculated. For this case n=3 and m=2,

Step-by-Step Solution
First determine the scalar di where di = minimum [j: ci @J_H #vO

j =0, 1, 2] caléulations for dl:

_ . 31 0
With § = 0 : Ce°H=1[1 0 0] |.49 0| # O
0 48]
therefore
dl =0 _ : (6.3)
For d2
31 0
With j = 0 : C2 °H=100 1 1] |.49 0|40
0 .48
. therefore
d, =0 (6.4)



U, (k) + ' x, (k) = y_ (k)
1 .31 _ 1 1 L
+
.78
- +
49 £ 21
+
.95
Uz(k) ' ———1 + 1
_ .48 z
+
.91

Fig. 6.2 Block Diagram of the System in z-domain

»
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In this case H* is nonsingular and the system can.be decoupled.
Step 3: Next find the matrices which delay decouple the system
[Eq. (2.19)]
di+1
C,¢ | ' cl¢>

o* = | = Co
- 5d2+1
G0 . cch__'

.78 0 0
0 .95 .91

By definition

_ 3.22 0
G* - H*—1= _
-3.30 2.09

and also

-2.51 0 0

2.56 -1.99 -1.91

Step 4: Next find the system equations of the DD system after the above

feedback is applied. The effect of the feedback is found from

-0.78 0 . 0

HF® = |-1.22 0 0

1.22  -.95 -.91_



The new state transition matrix’

1.0 0
H=m1n*=1{1.57 0
1.01 1.0

Thus, the equivalent delay decoupled system is given by the equations

6o 0 0 [1.00 o
X(k+l) = | -122 .95 0 | x(k) + | 1.58 0 | U(k)
122 .95 0] |-1.58 1.0 (6.5)

The input output z domain transfer function of the DD system is given

by Eq. (2.22)

L A W
rl(z) zdi+1 z
¥o(2) 1 1
rz(z) zd2+1 z

In matrix form, the transfer function is
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1
0 "z

so that the desired délay decoupled response has beén obtained intro-
ducing a pole zero cancellétion [as shown in Fig. 6.3].
The diagram of.Fig. 6.4 shows the original system, the feedback

F*'and‘the gain G* to delay decouple the system.
Step 5: ©Next canonically decouple the DD system. As discussed in
Chapter 3, the kev point in searching for a transformation matrix is to
find the dimensions of a matrix Q which determines the elemeﬁts'of the
transformation matrix Q. Since m=2 and n=3, the form of qQ is

[y _

Q= q, where Q) = [d); 912 93]

’

The number of different non zero elements in each row is found from the

equations

— [ = ~ (o} =

Q@ H, =0 | (a) Q¢ H =0 - (d)

Ql¢ H2 =0 _ (b) Q2® H1 =0 (e)

- 2 ' - 2

Q1® H2 =0 (c) Q2§ Hl =0 (£)
From Eq. (a)

0
[471912931) 0| = 0

1.0



rl(k) : _ ¥y, (k)

y

“Fig. 6.3 Resultant Block Diagram of Delay Decoupled System
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| ’.1;'(“)

D |

r, (k)

x, (k) <

3.28

12,09

Fig. 6.4 Block Diagram of the Delay Decoupled System
with Feedback Shown :
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Thus
qi3 = Q.
From-Eq. (b) ' ' : . _ Lo
0 0 0 0
[qllq12q13] -1.22 95 O 0| =0
' ' 1.22 -.95 0 1.0
Nb new information
From Eq. (c)
0 o ol1%[o
[4,7959;5] | -1.22 .95 0 0 =.o
’ 1.22 -.95 0 1.0

No new information

Therefore, we conclude

Q =1lg; g, 0]
dim ai =2 %'nl = order of subsystem i.
Similarly, from Eq. (d)
1.0
(4519929531 1.8 | =0
-1.58

Thus

G ——t A <a T A - e v+ e e =059 Pt NI Y et NN (o = ST gl e




From Eq. (e)

which is the same as Eq.

get

thus

-1.22 .95 o || 1.58| =0

(951992931 |
‘ 1.22 -.95 0 -1.58
Thus
0
[45,999955] | --607 | =0
+.607
and
- A9 = 953 (®)
From Eq. (£f)
0 o o] [ 1
[4,9999,4) | -1.22 .95 0 1.58 | = 0
1.22 -.95 0 -1.58
.Thus
'(q22 - q23)(.016) =0 and ‘q22 = qy3 (i)

(h). Substituting Eq. (h) in‘Eq. (), we

1 = 0.

52



Q=00 gy, ‘qyl

and since the dimhaé is the number of non zero different elements the

order of subsystem 2 is

n, f 1 .
i
_ ‘ Q
The transformation matrix Q is of the form Q2
Q3
where
the number of rows of Q1 =n = 2

the number of rows of Q2 =n, = 1

i
=]
|
j=]

- the number of rows of Q3 -n,=3-2-1=20

1 2

From Eq. (6.4) and (6.5) d

+
=
]

1 aﬁd d2 + 1 =1, Now refer-

ring back to Chapter 3, the first d. + 1 = 1 rows of Ql is Cl’ and the

1

first d, + 1 = 1 row of Qé is C But Q2 has only one row, hence Q2 is

2 2°
completely known. The remaining rows (2 - 1 = 1) of Ql are any row vec-

tors independent of the rows of Q1 and QZ' Thus, we have

C ' 1 0 0

1
Q = }any independent row vector| = jany independent row vector
C2 : ‘ 0 1 . -1

A simple choice of the second row such as [0 1 = 0] yields




This £¥ansformation to the DD systems determines the canonical.
representation of the system as given in Eq. (3.8) and (3.9).'

Tﬁe new states after ;ransformatibn are defined as X and the new o
state equations are

ﬁ(k+1) = ;i(k) + ﬁ U(k)

Y(k) = C X(k) | | - (6.6)
where
X = Q"lx '
and
1 0 o]t 1 o o
el= 10 1 ol =]0o 1 o
0 1 1 0 -1 1

0 0 0

A — -1
?=QoQ = {-1.22 .95 0
0 0 0

the new control transition matrix is




10
A=qi=|1.58 0
o 1

and the new output matrix is

Writing Eq. (6.6) in partitioned form

R 1! o
. ' 4
~ t A
X(k+1) = | -1,22 .95 ' 0 | X(k) + | 1.58, 0 | U(k)
. ERESEE R A
0 0 10 0 1
(6.7)
1 0,0 .
Y(K) = |---- - m-m o] X(K)
0 0 11 : (6.8)

Thus, the 3, fl and C matrices are partitioned as shown in
Chapter 4 on Page 25. This partitioning shows the separation of the
system into the subsystems as shown below. A superscript of 1 denotes

subsystem 1, etc. In this case subsystem 1 is given by

‘ - | 0 o7 . 1
X (k+l) = X (k) + Ul(k) (6.9)
_ -1.22 .95 1.58

Y@ =1 0] ) (6.10)
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Subsystem 2 is given by

%2 (k+1)

(03 2 (1) + (11 U, ) (6.11)

Y, = X® | o (6.12)

The input output transfer function of Subsysﬁem 1 is given by

Hl(z) = Cl(ZI'- @1)'1 al

L Z o 111
= {1 0]
1.22  2-.95 1.58

z-.95 0 [ 1 }
= [1 0] _
-1.22 z |} 1.58

z(z-.95)
o) 6.13
Similarly
'@ = 17 - g 6.14)

It is worth noticing the presence of both a pole and a zero in sub-
system 1 which was not apparent before canonically decoupling the sys-
tem,

The DD system of Eq. (6.5) did not show the internal behavior
of the system. The transfér function of the subsystem 1 was 1/Z which

1s the same as subsystem 2 as far as the input-output properties are
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concerned so that the cancellation of a zero of subsystem 1 was not .

obvious.

The total transfer function of the CD system is given by

Z-.95 0
Z(Z-.95)
“H(z) =
1
0 Z

Step 5: Find feedback and gain matrices to achieve a given (desired)

decoupled response.

Let us use the desired response

2(Z~.95) 0
(z-.5)2+ .5
Hd(z) =
0 o
Z+.,8

One limitation on the choice of a desired transfer function as discussed
in Chapter 4 is the position of the subsystem zero because zeros are not
affected by state variable feedback. Also, the order of each subsystem
must not be increased. Otherwise, the choice is arbitrary.

Clearly Hd(z) is made of two parts. Part 1 is

2 (z-.95)

H;(Z) = _ '
(Z2-.5)%+ 5 ' _ (6.15)

to be realized by subéystem 1 and

2 _ 5 P :
Hd(z) =7 +.8 (6.16)
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to be realized from subsystem 2. We will now treat the subsystems as

a single input, single output systems and realize the desired transfer

function by‘state variable feedback.

Subsystem 1
One computationally feasible method uses a transformation matrix
T which transforms the subsystem into phase wvariable form. Using the

algorithm given in Chapter 4, Page 30,T is'determined‘from the subsystem

matrices as follows

T = ['1‘1 T2]
where
le lv
T2 = =
T22 1.58
FTH 0 0 1 1
Tl = = AT, + p,T, = , + (-.95)
. T -1.22 .95 1.58 1.58
| 721
_]-.95
-1.22 ‘
[ -.95 1
T =
-1.22  1.58
and

Tep e ey g

T YTTIW AL T B e e e ROe T e, e fAu sy Tt g GRS TR MR S # | Sen ke AT e T TP SR B Sy SRR R ALY f Tt ey § 8t g e g W g T Y P s s 8 g - g = ST



1.58 -1 ~5.62 - 3.55]

T
I
1

1.22° -.95 ~4.34  3.38

-1,58x.95 + 1.,22x1

With the transformation

k) = TX' (k)

the systemfhlphase variable form is given in Eq. (6.16). Note that in
this case the system representation in phase variable form éould have

been done just by inspection of the system transfer function.

o 17 0’ o
‘ X' + || U ) (6.15)
0 .95 ] 1 :

[-.95 1] X'(k)

X' (k+1)

Y(k)

Let our state variable feedback be

.Ul(k) = fixi(k) + fé Xé(k) +g rl(k)

Substituting in Eq. (6.15) and rearranging

0 1 0
X'(ktl) = X'"(k) + rl(k)

1 1
fl f2 + .95 g

Then the new transfer function is given by
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g(Z-.95)

2_ L - ]
A (f2 + .95)Z f1

#l(z) =

In order for this transfer function~to be the same as our desired trans-

formation of Eq. (6.15)

2(2-.95)
22 - 72+ .5

2(2-.95)
(Z -.5)2 + (.5)2

'HQ(Z) =

we must equate the coefficients in the two cases,

g =2

~(f' + .95) = -1

-f! = .5
thus
"o \
f2 .05
'>=..
fl 0.5

the control input to

U (k) =

the plant is

(-0.5  .05] X'() +2r (k)

Substituting for X'(k)

U, k) =

=

[-0.5 .05] T % xt(k) + 2 r (k)
‘ 5,62 3.55] .
[-0.5  .05] M) + 2 £ (0
-4.34  3.38 |
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so that the control input in terms of the CD variabies are
= [2.59  -1.61] X' () + 2 (k)

Subsystem 2

Since subsystem 2 is a first order system, it is already in

phase variable form so that T = 1. The CD system is
. ~2 _*2 A
X" (k+l) = [0] X" (k) + Uz(k)
and the control. input is
U, (k) = £ X2(k) + g, t, (k)
2 2 72
substituﬁing into the above equation we get

X (k) = [£] X () + g, T, (&)
and -

o2
Y, (k) = [1] X" (k)
The actual transfer function is
g
2 22
B () = 7%
; . , ' . . 2 -5
Comparing this with our desired transfer functionm, Hd(z) = 71§ Ve get

f, = -.8 8, = 5

(=]
!

[-.8] X°(k) + 5 £, (k)




The feedbacks and gains of the subsystems are now combined in parti- -
tioned matrix:form as shown in Chapter 4, Page 27 to give the overall

feedback and gain matrices for the CD system.

R Fl o 2.5 -1.61 0
F = A2 =

0 F 0 0 -.8
R ¢l o 2 0
G = R = )

0 ¢? 0 5

. Thus the closed loop feédback around the CD system is

A 2,59 -1.61 01 . 2 0
u(k) = X(k) + R(k)
0 0 -.8 L0 5

Once F and é are known, the combined feedback (F) and gain (G) matrices

for the original system are readily obtained from Eq. (3.13) and (3.14).

5.93 -5.23 0

F=F +6* Q=
-6.0  1.67 22
. 6.5 0
G = G*¢ =
-6.6 10.4

[F* and G* have been calculated in Step 3]
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Thus; the combined closed loop feedback ar0und.the éysteﬁ to obtain the

desired decoupled response is given by

UK = F X(K) + G R®K) | (6.18)

Inaccessible States

This part demonstrates how system states can. be calculated
ﬁased only upon the observation of past outputs and inputs. Since n = 3
and m = 2, as discussed in Chapter 5, Page 37 two observations are néeded

to reconstruct the states X for the output Y and the input U.

co Y (k-1) Ce H O U(k-1)
Y(k) = —I + 1 [
H

=2 2

co Y (k-2) Co “H Co 0)k-2)

(6.19)

where C, ¢, H, and Y are as given in Eq. (6.2) and U is as given in

Eq. (6.18), the inverses of the state transition matrix is

1.29 0 0
sl = 1| o 1.05
L 0 0 1.10
and ‘
[ 1.29 0 0
c¢'1,=
| 1.05 1.10
[ .40 0
coly =
.58 .52
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] .51 0
c¢'2H = |
: .54 571

Rewriting Eq. (6.19) in the symbolié form used in Eq. (5.6), page 38

X(k) = [MCo) " [[¥kp] + DMCOH] [Ukp]]

C3x1 . 3x4 4xl 4xb4  4x1
'We have
[ 1.29 0 0
Mco] = 0 1.05
1.65 0 0
0 1.1 1.20

[MCOH]

.54 .57 .01 .52

Since [MCO] is not a square matrix, its left inverse is found by the

following formula

-1
([mcolfmcol™) ([Mco]MCO]™) = I the identity matrix -
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Multiplying both sides by [MCO]-1 we get .
-1 T Ty 7L
[MCO]™" = [Mco]™ ([McO][MCO]™)
we have

1.65 0 . 2,12 0

T 0 2.30° 0 2.47
[Mco] [MCO]™ = | _
2,12 0 2.73 0

0 2.47 0 2.66

b —d

- Taking the inverse and multiplying by [MCO]T, we get

0 0 0.6 0
mcojL =] o 2327 o @ -21.23

0 -21.48 0 20.36

Since everything in Eq. (6.19) is known, the state X(k) can be calcu-
. lated as soon as the previous values of the output and the input are

available.

Part II. Nuclear Rocket Engine Control

Prbblem Formulation

We will now take up a very practical éxample of a nuclear rockét
engine. This problem is being studied by many people, viz., L. E. Ken-
drick, M. R. Johnson. At present, the nonlinear Smith-Stenning [1961]
model of a representative nuclear rocket engine i;ibeing studied. The

state equations in continuous time domain are given as follows.



T = 2(N - B/D)
N = (65 Uy - .065 /T + 19.5/T - 65)N + 65¢
C = 0.1(N-C)
P = 0.4 (UPP/_ - P2/VT)
where
T = normalized témperature
N = normalized neutron de;sity
C = normalized precursor density
P = normalized pressure
Up = normaliéed pressure ratio across turbo pump
(a function of the bypass value position)
Ud = normalized reactivity input,.

All the four states are normalized to unity at full power conditions and
the value of controls at the operating'point is obtained by setting the
derivatives of the states to be zero., The outputs to be controlled are
T (temperature) and P (preSSure). The controller inputs aré Up and Ud'

The aim ié to remove the coupling between inputs and outputs
and force the systém to the desired transfer fungtion.

Define the state variables, inputs and outputs as follows:

T=X =Y

1 1
N = X2
C = X3
P=X =Y



The state x

be a function of rz.

1

the full power operating point,

If x = f(

equations, then from Meditch [1970]

x=

Ax + BU

should only be a function of rl.and X

67

should only
First, let us linearize the state equations about

x,u) is the set of nonlinear

represents the system equations in the vicinity of operating point,

N where
- -
afl Bfl efl
axl sz an
A = L] .
of of of
n n n
[__ axl 8x2 an |

af

3f1 afl n
'aul Buz Bum
B = L ] - .
afm _8f2 afn
haul Buz BﬁmJ

All the derivatives inside the matrices are evaluated at the operating

point.
In this example
;1 = £) = 20xy - x k)
Gty
;3 ='f3 = 0.l(x2—x3
;4.= £, = 0.4(u1x4/§1'— x42//§13>

(65u, - .065/§I'+ 19.5 x4/x1—65)x2 + 65x

3

(6.20)
(6.21)
(6.22)

(6.23)
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In order for the system to be in equilibrium at the operating

_point, the values of the controls at the operating point are selected

so that the derivatives of the states are zero. From Eq. (6.21) and

(6.23) the controls are

and

-19.435/65.0 : (6.24)

[
1

The linearized continuous time equations of the system are found by

evaluating the partials at the operating point.

(1.0 2.0 . 0 -2.0] "0 0]
) -19.4675 65 65  19.5 0 65
X = x + u (6.25)
0 0.1 -0.1 0 : 0 o0
| 0.4 0 0  -0.4 0.4 0

g = x (6.26)

Since this is a fourth order system, the calculations involved in various
steps are too lengthy to be presented here. - The results of each step

\ . .
as described in the presentation of the previous example is given with

two significant digits while the actual calculations are based on 15

digit accuracy.



The Computer frogram )

'The computer program used‘during this stgdy consists of four
main parts'described as follows: |

Part 1 finds the discrete time representation of the system.

Part 2 canonically decouplesAa-given multivariable system uéing
the program of Gilbert and Pivnichny [1969].

Part 3 obtains the feedback and gaiﬁ.matrices for the original
system to find a desired decoupled transfer function response. The
program uses the results of Part 2 and also prints out the transfer
funcfion of the syétem befofe and after decoupling in pole-zero form.

Part 4 finds the estimator matriceé ([MCO]"l and [MCOH] of
Eq. (5.7)) to predict the states based only upon the past values of
inputs and outputs, |

To demonétrgte the validity of the results and also for the
purpose of comparison, the problems were done both in continuous time
and in discrete time. However, several interesting distinctions were
noted for this problem.

Firsf, the main results of continuous time decoupling are pre-
sented and then two cases of discrete time decoupling are presented.

~ Results of the Desired Decoupling of the
Nuclear Reactor in Continuous Time

From the integrator decoupling program

d 1 The subsystem 1 has two more poles than zeros.

1

4

0 The subsystem 2 has one more pole than zeros.

From the canonical decoupling program

69
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n, = 2 The subsystem 1 is secon%iorder and, hence, héé
no zeros. |

'n2 =1 The subsystem 2 is first 6rder.and, hence, hés-
no zéros.

Since N - n, -mn, = 4 -2 -1=1, there is one uncontrollable pole.

The desired decoupled transfer function was chosen to be

2 9
(s+1) (s+10)
Y(s)
R(s)
5
| ° s+1 |

(6.27)

If the desired response included a zero or if a higher order response

was required, additional series compensation would be required. The

required feedback and gain matrices for the original system to obtain

the above desired response are

0.04 0.07

The transfer function of the system with

the above feedback is



5(s+0.1) o ]
(s+0.1) (s+1) (s+10)
Y(s) _ .
R(s)
0 5(s+0.1)
R (s40.1) (s+1) |

There is an uncontrollable pole and aﬁ uncontrollable zero of
the system both at -0.1. I£ is not clear with which subsystem the above
pole and zeros are associated. No amount of feedbacks and gains can
displace the positions of the uncontrollable poles and zeros if decoﬁ-
pling is to be preserved. However, we are lucky th;t both the pole and
thé zero are in a stable region énd, hence, cause no problem.

Results of Decoupling the Nuclear Reactor in
Discrete Time Using a Zero Order Hold

Keeping in mind the time constants of the system, the sampling
time was chosen to be T = .0l secs. with the above sampling time the &

and H matrices for the discrete time system are

9.8E-01L  1.4E-02  5.2E-03  -1.8E-02 |
-1.4E-01  5.2E-01  4.8E-01 1.4E-01
T -7.8E-05  7.3E-01  9.9E-01 7.8E-05
| 3.9E-03  3.2E-04  7.39E-06  9.9E-OL _

[ -3.7E-05 5.2E-03 ]
3.1E-04 4 .8E-01 .
T 1.1E-07 2.6E-04
| 4.0E-03 7.4E;06~-
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dl,

d2 =0  The subsystem 2 has one more pole than zeros.

0 The subsystem 1 has one more pole than zeros

From the canonical decoupling program

n, =1 The subsystem 1 is first order, hence, there are
no zeros.
n, = 1 The subsystem 2 is first order, hence, there are

no zeros,
In this N - n - n, = 4 ~1~1=2; thus, there are two uncontrollable
‘poles and.with staté variable feedback only a first order subsystem
.response can be realized. However, if higher order subsystem response
is needed, it can be obtained by using series compensation. Series com-
pensation will not be used in tﬁis example.

Before there was one uncontrollable pole of the continuous time
system whereas now there are two uncontrollable poles. Since our input
matrix H has fewer zeros than the input matrix B of the continuous time
system, the inputs are coupled to each state of the system and, hence,
the decoupling is much more difficult. It seems as though we pay the
price of losing control over one of the poles of the system,

The ZOH approximation introduces additional zeros in the equiv-
alent Z domain desired transfer function. For example, if we have a
second order systeﬁ without any zeros in the continuous time domaiﬁ,
then an eqﬁivalent discrete time system sampled with a ZOH will have
two poles and one zero in its Z domain transfer function. This zero

may require series compensation in realizing a desired response by

state variable feedback. ol . o N
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For this problem we have two first-orde{ subsystems so only .a
first order response can be obtained by state variable fee&back. The
desired transfer function in the éontinuous time and the equivalent

desired transfer function in discrete time for ZOH sampling is shown

below.
EE ' [ 0.4755 7]
s+10 o | z-.9048 0
Y(s) _ ' . X(2) _
R(s) ~ R(2)
| - 5 _ .05
|- © 51| L0 Z-.9900]

To obtain the above desired response in discrete time, the

requisite feedback and gain matrices are

-9, 65E-01 -2.98E-03 -1.70E-07 . -1.48E-00
F = | |
|-1.58E+01 -2.77E-00 -9.49E-01 3.45E-00
[-1.67E-01 1.25E+01
G =
| 9.01E+01 8.92E-02

With the above feedback and gain, the new transfer function of the sys-

tem is given by

5(z~-.9990) (z+.8030)
(z-.9990) (2+.8030) (z-.9048)

5(2-.9990) (z+.8030)
(2=.9990) (2+.8030) (2-.9900)_




- o

The above transfer function is the same_és the desired_one except -
that it has two pole~zero cancellations. It is worth noticing that the
abpve pole-iero cancellation is not under our control because, if
.-decoupling is to be preserved, no feedback and gain matrices can affect
théir-position. This differs from the'continuous'time case where we had
only one uncontrqllable.pole and zero and, hence, subsystem 1 was a |
 second order subsystem. Now we have only a first order subsystem. How-
ever, we are fortunate that all the uncontrollable poles and zeros are
in tﬁe stable region.

Results of Discrete Time Dedoupliqg
With Impulse Sampling

The main advantage of such a sampling is that the form of B
matrix is preserved in the discrete time case. The zeros in the.B :
matrix appear as zeros in the H matrix.and thus no further coupling is
introduced and, hence, all the controllable poles in the continuous time.
decoupling remain controllable in disérete fime decoupling, The ¢
matrig for the system remains the same as for the Z0H case and the H

matrix for the system is given by Eq. (2.8)

[ o 0
0 0.65
H = BT =
0 0
| 0.04 0 _

The results of decoupling are:



Step

Step

Step

The subsystem 1 has two more poles than zeros.

The subsystem 2 has one more pole than zero,

|

7.30E~-05

4 ,00E-0

which is nonsingular,

9.50E-03

3 0.0
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3: The feedback and gain matrices which delay decoupled the system

are:

Step

i

 [-9.92E-01
{-1.02E+02

G* =

-8.10E-03

-2.32EH00

' 0
1.05E+02

-1.856-03

~1.84E+00

2 .50E+02

1.92E+0

-2.49E+02

1.68E+00

4: The system matrices of the DD system are:

™ 9.88E-01
-6.68E+01

-7.88E-05

0

=]
n

1.46E-02

-9.88E-01 -

7.34E-04

0

—

0
6.84E+01

0

| o

5.27E-03
-7.17E-01
9.99E-01

0

0
1.25EH00

0

-1.82E-02]
1.23E+00

7.97E-05

0

-—



" The resulting transfer function is

1
. 22, 0
Y(z) _
R(z)
0 1
z

— -

- Step 5: From the canonical decoupling we get

n, = 2 The subsystem' 1 is second order, hence, has no zeros.
n, = 1 - The subsystem 2 is first order, hence, has no zeros.
n, = 1 The system has 1 uncontrollable pole.

1 0 0 0
9.88E-01 1.46E-02 5.27E-03 -1.82E-02
Q= o
0 0 0 S|

0 -3.60E-01 1 0

After the transformation the matrices of the CD system as:

p— ] -
0 1 b0 o
' |
X 0 0 'oo {0
R I L S
0 0 N L0
___________________ _=_-----..-.‘-_-----_--
| -2,44E4+01  4.90E+01 ' 4.51E-01; 9.99E-01 |
_ o
0 : 0 |
|
. 1 | 0
H: —.._-----_‘..: ...........
' 0 ) 1
-_______--:._-----_..__..
| -2.46E+01 ' —4.50E-01 |
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Partitioning 5, H and C as shown above, the subsystems are subsystem 1

.1 o 1] ., 0
X (k+1) = X (k) + Uy (k) , (6.28)
0o 0 1 -

Y = (1 0] XM ()

and subsystem 2
X" (k+1l) = [0] X" (k) + [1] Uz(k)

Y00 = 1] %) | (6.29)

The transfer functions of the above subsystems of the CD system are

1 1
H =
(z) )
H2(z) = %—

Step 6: Now we select a desired transfer function which is the discrete
time equivalent of the transfer function for this system in continuous
time [see Eq. (6.27)]. To obtain the state equations, we first write

the desired transfer function in partial fraction form
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_ 5 _5/9 5/9
Hd(s) T (s+1) (s+10) s+l  s+10

Hence, the state equations representing the above transfer function are
. -1 0 5/9
X = x + R
0 -10 -5/9

Using impulse sampling the equivalent discrete time system equations are-

e T 9 5/9
X(k+1) = X(k) + T R(K)
0 10T -5/9
Y(k) = [1 1] X(k)

The transfer function in the z domain is C(ZI—@)_lﬂ

-T -10T
H.(2) = 5/9(e " - e )T
d 10T -T

)(z-e 7)

(z-e~

With a sample time, T = .01

E

.734E-04 | (6.30)
-1.892 + .895 ‘ :

Similarly for subsystem 2, o has a transfer function in the z domain

iven by
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5T _ _.05
z-e"T . z-.99

Hd(z) = (6.31)

~ Hence, for subsystem 1, the feedback and gain for the CD subéystem 1
of Eq. (6.28) to have the desired transfer function of Eq. (6.29) is

given by

U (k) = [-.89 1.89] XY(k) + .0004734 r, (k)

and, similarly, for subsystem 2

U, (k) = [.99] %2 k) + .05 r, (k)

' Combining the feedback and gain matrices in partitioned matrix form,

we get feedback and gain for the overall CD system

- F'r 0,0 -.89. 1.89y 0 ! o0
F = .__.:_A-z—c- = -— e, - - - - - - ;.-_.- I_..
0! F°' o 0 0 1 .99 1 0
a1 ny
. e o 4.736E-04 | O
G = ——--%*-Aé T g
o ! G2 0 i 5.0E-02

The overall feedback and gain for the original system is therefore as’

given below.



F=F +G¢*FQq

-9,99E-01  -8.10E-03 -1. 4E-03 -1.48E-00

2.32E-01 5.92E-01" -7.86E-01 -6.16E-02
G =G*G
0 12.5E+0
4 .98E~02 9.61E-02

Step 7: The transfer function of the system with above feedback and

gain is given by

[ 4.734E-04 (2-.9990) o
(2-.999) (2-.990) (z~.904)

.05 (2-.9990)
(2-.9990) (z-.904) |

Thus, the desired transfer function has been achieved. The system has

ohe additional uncontrollable pole and zero at z = .9990 or z = é_'OOl

= e—'lT, which ekactly corresponds to the system pole at -.1 in con-
tinuous time,

Also both the continuous time system and the discrete time
system were seen to have exactly the same desired decoupled response.

This helps to verify the calculations made in both the discrete time'_

and continuous time.
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Inaccessible States

Results of this section are based upon the algorithm developed
in Chﬁpter 5. Sincen = 4 and m = 2 as discussed in Chapter 5, page 37
exactly two observations are needed to reconstruct the states X from
the output Y and input U. Referringvto Eq. (5.5) the states X ére

given by

cot Y(k—l):l co g o :! [U(k—l)} -

-2 + -2 -1

co Y(k-2) Co “H Co H||| U(k-2)
(6.32)

‘From part 4 of the computer program (see page 69) we get

[~ 6.41E400 ~2.21E+03 3.41E+00 2.20E+03 |
co N 3.42E+02 ~1.46E+05 2 .41E4+02 - 1.45E+05
co2| | 5.158402 -2.32E+05 4 .13E+02 2. 31E+05

| 1.37E-02 -2 .90E+00 5.79E-03 3.88E+00 |

[9.03E-05 -1.83E-02 0 0
co™t o | |4.01E-03 3.28E-05 0 0
1o cot| |2.128-04 ~5.36E-02 9.03E-05  -1.83E-02
4.13E-03 1.69E-04 4 ,01E-03 3.28E-05 |




Since everything in Eq. (6.32) is known, the states X(k) can be
calculated as soon as the previous value of output Y(k-1) and input

‘U(k-1) are known and, hence, on-line control can be applied.



CHAPTER 7
CONCLUSIONS

This study concerns the problem of designing a discrete-time
controller for a linear time-invariant multivariable system. Any
arbitrary non-interacting desired transfer—function may be achieved
by the design technique. State variable feedback serves as the basis
for the design. Also, an élgorithm estimates the present states of
the system based only upon the past inputs and oﬁtputs so that the
method is‘applicable to on-line control. Several interesting com-

.parisions can be made between decoupling in discrete time and
decoupiing in continuous time. State variable feedback is applied:
first to decouple the discrete time systemvand then once again to
achieve the desired transfer functioﬁ in the z-domain rather than
the s~domain. The above two results are combined to produce the re-
quired overall feedback and gain matrices. The state estimation for
on-line control is based upon the observability criteria of the sys-
tem and on the assumption that the system cannot respond instantane-
ously.

Unlike the continuous time system, the behavior of the
decoupled system, also depends upon the discrete time control transi-
tion matrix. Depending upon the type of sampling used, zero elements
of input matrix of the continuous time system may not remain éero in
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the control transition’matr;x of the equivalent discrete time system -
representation. Introducing nonzero elements in the control transition
‘matrix makes the decoupling much more difficult. In some examples some
of the system poles become uncontrollable. That is, after decoupling,
some of the poles remain unaffected by state variable feedback.

If the system has uncontrollable poles in continuous time, they
will appear as uncontrollabie poles in the equivalent discrete time sys-
tem., Further, the discrete time system may have additiomal uncoﬁtrolla—-
ble poles. If the uncontrollable poles of the system happen to be in an
unstable region of the z-domain, then the system will be internally un-
stable after decoupling. This does not necessarily mean that the system
is inhérently unstable since in‘most cases state variable feedback can
position all the poles of the system, if decoupling is not a criteria.

The above theory of decoupling of a multivariable system in
&iscrete time was applied to the control of a nuclear rocket engine.
Since the system was highly nonlinear, a linearized set of equations
representing the system in the vicinity of operating point (full power
conditions) was obtained. The discrete time system representation was
obtained using a zero order hold. The system has one uncontrollable
pole in continuous time. In discrete time, after decoupling, one more
pole became uncontrollable. Fortunately, both uncontrollable poles lie
" in the stable region of the z-domain. Uncontrollable noles are always
cancelled by a zero at the same position so that they do not affect the
transfer‘function of the system. By using the impulse sampling, only

the continuous

one uncontrollable pole corresponding to the one in

time occurred. Throughout the solution the results of discrete time
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decoupling were in one-to-one correspondence with the continuous time-
decoupling. Alsd, an equivalent'degired decbupled transfer function
was achieved. Finally, the state estimation matrices were obtained in
a straight forward manner for the case when all the state variables

are not available.

Step-by-Step Summary

1. The system differential equations are written in sfandard matrix
form so ;hat the number of states and the numberiof inputs and outputs
of the system are evident..

2. The discrete time representation of tﬁe system 1is found by
making a suitable choice of sampling time T and a suitable method of
sampling., The ZOH is the most common mode of sampling but it does not
give as straight forward results as an impulse‘approximation.

' 3. The deéoupling matrix H* is calculated as discuséed in Chap-
ter 2. If it is nonsingular, we can proceed further; otherwise, the
system cannot be decoupled.

4. The feedback and gain matrices F* and G* are found which delay
decouple the system and then the system representation for the DD sys-
tem is obtained by substituting for the input U(k) in terms of F* and
G* in the original system equations. In the DD system each output'is
just the corresponding input delayed by a few sample periods depending
upon the pole zero excess of the corresponding subsystem.

5. The system is then canonically decoupled (CD) by finding a

transformation matrix Q. In the canonically decoupled system the
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subsystens cén be separated in a partitioned matrix form. Thus, the
subsystem s;ructure'is determined. ‘This is a remarkable improvement
over the DD system wﬁere only the pole-zero excess of the subsystem is

“known aqd all the poles are lumped at the origin. The decoupled sub-
systems are separated and treated separately as single-input single-
outpuﬁ systems.

6.  State variable feedback techniques'are applied to each
individual subsystem to achieve a desired transfer function in the
’ z—domain.v This is dbne with the help qf a transformation matrix T
which transforms thé subsystem into phase variable form. This trans-
formation facilitates the computation of the feedback and gainb
coefficients for a given transfer function response. Aftervthe
transformation is used, the system transfer funétion coefficients
appear directly in the system matrix equations. Thus, the feedback
coefficients to achieve a given transfer function are directly
obtained by equating what we have with what we want.

7. The feedback and gain coefficients for each individual sub-
system are assembled in the partitioned matrix form to give F and G
the feedback and gain matrices for the CD system which produée the
given decoupled respénse.

8. For the original system to have the same desired decoupled
response as that of CD system, the overall feedback and gain matrices
are easily obtained by combining the decoupling matrices with the
F and G matrices. The design of a discrete time multivariable sys-

tem is thus complete. The new system behaves as a set of subsystems

each with a desired transfer function.



.Further Research

The following topics are suggested as extensions of the design

technique presented in this study.

1.

The découpling of a multivariable system depends upon the method
of reconstruction of the input to the plant from the discrete
output of the‘controller. Only a few guidelines have been sug-
gested iﬁ this thesis which relate the mode of reconstruction
to the problems of decoupling.

At present the position of the uncontrollable poles which may
result from decoupling cannot be altered. It would be of value
to know how to insure the.stability of these poles,

Control of multivariable nonlinear systems may be effected by
linearizing about an operating point where the linearization is
updated consténtly By an on-line computer control scheme.

The sensitivity of the closed-loop system to the control systeﬁ
parameters must be determined to assess the effect of round-off
errors in the system.

Series compensation could be used to achieve a higher order
closed loop response and possibly even to modify the position
or the number of uncontrollable poles.

Rather than decoupling the system, a more genergl approach
would allow an arbitrary system transfer function which may

include coupling.



APPENDIX A

COMPUTER PROGRAM FOR DESIRED RESPONSE

Program thesis finds the required feedback and gain matrices
to achieve the given decoupled transfer function response (used for
canonically decoupled multivariable'systems).

Input to the program consists of the following respectively.

1. From the original multivariable systeﬁ

M and N = Number of inputs to the sfstem and number of states

of the system,

FEE = Control transition matrix of the systém

H

Input matrix of the system

C = Output matrix of the system .
2. From the output of canonical decoupling program

Q = Transformation matrix which canonically decouples the

system

FCON Feedback matrix which delay decouples the system
GCON = Gain matrix which delay decouples the system
3. From each of the subsystems of canonically decoupled syste

n and £ = Number of states and number of zeros

A Control transition matrix

=}
L]

Input matrix

88
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DECOEF = Coefficients of the desired denominator polynomial
in the subsystem transfer function (constant term on top row).

GM = Desired gain for the subéystem.

In addition to all the inputs, the output of the program con-

sists of the following:

l.

11.
12,
13.

14,

15.

The coefficients of transfer function polynomials of the origi-
nal system and their roots (positions of poles and zeros).
Coefficients of characteristic polynomials of each subsystem.
Phase variable transformation matrix for each subsystem.
Inverse of phase variable transformation matrix,

Feedback matrix for the subsystem in phase variable form.
Feedback for the subsystem in originéi form,

Gain for the subsystem in original form.

FHAT = Feedback matrix for the canonically decoupled subsystem.
GHAT = Gain matrix for the canonically decoupled subsystem.
Feedback matrix for the original system.

Gain matrix for the original system.

New equivalent control transition matrik of the overall system.
New equivalent input matrix of the overall system.

New desired decoupled (achieved) transfer function polynomials
of. the overall system.

The roots of overall transfer function of the system (indicating

poles and zeros of overall decoupled system).
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The input data format is discussed in tye comnent lines in the
beginning of the program.
The systém supplied subroutine MATRIX (CDC 6400) has been used
throughout this program. The subroutine CHREQ and PROOT are taken from-

Melsa [1967].



PROGRAM Y”ECIS (INPUT «QUTPUT) )
PROGRAM THESIS FINDS THE REQUIRED FEENBACK AND GAIN MATRICES TO ACHIEVE THE
GIVEN DECOUPLED TRANSFER FUNCTION RESPONSE AND PRINTS OUT ALL THE DATA INPUTS.

TME INPUT DATA CONSISTS 0OF THE FOLLOWING RESPFCTIVELY, MoN ANN FEE«MeCeQys

FCON aND GCON MATRICES (ALL THE AROQOVFE DATA FROM THE MAIN SYSTEM)

THE AROVE [S FOLLCWED BY THE SUBSYSTEMS DATA THE NO. OF STATES.THE NO. OF ZERD

«SeAWRDCOEF AND CHM MATRICES. THE ARQVE DATA FOR THE SURSYSTEM IS REPEATEN TIL

=L ALl THE SUBSYSTEM ARE DONE,

>

THE InoyUT DATA FORMAT FOR ALL REAL MUMBERS 16 4E20.8 WITH FACH ROW OF A MATRIX
OR VFCTOR STARTING ON A MNEW CARD. FORMAT FOR ALL INTEGERS IS 212.
NOTATIONS USED IN THIS PROGRAM ARF AS FOLLOWS,
FCR MNRE DETAILED EXPLANATION OF THE NOTATIONS REFER (AGRAWAL +THESIS)
IN=V=M0. OF INFUTS=NO. OF DUTPUTS. JUN=N= N0, OF STATES OF THE MAIN SYSTEM

DIMENSION FEFE(10010) sHH(103910)9CC(10010) «FFHF(10+30)4HG(10410)

S RIMENSION FHAT(10210) «GHAT(10G«10)s D(10010)«FCON(10410)

DIMENSION GCON(IC10)oTEMP(1010)+FF (10410)sFG(10410)
. COMMON A(10+10)eR(12)+DCOEZF(10) «COEF({11),FM(10)FSUR(10)9A1(949)

C T0 RFAD NQ. NF SURSYSTEMS=IN=NO.OF INPUTS =NQ.OF 0QUTPUTIS
READQs TN UN
POINTT «IMsJN
PR INTA90

6500 FARMAT (5SH THE FOLLOWING OUTPUT CROSSPONDS TO NUCLEAR REACTOR /

«BPH PRAJLFM, FES AND ™ CROSSPOND TD SAMPLE TIME=0.
POINT2A

0N SJ1=1.0N

BEADi0s (FEE(Ied)ed=1sIN)

60 PINT2S e (FEE(TeJ) ¢ J=1+IN)
PINT27
DN 61iz=ieUN
RCADIOs (H=(IeJ)eJI=1s1IN)

61 PRINTIS e (HH{(LaJ) v =1+ TN}
PPINTZS
0n 621=1+IN
READIOs (CCU(IeJd)ed=19JN)

62 PO INT234{CCLT oY 9 J=14JN)
PRINT 3]

Do 6S1=1+JN
RFADLIOs {(Q(TeJ)el=1eIN)

65 OOINT2S« {C{Te ) e J=1eIN)
POINT32
DoRe 1=141IN
READLQ- (FCON(TeJ)od=1edN)

65 POINT2S« (FCON(IeJ) s J=19JIN) .
POTNTIR
NN 67 I=1.1IN
READIO. (GCON(IvJ)eI=101IN)

67 PRINT2S» (GCON(IsJ) vd=leIN)

[

C TO FIMD THF TRANSFER FUNCTION
CalL TRANSF (ItleUNSFEEsHH.CC)
OnGai=1410
DA565=110
FRaAT(l 0V =9

S& GuaAT(l. =0
Ji=¢
NOSIMN=TIN

C YO RraD ORDER OF SUBSYSTEM =N, NOL.OF ZEROES INTHME SURSYSTEM=ID®

RTADIWN.IOP

OO0 D000 a0

~
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M=N=1DP ’ .
POINTS MNaNe [OP . -
POINTS] .
DN 70 I=1eN
REANLOe (2{TeJ)eJ=laN)

70 PRINT2S+tAlTed)sJ=1e N}
PRINT4G?
N0 T (=t

. READIO. BLD)

71 POINT2S5.R (1)
PRINTSL]
DN 72 I=1eN
RFED10.DCOZF (D)

T2 PATMT2S«NCOEFL(T)
PCINTGLG
READLOLGH
POINT256M
CALL FGM (Ne1DPeMsGM)
DNSSJ=1eN

S5 FHAT(MNUed1) =FM(J).

. GHAT (MNe¥N) =GM

S1 J1=J1sN

C FHAT AND GHAT AT THIS POINT ARE TOTAL FEEDDBACK AND GAIN MATRICESFOR CD SYSTE
POINTS
DG 75 I=1.1IN

75 . POINT25. (FHAT(I+J) eJ=1eJN)
OPRINT35
DO 7A I=le«IN .

76 POINT2Ge (GHAT(IsJ) eJ=1+1IN)

C .

C THE DROGFAM RELOW FINDS F AMD G MATRICES FOR THE ORIGINAL SYSTEM

T AMD A1LSO FINDS THE CPOSSPONDING NEW SYSTEM MATRICES
DnSHI=1«1IN
Ons&U=1 N

56 TFYP(T+J)=GCON(TsJ)
CALL MATPIX(20+INsJINeUNFHAT1040+104FHAT,L10)

POINT37
00 77 I=1e1N
77 POINT2Se (FHAT(I9J) eJd=14UN)
CALL MATRIX(20¢(NsINeJINeGCONS10sFHATS104FHATS10)
POINT 2R
NN 78 I=1.IN
78 POINT2Se (FHAT(TeJ) eJ=1eUN)
CCALL MATOIX(21+INsJNCOIFCONI10sFHAT910sFF410)
PRINT3S

Do 79 I=1+IN
79 PRINT2Se (FF{leJ)rJ=1sJN)
T CALL MATRIX(20+INeINsINsTEMP910sGHATs10+GHAT10)

POINT4LO
0N AD I=1.1IN
80 PRINT2%5« (GHAT(IeJ)eJ=1y1N)

NN ROO T=1eUN
e ROG J=ledN
s00 HAlleJizHH (T o J)
Cotl MATRIZX(20eUMNeINeINeHHe104FFel10sHHe10
CALL MATRIX{(P) eUNeJNeO«FFEFs]10eHHs 10+FEHF 10}
PIINT400
20 Rl I1=]1.UN
el POINTPS e (FTHF (Ted) e J=1eJ\)
Call MATRIX (20¢JINeINsINeHGe10+GHAT+10+HG10)



az2
c

PaINTA0] X o .
N0 82 1=1eJIN
POINT2Se{HFG(TIsJ)eJ=1eIN)

C TO FIND THE NEW TRANSFER FUNCTION

S

34
37
a3
39
40
«00
401
41
42

ol

Qb

C SUARRAUTING FGM FINDS THE FEENRACK AND GAIN FOP EACH SURSYSTEM OF TWE SYSTFEM,

S4

S5

S&

CALL TPANSFE "{INeINSFEHF WG CC) .
FROMAT (141 eSRSYSTEM NUMARER=211+# ORDER OR SURSYSTEM=211.2X
«onN. OF ZFROES IN THT SURSYSTEM=ell)

FORPVAT (1] oN1i OF INPUTS=NIUM GF QUTPUTS30(24SXeNUM OF STATES=®12)
FAOMAT (212) :

FORMAT{XE2C.12) : . -
FARMAT(1X5F20.8) )
Fresdy(la “FEF MATRIX FOR THF SYSTEMe)

FAUMAT(1a vHH  MATO(YX FOR THE SYSTEMS)

FRMAT(iX ©CC MATRIX FOR THFE . SYSTCM®)

CARMATILY ®N=VATRIX WHICH TRANSFNRMS THE SYSTEM FOCM DD TO €D%)
FremaAT {1 Y>F-CONGUGATE “ATRIXe)

FARMAT LI XG=CONGUGATE MATPTIXR)

FromaT (1% =2FHAT MATRIX FOR TD SYSTEM®Y

FASMAT (1 XeCHAT MATRIX®)

FoRVATIIX® INSETWEEN STFPS MATRIX#)

FARrAT (IXSINRETREFN STECS MATRIX®)

FrAawAT(1X°FEED PACK MATATX FOP THE ORIGINAL SYSTEVS)

FARmAT (1423A1N MATRIX FOR THE ORIGINAL SYSTEM®)

FOR¥AT( & FEE o HF MATRIX FOR THE ORIGIMAL SYSTEMe)

FARMAT (40H HeG MATRIX FNR THE ORIGINAL SYSTEM )
CARUATIIY %A MATRIX FOUR THE AINVE SUASYSTFMe)

CCRVAT (1XER MATRIX FOS THE AROVE SUBSYSTEMe)

FrAaMAT (IXENFLIIRTD CHRARRCTFRSTIC POLYNOMIAL CEFFICIENTSFOR THE SUS
CSYSTES JCOEFFICIENT OF COMSTANT TFRM FIRST®)

FARMAT (IXAGATY FOP THE SUASYSTEM #)

STOD :

e

SHBROUTINFE FOM (N INPeM4GM)

COMYON A(10¢10)+R(10)+DCNEF(10) +CORF{11)+FM{10)+FSURILIE)AL(9.9)
CAMHCN T(hA) ’
IC(N.ENL1IG0 TC R

Cal.L CHRZN (AWN-COEF)
PeINTAS e {COFFLI) e 1=1R)

CILL TMAT (N,A4BCOEF)
PTINT 24

On Salz=leN
PIINT25(T(TeJ)aJ=1eN)

CALL MATRIX{10sNsN+s1aTe6+B)
PRINT 30

D §5 I=1eN
FEINT2Sa(T{TeS)eu=1eN)
NSRS =] eN

FeliR{ Y =CGEF(1Y=DCOTF(T])
CaINTAN G IFSUR(S) o J=1eM)

Ny 13 I=1ey

Frotir=n

S 15 dsteN
Foa(l)=Fr([)+FSUR(YIeT (Jo 1)
G 10 P

CAFF({11=3(NN)

Fu{)l)=COFF (1)=-DCOEF (1)

93



21
45
26
25
30

90
20

22

. PRINT 20+ (FM(I)oI=1sN)

POINT2240M -

FORMAT(1XeCOEFS OF CHARAC. POLYNOMIAL OF SUBSYSTEW.COEFF. OF CONST’
+AMT TEQM FIPST IN ROW®/{Al4XF16.8))) '

FARMAT (1XSPHASE VARTABLE TRANSFORMATION MATRIX9)

FARMAT(AF20.A) : , i

FORMAT(IH oT-INVERSE MATRTIX®)

FARMAT(1(eF Sl MATRIN®/(A(4XF1A,.,R))) .

FanusT (1XSFEEDRAC MATAIX YO ACMIVE DESIRFD SUBSYSTEM RESPONSE#/ :
e (ALLXF15.8))) - !
FERMAT(1XeQEQUIRED GAIN FOR SUBSYSTEM2/1XF19.8) ’ '
RFTURN

EnD

SUAROUTINE TMATIN+A+3.COEF)

C SURROUTINE TMAT FINDS THE PHASE VARTABLE TRANSFORMATION MATRIX FOR A SYSTEM

25
25

COMMON A(10+10)98(10)+DCOEF(10). +COEF{11)FM(10)9FSUI(10)+A1(5,9)
COVMON T(646)

0N Su=ieN

T(J+NI=(N)

My=N=1

ND=Ne)

DA 25 I=1eN1

D 25 J=1eN

T(JeN-T1=C

Ne 26 XK=leN
TUSN=II=T{JoN=T}+A{JeK}OTIKeNP=1)
TideN=1I=T {JaN«T) o COCFF (NP=II T (J9N)
RETURN

END

SUQPOhTI\E TRANSF{INeINFEEsHH,CC)

C SUBFOUTINE TRANSF FINDS THE INPUT QUTPUT TRANSFER FUNCTION FOR THE SYSTEM

S0

S2

100

CIMENSION FEE(]0+10) eHH(10910)9CC(10102¢N(10)+COC(10)
DIMENSION C(10)em{1T)
DIFENSICN X(10)+Y(10)
Ny=JNs] & N2=UN-1
DeN1Y=1,0 3 CONLIZO0.n
PoINT290

On 100 Jl=1l.1IN

On 100 JUP=1.1N

0n 10§ 11=]1eUN
H(I1)=d49{(T1.01)
CtI=ColuL2+11)

CALL CORNVI{FEF «HsCosDCOs JV)
POINT29.U2,J1

PO INT 2%« (CO(I)eT=14N1)
IF (J1.€0.J2)150+100
PRINTZA

Dn 51 AL=1eN
IE(N2 LT, 160 TO 100
1E(CO(NTI=-hL)1aFQa040151e52
NIENP-]

CALL PS0RT(NP2+CQeXeYel)
PCINT2Se (X () e I=1eN2)
POINT25- (Y {[)al=1aN2)
N2=JN=1

PeiNT291
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79
25
26
29
290
291

R-Na%

14

1S

1n

12
49

13

20

W) v

PRINT 254 (D (I)!!ﬂl'Nl)
PIINT2A

CALLPROOT(UND oXoYs1)
PIINT2S e (X(T)el=1eUN)
PoINT2Se (Y1) al=1eUN)
PRINT?S

FRAMAT (/S4H NMOTE-DENO. POLY. I5 THE SAME FOR ALL THE TRA. FUNC.

FARMAT(1XS(F20.341X))

FRRMAT (IS ©THE RQQTS OF THE AROVE PLYNQMTAL ARE GIVEN BELOW R/1%9)

FARMAT(//® THANSFER FUNCTIOM H(o[le®e®]l,2)8)

FARMAT{//7/765X46H NUM, POLY: A(1)12A(2)XA(IXO42eA(H)IXPOT,
FARMAT{//45X68H DEND, POLY. A(1)+A(2)XeA(3)XO024A(4)X2%064 4,47

RETURN
enn’

SUBPCUTINME CONV(A+ReCeNeCCoN)

FrR. 1970 CHANGES TO IMRZD IN 7ZTRANe AND FOR LIBCARY
DIMENSION  A(10010)«B(10)«H(I0)C(10)y AACLIO0+10) E(10)
DIMENSION D(10)2(10+10) CP(XO)vHH(IG).PlN(lo'lO)-U(XO)‘V(lO)

QATIONAL FUNCTION CALCULATIONS
NNSNe]

CaLL CHREQ(AINLD)

NP1l T=1.N

P(l«N}=B(])

IF(M=1}) 15+15+14
NN172J372.N

0012 I=1,.N

J=N-JJ*1

K=Jdel

Ptle)=D{K)2B(T])

D712 L=1N

Plle =R (Tod)+A(IsL)OP (LX)
DONr13 I=leN

crilr=2.

0213 JU=1eN
CC(1Y=P(JsTdeC (N +CCHD)
RFTURN

CC{li=Cl112A (1)
£C(2)=0.0

D(l1)=a(l)

D12)=1.0

RFTURN

[ ]

SUBROUTINE CHREQ(ANSC)
NIMENSION J(11)+C(10). R(IO-IO).A(IOle)-D(lO)
NA=Ne]

D020 T=1+NN

Ctiy=0.

C(N) = 1.

00le M=1.N

K=0 -

L=1

Jrly=1

Ge TC 2

JIL)=J (L]

IF(L-M) 345450

MM=M-]

7
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NN b I=LeBM - .
{r=l»1 ' -
FISSRRNIARRY

CALL FNRM(J+MsA+8)

K=rel

DU(K)=NET (ReM)

DN 6 [=1em

LzMeTe1

IFEJILY = (IN~MeL)) 10HsSO

Cr¥T [NUE

M] = MeMe]

©Dnle I=1.K

10

15

-0 00

16
37
20
21

22

Ci¥1I=C M) +D (1) 2 (=1, )a0M

PeTURNY \
PSINT 2300

FARMAT (1A0+5Xs24HERRDR IN CHREQ) |

PETURN

EnD

FUNCTION DET(A,N) :
FUNCTION DET DETERMINFS THFE DETERMINANT OF THE MATRIX zax
GIMENSIOY A(10+101+8(10410) R
SET #n# FQUAL TO #A# BECAUSE wE DESTROY #a# IN THF PROCESS
00 1 [X=1eN .
00 1 4K=lvN
B(IKsJK) = A(IK»JIK)
CORT INVE
NN = N-1
0= 1.0
IF N=) THEN QYPASS PIVOT PROCEDURE. GO OIRECTLY TO CALCULATION OF DFT.
IE (MY RGenTFe
START PIVOGT SEARCH PRGCENURE
Cn 150 L=1N%
LL = Lol
auaAx = A{L L)

-
=
u

~ro

DN 15 I=L+N

DN 15 J=LsN

IF (AMAX=-ABS(A(]sJ))) 10415415

In = }

Jro= 9 -

a1aX = ARS(A(I.D))

ConNTINUE

FOUND PIVOT AT RCW #2IMz AND AT COLUMN 2JM2
IF ALL PEXAINING TERMS IN THE MATRIX ARE ZEROe SET DET=0. AND RETURN,
IF (&4AK) 70470434

NnW CHANGE P04dS AND COLUMNS IF NECESSARY
TF{IM=L) 16420916

DN 17 J=1eN

T = A(IMe N}

A(IMyY) = AlLe) N -
AlLed) =2 T .

D = =D

IF(IM=-t) 21425421

DO 22 I=1eN

T = A(TeJN)

AtlsoM) = At L)

A(I«L) =T



[~
25
30
c
50
100
c
69
200
[+
2
70
b
1
1
3
2
1¢02

D = =D .

PIVOT NCW AT A(LsL)+DIVIDE ROW #U# BY A(L.L). .
00 30 Kl=LiLeN

A(LWK1) = A(LeKl)ZA(LL) .

CANT IHBE

NNw PRODUCE 2ERCCS BELOW MAIN DIAGONALsA(JeL)=0.
Dn S0 J=LL.N

Dn SC x=LLN

A(JdeK) = AlJeK)=A(JelL)®A(LK)

CONTINUE .

CONTIrUE

MULTIPLY MATN DIAGONAL ELEMENTS TO GET VALUE OF THE DETERMINANT

On 2C0 I=iWN

0 = Dea(l.])

CONTINUE

DFY = D .
NoW RESTORE THE VALUES OF THE #A® MATRIX
Do 2 IX=1leN

Do 2 JK=1eN

A (1K JX) = BIKsJK)

CANT INUE

RETUS:Y

DFT=0.

D0 & J<=14N

DO & IK=1sN

ACIK2JK) = B(IKWJK)

CONTINUE

RPETUPN

€40

SUSROUTINE FORM(JsMeasR)
DIMENSION A(10910)96(10+10)9J(11)
DNl T=leM

091 K=1+M

Ne=J()

T NCEI(K)Y

S{T+K)=A(NRNC)
RPFIURN
£6n

SHRPOUTIMNEPROOT (MsAelfsVeIR) .
OTIMENSION A(10)eU{10)sV(10)+H({10)+B(10)+C(10)
IoEv=1R

HesNe ]

DOlI=1NC

Hl)=A(])

CoNTIHUE

P=0,.

=0,

R=0.

IFtri1))44+208

NC=NC-1

V{NC)Y=0,

UNCI =0,

DH1C021I=14MC

H{T)1=H{]e])

CONTINUE

GOTO3

LAPO00SO
. LAP00O70

LAPNOL1Q0
LAPDOL110
LAPNOL 20
LAPDOLIAT
LAPQOL170
LAPOOAY
LAPOO1SO
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oa g v e

[-X-X-X- X~ )

31
32
33

BN PN

10

IF(C=115¢100+5
[FINC=2)T+647
==H{1)/H12)

GNT0SH

IF(NC=3)94849
P=H(2)/H(3)
Q=H{1)/H(3)

60TC70 -
IF(ABS(H(NC=1)/HINC) ) =ABS (H(2)/H(1)))10+16+19
IPEV==IRFV

MzNC/2

DNl11=14M

Ng =NCel=1

F=H(NL)

HINL)=H(]D)

11 HII)=F

1IF(N)I1I3+12413

12 c=0,

A0TO1S

13 o=p/Q

15
16
19

20

21

26
22

23

30

37

34

35

35

&9

S0

Q=1./0

IF(P)I16+19916

P=1./R

E=5.E~10

B(NC) =H(NC)

CNC) =H(NC)

B(NCe1l}=0.

C(NCe1) =0,

NO=NC=1

NNe9J=1+1000

0n2111=1 0P

I=NC-11

B(I)=H(I)+R3B(]+])
C(I)=8(1)+PeC(]s])
TF(ABSIBU1)/HIIII=E)SD.50424°
IF(CI2))23+22423

R=3+1,

GNTO30

P=R=B(11/C(2)

DN3T711=140NP

I=NC~-11
B(I)=H(T)=PoB([¢])=02R(]+2)
C(1)=R{1)=PeC(]+1)=-02C(I+2)
IF{H(2)132+31+32 .
IF(ARS(R(Z)/H (1)) =E)33,33+34
IF(AR5(8(2)/H(2))-E)33+33+34
IF(ABSUR(II/HLL))=E)T0709 34
CraR=C(2)=8(2)
D=C(3)222-CRaAR=C(4)

IF(D) 36435436

P=P-2.

0=0¢(0Q+1.) L

6nT049

P=P+ (H(2)9C(3)=-B(1)2C(4)) /0
0=0+(=-B(2)2CRARB(1)2C(3))/D
CONTINUE

E=zE®10.

GNTN20-

NC=NC-1

V(NC)=0.

LAPNDOZ26D
LAPND270
LAPQNZA0
LAPON?2G0
LAPNO300
LAPOO310

LAP00340
LAPNO350
LAP0G3A0
LAPO03T70
LAPNO3RO
LAPOO39
LaP004O
LaP004Y
LAP0042
LAPO04]
LAPOOSG
LAPOO0450
LAP00460
LARO0470

LAPOOSON
LAPNOS1O
LAPNOS29
LAPONS30
LAPNOSLO
LAPNOSSO

 LAPOO0S6D

LAPONSTO
LAPOOSS80
LAPCOSS0

LAPDOALO
LAPNOAZY
LAPOOE3D
LAPDOA6O
LAPDOOATO
LAPOO680O
LAPQO6G0
LAPODTSO

LAPOO720
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Sl

s2
53

56
70
7

73

76

[N~ X-R-R-N-E-R-3-J

~
(1]

76

77
100
7/879

IF(IREVIS]1+524+52

UINC)=]./R

6nT0S3

Urng) =R

NNS61=1.NC

H{IY=R(1+1)

CONTINUE .

6GNTO04

NC=NC=2

IF(IREV)IT1472+72

Qr=1.,/9
PP=P/(0°2,0)
GOTO73

72 nP=0

PP=P/2.0

F=(PP)eo2-P

IF(F)74475,7S

1N{NCe 1) ==pPP

11{NC)==PP

VINC+1)=SQRT (=F)
VINC)==VINCel) .

GnTI076 .
UINCe ) == (PP/ABS(PP)) # (ABS (PP) *SQRT(F))
VINCel)=0. .
U(NCI=CP/U(NCe1)
VINC)=C.
DnH771=1.NC
H(11=28(1+2)
CONT INDE
GNTO%
RETURN
END

LAP00890

- LAPO0900

LAPDO910
LAPNNQ2D
LAPO0930

LAP009S0

" LAPNO970

LAPO0980
LAPO099

LAPO100.

LAPO10Y
LAPO102
LAPOLO3
LAPOL104
LAPQO10S
LAPO107
LAPD108

LAPO1100
LAPOL110

LAPO1140
LAPH11S50
LAPOY160
LAPO1180

LAPO1200
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APPENDIX B

COMPUTER PROGRAM FOR FINDING INACCESSIBLE STATES
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OO0

i
WV

SUIPOUTINE INACES(IN»JN.A.HF'CCoHlcMCOHtMM)

SUBRONTINE IHACESS 7FINDS THE MCO-INVERSE AND MCOH MATRICES WHICH AnE NEEDFD
FO¥ CALCULATING STATES OF A SYSTEM (USING PAST INPUTS &ND GUTPUTS)
INPUT T9 THE SUBXGUTIME IS AS FOLLOWS.
INSHI2RER OF INPUTS IM THE SYSTEM
JNTMUYRER GF OUTPUTS OF THE SYSTEM
A=CONTSOL TRANSITION MATRIX OF THE SYSTEM
Hh= [nPUT MATRIX OF THE SYSTEM
CC=0UTPUT MATRIX CF THE SYSTEM
CUT PyT OF THE SUSROUTINE CONSISTS OF THE FCLLOWING
Ml= Mr0=-{NVERSE MATRIX GF THE STATE ESTIMATION EAUATION o
MCHM= MCOW MATRIX [H THE STATE ESTIMATION EQUATION
MM=MUMSER OF ORSERVATIONS NEEDEC TO CALCULAYE THE STATES
DIMENSIOH FES(L1H910) oHA(109151¢CCL1020)44(10410)
RFAL MCOE10910)eMCOSC10010)9MI(10+120)9M2{10+10)eK3(10+120)
C MIN=HN, OF ORSERVATIONS NECESSARY .
K1sJN/ZIN
K2zK1e (N )
IF(N2.EQ,4N) 1005200
160 MIN=K] . .
Gn TH S0 :

290 MIN=JN/INe]
59 DN 51 I=1.J0U
DN 51 J=1,JUN
FFE(TI+J)=A(Is U}
Sl MEOH{TeJ) =0
C TO FOPM MCO MATRIX FROM C~FEE- INVERSE MATRICES
Catl METRIX (10eJNeJINs1oFEES10sAL)
PRINTZH
. D0 60 I=1e0M
60 PRIMT2Se (FEE(Ied)ed=1eUN)
0n 52 I=l.+1In

C SYORF FEE~IMVERSE AND HH MATRICES SECAUSE THEY ARE DESTQO'ED IN CALL MATRIX

D 83 J=l.uM
DN 63 x=]1,.J%
ME(JeKI=FEE L JaK)
53 M2 (JoK) =HH{JeK)
Catl METRIX (209 IMsININICCro10sM19109CCo10)
00 54 Jsl.1H
0N S4 K=14JN
Ta={i-1)21N+J

S4 MCO(TAKY= H](JoK)’CC(J'K)
PRINTZT
-0n 61 J=1.1IN BN

61 PRINT 2S¢ (CC(UsK)eK=19UN)
: CALL MATRIX (20+INsJINsINIM3410sM2,10+M3510)
C  TO FnfaM MLOM MATRIX FROM C-FEE-INVERSE-H MATRICES
ME=MIN=Te}
DN €56 JK=z14MC
0n S4 J=141N
Dn S6 K=l 1IN .
J1zde (JK=2+ 11 2 INTK]) 2K ¢ (UK~ l)“lN
56 MCOA (LK) 23 (JeK)
s2 CONT {HUS
MM=MIN® IN
POINT29
D0 62 I=1sMM
62 PRINT2Se (MCO(lvJ)eJd=leJN)
PRINT3O
DO 63 I=1sMM

101



63

58
66
65

66
101
67
68
25
27
29
30
3l
32
33

201

10

10

U

g

POINT2Ss (MCOR{TeJ)sJ=1lamM )

TN FIND [NVERSE OF MCOMATPIX=A~TRA®((APA=TRAS) INVERSE)
IF(K2,FN.JHIGO TO 101

0N SR 1=1eMM

D0 S8 J=leiM

~MYItTeJI=MCO(T 0 )

MICTo ) =M2(TeU)=MCO(JaT)

CALL MATRIX (20sMMeUNsMMeMI s10eM1s10eMie10)
PPINT 31

DN 64 I=1+MM

PRINT 25+( MI(TeJd)eJ=1suM)

CalL MATRIX (10sMMyMMoelyM19104A2)

PRINTI2

0n 65 I=1.MM

POINT 25 ( M1(IsJ)eJd=1euM)

CaLL MATQIX(?O-JNvMMv”M'NZ'lOQM]olO'Ml'lo)
PRINTII

D9 65 I=1eJH

P2INT 259 { MY(1ed)wJ=1yMM)

G0 TG 201

CALL MATRIX (109JNsJN919HCO110442)

PCINT 34

D0 €7 I=1eUN

P~'N7P5v(MCO(IvJ)vJ leN)

DO 68 1=1+JN

DA 68 J=ledn

MY (TeJ)=4COITJ)

FrRMaT (1X5E20.8)

FrouaT (e FEE-] MVERSF MATRIXZ)

- FOEMAT (1 XeCFER-[NVERSE MATRIX® )

FARMAT (J¥e MTOMATRIX =)

FARPMAT(1Xe MCOHMATRIX @)

FASMAT (SSH MCO®MCO-TRAN MATRIX

NOMAT (S5H (4COOMCO=TRAN) =INVERSE MATRIX

FASMAT (55H MCO=-TRAM(MCOOMCO~TRAN) [NVERZMCO=-INVERSF MATRIX
FORMAT (S5H MCO IS SQARE 4aTRIX SO INVERSE IS DIRECTLY FOUND
R¥ TURN

£r0

CSUBOQUTINE MATMUL (NeMeLeAsM19BsM29CoeM3I)

DIMENSINN A(M]l M) sB(M24L oL (M3sL)

DO 10 I=1sN

DN 10 J=1sL

Ctle =0

0N 10 K=1eM

ClIvd)=ClIoS)*A(TsKITB(KWJ)

AF TURN

[0} -
SHAFOUTIMNE MATAND (NeMaAJMIsBsM29CoeM3) <«
DIMENSTION ATM] M) sB(M2eM) o C(MIeM)

00 10 Izl

NN 10 Js14M

ClIv¥=2(TsJ)*B(IsJ)

RFTURN

€N

~ e
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