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ABSTRACT

The Carnegie-Mellon University team has completed the initial
Interactive Program in Advanced Composites Technology. The program has
had significant impact as the CMU team, working closely with engineers
from industry, has made significant technical progress in several problem
areas of current importance. Results on these problems are reported in
this Report. During the past year an experimental program in the fracture
of advanced fiber composites has been completed. The experimental program
has given direction to additional experimental and theoretical work. A
synthesis program for designing low weight multifastener joints in compos-
jtes is proposed, based on extensive analytical background. A number of
failed joints have been thoroughly analyzed to evaluate the failure hy-
pothesis used in the synthesis procedure. Finally, the Report includes
new solution methods for isotropic and anisotropic (mid-plane symmetric)
laminates using the boundary-integral method. The solution method offers
significant savings of computer core and time for important problems.
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CHAPTER I
SUMMARY OF THE INTERACTIVE PROGRAM

1.1 INTRODUCTION.
The Carnegie-Mellon University team of faculty and students has
developed a unique program of interaction between the University team,
the Air Force Materials Laboratory, and certain aerospace industries,
notably General Dynamics, Convair Aerospace Division (Fort Worth). The
interactive pregram has focused on the app]ication of mechanics capabili- -
ties of the CMU team to the stress and strength analysis of advanced
.f1ber composite structures. The broad objectives of the program are the
fof]owingf
1. Creation of new and effective means of communication and
interaction between'CMU end Genera1 bynamits and other
aerospace industries. | |
2. Involvement of the CMU team in the solution of fundamental
| engineeringlproblems arising from the app]icatien of advanced
composites in aerospace structures. |
3. Development by the CMU team of new stress analysis capabili-
ties and results, strength criteria, desjgn information and
educational material for advanced. composites technology.
To accomplish these goals, a two year effort was initiated at
CMU under Air Force sponsership in November, 1969. The two year prdgram
has been completed and has successfully met the goals delineated above.
The purpose 6f this Final Report is to summarize the achievements of the

Interactive Program. This first Chapter discusses results for all of the



objectives. Following Chapters discuss in detail the results for
objectives 2 and 3. |

The principal investigators for this program originally adopted
the position that the second objective would be promoted through extensive
contacts with industry, and that sfudent members of the CMU team would be
select senior undergraduate and first- and‘secpnd-year graduate students.
This position precluded supporting Ph.D. and faculty research by the
program, However, two student members of.the CMU team have passed fhe
Ph.D._quaIifyiﬁg}exam and are doing their research based on their project
experience (Fracture of Composites; Desﬂgn of Mgchan1ca11y Fastened Joints).
To date, f1ve uhd¢rgraduate and fifteen graduate students have partici- |
pated to some extent in the Interactive Program. .Féculfy_other than the
Printipél;lnvéstigatoré h;ve partiquated‘jn the educat1ona1‘prpgram to
become fami)iarized'with advanced composites technolpgy:and}to 1ghd
particular expertise as needed. | o
1.2 FIRST AND -SECOND YEAR PROGRAMS
1.2.1 Pha;ce I .

During each year the Interactive program has been divided into
three phases: ‘education, project research, and;reporting. vThe education
. phase is based on a Fall Semester course, Mbchanice»of Fiber Composite
Materiale. The purpose of th§ course is to bring the étddents "up-to-
speed” 1n‘advanced composites technology such that they'can contribute
significantly to the solution of engineering problems. In the second
year of the program, Dr. Crusg offered an advanced course, Two Dimensional
Anisotropic Elasticity, which was based on the analytical so]ufion of

membrane problems of composites using the complex variable approach. A




summary of the educational program is included in Appendix I, Chapter I.
This summary includes course'outlines'and descriptions, refereﬁces, and
homework problem titles.

The emphasis in the codrse work is on the identification of
state-of-the-art knowledge and on solving meaningful homework. problems.
An example of this is the use of the "pressure vessel" problem. Students
“are asked to find the.pptimal winding angle (td) and maximum pressure.for
a cylindrical pressure vessel, using a fixed material (e,g._graphitefepoxy)
and each of the proposed failure criteria. The problem forces the student
tolexercise'1amination theory and allows a comparison of the allowable -
pressures.

| -Another important problem area that was-uséd is. the stress con-

centration factors in éomposite plates subject to in-plane 1oadihg;f The
fact that these factors are always higher than for isotropic matekia]s is
emphasized. The discussion leads to other measures of stfehgth'such as
associated with sharp flaws; v |

The students make considerable use of the computer and in-house
analysis programs such as finite element and boundary-integral methods
for boundary value problems and a pattern search program for optimization
and synthesis. Through all of the exercises the student develops insight
into the fundamental mechanics questions and spends veﬁy little time on
the nature of the analysis programs.
‘1.'2..2 Phase IT

The second phase lasts through the Spring Semester and sometimes,
for significant prob]éms; through the summer. The purpose of the second

phase is to involve the students in engineering problems in advanced



composites technology. The students, with facu]ty’and industry guidance,
select problems of interest to the student and industry. The process

of problem selection for new members of the team was a major portion of
the second half of the Fall Semester course.

In January of each year Dr. Cruse presented the project problems
at General Dynamics for evaluation and recommendations. At the same time
engineers at General Dynamics were identified whq would act as the indus-
trial contact for the student working on a partfcular project.

A major portion of the budget of the Program was devoted to
traVel'supbort. The- reasoning is that the CMU team, te be effective, must
haQe considerable visibility of the industrial problems 1n‘composites
techno1ogy. Thus, during the second phase the University team made
several visits to 1ndu§tr1a1 1ocat1ons, technical meetings, program reviews,
and special Air Force programs. These trips have also served to give the
CMU team visibility as a group doing significant work in the aree of ad-
vanced composites technology. A complete 1list of trip repdft:titles is
presented in Appendix II, Chapter I. This list 111ustretes the breadth and
depth of the CMU team contacte with other teams in the fechno1ogy area. .

‘ In the first year of the program, the CMU team made a group
visit to General Dynamics. This trip was for presenting student progress
reports on their projects; it also_was a chance for the student members
of the team to see manufacturing and test programs in progress. In the
second year, the new member of the CMU team to pursue project work visited
Boeing/Vertol to see their advanced composites manufacturing and test
program. However, the rest of the members of the team doing project re-

search were in their second year, and thus a team visit to industry




was not -made during the second phase of the second year.

The telephone is used heavily during the second phase; By
identifying engineers, perhaps at different industrial locations, who had
an interest in the student project problem, each student could ask
questions and receive advice, data, and evaluation without the necessity
of a full visit with the engineer. The CMU team found that cdntinua]
contact with engineers played a major role in fhe success of the
Interactive Program.. |
1.2.3 Phase III

.The third phase of the program is the reportihg phase for each
project problem. Each student, upon reaching a major milestone, or when
comp]éting his participation in the program, is required ﬁo provide a
written project report which is typed and filed. Thus, the reporting
phase is interweaved throughout the program. A list of theAtit1e§ of all
-reports generated and on file is given in Appendix III,.Chépter I. The re-
ports contain major homework problem solutions from Phase I WOrk; broject
proposals and progress reports, tutorial material, and final project .
reports.

Some of the prqject reports are significant enough to be published
in technical journals [1,2]] and to be presenfed at technical meetings
[3,4]. 1In addition other reports have been submitted for presentation
to the 13th AIAA/ASME Structures, Structural Dynamics and Materials
Conferencé [5,6], while another has been accepted for the 1972 ASTM

TReferences are denoted by brackets [ ] and are found at the end of each

major segment of this Report.



meeting on composites [7]. These papers serve to give to CMU team greater
visibility in the composites community as well as to report imbortant
resuité.

In addition to the éboVe major reports, the program had a
requirement for monthly letter reports, at the request of the Principal
Investigators. These reports required monthly student progress reports
while ;he students were doing project researcﬁ. The monthly report served
to force each member of the team to be fully aﬁare of his own and others'
progress. In addition the reports kept thé<1ndUStrié1 team informed of
project progress.

At the end of the summer, each year, the CMU team prepared final

project reports which were presented at the Air Force Materials Laboratory |

and at General Dynamicé. This fiha1 reporiing\has'been'the most important
facet of Phase III as the CMU team seeks critical review of;its programs
by the active reseérchers and engineers at both ioca;iohs.  The final
report meetings served as the focal point for examination of:proéress.
but they also pfovided an opportunity to exploré new areas of project
work, team emphasis, and industrial support.
1.3 RESEARCH PROJECTS COMPLETED

| A sizeable nymber of project researéh problems have been so1véd
to date and the titles are listed in Appendix II, Chapfer I. Listed
below are the major project titles, the responsible investigator, a
summary of the project-and project reports as found in the SM file in
the Mechanical Engineering Department. The following Chapters of this

Final Report present in detail the major accomplishments of each project.




1.3.1 Fracture of Advanced Composites (H. J. Konish, Jr.) .

This project includes analytical and experimental investigations
of the fracture of moderately thick graphite/epoxy specimens. Information
to date has been very encouragiﬁg in that a considerable amount of linear
elastic fracture mechanics theory seems applicable to the material.

(SM Reborts 31, 41, 53, 64, 74, 80, 81; work in progress).
1.3.2 Strength of Mechanically-Fastened Joints (J. P. Waszczak)

This project has gone from.the analysis of single-fastener test
coupons to the analysis of joints with many fasteners. Due to the weight
penalty associated with these joints, a program has been begun to develop
a'synthesis procedure for designing mu]tifasteher Joints. This program
has a strong coupling with the engineering team at General Dynamics.

(SM Reports 28, 34, 63, 76; work in progress).
' 1.3.3 Optimization Methods (S. J. Marulis; Ford Motor Co.)

The project was to investigate the use of an 1ﬁ—ﬁohse, pattern-
search optimization method for composite design problems. The desfgn of -
mechanically-fastened joints was considered, using the in-house program.
An effort to couple the optimization‘program to the available finite
element program was unsuccessful but may be cqmp]eted in the future.

The optimization program has been.found suitable, if not optimal, for
use by Mr. Waszczak in his project research.
(Report SM-71; work suspended).

' 1.3.4 Boundary-Integral Equation Solution Methods (T. A. Cruse, W. H.
Bamford, F. J. Rizzo0)

Three separate efforts have been completed in this area. The
first reported is the development of an isotropic, two dimensional

boundary-integral equation method and a subsequent investigation of its

7



ability to model cutouts under tension. The second reported is the

development of a boundary-integral method for fully-anisotropic (mid-plane
symmetric) laminates. (Currently, the anisotropic program is being veri-
fied on cutout problems and some of these results are report.) The third,
complefed by Prof. F. J. Rizzo of the University of Kentucky, concerns
solutions to Kelvin's problem in anisotrobic three dimensional bodies,

and the 1nter1aminar.shear problem.

(SM Rebbrts 45, 50, 66; 68, 70, 72; work in progress).

1; 4 E’VALUATION AND RECOMMENDATIONS _

| .If islc]eah that the goals of the Interactive Program at CMU
have been met. The project reports contained in this Fina] Report give
ample evidence of the extent to whiéh the CMU team Has Become competent
in research and app]icétion problems in adVanced composites technology.
There now exists considerable interaction and support between the General

Dynamics team and_the CMU team. In particular, General Dynémics_has
provided test specimens for the Fraéturé Program and a summef COhtfact
for the Joint Project.

“ ‘However, the.level of confidence in the CMU team expressed by
General Dynamics has come ‘late in the program. - Communication and {nter-
action took place during the first year of the program but the depth of
both was not satisfying to either team. One reason for this was that
during the first year the CMU team was just coming up to speed in advanced
composite§ teéhho]ogy. -Howéver; based on the results of the program re-
view at the end of the first year, the support from the General Dynamics

team increased rapidly. The other reason for the slow start was the lack




of constant contact between the CMU team and thé General Dynamics team.
During the second year, much more contact was made, principally by Dr.
Cruse visiting General Dynamics and liberal use of the telephone.
Frequént personal contacts afe crifical]y important-to the success of an
interactive program such as ours. |
" The impact to date on the educatfona]iprogram at CMU has been

minor. The two courses cited in Appendix I p]ﬁs project work (counts as
course work) are the extent of'high1y visible cbmposites activities in
the educational prograh. However, seminars given by General Dynamics and
AFML personnel, and by the Principal Investigators havé served to make
other faculty aware of the questions of materials selection, and composites
in particular. During one semester Dr. Cruse taught a section of Senior'
Design which was concefned with the rationale for materials selection.
At the present time Dr. Cruse is involved in an effort to expand the CMU
Post-College Professional Education Program. This effort'inc1udes_a course
on fiber composites. | IA

At a harder level to document, instructors in the basic solid
mechanics courses in the Mechanical Engineering bepartment'have the speci-
mens and knowledge to demonstrate simple anisotropic effects. It is hoped
that more of this information can be meaningfﬁ]]y inyo]ved in the undef—
graduate courses. One of the biggest prdblems which mitigates against
new courses in the undergraduate or graduate program is the financial
state of fhe Unfversity. The ' process of cutting-back is .underway.and
will Tikely last a few more years.

Finally, the question arises as to the impact the Program has

had in developing graduates with a competence in advanced composites,



who will use this competence in the aerospace industry. To date this
impact has been nearly zero, as most of the students who have done
significant project work have yet to graduate. An early graduate with
contact with the Interactive Program went to Pratt and Whitney; andther
graduate went to Ford Motor Company. Several graduate students with
other research areas have taken one or bdth of the courses offered to
date. Those in the Prdgram who are still doing project wprk'are
commissioned officers in the United States Army. Thus the personnel
impact will require more time to develop.

- Two years ago, CMU had no active research in the area of_advanced
compdsités. In that per1od the CMU team has developed an effective
eddcatiqh.—-projéct‘program that is closefy related to‘fuhdamental
engineering problems in advanced compositeé technology. Memberé of!the
CMU team have presented and published an increasing humbergof research
papers, and have pafticipated in several Air Force review méetihgs3_vThe
depth and'bréadth of research accomplishments are reported‘in the re-
maining Chapters of this Final Rgport. Other measures of thé Program

require additional time to mature.
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1.6 APPENDIX I: SUMMARY OF EDUCATIONAL MATERIAL

I. COURSE:

A.
B.
C.

Mechanics of Fiber Composite Materials (First Semester)

. Course description

References
Course outline

II. Project-type Homework Problems

IooTmMMm o o o>

III. Finite

A
B.

IV. COURSE:

A‘
B.

Develop computer program for calculating [A] matrix
Develop computer program to reduce laminate strains

to lamina stresses and strains

Analyze dependence of the [A] matrix terms on the fiber
orientation

Determine the effect of transverse tension on the inter-
laminar shear stress

Determine the optimum winding angle (t) for a pressure vessel
Evaluate the deformation in a helically-wound (+) cylinder
Evaluate the finite element solution for a circular cutout
Evaluate the finite element solution for a composite beam

E]ement Summary

Course notes from a short course for users
Usage guide for in-house finite element computer- programs

Two Dimensiona] Anisotropic Elasticity (Second Semester)

Course description
Some selected prepared course notes

V. Project-type Homework Problems

A.

Isotropic
1. General solutions for ring~shaped regfon
2. Bolt-bearing solution

- 3. Concentrated force in an infinite plate

Anisotropic

1. Stress concentration at an ellipse

2. Hoop stress distribution at a circle

3. Torsion of a prismatic member

4, Point load in an infinite plate

5. Bolt-bearing solution .

6. Stress analysis of a cracked, infinite plate

12




YMECHANICS OF FIBER COMPOSITE MATERIALS

~Text MateriaT:

T. A. Cruse, Mechanice of Laminated Fiber Composites
(notes in preparation) ,

J. E. Ashton et al, Primer on Composite Materials: Analysis

Technomic (1969)

Course Abst}act:

This course deals with the stress and strength analysis of -

two dimensional anisotropic fiber composite structural mater-
ials. These materials have applications in structural reinforce-
ments, pressure vessels, and aerospace structures. Typical
materials that can be considered include reinforced concrete,
fiberglass, and some of the new, advanced fiber composites

such as boron-epoxy and graph1te epoxy. Major topics 1nc1ude
the development of the anisotropic stiffness matrix for in-

plane and out-of-plane loading of plates and shells, theories

of strength and experimental procedures, and stress and dis-

" placement analysis of simple plate and shell structures.

Students will participate in a number of project problems de-
signed to involve the student in some of the real design prob-
lems associated with composite materials. Existing solution
techn1ques such as finite elements, integral equations, and
optimization computer programs, as.well as analytic solution
capab111t1es will be exercised as appropriate. The student

is assumed to have completed the normal undergraduate courses
in strength of materials 1nc1ud1ng some 1ntroduct1on to the
theory of elasticity.
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MECHANICS OF FIBER COMPOSITE MATERIALS

Supplementary Reference Material:

BOOKS :
S. A. Ambartsumyan, Theory of Anisotropic Plates, Technomic (1970)

J. E. Ashton, J. M. Whitney, Theory of Laminated Plates,
Technomic (1970) -

G. S. G. Beveridge, R. S. Schechter, Optimiaation: Theory
and Practice, McGraw-Hil1l (1970).

S. W. Tsai, et al (Editors) Composite Materials Workehop,
Technomic (1968)

L. . Broutman, R. H. Krock (Editors) Modern Composite
Materials, Addison Wesley (1967)

, Metal Matrix Composites, ASTM STP 438 (1968)
‘ , Intérfaces invCompoeiteé, ASTMfSTP‘452‘(1969)
Composite Materials: Testing and Design; ASTM STP
460 (1969)
REPORTS :
T. A. Cruse, J. L. Swedlow, Interactive Program in Advanced
Composites Technology First Annual Report, Report SM-46,
Carnegie-Mellon University, Pittsburgh, Pennsy1van1a (1970) .

M. S. Howeth, Design, Materials and Structures, Report SMD-028,
General Dynamics, Fort Worth, Texas (1969).

S. W. Tsai, Mechanice of Composite Materials, AFML-TR-66-199
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MECHANICS OF FIBER COMPOSITE MATERIALS

COURSE OUTLINE:

I. Review of Two Dimensional elasticity (6 hours)

A. Stress tensor
B. . Equilibrium
.C. .Strain Tensor
D. Compatibility

II. Linear, anisotropic e]asticity.(s hours)

A. Existence of the strain energy density
B. Fourth order compliance, stiffness tensors
C. Transformation equations
. 1. . Specially orthotropic.
. 2. Transversely isotropic
3. Isotropic
D. Plane stress results

III. Mechan1cs of a cont1nuous fiber 1am1na (4 hours)

A. Manufactur1ng of f1bers, 1am1nae

B.. Rules of mixtures .

C. Summary of micromechanics results
-D. Lamina mechanical properties

IV. Mechanics of Laminates (12 hours)

A. Manufacturing of 1am1nates
B. Stiffness, compliance matr1ces, [A] (81, and [D]
C. Strength theories
1. Static theories: Max1mum stress, strain; Distortional
energy ' . SR ,
2. Energy tensor
3. Fatigue
4, Fracture

V. Structural applications and projects (12 hours)

Finite element solution method
Joints and cutouts

Pressure vessels

Stability, vibrations
Limitations on lamination theory

mo oW
e o o o o
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TWO DIMENSIONAL PROBLEMS IN THE THEORY OF ANISOTROPIC ELASTICITY

Recommended Textbooks :

N. I. Muskhelishvili, Some Basic Problems of the
Mathematical Theory. of Elasticity, Noordhoff (1963)

S. G. Lekhnitskii, Tﬁeoré of EZasticit¥ of an
Anisotropic Elastic Body, Holden-Day (1963)

Course'Abstract:

The first half of the course is devoted to the formulation
and solution of the two dimensional, isotropic elastic
problem using complex variable methods. Solutions are
obtained using the Laurent series expansion for.multiply-
connected bodies. The second half of the course is.de-

- voted to the analysis of anisotropic, two dimensional
problems, again using the compiex variable method. Example
problems and projects are chosen for their relevancy to
current engineering problems-in anisotropic media, such
as advanced fiber composites.  Existing numerical solution
methods such as finite elements and integral equations
are used and compared to the analytic results when possible.

" The course assumes a knowledge of the basic theorems of
analysis-of functions of a complex variable as well as the
basic theory of elasticity.
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TWO DIMENSIONAL PROBLEMS IN THE THEORY OF ANISOTROPIC ELASTICITY

COURSE OUTLINE:

I

III.

Review of complex variable theory (6 hours)

A." Analytic functions

B. Green's theorem

C. Cauchy integral theorems
D. Series

Plane theory of isotropic elasticity (18 hours)

Equilibrium; stress function

Strains; Hooke's Tlaw

Goursat formula

Displacements

Tractions

Kolosov formula

Forces on a contour

Single-valued displacements, stresses
Laurent series for the stress functions
Infinite region with a hole '
.. Polar coordinate form of the equations
Mapping functions; curvilinear coordinates
Transformed field equations

Example solutions

Z2ErxXxU~IOHTMMoOO D
. e .e .. - . » L] [ (] - - [

Plane theory of anisotropic elasticity (15 hours)

Hooke's law for various types of anisotropy
Stress function

Characteristic surfaces for the stress funct1on
Roots of the characteristic equation £ (u)
Stresses and displacements

Forces on a contour . :

Infinite region with a hole

Single-valued stresses and displacements
Mapping functions

Fourier ana]ys1s of the boundary conditions
General expansion form of the solution
Example solutions

FrROUNTITOMMOO®>

17



1.7 APPENDIX II:

TRIP REPORT NO.

TR-69-02

TR-69-04

TR-69-09

TR-69-10

TR-70-01

~ TR-70-02

TR-70-03
TR-70-04

TR-70-05
TR-70-09

TR-70-10

TR-70-12a

TRIP REPORTS

TITLE

Exploration of Possible University-
Industry Cooperation in the Area
of Advanced Composite Technology
(T. A. Cruse)

Detailed Discussion of Proposed Uni-
versity-Industry Joint Program in
Advanced Composite Techno]ogy
(T. A. Cruseg

Advanced Composwtes Status Review
(T. A. Cruse)

.University Team Visit to Air Force

Materials Laboratory

Fuselage Program Review (General
Dynamics) and Discussion of
Project Probiems (T A Cruse)

Review Meeting, First Ed1t1on of
Structural Design Guide for
‘Advanced Composite App]ications,
and Test Methods (R. D. Blevins)

Discussion of Bolt Bearing Testing

Procedures with North American
Rockwel1/Columbus (J. P. Waszczak)

Discussion of Test Data, MethodS‘wfth
North American Rockwell/Los Angeles
(R. D. Blevins)

Team Visit to Southwest Research
Institute

Team Visit to General Dynam1cs/
Fort Worth

Discussion of Consulting Program
with Dr. Frank J. Rizzo
(T. A. Cruse)

Project Review Meetings at General

Dynamics/Fort Worth and Air Force
Materials Laboratory
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DATE
7/14/69

8/11-12/69

9/30-
10/2-

11/24/69

69

1/7-9/70

2/11/170

3/12/70
3/18/70

4/2/70
4/3/70

8/19-21/70

10/4-6/70




TRIP REPORT NO. TITLE . DATE

TR-70-13 Boeing/Vertol: Review of Boron 10/28/70
Blade Program- (S. J. Marulis; SN
T. A. Cruse)

TR-70-14 NASA/Langley Field; Interactive 12/15/70
Program in Composites at CMU
(T. A. Cruse, J. L. Swedlow)

TR-71-01 AFML; GD/Ft. Worth: Program Review 1/5-6/71
R and New Project Proposals '
(T. A. Cruse)

TR-71-02 GD/Ft. Worth: Program Review VAvYS4
Meeting (T. A. Cruse)
TR-71-03 Fifth St. Louis Symposium on Composite 4/6-7/71
A - Materials ,
12th AIAA/ASME Structures, Structural 4/19-21/71

Dynamics, and Materials Conference
(T. A. Cruse, J. P. Waszczak)

TR-71-06 Design Guide Review Meeting; NAR, 5/24-26/71
' Los Angeles (T. A. Cruse)

TR-71-07 - GD/Ft. Worth; Program Review Meeting 6/9-10/71
(T. A. Cruse, J. P. Waszczak,
H. J. Konish, Jr.)

TR-71-08 Boeing/Vertol: Review of CMU Fracture 6/18/71
program (H. J. Konish, Jr.)

TR-71-09 ~ 31st National Applied Mechanics Conference 6/23-25/71
(T. A. Cruse)

TR-71-10 GD/Ft. Worth: Review of Summer Project  7/7-9/71
(J. P. Waszczak) ' :

TR-71-11 GD/Ft. Worth: Review of Summer Project, 8/5/71
o Boundary-Integral Project
(3. P. Waszczak, T. A. Cruse)

TR-71-12 GD/Ft. Worth: Review of Summer Project, 8/5-6/71
(J. P. Waszczak) ' o
TR-71 13 5th National Fracture Mechanics Symposium 8/31-9/2/71
- (H. J. Konish, Jr., T. A. Cruse,
J. R. Osias)
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1.8 APPENDIX III:

REPORT NUMBER

SM-22

SM-23

SM-24

SM-25

SM-27

SM-28

SM-29

SM-31

SM-32

SM-34

SM-38

SM-41

SM-42

SM-45

RESEARCH DOCUMENTS

TITLE DATE

Anisotropic Stress Strain Program January 1970
Layer Usage Guide (H. J. Konish, Jr.)

Project Problems for Air Force Con- “January 1970
tract F33615-70-C-1146 (T. A. Cruse)

~Summary of the Direct Potential January 1970

Method (T. A. Cruse)

Interactive Program in Advanced Febfuary 1970
Composites Technology (T. A. Cruse)

Symmetric Laminate Constitutive February 1970
Equation Program-EMAT Usage Guide
(J. P. Waszczak)

Bolt Bearing Specimen Co-ordinate April 1970
Transformation Program - Usage Guide
TRANS (J. P. Waszczak)

Certain Aspects of Design with Ad- April 1970
vanced Fibrous Composites (R. D. Blevins)

.Stress Analysis of a Cracked Ad- April 1970

vanced Composite Beam (H. J. Konish, dJr.)

An Investigation of Fracture in “April 1970
Advanced Composites (W. H. Bamford)

An Investigation of Stress Concentra- =~ May 1970
tions Induced in Anisotropic Plates

" Loaded by Means of a Single Fastener
Hole (J. P. Waszczak)

Integka1 Equation Methods in Potential August 1970
Theory (T. A. Cruse)

Stress Analysis of a Cracked Aniso- September 1970
tropic Beam (H. J. Konish, J. L.
Swedlow)

An Investigation of Stress Concentra-  September 1970
tions Induced in Anisotropic Plates '
Loaded by Means of“a Single Fastener
Hole (J. P. Waszczak, T. A. Cruse)

The Use of Singu]ar‘Integral Equations October 1970
with Application to Problems of
Composite Materials (F. J. Rizzo)
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REPORT NUMBER

SH-49
SM-Sd
SM-52
SM-53

SM-63

SM-64
SM-65
SM-68
SM-70

SM-71

SM-72

TITLE

Report on the Relation Between the Stiffness
Matrix and the Angle of Rotat1on of a
Lamina (J. Kolter)

Numerical Solution Accuracy for the Infin-
jte Plate with a Cutout —-Progress
Report (W. Bamford)

Failure Mode and Strength Predictions of
Anisotropic Bolt Bearing Specimens
(J. P. Waszczak; T. A. Cruse)

A Proposed Experimental Investigation of
Fracture Phenomena in Advanced Fiber
Composite Materials (H. J. Konish, Jr.)

" Loaded Circular Hole in an Anisotropic

Plate (J. P. Waszczak)

Stress Analysis of the Crack-Tip Region
in a Cracked Anisotropic Plate
(H. J. Konish, Jr.)

Numerical Calculation of the Character-

istic Directions for a Generally
Anisotropic Plate - MULTMU Usage
Guide (H. J. Konish, Jr.)

.Solution to Kelvin's Problem for Planar '

Anisotropy (W. Bamford)

USER'S DOCUMENT: Two Dimensional
Boundary-Integral Equation Program
(T. A. Cruse)

Opt1m1zat1on of Advanced Composite Plates
(S. Marulis)

Two Dimensional Anisotropic Boundary-
Integral Equation Method (W. H. Bamford,

T. A. Cruse)
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DATE

November 1970
December 1970
September 1970

February 1971

May 1971
May 1971
June 1971
June 1971

June 1971
June 1971

August 1971



REPORT NUMBER

SM-74

SM-76

SM-77

SM-80

SM-81

TITLE . DATE

Experimental Investigation of Fracture
in an Advanced Fiber Composite
(H. J. Konish, J. L. Swedlow, T. A. Cruse) September 1971

Toward a Design Procedure for Mechanically
Fastened Joints Made of Composite
Materials (J. P. Waszczak) September 1971
Review of: Structural Design Guide for
Advanced Composite Applications, 2nd
Edition, Appendix A: Theoretical
“Methods (T. A. Cruse) May 1971

On Fracture in Advanced ?iber Composites
. (H. J. Konish, Jr., J. L. Swedlow,
T. A. Cruse) ' October 1971

A Proposed Method for Estimating Critical
Stress Intensity Factors for Cross-Plied,
Mid-Plane Symmetric Composite Laminates, _
(Abstract) (H. J. Konish, Jdr., J. L. :
Swedlow, T. A. Cruse) October 1971
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CHAPTER II
FRACTURE OF ADYANCED COMPOSITES

2.1 STRESS ANALYSIS OF A CRACKED ANISOTROPIC BEAM A
2;1;1 Introduction
o The.high specific strength and specific stiffness of advanced

fibér composite materials have made them very attractive to the aerospace
industry. The fact that they are both anisotropic énd inhomogeneous, how-
evef, has somewhat retarded their use, as the design and analysis pro-
cedures developed for metals are not strictly applicable; thus; it is
necessary to adapt old procedures, or develop new ones, which can deal
with the more complex composite materials.

The project discussed in this chapter deals with one such effort.
The specific problem under consideration is the effect of a crack in a
unidirectional advanced fiber composite material. Although this problem
is one of great-sighificance in aerospace structures, it has not yet been
extensively treated. An analytic solution has been derived for the elastic
stresses and strains induced by a crack in a loaded anisotropic plate [1].
The solution does assume material homogeneity, but this is a good approxi-
mation for advanced fiber composite materials on a macroscopic séé]e.
However, relatively 1ittle has been done to follow up the analytic work.
2.1.2 Review of Previous Wbrk | |

The most extensive investigation of fracture of composites in
the literature is that done by Professor E. M. Wu of Washington Unijversity,
St. Louis. He considers the problem of a central crack, aligned with the
fibers of a unidirectional composite material, which-are, in turn, a- |

ligned with the edges of a plate subjected té general edge loadings.
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Wu demonstrates that linear-elastic fracture mechanics are applicable to

this problem [2]. His analysis yields results of the form

o = KF/2nr (1)
k= /& 6 | (2)

where F is a function of the external loading and G is a function of
specimen geometry, material constants, and external loading. These re-
sults are similar in form to the results obtained from the analysis
of an isotropic problem. | |

Wu verified his analysis experimenta]ly [2,3]. His experimental
work, (dbne with fiberg]ass plates), does’demonstrate the app]icabiljty of
a 11near-e1§stic>fracture mechanics analysis to his particular prob]em.-
It further shows that the critical stress.intensity factors KIC (cor- |
responding to symmetric loading on the plafe) and Kite (corresponding}to
skew-symmetric loading on the plate) are material constants. Under com-
bined external 1bading, the following empirical re]atioﬁship:is observed

to be valid at incipient unstable crack propagation:

2 - .
K/Kpe + Kpp/Kppe)® =1 (3)

This result is not, however, particularly surprisipg in view of [1],

where it is analytically shown that any arbitrary two-dimensional fracture

problem in an anisotropic material may be decomposed into twoAindependent

problems, one symmetrié and one skew-symmetric. Thus, only the form of

(3) may be considered as original; its ‘existence is predicted by analysis.
Wu has also investigated the prob]em of an external loading of

combined compression and shear [4]. Tais loading will lead to crack

propagation by the second, or "sliding" mode. Three possible subcases
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are considered analytically: Re]étive displacement of the.crack surfaces;
over a portionAof the crack surfaces, and over none of the crack surfaces.

This ana]ysis.was verified by an experimental program carried i
out on fiberglass. The results show that, for ratios of coﬁpressive load
to shear Toad greater than approximately 0.4, failure does nbf occur by
unstable crack propagatioﬁ; the crack velocity remains quasi—stab]e until
the specimen fails from propagation of the craék completely through it.
If the‘ratio of compressive load to shear load is increased, internal
buckling of the fibers and separation of the fibers from the matrix ié
observed; at most, the crack will propagate some small distance at an
angle of 45° from its initial direction, then diffuse and die out. .The
specimen buckles thereafter with no additional crack prdpagation. Wu
thus concludes that fracture mechanics is only applicable to this probiem»
when the ratio of compressive stress to shear'stress is less than‘0.4.
The second subcase of the analysis gives the best agreemenf betwegn '
analysis and experiment when fracture mechanics are applicable. The
quasi-stable crack propagation found to occur experimentally when the
ratio of compressive load to shear load is approximately 014 séems to be
well-described by the first subcase of the analysis. The third subcase:
| of the analysis is believed to be applicable When the compressive 1oad
is sufficiently large to prevent crack extension; however, buckling,
rather than crack propégation, becomes the dqminant mode of failure be-
fore this load is_.reached, so the presence of the crack not significant
in the failure of the specimen.

Wu ﬁotes that stable crack propégation occurs in an ﬁntermittent

manner in fiberglass [2]; he postulates that this is caused by the crack
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crossing the reinforcing fibers. This hypothesis is investigated both
Aana]ytica]]y and eXperimental]y [5].

The analysis is based on the assumption that crack growth is
primarily caused by the component of tensile stress perbendicular to the
direction of crack growth,Aas the‘ihtermittent stable crack.propagatidn“
is most frequently obéerved under skew-symmétric loading. It indicates
that the crgck does not netessarily prdpagate in a direétion'c611ihear
with itself, but rather.at an angle where the combination of the size of
a sub-critical flaw and the maximum tensiie stress reaches some critical
value, causing the flaw to grow. Under skew-symmetr1c Ioad1ng, the maxi-
mum tengi]e stress is not'perpend1cu1ar to the crack direction, and, as-
suming that flaws of any g1ven size are uhiform]y.dfstrbeted in the
material, fhg crack will brdpagate at sbme'anQTe to its initiaT'diréction;
Since the ihitia]-direction of the crack is éb]linear with the fibers,.the
propagating crack must cross fibers. The diréCtion of craék growth is
thus a function of the dlrect1on of the shear lToading. |

It is noteworthy that Wu finds the Griffith energy criterion to
be applicable to composite materials only when the crack propagates across
fibérs; Although Wu offers no'expTanatibn for this anomaly, it may be
due td fhe fact that,nfor this partiéuiar geometry, the crack.propagafes
| oh]y through resin uh]gss ft cfosses fibers. Thus, the craék would "sense”
a britt]e; high-stréngth Materia1 for which the Gr1ff1th cr1ter1on is
app11cab1e, on1y when it crosses fibers. |

Wu' s specimen is a1so ana]yzed»for'symméfric loading by Bowie
and Freese [6]. They use a modified mapping-boundary collocation technique

to derive the stress intensity factor numerically. Of particular interest
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is the résu]t of Bowie and Freese fhat, when thefstrehgth of the material
in a direction transverse to the crack is much larger than the stréngth
of the material collinear with the crack, the stress intensity factor is
not Tonger the same for both the isotropic and anisotropic éases, as pre-
dicted by Sih, Paris, and Irwin [1]. However, Bowie and Freese do note
that, wheh the strength of the material in the direction collinear with
the crack is greater than or equal to the strength of the materialvin a
direction transverse to the crack, the two stress-intensity factors
agree to within five per cent. |
2.1.3 Ahaiytical Study

- The efforts described above comprise the significant work now
available in open literature on macroscopic analysis of fracture in aniso-
tropic materials. Both of them consider oh]yvcracks which are a]ighed.
with the fibers of the composite material, and must therefore Be con--
sidered 1ncomp1ete,'as no provision has been made for cracks with gkbi-
trary orientation to the material axes. The purpose of the brojecf
described in this section is to investigate the behavior of é crack in an
anisotropic material where the crack is not, in general, c61linear with
one of the material axes (though these cases are considered). Informatfon
is also sought on the behavior of the-stress-intensity'factor'as the
orientation of the crack with respect to fhe material axes and the.speci-
men geometry are varied. Finally, it is desired to obtain verification
of either Bowie and Freese [6], or Sih, Paris, and Irwin [1] concerning
the differences, if any, between the isotropic and anisotropic stress

intensity factors.
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In pursuit of these objectives, a series of anisotropic three-
point bend specimens with edge cracks of different lengths (Fig. 1) has
been studied analytically to determine the stress and deformation response
in the vicinity of the crack-tip. Material pkoperties were‘chosen such
that the specimen represents uni-directional boron/epoxy. The orientation
of the material axes re]afive to the crack-axis is completely arbitrary.

The analysis was performed using a lihear elastic, plane stress,
finite element technique. Two e]emgnt grids were used, one representing
the entire beam and the other representing a small region of the beam
surrounding.the crack-tip. The latter-grid is used to proV%de more de-
tailed information in the regioh of the Eréék#tip than can be obtained
from the relatively coarse grid of the entire beam and still remain in
the core of the compdtér; Details of the numerical studies are contaiﬁéd
in [7].

Load is‘dpb]ied to the beam by specifying the trahsversé.disp]ace—
ment: of the ‘point on the upper;edge.of\the:bedm in 1ihe with-the crack-
axis. -Appropriate nodal displacements»from the grid of thé'ful1 beam are
then applied to the grid of the crack-tip region as boundary conditions.
From the anélysis of the grid of the crack-tip region, stresses and dis-
placements are determingd as functions of position. |

The stresses and deformations are represented in the form given

by Sih, Paris, and Irwin [1]:

K1 H¥o H My
= Re [ ( : - -
% = V2nr Hih, Ycoso + uzsme ycosO + u;sin

ey (4)
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Ky 1 ! M2
oy = Vanr Re [ MM, (\/cose + uzsine ~ VYcos® + ulsin )] . _ (5)

- / 2r 1 vl Jeosotu Sing) (6)
v = K /== Re [ ———“1'”2 (ulqzv/cose + u,sin6-uq,vcos® u251n®)]

where.KI is the stress intensity factor for an isotropic specimen of the
same geometry as that being analyzed; r and e are the coordinates shown
in Figure 1. The ﬂl are the roots of the characteristic equation

ho 3 2 . =
apqH 2a16" + (Za]6 + a66)u = 28,61 t+ Ay 0 L (7)

where aijvare the material compliances as giVen_by

€5 % 344%; (8)°
The qj are defined as
Q3 = aypM5 ¥ 3 Uy - 8y ' (9)

Using the equations (4-9), the stress intensity factor Kf can
be obtained in various ways from both the stresses and the’&isplaéements
found in the ana1ysis of the crack-tip region. It is hypothesizedﬂthat
the stress.intensity factor is a separable function of the load on thg
beam and fhe specimen geometry, i.e.,

Kp = f(load) g(geometry) (10)
Since the analysis is linear elastic,

f(10ad) = P/B " (11)

The effect of'the specimen geometry is a function of the crack-
length, tﬁé effects of finite specimen boqndaries, and possibly the mater-
ial anisotropy. It is further hypothesized that

g(gebmetry) = Va G(a/w,d) | (12)
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where the function G contains the effects Qf the finite boundaries of
. the specimen and any effect of the material anisotropy;. Thus, combining
equations (10-12)

K; = (P/a /B) G (a/W,a)
or | : (13)

G (a/W,a) = K;B/PVa

The function G(a/w,&) has been obtained analytically for three
values of a and five‘values-of a/W,. using values of KI obtained from both
stress and displacement data. Each G(a/w,d) was then normalized on the
value G (6.2,a) for-correﬁponding methods of determfning KI' The resulting
value, denoted as G (a/W,a) is shown plotted as function of a/W in Figure
2. On the same graph is shown-a curve representing G (a/W) for an iso-
‘tfopic“spécimen;‘aé»obtained;from [8]. The data points show satisfactory
vagreement with tﬁe curve, in view of the numeffca] noise introduced by
two finite.e]ement'grids which arewnot'entirely-compatib]é.~ Thus; G
(a/M,a) is identical with G(a/W). .This, fn'turn,~impiies thét‘thé
anisotropic stress intensity factor is. the isotropic-sfreSs intensity
factor. |

~ Although the stress intensity factor in equations (4-6) is the

isotropic stress inteﬁsity factor, stress and deformation are.fﬁnétions
of mater{al cohstants;} Thus, fracture in advanced fiber composite
materials5cénnot be ascribed solely to any combination of the stress in-
tensity factors. To some extent, therefore, the applicability of fracture
mechanics to composite materials is questionab1e. Exactly what impbrtance
a crack has in composite materials, and whatAro1e the matéria1 properties
play in describing it, are questions which were investigated experimentally
and are reported in Section 2.2.
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Figure 1:

NNNNNNNN

Three-point bend fracture specimen, with global (x,y and r,0)
and material (1,2) coordinate systems shown (insert). The
applied Toad P is modelled as point load. The Specimen

thickness 1is denoted by B.
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Figure 2: A plot of G(a/W,a) vs. a/W. The dégree of correspondence
between the discrete points (obtained numerically) and the
continuous curve (obtained from [8]) is a measure of the
‘applicability of éh anisotropic continuum analysis [4] to

advanced fiber composite materials.
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2.2 EXPERIMENTAL INVESTIGATION OF FRACIURE IN AN ADVANCED FIBER COMPOSITE ‘
2.2.1 Introduction
Linear elastic fracture mechanics (LEFM) is now accepted as the
rationale for characterizing crack toughness of materials that are osten-
sibly homogeneous and isotropic, the outstanding examples Being a wide
range of metallic alloys. The basic experience that supports this approach
is that presence of a macro crack dominates the response of a structure to
remote loading. With the advent of'advénced fiber composites, however,
there arises the queStion of the degree of homogeneity of the structure
surrounding the craék that is necessary for LEFM to be applicable. In
particular, there is cohcern over whether heterogeneity and anisotropy will
preclude practical use of LEFM in composites.
Vfgorous discussion of this issue is important and widespread,
but thé interchanges so far have tended to be theoretical and even specu-
lative. In an effort to supply SOﬁe physically based information, a pilot
series ofkexperiments has been performed, to answer two spetific questions:
1. If a cracked, composite specimen is loadéd to. failure, |
is the .path of crack bro]ongation-determined by the geometry
of the initiél crack and the loading, or by material
orientation? | |
2. Can LEFM, ‘suitably modified to account for material
anisotrOQYs be usefully applied to composites?
The data now in hand, é]though limited, indicates that a crack in a
composite is at least influential in determining failure patterns and, in

many cases, the crack is dominant; furthermore that LEFM provides useful
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procedures for evaluating crack toughness of composites.

This section gives a brief review of the test procedures, methods
of data reduction, and experimenta] results. Observations made during the
course of the tests are reported, and failure surfaces are shown. Analyti-
cal work stimulated by these results is underway and will be reported
subsequently.

2.2.2 . Test Procedures; Program
It was ﬁbviou5'from the objective of the test program that the

test procedures should follow those developed within the framework of

.conventional fracture mechanics. There is, in fact, a wealth of literature

on this subject including an ASTM Tentative Method [1] and extensive
interpretation of it (see, e.g., [2,3]). Departures from the specifica-
tions in [1] were minimal and were dictated either by the special néture
of the material under test or by simple practicality.

The three-point bend specimén prescribed in [1] was chosen 1arge]y.
to bypass problems associated with gripping the test piece. ‘(See Figure 1.)
In the extensive data base that now exists for metals testing, results for

this configuration compare well to those for other geometries so that,

_among other matters, there was no reason to expect that the bearing Toad

opposite the crack front should influence unduly the processes of crack

prolongation. In fact, -the data reduction scheme in [1] accounts for such

~ details of specimen geometry and load arrangement.

The specimen proportions shown in Figure 1 follow.the recommenda-
tions in [1] except that the crack front was not sharpened under fatigue
loading. Instead, the notch was produced by a sawcut foT]owed by a final

lengthening and shérpening using an ultrasonic cutter,
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As shown in Figure 2, each specimen was centered on two parallel
rollers (1 in dia) whose centerlines were 4 in apart. A third parallel
roller was then located directly above the crack, and the specimen was
loaded vertically downward. Testing was performed in an Instron machine
of 10,000 1b capacity, and cross-head motion was set at IOAZ in/min to

minimize dynamic effects. Load and cross-head motion were monitored during

each test and then cross-plotted to give the basic data for later reduction.

While the requirement of [1] is to record crack-mouth opening by means of
a special clip gauge, bofh the basic linearity of material.response and
the rigidity of the test machine, relative to the specimen, seemed to make
this degree of fidelity to [1] unnecéssary for the pilot test'series.v

The program involved twenty-three speciméns, thus allowing for
two reproducibility tests, and for the tesfing of both uni- and multi-
directional laminates hav%ng a range of starter crack 1éngths. The
'material used was'a NARMCO graphite-epoxy with Morganite II fibers.in
5206 resin.

Reproducibility was evaluated by testing two sets of five speci-
mens , each set of the same lay-up and geometry. The first set Was a
uni-directional laminate (a = 0°) and had an initial crack length of 0.4
in. The second set was mu]ti-directiona]i(a = (0°/i45?/90°)5) and had
the same starter crack:-length. Single tests were run for a = 0°, 45°, 90°;
(t45°)s; and (0°/t45°/90°)s. Starter crack 1engths were 0.2, 0.4, and 0.6
in, the shortest of which was less than the requirements in [1]. Such

specimens were included to permit evidence of material dominance to

i
I

develop.

36




- 2.2.3 Data ﬁeduction; Results

A typical load-cross-head displacement trace is reproduced. in
‘Figure 3. There is an initial region of increasing slope during which
slack in the load train is taken up, and bearing surfaces under the loading
rollers develop. This is followed by a linear région in Which the specimen
deforms elastically. A third region of decreasing slope then begins as a
result both of nonlinear load-displacement behavior and of damage initiation.\
Finally the load peaks and falls off as the test piece breaks in two.

In order to differentiate the nonlinear effects from those
ascribable to damage, the Tentative Method prescribes the following data
reduction scheme.! The slope M0 of the Tinear portion of the curve ié
identified, and a line of slope 5% less than Mo is drawn as shown in
Figure 3. This line intersects the curve ét a load termed PS' If Ps'is
the greatest load withstood by the specimen to that point in the test, PS
is set equal to PQ.' If any load maximum precedes PS’ then PQ is equated -
to that maximum value. In either case, the experience in metals testing
has shown PQ to correspond reasonably well to the point of failure initi-
ation. In the absence of a suitable data base for composites, this pro-

- cedure was used to find PQ; the data obtained.is thus surely consistent

and probably conservative. Together with specimen geometry, PQ is then

used to compute Kq, the critical stress intensity or candidate fracture

1It should be borne in mind that the present discussion is but an abstract

of a most explicitly defined procedure; the interested reader is urged
to consult [1] for complete details. ‘
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| toughness.2 See [2,3].

For each laminate, the KQ values were averaged to give Kb which,
in'turn, was used to find a critical strain energy release rate GQ — see
[3,4]. The results are shown in Table I. Also of interest are the
failure surfaces, depicted in Figures 4-8; a specimen that did hot part
fully is shown in Figure 9.

2.2.4 Discussion

At the outset, two questions were posed regarding the utility of
LEFM in characterizing fracture of composites. The first concerns paths
of crack‘pro]ongatfdn; the answer.may be inferred from inspection of the
failure surface. The second ihvolves use of LEFM as a data reductionA
scheme; the answer to this question ﬁomes from physical measurements.

The appearance of the failure surfaces suggests that, in the
main, the crack and ]Qading dominate fracture. In Figure 4 (specimens for
which a =-0°), the bath of crack growth is observed to be roughly coplanar
with the starter crack. Note that in the case of the longest crack
(a = 0.6.in), where a 1ongftudina1 secondary crack foﬁmed,'the path is
genera]]y:forward, Indeed, the crack seems to ‘have made a series of
sharp turns to fegain its coplanar path,

It s not_surprising, on the other hand, to see that, in the
o = 45° specimens, the .crack grew along alp]ane-containing no fibers.

This is clear in Figure 5 and, although fracture occurred as the result

ZIn.metals testing, certain additional steps are taken to establish the
validity of an individual test result. Since these steps necessitate

use of the yield stress, they cannot be foilowed in this work. Thus only
eandidate valiues of fracture toughness, or K., are reported. The data
cannot be presumed to give KI for these matgrials because compliance
with the strict requirements &f [1] are definitionally impossible.
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of crack propagation (in the matrix), the mode is a mixture of opening
and sliding [3]. More sophisticated instrumentation would have permitted
articulation of the relative presence of each mode, but such instrumenfa—
tion was not used in this program.

Forward crack growth is evident for the o = 90° speciméns as
depicted in Figure 6. Growth again was along a plane containing no fibers
which, in this case, is coplanar with the starter crack.

During testing the uni-directional specimens described above
emitted.popping noises prior to failure. Because the fracture process
also involved matrix breaking of one sort or another, the two phenomena
are believed to be related. Even in the o = 0° specimens, the crack ap- |
pears at the 6utset to have operated on virtually independent fiber bundles
as they pulled out from the matrix. The resulting failure surfaces are
Very rough for the early stages of growth but then become more nearly
uniform. The noise levels for the remaining specimens were much Tower,
and their failure surfaces are less suggestive of matrix cracking.

Figure 7 is instructive in that it shows for the a = (t45°)S
test pieces an increésing crack dominances as the starter crack is made
longer. For a = 0.2 in, the crack path almost immediately turns 45° frbm
its initial orientation, there being but a slight indication of fdrward
growth. A greater tendency toward coplanér growth fs apparent when a = 0.4
in, and crack dominance is manifest when a = 0.6 in. Crack growth is not
possible on a plane containing no fibers — there being none by virtue of
the lay-up — and some zig-zagging is apparent. This group of specimens

thus shows a transition from some material dominance where the starter
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crack is shorter than required by the Tentative Method to a fracture
pattern fully dominated by the starter crack, as the length of the starter
crack occurs.

Crack dominance is also clear in Figure 8, which shows failure
surfaces for a = (0°/i45?/90°)s. In these specimens, the crack moved in
its own plane but apparently grew further in the interior of the test
piece than on its surface. An indication of this behavior, not uncommon
in metals testing, is shown in Figure 9.

The use of KQ to characterize behavior of these specimeﬁé appears,
on the whole, to be warranted. The reproducibility tests on the a = 0°

specimens3

and the a = (0°/t45°/90°)S specimens were satisfactory. Load-
displacement traces are shown in Figures 10 and 11, and the average KQ

values found are

a=0° : Ky = 28.8 x 10° ]b/inZVﬁn_fg:gé'
o = (0°9/445°/90°) i Ky = 21.7 x 10° Wo/in’vin 37

The scatter fs not unlike that found in metals testing. For three
laminates, the data are fair]y‘cdnsistent with vélue;lobtained independ-
ently by Halpin [5] (25-28 x 103 lb/inz/in,' a = (0°/t45°/90°)s) and by
Weiss [6] (31 x 10 1b/in%/in, a = 0°; 19 x 10° 1b/in?/in, o = (£45°))
using other specimen geometries (shape and thickness) and load arrangements.
Inspectidn of ‘Table I will show further that the KQ'va]ues for
varioﬁs étarter crack sizes are within a reasonable r&nge of the average
Kb for each laminate. It should élso be noted that the majority of 1argest

deviations occur for subsize starter cracks, and none of these is serious.

3One exception occurred for the o = 0° specimen set; because it was the
first specimen of the entire series tested, it is presumably due to
lack of experience with the test procedure, rather than material variation.
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2.2.5 Conelusions

This pilot test series has been successful, .for it has answered::
the questions posed at the outset. The failure mechanfsm of the specimen
tested is crack dominated in mdst cases, and the procedures of LEFM can
be applied even where the overt failure mechanism is not 50~obvious1y
dominated by the starter crack. _ SR

| There remains, however, a variety of questions about>cracks in

an advanced fiber composite material. Some concern the effects of .speci-
men. geometry and load arrangemenf, and can be answered only by further
testing.. Such work is needed, first, to define and de]ineate more fully
the respective influence of cracks and material. Further, the entire
matter of fracture in composites needs for its reso1utfon an extensive
data base similar to that which has evolved for metals. The building of )
this kind of experience is important not only to determine what constitutes
meaningful laboratory work, but also to provide guidance in treating
sgrvice situations. Experimentally determined KQ valqes for‘given
laminates might also be related to the properties of individual laminae
within other laminates. Ultimately, the designer should be in a position
to use fracture toughness as he would other materia]vproperties.4

It would now appear that efforts to address these questioﬁs are
warranted, for the present test series indicétes that, when suitably
modified to account for anisotropy, linear elastic fracture mechanics may

usefully be applied to advanced fiber composite materials.
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Figure 1:

Three-point bend specimen geometry, with crack shape shown in
inserts, bbth schematic (1left) and actual (right). Fiber
direction giVen by «, crack length by a. Specimen thickness

0.5 in (nom); all dimensions given in inches.
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Figure 3: Typical tréce of load applied to SpeciMen vs. cross-head

displacement, showing method used to determine PS.
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Figure 8: Failure surfaces for a = (O°/i45°/90°)S specimens of two

starter crack lengths (a = 0.6, 0.4 in).

Figure 9: Failed but unbroken specimen (a = (0°/t45°/90°)s, a =0.2 1in).
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Figure 10: Traces of load vs. cross-head displacement for five specimens
used in reproducibility tests for a uni-directional laminate

(@ =0° a=0.41in):
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Figure 11: Traces of load vs. cross-head displacement for five specimens
used in reproducibility tests for a multi-directional |

laminate (o ='(0°/i45°/90°)s, a =0.41n).
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CHAPTER III
STRENGTH OF MECHANICALLY FASTENED JOINTS
3.1 AN INVESTIGATION OF STRESS CONCENTRATIONS INDUCED IN COMPOSITE
BOLT BEARING SPECIMENS
3.1.1 Introduction

This study is concerned with materials which consist of parallel,
high strength fibers supported in a relatively ductile matrix material.

The fibers act as load carriers while the matrix serves principally as a
load transfer medium. In particular, it is concerned with advanced fibers,
such as boron or graphite, in an epoxy matrix.

Because of their superior specific strength and specific stiff-
ness, advanced fiber composfte materials have a vast potential in the aero-
space industry. Lamina, which are single 1éyers of parallel fibers sur-.
roﬁnded by the matrix material, are stacked at various orientations relative
to one another to fofm a laminate. This procedure enables the designer to
achieve'desired'strength ahd_stiffness properties and to increase the
structural efficiency of a givén amount of material.

The §trength and stiffness properties, however, are highly
directional; panels fabricated out of layers of unidirectional composite
tape are anisotropic. The designer therefore has the difficulty of includ-
ing the effects of this anisotropy in his calculations. .

One particular problem area in a structure méde of composite
materials is the bolted joint. The bolted joint in a composite material
has a significantly 1ower‘efficiency than the same joiht in metals.
Furthermore, the composite Jjoint may fail in unique modes not found in

metal joints.
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This study, therefore, investigates the stress concentrations
induced in anisotropic plates loaded by means of a single fastener hole.
The study is an attempt to further understand the failure characteristics
of such bolted joints. The development of a prediction capability for
both the failure mode and ultimate load is the major goal of the early
part of this work. Such a capability would allow synthesis rather than
analysis to be uéed in the future design of fastener joints. An implied
~goal in this study is an evaluation of the three proposed anisotropic
failure criterion; maximum stress, maximum strain, and distortional
energy.

3.1.2 Analystis Method

A constant strain, finite element computer program using tri-
angular elements was modified to handle anisotropic composite materials
uging lamination theory as presented in [1]. The experimental work done
on bolt bearing spécimens, from which this study draws heavily, only con-
sidered cross-plied laminates which were mid-plane symmetric; As a reéu]t;
this numerical study is also limited to this class of laminates. It is
impo;tant to’remember that the use of lamination theory ignores inter-
laminar shear; consequently, it is expected that the degree of error in
the results will vary with specimen anisotropy.

The design of.a finite g]ement grid representation to simulate
the bolt bearing test specimen was subject to two major considerations.
First, the grid had to be sufficiently detai]ed around the bolt hole to
pick up the large stress gradients which are induced in this area.

Secondly, the number of elements and nodes was restricted by the storage
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capacity of the computer. Taking advantage of the two lines of specimen

symmetry shown in Figure 1 only one-fourth of the specimen was included
in the finite element simulation. Figure 2 shows a combuter plot of the
specimen section for e/d = 5.0, s/d = 10.0, and £/d = 20.0. The grid
representation used contains 480 elements and 279 nodes. The conditions
‘of specimen symmetry are met by forcing the x-displacement of the vertical
line of symmetry and the y-displacement of the horizontal line of sym-
metry to be zero in each computer run. A computer subroutine was also
developed which transfokms‘the co-ordinates of the grid shown in Figure 2
to any desired specimeh.geometry,_ife., e/d, s/d, K/d.

To checkiwhethgr or not the_grid was sufficiently detailed around
the hole an isotropic test case and several anisotropic,pest casés were
run. A uniform tension stress was app]ied to the ends of each specimen.
Comparison with the isotropic results presented in [2] (Seé Figures 3a and
3b) and the anisotfopic results of [3] indicated that further refinement
of the finite element mesh around ihe hole was not necéssary; The observa-
tion that the computed finite element values of stress'arg ﬁigher than the
exact values agrees well withlthe results illustrated in [4].

A cosine distributioh of norma1 stress acting over the upper hé]f
of the ho]é surface was uséﬁ to simulate fhe resulting stress distribution
caused by the bolt. The interaction was, thererre; assumed to be fric-
fion1ess._ chk]ey [5] shows this to be an excé11anf approximation for
isotropic bolt bearing specimensQl A finite element analysis of the bolt-
specimen interaction in.certain composite laminates. was performed at
General Dynamics [6]. The cosine distribution of nqrmal stress was again

shown to be a realistic approximation of the interaction stresses.
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Further confidgnce was gained in both the cosing distribution éhd
the grid mesh by running an isotropic bolt bearing test problem and ob-’
serving the qua]itativevagreement of the computed stress field around the
hole surface (See Figure 4) with work by Coker and Filon [7]. The speci-
men used in their study had significantly larger values of é/d and s/d
an¢ thus a quantitative comparison was not possible.

Fina]]y,‘two other normal distributions of stress, which were
significantly different from the cosine distribution (See Figure 5), were
used as the bolt-specimen interface stress boundary condition for one of
the composite material specimen runs.

The net force in the load direction in each case was equivalent.
It was observed that significant variance about the cosine distribution
resulted in insignificant alterations df the calculated stress fie]ds for
the specimeh considered.

3.1.3 Strength arl.d‘ Failure Mode Predictions

The selection of specimen geometries for this investigation was
made from data which has been published by General Dynamics [8,9] and
Grumman Aerospace [10]. Included were two net-tension failure specimens,
two shear-out failure specimens, one bearing failure specimen and one
specimen which exhibited failures in a transition region between a net
tension and combination failure mode. See Figure 6 for illustrations of
these various failure modes.

Performing a strength analysis on a laminated composite material
may be based on the strengths of its individual lamina. The strength of
a single orthotropic lamina can, in theory; first be determined experiment-

ally, producing an ultimate strength envelope for that material. This:
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three dimensional surface (in terms of principal ]amina;stresses) could
then be used to ana]ytica]]y‘predict the ultimate streﬁgth of the total
laminate. The state-of-the-art has yet to reach this level of sophisti-
cation. The present three dimensional ultimate strength envelope is con-
structed using only five points on the stress axes due to the, as yet,
unsolved problems encountered in off-axis testing.

The Hi1l failure criterion is a widely accepted representation of
this three dimensional envelope; it has been found in this study to be
the only reliable means of bredicting bolt bearing specimen failure modes.
As shown in [11] Tamina failure fs predicted to occur when the following
set of principal stress ratios (normalized on their respective ultimate

stresses) add to a number, DIST, greater than or equal to one.

: 2 - 2 2 .

o1 o2 T12 o2y o1 02 (1)

DIST = { = + e + — : _
; (°10> (qu) (,leu) ("lu) (°‘1U) ("ZU)

Figures 7 through'lo are plots of DIST for typical net tension, shear-out,

bearing, and combination failure modes~respective1y.] An initial applica-
tion of the experimental failure load was used as the applied load for

each computer run. The resulting contour plots were sufficient to predict
the failure modes in all but the shear-out cases. For these specimens it

was sometimes necessary to consider the ratios of lamina principal stresses

to their respective ultimate stresses to differentiate between a plug type

shear-out mode and a bending, tear-out mode.

]Figures'7a through 7d represent DIST contour plots of four laminae which
compose a net tension failure specimen. A single plot of the major load
carrying lamina for each of the other three failure modes is included to
illustrate the contour patterns for these various modes.




Prediction of failure load was also madg on the basis of the
"Hi11 criterion. The values of DIST in the first row of circumferential
elements around the hole were considered for each lamina. A successive
failure analysis similar to thét discussed in [12] was used to predict
ultimate load. As soon as an element in any given lamina achieved a value
of DIST equal to 1.0 that Tamina was assumed to have failed and was locally
removed from the laminate. The load was then redistributed among the re-
maining laminae and all values of DIST were recalculated. If all recalcu-
lated values of DIST were less than 1.0 moré load was applied until another
lamina reached failure. This process was repeated until total Taminate
failure occurred.

The predictions of failure load based on equation (1) were always
conservative. The degree of conservatism varied with failure mode, but
more importantly it appeared to be a function of specimen anisotropy. To
date only 0°/90°/i456 specimens have been considered. The predicted
failure loads for the net tension specimens improve greatly as the percen-
tége of +45° lamina decreases (See Table 1). For example, for a 100% |
(£45°) laminate the predicted failure load is about one-half the experimen-
~ tal failure load. For a (+45°/90°) laminate which contains 62.5% (i45°)
lamina the predicted failure load is about nine-tenths the experimental
failure Toad. This same type of behavior was reported by Grumman Aerospace‘
[13] in a'study they performed on laminate tension data.

The Hill criterion was the only criterion of the three which was
conservative in predicting failure load for each specimen investigated.

Both the maximum strain failure criterion and the maximum stress failure
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criterion overpredicted at 1¢ast one specimenvu]timate load. That is,
even when the experimentally determined failure Toad was applied the ratio
of principal strains (or stresses) to their respective ultimate strains
(or stresses) did not exceed 1.0 as is required by these two criterion
respectively. |

Investigation of experimentally failed specimens exhibit excellant
agreement with predicted failure behavior. For example, specimens which
failed according to a slug type shear-out mode exhibited relatively smooth,
clean fracture surfaces. Theihigh values of DIST for the shear-out
failure mode picturéd in Figufe 8 are a result of very high principa]
shear stress ratios in these regions, which would lend to. rather smooth
shear fracture surfaces. On the other hand, specimens which failed by a
bending, tear-out failure mode (which is also considered a shear-out
failure mode by some investigators) exhibited a very coarse, jagged frac-
ture surface. This behavior is again expected from the computed stress
ratios. LA]ong:1ines at +45° fn a (0°/90°/£45°) specimen, whére thé
values of DIST are high, the largest stress ratios act in the first
principal direction. These are the stresses which are trying to break
fibers in tension. As a result, as the triangular sectfon is being torn
away from the specimen, fibers along these fajlure Tines at +45° are be-
ing broken in tension;. resulting in a very coarse, jagged fracture surface.

Another interesting feature of the experimentally failed speci-
mens was the presence of a highly localized-region 6f laminate destruction
at the bolt-specimen interface. It was observed that a bearing failure of

variable magnitude had occurred in conjunction with almost every other
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type of experimental failure mode. This behavior was again predictable
as is shown in Figures 7c, 7d, 8, 9 and 10..
3.1.4 Future Work
Three important areas fn this analysis wheré simplifications haVe
been made will be invéstigated in the future.
1) The effects of interlaminar shear on the stress field
near the hole.
2) The significant variation in material properties énd_
ultimate allowables reported in the literature.
.3) The non-linear stress-strain response of the compositg
materials. |
The need for reliable off-axis failure data is also critical to the com-
plete understanding of the failure of a composite structure under compli-
cated loading. It is felt that continued investigation of the simple
bolt bearing problem will yield further clues as to the mechanisms ‘of
failure due to stress concentrations.
It was also felt at the completion of this project that a similar
fai]ureyana]ysis could be performed on more complex mechanically fastened
joints made of composite materials. Such an investigation has been

performed by this investigator and is reported in the next section.
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3.2 TOWARD A DESIGN PROCEDURE FOR MECHANICALLY FASTENED JOINTS
MADE OF COMPOSITE MATERTALS

3.2.1 Introduction .

Currently much emphasis is being directed toward replacing
metal components in weight sensitive structures, such as aircraft,
with composite materia]s, due to their superior specific strength
and specific stiffness properties. The potential weight savings which
could result from such practices, however, have not, as yet, been
realized.

Significant Weight savings can be achieved throughout
the bulk of a replacement component by tailoring the composite
material to efficiently carry the 1oqu which are known to occur in
the existing metal component. The weight savings.WhicH'result,
however, are usually e1imina£ed due to thetinefficient joint2 designs
which afe proposed by the designer to fasten the replacement component'
to the remainder of the exisiing stfucture. The measure of efficiency
used here is simply load carried per pound of material. Thus, if a
given load is to be carried by a structural member, the load carrying
efficiency of that member increases as its weight is decreased.

In the design of ﬁéta] joints only three faiTure modes
need be considered; net tens{on, shear-out, énd bearfng: For a given
metal the values of FTU’ FSU; and FBRU can be experimen%é]]y determingd
and used to specify the joint parameters S, E, and t rgﬁpective]y,
given thé bolt diameter. 'Thds, the desfgn of metal joiﬁts is based

on a very limited amohnt of experimental data.

2The.term Joint will imply a mechanically fastened joint throughout
the report. ‘
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Consider the complications which would arise if a similar
empirical desjgn procedure.were used for joints made of composite
materials. First of all, several additional failure modes are ex-
hibited by composite joints which do not occur in metal joints,.due
to the anisotropy of composite materials. Thus, for a given laminate
.the amount of data required for design purposes would be about
doubled. The major problem, however, is that the feasibility of
bbtaining effective stréss allowables which can.be related to geometric
parametérs for splitting, shear-out, or behdfng teér-out failure modés
in cohposite materials has yet to be defermined. '

Secqnd]y, consider the problems associated with the
selection of joint lamination. The designer is using a material-
thch may be tailored to satisfy certainxdesign constraints which
are application dependent. The number of possible lay up_patterns
which could be considered during a single design are innumerab]e.
Thus, the amount of data acquiéition which would be ﬁecéssary to
support an empirical.design protedure in composite joinfs is prohibi-
tive.

As a result, the designer is pfesently forced to select
a 1aminate.for‘which some data does exist. Since laminate effective
stresses for the various failure modes are unknown, an overly con-
éervafive design must be proposed by thé designer based on his
interpretation of the available data. An overly cbnSérvative design,

unfortunately, implies that additional material has been used wherever
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necessary to compensate for a Tack of confidence in predicting various
failure modes. Such practices, of course, lead to inefficient designs.
There is one other important difference between metal joints
and composite joints which should be mentioned. It can be deduced,
using the resu]ts‘from [1], that the stress concentration factor
which results in an anisotropic joint is greater tham that which
occurs in a-geome$ricaiﬂy'sdmilar isotropic joint. This jis, of course,
a disadvantage associated with using composite materials in joints.
It is, howéver, more than compensated for by the materials specific
strength and specific stiffness properties.
To recover the potential weight Savings of designing with

composite materials -new design procedukes must be proposed which
will result in optimum joint designs with‘respect to tota] joint
weight. It is the purpose of the meported study to 1nyé§tigate
such improved design procedures. .

" A first attempt 5t such design procedures ié'pkoposed and
is discussed in detail in Section 3.2.6. The procedure§~are sufficiently
general that they may be ugéd in conjunction with mos t available
optimizatioh routines. The-?esd]ts are being programmea‘by this
investigator uﬁing an in-house pattern search optimizatjon routine.
Given valid input data, the_pfogram is designed to outpdt that joint
design in design space which has the minimum total joint weight
while satisfying all the imposed design constraints. The results will,

of course, only be as accurate as the assumptions on which the analysis
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is based. As a result, further investigations regarding the accuracy
of.these assumptions is-warranted and wiil be performed by this investi-
gator. |
~ As mentioned above, ‘three failure modes have been observed

in meta1.joihts:"net'tensioh; shear-out, and bearing."EaEh of these
modes exhibits ductile fracture behavior. In composfté Joints not
only are there additiona} modes of failure to consider but fracture
behavior ranges from ductile to brittie, depénding on the failure mode
being considered.

Finite element stress analyses of bearing and shear-out
failures in composite materials [2] have shown that large regions
of laminate destruction, on the order of a hole diameter in size,
occur prior to actual laminate failure. It was also found'tﬁat
| highly localized regions of laminate failure, about two orders of
magnitude smaller than those required for bearing and shearfbut
failures, were present when net tension failures occurréd; It is
apparent, therefore, that these various failure mechanisﬁs must
be understood before a truly optimum joint design can be achieved,
since a single failure criterion is not app]icéb]e to all the possible
modes of failure in composite materials.

A recent‘study [3] has postulated the existence of a small
but finite region of intense energy which supposedly governs failure
in composite tension coupons. If stress concentrations induce such’

regions of intense energy in composite tension coupons a similar
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phenomenon should occur in composite bolt bearing specimens. The
results reported in [2], therefore, tend to support such a theory.
To further understand the phenomenon, a ffnite element
study was performed for several compdsite tension coupons and is
reported in Section 3.2.2. Again, very small, highly localized regions
of laminate destruction were observed prior to actual failure. As
a logical extension to the tension coupon experimental study [3]
four geometrically similar bd]t bearing specimens were designed,
Section 3.2.2, to fail in net tension usiné a quasi-isotropic boron-
epoxy material. These specimens are presently being fabricated and
will be tested at General Dynamics., Fort Worth. If a characteristic
crack length hypothesis is indeed valid, significant differences in
applied failure stresses for these specimens should be’obServed.
These differences should be}predictable from the theory presented
in [3]. |
~ The design procedures outlined and discussed in Section
3.2.6 are only intended to represent an initial attempt at moving
toward the desired design procedures for joints made from composite
materials. In Section 3.2.7 those areas which require further investi-
gation are indicated.
| 3.2.2 Investigatién_ of the éharactéristic Crack Le_ngth.f{ypothesis
Past experience with predicting net tension failure in

anisotropic bolt bearing specimens using'the distortional energy
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failure criterion3 [2] has shown that a small but finite region of
material at the hole surface is always "past the point of failure"

before laminate failure occurs. These regions were originally considered
to result from an inherent conservatism of the finite element solution
technique. A recent sutdy performed at General Dynamics [3] has‘postulated
the existence of a region of intense energy in composite tension coupons
which seems to govern failure. The finite element results [2] in
retrospect appear to suppért such a-theory.

In the study performed at GD a series of graphite/epoxy tension
coupons were designed and tested to failure. The specimens were identical
in overall size and lamination but the sizes of the'ciréular cutouts
varied. If a similar series of metal specimens were tested it would
be possible to predict the failure loads of all the specimens from the
experimental failure load of a single specimen, using scaling factors
which are only geometry dependent. In the case of the'gfaphite/epoxy
coupons a simple scaling of failure loads was not poésib]éf It W&S
found, however, that the observed failure behavior could be explained
via fracture méchanics if the existence of a region of intense energy
or a characteristic crack length was hypothesized. For a given laminate

the size of the region was assumed constant.

31t is well known that the Hill failure criterion is not a distortional
stress energy. However, because of the close similarity with the iso-
tropic failure criterion of distortional energy, the phrase "distortional
energy failure criterion” will denote the Hill failure criterion as used
in Section 3.1. -
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As previously mentioned highly localized regions of predicted
laminate failure have been observed via finite elements in composite
bolt bearing specimens. An investigation to determine whether or
not similar regions could be observed via finite elements in cqmposite
tension coupons has since been completed. Two specimens were selected
from [3] for analysis. The failure loads predicted by the theory [3]
for these two specimens were used as applied loads for the computer
runs. Using the most recent graphite/epoxy material constants and
ultimate allowables it was found that for a tension coupon containing
a 1.0 inch diameter hole the region of localized failure measured
50 mils. Likewise, for a specimen containing a 0.2 inch diameter
hole the region measured 31 mils. The characteristic crack length
proposed for the laminate used in the actual specimens was approxi-
mately 40 mils and agrees quite well with the finite element results.
Distortional energy contour plots for the various laminae in the 1.0
inch diaméter specimen- are shown in Figure 1. Loca]ized‘Tamina
failure is predictéd to occur when the value of the normalized
distortional energy exceeds 1.0 [2]. |

There are several reasons to suspect that the values of
the distortional energies near the hole are not entirely accurate.
Finite element sizé differences in the two specimens at the hole
surface, the effects of interlaminar shear at the circular boundaries,

and uncertainties regarding the cross term in the distortional. energy
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fa11ure cr1ter1on probab]y account for a Tlarge percentage of any
poss1b]e error. The fact that a small region of material appears to
be "past the point of failure" in both specimens‘before 1aminate
failure occurs, however, is the significant result rather than the
actual s1zes of these regions.

If a reg1on of 1ntense energy actua]]y governs fa1lure in
compos1te tens1on coupons it should a]so govern fa11ure in bo]t bear1ng
specimens made of the same mater1a1 Thus, four geometr1ca11y s1m11arl
bolt bear1ng spec1mens were sized using a quasi- 1sotrop1c graph1te/
epoxy laminate to see if differences in experimental fa11ure loads
could he obserred and exp1ained using the characteristic crack 1ength |
hypothesds The equat1ons presented in [4] were used to s1ze the 1n1; .
tial des1gn, Tab1e 1. The u1t1mate Toad pred1cted by the equat1ons
.for a net tens1on failure was slightly less than that necessary for
a bear1ng fa1]ure and on]y about two thirds that necessary for a
shear-out fa11ure: A computer analysis of the_proposed spec1men L
configuration indicated that a net tension failure would occur at
‘precisely the load predicted by the equations. The resulting dts-
tortional energy p]ots for-the'initia1 designvare shown tn Figure 2a.

Note, however, that the results reported in [2] 1nd1cate
that before a bear1ng failure ‘may occur 1n a bolt bear1ng spec1men
a 1arge reg1on of mater1a1 d1rect1y ahead of the bolt must exh1b1t

norma11zed d1stort1ona1 energies greater than 1.0. Thus, the computer
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~analysis predicts a net tension failure to occur well ahead of any
possible bearing failures, Figure 2a. This, however, disagrees with
the behavior predicted by the equations.

At the request of Mr. J. R. Eisenmann the specimen was
resized to eliminate even the remotest possibility of premature
bearing failures since such failures would give no information re-
garding the possible presence of a characteristic crack length. In
the revised design (Table 2) the specimen width has been decreased
and the edge distance 1ncre§§ed. The equations now predict a net
tension failure to occur well ahead of both bearing and-éhear—out
failures. A computer analysis of the revised design again indicated
that a net tension failure would occur (See Figure 2b). The failure
Toad predicted by the computer analysis, however, was 58% greater
than the failure load predicted by the equations. Both the equations
and the finite element ana]xéis agree that a net tension fai]ure
will occur well ahead of both bearing and shear-out fai]ufes. The
two methods disagree signifiéant]y, however, on the predicted
failure loads.

" These differences in predicted failure loads indicate
clearly that basing bolt bearing specimen failure predictions on
the equations presénted in [dj is Very dangerous. The eﬁuations are
empirical in origin and only apply to a']imifed range of ‘specimen
geometries. The revised deéign is obviously outside the region

of applicability.
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3.2.3 Review of Past Design Programs fnvolving Composite Joints

- Two programs involving the design and testing of joints
madg of composite materials were recently completed at General’
Dynamics, Fort WOrth; In the original program [5] specimens were
sized to fail in net tension at the innermost row of bo]tg. The
maximum load to be carried by a joint was first specifiéd. An '
estimate as to bolt load partitioning was next made based on the
designers understanding of load distributions in isotropic jofnté;
The laminate to be used was selected and tHe joint dimensions were
then scaled from existing single- and double-fastener coupon data.

During testing, eight of the nine specimen designs
failed in a splitting mode.rather than the desired net tension mode.
Thus the techniques used in sizing these joints proved to be un-
satisfactory.

In the second joints program [6] only one jéint was designed
and tested. The maximum load to be carried by the joint_Was again
specified. The designer assumed that each bolt in the joint would
carry an equal percentage of the total joint load at fai]ure. The_
1ongitudina] strains in fhe splice plate and main plate were set
equal at two locations in thg joint; midway between the first two
rows and last two fows of bolts. The specimen was sized at these two
locations to fail in net tension at the innermost row of bolts. A
linear taper in both geometfy and lamina thicknesses was then. em-
ployed. The fesu]ting joint design was built and tested. It féi]ed

in net tension at the innermost row of bolts as desired.
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The major criticism of the latter design procedure is
that it ignores the intera;tion between bolt load partitioning and
joint geometry. The desigﬁ procedures proposed by thié_inVestigator
include such interaction relationships. The following section,
Section 3.2.4 describes the proposed load partitioning analysis in
detail. In Section 3.2.5 the analysis technique is used to predict
 bolt 1oad distributions for six specimens selected from [5] and [6].
The results are used as input data for finite element analyses of
the various specimens. A joint failure criterion is then‘prdbosed
which,,WHen applied to the finite element results, successfu]iy
predicts:fai]ure modes and conservatively predicts failure loads

for each of the specimens.
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3.2.4 Evaluation of Load Partitioning in Joints

To design a joint one muét first understand the way in
which changes-in joint geometry affect bolt load partitiohing;
Two methods for predicting bolt load distributions in a given joint
are proposed here. The first will be referred to as the point sfrafn
matching technique, and the second, as the disp]acemeﬁt matching |
technique. |

In both techniques only a single co]umh of bolts will be
considered. Largér joints may be construcﬁed from identical columns
of bolts connectéd to one another along their common sides. When
stress analyses are performed for such joints curves presented in
[7] will be used to correct for the effects induced by the adjacent
columns. Both techniques assume that all bolts act as rigid pins

and that the effects of plate bending are negligible.

3.2.4.1 Point Strain Matching Technique

| In the,poiht strain matching technique the averdge longi-
tudinal strain in the main plate, €’ is equated to the average
longitudinal strain in the splice p]ates,;es, midway between each

set of adjacent bolts in a given column. Referring to Figure 3 we

may write _

e, (151 +:1) = (F -kéﬁk) / (EgnPn) | (M
and

es (i i+ 1) =3 k%ﬁk / (Exghg) S €)
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+: The notation (i, i + 1) implies evaluation at the midpoint between

s

. the bolts labeled i and (i + 1). Note thét equations (1) and (2)
.are written for joints loaded in double shear. The equaﬁions may
{ be used, however, for joints which are loaded in single shear if one
é% half the total cross sectional area of the single shear splice plate
at the various midpoints is substituted for AS.
The assumption‘is now made that
em(i, i+1) = es(i, i+ 1) (3)
Substituting equations (1) and (2) into (3) and rearranging we have:
i F ' :
oy () )
: s i, i+ 1

)

Equation (4) may be eva]uated.for i=1,N-1, where N
is the total number of bolts ber column. Thus, equation (4) represents
| a total of (N - 1) equations in N unknowns, namejy Py thru'PN. ~Oﬁe'
other equation can be written which relates the individual bolt

loads. It is, of course, the overall joint equilibrium equation.

For a given specimen the modulus and cross sectional area of both
the main plate and splice plates are known at every point along the
specimen. Therefore, equations (4) and (5) can be used to solve

directly for P] thru PN.
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3.2.4.2 Displacement Matching Technique

In the displacement matching technique the change in length
of a section of main plate between two adjacent bolts is equated to
the change in length of the section of sp]ice plates bétween the
same two bolts. That is

b (1> i+1) = e (ix1+1) | | (6)
Equations (1) and (2) may be rewritten as follows:

i

e = Fridy P o (7)
m E.(x) A (x)
(l- i P) dx ' ‘ .
@ - 2k Tk | (8)
S E (x) A (x) ‘ :

These equations require that the modulus and cross sectional area
of both the main plate and splice plates be expressed as functions -

of x. Integrating (7) and (8) with respect to x from xi'to_xi'

+ 1]
and substituting into (6) it follows that
: ! | (9)
r P, = . x F. , 9
v K M+ 572 |
where
i+ A1t
dx (10)
_ dx and S = f
M= f W) ESZXMSZXS
X X. '
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As before from equilibrium we have
N
F= 1 P (11)
k=1
Equations (9) and (11) represent N equations in N unknowns which may
’be solved directly for P] thru PN.
The point strain matching technique is used in Section 3.2.5
to calculate load dfstributions for the specimens analyzed. The
lToad distribution for one of the specimens was calculated a second
time usihg the displacement matching technique. A comparison of the
resu]ts‘is'shownbin Section 3.2.5. The differences in load distribu-
tions are seen to be negligible. 4
The displacement match{ng technique is baﬁed on a more
realistic assumption regarding physical jofht behavior than is
the point strain matching technique. Thus the reader’may prefer_to
use the displacement matching equations in the proposed'joiht syhthesis
proceduré discussed in Section 3.2.6. Further investigation
regarding possible differences in the predicted behavior of the two

techniques is warranted.
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3.2.5 Computer Analysis of ExperirhentaZZy Failed Composite Joints
The purpose of the ané]ysis phase was to establish a pro-

posed joint fai]dre criterion which could be automated and included

in the'fina1 optimization program. The proposed criterion should

be able to predict both'joint failure location and failure mode; It

should also be conservative in predicting failure Ioads and as simple

operationally as possible.

Six joints designed and fested at General Dynamics were
selected from [5j and [6] and were analyzed via finite elements.
Tabie 3ldescribés these various joints in detail.

Analyzing a complete joint in a single finite element run
with any degree of accuracy was impossible due td.computer storage
1imitatf0hs. It was, in fact, only possible to aha]yze one hole
at a time to achieve suitable accuracy.

Thus, the following analysis procedure was used. ‘Eéch'bf -
the joinfé analyzed consisted of a number of identical cofumns of
bolts as illustrated in Figure da. It was assumed thatleach column
could be analyzed separately and that each carried an equé] share |
of the'total jdint load which was present at failure. The joint‘
geometries of six specimens selected for investigation were §uch
that~ff the joints were made of an isotropic material the effects
of adjacent columns of bolts would be negligible [7j. The eqdations

from [1] indicate that the stress concentration factors which result
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in anisotropic tension coupons are always greater than the stress con-
centration factors which result in geometrically similar isotropic
tension coupons. It is reasonable toAassume that the same holds
true for bolt bearing specimens. Thus the assumption was made that
the effects of adjacent columns of bolts were negligible in the
actual composite joints since for the same applied loads a greater
stress concentration factor implies a more rapid stress field decay.
To determine the effects‘of'adjacént columns of bolts
on the column of interest in the synthesis.routine the graphical
results from t7] will be used due to a lack of sihi]ar information
for composite matéria]s. Thus, conservative designs with respect to
specimen width will result. Excessive conservatism implies a wasting

of material and unwanted weight. Thus the degree of conservatism

‘which results from using the correction factors from_[7] will be

investigated in the future.

" The point strain matching technique was used to determine
the bolt load distribution for egch of the sfx joints.A'The resulting
distributions are shown in Figure 5. The disp]acement matching
technique was Qn]y applied to one specimen, specimen 6, for reasons
of compafison with the point.strain matching technique. The displace-
ment matching resuits'are included in Figure 5 and are denoted by the

dashed lines. The differences between the two sets of results are

- seen to be negligible.
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As mentioned above it was necessary to isolate single bolt
holes for analysis to achieve suitable finite element éccuracy. The
holes which were selected for analysis were modeled as single
fastener coupons as shown in‘Figure 4b. Each hole in specimen 6
was analyzed while only the first and last holes were ana]yzed'for
specimens 1 thru 5.

The streSS'boundaky'conditions for the resulting single
fastener coupons were determined from the bolt load distribution

th

results in the following manner. Consider the 1 hole in the

column of bolts illustrated in Figure 4c. The load carried by the
ith bolt is PBi' From equi]ibrium considerations we require that

a skin load, Ps" of magnitude

i

N _ _

i T E e - 02
be carried by the leading edge of the it coupon. The skin']oad was
applied to the leading edge of the coupon as a uniform stress in the
computer analyses. In the actual specimens, however, -the material
surrounding a given bolt hole does not see a uniform ;kin stress
in the vicinity of the preceding loaded ho]e‘un]ess the holes are
separated by a sufficjent amount of material. Compare the actual

stress distribution at the leading edge of theAimaginary coupon,

Figure 6a, with the uniform stress distribution imposed at that
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boundary in the finite element analysis, Figure 6b. The amount of ‘
load which must flow around the bolt hole in Figure 6b is significantly
greater than that in Figure 6a. Thus the resulting stress concentra-
tion factor in the computer analysis will be greater than that which
occurs in the actual specimen.

Corrections were made to the computed stress concentrations
~using [8] in an attempt to account for the error induced through the
use of the uniform skin stress boundary condition. Distortional
energy contour plots for the six specimens'analyzed are shown in
Figures 7 thru 12. It_Has been found by this investigator [2]
that such plots are extremely convenient for data presentation.
In regions of high distortiona] energies the principal stress ratios
which are dominant have been indicated. Table 4 summarizes the
important infqrmation contained in these figures.

Figures 7 thru 11 are for the five specimené selected
from the original testing program at General Dynamics [5]; The
first four specimens failed experimentally in splitting hodes which
| appear to originate, upon examination of the specimenﬁ, at the last
row of bolts. The fifth specimen, Figure 11, failed experimentally
in net tension at the first row of bolts. Figure 12 represents
the single specimeﬁ tested in the second General Dynamics program [6].
It also failed in net tension at the first row of bolts. The
experimental failure behavior of these specimens, in conjunction
with the stress analysis results illustrated in the figures, was

used in the development of the proposed joint failure
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criterion. - A description of how the criterion evolved is presented
below. |

' | ~Consider for the moment Figures 7 thru iO. The stress
patterns are identica];»the values only differ slightly. The dis-
cussion which follows for Figure 7 is a]sd valid for Figures 8 thruvTO.
A region of very high distortional energies occurs in the 0° Taminae |
directly ahead of the last row of bolts in the specimen. The cz/czut
stress ratios ahe_dominaht in the region, which implies local matrix
failure (splitting). The maximum value of cl/oluc in the regfon is
0.49. Results from [2] indicate that once the O°'1am1nae_sp]it
%(j'e")oz/czut > 1.0) a value of °1/°1uc z 0.65 is necessary to cause
a bearing failure to occur. Thus, even though the 0° laminae have
sb]it; Figure 7, the values of °1/Cluc are not large enough to cause
a bearing failure to occur. '

It has been assumed here that matrix failure does. not
significantly degrade the Taminate since the percentage pfAhbop ]6ad
carried by the 0° laminae directly ahead of the bolt was small. How-
ever, in specimens where a large percentage of the hoop load is carried
by the matrix prfor to failure a similar assumption is not possible.
Consider a specimen consisting of almost all 0° laminae and only a
few x45° laminae. Matrix failures in the 0° laminae would result in
significant load transfer from the 0° laminae to the *45° laminae.

Even if laminate failure did not occur as a result of the load transfer

the laminate would be significantly damaged. It is apparent, therefore,
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that a successive failure analysis must be included in the final design

procedure to account for such load redistribution.

High distortional energies also result in the 0° laminae
at © = 90°, Figure 7, at both the first and last row of bolts due to
large values of °1/°1ut in these regions. The maximum distortional
energy value at the last row of bolts, 2.0, is greater than the maximum
value at the first row, 1.5. The same is true of the maximum values
of °1/°1ut in these two regions. If the 0° laminae were to fail, the
+45° laminae would not be able to carry thé additfonal load transferred
to them from the 0° laminae; as a result, 1aminaté failure wou]dvoccur.
Thus a net tension fai]ure'at fhé last row of bolts is the most probable
‘failure mode indicated from the results so far.

The assumption that matrix fai]dre does not signifiéaht]y
degrade the laminate is vajid throughout specimen 1. The.regions Qf.
high distortional energies which result from 1argé oz/dzut ratfosjare
therefore eliminated from consideration. The only remaihing region
of interest isvthe one in the +45° laminae which occurs at the last
row of bolts where the fibérs are tangent to the hole. Both the
maximum distortional energy value and maximum °1/°1ut value in this
region are greater than the corresponding values which indicated a
net tension failure at the same hole. Once the +45° fibers break
in tension the remainder of the laminate cannot carry the existing
load and laminate of failure also occurs. Thus a splitting mode

is favored over the net tension mode previously indicated for
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specimen 1. Since all the possible regions of failure initiafion have
been examined a splitting mode is predicted by the analysis. The
actual specimen did indeed fail in a splitting mode. The predicted-
failure load is conservative. If P is the actual experimental
failure load for sﬁecimen 1 the distortional energy failure criterion
predicts failure to occur at PF//ETE or 0.64 PF. The maximum stress
failure criterion predicts failure to occur at.P./1.5 or 0.67 Pr.
Analyses of specimens 2 thru 4 yield very similar results. |

Following the same procedure it cén be deduced that a
beéring'fai]ure does not occur in specimen 5, Figdre 11. Both the
distortional energy and maximum stress fa11ure criteria conservat1ve1y
predict a net tens1on failure to occur at the first row of‘bo]ts,
which again agrees with the experimental fa11ure mode.

Predicting failure for specimen 6 is s]ight1y mOre'complif
cated. The finite element results, Figure 12, indicaté that.oi/ciuc
reaches 0.65 at the last row of bolts in the 0° laminae prior to
matrix failure, °2/°2ut = 1.0. A bearing failure is predicted to
occur in such a case at that load where either oz[ozut'reéches‘i.o
or cl/oluc reaches 1.0, whichever occurs first. The assumption
is made at bearing failure initiation that the bolt causing the
bearing failure to occur is unable to carry any additional-load during
subsequent specimen loading. The additional app]ied load is dis- }

tributed among the_remaining‘bolts in the column in proportion to
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the loads which they carried at bearing failure initiation. Figure
12 is the finite element representation of the state of stress
present in specimen 6 when the experimental failure load was applied.
Notice that qz/ozut = 1.0 and °1/°1uc = 0.80 in the 0° laminae
directly ahead of the last row of bolts. The material ahead of
the Tast row of bolts has failed in bearing and load redistribution,
as described above, has taken place. A -load distribution plot for
specimen 6 is illustrated in Figurée 12. Note that the revised load
distrfbution~p1ot is much more uniform than that of Figure 5(f).
Observe that regions of high distortioné] energies do not
occur in the vicinity o = +45° at any of the bolt holes except ét
the last rdw of bo]fs in the -45° laminae. Matrix failure is on
the verge of occurring here. Net tension»fai]ures, however, are
indicated at various locations along the specimen which would occur
prior to matrix failure in>the.?45° laminae. A sp]itting modeAis;
therefore, definitely notiindicated by the distortional enérgy plots.
Regions of highfdistortiona]~energies in the 0° laminae
at © = 90° are present at the first and third-throughlgixih rows
of bolts. The maximum distortional energy value, 1.2, occurs at
the fifth row. The largest value of oi/cl-utin these four regions
of interest is 1.03, which also occurs ét the fifth row. Thus,
both the distortional energy and maximum stress failure criteria

predict a net tension fai]uré to occur in'spécimen 6 at the fifth
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row of boité at 0.97 Pes where Pp is the actual experimental failure
load for the specimen The predicted failure load is again conserva-
tive but on]y by about 3% as opposed to about 35% for spec1mens 1
thru 5. The pred1cted fa11ure mode was again correct but the 1ocat1on
was not. ) |
“The analysis of'specimen 6 shows that the design was a
good one, in.that each hole was close to failure when the joint
failed experimentally. Not1ce also that the various bolts were
fairly equa]]y loaded when joint fa11ure occurred Some des1gners
feel that such a bolt load distribution is necessaryiif a joiht "
is to carry load efficiently. The validity of such a statement cah” B
oo]y bebdetermined by further analytical and experimental'investi;
gation. | |
‘Thus a joint failure criterion has been proposed which
has successfully satisfied the requ1rements imposed on it
at the beginning of Section 3.2.5. The criterion was able to predict
both failure location and failure mode in all but Specimenvsg
where it incorrectly predicted failure location.
More importantly it was able to conservatively predict failure loads
for each specimen. It was found that the maximum stress failure
criterion agreed wifh the distortional energy failure criterion
to within just a few percent in predicting failure loads. It was alsoJ

found that failure was always initiated at locations around hole
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surfaces where fibers were being broken in tension and were tangent .
to the hole surface. |
Therefore, to make the failure criterion as operationally
simple as possible we need only check for fiber failures where the
fibers run tangent to the hole surface. A successive failure
analysis mus t be performed at these locations to insure égainst
premature failures induced by matrix failures in other laminae.
The successive failure analysis should also be performed in regions
where fibers are perpendicular to the_hole‘surface since matrix
failures in these laminae may also induce prematufe laminate

failures.
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3.2.6 Piﬂoposed MeéhamlcaZZy fastened Joint Deéign érogram

o The precédfhg sectfons éxp]ain the prbcedureS oﬁe wbu]d
go through if é given joint wére ﬁo be analyzed. A method isvnow
proposed by which a joint may be designed to meet certa1n des1gn
constra1nts wh11e attempt1ng to minimize total joint we1ght 7

An out11ne ‘of the proposed mechan1ca11y fastened Jo1nt

synthesis program is presented below to give a general understandiﬁg of
the procedures inQo]Ved-in arrivfng at an optimum joint design wifh
respect. to totai ﬁoint weigﬁt. The various procedures are then

discussed in detail.

3.2.6.1 Outline of Proposed Synthesis Program

(A) Specify the known input data. |

(B) .Determine the design variables and their range of allowable va]ue_sT

(C) Specify the necessary design constraint equations whichvwi]l
insure that joint failure does not occur until thé'design
u]ffmate load is reached. The design ultimate 1oad_Wi11 be
included as part of the input data.

(D) Specify an initial design.

(E) Calculate the various bolt loads for the current proposed gedmetry
‘using the‘bo]t 1oéd partitioning'results, Section 3.2.4;,'

(F) Perform a stress analysis of the propoSed design to determine the
average laminate stresses at various critical points along each of

- the circular boundaries. A closed form solution to the problem
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illustrated in Figure 13a, based on the th-sry presented in [9],

will be used to perform the required stress analyses. Corrections
will be made to account for the effects of finite specimen size
from [10].

(6) Transform these average laminate stresses to lamina stresses.

(H) Determine whether any of the lamina stresses exceed the design
constraints imposed in (C).

(I) Assign penalty funcfions to the weight function for each design
constrainf which is not satiéfied and calculate the total weight
for the proposed joint design.

(J) Select a new design by moving in design space along a path
which tends to‘decreése the total wéight function.

(K) Repeat (E) thru (J) until a suitable optimum design is achieved.

(L) If desired, a detai]éd stress analysis may be performed for the
proposed optimum'désign using finite e]éments, Séction;3{2.5. A
final check may'be necessary since the stress analyses perfdfmed

in (F) are based on isotropic correction factors.

3.2.6.2 ~ Discussion of Pr@gram,Détai]s
3.2.6.2.1 Input Data

The following information will be read into computér program
as input data. It may be desirable in later.work to include one or
more of these parameters as program variables. The diameters of the

bolts used in a given joint will all be the samé, QF. The actual size

4Under‘h'ned symbols and phrases denote input information.
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will be dictated by joint application as well as by standard size

Timitations. Given an effective shear allowable for the bolt material,

B
SU?

fasteners, F, one may determine a safe number of bolts, N, to be used

F and the maximum load to be carried by the jqint per column of

in a given column since it appears from the analysis of specimen 6
that a féir]y uniform load distribution is desirable.
Selection of the splice plate material will be application

dependent. ' The material will probably be either a high strength

S S S
R E§Q’ and FBRU

must be input so that constraint relationships may be later defined

steel or titanium. In either'caée the values of FTU

to insufe’against splice plate failures in net tension, shear-out
and bearing respective]y. In the load partitioning calculations
fhe splice plate modulus, ES’ is also required.
~ Similarly a deci;;bn mqst be made as to whetheruboron/époxy
or graphite/epoxy will be uéed as the main plate material. AThé‘ |

material properties and ultimate allowables must be inbdt-for the

material system selected.

The leading edge distance of the main plate must be de-
fined since values of FSU are not tabulated for compbsite Taminates.
Such informatidn would be very valuable to the current effort since
excessively large édge distances result in low joint efficiencies.
A value of E/D = 4.0 will be used for the leading edge of the

composite main plate. A value of E/D may be ca]cujated'for the

105



for the leading edge of the splice plate from the value of FSUS and

the maximum bolt load carried by the last row of bolts, which will
be determined using the bolt load partitioning analysis.

In summary the required input data is:

D Bolt diameters
FSUB Effective shear strength of bolt material
F Maximum load to be carried per column of bolts
N Number of bolts per column
FTUS Effecti?e tension strength of splice plate material
FSUS EffectiVé shear-out strength of sp]ice'p]ate material
FBRUS Effective bearing strength of sp]ice plate material
ES _ Sp]ice b1ate modulus
SIERY : . . .
Composite material lamina properties
G120 v12 |
Tyt %2yt
“lyc® T2yc
lytr €2yt Lamiha ultimate allowables (Main plate)
®lyc ®2yc
T2 Y12y
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3.2.6.2.2 Design Variables

In this section seventeen parameters are defined which
can be used in conjunction with the input data to completely define
a given joint. If{restrictions are not imposed on the design 6nce '
the input data is determined, the seventeen parameters would represent
seventeen desigh variables. If restrictions are imposed the number
of design variables would be less than seventeen.

At the beginning of the program, just after the input data
is read in, flags will be used to indicate-which of the seventeen
parameters are to be predefined. The values of these prédefined
parameters will then be read in as additional input dafa. The remaihing'__
parameters will represent the design variables.

In some cases the design variabies have been restricted to
a certain range of allowable values. Optimization routines reqUire'
a well defined design space within which they may search'fbr 16ca]
minima. Therefore, where limits have not been specified.fbr design
variables it is up to the programmer to do so.

The program has been restricted to the (0/1&/18/90) class
of Taminates; « and B being design variables. The values of a and 8
are restricted to the range 15° to 75°. It may be desirable later ‘
to restrict the pogsible values of o and B8 to integer values, but for
the present work integer optimization procedures will not beAused.

It will also be required thét at least one ply of each of the four

lamina orientations be present in each proposed design. In this
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manner we are assured that fiber failures will accompany laminate
failure regardless of failure mode. A design where o and g are set
equal, (0/+a/90), is also acceptable since fiber failures still must
accompany all possjb]e laminate failure modes. The total thicknesses
of the various lamina orientations are assumed to be, at most, linear
functions of x, the position-along the joint. More complicated lay
up patterns will not be included in the present study.

Consider the joint design shown in Figure 14. The seventeen
possible design variables are indicated on'the figure. As previously
mentioned the values of (E/D) and (E/D)_ will be specified by the
program. If a joint is being designed which will consist of a number
of identical columns of bo]is the widths of the main plate and splice
plates must be equal and constant along their lengths. The designer
must input such information';s described above. |

In summary the seventeen possible design paramters are as

follows:

Parameters Description Range

a, B Lamina orientations ‘ 15° » 75°
ws(o), WS(L) Width of splice plate at x=0, L 3D ~»
tS(O), tS(L) Thickness of splice plate at x=0, L -+
w>(o), M“(L) Width of main plate at x=0, L 3D -

L Joint length [2(N-1)+4]D +
tg(0), (L) Thickness of 0° laminae at x=0, L 1 ply
tgo(O), ng(L) Thickness of 90° laminae at x=0, L 1 ply -
t; (0}, t+a(L) Thickness of #a° laminae at x=0, L 1ply =
tig(0), tig(L)  Thickness of g° laminae at x=0, L 1 ply »
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The Tower limits on the widths and 1ength measurements are- based on
a minimum separation of free surfaces of one diameter. These values
may be changed by the programmer if desired. The upper and lower

1imits which have not been specified must be provided by the programmer.

3.2.6.2.3 Design Constraints

Once a design is proposed it must be loaded to design
ultimate. The joint failure criterion, Section 3.2.5, must then be
applied to determine whether or not the proposed design can indeed
carry the design ultimate load, as required. In order to automate
the process of examining the joint for possible faj]ure at the ith
critical location an equality constraint, F(i), must be defined.
?or the in-house pattern search optimization routine, the equation
must be written in such a form that F(i) < 0 if failure is not indi-
cated. If failure is predicted to occur, then F(i) > O. As previouslyz
mentioned a penalty function is added to the weight function wheﬁ
F(i) > 0. To minimize the total weight of the joint thé design must
move in design space in a direction which tends to reduce the penalty
functions.

Consider the possible failures which could occur at each
hole along the joiht.A They are:

(1) Bolt failure in shear.

(2) Splice plate failures in bearing, shear-out, or net tension.

(3) Main plate failures*in bearing, shear-out, net tension,

splitting, bending tear-out, or combination modes.
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An inequality constraint equation must be written for each of the.
possib]e failure initiation sites.

To test for bolt failure in shear we calculate the maximum
shear stress, TAU, acting on the bolt cross sectional area.

TAU = Py / (wR2) (13)

PB repréSehts the bolt load acting at the hole of interest.
The magnitude of PB is determined via the bolt load partitioning
analysis, Section 3.2.4.

To insure against a bolt failure'in shear we require that
TAU < FSUB‘ Stating this in the form of a valid fnequa]ity constraint
we have:

F(1) = Py / (nR2) - Fg,l | | (14)

Simi]ar1y, to insure against splice plate failures at a

given hole in bearing, net tension or shear-out we have respectively:

F(2) =Py / Dt - Fgpy® o - (15)
F(3) = (Pp + Pg) / (S - D) - Fp,° | (16)
F(4) = P / 2tE - Fg° - (17)

The skin load;'PS, is catéu]atedfrom equation (12). The values of
>t, E, and S for a given bolt bearing model are determined as was shown
in Figure 4.

Now consider the possible composite main plate failures.
Once a stress analysis is pérformed, checks for possib]élfai]ure' .

initiation must be made at four locations (possibly only three if
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o equals B) around each hole as discussed in Section 3.2.5. Bearing
failures may or may not be considered desirable. If they are, the
load redistribution prqcedures discussed in Section 3.2.5 can be built
into the computer logic. To simplify the following discussion assume
that bearing failures are undesirable.

Thus, if at 0 = 0°, a matrix failure occurs in the 0°
laminae (oz/ozut > 1.0) a bearing failure would be predicted to
occur when ol/oluc = 0.65. If matrix failures do not occur during
loading then °1/°1uc 2 1.0 would be necessary for a bearing failure
to 6ccur. Since the'1ike1ihood-of a'bearing failure is only depen@ent
on_the stresses at © = 0° in the 0° laminae, an inequality constraint

equation may be written at that location of the form

‘ Gl/oluc - 1.0 if cz/ozut <.1.0  
F(5) = 4 (18)
01/01yc - 0.65  if o2/o5,y 2 1.0 '

It was postulated in Section 3.2.5 that all failure modes,
except béaring, have one thing in common. They all séem to occur
at locations where fibers are tangent to a hole surfaée. In a.

(0 /+a/+8/90) laminate fibers are tangent to the hole surface at
e = 90°, (90 - a)°; (90 - g)°, and 0° in the 0°, +a®, +8°, and 90°
laminae respectively. If, at u]timaté load, matrix failures have

occurred at any of these hole locations load redistribution among the
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various laminae must be considered. The stresses in the remaining
laminae would be recalculated. A check would then be ﬁade in the
laminae which are tangent to the hole surface to see whether or not
_ the fibers have failed in tension. The inequality constraint used
for this ﬁurpose is:

F(6) = o1/o1,, - 1.0 | (19)

Equation (19) must be applied four times pér hb]e; to the 0° fibers
at 0 = 90°, the 90° fibers at o = 0°, the +a° fibers at o = (90 -a)°,
and the +8° fibers at © = (90 - g)°. Thus, a total of nine inequality
constraints must be satisfied at each and every ﬁo]e.

| In the past, designers have designed for:net tension failures
at the innermost row of bolts. An equality constraint of the form

01/oyy - 1.0 =0 | (20)

could be imposed on the stréss field in the 0° laminae .at the innermost
row of holes to forée the design to fail there in net tension. Such a
restriction is not justified, however. When an optimum design.is
arrived at using the nine inequality constraint equations per hole, one
of the nine equations will, in the process, be gutomatically forced

to zero. This'wi11 specify joint failure mode and location. Net
tension failures at the innermost row of bolts may not result when
minimum weight designs are required.

3.2.6.2.4 Desfgn Procedures

In order to begin the design process an initial design
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must be selected. The initial design must, of course, be in the
design space which is defined by the uppér and Tower limits placed
on the design variables.

If the designer has a design in mind he may use it to
activate.the progfam. Otherwise, the program will specify an initial
design. The in-house pattern search routine uses a random number
generator for the purpose of specifying initial values for the design
variables. It may be desirable to-use several random starting points,
if run times are not excessively long, to check for possible local
minimum in the design space.

Once an initial design is broposed the bplt load pariitioning
results would be used to calculate the bolt load distribution for the
geometry and lamination selected. To perform such calculations the
main plate and splice plate cross sectional areas as well as the
main plate modulus must be defined as funétions of x. Referring

back to Figure 14 it can be shown that

Aq(x) = [(t (L=t (0)) (x/L) + ¢ (0)] [( (L)-H (0)) (x/L) + W (0)] (21)

il

A(x) = [(eg(L)-£,(0)) (/L) + £ (0)] [ (L) (0)) (x/L) + U (0)] (22)

It has been found by this investigator that a quadfatic polynomial in#

x can be used to represent the modulus of the main plate to within

a few percent when linear variations in Tamina thicknesses are employed.
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Thus, the modulus of the main plate may be determined at several locations

along the joint using lamination theory and a second order curve of the
form

2

E(x) = A" +Bx + C (23)

may be fit to the resulting modulus values. The values of A, B, and
C will Be determined éutomatica]]y by an internal curve fitting
subroutine for the proposed design.

The only remaininé unknans which are heeded to calculate
the bolt Toad distributioh are the coordinate ]ocations.of the N
bolts. Since L, the joint length, and (E/D)m, the ]eading edge
distance of the cdmpoéite méin plate, are known, we may express

the N bolt locations as:

X(1) =%}%— [- (-g—) ] where I = 1, N . (24)
. m | _

The bolt loads could then»bé,éa]cu]ated using equations (4) and
(5) or equations (9) and (11). |

The next step in fhé design procedure is to.perform a row
by row stress analysis of the proposed design. The column of bolts
is broken down intq individua] bo]t_beéking specimens as shown in
Figure 4. The value of Psi would be calculated using equation (12).
Thus, each bolt bearing model is acted on by a bolt load, PBi, and
a skin stress, Ogi = Psi/St; 1Since a finite element solution of

each bolt bearing specimen is too costly the following procedures will

be followed.
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The problem of an infinite plate containihg a circular cutout
which is loaded as shown in Figure 13a.will be solved. This_inveéffgator's
solution [11] to the problem illustrated in Figure 13b will be addéd
to the solution of the problem illustrated in Figure 13c, which is
presented in [12]. Corrections to the sfress concentration factors‘
induced at © = 90° and @ = 0° will be made to account for the efféCts
of finite specimen sfze using the results presented in [13] and [14].
Corrections to the average laminate stresses along the circular boundary
from 6 = 0° to © = 90° can then be eétimatéd.

The corrected average laminate stresses would be transformed
to lamina stresses and checks would then be made to see if the design
constraints discussed in Séction 3.2.6.2.3 were satisfied. Penalty
functions would be assigned to the weight.function for each of the
constraint_eduations which was not satisfied and the total joint
weight would then be calculated. The optimization.prdcedure Wou}d
determine a preferred path and select a new design a]ong»that path
which would have a lower total joint weight while more closely
satisfying all the imposed design constraints. | |

The entire process, beginning with the calculation of bolt
loads for the new design would be repeated until the design constraints
were all satisfied'and a local minimum weight were achieved.

Since the design procedure uses isotropic correction

factors to account for finite specimen size there is, of course, some
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doubt concerning the actual failure behavior of the proposed optimum
design. Therefore, it may be desirable to perform a complete stress
analysis for the proposed optimum design to see how closely the
predicted fai]ure.behavior would agree with the desired failure
behavior. The analysis method described in Section 3.2.5 would be used

if the final check were to be made.
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3.2.7 - Areas of Future Work

Several important questions have been raised‘regarding the
solution technique thus far which deserve mention and in most cases
warrant further investigation. The first involves the basically
different. failure mechanisms which can occur in a given joint made
of composite materials. Net tension failures appear to behave as
brittle failures oncé a very small but finite region of localized
laminate destruction occurs. Bearing failures and shear-out failures,
on the other hand, do not occur unless extensive laminate damage
has resulted during loading. Thus bearing and shéar—out failures -
behave in a relatively ductile manner. Additional analytical and
experimental work must be done to understand the various failure
mechanisms which occur in composite joints before truly optimum
designs can be achieved. The results of the proposed geometrically
similar bolt bearing specimen testing program should bring us
closer to such an understanding.

In metals, effective bearing strengths, FBRU’ and effective
' shear-out strengths, FSU’ have been experimentally defermined and
are used in the design process to specify such parameters as leading
edge distances. Similar information fs generally not available for
composites due to the number of possible laminates which could be
used for design purposes. Such "material properties" would be
invaluable, however, in the design of composite joints and deserve

further investigation.
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Similarly, a lack of data concerning the effects of finite
size on stress concentrations induced at circular cut-outs in composite
plates has forced us to predict these effects from available isotropic
data. Making corrections from isotropic data results in a conservative
design and is, therefore, partially satisfactory. The need for
correction factors could be eliminated, however, if the in-house two
dimensional anisotrobic integral equation program developed by Dr. T. A,
Cruse could be built into the optimization program in such a way as
to not result in excessive computer run times. One other technique
would bé to derive the neéessary correction factors for various
laminates using the integral equation program and use such data in
place of the isotropic correction factors which ére now being used.
Both_poSsibi]ities are presently being investigated.

The following questions will aiso be considered:. |
(1) Are uniform bolt ]oad distributions and net tension failures at

the-innermost row of bolts réquirements for optimum_joint designs?
(2) 1Is it,advantaéeous to use the displacement matching techniqué
rather than the strain matching technique to predict bolt load
distributions?
(3) How should 1oad rédistribution iﬁ a joint be handled once a
bearing failure occurs either in the main plate 6r splice platesj
(4) 1Is the uncertainty regarding the cross term in the distortional
energy failure criteridn, as discussed in [15], a major problem

to be considered? A preliminary investigation performed during
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the contract period has shown that in certain cases the cross
term may be tﬁeimost important term in the energy relationship.
These questions will be pursued as part of this investigator's doctoral

thesis during the current academic year.
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Table 1. Initial Bolt Bearing Specimen Design
Spec.] D E S L! t | No. |Predicted Failure Loads(1b)
No. o _ ~|PliesfEquations(4)fFinite Elements
1 [o0.125 | 0.31 | 0.53 | 1.875 [ 0.08 | 16 647 647
2 0.250 | 0.62 | 1.06 | 3.750 | 0.16 32 12,587 - 2,587
3 0.375 _ 0.93 '1.59 5.625 | 0.24 48 | 5,820 _ 5;820
4 |o.500 | 1.24 | 2.12 | 7.500 | 0.32 | 64 | 10,350 - 110,350
Table 2.  Revised Bo]t Bearing Specimen Design-
Spec.| D E S L' t | No. |Predicted Failure Loads(1b)
No. : ~ |Plies|Equations(4)|Finite Elements
1 0.125 | 0.50 0.375 2.25 0.08 16 400 625
2 | o0.250 | 1.00 | 0.750f 4.50 | 0.16 | 32| 1,600 2,500
3 0.375 1 1.50 | 1.125 6.75 0.24 48 3,600 5,620
4 0.500 | 2.00 | 1.500 9.00 0.32 64 6,400 10,000
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Table 3. Descéiption'of the Six Specimens Selected for Aha1ysis

Spec.| Lamination |Splice Plate|Loading Rows of| Bolts |Failure|Ultimate
No. | Material Bolts [per Row| Mode Load(1b)
1 B/E.04/t45 D6-AC Steel SS 6 4 sp 94,200
2 | B/E,0,/245 | D6-AC Steel| sS 5 4 sp | 115,500
3 | e/E0 5| 6aTi | ss | s | a4 | sp | 10,800
4 B/E,0,/#45 D6-AC Steel 'SS, 4 4 sP 125,400
5 B/E.02/t45 D6-AC Steel DS 4 4 - T 189,000
6. | 6/E,0/245 | 6-4 T ss | s 2 T | 74,800]
Nomenclature: Notés:
SS Single Shear (1) Lamina thicknesseévvary linearly
DS .Dodb]e Shear along the épecimen Tength from
B/E  Boron-Epoxy - 0,/#45 at the first row of bolts
G/E  Graphite-Epoxy to 02/t453 at the Tast row of
Sp Splitting bolts. '
T Tension
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Table 4. Summary of Significant Data from Figures 7 thru 12

Bearing,0=0° Tension,0=90°} ~ Splitting,0=+45°

Sﬁg?‘ ﬁgv 0° Lamina 0° Lamina | +45° Lamina ~45° Lamina
5%&2" °:E£ | ost E%i; .iDIST | f°:lt .DIST | 0:5t DIST
~fFirst} 0:07 | ¢ | 0.02 | 1.05 { 1.50 |o0.21 | 0.10f 0.83 | 1.10
.] Last | 0.49 | 2.50 | 5.80 | 1.33 | 2.00 | 1.50 'Z.SQ 1.65 | 3.20
|First] 0.10 | 0.04 | 0.01 | 0.91 | 1.00 }o0.42 [ 0.25 | 0.80 | 0.75
* et 0.50 { 2.3 | 5.0 [ 1.1 | 141 | 1230 | 2.0 | 155 | 2.60
First] 0.07 | 0.05 { 0.01 | 0.83 | 0.90 0.63 | 0.47 | 0.79 0.71
? et 0.47 | 2.50 | 6.00 | 1.34 | 1.45 | 1.43 | 2.50 | 1.73 | 3.00
First] 0.13 | 0.29 | 0.11 | 0.85 | 0.85 [o0.58 | 0.40 | 0.69 | 0.55
) Last | 0.52 | 2.80 | 7.95 } 1.07 | 1.51 1.55. | 2.70 ].90> 3.75
_ First] 0.30 | 0.56 0.42 }1.29 | 2.00 0.79 | 0.90 _0.92 0.90
o ;'0,60 2.00 | 4.00 1.02 [ 1.41 {1.15 | 1.65 | 1.21 | 1.88
First] 0.17 | 0.04 | 0.03 {0.90 | 0.95 §0.57 | 0.44 | 0.75 | 1.12
6 |[Fifth} 0.37 0.26‘. 0.21 §1.03 {1.20 §0.63 O.QO- 0.83 | 1.15
Sixth 0.80' 1.00 | 1.90 0.80 1.00 0.63 | 0.65 | 0.95 | 0.95

*c Compressive stress
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Figure 1. Distortional Energy Contour Plots for the 1.0" Diameter, Anisotropic
Tension Coupon at the Experimental Failure Load.
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0° LAMINA : ‘ 90" LAMINA

N

+45° LAMINA -45° LAMINA

Figure 2a. Distortional Energy Contour Plots for the Initial Bolt Bear1ng
Speciman Design at the Predicted Failure Load.
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0° LAMINA

+45 LAMINA

90° LAMINA

-45° LAMINA

Figure 2b. Distortional Energy Contour Plots for the Revised Bolt Bearing
- Specimen Design at the Predicted Failure Load.
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" (b) Bolt bearing modeling procedure

(c) Loading onthe i’

. Figure 4. Bolt Bearing Modeling Procedure for Joints.
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30— 30-
20— 20—
10— 10—
o—l | l BOLT o L1 l BOLT
1 5 6 NUMBER 1 2 3 4 5 NUMBER
(a) Specimen | (b) Specimen 2
% LOAD | % LOAD
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40— | 40—
30— | 30—
20— , 20—
10~ 10—
oL | l BOLT 0— _] soLt
1 2 3 4 5 NUMBER 1 2 3 4NUMBER
(c)Specimen 3 (d) Specimen 4
% LOAD ‘ % L OAD
50— . 50—
40— _ .46—:
30~ o | ‘30~
20~-| | 20— =
e bbbl
O=1"2 3 aNUMBER 2 3 4 5';N?J;l;-:
(e) Specimen 5 (f)Speclmen 6 '

Figure 5. Bolt Load Distributions for Spec1mens 1 thru 6.
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'(a) Actual stress distribution
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(b) Finite element stress distribution

Figure 6. Skin Stress Boundary Conditions at the Leading Edge of a
Bolt Bearing Model. :
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Figdre 7. Specimen 1: Distortional Energy Contour Plots for the Experimenta¥

Failure Load.
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1.0 1.0
2.0
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Figure 8. Specimen 2: Distortional Energy Contour Plots for the Expefimenta]

Failure Load. 133



0° LAMINA . | ~ Jo° LAMINA

+45° LAMINA +45° LAMINA

-45° LAMINA -45° LAMINA

LAST ROW. FIRST ROW ‘
Figure 9. Specimen 3: Distortional Energy Contour Plots for the Experimental

Failure Load.
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0° LAMINA - : 0" LAMINA

+45° LAMINA +45° LAMINA

-45° LAMINA -45° LAMINA

LAST ROW : FIRST ROW

Figure 10. Specimen 4: Distortional Energy Contour Plots for the Experimental
Failure Load.
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Figure 13. The Principle of Superposition Applied to an Infinite
Bolt Bearing Model.
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CHAPTER IV
OPTIMIZATION METHODS

4.1 INTRODUCTION

A computer program for optimization using non-linear programming_
by pattérn search (OPTIM), written by Martin Schussel [1] was used for this
study. Some time was spent studying this progfam and a sample problem was
run (torsion of an é111ptfc bar). The time speht in finding the predicted
resu1£ of this problem yielded much insight into optimization fechniques
and the OPTIM program itself. | | '

_The bolt-bearing problem wés analyzed, using OPTIM, which included
variation of the p1y.orientations. This study involved é prob1ém with six
variables and four constraints. Fof a given load, the minimum weight
dimensions and o;ientat1ons were foﬁnd. The results 6f this study are.‘
discussed in some detail. - o
4.2  STRUCTURAL OPTIMIZATfON
4.2,1 Background

The strUctura1 optimization project consisted of finding the min-

imum weight des1gn of a structure for which certain limitations were posed.

The limitétiohs or cbnstraints can be of the following form:

a) Geometric Maximum overall dimensions of the structure

Maximum thickness, cross-section, length, width,

etc, .of an internal member

Maximum deflection of a member

Maximum rates of deflection
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b) Mechahical Yield criterion
- Failure modes
- Fatigue properties
- Natural freduencies
- Buckling loads
If the structure can be analytically solved for an internal
stress state as a function of the éxternal loéds (given) and the dimensions
of the piécé (to be used és variables) then the problem becomes a mathe-
matical one: Find the extreme values of a non-linear function of several
variables, subject to one or several non-linear constraints. The functfon.
is usually the weight 6f the structure and the variables aré its dimensfons.
The constraints can be in the form of equalities or inequa]itiés. The
eqhality_constrqints would generally concern a total dimension which is not
fixed but is the:sum of a number of internal dimensions. Inequality con-
straints are far more common, they uéua]]y insure tﬁat yie]d'sffesses,
buckling loads, etc. are not exceeded; ”
4.2.2 Variational Method o
Thére are several methods‘of mathematically sb1ving the problem, -
but non-linear progfamming ié the only reliablé'ohe. Graphiéa] methods |
have a véry limited use as they can only be used in two-dimensional
problems. Transformation into a series of linear problems by use of Taylor
series expansions is tedious and inaccurate. The use of penalty functions-
transforms the problem into an uhconstrained mihimiiation. Lagrange
multipliers are an examp1e§ the formulation of the problem with Lagrange
multip]iefs {s as follows:
Assume we want to minfmize‘a weight function W(X%) where Xi

(i =1,...,N) are the variables. The constraints to be satisfied are
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are Fj(xi) =0(j=171,...,M). The Lagrange multipliers (Aj) are added and

we form an unconstrained objective function (P) to be minimized.
w(xi) + Aj Fj (Xi)

Now setting the derivatives to zero will find the extrema:

P

aP

— =0 i=1, ,N

Ay

FL. o

3{.-0 J—], ,M
J

The problem now requires the solution of N + M simultaneous non-
linear algebraic equations in N + M unknowns. Solutions are difficult to
find and are'ndt uﬁique, so this method 15 useless for large, complicated
problems.

4.2.3 Non-linear Programming Methods

By far ‘the most useful methods for soTving non-Tinear optimization
problems are searching techniques. There are many methods of searéh
mentioned*in the 1iterature (pattern search, directed search, Fibonaccf
search, steepest'aséent'search), but basically they all consist of searth-
ing the domain of the variab1e§5unt1].no further improvement can be found
in the objective function.

Included in the Appendix of [2] are the 1isting and instructions
for a pattern séarch optimizétion programk(OPTIM) by Martin Schussel,
Carnegie-Mellon University 1968. The program Works in the following way:
An objective function is defined: | |

P = COST +'2 A(K) ( F(K) )2

where COST = weight function
. A(K) = penalty functions
F(K) = constraints
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COST and F(K) which are functions of the variables ( X(I) ) are -
defined by the user of the program in a subroutine called CALC.

The program increases and decreases the variables and recalculates
COST and F(K) until the improvement in the objective function is smaller
percentagewise than 107°, |

The program is best suited to handle. inequality constraints (less
than or equal) which it hand]es in the following way: If the constraint
becomes neéative during the search it is neglected, but if it becomes |
positive it is multiplied by a penalty (somé Targe number A(K)). When.the
objective function is minimized the constraints will either approach zero
or remain negativé.

The application of optimization to design of structures using
advanced fiber composite materials adds another facet to the problem.
The orientations of the plies become variables as we]l as:the_dimensions. =
In some cases, the problem can be handled simi]ar]y to the,abové pfoceddre
with the orientations merely being additional variables. However, analytie
cal equations for composite_materiaIs are difficu]t to derive and are
usually not solvable in closed form. The bo]f bearing.problem was solved
using empirica] equations which relate the failure loads to the dimensions
of the piece and ply orientatiohs. |
4‘. 3 TORSION OF AN ELLIPTIC BAR — VARIATIONAL E'XAMPLE

The problem is to find the values of the major and minor axes of
an elliptic bar fof minimum weight for a giveﬁ applied torsional moment
M. The weight is proportional to the cross sectional area

A=mab | o (1)
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We want to minimize A, subject to the constraint that the allowa-
ble shear stress is not exceeded at any point. The maximum stress is at

y = b, x = 0 and is given by

= _2M . |
"max = Tmab? . (2)

If ry is the yield stress, the constraint equation becomes

M ‘ ‘

: -1 < 0 ~

jraE2 y . (3)
or 2M —-nabzry s0 '

" The solution was then sought using Lagrange multipliers. The
results were incorrect since two more constraints must be added. The
first one is due to the fact that the stress formula is only correct if
a is larger than b. |

bs a | | | | - (4)

b—- axz 0 ' '

We must also insure that b and a are positive for the answers to
make sense. If we insure that b is positive, fhe first COnsfraint aliows
a to be positive, thus the last necessary constraint is

bz 0 - o (5)

We éan now- change the problem 1hto an unconstrained hihimization
problem by the use of Lagrange md]tip1iers and slack variables. The
solution is to find an extreme value of a function F by variational

methods where F is given by

2 2M 2
F==x + T - —- . :
ab Al ( ab Y ) . (6)

y ,
Ap (a=b-B2) + A3 (b - §2)
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. where Ay, Ay, A3 are the Lagrange multipliers, and vy, 8, & are the slack -
variables used in inequality constraints. The derivatives of (6) with

respect to each variable yields the following set of equations :

%; = 0 = ab+ Aqmb2 + Ay

%E. = 0 = Tra.+>\121rab.- Az**s,

.g—';—1= 0.= ﬂabz—%'YZ

%;; =0 = a—b—g2 ‘ . (7)
-g';—a =0 = b—a2

.g% = 0 = -28,

'%g 2 0 = -26\3

Since 8=0, (4) gives a=b (circular sectioh); Eqn'(Si gives mab? =
%ﬂ for y=0. Since a=b, we have a3 = %ﬂ and thus . |
Yy : y v :

Casie) ‘ O

The problem was also solved using the optimizétion computer
brogram (OPTIM). First the problem was atteﬁpted using on]yithé firéf
conStrainf and a minimum was found with b about twice .the size of a. |
This violated the condition that a beAgreater than or equal to b for the
stress equation to apply. Next all three constraints were used anﬂ the
miniﬁum was found to agree'with the analytical result (8). Thus we
conclude that inclusion of all constraint relations is.ébso]ute]y essen-

tial for success.
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4.4 BOLT BEARING PROBLEM — NON-LINEAR PROGRAMVIIVG E’XAM’LE
The problem consists of finding the minimum weight of plates

Toaded by bolted joints. The specimen appears as shown below:

Xu

XL is a constant
‘ D 1is chosen as .375 -in.

The weight of the specimen is: |

W= (XL + E)S t | (9)

The weight of the material which would be in the hole s in-
cluded since it must be wasted. Empiricél equations [3] for the three
failure modes found in experiments'are as follows: :
Tension . . }

P s .69 t(s-D)F™ - (10)
where P = applied load aﬁd P cannot exceed the expression oh the right.

The sumbol FPY s defined as:

2
20.7N
Ftu - 157L +(3M+N) vfor_—:'j——s 2 »
1+.0538[ B (ll’_'—) ] | (1)
. .
tu _ _ N(1ON + 162L) for — > 2
FU = j20L + 27N W L7
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where L = % 0° p]ieé
M =1%90° plies
N = % +45° plies

The constraint for this failure mode is F(1) = P - .69 t(S-D)Ftu.
If this quanfity stays negative then P is below failure load. If it
.1s near zero, failure'in this mode is 1mpendihg.' The pkob]em was
treatéd from two different viewpoints.

Firét the orientation percentages L, M, and N were held constant
and the dimensions for minimum weight of the specimen were found. The -
answer iﬁ this case yields the optimum dimensions for the orientations
chosen. " “ |

The second way of treating the problem was to leave the drienta-
tions as variable. This way, both the dimens1ons and the or1entat10ns
were optimized. The results showed a 20- 30% 1mprovement over- the fixed
orientations case. The or1entations chosen were those of an exper1menta1
specimen thch failed at P = 1020 1b. The program gave a weight reduct1on'
for failure at the same load and with the same orientations.

The problem also included equatibns for failure in two other
modes—shear,qut and bearing. These were the Second and fhird constra1nts.
The failure mode in a given problem is fdund by cheéking‘which of the
three constraints is closest to zero. The constraints are
Shear Out |

P < zttFS“ a | (12)

F(2) = P - 2teFSY | |

where ,
FSY = q0N ~ N> .23

FU = 9,2 N < .23
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Bearing

Dt Dy (bu
PS.T(] + .45 t) F

_ (13)
-p- D2t Dy pbu
| .F(3) =P-7-(+ 453 F |
where .
U = L fh o+ (ne !
. L_ M_
ifLz2 .25 F~ =600, F" = 30
: L
Ls .25 F = 450, F' = 80
The results of the program for fixed orientations are shown
in Table I.
. Choose L = 18.2% (0° plies)
M= 9.1% (90° plies)
N = 72.7% (45° plies)

The orientations in Table I'were_choseh because test_data was
available for a failed specimen. The specimen failed at 1000 1bs. and had
the dimensions shown below:

P THK  EDGE SIDE - COST
1000 056 .50 1.0 084

The optimum dimensions for P =-1000 give COST = .039 (10%
wieght réducffon). | | '

Table II confains the results of the analysis for the case of
using the orientatidns a§ variables. .Sufbrisingly, the optimum orienta-
tions do not change for different loads. | |

The orientations were a116wedlto.vary between .10 and .80 in

the above procedure.
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The results in Table III were f9und.for variable orientations
with the possibility of eliminating certain plies. There is some doubt -
of the applicability of the equations for less than 10% of any of the'; 
plies, but it is informative tb see what will happen in this case. '

The results for all three cases are plotted together for

comparison in Fig 3.

4.5 DISCUSSION ‘
| The OPTIM program has proven to be very effective in dealing with
problems for which analytical equations can be derived. The e]liptic bar
and bolt bearing problems treated above are examples. - ” |
‘-The'bolt-bearing problem is unusual for composfte materials in
that anﬁ]ytical equations are available which allow us to optimize both
the dimehsidns and the lamina orientations. The equations_are empirical
and therefore introduce doubt as to their accuracy. 'fheré also may be .
ranges of diﬁénsions or orientation percentages in which they are not
“applicable. ' |
Table I shows optimum dimensions for varying load wfth the ply
orientations fixed. The case of P = 1000 1b. shows a 10% weight reductibﬁ
'over'the'experimenta1 specimen. The Valueé 6f the constraints'show this |
. to be a sfmu]taneous failure in tension and shear out. The cases of-PA
(applied load) between 3000 Tbs. and 15.000 1bs. show failure in all
three modes simultaneously. There is no apparent pattern in the variation
of optimum dimensions with load. The weight is seen to vary non-linearly
| with load as can‘be:fnferred from Fig'1. | | |
If we allow the orientation percehts to vary'between 10% and 80%

the optimum laminate will be found with respect to both dimensions and
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orientations. OPTIM found values of five of the six variables which were
optimum for all loads considered. Only the total thickness changed and it
varied Tinearly with load. This situation forced the weight to vary
linearly with load also as seen in th 2. For each load, the specimen
exhibited failure in tenstn}and shear out simu]taheously with bearing
~ failure not being a factor. The orientations chosen for each.]oad were
L= 73%,.M =17%, N = 10%. The fact that_N was brought to the minimum
of its ranée led to the results in Table 3 where N was allowed to vary
between 0% and 80%. The resu]ts-are simi]af to those in Table 2 except
that N goes to zero with L and:M.ihcreasing prbportionately.- As noted,
the equations may not~app1y for N less than 10%; but the results indicate
that the +45° 1aminee are of little benefit in the bolt Bearing specimen.
The thickness and weight vary 1ineer1y witﬁ load as in the previous case. -
A11 three cases are plotted in Fig 3. The variéb]e‘orientation ease shows
an improvement on the fixed cese of between 30% and 100%, with the‘ease
for N = 0 about 15% better st111

- The results show a .useful and convenient re]at1onsh1p for design.

The des1gner is g1ven the opt1mum or1entat1ons and side and edge distances

and he merely chooses his th1ckness to su1t the load which must be carried.

The empirical nature of the equations suggests that experiments should be
run to verify the derived resuTts before putting them into use as a design

criterion.
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[2]
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WEIGHT vs. LOAD
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HoWon

5 10
- LOAD (ibs. x10%)

FIGURE 1: WEIGHT VS. LOAD FOR FIXED ORIENTATIONS
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WEIGHT vs. LOAD
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FIGURE 2: WEIGHT VS. LOAD FOR VARIABLE ORIENTATIONS
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FIGURE 3: SUMMARY- OF WEIGHT VS. LOAD RESULTS
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CHAPTER v A
BOUNDARY~INTEGRAL EQUATION SOLUTION METHODS

5.1 TWO DIMENSIONAL ISOTROPIC BOUNDARY.—INTEGRAZ EQUATION METHOD
5.1.1 Introduction |

The bouﬁdary-integral equation method is a new tbo] for the
solution of mahy probiems in solid mechanics}' The method has sfgnificant
advantages .over the finite element method.. Numerical approximations are
not made over the field Butlover the surface, thereby 1ncréasihg accuracy.
The dimension of the pr6b1em is reduced'by one, allbwing many problems too
large for today's computers to be solved. Both of these features permit
the analyst to obtain highly réfined data in the vicinity of stress concen- |
trations such as near Cragks and notches. |

Importaht to the user of the boundary-integral equation (BIE)
method, 1s the ease of data preparation and the rapidify'of solution. The
BIE method utilizes a nuhericaivsolution of a boundafy‘conétraint'eqUatioﬁ.
This equ;tion relates all of tﬁe surface diSplaEements to‘a11_of the sur-
face tractions. The analyst specifies how he wishes to subdivide the sur-
face and specifies the bodhdary data; all well-posed problems are accepta-
ble 1nclud1ng m1xed-ﬁ1xed problems. The §eometry is completely generaT and
may be mu]tip]y-conneéted. Once the surface solution is found the stresses
may be generated ét‘any points that thé analyst desires on the interior
of the region. | |

The BIE method has been widely adapted to many problems in solid
‘mechanics, as can be.seen by the literature [1-8]. The.burpose for

presenting it in this report is twofold. First, the tool is being
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developed by the CMU team for two dimensional, anisotropic problems for
use in several on-going research efforts. Second, it is desirab]e to .
make the method available to the widest pqssib]g group of users. Listings
of both the isotropic and anisotropic computer programs are therefore
contained in this Chapter.
5.1.2 Review of the Isotropic Boundary-Integral Equation Il{ethod

Two elements are required for the deve]ophent of the boundary
constrainf equation of the BIE method. The first is a reciprocal relation
between two solution states (Betti's reciprdca] work theorem); the second
is a fundamental solution or influence function (Kelvin's problem of a
point load in an infinite b&dy). The development herein follows that
used in classical potential theory (see, for gxamp1e; [9-131).

The solution to Kelvin's problem consists of displacement vectors
in each of the xj directions due to concentrated loads-app1ieq in the X
‘directions. These solutions are denoted by the displacement tensorAUisil
thé appropriate forms can be found in the literature [1-10]. In fwo

dimensional, isotropic, elastostatics this tensor is

U.'J(P9Q) == [‘en(.l/r(PsQ)) (3‘4\’)61j + r’.Ir’j]/BWU(]"V) » (1)

In (1) the distance between the point of load application P(x) and the
field point Q(x) is denoted r(P,Q); u and v are the shear modulus and

~ Poisson's ratio. The derivative of r(P,Q) in the X; direction is denoted

X=X, A
" or j j|P ‘
r.—-———=—J%——l—— (2)
o axilQ. r(P,Q .

It is easily shown that (1) satisfies Navier's equation -of equilibrium

(1/1-2v)gi,ij + uj,ii
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A second tensor is required for the use of the reciprocal work

theorem: the tractions corresponding to the U,. on the physical surface

iJ
3R of the body. These tractions, Tij’ are obtained by using Hooke's Taw
and the definition of the traction vector

t, = o..n, = u[(2v/1-2v)u,

; 13" | K, K8 13 U, . +u, .J nj (4)

Utilizing (1) and (4) the traction tensor Ti' is found
{8h/an[(1 2v)6 +2r r ]+(] 2v)(n r r )}/4n(]-v)r(P,Q) (5)

After some amount of manipulation of the reciprocal work theorem
and letting P,Q be boundary points (P not at a corner) the following
boundary'cohstraint equation can be found

ug(P)/2 + 1us(@)T5(P.0)eS(Q) = re5()Uy5(P.Q)ES(0) (6)

In (6) ui;ti are the displacements and traétions on the physical surface
aR for the problem to be so]yed.

The numerical solution to (6) is obtained by dfstretizing.the |
boundary and boundary data in some suitable fashion. Presently the
displacements. Uy and tractions, ti,‘are taken as piecewise constant
over each of N boundary segments. Work is well underway to use linear
variations. The boundary ségments are assumed to be flat in the programs
used by this investigator. This allows for a completely genéka] computer
program for arbitrary surface shapes. When the approximations are made
(6) becomes

_ N N
ui(Pm)/Z t I (Qn)fT (Pm,Q)dS(Q) z tj(Qn)IU j(Pm,Q)dS(Q) (7)

n=1 | 5Rn'J ‘n=1
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Eq. (7) can be written in matrix form as

(17217 + [aT]) {u} = [AUT {t} | o (8)
where [I] is the identity matfix; [AT] and [aU] are coefficient matrices
from the integrations in (7): ‘These integrals are calculated analytically
in the program by specifying the coordinates of the ends of the boundary.
segments. | '

When the boundary data for a well-posed problem are speéified
thenVZN quantities in (8) are known.gnd 2N quantities are unknown.
Standard reduction schemes are employed to solve for the unknowns. After
the entirety of the surface data is formed the 1nterior'stresses at any

selected points are found by the quadrature relation

N N .
Gij(P) =n§] uk(Qn) Askij(p:QN) - nii tk(Qn) ADkij(p'Qn) (9)

The tensors Askij and ADkij are calculated as jﬁdicated in [7]. A proced-
ure for calculating the stress tensor at the surface is accomp1i§hed using
surface displacements and tractions as discussed in [8]. |
5.1.3 Use -of the Isotropic Computer Progiam
The isotropic version of the program is limited to linear, iso-

tropic, homogeneous, elastic problems with known material constants u(or G,
shear modulus), defined as FMU in the program, and v, defined as POISN,'or
PR, in the program. The user has available four operating modes for the
program: |

| Boundary Solution: This capability is.the first step always for
each problem as it solves (8) for all unknown boundary data in terms of
specified boundary conditions and geometry. The entire set of boundary -

data may be output on punched cards (see next section).
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Interior Solution: Upon completion of the bqundary solution
the analyst may request stress solutions, using (9), at as many interior
points he desires by specifying.their number and Tocation.

Boundary Solution: The boundary stress solution is based on the
same finite difference result discussed in the Appendix of [8]. The
solution is obtained at a specified boundary segment from the known or
calculated surface tractions and the ca1cu]ated tangential derivative of
| disp]aceménts. The means for calculating the tangential derivative
is discussed in greater detail in the next section.

Restart: By reading the entire set of boundary data the
program may solve directly for interior or boundary stresses.
5.1.3.1 Dimension Statements

The currént version of the program (See Section 5.1.5) admits

up to two degréesrof symmetry of geometry and boUndary conditions. The

program is limited to a tota}] of 80 boundary segments (320vw1th symmétry).r

To increase the size of the program change the‘fblloWing ;ards,
COMMON / .ARRAY1 / -«
COMMON / ARRAY2 / ---

in the various routines; also the following sequence numbered cards

should be changed

10060 20035
10065 |
10075 50005
15050

15200

The program is 1imited to 200 interior solution points, COMMON / ARRAY3 /
*+, and to 50 surface points, COMMON / ARRAY4 /
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An 1108 assemb]gr language routing,fqr ca]cu]afing time is
attached for 1108 users. Othgr users must supply a similar sqbroutine
to»obtain a time-breakdown chart for each solution; if not available,
insert a dummy subroutine, SUBROUTINE TIME (T).
5.1.3.2 Definition of Key Parameters, Matrices

The key parametefs are described in ;ards 15060 - 15115, in
SETUP. These parameters govern geometry (NSEG, NSYM, NNOD), execution
options (IPUNCH, ISTRS, IBDY), and particular stress solutions (NPT,
NBDYP). The first card read is a TITLE card followed by the Contro]
numbers, read by cards 15120 and 15125.

- The temporary array NODE (I.J) stores the two node numbers
associated with each segment number and is read by card 15130. The
temporary array XYZM (I,J) reads in the xi, X coordinates 6f each of
the nodes by card 15135.1 The material constants FMU,. POISN are then
read by card 15140. | '

. . At this time the program merges the geometric information
to form the permanent geometric array XYZ (Segment Numbef, Node Number,
Coordinate Number). If NPT # 0, the coordinates of the interior stress
points are read in by card 15225. If NBDYP f 0, three segment numbers
are fead.by card 15240. The three numbers in NBDY (I,J) have the
following meanings:

NBDY (Segment No.; 1) = Sggment number for which stress

calculations is to be done.

]On1y the geometry for the basic symmetric part is read in. If NSYM # O,
the program assumes one degree of symmetry (y=0 axis), or two degrees
of symmetry (y=0 axis, then x=0 axis) according to NSYM.
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NBDY (Segment No., 2) = Segment number for the "rear" point

in calculating AU/AS.
NBDY (Segment No., 3)

Segment number for the "forward"

poinf in calculating aU/aS.

NOTE: The sequence of numbers in NODE and NBDY is the "rear" number,
then the "forward" number. The positive - s direction is
.algays taken ﬁuch that the material is always on the left.

5.1.3.3 Boimdary Conditions

The current version of the program Qses a NAMELIST read
(Fortran IV) statement. The procedure is to precede and close the
block of boundary data with control cards in the following way
—$  BDYCON |
DATA
-$ END-
See standard references for formats for the data biock.'
NOTE: When NSYM = 1,0 the so]ut{ons admit a rigid body motion in
| the unconstrained direction(s) (x.,y). A disp]acement freedom
is fixed by letting LDC for that freedom be set to "2". |

A11 boundary conditions are initialized to zero and LDC is initialized

to "1". A1l x-direction data is stored, then y-direction data is stored:

ty ‘ 1, NSEG
= ;TCON;
?y 2 NSEG + 1, 2 * NSEG
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etc. LDC = 1, means traction boundary conditions for the given segment
and direction. LDC = 2 means displacement boundary condition for given

segment and direction.

5.1.3.4 Input Cards:

Information No. Cards
Title | | 1
Control parameters _ 1

NODE (NSEG,2)

-

+ (NSEG/12)

XYZM (NNOD,2) 1 + (NNOD/8
FMU, POISN : 1
Boundary Conditions ?
PITN (NPT,2) 1 + (NPT/8)

—d

NBDY (NBDYP,3) + (NBDYP/8)

5.1.3.5 Example Problem

y
f NSEG = 8
7 P 0 NNOD = 8
, 8 7 NSYM = 0
P 6 IPUNCH = 0 ~
' g . ISTRS = 1 (Plane Stress)
8 T Tz 110" psi 1BDY = 0 - |
NPT = 3
.}p 2 5 NBDYP = 3
3 4 :
Column 1 1 y@» E 3 X ‘
NODE : c-1--2--2--3-=3--8--4=-5--5--6--6--7--7--8--8-~1
XYZM: ~0000- 2000-0000-1000-0000-0000-1000-0000- 2000-0000- 2000-1000-
~-2000-2000-1000-2000
MU, . L
POISN' - 1153846E+08---- 30000
PTIN: -0500-1000-1000-1000~0750-0750
NBDY : w=7==7--8--7-~6--T--6--5--6
NAMELIST:

~TCON(5) = 1.0E+6, TCON(6) = 1.0E+6,
-LDC(1) = 2, LDC(2) = 2, LDC(11) = 2
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C
C
C .

00

5;1.5 Listing for Isotropic Boundary-Integral Equation Computer Program

MAIN PROGRAM == INITIALIZES DATA = CALLS SUIBROUTINES -

COMMON 7/ ARRAY1 / XYZ(100+2¢2)s UCON(200) s TCON(200)s LDC(200)
COMMON 7 ARRAY2 7/ BvAL(200) :
COMMON / MATCON / FMUs POISN+- P1» P1y P2+ P3+ P4, PS

COMMON / CONTR1 / NSEGe NSYMs» NTOTALs NSIZE» NPT, NBDYP
COMMON / CONTR2 / T1TL(16)¢ IPUNCH» ISTRS,» IRDY

COMMON 7 TIMERS /7 T (10) .

THE. DIMENSTIONS OF THE FOLLOWING ARRAYS ARE PROBLEM DEPENDENT

05

10

20

30

DIMENSION C(160r160)
DQURLE PRECISION RH5(160)
Pl = 3.14159265

CONTINUIE
DO 101 =
UCON(I) =
TCONCI) =
BVAI (1) =
CAL)I. TIME
0O 201 =
T(I) = na
CALI. SETUP
IF (IBDY.NE.N) GO TO 30
CALIL. BvsoLU (C» RHS)
CALL INSOLU (C)

CALL BNYSTR (C)

1,200

0.

0.

0.

( 7(1) )
2,10

"CALCULATE TIME CHART

1000
2000
2100
2200

F N RV

T(2) = (T(2)=T(1))*10%%(=3)

T(Y) = (T(W)=T{(3))x10%%(=3)

T(6) = (T(6)=T(5))*10%%x(=3)

T(8) = (T(8)=T(7))%10%*(~3)

T(1n) = (V(10)=T(9))%x10%*k(=3)

WRITE (A»20Nn0) TITL

WRITE (a¢r2100)

WRITE (A2200) T(2)y T(4)e T(6)y T(R) Y

GO TO 0%

STOP

FORMAT ( 16AS)

FORMAT (1H1s 16A5)

FORMAT ( 21H TIME BREAKDOWN CHART //)

FORMAT ( SX 1S5HTIME FOR SETUP F12.7
5X tSHTIME FOR DELINT Fl2.7»
SX 15HTIME FOR SOLVER F12.7
5X 1SHTIME FOR INSOLU F12,7»
5X 1S5HTIME FOR BDYSOL F12.7»

END

169

T(10)

2X THSECONDS //
2X 7HSECONDS 7/
2%X THSECONDS 7/
2X 7HSECONDS //
2X THSECONDS)

2p%10000

2D0*10005
2D*10010

" 2D*10015

2D*10020
2D*1002%
20*10030
20x10035
2D*10040
20%10045 -
20x100%50
2D*10055
2D0%10060
2D*10065
20%10070
2D%10075
2D*10080
20*x1008R5
2D*%10090
20*10095

- 2D*101n0.

20%10105
2D%*10110
2D*10115

. 2D*10120

2D*10125
2D*10130
20*10135

T 20*10140

20*1014%
2D%x1015%50
2D*1Nn15%

2D0*10160 -
2D*10165
2D*10170
2D*1017S
20x101R0
20*10185

"2D*10190

2D%10195
2D%*10200
2D*10205
20%10210
2D*10215
2D*10220
2D*x10225
2D*10230
2D0%10235

20%10240

2Dx102u%



CONODOO0NOOOO

X2 Xs)

10

SUBROUTTINE SETUP

COMMON / ARRAY1 / XY2(100+2¢2)¢ UCON(2006)s TCON(200)» LOE(200)
COMMON 7/ ARRAY2 / BvAL(200)

COMMON 7/ ARRAY3 / PTIN(100¢2)

COMMON / ARRAYH / NRDY(50,3)

COMMON 7/ MATCON / FmUr POISNe PIv Pie P2e P3» P4, PS

COMMON / TIMERS 7/ TiM( b) :
COMMON 7/ CONTR1 / NSEGe NSYMe NTOTALe NSIZEs NPT, NBDYP

. COMMON 7/ CONTR2 / TITL(16)s IPUNCHe ISTRS, 1BDY

NAMELLIST / BDYCON 7/ UCONe TCON» LDC

DIMENSION NODE(100¢2)r XYZM(100+2)

EQUYVALENCE (NODEs LDC)s» (XYZM» UCON)

NSEG = NUMRER OF SEGMENTS ON THE BOUNDARY
NSYM = NUMBFER OF DEGREES OF SYMMETRY STARTING WITH Ys THEN X
"NNOD = NUMRER OF BOUNDARY NODES CONNECTING BOUNDARY SEGMENTS
IPUNCH = 1 == THE BOUNDARY SOLUTION WILL BE PUNCHED o0UT
ISTRS = 0+ PLSTRN == ISTRS = 1¢ PLSTRS
IF IBDY.FE.0 === BOUNDARY DATA STORED IN COMMON o
IF IBDY NF.N === BOUNDARY DATA READ IN FROM CARDS ADDED 70O END
, . OF THE DATA DECK _

NPT = NUMBER OF INTERIOR SOLUTION POINTS FOR STRESS SOLUTION
NBDYP = NUMBER OF BOUNDARY POINTS FOR STRESS SOLUTION

REAN (S+1000) TITL A

REAND (S¢110Nn) NSEGe NSYMe NNOUes IPUNCH»

ISTRSs IRDY» NPT, NBDYP
CINODE(IrJ) v J=1¢2) r I=1¢NSEG) : :

REAND (S+1300) ((XYZM(Ied)}eJ=1+2) 0151 ¢NNOD)

REAN (5,1400) FMUJe POISN

WRITE (A»2000) TITL N

WRITE (Ae2100) NSEGs NSYMs NNOD» IPUINCH, ISTRSe 18DYe NPT, NBOYP
WRITE (A92200) ((NODE(I,J)rJs192)0I=1/NSEG)

WRITE (/A22300) ((XYZM(TI,J)rJ=1+2)9I=1»NNOD)

WRITE (Ae2400) FMU» POISN

NSIZE = 2 * NSEG

DO 10 T = 1,NSEG

00 10 J = 1,2

DO 10 K = 1.2

N = NODE(I+J)

XYZ(ToJeK) = XYZMIN,K)

DO 20 I = 1,200

REAN (5.1200)

~uUcoNn(1l) = 0.

20

30

40

LDC(1) = 1

REAN (S¢BNDYCON)

IF (NPT.EQeN) GO TO 30 :
REAND  (591500) ((PTIN(IoJ)ed=1+2) 0 I=1/NPT)
WRITE (/02500) ((PTIN(IsJ)rJ=102)rT=1NPT)
IF (NBDYP.EQR.0) GO TO uQ ,
REAN (5+1600) ((NBDY(IeJ)rJ=1+3)rI=1,NBDYP)
WRITE (Ae2600) ((NBUY(IsJ)eJ=1+3)rI=1,NBDYP)
CONT.INUE

NFAC = 2%xxNSYM

IF (NSYM.EQ.0) NFAC = 1

NTOTAL ‘= NSEG *x NFAC

CALCULATE NEEDED MATERTAL CONSTANTS 17

20*150.
20%150¢1

2D*15010
20*15015
20*15020
2D%*15025
20+15030
2D%15035
20*150u0
2D%15045
20%150%0
2D*150%5
2D*15060
2D0*15065
20*15070
2D*15075
2D*15080
2D*15085
2D%*15090
2D*15095%
20*15100
2D*1510S

" 2D*15110

20%15115
20*15120
2D*15125
2D*15130
2N*15135
2D*15140
2D*151u5
2D%*151%50
2D%x15155
20%15160
2D*15165
2D*15170
2D0%x15175
2Dx15180
20*15185
2D%*15190
20*1519%
20%15200
20%15209%
2D*15210
2D%x15215

_2D*15220

2D*15225
2D*15230
2D0%15235
20*152u0
20%*152u45

- 2D*15250

20*15255
2D*15260
20*15265

20%*152
20%x15%
20x152



. IF (ISTRS.EG.1) POISN = POISN/ (3.+POISN) ' . 2D*15285

Pl = 1e/(He%xP1xFMU*(1.=POISN))} . 20%x152090

‘P3 = lol(u.*PI#(lo-POI’SN)). o . e ) . .2D*15300

Py = 1.=2.%POISKH ‘ : L . 2D0*1530S

CaLy, TIME ( TIM(2) ) L 2D*153310
RETUIRN ' , : : - 2D*15315

1000 FORMAT (1AAS) 2D*15320
1100 FORMAT (10l15) . 2D*185325
C ‘ - 2D*1%330
C xxwxxx CAUTION®xx%%x FORMATS PROBLEM DEPENDENT *%%«% CAUTION ****x%x 2D*15335
c - : ' , : 2D* 18340
1200 FORMAT (2413) ‘ 20*15345
1300 FORVWAT (1AF5.3) ' 2D*153%0
1400 FORMAT (F15,7¢ F104%) L 2D*15355

- 1500 FORMAT (1AF5.3) : 2D%*15360
1600 FORMAT (2413) 2D%153A5
2000 FORMAT (1Hl,s 10Xe 1RAS) : 20%*15370
2100 FORMAT (// 1018) : . 2D*15375
2200 FORMAT (// A(3X 213)) 2D0*15380
2300 FORMAT (// u(3X 2F10.0)) . 20%*15385
- 2400 FORMAT (/7 5X E1S¢7s F1045) ) ~ 2D*15390
2500 FORMAT (/7 u(3X 2F10.6)) . 2D%15395
2600 FORMAT (// &«(3X 313)) . 20%*15400

END - 2D*15405
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[eXeXel

'2X2X2] (2 ¥2X ¢ KeXz2K¢]

o000

SURROQUTTINF RVSOLU (Ce RHS)

COMMON 7/ ARRAYI 7 XYZ(10002¢2)¢ 11CONC200), TCON(200)» LDC(200)
COMMON / ARRAY2 / BvAL(200)

COMMON / MATCON / FmUs» POISNe PIe Pty P2» P3» P4y PS

COMMON 7/ CONTR1 / NSEGe NSYMe NTOTALs NSTZE» NPT, NBOYP
COMMON / CONTR2 / TITL(16)9» IPUNCHe ISTRGe iBOY

COMMON / TIMERS / TiIM (10)

DIMFNSTON A(200), PXYZ(2)9» CINSIZEPNSIZE)
EQUTVALFNCE (A» UCON)

DOURLE PRECISION RHSINSIZE)

NMAX = 2 * NSEG

WRITE (A22000) TITL

IF (ISTRS.EQ.0) WRITE (6012050)

IF (ISTRS.ER:1) WRITE (6020060)

WRITE (A,2100)

WRITE THE STARTING BOUNDARY CONDITIONS

00 10 I = 1sNSEG
J 2 1 + NSEG
D0 15 N = 1s2 :
15 PXYZ(N) = (XYZ(IedoN) + XYZ(Is2eN))/2, A
10 WRITE (A12200) 1¢ UCONCI)» UCON(J)» TCON(I)» TCON(J) ¢
1 LOCCTI)» LDCCJ)» PXYZ(1)y PXYZ(2)
D0 20 I = 1+NMAX
RHS(1) = n.0DO
IF (LDC(I)sFRs1) GO TO 30
BVAL(I) = FMmU * UCON(I)
GO TO 2n
30 BVAL(I) = TCoOnN(I)
20 CONTINUIE

CALCULATE NELUs DELTr» RHS

CaLi. TImg ( TIM(3) )
CALI. DELINT (C» RHS)
CALIL. TIME ( TIM(u) ) | /
WRITE (Ae3000) ((C(TrJ)r»J=1sNSIZF) e IZ1eNSIZE

WRITE 2IGHT HAND SIDE VECTOR

WRITE (As2300) TITL
DO u0 I = 1,NSEG
J = I + NSEG
40 WRITE (A,24n0) I» RAS(ID» RHS(J)

SOLVE SYSTEM OF EQUATIONS
CALIL. TIME ( TIM(5) )
CALL. SOLVER (NMAX» RHSe As C)
CALI. TIME ( TIM(6) )

FILL IN UCON» TCON === PRINT RESULTS
DO S0 T = 1,NMAX

iF (LDC(I)eFERel) GO TO 60
TCON(I) = FMI) x A(I)
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anmzoo‘
20x%x200

2D*2001 1
20%2001!
20%2002(
2D*2002!
2n*2003(
2D*%2003¢
20*2004(
2D*2004¢
2D*2005(
20*%2005¢
20%2006C
20*2006F
2D*2007(
20%2007S
20%20080
2D*2N (085
2D*2000Q
2D*20095
2D%20100
2D*2N105
20%20110
2D*20115
20%20120
2D0%20125
20%20130
20%20135
2D*20140
2D%201L5
20%*20150
2D*20155
2D*20160
20%*20165
20%20170
20%20175
20%201A0
2D*20185
2D*20190
2D*20195
20*20200
2D*20205
2D%20210
20*20215
2D*20220
20%20225
2n*20230
2D*20235
2n*20240
2D*20245
2D*20250
2D%*20255
20%20260

2D*20265

2n*20
2n*20
20*20



60

50

80

. 70 WRITE (A»2200) I UCONCI)e UCON(J)e TCON(I)y TCONM(J)r

1

ucon(I) = (1./FMU) * BVAL(I)
GO0 TO 50

TCON(I) = BvaAL(I)

UCONM(I) = A(1)

CONTINUF

WRITE (Ae2000Q) TITL

IF (ISTRS.EQ.0) WRITE (6¢r2050)
IF (ISTRS.EQ.L1) WRITE (6r20A0)
WRITE (6921n0) '

DO 70 1T = 1,NSEG

J = I + NSEG

DO RO N = 1,2

PXYZ(N) = (XYZ(IsdeN) + XYZ(I¢2,N))/2,

LOC(I) e LDC(J)» PXYZ(1)s PXYZ(2)

IF (IPUNCHeEQ+0) RETURN

00 120 T = 1¢NSEG

120

130

2000
2050
2060
2100
1
2200
2300
2400
2500
3000

J = I + NSEG

WRITE (7+2500) I» UCON(I)e UCON(J)

DO 130 I = 1sNSEG
W = 1 ¥ NSEG

WRITE (7+2500) I » TCON(I)o'TCON(J)

RETIIRN

FORMAT (1H1, 16A5 // 10X 19HBOUNDARY CONDITIONS)
FORMAT ( / u4( 18H PLANE STRAIN *xx%x ) ')
FORMAT ( / u( 18H PLANE STRESS *#%x% ) )

FORMAT (// uX 4H SEG 7X 2HUL 10X 2HU2 10X 2HT1 1nX 2HT2 Aax 4HLDCH

6x 4HLDC2 BX 2HX1 10X 2HX2 //)

FORMAT (2X IS» 2F12.8¢ 2F1240¢

FORMAT (1H1, 16AS // 10X 22HRIGHT HAND SIDE VECTOR 77/)

FORMAT (SXe IS, 2E15.8)

FORMAT ( Ilas 2E30.10)

FORMAT (/// ( 2(8F12.6 /) /7))
END : '

6x Il
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11X Ils 2F12.6)

2D*202A%
2N*x20290
20%20295
2N*20300
2D*20305

.2D*20310

2D*2n315
2N*20320
20%20325

2D0*%20330

2D*20335%
20*20340
2D*20345
20*20350
2D*20355
2D0%20360
2D*203A5
20%20370
2D0%2Nn375
20%20380
2D*%2038S
20%20390
2D0%20395
2D*20400
20%20405
20%20410
2D*20415%
2D*20420
2Dx20425
20*20430
2D*20435
20%20440
2D*20445
2D%20450



FeXaXaXaXate ks

OO0

[eXeXe

SUBROUTINE NELINT (Ge RHS) .
COMMON / ARRAY1 XYZ(10002¢2) e UCON(200)s TCON(200)s LDC(200)

/
COMMON / ARRAY2 / BvAL(200)
COMMON 7/ MATCON / FArMUe POLSNe Plie P1y P2» P3r P4, PS5
COMMON / CONTR1 7/ NSEGe NSYMe NTOVAL» NSIZE» NPT, NBDYP
COMMON 7/ CONTR2 / TITL(16)» IPUNCH» ISTRS» 1BDY
DIMENSION A(2)» E1(2)e E2(2)¢ P(2)r X(2,2)r RL(2), R2(2)
ODIMFNSION IgYM(2)eU(202)0T(2¢2) 1 GINQIZEINSIZE)
DOURLF PRECISION RHS(NSIZE)es XIlr X12¢ XI3¢ XI4» XIS
DO 10 I = 1.,NSIZE :
D0 10 J = 1sNSIZE '

10 G(I.J) = 0.
VO 20 M = 1.NTOTAL

—
m
~
2

Hn

n
a .
{M=1)/NSEG
M - M1xNSEG
M2 + NSEG ,
IF (LDC(M2) sEQs1+ANDJABS(BVALIM2)) el TalensAND,
1 LDC(M3) sEQe L+ ANDJABS (BVALIM3) ) eLTe1s0) IFLG = 1
IF (LDC(M2) .EQ2+,ANDABS(BVAL(M2)) L Te1.NE=08+AND.
1 LDC(M3) eEQe2+AND+ABS(BVAL(M3) ) oLT+1.0E~08) JFLG = 1

=
V]
HuHH

COMPUTF SYMMETRY COEFFICIENTS USING Yo THEN X

IFLAG = 1
DO 16 K = 142

J =3 -k ‘
= (M=1)/(NSEG*((2%%xJ)/2))
ISYM(K) = (=1)%x]
CIF (I1.E@.0) ISYM(K) = 1
16 IFLAG = IFLAG # ISYM(K)
DO %0 J = 1,2
IF (IFLAG.GT.U) GO TO 25

X(1ed) = XYZ(M2+29J) * [SYM(J)
X(2eJ) = XYZ(M2s1sJ) * ISYM(J)
60 TO 35 . |
25 X({1.J) = XYZ(M2s1sJ) * ISYM(J)
X(2,J) = AYZ(M2,20J) * ISYM(J)

35 CONTINUF
DEFINE DIRECTION OF THE LINE SEGMENT F2 = A(J) / AMAG

30 A(J) = X(2ed) ~ X(1,J)
ANMAG = SART (A(L)*x%2 + A(2)%x%x2)
DO 233 1 = 1.2
E2(1) = A(I)/AMAG
=3 =-1
33 E1(1) = E2(1) x (=1)*x(JU+1)

CALCULATFE THE ANGLES T1 AND T2 AND THE DISTANCE O

00 20 N = 1,NSEG

00 15 U = 1.2

P(J)Y = (XYZ(Neled) + XYZ(Ne20rJ))/2e
R1(y) X(1ed) = P(U) 174
R2(.1) X(2ed) = P(J) :

20*25[‘
S0%280

20#%25010
2N*25015
20%25020
2D*25025
2D*25030
2N%x25035
20%25010
20%25045
20%25050
2D*25055
2D*25060
2D*25065
2N*25070
2D*2%075
2D%250R0
20*25085
20%25090
2D0%25095
2Nx251N0
2D*25105
2D0%25110
2D*25115
2N*25120
20#%*25125

20%25130

20*25135
20*25140
2px25145
2D*25150
2D%25155
20%25160
20*25165
20*25170
2D%25175
2D*25180
2D0*25185
2D*251990
2D*25195
2D*x25200
2D%25205
20%25210
2Nx25215
2p*25220
2N%x25225
20%25230
20%25235
2D*2524u0
2D*x252u45
2D0%25250
2D%25255
2D0%2526A0
20%25265

20%25
2D%*25
2D*252F%



. DO 16 1 = 1.2 2D%*25285
U(I.J) = 0. 2D*25290
15 T(I.J) = 0. 2D*25295

CALIL DOTPRD (R1/s Ely» D) 2nN*25300

CALI. DOTPRD (Rir E2y» R12) 2n%25305

CALL DOYPRD (R2s E2¢ R22) 2D*25310

CALL DOTPRD (R1e R1» RIMAG) 2D*25315

CALY DOTPRD (R2r R2+ R2MAG) 2D*25320

RiIMAG = SORT (RLIMAG) 2D0*25325

R2MAG = SART (R2MAG) 2D*%25330

RA = ABS(R12) 2D*25335

RB = ABS(R22) 2D*25340

RMAG = AMAX1 (RA» RA) 20*25345

IF (ABS(D /RMAG).LT.1.0E-03) GO TO u0 20%25350 ,

SIGN = N / ABS(D) : 2D*25355

Tl = ATAN(R12/D) = (1.-S1GD)*PI1/2. 2N*25360

T2 = ATAN(R22/D) = (1.~SI1GD)*PI/2, 2N*253A5

ST1 = R12 / R1MAG 20*%25370

ST2 = R22 / R2MAG 2D*25375

CT1 = D / RIMAG "2D*25380

CT2 = D 7/ R2MAG 2D*25385

TNL = R12 / D 2D*25390

TN2 = R22 / D 2D*25395

c . . 20%25400
C OIAGNOGTIC PRINT «== OCCURS ONLY IN THE CASE OF SERTOUS DATA ERROR . 2D*254n5
Cc 2D*25410
IF ( (CT1/CT2) .GT. 0.) GOTO 500 - 2D*25415

WRITE (Ae2000) Me No X¢ Pe Rle R2¢ Fle E2s Tle T2¢ CT1e. CT2¢ D 2D%25420

500 CONTINUE ' 20%25425
XL1 = ALOG(N/CTL) 2D*25430

XL2 = ALoG{(n/CT2) 20*25435

c _ 20%25440
C CALCULATE DELU INTEGRAL FOR DeNE.O 20%25445 -
c 20*25450
IF (IFLG.EG.1) GO TO 45 _ 2D*25455

XI1 = Dk(TN2*XL2=TN2+T2=TN1*XL1+TN1=T1) . 2N*25460

X12 = D*(T2=T1) 20%25u465

XI3 = D*(XL2~XL1) 2D%25470

XI4 = D*x(TN2=TN1=T2+T1) 2D*25475

DO s0 IX = 192 2D*25480

DO &0 JX = IX»2 2D*254R5

DEL = 0. . 20%25490

IF (IX.En.Jx) DEL = 1. . ‘ o . 2D*25495

UXY = P1*(P240EL*XT1=E1(IX)*EL1(UX) *xI2=(E1 (IX)*xE2 (UX)+EL1(JX)%E2 (TX2D*25500

1 ))xXI3-E2(IX)*22(JX) %xXI14) ‘ 2N*25505.
UCIx,JX) = uUXY * ISYM(JX) 2D%25510

IF (IX.FQR.JUX) GO TO 50 2D*25515
UGUX s IX) = uUXY % ISYM(IX) 2nN*25520

50 CONTINUE 2D*25525

c , , 2D*25530
C CALCULATE DELT INTEGRAL FOR DeNE.O 2D*25535
c 20%25540
45 IF (JFLG.EQ.1) GO To 75 2D*255u5
XI1 = To=-T1 _ 2D*25550

XI2 = T2+ST2%CT2-T1-ST1%xCT} 2D%255585

. XI3 = STo*%2=ST1%%2 175 2D%25560
Xi4 = To=-ST2*CT2=~T1+ST1%CT1 _ 2D*25565

XI5 = AL0OG(CTL1/CT2) 20%25570



60

40

DO /0 TX = 12

DO A0 JX = IXe2

TXY = 0.

IF (IXeFNaJXsAND.MEQN) GO TO A0
DEL = 0.

IF (IX.FR.JX) DEL = 1. o

TXY = P33 (Pu*DEL*XI1+EL (IX) *F 1 (UX) *XT24(EL(IX)*E2(JX)+E2(IX) *
FL{IX) ) RXIBH+E2(IX) *E2 (UX) *XTu)

TOIX»JX) = TXY % ISYM{JX)

IF (IX.FQ.JX) 6O TO 60 ,

TSTAR = ~P3xPux(E2(IX)*xE1(JUX)=E1 (IX)*E2(UX) ) *XIS

T(IXeJX) = (TXY+TSTAR)I*ISYM{JX) :

TOIXPIX) = (TXY=TSTAR)*ISYM(IX)

CONTINUF

GO TO 75

CONTINUF

XI1l = R22x(ALOG(RB)=1+)=R12*%(ALOG(RA)=1,)

X12 = R22 = R12

XI3 = ALOG(RR) = ALOG(RA)

CALCULATE NELU FOR DeER.V

70

IF (IFLG.E@.1) GO TO 65

DO 70 IX = 192
00 70 JX = IXs2
DEL = 0. )

IF (IX.FR.JX) DEL = 1.

UXY = P1x(P2+DEL*XI1=E2(IX)*E2(JX)*X12)
UCIxedX) = UXY * ISYM(JX)

IF (IX.FR.JX) GO TO 70

UGUX31X) = uxYy x ISyYyM{IX)

CONTINUF

CALCULATE NELT INTEGRAL FOR D.+EQ.0

65

80
75

90
85
20

2000

IF (JFLG.EQ.1) GO To 75

DO RO IX = 192

00 A0 JX = TXr2

IF (IX.FA.JX) GO TO 80 o
TXY = =P3%xPux(E2(IX)*E1(JUX)=EL(IX)*E2(JIX) ) *X13
T(IXedX) = TXY * ISYM(JX)

T(JIXeIX) ==TXY * ISYM(IX)

CONTINUF

DO A5 IX = 12

DO AS UX = 12 ,
NG = N + (IX=1)%NSFG

M4 = M2 + (JUX=1)%*NSEG : -
IF (IXFRoJUXeANDeMeEQeN) T(IXeJdX) = =0.50
IF (LDC(Mu),EQel) GO TO 90

TRANS = U(IXeoX)

UlIxedX) = =(1e/FMU) * T(IX»JX)
T(I¥edX) = «FMU * TRANS ,
RHS(N4) = RHS(N4) + U(IXedX) * BVAL(M4)
G(NuoeM) = G(NGeMU) + T(IX»JX)

CONT INUE

RETURN

FORMAT (/7 5X 215 /7 (2F10.5 /7))

END 176

2D*25
2D*25
2D%255

2D*2559()
2D*2559%
2D*256NQ
2D*25605
2D*25610
2N¥*25615
2D*2562(0
2D0%25625
2D*%25630
2D*25635
2D*25640
2D*256U5
20%25650
2D*25655
20*25660
2D*25665
2D%25670
2D*25675
2D*25680
20*25685
2D*25690
2D0%25695
2D%25700
20*25705
2D%25710

2D*25715

2D*25720
20%25725
20%25730
2D%25735

. 2D%257u(0

2D%2574858
2D%25750
2D*25759
2D*257640
20%25765
20%25770
20*25775
2D%25780
2D%25785
20%25790
20*25795
2D*25800
2D*258N%
2D*25810
20%25815
2Dx25820
2D*25825
2D*%2583¢
2D*x25835
20%25840
20*25845

20*25'



110

C

C CALL FOoR CALCULATION OF DELD AND DELS

c

20

30

10
100
120

130

SUBROUTINE INSOLUC C )
XYZ(100,292)» LCON(200),
PTIN(100,2)

COMMON
COMMON
COMMON
COMMON
COMMON
COMMON

NN NN

DIMENSION C(10093)

ARRAY}
ARRAY3
MATCON
TIMERS
CONTR1
CONTR2

NONN NN

FMU'®e
TiM (10)
NSEG»
TITL(16)
All)

IF (IBDY.NE.O) GO Yo 100
IF (NPT.EQe0Nn) RETURN

CALL

TIME ¢ TIM(7) )

WRITE (6¢2000) TITL
IF (ISTRS.ER.0) wRITE_(ﬁoZOSO)
IF (ISTRS.ER.1) WRITE (602060)

WRITE (A
A(u) = _0.
CALI. DELS
DO 10 NP
DO 20 1
A(I) = ¢

2100)

D (C)
= 1oNPT
= 103
NPT

IF (ISTRS.EQR.1) GO TO 30

A(y) =
CONTINUF
THETA =

TAUNCT =

WRITE (A
CONTINUE
caLl,
RETIIRN

POISNY

NSYM»

Pl

PXYZ(3)

POISN *x (A(1) + A(3))

(AC1) + A(3) + A(4))/3.
QQRT(Z.*(A(1)**2+A(3)**9+A(Q)**?-A(1)*A(3)-A(3)*A(4)-

NTOTAL»
» YPUNCH»

Pie P2y P3o»

ISTRS

A1) *xA(4)+34%xA(2) %x%x2) ) /3.

2200)

TIME ( TIM(R) )

WRITE (Ar2000) TITL

DO 120 I = 1/NSEG

J =1 +N
REAND (5.1
DO 130 Y
J =1+ N
REAN (5.3
WRITE (A
DO 140 1
J=31I + N
DO 150 N

150 PXYZ(N) =
140 WRITE (Ae2400) I

1100
2000
2050
2060
2100

300 FORMAT (// uX 4H SEG 7X 2HU1l 10X 2H12 10X 2HT1 1nX 2HT2 AX 4HLDCH

1

1
2

GO TO 110
FORMAT (I
FORMAT (1

SER

100) N
= 1/NSEG
SEG

100) N
23n0)

= 1+/NSEG
SEG

= 102

UCON(I)»

TCONC(I) e

UCON(J)

TCON(U)

(XYZ(IsdloN) + XYZ(Te29N))/20

10,
Hio

2E30
10X

UCON(I)c
LDC(I)

«10)
1AA5)

UCON(J) e TCONCI)»

LDC(J) »

NPT'
180Y

NSIZE.»

TCON(200)+» LDC(200)

P4. PS5

NPy (A(K) 1 K=10 4)oTHETAvTAUOCToPTIN(NPol)oPTIN(NPoZ)

TCON(J) »

PxYZ(1)s PXYZ(?2)

FORMAT ( / 4( 18H PLANE STRAIN *#xx ) )
FORMAT ( /7 4( 18H PLANE STRESS **xx ) )

FORMAT

(AHOPOINT,

2X 10H SIGMA(XX) 2X 10H SIGMA(XY) 2X
1nH SIGMA(YY) 2X 10H SIGMA(ZZ) uX 6H THETA gX 7TH TAUNCT

5X 24 X 6X 2H Y)
‘200 FORMAT (2X 13» 2X 6F12.2»

2FA.4)

177

NBDYP

2D%*30000
2D*30005

2D*30010

2D*3001%
2D*30020
2D0*30025
2D%x30030
2N*x30035
2D%300u0
2n*x3nous
2D%30050
2Dx30055
2D*30060
20*300AS
20%30070
2D* 30075
2D*3N0R0
2D*3N08S
20%x30090
2D0%30095
20%*30100
2D*30105
2Dx30110
2D*30115
2n*x30120
2D0%30125
2D*30130
20*30135
20%30140
20x30145
2N*30150
2N*30155
2D*30160
2DN*30165
2D0*3N170
2D*30175
2D0*%30180
2N*30185
2D0%30190 .
2D*30195
20%3n200
20*30205
2D*30210
2D0%*30215
2D*30220
2D*30225
2D%x30230
2D*30235
2D%*30240
2Dx3024%
20%30250
2Dx30258%
20%30260
2D% 30265
2D*30270
2D*30275%
2D*302R0



1 6% u4HILDC2 BX 2HX1 10X 2HX2 //) 20%302

2400 FORMAT (2X 1ISe 2F12.8» 2F12.00 6X I1s 11X I1» 2F12.5) 20*302;
END 2D0*302¢

178




OO0

s EeXy!

23 X(1.J)

SUBROUTINE DELSL (6) .
COMMON 7/ ARRAY1 / XYZ(10002¢2)» UCON(200), TCON(200)» LDC(200)
COMMON / ARRAY3 PTIN(100,2)
COMMON / MATCON Fuue PRe PTe Cle C20 C3y» CU4
COMMON / CONTR1 NSEGes NSYM» NTOTALe NSIZEs NPT, NBDYP
COMMON / CONTR2 TITL(16)» TPUNCHs ISTRS, IRDY
DIMENSION A(2)e EL(2)s E2(2)r P(2)0 X(202)0 RL(2)y» R2(2)
OIMFNSION IQYM(2)» G(100+3)
DO 10 I = 1,100 '
DO 10 JU = 1.3

10 G(I.J) = 0.
DU 20 M = 1.NTOTAL
M1 = (M-1)/NSEG
M2 = M - M1*NSEG

NN NN

COMPUTF SYMMETRY COEFFICIENTS USING Yr THEN X
IFLAG = 1
DO .16 K = 1,2
J= 3 =K
I = (M=1)/(NSEGx{({(2%%J)/2))
ISYM(K) = (=1)%%xY
IF (I1.FR.N) ISYM(K) = 1
16 IFLAG = IFLAG * ISYM(K)
(9]9) 32.J'= 1,2
IF (IFLAG.GT.0) GO TO 23
X(1ed) = XYZ(M2e29J) * ISYM(J)
X(2,J) = XYZ{(M2e1ed) % 1SYM(J) -
G0 TO 35
= XYZ(M2e19J) * ISYM(J)
X(2,J) = XYZ(M292¢J) * ISYM(J)
35 CONTINUE

DEFINE DIRECTION OF THE LINE SEGMENT E2 = A(J)/AMAG

32 A(J) = X(2eJd) = X(1,J)
AMAG = SERT (A(1)%x*x2 + A(2)*%x2)
DO .33 1T = 1.2
E2(1) = A(I)/AMAG
J=3 =1
33 E1()) = E2(1) * («=1)*x*{J+1)

CALCULATE THE ANGLES T1 AND T2 AND THE DISTANCE D

DO 20 N = 1,NPT

DO 15 U = 1,2

P(J) = PTIN(NsJ)

R2(0) = X(2sd) = PLJ)
CRIG) = X(1.d) - PLY)

15 CONTINYF

Dl = 0.

02 = 0

DO 17 J=1.2

D1 = D1 + R1(JI*R1L(Y)

17 D2 = D2 + R2(J)*R2(4)
D1 = SeRrTD1)
D2 = SART(D2) :
CALL. DOTPRD (R1» Els 0) : 179

L]

20*35000
2D%35005

20*#35010 |

2D#*35015
20%35020
2D*3502%
2D*35030
2D*35035
2N*x350u0
2N%x350us
20%350%0

2D*35055 -

20%*35060
2D*35065
20%35070
2D*35075
20*35080
2D*35085
20* 35090
20%35095
20%35100
2D*35105

20%35110

2D*35115
2D*3%5120
2p*35125

2D%35130 |

20* 35135
2D*35140
20*35145
2nN*35150
20%*3515%

2D0%35160

2D*3%185
2p*35170
2D*35175
2D*35180
2n*35185
2D*35190
20*35195
2D*35200

20*3520S .

20%35210

20%35215

2D*35220
20% 35225
2D%3%230
20*35235
2D*352u0

2D*35245

20%35250

2D%35255"

C 2D*352A0

20*35265;
2D*35270:
2D*35275
2D¥35280:



40

CALY
CAL:
Calli
CALI
RiMAaG
R2MAG
RA =
RB =
RMAG
IF (A
SI1Gn
T1
T2
S1
S2
Ci
C2

N

DELTYTJ
IF (1
IF (K
IF (1
IF (A
DD1
DD2
oD3
OD4
ous
Do6
DS1
Ds2
DS3
Dsu
DsS
Dsé
ns7
0s8
AlJk
BIJk
ClJx
FIJx
D1Jk
EIJk
GlJx
1

HIJx

gy n

1

2
0IJk

1l

NOTPRD (RY1e E2¢ R12)
DOTPRD (R2¢ E2¢ R22)
NOTPRD (R1+, RY» K1MAG)
DOTPRD (R2r R2» R2MAG)
= SORT (R1IMAG)
= SORT (R2MAG)
ARS(R12)
ARG (R22)
= AMAX1(RA,RB)
BS(D /RMAG) LT.1.0E~03) G0 TO un
=D / ARS(D)
ATAN(R12/D ) = (1.=-SIGU)Y*P[/2.
ATAN(R22/D ) = (1.=SIGD)Y*PI/2.
R1?2 / R1IMAG
R22 / R2MAG
D / RIMAG
D / R2MAG
ALOG(D1)
ALOG(D2).

X 4+ O
DO Mt~ {1 it
L . ]

-
-
N

0.
+EM.K) DELIK = 1.
FR.J) DELKJ = 1.

+EQ.J) DELIJ = 1.
BS(ND/RMAG) e LT+ 1.0E=03) GO TO 30
T2 - Tt
XL2 = XL1
To=T14+S2%C2~S1%C
C2%%k2=S1 k%2

T2-T1l=82%x(C2+51#%C1
2.%DD2=-S2%%x2+Q 1 %%2
NDNA/D
Dou/D
DN&/D
nN1/D
B3.¥DS1 + 2% (S2%C2%%3=S1%C1%%3)/0
2. % ({C1*xxy=C2%x4)/D
33 - *-OS l - USS
2. % (S2%xy=G1l%x4)/D
NDELIKX*E1 (J)HDELKU*EL(I) =DELTU*EL(K)
DELIK*E2(J) +NELKJ*E2(T) =DELTU*E2 (K)
F1(I)*EL (J)*F1(K)
F2(IV%E2(J)*E2(K)
FI(II*E2 (W) *EVK)+E2 (I} *E1 (D) *EL(K)+EL(T) «F 1 (J) *E2 (K)
FIII)RE2(JI) *F2(KI+E2(T) *E1 () *¥E2(K)I+E2(T) *E2 (J) *E] (K)
= CuxDFLIJ*EL(R)I+EL(1)*EL(J)*E3 (K)+PR* (DELIK*E1 (J)+DELKJ*
E1(1))
= CuxDFLIJXE2(K)+EL (I *F2 () *E1 (K)+E2 (1) *EL (J) *E1(K) +
PRA(DELIK*E2(J)+DELKJI*E2(I)+2,%EL (T) *EL(J)Y*¥E2(K) ~
E1(I)*E2(JUI*E1{K)-E2( ) *E1(J)*xEL1(K))
= CuxE2(I)2E2(J)*E1(K)+PR:(FLIT)*E2(J)*E2(K)+E2(1)xFEL (J) %
F2(K)) 180

raunnn

20*352”8
20*35295
2D*3529

2D*353N0
2D* 35305
2N*35310
2ND*35315
2D*35320
2D*35325
20*35330
2D*35335
2D*x353u0
2D*353u45
2D%35350
2D*353%5
20*x353A0
20%35365
2D%35370
2D%35375
2N*353R0
?N0%353A85
2D*35390
2D*35395
2D*x35400
2D*354n5
20%35410
2D*35415
2D*35420
2D*35425
2D*35430
2N*x35435
2D* 35440
2N*35445
2D%35450
2D*354%55%
2n*x35460 -
20%354A/%
2Nx35470
2D*35475
2N*35480
2N%354 85
20%35490
20%35495
2N*35500
20* 35505
2D%35510
2D0*35515
2D*x35520
2D% 35525
2D% 35530
2D*35525
2D* 35540
20* 35545
2N*35550
2D*35585

2D%355
2D* 355
2D*x3557




OO0

PIJK = Cux(DELIK*EL (J)+DELKJI*EL(I))=DELTJIXEL(K)X(1e=U ¢*PR)
DD = C3*x(CUx(ATUK*DD1+B1JUK*DD2) +CIIK*DD3+DIJK*DDY+ETJIK*DNS
1 +FIJK*006)x1qYM(K)
Dg = 2. *FMU*CJ*(GIJK*U51+hIdK*DS?+0IdK*n§3+PIJK*DSu-CIJK*D§5
1 «~NTJK*DS6~E1JK*DS7~ FIJK*DSB)*ISYM(K)
Gu TO 2u
30 CONTINUE
BiJk = nELIK*E?(J)+nELKJ*&2(I)-DELIJ*EZ(K)
QIJK = Cux(2%xEL(K)*E2(1)*E2(U)4+EL () *DELIK+EL(L) *DELKJ) +

1 2.*PR*(E1(I)*EZ(J)*EZ(K)#EZ(I)*El(d)*EZ(K))—DELIJ*EI(K)
51 = R12/RA
S2 = R22/RB

FOLLOWTNG TDIOT CARDS REQUIRED FOR 1108 FORTRAN

ARGY1 = RB

ARG2 = RA

DD2 = S2*AL0OG(ARG1) = S1%ALOG(ARG2)
DD6 = NNh?

DS9 = 1./RA=1./RB

0D = C%*(CQ*RIJK*DD?+2-*E2(I)*Ea(d)*Ea(K)*DD6’*I§YM(K)
DS = 2.%FMU%CI*QIJKDSO*ISYM(K)
24 CONTINUF
My = M2 + (K~1) * NSEG
G(NsL) = GINIL) + DDXTCON(MY) = DS*®CON(MYy)
25 CONTINUF
20 CONTINUF
RETHIRN
END

181

2D*35575
2D*35580
2D*35505
2D*35590
20%35595
20%x356N00
2N*35605
2D*35610
20*3%615
2D*35620
2N*35625
20*35630
2D*35635
20* 35640
2D*x35645

-2D0*35650
"2D*35655

2D*35660
2D* 35665
2D*35670
20*35675
2D*356R0N
20*35685
20*35690
2D*35695
2p*35700
2p*35705
20*35710
20*35715



OO0 0O0

SUBROUTTMFE RBNDYSTR (C)

~ COMMON / ARRAY1 / XYZ(100+292)» UCON(200)s TCON(200)s LDC(200)
COMMON 7/ ARRAYH / NBDY(5003) .
COMMON 7 MATCON / FnMU» POISNe PIe P1s P2y P3s P4, PS5
COMMON / CONTR1 / NSEGes NSYMe NTOTALe NSIZEe NPT, NBDYP
COMMON / CONTR2 / TITL(16)s IPUNCHe ISTRS, IRDY
COMMON 7/ TIMERS / TimM(1l0) '
DIMENSION A(2)e E1(2)r E2(2)r P(302)e R(2)r DU(2Y)y T(2): C(5004)
IF (NRDYP.EQR.0) RETURN

Io
I1
I2

20

A3

1

1

CALL TImMF ( TIM(9) )

Cl = 1.-2.*POISN

C2 = 1.~POISN

WRITE (Ae2000) TITL

WRITE (Ar,2100) ((NBDY(IsJ)»J=1¢3)9I=1/NBDYP)
WRITE (,02000) TITL

IF (ISTRS.EQ.D) WRITE (602050)
IF (ISTRS.EQ.1) WRITE (6e2060)
WRITE (K+2200)
= BASE SEGMENT NUMBER
= RFAR DIFFERENCE SEGWENT NUMBER
= FORWARD DIFFERENCF SEGMENT NUMBER
00 15 N = 1,NBDYP
I0 = NRDY (N»))
I1 = NBDY (NeR2)
I2 = NBDY (N93)
DO 20 M = 1,2
P(1.,M) = (XYZ(IOploM) + XYZ(I0r2oM)) /20
P(2,M) = (XYZ(IledeM) + XYZ(ILr2/M))/2
P(3,M) = (XYZ(I2s1rMm) + XYZ(I2¢2+M)) /20
R(M) = P(3rM) = P(2,M) _
A(MY = xXYZ(TI0r2/M) = XYZ(I0¢r1eM)
SMAG = SART(R(1)%%2 + R(2)*%x2)
AMAG = SQART(A(1)%%2 + A(2)%*2)
DO 25 M = 1,2
E2{m) = A(M)/ AMAG
K =3 M :
El(k) = F2(M) * (=1)%%x(K+1)
I3 = 11 + (M=1)=%NSEG
I4 = 12 + (M=1)x%NSEG
I5 = 10 + (mM=1)%NSEG
DUCm) = (LCON(TIY) ~ UCON(I3))/SMAG
T(M) = TCON(IS) '
M =0
00 30 I = 1,2
DO a0 JU = 1,2
M =M+ 1
DIJ = 0. o
IF (I.Fa.d) DIJ = 1.
CINsM) = (C1/7(24xC2N)*(TID)*EL(JY) + T(II*EL(I)) ~ (FMU/C2)*POISN*
(E2(J)*0U(1) + E2(1)*DU(J))
DO 30 K = 1.2
Al = E1(D)*F1(J)*E1(K) + El(I)*Ea(J)*EZ(K) +
E2(T)*E1(J)*E2(K) + E2(T1)*E2(J)*E1(K) _
A2 = E1(I)*F1(J)*E2(K) - El(I)*Ez(J)*Ei(K) - E2(Y)*E1(J)%E1(K)
= E1(1)*F2(J)*xE1(K) + E2(I1)*E1(J)Y%EL1(K)
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20*400!
204000

2p*40010
20*4N0015S
20%4NnN20
2nx40025
2D*4 0030
20*40035
20%40040
2040045
2040050
20*4N0055
2D*%40060
2D*x40065
2D*40070
2D0*40075
2D*400R0
2D*4 0085
20*40090
20x40095
2D*40100
2D0*40105
2D*40110
2D0%40115
20%40120
20*40125
20%40130
20*x40135
20x40140
20%40145
20%40150
20*40155
20*40160
20*%40165
20*40170"
20%40175
2D*40180
2D*x40185
2p*x40190
2N*40195
2Dx40200
20%40205
2D%40210
20*x40215
2D*40220
2n*x40225
2D*40230
2NxuN235
2p*x402u0
2nx4naus
2D%x40250
2n*40255
2D*40N26A0
2N*40265
20%x402
2D*x402
2D0*40280




Ay =
C(N.M)

1
2

30 CONTINUF

IF
C(N

(ISTRS.E®.1) GO TO 35
POISN * (C{(Nsl1) + C(Ne3))
(C{Nel) + CINe3) + C(Nr4))/3,

'4)

35 THETA =
TAUNCT

1

15 WRITE (A,2300)

CALL
RETI

= CI(N/M) =~

&ORT(?-*(C(N'1)**2+C(N'3)**2+C(N'4)**9-C(N 1)%C(N»3) =
CIN?3)RCINIB)=CINe1)*C(NoU4)+3s%xC(Ns2)%x%x2)) /3,
I0e (CINoM) +MZ104) v THETA TAUOCT P(1,1),P(2,2)

E2(T)*F2(J)*E2(K)
(C1/7(2,#C2) ) *¥DIJ*EL(K)*T(K) + (1e/(2.%C2))x(Alx
TK)) + (FmU/C2)*(C1xA2 + C2%xA3 + S.*%A4)xDij(K)
(FMU/C2) %C1*DTJ*E2 (K ) *xDU(K)

TImeg ¢ TIM(10) )

IRN

1000 FORMAT
2000 FORMAT
2050 FORMAT
2060 FORMAT
2100 FORMAT

1

5200 FORMAT

1
2

2300 FORMAT (2X I3

END

(2413)
(1H1s 10X

( / u( 18H PLANE STRAIN xxkx ) )

( / u( 18H PLANE STRESS *x%* ) ) ‘
(/ 5X 11HBASE NUMBER 2X 11HRFAR NUMBER 3X 10HFWD NUMBER //
{312 /)
(7HOSGMENT 2X LOH SIGMA(XX) 2X 10H SIGMA(XY) 2X

10H SIGMA(YY) 2X 10H SIGMA(ZZ) 4X 6H THETA sX 7H TAUOCT

1s8A5)

)

5X 2H X 6X 2H Y)

2X 6F12420

2F8.4)
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20%x4 0285
20*4nN290
2D*40295
2D*403N0
2D*40305
2D*40310
2N*40315
2D*40320
2Dx40325
2D*40330
2N*xU N335

- 2D*40340

2D%4N34u5
2D*403%50
2D*40N355

- 20*40360
" 2D*40365

2D*40370
2040375
2D*403R0
20*40385
20*40390
20%*40395
20*40400



SUBROUT INE
DIMFNSION A
C = a(1)xa¢
RETHRN

END

(2), B(2)
1) + A(2)%B8(p)

c)
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2D*y s,
20%4 5
2D*45¢
20*450
2045



. SUBROUTINE SOLVER (Ne Xe Fo A) _ ' 2D*50000

DIMENSION A(NeN)» XIN)r FIN)s XX(160) : " 2D*50005
OOURLE PRECISION X : _ 20*50010
DO 101 = 1, N _ 20%50015
F(I)Y = nen . 2Dn%50020
10 CONTINUF - 20%5N025
N1 =N - 1 2p*50030
00 a0 I = 2, N . , , 2D*5N035
DO A5 U = I, N 2n*50040
IF (ABS(A(I=1+I=1)) +GT. 0,) GO TO u5 : , 20*50045 ;
I1 =1 =1 ' 2D*50050
WRITE (Ae510) I1 , _ : 2D*50055
. RETHRN 2D0*x50060
45 CONTINUF . 2D*50065
w-CX = A(JiI=1) /7 A(I=-101-1) 2D*50070
K2 =1 : _ : - 20%50075
DO 80 K = I, N o . 2D*50080
A(J.K2) = A(JrK2) = CX x A(I=1,K2) , 2D*50085
K2 = k2 + 1 ' - 2D*50090
50 CONTINUE : 2D*50095
AlJ,I-1) = ¢€X , ‘ 2D*50100
55 CONTINUF - 2D*50105
60 CONTINUF ‘ . 20*50110
FORWARN PASS = OPERATE ON RIGHT HAND SIDE AS 20*50115
ON MATRIX ' : : " 2D%50120
62 CONTINUF 2D*50125
DO 70 I = 2+ N : o 20%50130
00O AS U = Is N _ 2D*50135
X(J) = X(J) = X(I=1) * A(JrI~-1) 2D0*50140
65 CONTINUE , 2D*50145 -
70 CONTINUF : . 2D*50150
- 2D%*50155
BACKWARD PASS = SOLVE FOR AX = B - 2D*50160
XX{N) = X(N) / A(NeN) T 2n*50165
DO a0 I = 1, NI ‘ 2D*50170
SUM = 0.0 . 2Dx50175
I2 = N=1+1 2D*501A0
DO 75 J = 1I2» N , 2p*50185
SUM = Sim + A(I2=1ed) * XX(J) ' ‘ 2D*50190
75 CONTINUF 4 2D*50195
XX(12=1) = (X(I2=1)=SUM) / A(I2=1¢12-1) 2D*50200
80 CONTINUE : 20%50205
DO 90 I = 1» N 20%50210
FUI) = F(I) + XX(I) 2D*50215
90 CONTINUE 20%50220
RETURN ‘ , _ 2D*50225
510 FORMAT(/1X 2SHERROR RETURN FROM SEQSOV “I10e 20*50230
1 35HDIAGONAL TERM REDUCED TO ZERO /) 2D*50235
END : :

2D*x50240
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5.2 TWO DIMENSIONAL ANISOTROPIC BOUNDARY-INTEGRAL EQUATION METHOD
5.2.1 Formulation of the Field Equations

The present note concerns the application of the Boundary-
Integral Method to the solution of two dimensional, plane stress problems
for fully anisotropic, elastic materials. The nature of the equations
is such that engineering notation for all field variables is convenient.
The notation and theoretical development of the field equations fo]]ows\
from Lekhnitskii [1]1. The development of the boundary-integral equations
fo]]oWs the usual method outlined by Cruse [2]. The solution of the
problem .of unit loads in the x- and y-directions, called the fundamental
solution will be first be obtained. Next, the Betti reciprocal work
theorem will be used to obtain Somigliana's identities for internal
displacements and stresses. Finally, the Boundary-Integral Equation
will be obtained from the Somigliana displacement identity.

fn the plane stress equations presented in this note, the non-

zero stress components are {ox, oy, Txy} and the corresponding strain

components are {ex, sy, ny}' The equilibrium equations for the stresses
are
_8-(?1(_ + M = 0
X dy
(1)
E)_(.Z + .?E.Y. = 0
X oy

The strain components are subject to the single compatibility equation

]Brackets refer to references at the end of this note.

186




ayZ * oxZ axXoy
which guarantees the existence of single-valued displacements, Uy uy
which are related to the strains by
.a_u_)_(. '=‘€x Efl = €
ax X %y Y
| | (3)
9 au_ -
; Moo My
ay ax Xy
The constitutive law for the fully-anisotropic elastic
material in plane stress can be given in matrix form as
€y B11 B12 B16 Oy
_ ' 4
€y = 12 B22 Bze oy (4)
Yy | Bie  Bas  Beo Ty
The B..'s are the material compliances and are known to be the components

1J

of a fourth-order tensor, as the strains2

and stresses are components
of second order tensors. The tensor character of'the compliances is
‘basic for the application of the current results to composite materials,
as discussed by Ashton et. al. [3].

The compliances may be given in terms of engfnéering

material constants

811 ]/EX ’ 812 /E

| xy’ "x
Boo = ]/Ey s Big = ﬂxy’x/Ex (5)
Brg = nxy;y /Ey s Bgg = ]/ny

2Using yxy/z as the tensoriaj shear component.
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For orthotropic matefia]s Big = Bog = 0. For later reference the

stiffness coefficients are now introduced but not put in engineering

Oy a1y 032 016 €y

o a o o € 6
y - 12 22 26 y (6)
Txy %16 026 066 | Yxy

The Airy Stress Function is now introduced such that its

terms

existence guarantees satisfaction of equilibrium, Eq (1)

.o _ 3%F , o 32F , 1 _ 32F
X7 97 YT %z XY T " Fxay (7)

Substitution of Eq (7) into Eq (4) and Eq (2) results in the following

governing differential equation for F(x,y)

O4F A4E 3F
Bi1 gy - 2B16 xoys T (2812 + Bgg) X7oy2
(8)
a4F AUF
T %oe Ty toB2 w0
Characteristic surfaces along which F(x,y) can be integrated may be
found by introducing the notation
z = x+uy u = a+ ib . i= /T (9)

Substitution of Eq (9) into Eq (8) reduces Eq (8) to

u
g;&-[sllu” - 2616u3 + (2812 + Bee)uz - 2B2¢u * B22] =0 (10)
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If we are to obtain non-trivial results to Eq (10) d“F / dz* # 0

which requires

Byu' - 28y6ud + (2812 + Bgg)u? - 2Bagu + By = 0 (11)

Eq (11) is the characteristic equation for the material; Lekhnitskii
shows that the four roots of Eq (11) are never real and are distinct
so long as the material is not isotropic. We denote the roots

. = a., + ib. (j=1,2 dp, = a, - ib.. itskii
vy aJ 1bJ (J ) an My aJ 1'J Lekhnitskii also shows that
bj > 0, from thermodynamic considerations. Thus the characteristic

directions become

Zk=X+uky, k=],2 . (]2)

and their conjugates.
The general form of the stress function can be given by the

relation
F(x,y) = 2R { Fylz)) + Fp(z,) } | (13)

Introducing the notation dFk/dzk (no summation on k) = ¢k(zk)

the stresses become

O'x = 2R {Ulz <I>1’(zl) + u2'2 @é(Zz)}
o, = 2R (of(z)) + 05(z,)} (14)
Ty -2R {uy97(z;) + np05(z,)}

where the prime denotes ordinary differentiation. The strains may be

obtained from Eq (14) and integrated to obtain the displacements
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Uy = 2R { py &1 (z1) + pp ep(2z5) } (15)
u, = 2R { qp & (z1) + qp 25(zp) }
where
2
P = Brim * Biz - Biey
(16)
9 = Braw * Baz/u, - B2
Equations (14) and (15) together with traction boundary
conditions |
ST gyt Ty T 9
(17)
ty = Txy“x + oyny = 9
or displacement boundary conditions
u = hyposou = by (18)

constitute the mathematical problem to be solved.
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5.2.92 Fundamental Solution: Point Force Problem

The basic relation for the development of integral equations
for the solution of the anisotropic problem is the solution for a point
force in the infinite anisotropic plane. Two such solutions will be
required: A unit force in the x-direction, and a unit force in the
y-directijon. Utilizing the traction formulae (17) it is easily

shown that on an arbitrary closed surface

ftxds 2R [[Ulq’l + ].12@2]]
S (19)

ftyds = -2R[[e; + o,]

S

]

where [ J denotes the jump in the enclosed quantities for a full
cycle of S. If the path S encloses the point of load application,
Zo = Xo *+-1 Yo, then the results of (19) will be non-zero.

Let ij represent the stress function for a point load in
the xj3 direction. The path integrals in (19) are seen to be of the

oppbsite sign to the applied Tloads;

2R [[(DJ.] + c1>j2]] 852

(20)

-4,

2R [[u1<1>j1 + “2%‘2]] jl

1

3We will now use indicial notation (x,y) =(X,, xz) and its associated
conventions. The index k will never be sum*
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for the point load solutions. Functions which satisfy (20) for any

closed path around z, are

ij = Ajk log (zk - Zko) (21)
where z, = Xo + “ky°' In what follows Z, will, for convenience
] [+]
only, be taken as the origin, z, = 0. It may be shown by suitable

investigation near z, = 0 that (21) satisfies the requirements of a

point force [4]. Since it is easily shown that

[ 10g Z, I = 2ni , i=/T ' (22)
(20) leads to the result

Aj] - Aj] + Aj2 - Aj2 = 6j2/2w1

(23)

T A5 T upAsy - Moy, T

>
1

u]A -Gj]/Zni

J1

It is also required that the displacement field surrounding

the applied be single-valued. That is
I u; J=0 | i=1,2 (24)

Substitution of (21) into (15) and taking the jump around a closed
path we find in addition to (23)

(25)
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Together, (23) and (25) are sufficient to find Ajk‘ Taking the notation

Mo = oo iy

i= /7 (26)

it is easily shown that (23) and (25) together with (16) reduce in
real form to T

— o A »
(28170071 - B1avy)  [B1i(e?y - ¥2)) + By2 ~ By3my]

[B12v1- B22va/ {02y + v27)] [Byaey + 822 a1/(a?; + ¥2;) - B3]

Y1 ) [£3]
(28130972 = B13v2)  [Brale?y - ¥25)+ 812 = B130,] o

[B12v2-B22v2/ (022+¥25) ] [Bya09+Bosas/ {02y + ¥25) = 833] D,
,

j2
Y2 ap . D,
— | 32]
(‘
0 h
0
= i >
-6j2/4n
Gj]/4w
.. .
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Equation (27) becomes singular when uy = gy = i, but it will be shown
that Ajk may be found for very nearly isptropic materials.

We now define two tensor fields: The first is Ujk and
corresponds to the displacements for the stress function (21) according

to (15)

Uss = 2R {P;qAsqT0g 2) + PR Tog 2,) (28)

where P]k =P s Py = q - Taking the derivatives of (21) at z)
according to (14) and substituting into’(]?), tractions on an arbi-

trary surface are found

Tyi = R AQyq{uynymng) Agy/294055 (ugnyonp) Ryp/2p) (29)
where v
: R B H2
[ Qik ] - 1 -1 (30)
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5.2.3 Boundary-Integral Equation

Since the governing partial differential equation (10)
admits no real characteristic éurface the problem is elliptic and
the stresses and displacements are continuous. Under such circum-
stances it is easily verified that Betti's réciproca]_work theorem

at the surface must be valid

/Tjiuids - /Ujitids (31)
S+T S+T
The surface T is a circle of vanishing radius e surrounding the point
load; it is added to exclude the singularity from the volume. The

second integral in (31) is convergent as ¢ -~ 0. For continuous u;

it is sufficient to investigate the behavior of the integral

Lim : : A
'e-»Oij].dS . o - (32)

r
- At a circle centered at the applied load it is seen that

whn, = -(ukcose-— sine) - (33)

and dS = edo, 0 < 0 < 2r. Extracting from (32) the variable part

1t is sufficient to find

2m | 2w

MMMy qs = - f W C0se-sine
f 7 uksino+coso do
0 k 0
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which, upon rearrangement becomes

2n
u N =N _
k12 - d(tano) 2 coso d(cose)
/ ds uk./'l-uktan 5 - (1) / {T+u )cos“o-
0

2
2k "k

Equation (35) can then be integrated directly to obtain

2m 20
¥, N =N

/-k"‘;—z dS = —1log [coso - uksine]

0 k o

Taking the real part of,the argument of the log

2 = (coso —a sine)2 + (bksine)2

Pk k

and the imaginary part
, -1 [. ’ bksine _
By = — tan cose — a,sine

the result to (36) is found to be

2w

i, Ny-N
/————k‘ 2 ds = oni
2k

0

. Substitution of (39) into (32) and using (23) leads to the usual

Somigliana identity for the interior displacement
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uj(zo) = - /Tj.i(zks Zo)'ui('zk)ds(_zk)

S (40)

+ /Uji(.zk’ Zo) ti(zk)dS‘(zk)
S
The Boundéry-lntegra] Equation is found in the usual
way [2] by allowing z, to approach the boundary from the inside and
evaluating the jumps in the singular integrals in (40). A simple
means for evaluating the jump is to place z, at the surface,‘augment

the surface as shown in the figure and integrate (40).

In this case wNy~Ny = 1, COSO + sine since the normal (n], n2) points
outward from z,.. The range on © is —a < 6 < 7 - a. Again the only

significant integral is in the first integral in (40)

=0 T=a

TN ukcose - sine '
J/. Z, edo - W STne - cose de _ (41)

- =0
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which, by the same steps as above, becomes

m=0a ’ m~Q
u N, =N b, sine
K172 o -1 K
J/. B [ tan ( cos® - a, sino (42)
k k
-q . =Q

Substitution of the limits in (42) yields

m=Q '
U, Ny-N
/—————“ 2edo = —in (43)
Zy
-

Again using the relations (23), (40) becomes
u;/2 /Tjiuids =./Uj1.t1.dS (44)
S S

AEqUation (44) is the Boundary-Integral Equation which relates unknown
boundary data to known boundary data. Once (44) has been solved
numerically (sV), (40) can be used to obtain interior displacements

and stresses.
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5.2.4 Somigliana's Identity for Interior Strains, Stresses

The displacement gradient tensor.uj,z- can be calculated from

(40) by differentiation at Zo. - Since a/axﬂ[log (zk-zo)] = —-a/axﬁ

[Tog (zk-zo)] the differentiation may be written in terms of derivatives

at z, by a change in sign. Then

u. aT..
3571 = Esill v dS — —-JL- t.ds
2 ya

S

The tensorial strain at z, is given by the symmetric part of (45)

€

1
jo =7 Uy p Uy 5)

such that

oF .. aT, . oU. . 3, .
- Ji Li _ _Ji _ALi
ZEjK t/‘[axz * axJ. :, uidS / [BXK * axj :, tidSA

S S

The kernels, Sjﬂi’ D'Z' respectively are given by

JL1
= - - 2 - 2
Sipq = 2R RpqQulugny=ny) Agp/zd + RpoQuy (upny-ny) Agp/2z3)

- - 2 - 2
2R (RyqQ49 (uqny=mp) Agq/zf + RipQ55 (upny=ny) Ayo/23)

o
I

2R {R£1P11Aj1 / z, RK P. AJZ/ZZ}

+2R {Rj]PilAK] / Z, + R, 2P 2 12/22}

jei
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where le =1, Rop = e [t is assumed that the boundary is piecewise

flat. Then (47) becomes

2€j£ = /Sj!.i uidS— /Djﬁtids

S S

The stresses can be determined by substitution of (49), with

Y = 2€12, €, T €11 Ey = 622, into (6).

Xy X
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5.2.5 Numerical Solution
Following the procedure used in the isotropic theory, the
boundary displacements and boundary tractions are assumed to be

piecewise constant. When this is assumed over the M boundary

segments (again taken as straight line segments), (44) becomes

M ’ B
uj(n)/ 2 + mz=:] ui(m)./T .(n,m)dS = Z t, (m) / .(n,m)dS (‘50);

'
A“’m Asm

“Similarly the ihternal strains (49) become

Zejz(zo) = :E: u. (m) ‘/P'S. .(zo,m)ds |

t (m) .}{. (zo,m)dS

By specifying the orientation of each line segment,,ASm,

(51)

with its normal (n], n2) the integrals in (50) and (51) may be solved

for explicitly. The notation is defined in the figure below

Xy

N
L]

K r(cosp + pksinﬂ)
D=r.e ' (52)

dS = Dd(tane)

n
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The coordinate system (e], e2) is taken such that e is in the direction
of the outward normal and e, is tangent to Asm, going from "1" to "2"
keeping the material on the left. Since § = 0 + o, where o = cos'1(n]L

(52) can be written

N
]

r coso{cosa-sinatane + u, Cosa tano + uksina) ~(53)

so that

z) D [(cosa + uksina) + (kaOSa - sina) tanoe] (54)
The closed-form integrals for (50), (51) are now easily ob-

tained, as the only variab]e isi tane. Two special cases, D = 0 and

the mu]tiva1uedness of log z, will be discussed below. Defining

integrals of thg variables in the kernels with al's we obtain

5i ./(hjids

AS

AU ‘2R {P_”AJ..'AI].I + piZAjZAIjZ}

(55)

ATji J/FTjidS = 2R {011(u]n]-n2)Aj]A12]
AS

Qg pluyngmny) AsATyS)

and for the strains
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ADjzi = ZR{RK]Pi]Aj]AI3] +'R£2P12Aj2AI32}

* 2R{R;PLqApgBIgy + RioPioRpstlgnt

(56)

8S5pq = ~2RIRpQyq Cugny=ny)Agy AL 4R 0055 (uphy=np)Ag 0l o)

“2R(R;1 Q49 (ugny =) Rgy 149 *R 5504 (g M A0 4

The integrals are easily calculated for D # 0
2 2

I I -
J{.]°g %3 = 5 Cosa-sTna [2,(Tog 2,-1)] I
]

-AI]
1

2

i
>
—

2 .
' ds _ 1 o
ALy 3 f —z—l: B 1y COSa=5Tna (Tog zk)
1 e

2
AL = j/g,sz N B (_1_)
-4 ] zi uchSa-s1na. zZ,

The case for D = 0 may be deducéd as a special result qf
(57) or by integrating again, with proper substitutions-for zkﬁand
dS. Using "+" to denote the cases where dS = +dr and dS = — dr
we note © = =n/2 and

z) = tr (ukc05a-sina) (58)

!
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Substitution of (58) into the integrals in (55), (56) we obtain

2 . 2
. 1
AI] = “/.1og[tr(ukc05a-s1na)] (#dr) = E;EEEE:ETFE [zk(log zk-l)]l
1 1
2 2
AIZ AI3 .)f Z) ukCOSa-sina (Tog zk) l (59)
K 1
1

2

[«

2

= S 1 1

AI4, f EE ﬁkcow-sina)? (i r)
1

1

" The fifst two’resultsfin equation (57) contain the term Tog
z, - The log is multivalued, and has a jump of +2n'on the digital
computer as © passes from m~e¢ to m-e. To account for thfs on the
computer the change in the imaginary part of lbg zZ, is tested. If -
a change of more than =« in thé'imaginary part is found then the
result is corrected byf;dding (£27) to the imaginary part of the

log z,
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5.2.6 Usage Guide for ANISOT

The combuter'pkogrgm {5 dividéd infd thrée mqjof seétions,: 
along the same lines. as théiso]ut1on just detailed. The first
séction so]veé.the boundéry—integra1 equations (44),Aproducing.
é fully known set of boundary tractions and disp]acéments. Tﬁe
next section ufi]izéé Somigliana's idéntity (51).tb obtafn
stresses'étjspecified 1n£erior points. The final section deter-
mines stresses at the surfdce.of the body, using the tkact1ons
obtained in section one; and the tangéhfia] derivatives of the
displacements. | S

The boundary solution may be output on punched cards
"if desired. This option allows the user to input the boundary
solution directly, and the program will begin execution of

.sections two and three.

5.2.6.1 Problem Size -Specifications

.The program allows up -to two degrees of symmetry of -
‘geometry and boundary conditions. Present array dimensions limit
the number of boundary segments to 80 (320 with symmetry),‘but
capacity may be increased by changing the common statements labeled
ARRAY1 and ARRAY2. A number of other cards should also be modified,

and are listed below, by card number:

ANI10065 ANI15235
ANI10070 ANI20035
ANT10100 . ANI5005
ANI15050 |
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The number of interior points which may be specified is
limited to 200, while the 1imit on surface stress points is 50.
These limits may be increased by changing ARRAY3 and ARRAY4,
respectively.

The time required for exeéution of each subroutine is
calcu]atéd through én assembly 1aﬁ§hage subroutine, TIME. Users
of computers other than the Univac 1168'shod1d provide their own

routine for this purpose, or insert a dufmy routine, TIME(T).

5.2.6.2 Specification of Material Constants

Matéria] constants are specified thrdugh fbdr matrices,
listed below: |

STIFF, stiffneés matrix (6)

FLEX, compliance matrix (4) |

MU, soiutions to the characteristic equation (11)

'AX,  coefficients of the net load terms in

Lekhnitskii's stress funcfion (see §II)

The coefficients AX are calculated in a program called
AXCALC,.which serves as an auxiliary program. A1l fhe matrices
described above may be 6Btained as punched output from AXCALC, and

inserted directly into the data deck.
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5.2.6.3 Use of AXCALC
This program makes use of a capability previously detailed [5]
to solve the characteristic equation for_a generally anisotropic
materia], symmetric about its mid-plane. The.a1gofithm is §pecif1c§j1y
designed for a layered material, since major use.will be found in
the aréa 6? advanced fiber composites. AXCALC requifes_as input
only the stacking sequence of the laminate, and the material properties
of the individual Taminae, 1n(theif'principa1 material directions.
Input data required by'AXCALC is summarized in the table
below. Items which appear on the same card are bracketed, and the

format for each card appears opposite the first item on that card.

INPUT FOR AXCALC

ITEM | ~ DESCRIPTION - FORMAT
NC Number of laminates to be analyzed 13
TITL: Tif1e card - any 80 characters B 16A5
NANG Number of individual laminae _ 13
4-E11 Major Young's modulus (single lamina) ' (3E15.10, F10.4)
E22 Minor. Young's modulus
G12 In-plane shear modulus
V12 Principal Poisson's ratio ‘
THETA(I) | Orientation angles of the individual laminae 10F8.3
(angles measured from the x axis to the major
axis of the layer) ’
THICK(I) | Thicknesses of individual laminae 8F10.8
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5.2.6.4 Identification of Parameters in ANISOT

A11 parameters necessary for use of the integral equation
program are defined beiow. For easy reference, the more importaht
dnes are defined on cards numbered ANI5065 - ANI15120 in subroutine
SETUP. ATl the descriptions below are summarized in Table 2, and

parameters which may be described concisely appear only in Tab]e 2.

NODE (1,9) - a temporary array which stores the two node
numbers associated with each segment number

('rear' number, then 'forward' number)

XYZM (I,J) - a temporary array containing the X1 and Xg
coordinates of eacﬁ'nodé, in that order.

PTIN (I,J) coordinates of the interior stress solution

points (xj,xz). These are read only if NPT
#0.

-NBDY_(I,J)' three segment numbers necessary for the

surface stress solution, read only if NBDYP

" # 0. For each segment on which a stress
solution is désired, three -segment numbers
are read, in the following ordér: segment.
number on which stress solution is desired;
segment number for{thé "rear" difference value
,df Au/As; segment number for the "forward"

difference value of su/as. The. 'forward' direction
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is taken as the positive "s" direction, always
directed along the boundary of the body with

the material on the left.

5.2.6.5 Boundary Condifions A A '
Both traction and displacement boundary conditions are possible,
and are input by means of a NAMELIST read statement. The Bbundary
data is preceded and followed by control cards, as shdwn below:
_$ BDYCON | | |
{DATA
_$ END

A11 boundary conditions are initialized to zero and the
boundary condition key, LDC(I), is initialized to 1, meaning a traction
boundary condition is assumed for each segment. Setting LDC = 2
means a displacement boundary condition will be specified for the
given segment and direction. Traction conditions are specified by
a parameter TCON(I), while displacement conditions are specified by |
UCON(I). .

A1l x]-direction boundary data is stored, followed by
xz-direction data. The value of the subscript I for the boundary
parameters (UCON, TCON, LDC) is determined in the following manner.
For data specified in the Xy direction,

I

the segment number (N), but for the Xo direction

I = N + NSEG, where NSEG is the total number of boundary segments.

For example consider a body which has been represented by 24 segments.
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Tractions specified on segment 6:

_TCON(6) .100E04, (x traction)

_TCON(30)

.325E04, (x2 traction)

Displacements specified on segment 9:

_Lbc(9) =2, LbC(33) =2,
_UCON(9) = 0.001, (x; displacement)
_UCON(33) = 0.004, : (x2 displacement)

Displacements set at zero on segment 1:

_LDe(1)

2, | (x1)

_Loc(2s) = 2, | (%)
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5.2.6.6 Input Data for ANISOT

stress solutions.

*Cards available as direct output of AXCALC

21

ITEM _DESCRIPTION FORMAT

NC Number of problems to be solved I3
TITL Title card -any 80 characters ... 16A5
[NSEG Number of segments on the boundary 1015
NSYM Degrees of symmetry (y, then x) o

NNOD Number of boundary hodes‘connécting segments

IPUNCH = 0, the boundary solution will not be punched

ISTRS = 0, plane strain ; = 1 plane stress |

1BDY '# 0, boundary data read from cards .

NPT Number of interior points for stress solution
LNBDYP 'NUmber 6f’pb1nts'for boundary stresses o
NODE(I,J) Nodes associated with each .segment number 2413
XYZM(1,Jd) (x],xz) coordinates of each node - 16F5.3
STIFF* Stiffness matrix (6) 6E13.7
FLEX* Compliance matrix (4) 6E13.7
MU* Solutions of the characteristic equation (11) 4E20.10
AX(I,d9)* Coefficients of stress function (see §II) 4£20.10
Boundary a NAMELIST read statement

-'{gonditions (See standard references for format)

PTIN(I,J) Interior Stress Solution points (x], x2) 16F5.3

NBDY(I,J) Segment numbers associated with surface 2413



S &
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5.2.8 Listing for AXCALC Computer Program

 DETERMTNES COEFFICIENTS OF NET LOAD TERMS FOR ANISOTROPIC STRESS FTN AXC10000

15

45

25

COMMON / MATCON / Ells E22¢ G1l2¢ V129 FE(3¢3)r BETA(3+3)

COMMON 7/ GEOMTY / THETA(10)s THICK(1Nn)» NANGe PI

COMMON 7/ ROOTS1 / LAMUA(20) - .

DIMFNSTION STIF(6)s FLEX(6)es DELTA(2,2) | : ,
DIMFNSTON TITL(16)r Cl4sld)e B(Uol)r RHS(B)» X(4), R(U), XI(Go4)
COMPLEX LAMDA o T '

NC = NUMBER OF CASES TO BE SOLVED SFAUENTIALLY

N = ORDFR OF CHARACTERISTIC EQUATION.

THETA = ANGLE FROM THE X=AXIS TO THE 1-AXISs IN DEGREES.
Ells F22» V12» AND 612 ARE THE MATERIAL PROPERTIES OF THE
~ INDIVIDUAL LAMINAE. ' 4

K = NUMBER OF LAMINAE IN THE LAMINATE.

THICK = THICKNESS OF EACH LAMINA IN THE LAMINATE,

PIL = 3.1415926536
00 15 1 = 1,2

DO 15 J = 1.2

DELTA(I¢d) = 040

IF (1.FEQeJ) DELTA(I,J) = 1.0
REAN(5,100) NC

WRITE(H60105) NC

NC = NC - 1

IF (NC.LTW.0) STOP
REAN(S»110) TITL

REAN(S,120) NANG

REAN(5,125) F1l10E22,6G12,V12
REAN(5¢130) (THETA(XI)y 1 = 1s¢NANG)
REAN(S¢13%) (THICK(I)r I = 1¢NANG)
CALI. MULTMU

K = 0
DO 25 1 = 1.3
00 25 U = 1,3
K=K+ 1 -
STIF(K) = E(IrJ)

FLEX(K) = BRETA(L,J)

"WRITE (7,1000) STIF

WRITE (7.1000) FLEX

WRITE(A,115) TITL

WRITE (6s140)
WRITE(6r165) E11ls EP2s 612+ V12
WRITE (6, 150)

WRITE(6r155) (THETA(L)» L = 1+NANG)
WRITE(AK2160) .
WRITE(Ae1A5) (THICK(L)» L = 19+NANG)

WRITE(A¢1R0)
WRITE(AR175) ((E(Ird)od

1103)0 I = 1+3)

"WRITE(6+190)

WRITE(A,175) ((BETA(INJ)r J = 1+3)0 T = 1,3)
ARITE(6¢195)

WRITE(6r200) (LAMDA(I) ¢ I = 1s4)

ALPH1 = REAL ( LAMDA(L) )

. GAMt = aABS( AIMAGL LAMDAC(L) ) )

ALPH2 = REAL( LAMDA(3) )
GAM> = aBS{ AIMAG( LAMDA(3) ) )
WRITE(7,2R0) ALPHl1» GAM1» ALPH2» GAM2
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AXC1l0005

AXC10010

 AXC10015

AXC10920
AXC10025
AXC10030
AXC10035%

AXC10040
_ AXClO00u5

AXC10050

CAXCINOSS

AXC10060
AXC1N065

- AXC10070

AXC10075
AXC1l00f0
AXC100RS
AXC10090

- -AXC10095%
- AXC1Nn100
AXC101n5§

AXC1n110
AXC10115
AXC10120
AXC10125

AXC10130

AXC10135
AXC101u0

AXC1l014s

AXC1Nn150
AXC10155%
AXC101A0
AXC101A5
AXC1N170
AXC10175
AXC101R0

"AXC101RS

AXC10190
AXC10195
AXC10200
AXC10205
AXC10210
AXC10215
AXC10220
AXC10225
AXC10230
AXC10235
AXC10240
AXC10245
AXC10250
AXC10255
AXC10260

T AXC1N265

AXCln270
AXC10275
AXC102R0



1

1

35

05

10

20

30

40

100
105
110
115
120

C{lel) = 2«4BETA{L1r1)XALPHI*GAM]L = BETA(1,3) *GAM AXCLlO2A5
C(1e3) = 2+%BETA(Lr 1) *ALPH2#GAMZ = HFETA(1,3)*6GAM2 AXCLln2ag
C(1.,2) = HRETA(L1e1)*x(ALPH1*%2=GAM1%x%2) + RETA(L1r2) -5ETA13.3)*ALPH1Axc1nzog|
Cllst) = BETA(L1r1) % (ALPH2x¥2=GAM2%%x2) + BETA(Le2) =BETA(1,3)*«ALPH2AXC1030
C(2,1) = BETA{192)*GAM1=BETA(2+2) *GAML/ (ALPHI*%24+GAML %%2) AXC1N305
C(2.2) = RETA(1e2)%ALPH1 + uFTA(?.2)*ALPHl/(ALPH1**»+GAM1**2) AXC10310
- RETA(2+3) : AXC10315
C(2.3) = HETA(1'?)*hA%?-BtTA(Zoe)*GAMZ/(ALPH?**£+0AM2**?) AXC10320
C(2.4) = BETA(1,2)%ALPH2 + BETA(2,2)%ALPH2/ (ALPH2**24+GAND2 %2 ) AXC1n325
- RETA(2:3) AXC10330
C(3.1) = 0.0 AXClNn3zs
C{(3+,3) = Den AXC103u40
" C(3+2) = 1.0 AXC1IN3us
C(3,4) = 10 AXC1N350
Cilte1) = GAMY AXC10355
Ci{4s3) = GAM2 AXC10360
Ciu,2) = ALPHL AXC103A5
C(l.4) = ALPHRZ AXC1n370
DO 35 I = 1,2 “AXC1D37S
00 35 J = Ly AXC1N3RQ
C(I.J) = C(1od) x E22 AXCLN385
DO NS I=1.4 AXC1n3en
DO N5 J=1.4 AXC1ln39s
B(I.J) = C(I,0) AXCioung
CALL. INVR (Ce 4 DUMMY. 0 OETs 4+ 4) AXC1N405
D0 101 = 1.4 AXC10410
00 10 J = 1.4 AXClog1s
XE(Ted) = 0.0 AXCl0420
DO 10 K- = 1,4 AXC1inu25
XI€(Ted) = XICIrd) + C(IsK) * B(Kod) AXC10430
WRITE(As250) AXC10435
WRITE(6H9210) ((KICIod)ed=1le4)el=1o4) AXCLl0gug
DO up K = 1.2 AXClngus
RHS(1) = 0.0 AXCLlNysQ
RHS(2) = 0.0 AXC10455
RHS(3) = =DFLTA(K»2)/{4.*PI) AXC1AUA0
RHS(4) = DELTA(Ke1) /(4 .xPI) AXC10uAns
WRITE(Ae260) AXCLO470
WRITE(As210) (RHS(I) ¢ I = 10¢4) AXC10O47%
DO 20 1 = 1,4 AXC1N4RD
X(I) = n.0 AXC104RS
DO 20 J = 1.4 AXC1lnyag
X(I) = X(1) + C(I»J) * RHS(J) AXC1lnyas
WRITE(Ae270) (X(I)r1Z=1le4) AXC1NS8NQ
WRITE(702R0) (X(I)eI=ley) AXC1l05N5
DO A0 I = 1,4 AXC10510
R{I) = 0.0 AXC10515
DO 30 J = 1.4 AXC10520
R(I) = R(I) + B(I.J) * x(J) AXC10525
WRITE(R»260) AXC10%30
WRITE(Ae210) (R(I)eIS=1el) AXC10535
CONTINUF AXC10540
60 TO u5 AXC10545%
FORMAT(I3) AXC10850
FORMAT(1H1r13) AXC1l0555
FORMAT (16AS) AXC10560
FORMAT (1H1»16A5) AXC1l056
FORMAT(213) Axc1057'
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125
130
35,
40
145
150
155
160
165
170
17%
180
190
195
200
210
250
260
270

1_,

FORMAT(3FE15.10¢F1044)
FORMAT(10F8.3)

FORMAT (HF

10.8)

FORMAT (LHO o AAX e "ELL Y 07X 9 TE22 o TX 0 '6G127 07X V12 07X 0 'V21 )

*30Xe5E10.4)
FORMAT(1HO» 30X+ "ORIFNTATION,
FORMAT (UAXeF10.5)

FORMAT (1H

FORMAT (1HO» 30X *LAMINA THlCKNESSo

FORMAT(URX*F10.7)

FORMAT (1HO» 30X e ' THE A=MATRIX FOR
(BUXe3(ELU5¢5X) )0 /)

FORMAT (

‘TOP IOFBOTTOMy

TOP TOo BOTTOM,

THIS LAMINATE Ig*)

FORMAT (1HO» 30X » *THE E=MATRIX FOK THIS LAMINATE Ig*)
FORMAT(1HO» 30X *THE PLANE-STRESS BETA MATRIXx IS?)

FORMAT(1LHD»20Xe "THE MU=VALUES FOR THIS LAMINATE ARE ")
2(5XeF20.12)0'00)

FORMAT (

FORMAT((/uE14.8)

FORMAT
FORMAT( /
FORMAT (

rJey ///

/7777
17777/
/)

C /777777

280 FORMAT (4F20.10)

1000

FORMAT
END

(6EL3.T)

’

)

10X

10x
10X

|

’

THE TOENDITY MATRIX IS
*THE RHS VECTOR ' o

Al

-—
-

vy
/777 )
Ye2E14.70%J% e/ 10YP A2
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IN DEGREES?®)

/7 )

IN INCHFS?')

AXC10575
AXC10580
AxC1ns85
AXC1n5990

"AXC1NS8S

AXCl06N0

© AXC10605
" AXC10610

AXC10615
AXC10620
AXC10625
AXC10630
AXC106735 -
AXC1N640
AXC10645
AXC10650

" AXC1lneSsS

9 PE1U T
“AXCl0670

AXCl0660
AXCLlNne6S

AXC10675
AXC10680

AXC106A5



10

15

30

25
20

"THRAD =

1

1

1

SUBROQUTINFE mULTMU

COMMON 7 MATCON / E1l.
COMMON /v GEOMTY / THETA(10).»

E22r 612y

COMMON / ROOTS1 / LAMUA(201)

DIMFNSTON QR(L0e3¢3)

AL3e3R)oe

DIMFNSTON D(11)
COMPLEX LAMDA

K = NANG
vel =
Q11
Q22
012
66 G112
H = 0.0

DO 10 L .=

E22%V12/E11
£11/7/(1.0 ~ Vv12%y21)
Foo/{1.0 = V12%y21)
Vo1xQ11

1.K

H = H + THICK(L)

CONTINUE

DO 15 L = 1.K

T =

PI*THETA(L)/180.0
COS(THRAD)

S = SIN(THRAD)

Vipe
THICK(10)»

COFAC(3e3) s

E(3¢3)
NANiGe PI

TRANS (3, 3)

BETA(303)

AXC1500
AXClSOO‘
AXC15010"
AXC15015
AXC15020
AXC15025
AXC18030

-AXC15035

AXC15040
AXC150u5
AXC15050
AXC15055
AXC15060
AXC15065
AXC15070
AXC1S5075
AXC15080
AXC150RS
AXC15090
AXC15095%
AXC15100

+ 2.%(012 + 2.%Q66) % ((S*T)I%%2) + A22%(S*xu)AXC15105

QLI%X(S*¥%x4) 4+ 2,%x(R12 + 2,*%066)*k((SkT)%%k2) + 022x(T*xu)AXC15110

(Q11 +Q22 = L4*QABA) X ((S*kT)I%kx2) + Q12+« ((Sk=xy)

+(Tx%x0)) AXC15115

(@11 =012 =2.*066) %Sk (Tx*3) + (312 = Q22 + 2,.*066)*Tx AXC15120

(Q11 =012 =2.%Q66)*xT*(Sxx3) + (@12 = Q22 + 2.%066)*Sx*

(Q11 + Q22 = 2.x(012 + QH6)I*((SkTI*x%k2) + QA6A*( (S*kxy)

QB p1v1) = QLLIX(T%x4)
osli.s2e2) =
QB ele2) =
eB(.r1e3) =

(S*%3)
Qs »2e3) =

(T*%3)
OB e3+3) =

+ (T%%4))
OBl e2er1) = QB(iLsle2)
QB +3s2) = AB(Le2¢3)
OB +391) = QB(Le1e3)
CONTINUE
DO 20 1 = 1.3
DO 28 U= 1+3
A(IOJ) = 0.0
VDO 30 L = 1.K

ASUM = AR(LsToJ)*THICK (L)

A(I.v)
CONTINUE
E(I.J) =
CONTINHF
CONTINUF
DET =

(F(Le3)XE(2,1)%E(302))
(E(392)%E(2¢3)*%E£(10e1)) =

COFAC(1,1)
COFAC(1,2)
COFAC(1,3)
COFaC(2,1)
COFAC(2,2)
COFAC(2,3)
COFAC(3,1)
COFAC(3,2)
CoFaC(3,3)
DO 35 T = 1

s s ninn

= A(IeJd) + ASUM

AT oJ)/H

(E(2+2)%E(3+3))
=1.0%((E(201)*%E(3¢3))

(E(2¢1)*E(302))
=10k ((E(1,2)%E(5¢3))

(E(1,1)%E(3+3))
=1 0% {(E(LrL)*E(302))

(E(1,2)%E(203))
=1.0%((E(L,1)%E(203))

(EC1 1) xE(202))
3
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(E(3,2)%E£(2,3))
(E(3,1)%E(2,3)))
(E(3e1)%E(2,2))
(E(3,2)%F(1,3)))
(E(3,1)*E(1,3))
(E(3,1)%E(1,2)))
(E(202)%E(1,3))
(E(2s1)%E(1,3)))
(E(2,1)%E(1,2))

(FL1r1)XE(202)%E(303)) + (F(1,2)¥E(2¢3)%E(3,1)) +
= (E(301)*%E(202)%E(13))
(E(3,3)xE(201)%E(1,2))

AXC18125
AXC15130
AXC15135
AXC151u0
AXC15145
AXC15150
AXC15155
AXC15160
AXC181AS
AXC1%170
AXC15175
AXC151R0
AXC151R5
AXC15190
AXC15195%
AXC15200
AXC15205
AXC15210
AXC1%215
AXC15220
AXC15225
AXC15230
AXC1l5235
AXC15240
AXC1S245
AXC15250
AXC1525%
AXC15260
AXC15265
AXC15270

AXC1527,
AXC152F




. 4o

35

DO 40 J = 1,3
TRANS(T»J) = COFAC(Jr1)
BETA(IsJ) = (TRANS(Ird))/DET

CONTINUIE

CONTINUF

D(1)Y = BRETA(1,1)

D(2) = =2.0%BETA(103)

D(3) = 2.0%¥HETA(1¢2) + BETA(3:3)
D4y = =2.0%BETA(2193) :
D2(5) = RETA(2+2)

CALL ROOTS(Doto LAMDA X

RETIHIRN '

END

_*Sténdard root solving routine cé]]ed here. User must supply such a routine.
]
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AXC152R5
AXC15290
AXC15295
AXC15300
AXC15305
AXC15310
AXC15315
AXC15320
AXC15325
AXC15330
AXC15335
AXC153u0
AXC15345
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IR
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k4

M

03

06

09
12

15
18

24

27

30

36

39
42
45

48

SUBROUTTINE INVR {Ar No He Me Ue ISy JS)

MATRIX, DIMENSIONS SHOwWNe IN WHICH A SURMATRIX IN UPPER L

HAND CORNFR IS TO BE INVERTED
‘ORNER OF SIBMATRIX
DETERMINANT

Ur THEN

B = B(1,1) IN CALLING ROUTINE, AN INVERSE STORED IN A

le THEN

B = B(N»1) IN CALLING ROUTINE, AN A=INVERSE * g RETURMED IN B

\M ‘.GT. 1)' THEN

B = B(N.M) IN CALLING ROUTINE., AND A=INVERSE * 8 RETURNMED IN B
A=INVERSE IS NOT DESTROYED IN LAST TwO CASES

DIMENSTON ACISeJS)e B( 101)r INC100s2)e IP(100)» P(100)

D = 1.0

DO N3 J = 1N
IPCa) = o

D0 A0 = 1N

1
AMAXY = N.D
DO '8 U = 1N
IF (IP(U) = 1) U6e 1B8r 06
DO 15 K = 1+
IF (IP(K) = 1) 09» 15¢ 72

IF (AHS(AMAX) = ABS(A(J,K))) 12, 15, 15

IR = J

IC = K

AMAX = A(JrK)

CONTINUE

CONTINIUFE

IP(TC) = IP(IC) + 1

IF (IR = IC) 21, 33, 21
D = -0 ‘

00 24 L = 1eN

SWARP = A(IR,L)
A(IR,L) = A(IC,L)
A(IC/L) = SWAP
IF (M) 33+ 33, 27
DO 30 L = 1M
SWAP = RUIRsL)

B(IrReL) = B(ICHL)
‘BlIC,L) = SwAP
IN(Y»1) = IR
IN(T»2) = IC

P(I) = ACIC,IC)

D =D % P(I)

A(ICy»IC) = 1.0

DO 36 L = 1N :
ACICsL) = ACIC L) /7 P(I)
IF (M) uSs 45» 39

DO'wW2 L = 1M

B(ICeL) = B(IC,L) / P(I)
DO A0 L1 = 1N

IF (L1 - IC) 48, 60» 48
T = A(L1,1IC)

A(L1+IC) = 0.0

DO 81 L = 1»N

218

EFT-

Axca2n0
Axcaooq
AXC2001

AxC2001¢€
AxXC2n02¢
AXC2002¢
AXC2003(Q
AXC2003%
AXC200ugQ
AXC200us
AxC2005(Q
AXC20055
AXC20060
AxC2006%
AXC2n070
AXC20075
AXC200R0
AXC20085
AXC20090
AXC2n095
AXC20100
AXC20105
AXC20110
AXC20115
AxC20120

AxXC20125

AXC20130
AXC2013S
AXC20140
AXC20145
AXC20150
AXC20155
AXC20160
AXC2016S
AXC20170
AXC2017S
AXC201R0
AXC201R5
AXC2n190
AxC20195
AXC20200
AXC20205
AXC20210
AxXC20215
AxC20220
AXC20225
AXC2n230
AXC20235
AxC202u0
AxC202u5
AXC20250
AXC20255
AXC20260
AXC20265
AxC20270

AXC20
AXxC20




51

By
57

60

63

66
.69
72
100

300

AlLY L) = ACLLPL) = ALICeL) * T
“IF (M) ADe ADe Su
DO |7 L = 1eM

B(L1sL) = BILLL) = BUICPL) * T

CONTINUF

00 A9 T = 1N

LEN+1 -1 )
IF (IN(Lel) = IN(L?2)) 639 69 63
JR = IN(L.1) :
JC = IN(L»2)
DO A6 K = 1N
TF (N.FR.0) JR=K
SWAP = A(KeJR)
A(KsJR) = A(K»JC)
A(K,JC) = SwAP
CONTINIF
RETHIRN
FORMAY (//10F13.5)
FORMAT (1H1)
END

219

AXC2028%
AxC20290

'AXC20295
AXC20300

AXC2030S

AXC20310
AXC20315
- AXC20320
AXC20325
TAXC20330
AXC20335

AXC20340

AXC203u5

AXC20350
AXC2Nn355
AXC20360
AXC203A5
AXC20370
AXC20375
AxXC203A80



c - '

C MAIN PROGRAM =-- INITIALIZES DATA -~ CALLS SUBROUTINES

C
COMMON 7/ ARRAY1 / XYZ(10002¢2)» UCON(200) s TCON(200)» LDC(200)
COMMON / ARRAY2 / BvAL(200) . ‘
COMMON / MATCON 7/ PL+FMU»PR(2¢2) s MUC2) o FLEX(6) #STIF(H) oAX(2:2)
COMMON / CONTR1 / NSEGe NSYMe NTOTALes NSYZE, NPT, NBDYP
COMMON / CONTR2 / T1TL(16)e IPUNCHe ISTRS, [RDY
COMMON / TIMERS 7/ T (10) '
COMPLEX PQe MUr AX

C

C THFE DIMENSIONS OF THE FOLLOWING ARRAYS ARE PROHBLEM NEPENDENT.

c : .

5.2.9 Listing for ANISOT Computer Program

DIMENSION C(160¢160)
DOUALE PRECISION RHS(160)

.REAN (5,100) NC

10

20

30

WRITE (Ae200) NC :

NC = NC - 1 1 o
IF (NC .LTe. 0) STOP

PI = 3.14159265%

00 10 I = 1sr200
ucon(¢I) = 0.
TCON(I) = 0.
BVAL (I) = 0.

CALIL, TIME ( T(1) )

DO 20 1T = 2,10

T(I) = n,

CALIL. SETUP

IF. (IBDY.NE.D) GO TO 30

CALI. BVSOLU (Cr RHS)

CALL. INSOLU (C)
CALI. BDYSTR (C}

C
'C  CALCULATE TIME CHART
C .

100
. 200
1000
2000
2100
2200

T(2) = (T(2)=T(1))*x10**x(=3)
T4 = (T(Y)=T(3))*10%x(=3)
TI6) = (T(H)=T(5))x10**(=3)
T(8) = (T(B)=T(7))*10%%(=3)

TCIn) = (T(10)=T(9) ) *10x*k(=3)

WRITE (Ae2000) TITL

WRITE (Ae2100)

WRITE (Ae2200) T(2)e TCu)e T(H)y T(R)YY T(10)

GO YO 5

FORMAT ( I3 )

FORMAT ( 1H1, S5X I3)
FORMAT ( 16AS) g

FORMAT (1Hl, 16AS)

FORMAT ( 21H TIME BREAKDOWN CHART //) :

FORMAT ( SX 15HTIME FOR SETUP F12.7r 2X THSECONDS //
5X 1SHVIME FOR DELINT F1l2.7, 2X 7HSECONDS //
5X 1SHTIME FOR SOLVER F12.7» 2% 7THSECOMDS //
5X 19HTIME FUR INSOLU F12.7» 2X T7HSECONDS //
5X 1SH1IME FOR BDYSOL F12.7» 2X THSECONDS)

220

ANT100
ANT1004
ANT1001

CANT1N01S

ANI10020
ANT 10025
ANI10030

- ANT10035

ANI1lDQuO
ANTILl0QuS
ANTL10050
ANT1N0SS
ANTL0060
ANT 10065
ANTL10070
ANILN075
ANT10080
ANT100AS
ANT1N090
ANT10095
ANTI10100
ANT10105
ANT10110
ANTL0115
ANT10120
ANT10125
ANI10130
ANT10135
ANT10140
ANT10145
ANTIL101S0
ANTI10D155
ANT101A0
ANT.1IN165
ANT10170
ANTLO175
ANY1D180
ANT101RS
ANT10190
ANT 10195
ANI10200
ANTY10205
ANT10210
ANT10215
ANT 10220
ANT 10225
ANTI1N230
ANT 10235
ANTI10240
ANT10245
ANT 10250
ANT 10255
ANT10260
ANT10265
ANT10270




NIRRT R FAV2I NI NN NT NI NP N

SUBROUTINE SETUP '
XYZ(lUUaZ'Z)f

COMMON / ARRAY1 / LC0i(200)» TCON(2060) e LDE(200)
COMMON / ARRAY2 / BvAL(200)

COMMON /7 ARRAY3 / PTIN(100.2)

COMMON / ARRAYL / NuDY(5003) ’ .
COMMON / MATCON / PILeFMUsPAL202) s MU(2) »FLEX(H) ¢ STIF(6) rAY(202)
COMMON / [IMFRS / Tim(10) ' ‘ ,

COMMON / CONTR1 / NSEwe NSYMs NTOTAL» NSIZFE,» NPT, N3DYP

COMMON 7/ CONTR2 / TITL(16)» TPUNCH: TSTRS, 1BOY

NAMFLIST / BOYCUN / UCONe TCONe LDC

DIMFNSION NODE(10002)
COMPLEX PQe Mue AX
EQUTVALFNCE (NODE»

XYZM{100:2)

LDC)» (XYZMe UCON)

NSFG = NIMRER OF SEGMENTS ON THE ROUNDARY :

NSYM = NUMRER OF DEGREES OF SYMMETRY STARTING wITH Y, THEN ¥
NNOD "= NUMBER OF BOUNDARY NODES CONNECTING BOUNDARY SEGMENTS
IPUNCH = 1 ==~ THE SBOUNDARY SOLUTION wIllL BRE PUNCHED ouUT
ISTRS = 0r PLSTRN ==+ [STRS = 1l» PLSTRS

IF IBDY.EQ.0N
IF IBDY.NE.O

NPT

10

20

30

BOUNDARY DATA STORED IN COMMON
BOUNDARY DATA READ IN FROM CARDS ADDED TO END
OF THE OATA DECK

= NUMBFR OF INTERIOR SOLUTION POINTS FOR STRESS SOLUTION
NBOYP =

REAN
READ
READ
REAN
REAN-
REAN
READ
READ
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
WRITE
NSIZE
00 10
bo 10
DO 10O

NUMBER OF

(5,1000)
(S.1100)
(5,1200)
{50,1300)
(5+1400)
(5,1400)
(501700)
(S5.,1700)
(602000)
(ARe2100)
(Ae2200)
(A22300)
(Ar2400)
(Ae2400)
{(Ae2700)
(6r2700)
= 2 * NS
I = 1eNS
Jd = 1.2
K = 12

N = NONE(Ied)

XYZ(1
DO 290
ucon (
LuC(I
REAN
IF
READ

WRITE (A22500) ((PTIN(I»J)»Jd=1
(NBDYP.EQ40) GO TO 40

IF
REAN
WRITE

redJrK) = X
1 = 1.20
I) = 0.

) = 1
{5:8B0DYCON

(5,1500)

(5,1600)
(ARe2600)

BOUNDARY POINTS FOR STRESS SULUTION
TITL :
NSEGr NSYMe NNODe» IPUNCHe TSTRSe IRDYe NPT, NBDYP
CINODE(L2J) o J=122) v I=1 e NSFEG)
(IXYZMUTrd) ¢ J=102) e I=2oNNOD)
STIF
FLEX
MU
((AX(Ted) v J=192) 0 i1 2)
1 ITL
NSEG, NSYMe NNODe IPUNCHe ISTRS» 18DYe NPTe NBDYP
({NODE(TIoJ) eJ=1¢2) v I=1/NSFG)
((XYZM(TeJ) ed=1e2) e 1=1, NNOU)
STIF
FLEX
MU
((AX(TIrd)rJ=1¢2)s1=1,2)
EG
EG
YZM(NeK)
0

)

(NPT.EQ«0) GO TO 30

((PTIN(I»J) rJd=1+2)rI=1,NPT)
p2) e IZ1NPT)

((NBDY(TIoJ)rJd=1e¢3)eI=1eNBDYP)
((NBDY(I2d)ed=1+93)1Iz=1.NBDYP)

221

CANTLS000
- ANT15005

ANT1S010

CANT15015.

ANT15020
ANT1S025
ANT15030
ANT15035
ANT1S0u0

CANT150u5

ANT15050
ANT15055
ANT1506A0.
ANT15065
ANI1S070
ANT15075
ANIL1S0RD

 ANT150R5

ANT 15090
ANT150095
ANT15100
ANTLS105
ANT15110
ANT15115

T ANT15120

ANT15125
ANT15130
ANT15135 |
ANI15140
ANT15145
ANT 15150
ANI15155
ANI1S1A0
ANI15165
ANT15170 .
ANT15175
ANT151R0

. ANT 15185

ANT15190
ANT 15195
ANT15200

. ANT15%205

ANT 15210
ANT15215
ANT 15220
ANI15225
ANT 15230
ANI15235
ANT15240
ANT15245
ANTI15250
ANT 15255
ANT15260

- ANTI15265

ANI15270
ANT15275
ANI15280



C
c

40 CONTINUE

NFAC = 2%xNQYM )
M.EQ.N) NFAC = 3
= NSEG *x NFAC

CALCULATE NEEDED MATERIAL CONSTANTS

S1)

1000

IF (NSY
NTOTAL

DO w0 K
PQ{1eK)
PR(2eK)

1.2

= FLEX(L)*MU(K) xx2 + FLEX(2)
= FLEX(2)=M(K)

FMU = STIF(1)
CCALL TIME ( TIM(2) )

RETUIRN
FORMAT

(16A58)

1100 FORMAT (1nIS)

1200
1300

1400.

1500
1600
1700

2000
2160

2200
2300
2400
2500
2600
2700
2800

FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT (
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
FORMAT
" FORMAT
END

C  wkxxkk CAUTTON®*#%%

(2413)
(16F5.3)

FORMATS PROBLEM DEPENDENT #%*xx CAUTION *k#kxx

( KEL13.T7 )

(16F5.3)
(2413)
UE20.10)

(1H1s 10Xs 1AAS)

(77 1015)

(/77 B8(3X 213))
(/77 u(3X 2F10.6))

( 10X 3EL12.7 /» 22X 2E12.7 /»

(/7 u(3X 2F10.06))
(/7 6(3X 313))
( 20 2F10.6¢8X ) )
( 5X» 8E12.6 )

222

- FLEX(3)*M(K)

+ FLEX(4)/MUI(K) = FLEX(S)

34x. €12.7 )

ANI15285

ANT1529
AN1152‘1

ANI1S30

~ ANIL1530S

ANT15310
ANI1S315
ANT15320
ANT15325
ANTL1S330
ANTL15335
ANT15340
ANTI153u5
ANI15350
ANI15355
ANT15360
ANT15345
ANT15370

‘ANT15375

ANI153AR0
ANT1538R5
ANI15390
ANT15395
ANT15400
ANT15405
ANT15410
ANT15415
ANT15420

ANT15425
ANT15430

ANT15435
ANT15440
ANT15445
ANT15450




T72¢r v

L S0 B O 20 O J Trvreg 780307

Trvroy

TSUBROUTINE BVSOLY) (Cr RHS)

COMmMON / ARRAYL / XYZ(1009222)e 1LICON(200), TCON(200)» LDr(200)
COMMON / ARRAY2 / BvAL(200) ' -
COMMON 7/ MATCON / PLsFMUrPRI212)1 01U (2) o FLEX(B) e STIF(HR) sV (2+2)
COMMON / CONTR1 7/ NSEGe NSYMr NTOTAL» NSIZE» NPT, NiDYP
TCOMMON / CONTR2 / TITL(16)e TPUNCH? ISTRS._lHuY

COMMON / TIMFRS 7/ TtMm (10) '

DIMFNSION A(2U0)»

PxYZ(2)sr CINSLIZEeNSIZE)
"EQUTVALFNCE (A» LCON) :
DOURLFE PRECISION RHS{NSIZE)

COMPLEX PRe MUs AX

NMAX = 2 * NSEG ¢

WRITE (Ae2000) TITL

IF (ISTRS.EQ.U) WRITE (602050)

IF (ISTRS.EQ.1) WRITE (6e20m0)

WRITE (Ar2100)

WRTTE THF STARTING BOUNDARY CONDITIONS

DO 10 1T = 1,NSEy
J = I + NSEG
DO 1S N = 1.2 ;

15 PXYZ(N) = (XYZ(Lelow) + XYZ(I02er)) /2.

10 WRITE (Ae2200) 1+ UCONCI)e UCON(J)» TCON(I)r TCOM(J)»
‘1 LOC(I)e LOC(J) e PxYZ(1L)e BXYZ(2)
00 20 T = 1.NMAX

RRS(I) = 0.00D0 ' o
CIF (LDC(I)eFRe1) GO TO 3
BVAL(I) = FMU * UCOiN(L)

GO TO-2n
30 BVAIL(TI) = TCON(L)
20 CONTINUF

CALCULATE DELU., DELT» RHS

CALL, TImE ( TIM(3) )
CaLi. DELINT (C» RHS)
CALi. TIME ( TIm(u) )

WRITE RIGHT HAND SIDE VECTOR

WRITE (Ae2300) TITL
DO u0 T = 1/,NSEG
J = I + NSEG
40 WRITE (Ae2400) LI» RHS(I)» RHS(J)

SOLVE <QYSTEM OF EQUATIONS

CAL!I, TIME ( TIM(S) )
CALI. SOLVER (NMAXe RHSe Ar C)
caLi. TimE ( TIM(s) )
FILL IN (JICONe TCON === PRINT RESULTS
DO S0 I = 1,NMAX

IF (LDC(I)eFRs1) GO TO KO
TCONCI) = Fmis % AC(IL)

223

CANT20000

ANT20605
AH120010
ANT20015
ANT20020
ANT20025
ANTZ2N030
ANT20035

- ANT20010
ANT2004%

ANTZ2005%0
ANIZ2N0SS
ANT2N0A0
ANT2N0RS

ANI20070

ANTZ2N075

ANIZ20N0A0

ANT200A5
ANT20090
ANTZ20005
ANT20100
ANIZ0105
ANT20110

"ANI20115

ANTI20120
ANT20125
ANIZ20130
ANI20135
ANT20140
ANTZ20105
ANT20150
ANTI20155

ANT 20160

ANT2016A5
ANT20170
ANIZ20N175
ANT 20180
ANY20185
ANT 20190
ANT20195
ANT20200
ANT20205
ANT20210
ANT20215
ANT20220
ANT20225
ANT20230
ANT20235
ANT 20240
ANTIZ202u85
ANT20250
ANT 20255
ANT202A0
ANT20265
ANT20270
ANIZ20275
ANTIZ202R0



= (1./FMmUy) * BVAL(T)

UCON(I)
GO TO S0

60 TCON(I) = BVAL(L)
ucon(I) = A(I)

50 CONTINUF
WRITE (Ae2000) TITL
IF (ISTRS.EQ.D) wRITE
IF (ISTRS.EQ.1) WwRITE
WRITE (Ar2100)

DO 70 1

= 1/NSEG

J = I + NSEG

DO RO N

80 PXY7Z(N)

= 1.2
= (XYZ(ielen)

(ber2050)
(602060)

+ XYZ(Te2/N)) /2,

70 WRITE (&e2200) 1I» UCONCI)e UCON(J) e TCON(L) .,
I)e LOCUU)» PxYZ(l)p‘PXYZ(?)

1

IF (IPULINCHEQ.0)
I = 1eNSEG

bo 126

Lnc(

J =1 + NSEG _ ,
120 WRITE (7.2500) 1 UCON(I)s» UCON(J)

DO 130

1 = 1»NSEG

. J = I + NSEG :
130 WRITE (7,2500) I » TCON(I). TCON(J)

RETIIRN
2000 FORMAT
2050 FORMAT
2060 FORMAT
2100 FORmAT

RETURN

TCOM(I) »

(141, 1BAS // 10X 1°HBOUNDARY CONDITIONS)
( /7 4. 18H PLANE STRATN #%xx% ) )
( 7 4l 18H PLANE STRESS #**%x ) )

(s/7 X 4rn SEG 7X 2nHUL 10X 2H02 10X ?HTl 1nX ?HT2 RY 4HLDC1

16X 8HLDC2 8X 2HX1 10X 2HX2 //)

2200 FORMAT
2300 FORMAT
2400 FORMAT
2500 FORMAT
4000 FORMAT
END

(2X 1I5¢ 2F12.8

(1M1, 16AS5 /7 10X 22HRIGHT HAND SIDE VtCTﬁR /7)

2F12.00 6X I1e 11% Il

(X ID» 2E15.8)

( Ilns, 2E30.10)

(s777 ¢ 2(BF12.6 /) //) )

224

?F12 6)

ANT202R5
ANTIZ202
ANTZ202
ANTI20300

"ANT20305

ANTIZ20310
ANT20315
ANT20320
ANT 20325
ANT20330
ANT20335
ANT203140
ANT2N3uS
ANT 20350
ANI20355
ANI203A/0
ANI2N3A5
ANTI20370
ANT20375
ANT203A80
ANT203R5
ANT 20390
ANI20395
ANI20u400
ANI20405
ANT20410
ANIZ20415
ANY20420
ANT 20425
ANTI20430
ANI20435%
ANI20440
ANI20445
ANI20450



63

10

16

25

XX2(1)

SUBROUTINE NELINT
COMMON / ARRAY1
COMMON / ARRAY2
COMMON / MATCON

{Gr RHS)

XYZ(100e202) e UCON(200),
BvAL(200)
PIrFMUrPO(202) e MU(2) o FLEX(A) 1 STIF(6) 1AV (202)
COMMON / CONTR1 NSEGe NSYs NIOTALs NSIZE, NPT, N3DYP
COMMON 7/ CONTR2 TiTL(16)s IPUNCHe ISTRS, [ROY

DIMENSION A(2)e E1(2) E2(2)0 P(2)0r X(2,2)r R1(2)y R2(2)
DIMENSION ISYM(2)r GINSIZEeNSIZE) _ '
DIMFENSION XX1(50)r XX2(50)¢ XX3(50),
DOUKLE PRECISION RHS(NSIZE)

COMPLEX PQr MU» AX ,
COMPLEX AK(2)r BK(2)r ZK1(2)s» ZK2(2)» DIL1(2)r DI2(2)
COMPLEX U(2¢2)0 T(2+2)r TRANS: LOG1(2)» LOG2(2)
COMPLEX MUKPOW .

INTFGER SGNI

SPHT = 1,

DO A3 1 = 1+50

XX1(1) 0e

e

Ne

Oe .

TCON(200) e LDE(200)

NN NN N

xXXu (50)

XX3(1)
XX4(1)
CONTINUF

DO 10 I = 1+NSIZE
DO 10 U = 1,NSIZE
GlIed) = Do

DO 20 M = 1.NTOTAL
M1 = (M=1)/NSEG

M2 = M = MI%kNSEG
M3 = M2 + NSFG

COMPUTF SYMMETRY COEFFICLENTS USING Yr THEN X

J =3
I = (M=1)/(NSEGx((2x%xJ)/2))
ISYM(K) = (=1)%x] .

IF (I1.EQ.) ISYM(K) = 1
IFLAG = IFLAG * ISYm(K)

DO A0 J = 192

IF (IFLAG.GT.0) GO TO 25

X(1.d) = XYZ(M202¢d) * ISYM(J)
S X(2eJ) = XYZU(M2e10Jd) * ISYM(J)

GO TO 3%

X(1ed) = XYZ(M2010J) * ISYM(J)

X(2,J) = XYZ(M202,J) * ISYM(J)

CONTINUF ,

35

DEFINE DIRFCTION OF THE LINE SEGMENT

30

I'53

F2 = A(J) 7/ AwAG

A(JY = X(2¢d) = X(1,J)
AMAG = SORT (A(L)*%2 + A(2)*%%2)
DO 33 1 = 1.2
E2(1) = A(I)/AMAG
J =3 -1
= E2(1) *x (=1)**x{(J+1)

E1())

225

ANT25000

- ANT25005

ANTIZ25010

 ANI25015
ANT25020

ANT25025
ANT25030

ANT25035

ANT25040
ANTIZ25045

ANTI25050

ANT25055
ANI250A0
ANI25065
ANT25070
ANI25075
ANT25080

. ANIZ25085

ANT 25090
ANI25005
ANT251N0
ANI251N5

CANT25110

ANT25115
ANT25120
ANT25125

© ANT25130

ANI25135
ANT 25140
ANI251uS
ANT25150
ANT25155
ANT25160
ANT25165
ANT25170
ANT25175
ANT251R0
ANT25185
ANI25190
ANT25195
ANT25200
ANT25205
ANT25210
ANT25215
ANT25220
ANT25225
ANI25230
ANI25235
ANT252u0

CANIZ252u5
‘AN125250

ANI25255
ANT 25260
ANIZ25265
ANIZ25270

. AN125275
ANT252A0



C CALCULATF THE ANGLES Tl AND T2 AND THE NDISTANCE D

C
DO 20 N = 1+NSEG
DO 15 J = 1.2

P(J) = (XYZ(NeleJd) + XYZ(Ne2¢J)) /2.

R1G) = X(1ed) - PLY)
R2(.) = X(2,0) = PLY)

15 CONTINLUIF
CALI. DOTPRD (K1 E1. L)
CALL. DOTPRD (R1» E2¢ R12)
CALI DOTPRD (R2y» E2¢ K22)
CALL. DOTPRD (R1le R1s» RIMAG)
CALIL. DOTPRD (R2r R2» R2MAG)
R1MAG = SQRT (R1MAG)
R2MAG = SORT (R2MAG)
RA = ARS(R1?2)
RB = ARG (R22)
RMAG = AMAX1 (RAs RH)

C .
C CALCULATE DI1,. DI2 FOR DeNE.D
c

TNl = R12 / D
TN2 = R22 / D
DO |0 1 :_1{2
AK(T) = Er1(2)=Mu(I) + E1(1)
BKIT)Y = F1(1)xMU(I) = EL(2)
ZK1(1) 1) x (AK(L1) + BK(I)

ZK2(I) = 1 * (AK(I) + BK(IX)
LOG1 (1) = CLoG( ZKL(I) )
LOG2(I1) = CLOG( ZK2(I) )

* TN1)
* TiN2)

DPHT = AIMAG (LOG2(I) = LQGl(l))

SPHT = SIGN (SPHI» NPHI)

IF (ABS(DPHI) «GT.RPI) LOG2(I)

DI1(I) = 7K2(I) * (LOG2(I)

1 _ - ZK1(I) * (LOov1(I) =~

D12(1) = (L0OG2(1) = LOGL(I))
50 CONTINUF
GO TO AN
40 CONTINUF
C
C CALCULATE DJ1e DI2 FOR DJEQ.0
C
DO 85 T = 1,2
BK(IT) = F1(1)*xMU(l) - E1(2)

DI11(I) = rR22 x (CLOG(BK(I)*R22)
1 = R12 * (CLOG(sK(I) % R12
(ALOG(RR) = ALOG(RA)

DI2¢1) =
5% CONTINUIE
60 CONTINIIF
Cc .
C CALCULATE DFLiJe DELT INTEGRALS
C
DQ AW T = 1.2
DU 6“ J = 1'2
T(JrI) = CMPLLX(0.000,0)
U(Je1) = CMPLX(U0?D.0)
6u CONTINUF

-~ o~ ]
Nl

226

IF (ABS(D /RMAG) L.T.1.0E=U3) GO TO u0

2(1) = SPHI * CMPLX(0.n, 2.%PI)

RK(T)

ANT 25285

ANIZ252
ANT25
ANIZ2S3

ANT25305
ANT25310
ANT25315
ANT25320
ANT 25325
ANT 25330
ANTI25335
ANT 25300
ANT253u5
ANT 25350
ANI25355
ANTY2Z253A0
ANT 2535
ANTI25370
ANT 25375
ANY25380
ANI25385

ANT 25390
ANT 25395

ANT25u4nQ
ANTI25405
ANIZ25410
ANTIZ25415
ANT 25420
ANT 25425
ANT25430
ANT 25435
ANY25440
ANT254u8
ANT 25450
ANTI 25455
ANYZ25460
ANIZ2S46S
ANT25470
ANT 254758
ANT 25480
ANT 25485
ANT 25420
ANT2549%
ANT 25500
ANTY255N05
ANTZ25510
ANT25518
ANTIZ25520
ANT 25525
ANT 25530
ANI 25535
ANT 25540
ANIZ2S5US
ANT25550
ANT 25555
ANT 25560

ANT 255
ANT2S



90

a5

9600
95

2000
2100
2200
2300
2400
2500

)
6% CONTINUF

VO A5 T = 1,2
D0 &5 J T 1,2
DO A5 K = 142

SGNT = (=1)%%x(3~1)

MUKRPOW = MU(K) *x(2=1) :

UlJeI) Uluesl) + PQ(irK)*Ax(doK)*DII(K)

T(Jr1) T(uel) + (MU(K)*cl(l)-tl(?))*MUKPOW*bGNT
’ *¥AXUJrK)*DI2(K)

U n

XXLIN). = XX1(N) + 2.%*REAL(T(101))
XX2(N) = xXX2(N) + 2.¥REAL(T(1,2))
XX3(N) = XXI3(N) + 2.¥REAL(T(201))
XXU(N) = XXu(N) + 2.*kEAL(T(2¢2))

DO ” IX = 1e2

DO A5 JX = 1.2

Ne = N + (IX~-1)%NSEG

M4 = M2 + (UX=1)*NSEG i .
IF (IXeENeJIXsANDsMeED«N) TUIXeIX) = CMPLX{D.2500,0)
1F (LDC(Mu) .EQ.1) GO (0 90

TRANS = U(IxXedX)

UCIXedX) = =(1e/FMU) *x T{IXeJX)

T(IXeIX) = =FMU % TRANS

RHSING) = RHS(N#) + 2.%REAL(UCIXeJIX)) * RVAL(MS) x ISYM{UX)
GINuyMU) = GINGsMY) + 2. %xREFALIT(IXeuX)) % ISYM(UYX)
CONTINUF S i .

CONTINUF

WRITE (Ae2600) TITL

FORMAT(1H1L»1AAS/ /10X 17HCOLUMN SUIM rHtCKS//)

DO 95 T = 1.NSEG

WRITE (Ae2500) I¢ XX1(I)s XX2(I)e XXxB(I)y Xxu(I)
RETHRN ’
FORMAT(IX»3TUur»3F8.5¢10F9,.5 )

FORMAT ( 55X Iue 2F204100 14)

FORMAT (X »3Tur12E9.4 )
FORMAT (10X» GELS.T7)
FORMAT (10X, 6I4r BEL1H.7)
FORMAT (3Xr Tl4e U4F20415)
END .
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SUBROUTINE INSOLUC C )

COMMON
COMMON
COMmMON
COMMON
COMMON

© COMMON

110

C

c

DIMENSY

COMPLEX P
(IBNY.NELD) 60 Ta 104
(NPT.EQ«0) RETURN

IF
IF
CALY. TI
WRITE (
IF (IST
IF (IST

WRITE (

A(4) =
CALY DFE

DO 10 NP =

T CINP,R)

10

- CALY.

100

120

130

150
140
1

1100
2000
2050
2060
2100
1
2200

1
2400

A(l)
A(2)

ARRAY1 /
ARRAY3 /
MATCON /
TIMERS /
CONTR1 / NSEGs NSYMr
CONTR2 / TITL(16) e TPUNCH?
ON C(100+6)e ALYy PXYZLID)
MU» AX

XYZU100De2¢2) e 1CONI200)

PIINCLOO.2)

TIM (10)
NTOTAL»
ISTRS,

NN NNN N

ME (C-TIM(T7) )
Ae2000) TITL
RSEQR.1) WRITE (602060)

C CALL FNR CALCULATION OF DELD AND DELS

Ae2lD0)
Ne
LSD (¢)

1 o NPT

= C(NP»H) *x 2, -

STIF(1L)*C(NP.4) + STIF(})*L(NP'S)

NSTIZE s

CWRITE (wr2200)

L

nuan

A(3) STIF(2)*C(NPsy)

NPr (A(K)rKZ1e4),

+ STIF(5)*C

CONTINVF
TIMF ( TIM(8) )
RETIIRN

WRITE (Ae2000) TITL
DO 120 T = 1¢NSEG
J .= L+ NSEG-
REAND. (8,1100) N
DO 1300 T = 1,NSEG
J = I + NSEG

READ (5,1100) N

UCON(YI)» UCONI(J)

TCON(I) e TCON(Y)

WRITE (As230n0)

DO 140 T =

J = 1 + NSEG

DO 150 N = 102 .

PXYZ(N) = (XYZ(1ls1rn)

WRITE (Ae2800) L UCONC(I)
LNDCC(L)»

1o NSEG

+ XYZ(Ie2¢N)
UCON(J)
LOC(J)
GO TO
FORMAT (110s 2E30.10)
FORMAT, (1H1», 10Xe 1AAD)
FORMAT ( / u( 18H PLANE STRAIN *x¥¥*
FORMAT ( 7/ u( 18H PLANE STRESS #x%
FORMAT (AHOPOINT» 2x 10H SIGMA(XX)
: 10H SIGMACYY)
FORMAT (22X T3r 2X UF12.2¢

11a

P2FR.4)
a6Y G4HLDC2 AX 2HX1 1uX 2HX2 /7))
FORMAT (2X 1S 2F12.8¢ 2F12e00¢ 06X

EnD

228

STIF(3)*%C(NP,4) + STIF(6)*CINP)S)

(NP2 S)

PTIMNINPeLl)

Y/2.

» TCON(1),

PxYZ(1),

* ) )
* ) )

2X 1nH SIGMA(YY) 2X
2X 104 SIGMA(ZZ) SX 2H X 6X 2H Y)

It

11Y I

TCUN{(200)»

NPT,
18DY

» TCOM(U)»
PXYZ(2)

2F1246)

—

Lbc(200)

PLeFMUIPQ(202) e MU(2) o FLEX(R) 2STIF(AR) 2 AX(2+2)

NEIDYP

+ STIF(2)*C(NP,&)
+ STIF(S)*C(NPy&R)
+ STIF(u)*C(NP,A)
PTIN(NPe2)

2300 FORMAT (// uX 4H SEG 7X 2HUL 10X 2HU2 10X 21Tl 1InX 2HY2 Ay uHan1

ANISD200

ANT 300N
Amrsnnn!
ANT3N01
ANT3N01Y
ANT3NO21]
ANTINN2Y
ANIS3003(
ANI3N0RS
ANTS0OQU(
ANT3NONU Y
ANT3N0S(Q
ANT 30059
ANT300A0
ANT300KRY
ANT30ONDT0
ANTI300T7Y
ANT30080
ANT 30085
ANTI3NN90
ANI3N095
ANT3N100
ANT3D1NS
AMTI3D110
ANT30115
ANTI3N120
ANI3N12S
ANT3N130
ANTI30135
ANI3ZN140
ANTI3N1US
ANT3N1S50
ANT3N155
ANT3D1A0
ANT30165
ANI30N170
ANT3N17S
ANT301R0
ANISN1RS
ANT 30190
ANT 30195

ANTI30205
ANT3N210
ANT 30215
ANT3N220
ANT 30225
ANT 30230
ANTIS0235
ANTI02u0
ANTI3N2N
ANT3N250




OO0

OO0

10

COMPUTF SYMMETRY COEFFICLENTS USING Yo

16

23

35

‘COMPLEX AK(2),

SUBROQUTINE NDELSY (6) )
COMMON 7/ ARRAYL 7/ XYZ2(100,202) 0 UCOM(200), TCON(?UO)o Loc(20n)
COMMON / ARRAY3 7/ PlUIN(10Ur2)

COMMON / MATCON 7/ PLsFMUPPQR(202) o MU(2) s FLEX(A) #STIF(6) »AY(202)

COMMON / CONTR1 / NSEGe NSYMe NTOTALe NSTZE» NPT, NBDYP
COMMON / CONTR2 7/ TITL(16)s IPUNCHe TSTRS., 1BOY

DIMENSTON A(2)e E1(2)r E2(2)r P(2)e X(2s2)r RLI(2), R2(2)
DIMENSION ISYM(2)r 6(100r6)

COMPLEX PQer MUe AX ‘ :

BK(2)e ZKL(2)s ZR2(2)s DIZ(2) DIU(2)s DU, NS
COMPLEX LOG1(2)e LOG2(2)

SPHY = 1,

DO 10 T = 1,100

DO 10 U = 1+6
G(IOJ) = (e

DO 20 M = 1.,NTOTAL
M1 = (M=1)/NSEG

M2 = M = M1*NSEG

THEN X
IFLAG = 1
D0 16 K =
J = 35 - K
I = (M=1)/(NSEG*((2x%xJ)/2))
1ISYM(K) = (=1)*x] ‘

IF (1.FQ.N) ISYM(K) = 1
IFLAG = TFLAG * ISYwm(K)

IF (1IFLAG.GT.0)

102

GO TO 23

X{1ed) = XY7(M202¢d) & ISYM(J)
X(2.J) = XYZ2(M2+1ed) % [SYM(J)
GO TO 3% -

X(led) = XYZ(M2e1ed) * ISYM(J)
X(2,J) = XY7Z(M2¢,2+J) *x ISYM(J)
CONTINVIF

DEFINE DIRECTION OF THE LINE SEGMENT E2 = A(J)/AMAG

32

33

A(J) = X(20d) = X(1,J)
AMAG = SQRT (A(L)Y%%2 + A(2)%%2)
DO A3 T = 1,2
T E2(1) = A(I)/AMAG
J=3 -1
E1()) = E2(I) = (=1)*x(J+1)

CALCULATF THE ANGLES T1 AND T2 AND THE DISTANCE D

15

DO 20 N = 1.NPT

DO 15 J = 1.2

P(J) = PTIN(NeJ)
R2(.1) = X(2,J) - P(J)
R1() = X{(1,d) = P(J)
CONTINUF

D1 = 0.

D2 = 0,

DI = D1 + RIGJI*RL(J)

229

ANTIES0N0
ANT3S0NS
ANTSS010
AMT 35015
ANT 35020
ANT 35025
ANTSS0 30

TANTAS035
ANT 55040

ANT 350085
ANT350R0
ANT35055
ANT 35060
ANT 35065
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ANT 35095
ANT 35100
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ANT 35120
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ANTI35160 -
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C

o000

OO0

17 L2 = 12 + R2(J)Y*R2(J)
D1 = SART(D1)
D2 = SORTID?)
CALL DOTPRD (R1e £l )
. Calr DOTPRD (Rl E2» K12)
S CALE DOTRPRD (R2, E2s R22)
CALY. DOTPRD (R1r R1s» KIMAG)
CALL DOTPRD (R2e R2¢ K2MAG)

TRIMAG = SORT (RIMAG)
H2MAG = SART (R2MAG)
RA = ABQ(R12)

RB = ABRS(R22)
RMAG = AMAX1(RA,RB)

IF (ARS(D /RMAG) oLT.1.0E~-03)

TNL = R12 /D
TN2 = R22 / D

CALCULATE DI3» DL4 FOR

DO us% I = 1,2

AKC(T) = FL(2)YyxMuy(l1)
BKT) = E1(1)y=My(I)
ZKI(I) = D = (AK(1)
ZKk2(I) = D % (A(1)
LOGYT (1) = CLOG( 7K1
LOG2(1). = CLoG( 7zK2(
ODPHT = AIMAG (LoG2(1

IF (ABS(DPHI) «6T.PI) LOG2(I)
DI3CI) = (LoG2(1) = LOGL(I)) / BXx(I) :
CDIG(I) = =(1./2K2(T) = 1./ZK1CT) ) 7/ Rk(i)
4% CONTINUE :
GO TO SN
CALCULATE DI3r DI FOR DeEQ.U
40 CONTINUF
DO 85 I = 1.2 P
BRAT) = EvCuyxmu(r) - E1(2)
D13(I) = (ALOG(RR) = ALOG(RA))Y 7/ BK(1)
DIG(1) = =(1./R22 = 1./R12) / Brli)«*2

55 CONTINIE
50 CONTINIIF

DeNELO

+

F1(1)
E1(2)
Bk (1)
+ BK(1)
I )
1))

+ 1

GO TO un

* Tnt)

¥ T2}

) - LOoGL(1))
SPHY = SIGN (SPHT» DPHI)

= LOG2(T) ~ SPHI * CMPLX(0eny, 2.%PI)

CALCULATE ND» DS» STRAINS AND STRESSES

L1 = 4%

DO 25 1T = 142

DO 28 L = 1s2

L1 = L1 + 1

DO 25 J = 1.2

DD = CMPLX(0.0+0.0)
Ds = CMPILX(H.uru.0)

DO R0 K = 1.2

DD =PI KI*AX (1P K)ADIBZ(K) ¥ IMUIK) *¥x(L~1))
] FPO(JrK)*AX(LeR)*DI3(K) R (MU(K)*=*x(I=1))))/2.+ Dis
06 (= (M(K) *E1 (1) =F12) ) «MUIRK) ¥k (2=d) * AX (T oK IHMI(K) ¥k (L=1)%xDIL(K)ANTISS

) 2 (=1 )k (3=J))
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ANT 55285

ANTBS29
ANT 352(‘
ANT 35300
ANT 3530
ANT 35310
ANT 35315
ANT 35320
ANT 35325
ANT 35330
ANT 35335
ANT 35300
ANT 35345
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ANT 35355
AT 3S3A0
AT AR3IAS
ANT 35370
ANT 35375
ANT 35380
ANT 35385
ANT3S390
ANT35395
ANT 3540
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ANT35420
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ANT 35430
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ANT 35450
ANT 35455
ANT 35460
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2 -(MH(K)*EI(])-P1(2))*MU(K)**(2-J)*AX(L.K)*MH(K)**(I 1)%DI4(K)ANTIISS7S
3 *((-1)**(3—J)))/a. + uq

30 CONTINUE

MG = M2 + (J-l)*NSEb
GIN,L1)z= GI(NsLL)= 2, *RFAL(DD)*TLON(MQ)*ISYM(J)

1

25 CONTINUE

20 CONTINUE
RETIHIRN
: END

+ 2.%REAL (DS) *UCON(MY) . ISYM(J)
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AMTI35595
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OO0

OO0

SUBROUTTINE BDYSIR (G)

CUMMON 7/ ARRAY1 / XYZ(100e2+2)» 1ICON(200),s TCON(200)s LDC(20N)
COMMON / ARRAYHW4 / NBDY (500 3)
COMMON 7/ MATCUN 7/ PLeFMIPR(292) o MU(2) o FLEX(6) »STIF(6) AY(?'Z)
COMMON 7/ CONTR1 7/ NSEGe NSYMs» NTOTALe NSTIZE» NPT, ‘NBDYP
COMMON /7 CONTR2 7/ TI1TL(1A)s IPUNCHes ISTRS, 1BDY

. CUMMON / TIMERS / TiMtiu)
DIMENSTION A(2)e E1(2)9 E2(2)e P(392)e R(2)e DUL2)y G(5NAR)
DIMEFNSTION Q(393)9 E(3¢3)r COFAC(393)e T(3,3)0 T1(3+3)
DIMFNSTION RHS(3)» TRAC(2)e TCNI(2)» TEMP(3,3)¢ ANS(3)

Io
Il
12

20

CALCULATE NU/DS»

28

TRANSFORM_DU/DQ INTO EPS === TRAC INTO TCN.

WRITE (A»2000)

COMPLEX PRe MU» AX

IF (NBDYP.EQ.0) RETURN

CALL, ( TIM(9) )

TITL .
(INBDOY( (I o) eJ=193) e 1=1.NBDYP)
TITL

WRITE (602050)

(6'20b0)

TIME

WRITE (Ar2100)
WRITE (Ae2000)
IF (ISTRS.EN.0)
IF (ISTRS.EQ.1) WRITE
WRITE (Ae2200)

= BASE SEGMENT WUMBER
= RFAR DIFFFRENCE SEGMENT NUMBER
= FORWARD DIFFERENCE SEGMENT NUMRER

1,NBDYP

(Nel)

(N2 2)

(Ne 3)

1,2 :
(XYZ(I0s1l>» M)
(XYZ(Iledei)
(XYZ(I12r1eM)

P(3eMm) = P(2sM).

XYZ(INe2eM). = XYZ(1071 M)

SORT(R(1)*%2 + R{(2)*x%x?)
“GARTIA(L) %2 + A(2)%%2)

5 N::
NBDY
NBDY
i2 NBDY

DO 20 M =

P(1.M)

P(2,M)

P(3.M)"

R(M)

A (M)

SMAGR

AMAG

-
—
-

+ XYZ(10r2eM)) /2
+ XYZ(TI1e204)) /2.
+ XYZ(IZoZoM’)/é.

TIETITIRT

TRAC FOR GLOBAL CORRDINATE SYSTEM

.= 1.2

O 25 M
E2(m) = A(M)/ AMAG
K=3=~=-M

El(k) = F2(M) % (=1)%%x(K¥1)

13 = 11 + (M~=1)*%NSEG
I4 = 12 + (M=1)*NSEG
IS5 = 10 + (M=-1)%NSEG
DU(M) = (UCON(Iu) = UCON(I3))/SMAG

TRAC (M) = TCON(IS)

IN LOCAL COORDINATES

CALI. DOTPRD (DUr E2» EPS)
N ugd I = 1.2
40 TCN(L)Y = be
o DO uv 1T = 1.2
‘ TCN(L) = TCn(1) + E1(1)=TRAC(L)
' u% TCN(2) = TCN(2)

+ E2(L)*TRACLI)
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ANI4NOI1S
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~
-

.‘ CALCULATE TRANSFORMATION MATRIX T(I,J) AND ITS INVERSE TI(I,J)

n N n

DOoOLo

C'= E1(1)
S = E1(2)
©T(1.1) = C*C
S T(1.2) = S%§
T(1e3) = S*C*2,
T(ch) = S*Q
T(2.2) = C*xC
T(203) ==GQkC%2,
T(3,1) ==5%C
T(3:2) = §*C
T(3,3) = C*C =~ Sx%S
C :
L ko koo koK Kk XK s o ok ok ok ok Ok ok K
c
TICIs1) = T(1e1)
TI(192) = T(142)
TTI(193) ==T(103)
TI(2e1l) = T(2e}1)
TI(2e2) = T(202)
Ti(2+3) ==T(213)
CTI(Re1) ==T(3e1)
TI(3,2) ==T(3¢2)
Ti(%03) = T(3+3)
C _
C. CALCULATE MATERTAL STIFFNESSES IN LOCAL COORDINATE SYSTEM
K =0
DO.|"0 1T = 1,3
DO 80 J = TI.3
K= K + 1
@(Ied) = STIF(K) * (2.%%x(J/3))
IF (1.EQ.J) GO TO Si
O(J,1) = STIF(K)
S50 COUNTINUF
DO 85 T = 143
DO &Y JU = 1.3
TEMP(Isd) = 0.
DO 55 K = 1.3
55 TEMP(Ied) = TEMP(Ied) + Q(I/KI*TT(K,J)
. DOARADT = 1.3
DO A0 J = 1.3
Q(Ied) = Do -
DO A0 K = 103 ' :
60 A(Ied) = QUIed) + T(IIK)XTEMP (K¢ J) 8%;.33
C , s
C CALCULATF COEFFICIENTS OF REARRANGED EQUATIONS Q(3,3)
c.
E(1.1) = @(101) = Q(1s2)%Q(102)/0(2,2)
E(1.,2) = al1s2) .
E(1.3) = @(1¢3) = QUL102)%Q(213)/R(242)
E(2,1) ==al1s2)
E(2+2) = 0(202)
E(2+3) ==0(2:,3)
.’ E(3s1) = Q(1¢3) = Q(1+2)%Q(2¢3)/Q(2,2)
, E(3.2) = 0(203)
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ANT40500
ANT4N505
ANT40510

+ ANTH0S515
+ ANTH0520
+ ANTH40525

ANTUNS30
ANTI&NS35
ANT4NS40
ANT4NS5US

ANT&40550

ANT40S5S .
ANT40560
ANT40565
ANT40570



E(3,3) = A(3,3) ~ 0(2:3)*%Q(2¢3)/0(2,2) ANIH0575

DET = (FCLr1)YXE(2e2)%E(303)) + (E(142)%E(2¢3)%E(3,1)) +- : ANTUNSA

1 (ECLr3)*E(201)%kE(392)) = (E(3y1)*E(202)%E(1»3)) = ANIUOSRA

2 (E(3r2)%E(2r3)%E(101)) = (F(393)%F(201)%E(1+2)) ANTH059Q
CoFacC(1.1) = (E(2:2)%E(3¢3)) = (E(3,2)%E(2,3)) ANTHN5Q95
COFAC(1+2) = =1.0%((E{(2,1)1%E(3¢3)) =~ (E(3,1)%E(2,3))) ANTHNBEN0
' CoFac(1,3) = (E(2o1)%E(302)) = (E(3,1)%E(2,2)) ANTLNEDS
COFAC(201) = =1.0%((E(192)%E(303)) ~(E(3s2)*E(1+3))) o © ANTH0610 .
COFaC(2+,2) = (E(1,1)%E(323)) = (E(3,1)%E(L1,3)) : ANTIUNG1S
COFAC(2,3) = =1.0%x((E(1,1)*E(3,2)) = (E(3,1)%E(1,2))) ANTH4NE20
COFaC(3,1) = (E(1,2)%E(203)) = (E(2+2)%E(1,3)) - CANTUNEDS
COFAC(3+2) = =1.0%((E(1,1)%E(2¢3)) = (E(2,1)%E£(1,3))) ~ ANTUN630
COFAC(3.,3) = (E(Le1)%E(202)) = (E(291)*E£(1,2)) ANTUNE3S

DO AS I = 13 ' ANTH40ELO
D0 A5 U = 1.3 o ANTH0BULS

65 TEMP(I»J) = COFAC(J,I)/DET : ’ : ANTU0650
RHS (1) = TCN(1) ANTUNASS
RHS(2) = EPS*Q(2,2) . ANTU4NAA0
RHS(3) = TCN(2) ' : ANT40R65

c o ' . ANT40670
C CALCULATE UINKNOWN HOOP STRESS ' ANT4NETS
c ' , . . ' ANT4NERD
DO 70T = 1.3 : ANTUNERS
ANS(I) = 0. ANT4NE90
DO 70 U = 1.3 ANTH4NKOS

70 ANS(I) = ANS(I) + TEMP(I»J)xRHS(J) : : - ANTLHO0T700
G{N,1) = TCN(1) o ANTH070S
G(N.2) = TCN(2) . ‘ : ANT4NTI0
GINe3) = ANS(2) * Q(2¢2) ' ANTUNT71S -
G(Ns4) = EPS ANTUNT20
G(NsS) = ANS(1) . ANTI4NT72%
G(NsAa) = ANS(3). . . ANT4NT730
WRITE (ARe100) STIF » Qe Te TIe RHS» ANS: _ ANTH0T735

100 FORMAT ( // (3(3E12.7 /)1/7)) ' ! S ANT4NTLO
15 WRITE (6+2300) 10 (GINeM)eMZ1ro4)eP (1 1).P(1-a) ANTH4NT74S
‘CALI. TIME ( TIM(10) ) ' ANTHNT7S0
RETHRN ' ANTU4NTSS

1000 FORMAT (2ul3) : ' ANTHDT760
2000 FORMAT (t1H1.s 10Xs 16A5) 4 - ANTU40TRS
5050 FORMAT ( / 4( 18H PLANE STRAIN *%*x* ) ) ANTH0770
2060 FORMAT ( 7/ u{ 14H PLANE STRESS *x*% ) ) ANT40775
2100 FORMAT (7 5X 11HBASE NUMBER 2X 11HRFAR NUMBER 3x 10HFWD MUMBER // ANT407RO
] ( 3112 7)) ANIL4NT78S
5200 FORMAT (7HOSGMENT 2X 10H NORMAL ST 2X 10H SHEAR STR ?x ANTH40790
1 10H HOOP STRS 2X 10H HOOP STRN 8X 2H X 6X 2H Y) ANI4N79S
2300 FORMAT (2X I3» 2X 3F12.2¢ F12.9s 2FA.4) ANT40800

"END ‘ S - ANTH408NS
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SUBROUTTINE DOTPRD (A» B, C) ' B - ANTUSOND

DIMENSTON A(2)y H(2) e ‘ o ST CANTSS005
= AN xR1) + AL2)%x3(2) - : o : ’ ANT4R010
RETURN T oo oo . ANTI4S015

END . . ‘ o : ~ ANT45020
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SUBROUTINE SOLVER (Ne X» Fo A) : ANISOO

DIMENSION A(NeN)» X(N)» FI(N)» Xx(160) : - AlenoI
DOURLE PRECISION X ANISNQ10

DO 10 I = 1o N ANTS0015
FCI) = n.0 ANTHNO20

10 CONTINUF ANTISN025
NI = N = 1 ANTSNO30

DO A0 T = 2, N ANISN035

DO w8 J = I, N | ANTS00QLQ

IF (AHQ(A(I-’DI"‘I)) 6T, Uo) G0 TO us ANTS(‘O"S

I1 =1 -~ 1 A ANTH0050
WRITE (AeS10) I1 - _ ANT5N05S.

RE THRN ANTS50060

4% CONTINUF , ANTSN0DRS
CX = A(JrI=1) / A(I=1»I=-1) ANTS0070

Ke =1 : ANISNQO7S

DO s0 K = I, N ANTSNOROD
A(JrK?2) = A(JrK2) = CX * A(I=1¢K2) ’ ANTS0085

K2 = K2 + 1 ANISN090

50 CONTINUF : ANISN(Q9S
A(JeI-1) = CX . . ANTS0100

5% CONTINUF \ ANTSH01NS
60 CONTINUE ANTSN110
FORWARND PASS = OPERATE ON RIGHT HAND SIDE aS ANTS50115
ON MATRIX v ’ o ANTISNIL20
62 CONTINUF _ ' ANTSN125
Do 70 1 = 2+ N ‘ ANTSN1I3D

DO A% J = I¢ N ANTIS50135
X(J) = X(J) - X(I=1) * A(JeI-1) ‘ ANISN1L0

65 CONTINUF: ANISN1U45
70 CONTINUF v , : ANTSN150
‘ _ . ANT50155

BACKWARD PASS = SOLVE FOR AX = 8 . ANTSN160
XX(n) = X(N) /7 A(NenN) ' ANTS50165

DO RO T = 1, N1 ANTSN170
SUM = 0.0 . ANIS0175

I2 =N -1 + 1 - : : ANTSN1R0

DO 75 J.= 12+ N ANTSN185
SUM = SUM + A(I2=1rd) * XX(J) ANTS0190

7% CONTINUE- ANTSB010S
XX(T2=-1) = (X(I2=1)=SUM) / Al(l2=1,1I0~-1) ' ANTS0200

80 CONTINUF , ANTISN2NS
DO Q0 I = 1» N : . ANTH0210
F(I) = F(I) + XX(I) : ' ANISN215

90 CONTINUE A ANISN220
RETIHIRN. ’ - ’ ANTH0225
§10 FORMAT (/1X 2SHERROR RETURN FROM SEQSOV 1100 ANI50230
1 35HDIAGONAL TERM REDUCED TO ZERO /) ' ANISN235
END , ANI50240
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5.3 EXAMPLE SOLUTIONS FOR ISOTROPIC AND ANISOTROPIC BOUNDA.RY—
INTEGRAL EQUATION METHOD

5.3.1 Tension of an Isotropic Plate

The group of problems discussed'herein areAprovided for two
major purposes, the first to determine so]utibn'accuracy, and the sécqnd
to provide guidelines in the use of the program, called DIPOME.

Since both tractions and displacements are assumed_cqnstant-glong-
each segment, it is logical té theorize that the solution will be more
accurate for shorter segment lengths. If then two quéstions remain:
What accuracy is obtainable, and how is this accuracy related to the =
segment Tength used in the model. |
5.8.1.1 Circular Cutout

A circular cutout, of unit radius, was mode]ed by segments of
equal length. Ten prob]ems were solved, with the on]y var1ab]e be1ng the
number of segments employed In each problem the stress d1str1but1on a-
long the x and y axes interior to the plate waé obtained. Stresses were
computed at points rang1ng from 0.001 1nches to over 5.0 inches from the
surface of the cutout. Table 1 shows a comparison of the solutions ob-
tained in three of these problems to the theoretical results of Timoshenko.
These solutions follow the theoretical curve closely in all cases, except
in the immediate vicinity of the cutout.

This behavior is due largely to the presence of a sharp corner at
the intersectién of each axis with the cutout, as shown in Figure 1. This
is a consequence of the approximation of fhe surface by straight liné;. |
segments. Use of'shortér segmentblengths reduces the sharpness of this
corner and produces less distortion, as seen in the table. Further devi;
ation from the theoretical solution is a result of the surface approxima-

tions inherent in averaging tractions and displacements over each segment.
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Stresses at the surface of the.cutout ore computed by a finite
difference technique, using the displacements of the two segments adjacent
to each of the intersections, as shown in Figure 1. Once the strain is
computed by the equation below, Hooke's law is used to obtain the stress.
Surface stresses are computed at hodes around the entire cutout, with an
auerage error of about two per'ceht For brev1ty only the stress at the

1ntersect1on of the cutout and y-axis is shown here (Table 1).

The influence of segment length on so1utioh accuracy is summarized
in Figure 3. The graph results from comparisons of interior stresses,
where.Y*:represehts the 1ast'data_pointvobtained before the data diverges
from theoretical curve of Timoshenko.

5.3. 1. 2 Elliptical Cutout

The prob]em of an e]11pt1ca1 cutout in an 1nf1n1te plate under
tension was so]ved by Ing11s in 1913. He found that the maximum stresses
in the p]ate'occur at the surface of the cutout, at the point where the

radius. of curvature is smallest. The stress concentration here is given by:

SCF 1+ 2 a/b |
where a/b is the aspect:ratio of the ellipse. -
_ Predtction-capability forqa range of stress cohtehtrations was
lnvestlgated and resu]ts are reported here for concentrat1ons of 5 10
and 40. By the equat1on above aspect rat1os of the resu1t1ng e1]1pses

were 2. O 4, 5 and 19 5.
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For each aspect ratio a number of problems was solved, using
varying numbers of segments to model the elliptical surface. Elliptic.
coordinates were used to divide the surface, so that a constant value of
segment length/radius of curvature was obtained. It may be shown that
this will be accomplished by uging equal increments of the coordinate n.
It was hoped that accuracy of the internal solution might be related to
this ratio.

The stress distribution along the x and y axes interior to.the
plate was obtained, at points ranging from 0.001 inch to 5.0 inches from
the cutdut surface. Tables 2 through 7 show a comparison of the results
with the theoretical results of Inglis. Again it must be noted that the
computed results are inaccurate for points very néar the cutout surface,
due to the sharp corner produced by the model (See Figure 2). |

Stresses at the surface of the cutout are computed by a finite
difference technique, as previously described. Results of this calcula-
tion are shown only at.the intersection of the x and y axes with the cut-
out, énd appear in Tables 2 through 7. | |

The relationship between interior solution accuracy and the
value of segment length/radius of curvature employed in a given problem
~is shown in Figure 4. Results were obtained for four aspect ratjos, and
the plots are nearly straight lines for each aspect ratio, for values of
length parameter down to 0.052. It may be seen that solution aécuracy
is functionally re]éted to the ratio of segment length to radius of

.curvature, but this parameter alone does not characterize accuracy.
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We see that the Boundary-Integral Equation method is a reliable ‘
numerical technique for the prediction of stress concentrations in two
dimensional isotropic problems. Results indicate that the method is con-
sistent as well as accurate in calculating stress concentrations as high
as 40. Solution accuracy is dependent both on the stress concentration
gradients present and on the length of segment used to model the surface.

In employing this program, it shou]d-be noted that solution time
required for interior points is approximately ten times that required
for boundary solution points. |
5.3.2 Tension of an Ani‘sot’r&pic Plate with a Circular Cutout

A The program used for the solution of the following problems is
called ANISOT, and provides a solution capability for two dimensional
generally anisotrbpic»materials. The use of the program is restricted
only by the requirement that the material employed be n&d-p]ané symmetric. _-
It is expected that the program will be especially useful in aﬁa]ySis of
advanced fiber composites, so the problems solved here considered plates
of boron-epoxy.
' 5.3.2.1 Orthotropic Material

A series of problems was solved, with the Cutout surface repre-
sented by varying numbers of segments. In each case segments of equal
-Tength were_uséd, and the number of segments ranged frdm'ZO to 180.

Identical series of problems were solved for plates of unidirectional
.boroh-epoxy, of zero degree and ninety degree qrientétions.
Again the stress distribution a]ong the x and y axes interior to

the body was obtained, as well as surface stresses around the entire cutout.
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The hoop stresses around thg cutout at the surface were compared to the
theoretical results of Lekhnitskii, and results appear in,Tables 8 and 9.
These stresses arevgompqted directly from displacements and tractions, and
thus provide a means of evaluating the boundary solution capability of
the program. Results compared extremely well with the theoretical calcu-
lations, even for the higher stress concentrations.

Thé accuracy of the solutions obtained are dependent on both the
stress concentration gradients present and lengthlbf segment used in the
model. This behavior is expected, since the basic algorithms employed are
similar to those of the 1sotfopic program, DIPOME; Time required for
interior solution points was again about ten times that for boundary
pdints.
5.3.3.2 Anisotropic Material

The»prdb]em of a circular cutout in an infinite plate was next.
solved for a completely anisotropic matéria], unidirectional boranepoxy»
at an Ofientation of 45 degrees. »There was no symmetry about either the
X or y axis, as had been present before, so the entire cutout surface
was modeled.

| As before, the hoop stresses at the surface of the cutout were
obtained and are compared with the results of Lekhnitskii in Tab]es 10
and 11. Two problems were solved, one employing 20 segments, and the
other 90 segments, to represent the surface. Here again agreement with

theoretical results was excellent along the entire surface.
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Figure 2: — Dipome Model — E1lipse
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TABLE 1 — INTERIOR STRESS SOLUTIONS —-DiPOME

Y-R Timoshenko 40. Segments 120 Segments | 200 Segrﬁents '
0.00 3.00 3.02 3.02 3.09
.001 2.99 | 27.12 10.36 7.05
.005. |  2.96 7.03  3.78 3.2
.010 2.93 4.53 13.05 | 2.8
.020 2.87 3.31 | 280 2.83
.030 2.80 2.92 2,76 - 2.79
040 | 2.74° 2.74 2,72 2.74
.050 2.69 2.64 ©2.68 2.69
.070 2.58 2.52 : ~ 2.58 2.58
100 | 2.44 2.40 2.44 2.44°
2000 | 2.07 2.07 2.07 2.07
. 400 1.65 1.65 1,65 1.65
.600 1.42 1.42 1.42 1.42
.900 1.25 1.25 - 1.25 1.25
1.50 1.12 1.12 1.12 1.12.
2.00 1.07 1.08 1.07 1.07
3.00 1.04 1.04 1.04 1.04
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SEGMENT LENGTH

Figure 3: Accuracy of DIPOME — Circular Cutout
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_ TABLE 2 — INTERIOR STRESS SOLUTIONS — DIPOME

120 Segments

l%i Inglis 40 Segments - 200 Segments
0.00 5.00 - 5.116 5.01 5.002
.001 | 4.96 101.9 35.2 22.3
.005 | 4.82 9.8 5.52 4.89
.010 | 4.65 6.13 4.59 4.56
020 | 4.3 4.54 4,29 4.35
030 | 4.08 4.04 4.08 4.09
.040 | 3.85 3.78 3.86 3.86
050 3.65 3.59° 3.66 3.66
.070-| 3.31 3.29 - 3.32 3.32
100 | 2.92 2.92 2.93 2.93
200 | 2.18 2.19 2.19 2,19
.400 | 1.61 1.62 1.62 1.62
600 | 1.40 1.40 1.40 1.40
.900 | 1.24 1.24 1.24 1.24
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ASPECT RATIO = 2.0

S 'TABLE 3 —-INTERIOR STRESS SOLUTIONS — DIPOME

§

ééb - | Inglis - 40 Segments 120 Segments 200 Segments
0.00 -1.00 -0.983 -0.994 ' -0.996
.00t | -0.997 | -13.0 490 | -3.28
005 -0.985 | -2.42. .32 Lo
.010 . | -0.970 -1.52 =103 -0.965
020 | -0.941 | -1.09 -0.925 ~0.926
.030 -0.912 -0.959 ~ -0.895 ~ -0.906
.040 -0.884 | -0.888 -0.873 -0.882
050 | -0.857 | -0.843 -0.850 | -0.856
.070 | -0.805 -0.782 -0.802' ~-0.804
.100 - -0.805 -0.713 -0.729 -0.731
1,200 -0.525 -0.518 -0.523 -0.524
.400 -0.251 -0.247 . -0.250 -0.250
.600 7-0.099 | -0.097 . -0.099 -0.099
.900 - 40.006 . | +0.008 +0.007 +0.007
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TABLE 4 — INTERIOR STRESS SOLUTIONS — DIPOME

200 Segments -

y-a. "Ingh‘s 40 Segments {120 Segments
_C . . N
0.00 10.0 11.33 ©10.14 ©°10.04
.001 9.60 87.5 29.8 20.2
005 8.31 11.37 8.30 8.32
010 7.15¢ 7.69 7.21 1.2
.020 5.67 5.75 5.75 5.75
.030 4.77 4.85 4.82 4.82
.040 4.16 4.24 4.20 4.20
.050 - 3.73 3.80 3.75 3.75
L0070 | 3.4 ©3.19 3.16 3.16 -
-.100 12.63 2.66 2.63" ~ 2.63
-, 200 1.90 1.91 1.90 1.90
.400 1.46 1.46 1.46 1.46
.600 1.30 0 1.30 1.30 1.30
.900 1.19 1.18 1.19 1.19
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ASPECT RATIO = 4.5
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TABLE 5 — INTERIOR STRESS SOLUTIONS — DIPOME

ﬁé-ll” Inglis 40 Segments | 120 Segments 200 'Ségments

0.00 -1.00 -0.984 -0.994 - -0.997
.001 | -0.997 -90.7 -31.4 -19.2
005 | -0.987 | -2.43 -1.32 SRRY
010 | -0.974 -1.48 -1.03 ~0:966
.020 | -0.949 -1.08 -0.931 -0.937
030 | -0.923 -0.952 -0.908 -0.920
.040 | -0.898 -0.893 -0.890 -0.898
.050 -0.874 -0.855 -0.870 -0.874
.070 | -0.826. -0.804 -0.825 -0.826
.100 -0.758 -0.743 -0.756 - -0.758
.200 | -0.553 -0.549 -0.552 -0.553
.400 | -0.258 -0.258 -0.258 -0.259
.600 -0.087 -0.088 -0.087 -0.087
.900 | +0.029 ~ 40.028 +0.029 +0.029
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ASPECT RATIO = 19.5

TABLE 6 — INTERIOR STRESS SOLUTIONS — DIPOME

léi“v_ Inglis 40 Segments | 120 Segments | 200 Segments
0.000 | 40.0 1 88.7 50.9 |  44.5
001 | 235 88. 2 31.0 27.0
.005 10.9 16.9 1.7 1 1.s
.010 7.50 10.0 7.80 .67
.020 5.22 6.28 5.32 1 s
.030 4.26 4.88 4.30 4.28
.040 13.70 4.12 3.72 3.71
.050 3.32 3.63 13.33 3.32
.070 2.83 - 3.03 2.84 - 2.83
.100 2.41 © 2.53 2.41 - 2,41
200 1.8 - 1.85 .81 1.8
400 1.43 1.44 1.43 1.42
.600 1.28 1.28 1.28 1.28
900 1.18 1.8 1.18 1.18
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ASPECT RATIO = 19.5 — b
TABLE 7 — INTERIOR STRESS SOLUTIONS — DIPOME

l%——' Inglis 1 40 Segments 120 Segments 200 Segments

0.00 | -1.00 ° -.966 -.985 -.994
001 |. -0.997 | -10.9 - -4.26 -2.89 -
.005 -0.989 -2.11 -1.22 -1.06
.010 -0.979 -1.37 -0.996 .-0.959
.020 -0.957 € -1.035 -0.921 , -0.939
.030 | -0.936 -0.928 -0.904 -0.926
040 | -0.915 -0.876 -0.890 . | . -0.907
.050 -0.894 -0.845 -0.873 -0.887
.070 -0.852 -0.803 -0.834 -0.845
.100 -0.790 -0.752 -0.775 - -0.784
.200° -0.598 -0.581 . -0.587 -0.594
.400 -0.293 - -0.294 -0.289. -0.291
.600 -0.099 ~-0.107 -0.099 -0.099
.900° +0.037 +0.030 +0.035 +0.037
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- 'FIBER DIRECTION ——
TABLE -8 — SURFACE HOOP STRESS COMPARISONS, o = 0°

o(DEG) 20 Segments - 180 Segments EXACT*
1.0 | ~0.296 .29
5.0 S -0.284 0287
9.0 -0.215 -0.258 o 261
13.0 o -0.222 o.295
7.0 0.180 4162
210 -0.133 -0.136
27.0 -0.054 -0.063 o 08
29 | -0.040 ~0.041
3.0 0.008 0.006
7.0 0.058 0.056
41.0 0.111 6.110
 45.0 0.164 01170 0 170
B0 | 0.280. 0.7t
RO 0.326 0,526
57.0 0.435 0.436

© 63.0 0.642 0.681 0.682
65.0 0.799 0.798
69.0 1. 1.1
73.0. 1.609 1.614
77.0 . 244 2447
81.0 3.532 3.889 s 880
5.9 6.130 6.127
8.0 - -8.160 8.127

_ *Due to Lekhnitskii
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FIBER DIRECTION

N
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TABLE 9 — SURFACE HOOP STRESS COMPARISONS, « = 90°

o(DEG) 20 Segments 180 Segments EXACT*
1.0 - -3.19 -3.28
5.0 | -2.22 -2.29
9.0 | -0.367 . 21.12 1. -1.165
13.0 | ‘ -0.419 . -0.442
_ A17.0 © 40,012 : -0.008
21.0 0.281 +0.267
27.0 +0.625 0.546. 0.538
29.0 0.616 - 0.608
33.0 . 0.74] ' 0.736
37.0 . 0.859 0.856
41.0 0.979 | 0.976
45,0 +1.126 1.105 1.103
. 49.0 1.243 1.242
53.0 1.398 ’ 1.398
57.0 1.573 ‘ 1.573
. 63.0 . +1.892 1.877 _ 1.878
65.0 1.990 1.991
69.0 2.229 2.230
73.0 2.478 " 2.481
77.0 2}723 2,725
81.0 +2.883 2.937 2.940
85.0 3.093 3.096
89.0 . 3.165 3.169
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FIBER DIRECTION
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TABLE 10 — SURFACE HOOP STRESS COMPARISONS, a = 45°

THETA EXACT |90 Segments “THETA EXACT 90 Segments
0 [ -0.812 0.808 | 96 T 2.768 2.169
4 -0.706 -0.703 104 | 2.36 | 2.400
g | -0.596 | -0.593 12 2.840 2.808
6 | -0.337 -0.335 120 3.659 3.681
24 $0.015 [ +0.016 128 4.701 | 4.791
32 499 | .500 136 | 1703 | 1.823
40 1.082 1.084 144 -1.799 -1.773
48 | 1.620 1.623 || 152 -1.804 | -1.787
56. 1.955 | 1.957 | 160 | -1.484 -1.434
68 2.081 | 2.082- | 168 -1.151 -1.144
72 2.073 2.073 | 176 | -0.918 £0.913
80 | 2.051 2.052 | 18 | -0.706 -0.703
88 | 2.069 | 2.070 |
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FIBER DIRECTION
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TABLE 11 — SURFACE HOOP STRESS COMPARISONS
THETA EXACT | 20 Segments .
9 -0.567 -0.565
27 . 0.180 0.186
45 1.436 - 1.477
63 2.067 " 2.107
81 ~2.050 2.065
99 2.235 2.246
117 3.296 3.473
135 2.453 3.189
153 | -1.759 -1.787
17 ~ -1.058 -1.043
189 | -0.67 | = -0.565
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5.4 ADVANCED TOPICS. IN ANISOTROPIC INTEGRAL EQUATION SOLUTION METHODS ‘
5.4.1 Introduction .

The "integral equation method" referred to in this Section is
basically a technique for obtaining accurate approximate solutions for a
wide variety of physical problems governed by 1inear partial differential
equations. As is clear from a number of papers e.g. [1,2,3,4,5] the method
has reached a considerable stage of development and is emerging as an im-
portant tool comparable to and potentially, we think, better than finite
element and finite difference technidues f&f certain problems. This ap-
pears to be particularly true for a variety df problems involving material
composites.

A glance at the work cited above reveals that’the method depends
crucially on the exisience and explicit definition_of.a fundamental singu-
lar solution to the appropriate governing partial differential equations.

Therefore, in an attempt to open up the field of linear three-dimensional
anisotropic elasticity to attack, via the integral equation method, con-
siderabTekeffoft was;directed toward investigating what is knownh of the.
necessary singular solution. As noted earlier, this solution is

the field due tp a concentrated force in an infinite anisotropic media.
Two major.works [6] and [7] were found on this topic, and examined with
respect to the stated objective. Details primari]y'concerned with making
fepresentatipns of the singular solutidn aVai]abfe fdr practfcaT purposes
are given later in this Section.
A Thevproblem of interlaminar shear was investigated with

a view toward attacking this problem (as defined by Rf B. Pipes [8]) via

the integral equation method. Under the -appropriate assumptions, the



re1evaht surface integrals reduce to path integrals arqund each of the
1éyers. While the problem is not comp]éte]y two-dimensional in nature,
significant advantages still seem to be present with the integral eqdafion
method for both isotropic and anisotropic layers to warrant further o
fnvestigation with test problems. Details of the formulation for isotropic
Jayer assumptions and a discussion .of the possibilities fbr ahisotrobic |
Jayers are inc]uded‘in this Section.
5.4.2  Fundamental Three-Dimensional Anisotropic Singularity
5.4.2.1 Via John [7]} |

The work :by John [[7] which is in essence "a somewhat ‘heterogeneous
collection of;resuﬂ¢s}qnzpartiaﬂ differential -equations” .contains, in
Ch. III, a method for constructing the so-called fundamental singilar
solution for an elliptic syétem of 1ineab partial differential equations
with analytic coéfficients. Since our main concern here is Qith homogene-
~ous anisotropic elasticity theory, we will specialize John's deve]dpment
at the outset and explicitly deal with the system of equafions~ |

Ciski%,15 0 | ().

Equations (1) are the equations of equilibrium in the absence of body

forces for a linear elastic solid obeying the constitutive relation

i Yiata : | (2)

in which Cijk] are constants, and 43 "eij > Uy the stressé stra1n,
and displacement components assuming the linearized theory. As usual
we take | |
Cik1 = Ckaij (3)

together with necessary symmetries in the first and second pair of indices

such that Cijk] implies at most twenty-one independent constants.
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We recognize that Egs. (1) imply the existence of a set of differ-
ential operators Lij such that Eqs. (1) may be written, for convenience in

the symbolic form

Ly fu =0 , | 1(4)

where, specifically, |
| v 92
L.y, = Ciipq =/ (5)
ik ijkl 3f1 fj

R fundamental system of singular solutions Ujk of Eqs. (4) according
to John [7] has property that the symbolic equations

LiglUje (x> y)1=0 for x £y (6)
are satisfied where x and y are two arbitrary points in space.
Further, the functioﬁs Ujk have the additibnal property that

ﬁt (y) U, (x,y) - u, {(y)T.; >‘<, da(¥) =0 : '
b ik 3¢ e, g)] () . | N(7)

~ where 9R is the boundary of a regular regién of space R, and T is the
surface of a sma11 sphere of radius € surroUndiﬁg the point X, n are
the componénts of the "outer" normal at x(! on 3R + T') to the region
"enclosed by" 3R + T, and Tjk represents a set of functions derivable
from Ujk' The function uj ié an arbitrary solution to Eq. (4) and ti’
~ derivable from u;» represents the surface traction 6nvthe anisotropic
body which is assumed'to oécupy the region R. If we now take the limit
in Eq. (7) as € gbés to zéro,'i.e.; shrink 1 1ndefinite1y-about 5;‘the

orders of the singularities in Ujk and Tjk are such that Eq. (7) reduces to

() = 5£[uj(¥)Tjk(§’¥) - 100U (x,y) 1daly) (g
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A glance at the cited works [1,3,4,5] reveals that the above
properties (5), (Z); and (8) of the functions Ujk are preciseiy those -
neéded to formulate the integral equation method for three-dimensional.*
anisotropic elastic boundary value problems. - Physically, Ujk-represents-~
a set of displacement or influence functions; i.e., Ujk(f’x) is the
displacement in the j coordinate direction at.x due to a concentrated
force in the k coordinate directioﬁ at f; Further, Tjk represents traction
components at y across an arbitrary surface with orientation n. These are

obtained from Ujk according to the familiar relation

21 , _ : -
Tik = 2 Cipimtii,m * Ynk,1d Mp | (9)
juét as the arbitrary traction tj fs related to uj according to a

1
= g Com My U3y - (10)

Thus since the relation (8) is the desired relation to a;complish the
anisotropic formulation-everything depends on the availability of an
explicit relation for Ujk' To construct Ujk for Eqs. (4), with the .

properties (6) through (8) John [7], pg. 76, gives the formula

_ 1 kj . - »
Uy oy = —=o S PI@ [y glsanltey) £Jan, (1)

1612 Y @
L -

~

In Eq. (11), Ay,is the Laplacian with respect to the coordinates -at y of

“the integral over 2,

PkJ(g) is the inverse of the matrix Qik(g) which in turn is the character-

which is a sphere of unit radius with origin at ¢ = .

istic form of the operator Lii- This characteristic form is explicitly

in which Ei are components of the vector &.
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Space does not permit nor would it bg appropriate to discuss
here the rather detailed, abstract, and frequently obscure arguments
leading up to formula (11). Moreover, formula (11) as written above is
an abridgement of the relations which appear in John [7] appropriate to
anisotropic elasticity with the additional assumption of material homo-
geneity (Cijkl constants). The actual treatment in John [7] deals with
operators of more general order than two and in spaces of n dimension as
well as allowing for the possibility of non-constant (but analytic):
coefficients. This last feature could be of interest for problems in-
volving inhomogeneous media. However, the remainder of the present dis-
cussion will be confined to Ujk as givén by formula (11). Indged, as will
be explained, a]gebfaic expressions for Ujk from Eq. (11) even under the
present assumptions of full (21 constant) anisotropy Will be'difficult to
obtain.

To best appreciate the last remark consider now formula (11) in-

-~

more detail. Let x - y = R such that

R:-&zsgnR-g=R/| cos ¢| ’ ‘(13)

~

where R is the magnitude, i.e., R= | R |, of R, £ =|¢g| =1, and

¢ is the angle between R and £. Thus since R does not vary with g

Eq. (11) may bé written

Ujk(x',y) .S T {Rkaj () |cos ¢|d o} ' (1‘4)
- 16m2 ¥ 0§ - ¢ : '
. E_: . ~
Further, let -
- kj ‘ '
A = o S P9 (0) lcoso| da, (15)

-~
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such that

o s
Use (xoy) = = 35 8 {RALD (16)

C]e;rly Ajk is a tensor whose components depend only on Cijk] and, of
course, the choice of cartesian basi§ inasmuch as the componeﬁts @f Ujk
itself depend on such a basis. Thus the abi]ity to obtain explicit

is dependent solely upon the abi]ity‘to

k
perform the integrations (15) for Ajk'

algebraic expressions for Uj

As mentioned earlier, PkJ(g) is the inverse of thé'qUadratic
form Qik(a) (Eq. 12). Explicitly,

1
7-Eklm€quQ1p(§)qu (§)
Det Q :

e = (17)

in which eijk‘is the a}ternating symbol and Det Q is the determinant of
the matrix Qik‘ Now since Det Q is of sixth degree in €5 and the numera-
tor is (17) is of fourth degree, the ability to evaluate the'é]ements'Ajk
analytically in closed form -is largely dependent on the ability to factor
the expressions implied by (17). Guided by the related investigations of
Kroner [10] and Lie and Koehler [11] this is expected to be possible under
the assumptions of specia]-anisofropy, e.g., cubic or hexagonal symmetry.
However, recognition of the tensor Character of Ajk allows the following
plan to be adopted'in order to obtain explicit practicai expressions for
Ujk under more general condftions of “anisotropy. Choose a convenient
orthonormal basis and evaluate, numerically if need be, tﬁe~integrals in
(15) for a given sét of Cijk]' “Having thus obtained a set of -values for
Ajk‘for that basis, Ajk for any other basis is obtainable by simple car-

tesian tensor transformation. Recognizing further that the direction
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cosines of B referred to a given basis afe of the. form [xj(f) - xj(x)]/ﬁ?)
.allows the gradient and Laplacian with respect to y to be‘evaluated as
required in Eq. (16).

As an example of the above consider the special case of cohp]éfe

isotropyifof which

Cigkt = 2 S350 * (855850 * 85985,) 18)

where A and p are the.lame' elastic constants. Here it is easily shown

through Eq. (17) that PkJ(E) has the form

Jk -

P2 (e) a(dij + BEiEj)
where o and B are constants obtainable from A and u alone. Thus the
expressions for Asy via Eq. (15) become

Ajy = o8 oy . | cos <1>|dQE . asgf-gjgk |cos ¢ dQE (19)
¢ T *

A little reflection on the integrals in Eq. (19) reveals that the first
infegra] is twice the first moment of a unit hemispherical shell about
the basal plane perpendicular to R. Similarly, the second integral
represents the inertia-components~of a spherical shell referred to a
given basis where thé "mass density" (|cos ¢|) of the shell varies
linearly with respect to height above the same basal plane. Clear]y,
the calculations here would moét conveniently be made taking one coordinate
direction in the direction of R and the other two in the mentioned basal
plane. Subsequently, the desi;ed Ajk for a more general drientation of
basis with'respect to R could be easily obtained by cartesi;n tensor

transformation. We note finally in passing that the result of the above

calculations for material isotropy results in
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Ujk(’f’{') = T6mu(I-wR ;[(_3-4'\)) 6~jk + ,COS. #)j cos ¥, ] , (20)

in which v=A/2 {A+p) and wj is the angle betweeﬁ the vector 8 and the
' xj axis. Expression (20) is the fundamental isotropic singular solution
(see e.g. Cruse [3]). .

. The key feature of the above proposed method is the ability to
perform, if need be, part of the calculation numerically and still obtain
all dependence: of Ujk.on X5y and basis orientation with respect to X-y
analytically. This is important since gradients of Ujk at y are required
for the integral equation method and such gradients may therefore be- taken
analytically. Thus, in light of the goal of this bortion'of the research,
i.e., obtaining an explicit, usable, algebraic form for Ujk for. complete

anisotropy, it appears, despite numerical evaluation of certain integrals

"~ in general, that the job can be done via the outlined method.:.
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5.4.2.2 Via Fredholm [6]

The fundamental paper by Fredholm [6] displays an.alternative
method for constructing, in principle, the fundamental solution Ujk dis-
cussed above. Like John's [7], Fredholm's work leads to a formal implicit
representation for the solution. However, unlike with John's procedufe '
it is not clear to the writer that one would be able to effect as useful
a reduction of the method except for special anisotropy, by any means
numerical or otherwise

Fredholm motivates his work by-attempting to extend the idea of
the particular solution 1/f of Laplaces equation au = 0 to the equations
of anisotropic elasticity (1). He first eliminates two components of Up
in Eqs. (4) and shows that the remaining component'(and hence each com-
ponent uk) must satisfy a sixth-order differential equation of the form
=0 . (21)
where f is a sixth-order linear homogeneous differential operator which

is explicitly the determinant of Lik (Eq. (5)). He then chooses as his

fundamental solution

" Y. (E,m) d
.. v, (E,n) dg (22)
1o B8 (Bxp + nxy + xg)
where wi are polynomials in £ and n of the fifth order of lower and
. ; ,
£,(&,n) E‘gﬁ-f(é,n, 1), _ (23)

with f(g,n, 1) being the definite algebraic form obtained by replacing

the operations a/axi, (i = 1,2,3) by £,n, and 1, respectively. The
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integration is around a c]gsed contour ¢ in £ space.containing only -
those singular pqints which are roots of f(E;no) = 0 where ", is given by
£y + ngX, + Xy =0 ‘ | | (28)

The polynomials wi above are complicated a]erraic expressions (see [6]'
pg; 14) obtained from Lik' Fredholm tﬁen goes on to show that each
component of the required tensor field Ujk is.of the form (22) and
kigorods]y estab1ishes all of the properties of thelsolution;

It seems é]ear from the work of Kroner [10] and Lie aﬁd'Koeh1gr
[11] that any attempt to reduce Fredho]m'é method to'something useful for
other than hexagonal or cubic crystal symmetry assumptidns would be most
difficult indeed. Detailed information on the particulars of this can
best be obtained by careful study of the references [10,11] plus Fredholm's
origina] paper [6].A It should be clear; howéver, that if the preViou§
diséﬁssion and reduction of John's [7] approath is valid as oufiined, ft
‘ ﬁust be possible to accomplish the same task via Fredholm aiso sin;e the
| desiréd Ujk is hnique. Nevertheless, the transformation of contour |
integral in space to one over the unit sphere, of functions which are |
necessarily related but not explicitly so, is bound to be an extremely
difficult task. Further, for practical purposes and in light of the
previous section the effort seems hardly worthwhile in the near future.

It is my judgement that to formulate the integral equation
method for general anisotropic elasticity, the method of John as pre-
viously outlined is by far the most promising at this point. Indeed, the
outlined reduction with the ability to obtain fhe necessary functional

variational analytically is better than was hoped for at the start of the
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investigation. If a similar advantage plus others are present also in
Fredholm's technique they are lost to me,’a]thqugh,lto.be,fair; much more
time was spent with [7] than [6] because of the positive indications of
(71.

5.4.3 Investigation of the Interlaminar Shear Problem

| Consider a laminated plate as shown in Fig. 1 loaded on its "x"
faces in such a way (cf. Pipes [8]) that it may be assumed that the stress
and strain fields are functions of y and z alone. Further it is assumed

‘that displacement components are of the form

uy = cx + U] (y,z)
Uy = U, (y,2) | - (25)
U3 = U3 (y’z)> v

where Ui’ are arbitrary functions and ¢ is a constant. Finally, under the
assumption thet each lamina is homogeneous and isotropic it ié now desired
to examine the possible simplifications which may arise with the {ntegral
equation method by the process of hintegrating out" dependence on X.
Speciffca]]y,»consider the boundary formula of Cruse ([3] Eq. .

(14)) written for a typical lamina

7u® + fy@r; 0,080 - [y ou; 0080 (26)

where explicity S is the union of surfaces Sx’ Sy, Sz of the Tamina per-
pendicular to the x, y, z directions, respectively, see Fig. 2. C]eariy,,
each integral over S, s an integral of functions of (+£, ys z) such that
there is no explicit X dependence to be "removed" in those integra]s; ‘
Further; since there is assumed to be no traction on the Sy surfaces we

have
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S.fti;Q)uJ.i(P,Q)ds" @ =0 | (@)

Thus, it remains to consider the integrals

fs;s 5 QT (.08, [ 4 OUC08@ (28)

insofar as integrating away the x dependence. More eXp]icit]y, integrals

(28) may be written

W
Lre0at) [0 00y 5t56m, 00 0y (29)
w . . - ' ’ '
o f_ﬁTji(?"Y’“;E’ﬁ@d-" SRy - (30)

wal()’,_t) f['T (x Y,it:E,n,)dx dy+ (El'f xT (x,y,+t £,n, C) dx dy’
(31)

ECHD fﬁTji(x,tw, 238,m,0) dx dz (1 £ 1) (32)

t g tl L A
.[tulcthz) .‘:ﬁTji(x,iw:ZJ&:)n’C)dx dZ"'C'[ _KXTji(X,iW,Z;E,n,C)dX dz (33)

in which x, y, z are the coordinates of the point Q and &,n,% are the

coordinates of the point P. Our task therefore is to examine the'eXprés-

sions for each component of the kernel functions Uij “and T jas given by

. (5) and (7) in Cruse [3], and then perform the def1n1te integrals -
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with respect to x alone from -£ to £ as indicated .in expressions (29).
thrqugh (33) above. Note that performing the first integration with
respect to x in expressions (31) and (33) will suffice since the second
such integration is obtainable directly from the first by parts.
Careful consideration of the mentioned Eqs. (5) and (7) in [3]

for the components of Ui and Tij and designating all parts of the inte-

J
grands which are independent of x with the common symbol B leads, after
some "bookkeeping”, to the need to evaluate only integrals of the

following type

L (x —F,)n dx
’/-‘K [(X _g)z + Bz]m/z (34)

where n takes on integer values from zero through 3 and m takes on intéger
valués 1, 3 and 5. Such infegra]s for values of m and n indicated are
standard entries in any short table of integrals and result in polynomial
and/or logarithmic forms in the variable (x - £).

Maintéining care with the mentioned bookkeepiﬁg problem, and
recognizing thaf each of ‘the -£ to £ integrations in expressions (29)

N

thrqugh (33) result in new tensor functions Gji"Tji indebendent of x,

we may write the boundary formula (26) in the form

1 t - P 4+ dz
_2b uj (g’“)C)":[;Ui(iw,z)'rji(—Kﬁ—w’z,g)n,C)

. 35
+fw Ui()’,it)-Tji(iz,)’,it;ﬁ,mC)dY ( )
-W

" -
-.Z; ti(y,it)-Uji(tl,y,it;a,n,c) dy =
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![ti(y,z)Uji(iﬂ,y,z;Em,C) Ui(Y,Z)Tji(ilp)’,Z,Em,C)] d}’ dz
x (35)

+ C f] (:’:E,iW,it;E,ﬂ,C)

where fj (£,n,z) is that function obtained by integrating aZZT terms
Tji with ¢ as a constant multiplier. |

The question now arises, to what extent may explicit dependence
on the length £ of the lamina be e]fminated and still retain sufficient
information to obtain what is required in a given prbblem. Examination
of the térms in equation (35) reveals that as £ goes to infinity, fj is
bounded, -and éll,components of Uji and Tji’ with the exception of U]], are
zero or finite. The U]] component, which alone contains 1ogarithmic terms
blows up with increasing £. However, since it may be argued that the -
component of traction,t] on the surfaces SZ must be zero for isOteric.media
~under the present assumptions, no difficulty is, in fact, encountered with
that term.‘ Final]y, it is clear -that the integrals 6ver SX on the right
side of Eq. (35) vanish with increasing £, such that all "input" informa-
tion on the faceslsx*indefinite]y far apart is contained in the limit
of the term c fj.

It is now evident that it suffices to consider the "mid-x" plane -
of a typical lamina and to allow point P to occupy positions only-bn the
rectangular boundary of this plane (i.e.; consider only ¢ = 0). Thus, Eq. .

(35) in reduced, x-independent, form may be written

]Note that one term is contributed to fj from each pair of surfaces of:
the lamina. _
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1 t ~ o -
§-Uj(n,c) +d{;Ui(iwf2)Tji(tw,z,n,c)dz -UZ;ti(y,tt)Uji(y,it;n,c)dy

(36)

+“/% Ui(y,tt)Tji(y,tt,n,c)dy =C f5 (tw,*t,n,z)
-Ww

where the primes indicate limiting forms of the functions as £ > = and’
£ = 0.

Application of Eq. (36) in the solution of the 1ntér1aminar shear
problem is as follows. Specify the constant c and perform the necessary
ihtegrafions to obtain the function fj (+w, *t, n, s) for each lamina
mid-plane. Then, write Eq. (36) for each such plane using an appropriate
approximation scheme as, perhaps, outlined by [1,4]. Recognize further
that the two integrals in Eq. (36) from -w to w for a given lamina mid-
plane are coupled with similar integrals for the remaining lamina. The
boundary conditions between lamina are that U, and t, be continuoué
across the adjacent boundaries and that the top and bottom boundaries
are free of traétion ti‘ Unknowns to be obtained therefore by numerical
solution of the integral equations are discrete values of Ui(y,z) and
ti(y,z) at selected discrete points on the boundaries of the lamina
mid-planes.

Note in the above that while the integrations in Eq. (36) are
over the lamina mid-plane boundaries all indices have the range 1, 2, 3
such that as mentioned in the introduction the problem is not truly two-
dimensional in nature. However, it appears that the method outlined abqve

is most feasible with much promise for success in lTight of numerical

270



work already accomplished for both two and three dimensional problems

(e.g. [2,3,9,12]). Most important, coupling the above ideas with those

set forth in the previous section, it is possible to attack the difficult

interlaminar shear problem under the assumption of fully anisotropic or

specially anisotropic lamina.
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FIGURE 1: GEOMETRY FOR INTERLAMINAR SHEAR PROBLEM

FIGURE 2: INDIVIDUAL LAMINA NOTATION
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