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ABSTRACT

This investigation is concerned with the general motion of a
variable-mass flexible missile with internal flow and aerodynamic
forces. The present formulation extends previous work under the
NASA Research Grant NGR 36-004-030 by including the aerodynamic
forces. The resulting formulation comprises six ordinary differential
equations for the rigid body motion and three partial differential
equations for the elastic motion. The simultaneous differential
equations are nonlinear and possess time-dependent coéfficients.
Since no closed-form solution can be expected, the differential
equations are being solv:d by a semi-analytical method leading to
a set of purely ordinar;, differential equations which are then
solved numerically. A computer program has been developed for the

numerical solution and results for a given set of initial conditions

are presented.




l. Introduction

Investigations cof the behavior of a rocket in flight can be
divided for the most part intou two major classes according to the
mathematical models: the first 1s concerned with a rigid missile of
variable mass and the second with a flexible missile of constant mass.

The treatment of the missile as a rigid-body of time-dependent
mass has been adequately covered by many researchers, including

*
Grubin1 ’ Dryerz, and Leitmann3. The ballistic trajectories of spin-

and fin-stabilized rigid bodies are treated in the book by Davis, Follin,

and Blitzer4.

A considerable amount of effort has beea devoted to the analysis

of an elastic body subjected to longitudinal acceleration. For example,

Seideshas treated the effect of Lboth a compressive and a tensile force

cn the frequencies and mode shapes of transverse vibration of a con-

tinuous slender body. Others, such as Beal6 have been concerned with

the problem of buckling instability of a uniform bar subjected to an
end thrust as well as with the change in the body natural frequencies
as a result of that thrust. These investigations regard the mass of

the body as constant in time.

A series of reports by Miles, Young, and Fowler7 offers a compre-

hensive treatment of a wide range of subjects associated with' the

dynamics of missiles, including fuel sloshing. The report by Keith et al

also covers a wide range of subjects associated with the dynamics of

* See References listed at the end of this work.
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missiles. Again the mass variation is not accounted for.
Attempts have been made to consider simultaneously the mass var-

iation and missile flexural elasticity by investigators such as

Birnbaum9 and Edelenlo. Both were concerned with solid-fuel rockets

and neither of them included the axial elasticity of the missile. On

11

the other hand, Price investigated the internal flow in a solid-fuel

rocket and ignored entirely the vehicle motion. An attempt to synthe-
size the problem of rocket dynamics has been made by Meirovitch and
Wesleylz. This latter work accounts for the mass variation, rigid-body
translation and rotation, and axial and transverse deformations but
it assumes the motion to be planar, which exludes spinning rockets.

A later work by Meirovitchl3s14

motion and considers the general motion of a variable-mass flexible

missile.

This investigation represents an extension of References 13, 14

and it includes the aerodynamic effects on the missile during its flight

through the atmosphere.

does away with the restriction of planar

e e
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2. Equations of Motion for a General Variable-Mass System'

By a variable-mass system we understand a system of changing

composition. To examine this concept more closely we envision a

control volume in space and assume that the amount of matter

within the control volume may change with time, although the shape
of the control volume is fixed. Since the system composition changes,
it is not proper to equate the time-derivative of the sum of momenta
associated with the particles to the sum of the time derivatives,
because the summation involves different sets of particles at
different times. In this case, the proper procedure for obtaining
the equations of motion is to write the force equation in the form
F= é*, where the rate of change of the momentum, é, is derived by

a limiting process consisting of calculating P at two different
instants, a time interval At apart, dividing the difference of the
two values by ot, and letting At -+ 0. In so doing, we ensure that
the same total mass is involved, although at one time it is entirely
inside the control volume and at the other time part of the mass is
outside.

Let us consider a certain volume in space at time t, namely

the control volume enclosed by the control surface shown in solid

line in Figure 1. If the control volume is fixed in an inertial space,

* The material presented in this and in several of the following
sections parallels closely that of References 13 and 14.

*A wavy line under the symbol denotes a vector quantity or operation.



then it is shown in Reference 15 (p. 96) that the force equation

has the form

B X
= + = & v + % +dA)
F=E+Fk Bt.r_v—fd” C;(fy- ~ (1)
where gs and FB are the resultants of the surface and body forces,

respectively, acting upon the system.

More pertinent to the present discussion is a control volume
translating and rotatinc relative to an inertial space. Further it
will be convenient to assume that part of the matter is fixed in the
control volume while part of it moves relative to it. Denoting by
X,¥,z a system of axes fixed in the control volume, so that they can
be regarded as a set of quy axes translating and rotating in space,
the force equation can be written

~s"FB’89dM= S lg+y+2wxy+rwxr + @xlwx
M M

Y1dM(2)

B |

in which a is the absolute acceleration of the mass element dM, 3g is
the acceleration of the origin 0 of the system x,y,z, w is the angular
velocity vector of axes x,y,z, and r is the position of dM relative to
these axes. If we recognize that if the body axes were fixed in the
inertial space, the only term to survive in Eq. (2) would be SM i daM,

X : f
where Mf is the mass moving relative to the control volume, then from

Egs. (1) and (2) we conclude that



fs* fg = 51) ypdw + Scs!(py_ - dA)

*S[qo*lwxz*&’&:*wz x)1dM (3
™

where the partial derivative 3/3t is to be calculated by regarding

axes x,v,z as fixed. It is convenient to introduce the following

equivalent forces

fc."' -2 S v dM
G
" p-)
fu' -b—t%‘u ™ (4)
fr ~ 4 f :dA)

A

where Fo is recognized as the Coriolis force, Fy is a force due to the

unsteadiness of the relative motion, and F_ is referred to as a reactive

force. With this notation, Eg. (3) becomes

n

The terms on the right side of Eg. (5) may be regarded as pertaining to

a rigid body of instantaneous mass M.

In a similar manner, the torque equation about the origin 0 can be

written



Ns*NB*NJNJNfSnrz [gor @xr +wx(wxr)]dM (s

Ny= -5 rxydM (7)
r

The significance of the various torques is self-evident. Moreover,

the expression for EU can be easily explained by recalling that /)t

implies a time rate of change with axes x,y,z regarded as fixed.

The above equations must be supplemented by the continuity equation

S Jo!:_dﬁ = —Sa-{g dM (8)
(3 cv
which expresses the fact that the net efflux rate of mass across the
control surface must equal the rate of mass decrease inside the control
volume.

Equations (5) and (6) can be given an interesting physical inter-
pretation by recalling that the system comprises one part solid and
another part of changing composition, and obseirving that the right

sides of these equations represent the motion of the system as if it

were rigid in its entirety. Equations (5) and (6) can be regarded as



the equations of motion of a fictitious rigid body of instantaneous
mass M, provided that the actual surface and body forces acting upon
the system are supplemented by three equivalent forces, namely the
Coriolis force, the force due to the unsteadiness of the relative
motion, and the recactive force. This statement is sometimes referred

to as the "principle of solidification for a system of changing

composition" (Reference 16, p. 13).

— A e




3. The Rigid-Body Motion of a Rocket

The formulation of Section 2 is ideally suited tor treating

problems associated with the motion of a rocket. Although a rocket
is in general flexible, a first-approximaticn sclution for its dynamic
behavior can be obtained by regarding it as rigid. The mathematical
model of the rocket is assumed to comprise a long cylindrical shell
open at the aft end and closed at the fore end. The inner part of the
rocket consists of the propellant which surrounds a cylindrical cavity
whose axis coincides with the rocket's longitudinal axis, namely axis
X in Figure 2. The cavity plays the role of the combustion chamber
as it contains the burned gas which flows relative to the shell until
expelled through a nozzle at the aft end. This mathematical model is
more representative of a solid-fuel rather than a liquid-fuel rocket.
We consider first the case in which the rocket shell is rigid.

Let us assume that the missile has rotational symmetry, so that

SgydM = ngdM = 0, and since
rexityjtzk , W= lrwyjew,k (9)
Eq. (5) can be written as

ForFpeR+Fy+lg= Meo*é’583£dM+y§(@{S:ng) (10)

or

~S ” 3 B+ ~C ¥ " -R =M ?.o'[(“3;"*’:):‘_'(‘;’;*‘-’1”}.]*(“:&‘ wx“)z“f_]i:( dM
(11)
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while Eq. (6) can be written as

L L (12)
™M
where
!_._"" C ng ‘Ja‘I‘xJ “’J_Izz“’z)l:*(—Ixy“)x*']-nlw)“ lﬂ (‘JZ)J.
*("I,Z‘O,“Iyzwy"'lzzwz)k (13)

is the angular momentum of the vehicle about the origin 0 and L' is

the rate of change of L due to the change in the becdy angular velocity

relative to the body axes. It is obtained by replacing the components

of w by the components of é in Eq. (13). The quantities

L= §, (y%20dM, Tyy=f GR)dM, 15, = (Hyhdm
=Smxydl‘1 - &8 szdm 1’Z=Shysz e

are the instantaneous moments and products of inertia of the vehicle

about the body axes. We note that in our case the moments of inertia

are time-dependent because of the mass variation.

There remains to derive explicit expressions for the actual and

equivalent forces and torques. The surface force consists of the

aerodynamic force on the vehicle wetted area and the pressure force

P Sl O —
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across the exit area. Denoting by gi the aerodynamic force per unit
of the wetted area Aw' by Pe the pressure acros *he exit area Ae' and
by P, the atmospheric pressure, the surface force takes the form
. :
| P SAwadA’f' * (pe~pa)Ae L o
Assuming that the gravitational field is uniform, the body force is

simply

fB"' SLmid'x = Mg (16)

where L is the length of the rocket, m the distributed mass, and g

the acceleration due to gravity. Assuming that the flow everywhere

is along the x-axis, with the possible exception of the exit point, we

have

ve-vix,yz,t)L=-vix t)i (17)

Moreover, assuming that the flow across the cross-sectional area is

uniform, the Coriolis force can be written

fcz—zci)?&SLy_m$ dx = 2(cd,_l~wyl§)g\-vm_¢d'x

b
= -Z(wzi-w,lﬁ)&-( g'xri-\ d§)dx (18)
where use has been made of the continuity equation, namely
b
vim,= - X m d§ (19)
d x

A e
g == . R
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Equation (19) results from the continuity equation, Eq. (8), by
considering a control volume from a point x to the closed end of the
vehicle. In Eq. (19), me denotes fluid mass per unit length at point
X, b is the distance from the vehicle mass center to the closed end,

m is the mass rate of change per unit length, and ¢ is a dummy variable

of integration. Similarly, the force due to the flow unsteadiness

takes the form

b
Ty~ 'SBESL!mgdx = - (%%L(% md&)dx|L (20)
X

Finally, the reactive force can be written as

fR = “SL[%(\/!m‘)*’ A(v!m‘)S(x)] dx = v!'m‘\x (21)

e

where the symbol X indicates that the quantity vyme is to be evaluated
at the exit point. The integrand in Eq. (21l) can be easily derived

by assuming one-dimensional flow along the x-axis. It will be noticed
that the expression makes allowance for possible abrupt changes in the
flow pattern, as would occur if the rocket engine were to be gimbaled
at a certain angle with respect to the x-direction. This is reflected
by the second term in the integrand, in which ¢ (x) is a spatial Dirac's
delta function. Letting the flow direction at the exit be defined with

rec, ct to axes Xx,y,z by the direction cosines L er? Yyr’ %aR’ respect-

y
ively, and using the continuity equation, Eq. (19), the reactive force

becomes

ER - P./‘ V('Xe,'t) ( R“R.'E */eynl*zezRE‘ (22)



where M represents the total mass rate of change which,

is a negative quantity.

The forces ES ard gR can be written in the form

Fo+ Fr

- -~

fsrkg =
where EA denotes the aerodynamic force

Fa= S £, dA,,

Ry

and Fo is the "engine thrust"
Foo(pmp)Aei® IMIvlxet) (Lygitlygj* La k)

In an analogous manner, the torques are obtained as

Z

A”X Y¥s X f: dA,
Aw

N_=-alMlv(xg)(L,q)-Lyak)

.

Ng= 0O
b
N = -2(wyy vk (S mdg)dx
- L x
Qﬁ\) =0

in which r

a is the distance from the origin 0 to the exit point.

13

of course,

(23)

(24)

(25)

(26)

S is the radius vector to a point on the rocket surface and
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Using Egs. (16),(18),(20),(24),(25) and (26), Egs. (l11) and (12)

become

M %Bt—""[(w;"w:).";' (d)l-m)xwy)j*(cby-w“wl”g] S xdM =
. M

| £ dAL + (prpadAct * IMIVxe ) dql + Ly +Lzgk)
w b > b
+ Mg - 2(&):;] —wyB)SL( S‘xm d§) dx '[ﬁ%f %:n d8)dx]i (27
ot dR. . . .
L+ wxl- 3t 2_(8)( Edt’\:g stfAdAw- O\M\Y(‘X,_,{)umj-ﬂ,gk)
= e j "Lyl

w

-~

b
- '+ l o _
2(603” w,_j)&:((xxmd'ﬂ dx (28)

Next let us introduce the notation

Ro= UL+ VWi a»

for the velocity of the center of mass of the missile in terms of
components along the moving axes, use the fact that the missile is
symmetric, and assume that x,y, and z are principal axes, such that

the products of inertia vanish and I = I__. Under these circumstances

YY zz
Egs. (27) and (28) can be shown to have the components

M[U*Wwy'V“’z]‘(w;*“;)S: dM = B+ (pop,)Ae* IMUv(xet) 245
b
*Mgzi - &\ (§ md§)dx (s
- L x
M [\(+Uwz-Ww1 t (cbz*rwxw,)gxdl'\’: FA¥+ |M| V(‘Ke.*-)*esn + M 9:
k 2%

b
- 200, € \magrdx o

———
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™M [W tVea,-Uw,) - (d)y-w,‘wz_)g xdM = Fy, + | M vixet) &g + Mg:k
. 9:X%

b.
+ 2w, SL( \xm d§)dx (300

and

Tax ©0x = N (31a)

Iyyf—:)y"'w.,‘co,_(l,‘,;Iy,)‘(W*wa-Uw,)S:‘(dM v NA.‘/

o b
= alMlvixe,t) 0,5 -Zw,gxﬁg m dE)dx
v " (31b)
Iy)‘ “:’L - C"xwy(ln'lw)*' (\./*'Uwz'wwz)g"d M = NAr.
(4]
2 b
ta|Mlvixet) fyg- szgx (S;’n d¢)dx (3lc)
\

where the definitions

.
L :—S f.A dA, = A X ) L e SA s ?Sf:dp‘w"Nm‘
W* w ’
;‘ . SA iAdAw = Ay ] j:'SA _’s%fAdAw:NAJ
w* - w
‘.S—S fAdAw -FAz ) B;XA_S?S_:dAW=NAL
. o (32)

were used.

In order to conform to the more traditional notation we define a

set of axes, as shown in Figure 3, where XYZ are a set of inertial

P — e e a.e LT,
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axes with 2 pointing downward. Next we consider a rotation y about

axis Z to obtain the set X1Y,2%, (yaw) , a rotation 6 about the Yy axis

to obtain the set XY o2, (pitch), and a rotation ¢ about the Xy axis

to obtain the set xyz (roll). The relationships between the inertial

*
and the moving coordinate systems are

L=cOcY i.'+ cOstj -s0k'
i = (5¢56 C*‘C¢ S.f)j:'+(5¢59$Y+C¢C‘f)]l+$¢ce/:-' (33)

k=(c¢sOct+s¢st)i'+(c¢sOs¥-s¢ct)j’ +cpcO k'

Moreover, the angular velocities, in terms of the rate of change of

¢, 6, y are
wy= ¢ -¥s6
Wy = Ocd +Y¥cbOsé¢ | (34)

@wz - "6$¢ + %Cgc¢
while the velocity of the origin 0 has the f£following components along

the inertial axes

Rox =U cBcY +V(s¢psOcY¥-cost) +W (cdsct+sd s¥)

Roy=U cOst+V (s¢s58st+cgct)+lW (cdsds¥-sgctt)(35)

Roz=Us® +VedcO® +WcocOd

* The abbreviations cosé¢=c¢, Bin¢=s¢, etc., are used throughout
this investigation.

= e BN L Se— -
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Equations (30), (31), (34) and (35) are sufficient to define the

position and orientation of the missile as a function of time.

Under certain circumstances Egs. (30) and (3l1) can be simplified
appreciably. First, let us assume that the flow is steady and that

the missile is not controlled, which implies that sz = ], 2yR = lzR = 0,

so that Egs. (30) and (31) reduce to

M[\.J*\A/w’-sz] + (w;+ wz")gx dM = Fox + (pe-Pa)Ae
™
“IMIv(xe )+ Maq: L
N[\./*'Uwz-\h/w,‘]-!-(d)l-w,w,)g xadM = th'ng; ‘l—ZU,_S(Sbﬁ\d?\dx
M udl ey
MWV - Uey] - (o - e, wﬁ%: dM =F, +Mg. |5+zw58(3}.de)dx

(36)
and

Ixx ‘:"x - NA';&

Tyy &y +eoner (T, Tyy) - (WeVa, - Uw,)S:ol M= Ny, 2 oy (2§ pdigdolx

. ® b
Tyy 0, - w0,y (L Lyy) ¢ (Vo Uag-Woo){ < it = NM-zwlgm(S énd$ Ydx

M L ‘%
(37)
Next assume that the origin of the coordinate system is at the center
of mass, located at x = 0, and that the origin does not shift due to
the mass variation (see, for example, Reference 16, p. 15). This is
particularily true when the fuel rate of burning is proportional to

the mass at any point of the rocket. Hence, from the definition of

the center of mass

—
s AR PPN —
- — — - - - T =

-
o ————— s ——



and using

Egs. (36) and (37) become

MU WoyVew,] = Fu, +(pemp) et 17 v(xe t) ~Mgs0
. b
M[V*Uwz-\;\/w;} = FA)* M3 s¢ O —szg(&xr'ndg)d'x

. - b
MWaVe,-Ueoy] =Fp, +Mgeged  +2wy | C{ mds) ax

and

Ixx.“’x==b¢A1

b
lyy @y + @, w; (Tay- Tyy) = Nay = 2 wygt'x S“r'n d§)dx

g b
Lyyw, -wxwy(Tn’ Iyy)"" NAz'f Z“z%:‘( md§)dx

The last two of Egs. (40) can be rearranged as

b
I,,[cby’rco,wl(—— —l)] = N,\.y - Zw,gk'x ( Lﬁn d§) dx

" b
Lyy [, - wxewy (B2-00] = Npg - 2eo{ x ([ d®)da

L

and, because Iyy771xx' Egs. (41) can be reduced :o
Tyy (oy =gy = Nay = 2eoy§ x| i de) dx

b
I,’(cb,_-\-ca,c.,y) = NAZ—szng(\;'nclg) dx

(38)

(39)

(40)

(41)

(42)

18
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4. The Equations of Motion of a Flexible Rocket \
Whan the rocket casing can undergo elastic deformations the
problem requires further attention. To this end, cconsider a rocket l
translating and rotating relative to the inertial space X,Y,Z, as {
shown in Figure 2. As the control volume, we consider the volume occupied{
by a rocket element of unit length when the vehicle is at rest relative |
to the body axes x,y,z. Figure 4 shows the correspcnding element. {
Because the rocket shell is elastic, the entire mass associated with t
the control volume in question can move relative to that volume. The ‘
rocket case and unburned fuel are assumed to move together and their i
motion is different from the motion of the burned fuel) so that it will |
prove convenient to denote the motions and mass associated with the case
element by the subscript c and the ones related to the burned fuel
element by the subscript f£. In analogy with Eq. (2), and considering

the rocket element shown in Figure 4, we can write the force equation

of motion in the form
fs r .fe i g [go*!c" 2"35‘.{;*‘:.”.‘5*‘:”.‘(‘9‘5
m(.

+ Sm [g,«-\}‘ *2WwX Y rwxr rexloxr ) dm 3
where SS and gB :re distributed surface and body forces, respectively,
Ve is the elastic motion of a point inside the case element, and Ve is
the fluid velocity relative to the body axes. It will be assumed that
the elastic motion is the same for the entire case element, and a similar

statement can be made concerning the velocity of the fluid element.

Introducing the notation

I NP —— =
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Vemu , Y= uey (44)

where u represents the elastic displacement vector, and v is the

velocity of the fluid relative to the case, we can rewrite Eq. (43) as

s wx Coxlrdm) + (Lo 2wEy)m,

where m = m, + mge is the mass of the rocket per unit length.

Moreover,
the radius vector r has the expression
f=°‘i'+y3+2|5 + -('xfu,‘)'_t;«-(y-ru])] +(z+u,)k (46)
in which U/ uy, and u, are the elastic displacements of the case

element in the x,y, and z directions, respectively.

Invoking the analogy with Eg. (5), we can rewrite Eq. (45) to

fs{*fc fu*.{ [a+u*2. WX

-

tce

lm-*éezsgrdm *@ﬂ-sgtdm)

(- m

"(go+§)m= am (a/)

where a is the absolute acceleration consisting of the acceleration

2, of the origin 0 and the acceleration é_of the case element rela-

tive to the body axes. Moreover



—
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1

nNe
I3

X ¥Ymg

(vmy) (48)

t -
|~
[H
1
© %

R- " 1&(V‘.’ "“‘) - A(V\i m‘)S('X*o)

o/

are the Coriolis force, the force due to the unsteadiness of thc fluid

flow relative to the case, and the reactive force, respectively, all

per unit length of rocket.

If we express 50 in terms of components along axes X,y,z, then the

position of the case element at any time is given by

R = R+t

Ll Eed

= (Ry & xtudi + (Roy + y+u)j v (Ry, v zrugdk  (a9)

Recalling that the unit vectors i, j, and k rotate with angular velocity

w, the absolute acceleration of the case element can be written in the

form

(50)
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where
A= U+ Uy + @y (W20 =0,(Ve2Uy ) + (o y t w0 Xzeu,)
"(c:)z_ -w,wﬁ( yt u,) - (w; +w:)(1*ug)

ay=V+uy + W (U+20d,) - W (W+2G,) +(w,+w,wy)(x+ uy)
~(oy = wyw Nz +u,) - (wy +wy ) (yruy) it

=W+ Uyt @, (V+20y) -y (U+2 )+ (g coy @;)yr uy)

-(cby - W w (At uy) ~ (wy twy )(z +uy)

In the above expressions the y and z coordinates may be considered

as an offset such as may result from the missile not bheing perfectly

symmetrical about the x axis.

Similarly, using Eq. (45), the torque equation about point 0

for the rocket element in question takcs the form

m. >
*% rx(y+2wxy)dm = S rx(g,+u+2wxgddm
o i
+ L +wxlt +er(\.l+2¢_—_og§v)dm (52)
P [ [y - LS -
$
where
g = ( Lax@x = bay @y~ szwz).': +(—nyw1+ Lyy Wy~ Lyzwa)i
* (-, wy- Lyz“"y"' Lz ) K 83



is the angular momentum of the mass element m about the body axes

X,Y,z in which

L"‘X = Sm [()«uy)z*(Zi-uJ ]clm : va =Sm{(»x+u1\1+(z+ul)t]dm
Sm[(X*u,)z“f(y'ru,)t]olm, Ly '—'S (x+u )(yw Ydm

lxe = Sm(‘x*-u,)(z-*uz) dm , ty,= Sm(y+uy)(z+u,_)dm

L2z

(54)
are recognized as the associated moments and products of inertia.
Moreover, i' is obtained from Eq. (53) by replacing w_, w

x* “y°
¥ .y' éz, respectivelv. Equation (52) can be rewritten as

w, by

Ns*Ng*c*n, nn’% €% (gerUvr2wxi)dmelrwxl
(55)

where the torques

=-ZS rx(wxy)dm
e
ny= -Sm:ggg 2. (ym)dm | s
d

Ng = -\ r g_c‘_g' (vym)+Alvy m‘)S('xwﬂc\m

follow directly from Eq. (438).

Equations (47) and (55) must be supplemented by the continuity
equation, Eq. (19).

23
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5. The Equaticns for the Axial and Transverse Vibrations of a Rocket

Let us consider the rocket of the preceding section in which u_ is
the axial elastic displacement and uy and u, are the elastic transverse
disvlacements in the y and z directions, respectively. Assuming axial
symmetry and uniform mass distribution and, moreover, that the elastic

displacements U, uy, u, and the angular velocity components wy' W,
as well as their time derivatives, are small quantities, we can integrate

Egs. (47) and (55) and obtain

f5 *'.EB *'.-Fc*fu*fa = SL[g_oﬂ-g +2wx U 1mdx + c:_o )_SXSME dmdx +wx(wx Sjm\:o\m dx)

= Mg (U +2ex @mebi- 0, [ (uy - uylomd x
S (57)

-~

o o .
NS*-NB*N *NU*‘NR: SL 8,,;‘: X (eof%'l-zg){g)dmdx + §£ g +w

2)dx

1%

o . - - . s . -
=L +wxl- X x [(“z* 2w.xu7+ W, uy)J - uy-Zw,‘uz-wxu,)k')mdx
- L - ~ (58)

Comparing Egs. (l1l1) and (57) on the one hand, and Egs. (12) and (58)
on the other hand, we conclude that the elastic motion does not affect

the rigid body motion 2, and w, provided the following relations are

satisfied

SL'xuymd»x-Xx C\,-mdx'zgxuymo\x =0 (59)

- - DS e e e ——
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We shall assume that this is the case, and indeed Egs. (59) imply
that the elastic modes of deformation are orthogonal (with respect
to mass) to the rigid body modes of displacement, namely the trans-
lation and rotation of the vehicle as a whole. 1In view of the above
arguments, the problem can be solved in two stages. In the first stage
we solve for the rigid body motion a, and ¢ from Egs. (11) and (12)
and then, considering a, and y as known, turn to Egs. (47) through
(56) for the elastic motion u.

Equations (47) and (48), representing the equations of motion
for the three components Uy uy, u, of the elastic displacement u, are
of a general form and, before we can attempt their solhtion, we must

specify the nature of the surface force gs. This force depends not

only on the external aerodynamic forces but also on the internal stresses

in the shell and fluid pressure. Moreover, we must also know the fluid
flow characteristics, as can be concluded from Egs. (48).

As far as the elastic motion is concerned, the vehicle ‘shell
is assumed to behave like a bar in axial and flexural vibration.

Under these circumstances, the distributed surface force can be written

in the form

s 2
fs g [ Saa(EAcb%J%)lE*[- %;I.(E[cz %‘%’-{)+%(P 27‘17%)]:!

. 3 d ;
+ [ $2(E L, %) + S (PR - [ (A0 &
*fA.,‘!: ¥ FAJ.)_ *{Az k (60)

L SR
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where the first three terms represent the force components due to
internal stresses caused by the axial and flexural vibrations (see,
for example Reference 17, Sections 5-7 and 10-3), the fourth term is

due to internal fluid pressure differential, and the remaining terms

are due to aerodynamic effects. The term P denotes the axial force

on the vehicle due to internal stresses and has the expression

P=EA, 2 (61)

It should be pointed out that the longitudinal stiffness EAc, where

E is the modulus of elasticity and Ac the cross-sectional area of the

casing, and the flexural stiffnesses EIcy and EIcz' where Icy and Icz

are area moments of inertia of the case about axes y and z through the
cross-sectional center, take into account the casing material only.
This implies that the unburned propellant possesses inertia propcrties
but no structural stiffness.
Using the above definitions for the real and equivalent forces

the differential equation for the axial vibration takes the form

B 00n - B (an b et g bh o Bilowc e Bty

X <% ax(PAg) 'FA-,‘ mg:t M.(Vm;) M(v mﬁ

o

m LU+l + ey (W20,) =@, (V +20y) + (D +w, 02,) Uy

(W, - w, wyuy - (0§ +wr)x+uy)] (62)



which is subject to the boundary conditions

E/\C.b:;; = F;, at ~«x=0b (
63)

EA b_aL"‘,%(‘ Fx2 at x=-a

where the functions le and sz are axial forces exerted by the gases

on the case at the ends x = - a,b.

In a similar manner, the differential equation for the flexural

vibration in the xy-plane is

- B (Bl 28y 2 (P2

s )+'FAy+m3 j + 2wy vm,

= m [V ru y* @ (UrZ0,) - w (W+20,) + (w0, + wywy ) (x+u,)

-(d)‘l—wywl)ul- (w +wl)uy] (64)

with the boundary conditions

B?u,
Ele, 55 = O alt x=-0,b
2
-%(Elclauﬁ)*ﬂ.é;—”--‘- vi ot x=b 165)
(EI

cz ‘s—) xz‘s'— }32 ct x=-a

4_.;4 _— S e —

s — N
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The first of boundary conditions (65) indicates that there are no
bending moments at the ends x = - a,b, the second and third express
the fact that there may be forces in the y-direction at the ends

x = - a,b resulting from aerodynamic effects as well as due to a

possible change in the flow direction at the e¢nd x = - a.

Moreover, the differential equation for the flexural vibraticn

in the xz-plane is

ax‘(EIcv ba‘i’l) bz(P auL)*"FM k -2y vmyg

- m{\I\/ng wa (V+2 1) -w,(U'fZ&x) +(d).,‘ twy w,) Uy

~(D g =2t uy) - (Wi +wy)uyd

(66)
with the boundary conditions
E1l XTI t
C_y TT a xXr -d’ b
& P-)
(EIcy =2)*F,55=PF, af x=b (67)

- -a_;((EI au") P au"‘-"[:zz aft x=-a

CJ z L X2 ax

At this point a discussion of some additional assumptions implied
by Egs. (62) through (67) is in order. First we note that the aero-

dynamic forces are treated as distributed forces causing no torques

on the case element. Such torques, if they exist, are assumed to affect

only the rocket rigid body rotations. Although the nozzle has finite
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length, it was assumed, for simplicity, to be of negligible length.
In fact the term sz represents the axial force on the nozzle wall
from the gas flow between the two end points of the nozzle. In a more
exact treatment of the gas flow, this assumption may have to be relaxed
by considering the pressure distribution along the finite-length nozzle
(see Appendix).

The flow has been trecated as if it possessed no viscosity. As
a result, any reactions between the gases and the unburned fuel are
assumed to be normal to the flow. This is implied by the fact that
the velocity is uniform over the entire cross-sectional area which

implies, in turn, perfect burnirg in the sense that no gas-dynamic

eccentricity is present. The lack of gas-dynamic eccentricity is en-

sured by any type of radially symmetric flow, of which the uniform flow
is a special case. Any torques due to gas flow may result from en-

gine thrust missalignment, if at all. Moreover, the velocity of the
flow relative to the body is assumed to have only one component, namely
along the x-axis. Although, due to the transverse elastic displacements
uy and u, there are velocity components vauy/ax and vauz/ax in the

y- and z-directions, respectively, the terms involved are assumed to

be small and, therefore, ignored.

R P
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6 Distributed Aerodynamic Forces

Before a solution for the motion of the missile can be attempted,
we must determine the distribution of the aerodynamic forces along
the missile. To obtain the transverse forces, we use the method of
virtual masses, whereas the axial forces are obtained by semi-empir-
ical means. The latter forces are assumed to act at several discrete

stations of the missile.

The method of virtual, or apparent mass can be traced to Lamb18

The method was extended by Munk19 and ..‘Iomeszo and applied to missiles
by Bryson21. The present derivation represents an extension of the
method and reduces to the results of References 22, 23, and 24 if cuait-
able simplifications and assumptions are made.

Consider a missile moving through an infinite expanse of fluid

which is stationary at infinity. With the coordinate system shown

in Figure 5, consider a set of axes %1¥12q displaced relative to xyz
by

r=(xru)l + uyj +u, Kk (68)

—

where i'i'E are unit vectors along axes xyz. The X,Y,2, axes are such
that the X, = 0 plane is a plane at rest with respect to the fluid
far away from the body and such that the xlwaxis is parallel to the
x-axis at the instant under consideration.

Next consider the element of unit length shown in Figure 5, and

define the translational velocity of this element, expressed in terms

——— el
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of component. g the coordinate system with origin at 0, by

!.'l' u.é"‘\/‘jfw.lﬁ

(69)
Then the linear momentum of the element expressed in terms of the
same set of axes can be written as
P EP'L' v PLJ +P3‘5
= mv(u._i:*v,j*w.lf) (70)
in which
U= Uruy + wyuy-w,uy
V= Vruy +wy(xvuy) ~w, u, (71
and
m, = fS(x) (72)

where p is the free stream density and S is the cross-sectional area.

The distributed force acting on the missile is then

: . - _dp
fA "FA‘K‘; *”FAyl*'{Az\f_ o —a:_r (73)

As the axial component for the distributed forces is derived by

a different method, we only consider the derivation for the transverse

components. Considering Egs. (70) and (71), we can write the compo-
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nents for the linear momentum in the functional form

P. ™ PL("‘,Y,Z;U;V:W;“;,Uy,U;,u,,uy,u,_,w.,,w,,wz,mv), L=2,3

(74)
The total time derivative of Eq. (74) is then

-

dP»_and'x oPidy . _ _ _ _,,BP' dmy

dt ~ Bx at T 3y at Bl e 4o ERRR A
Introducing Eq. (71) into Eq. (70), using Egs. (75), and recalling

that the unit vectors i,j,E are rotating, the transverse components

in Eq. (73) become

fAy - -va’ . r:'\-v [V'.' :4’ """’3_(7(4-(4-,‘\-60,‘ UL] - mv[u T ‘:‘x

-twyuz W u’][__I +a, +c.)z_ 3u{) ]’[_U*“x

+wy Uz -wzu,.\[\/ﬂ:—iy"- wz_("“"ux)'wxul] %’é (76)

faz=-mya,- r.n.,,‘_\»lﬂ'&,_* W, Uy =Wy (-n-u,&)} - My [U .y
2 du
+eoyuy- wyuy [ S Ty ey ~w 3ux] =g [U+in

+C\)y“1-wz(Jy][_w+&L+w’uy— y(-x*_u’)] Lo

where ay and a, are given by Egs. (51).

(77)

In the above expressions S(x) represents an area in a planc per-

pendicular to the elastic axis. For a circular segment this area is

S(x) = T v¥¥(a)

(78)




in which r(x) is the radius. For a segment that has fins the equi-

valent area is represented by the expression

4
Seq’('x)=’|'f‘s'(l-§x+§-..) (79)

in which 8 is the dist*ace from the elastic line of the missile to
the tip of the fins in the cross-flow plane.

The axial aerodynamic force per unit length, fo, is defined as

FA‘x: -CLSr Cx (80)

in which q is the free stream dynamic pressure

9 = %‘f Ro: Ro (81)
and Cy is the axial coefficient, which in general depends on the
local angle of attack, local sideslip angle and local Mach number.
However, we shall assume that it is only a function of Mach number
and that it acts at discrete stations along the missile. Tﬁese
stations are generally located at points where there are changes in
the cross-sectional area, such as at the forward end and the aft end
of the missile, where the fins are located. Base pressure also acts
at the aft end of the missile. Viscous forces due <o friction are

neglected. Hence, we can write Eq. (80) as

-FA‘X‘ -%Sr C*(M,'XL) %(’X"X(,) (82)

where 6(x-xi) is a spatial Dirazc delta function.

33
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7. Axially Symmetric, Spinning Rocket

As indicated in Section 5, the rigid body motion is indepen-
dent of the elastic motion precvided Egqs. (59) are satisfied. As a
first approximation we regard the body as rigid, so that Egs. (59)
are identically satisfied. The elastic motion is regarded as a per-
turbation on the rigid body motion.

Let us consider a slender missile, as shown in Figure 6, where
the missile is subject to the following assumptions : (1) the nose
and fins are short in comparison to the total lernjyth of the missile,
so that the transverse aerodynamic forces asscciated with the nose
and fins can be regarded as acting at the ends of the missile, (2)
the axial aercdynamic forces act only on nose and fins, where the
nose has the shape of a cone, (3) the missile is unguided and the
thrust is directed along the x-axis at all times, and (4) the in-
ternal flow is steady.

As a result of the first two assumptions, the effect of aero-
dynamic forces on the nose and fins of the missile can be expressed
in the form of boundary conditions. From the third assumption it

follows that the direction cosines have the values lx =1, & =

R YR
LR = 0. As a result of the fourth assumption, we conclude from

Reference 13 that the internal flow satisfies the equation

~

°
-~ sx(phAg) — %(vzmc) = 0 . (83)

Since the nose and fins are assumed to be short, the missile can be

regarded as beinc uniform, so that it prcves convenient to choose the

V.



origin of the moving coordinate system xyz at the center of the mis-

sile, from which it follows that a = b = L/2,

To solve for the rigid body motion it is necessary to calculate
the aerodynamic forces, which can be obtained from Egs. (76), (77).,
and (82), Since as a first approximation the body is regarded as

rigid, Egs. (71) reduce to
u=U, v,=V+aw,, w=W-xwy (84)
so that Egs. (76) and (77) become
fAy=-m\,(\./+xc2:z)-r;1,,(V+'xwz)-m,,Uwz -m,Vw,;
+mvwx(w_'xwy)*Uf(V+xw7_)%§' (85)
fAz. = -mv(\r.J -xc.dy)— m (W= xwy )+ m, Ucoy -myw, (V+xcw,)
*mywyU - Uf (W=-xwy) d-a—f; (86)

Integrate Egs. (82), (85), and (86) along the missile length,
use the fact that the forward end is pointed such that S(L/2) = 0,

and obtain
Ll

FA%’ \"kad‘x o %Sricx(m.'xs\ = '%Srtcx(M,L/Z)*Cx(N,-Vzﬂ (87)

S=1

Fay= S‘:':&Ayd’x"’" MV + V- Wa, | - M, 0, U - l‘°1vV+UV)o S

-Upw, L/2S, (88)
Lia .
FAZ =S 'FALd'x"" _MV[W-Q-VCJ‘-U(A)VX'F MvaU —l\1v\«~l+UWf S.L/,_

35
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in which

M= m,L (90)

S.,, = S(t2) (91)
b .

S, = SCta)- —Z-L-_-S S&) dx (92)

—Lfy

and n is the number of stations at which axial forces are assumed

to act.

The rigid body aerodynamic torques are found from the first of

Egs. (26) where

Irs =%t (93)
and the resulting expressions are
h’A?(— O
Npy= -k (C iy L Y
Ay =~ (@y - wyw,)- 7wy tUlp S+ Upay LS,
g P my iy
Naz = -2 (g + e, wy)- —Fz—coz_-UVf'-/,_S,'\'Ufwz-z Sa
(94).
in which
Ly
S,= SCbt)+ -%_ Szc S) dx (95) ‘
L/

il -
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It may be noted that there is no torque produced about the longitudinal
axis of the missile by the aerodynamic forces and this needs further
clarification. Physically it may be assumed that there are control
systems to maintain the missile under a steady rolling velocity and
therefore cancel any aerodynamic forces that are produced about the
x-axis. Mathematically the torque vanishes because the missile was
assumed to have negligible width.

With the above expressions for the aerodynamic forces and torques,

the rigid body equations of motion, Egs. (39), (40), and (42) become

MU+ Wy -V, ]= -aPS,[c,m,L/bfcxm,-v,)] +(ps pudAet IMIv(re) Mg s ©
M Ve Vo~ Weg =M w,U-MN + UV p S, ¢ Mgsde® -V, plf S
M" [W+Veo,- Ueoy] =M, w U =M, W+ UNpS, + Mg cd c@ +Uwyp bt S,

(9¢€)
and

Ty @y =0
Iyy (w - W, wy)= - 'ﬁf-{-w +UWJ0,_S -\-Ufw.y S

I” (0, twwy)= ~

z "va o +Ufwz

(97)

S —

i ———



in which we introduced the notaticn

M =M+M,
(98)

- m,
IJS_' 173+ :x

The differential equations (96) and (97), together with Egs. (34)
and (35), must be solved simultaneously to obtain the position and
orientation of the missile as a function of time.

Before turning to the elastic motion of the missile, a few
mathematical preliminaries must be considered, the first of which
deals with the transformation of a nonhomogeneous differential equa-
tion with nonhomogeneous boundary conditions into a nonhomogeneous
differential equation with homogeneous boundary conditions. For
a discussion of this type of transformation, see the text by L.
Meirovitch (Reference 17, Section 7-14). To accomplish our aim we

introduce the transformation

Uy (%, 1) = wi(x,t) + T, (1) g, ) + B, (0 31(1) (99)

where 9, and g, are so chosen as to render the boundary conditions,
Egs. (63), in terms of wl(x,t) homogeneous. Introducing Eq. (99)
into Egs. (63), and insisting that the boundary conditions in terms

of wl have the form

'Bw, bW|
= 100
EA D% EATE, =0 (100)

38




we are led to the following relations

EAS| =1,  Ea %ﬂ; e,
Bk %%L,.,,: o EA o‘z ”_%=O (101)
It is not difficult tec verify that expressions
EAc LS = hx-Li2) , EA 9L =l-hxeLr2) 102)
x

where h(x-xo) is a unit step function applied at x = X0 satisfy

conditions (101). Integrating Eqgs. (102), and substituting the

result into Eq. (99), we obtain

Uy (%,¢) = w.(x,t)?c P ('x Vz)h(x—‘-/z)“f (x+"h-)[l h(xetn) (103)

Similarily we make the transformations

by (1) = w, (x,t) + Py (t) g,(x) + R, (1) g,&)

(104)
Uz (x,t) = wy(x,t) + R, () g, 6) + B, (1) g (x)

and require the boundary conditions, Egs. (65) and (67), to have

the form

39
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2
D \wv
4 P '5?;‘-'-0 at x=-Wz,l/z
>’ w, Ow, _
‘Elu_—a-;;*'e\.-—i—o at x=Ll/2

ok
2 5% ot x=-L/2

and

3 —3 = - L
cy a’xz O Qf?( Lﬁ/l, /Z-

= L

= at =L
o X /2

It is not difficult to show that

gs(x) T - GJEfcy(x-Lh)s h(x-Lt/2.)
3

9,0V = - gz, (x+12) [~ hxs 12)]
3

9s(x) = - CEi, (x- W2) h(x-L/2.)

‘L

9. )= - é—'ﬁu(m- L/z;)s[l ~hx+L/2))

(105)

(106)

(107)
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satisfy the necessary requirements so that Egs. (104) become

Uy b= wylt)- o s, G L1238 Wlx- b2)- _chnm [1- WG 2))

Uz (x,1) = wi(x,t) - p‘é‘l (x ~14) h(x- ba)- Pz‘ ('M-‘—/:) [1-h@eLr))
cz

(108)
These transformations, Egs. (103) and (108), will be used subsequently

to solve the boundary value problem associated with the elastic displa-
cements  of the missile.

One more mathematical preliminary is in order and this deals with
the solution of the boundary value problems. The solution is possible
by means of modal analysis, prcvided the mass m is constant. This,
of course, is not the case but let us assume for the moment that it is.
The modal analysis amounts to solving the eigenvalue problem associated
with the constant mass system, obtain the so-called normal modes, and
express the system response as a superposition of the ncrmal modes
multiplied by corresponding generalized coordinates; such a solution
is referred to as normal-mode vibration. Because the actual boundary-
value problem possesses time-dependent coefficients, however, no
normal-mode vibration is possible. Nevertheless, by virtue of the
uniform-burning assumption, it turns out that a procedure based on the
normal-mode approach can be used here to obtain sets of ordinary
differential equations which are far simpler to solve than partial
differential equations. But, because the normal modes imply a physical

behavior which the actual system does not possess, we shall regard the

B —
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solution as a superposition of eigenfunctions associated with the

constant-mass system, rather than superposition of normal modes.

To this end we will assume that

w, (x,t) = 2 )4',(70 CJN,(t\

r=|(
oo

Wo(xt) = 2w (x) m (1) (109)
wi(xt)= 7 v &) K &)
=\

where dysr Nyr K, are generalized coordinates and My and v_ are certain

functions representing the normal modes. To obtain Wy We consider the

eigenvalue problem consisting of the differential equation
EA. W' + =0
Y 1 Mopm = (110)
over the domain -L/2 < x < L/2 and the boundary conditions

/u,' (tA) =/u—' -t/2)=0 (111)

where primes denote differentiation with respect to x. The eigen-
value problem, Egs. (110) and (11l1l), corresponds to the axial vi-
bration of a uniform, constant mass bar with both ends unconstrained.
The solution of the problem can be shown to consist of the denumberably

infinite set of eigenfunctions (see, for example, Reference 17, pp.

151-154)
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M= J2/mgL cos ¥(x/L-1/2)  r=i23 --- (112)

and the eigenvalues

Q. = v VEA /m,C (113)

The eigenfunctions are orthogonal to one another and, in addition,

are normalized so as to satisfy the relation

L/z
S Mo /‘"r('x)/uSQ)dx = %\'S rne= 1,2,3,---

-2 (114)

where Grs is the Kronecker delta. The eigenfunction corresponding to

r = 0 represents the rigid body mode Hg = Jl/moL and the associated

eigenvalue is zero, 90 = 0, as is to be expected for a semidefinite

system. It is easy to see also that Mo is orthogonal to the eigen-

functions Mg (s =1,2,3, === ).

Similarily to obtain v, we consider the eigenvalue problem for

transverse vibration of a uniform beam comprising the differential

equation

2
EIc_v”“ = N myv (115)

PE———
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and the boundary conditions

»"2 2" 20 at x=-L/2 , L% . (116)

The solution to this problem (also given in Reference 17, Sections

5-10 and 10-5) consist of th- denumberably infinite set of eigen-

functions. They can be shown to have the expressions

[ (c.osP.-'x L cosh B, x R S
Vm,L COSRrl/a coshp,_u_/,_ 1P,

‘ . .
r-m—-__;t ( Sin Pex + Sinh B.x ) r=24,6,~--

sin prL/2 Sin ‘\'P,.L/,_

where the eigenvalues are found by solving the equation cos BrL-

cosh BrL = 1, or equivalently

tan P—;i' + tanh F-'—;—_E =0 r=1,3,5 ---

(118)
Ton P—'—;—l-' - tanh F-’% =0 rel, 8,6 «""
in which
. 5 a1s)
?} E Ic

The eigenfunctions are orthogonal to one another and are also nor-

malized so as to satisfy
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LA

S mg, ‘Ur(‘x) 'Us('x) dx = 8"5 r-,5=|‘2,3’___
% (120)

It may be noted that two rigid body modes exist and it is not dif-

ficult to show that they are orthogonal to the remaining eigenfunc-

tions.

a) Axial vibration of a rocket.

Using the above assumptions and the aerodvnamic forces of the

previous, section we may write Eq. (62) as

EAc_ a—“s% "9 S,cx(ﬂ,%ﬁ(x- VL)‘GPS.,CX(H;‘/QS(XH-/-L) tmgaL =
m[U + Ut oy (W2, ) - e, (V4 20y )+ (By +ewgew;) Uy - (c0-wywyuy

'h+ulw;+w:)§

(121)
while the boundary conditions, Egs. (63), retain their form
EA. a = Fx, at x= L/2
Dise (122)
— = ~-L
EA. - F%Kz at x /2

Using the transformations defined by Eqs. (103) and (108), Eq. (121)

becomes
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°EACB-;;:"*mw m (g +@wy)w, = B, 8 (x-Lz)- 5, Slx+42)

"S5, Cx(M, 28 (x-L/2) = S cx(M-tA) §(x + L/2)
+mg:iL —m [\.J-tcoj\/\/'w,_V} - m X’Zw,&»«_,

- sz’\:\/z + (C:)J 0, CO, )W, (c.'JI_--<..),,~c.)‘y)v\/(z - % (w; +wy )}

(123)

while the koundary conditions, Egs. (122) become
EA BS—-W' =0 t x=-L/z,L/2 124
c = a p) ( )

We may now use the expressions given by (109) in Eq. (123) with the

result

Z‘EAC,H:%* M0, =M@ Jug = B, 6 (x-Lrz) = Py B (x+ 1/2)
“9Sr Cal, )5 (x-1v2)-q 8, Cx (M,-La) Slnrlya)+ mg L
-m [0 veoyW-eop¥] - m{ ey 2 v -2w: 2 4,

*+ (g tao,w,) Z._v,_ T z__ “r M

""x(cu +cuz) } (125)

-
BSS—— — B S —
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Use Eq. (110), multiply Eq. (125) by Mg integrate along the missile,

use the orthogonality conditions and obtain

o [ @y rdq, ]+ Qg = Bu s (a) = R, ()
4 S fex MU (A 0w, ()l - J 2 [2eyig- 2w, 7.x (O

S

Ya “/a
- ) (g wawy AS My % (M, ()dx +%‘;(w;'*w}-)\mox/u,,(x) dx
~% =t
r‘-‘-\,2,3,"""’ (126)

which are subject to the initial conditions

L/ “A
. - DWW, (x,90)

q,(0) = SLT°W‘(x»°)/*r(%3dx , c\,‘_(o) =)Mo _*'o_-Ll—/" () dx
(0)=Sw;\1 (%,0) 2 (x) d > ()=, 2Walx0
Ny 1, o W \%,0) 2, (x) A% | N'0) = _L:\o St () dx
1 . “A DWW (x,0
Ke(0) = \-l-/To w,(%,0) . (x) dx | K )= S’:‘\o -—;(_:—-—) 21.() d x

(127)
The functions le and sz are forces due to internal fluid flow and

thrust. Their form is similar to that of Reference 13 which is

B“= PA_‘:(L/l)) pxz'-'- pA“-(L/Z)-(Pq’ PG) AQ"V(%Q,t)\V\Q? (128)

L/a
in which M0 is the total mass M,y =S m, dx and B is the burning rate.

-L“

Egs. (128) are obtained by considering Eq. (83) and the thrust force.
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bh. Transverse vibration of a rocket.

Consider the differential equation for vibration in the xy-plane.

Assuming constant stiffness, Icy = Icz = Ic' neglecting Coriolis forces

(sce Reference 16, page 14), and using Eq.(76), we write Eg. (62) as

4
€1 o5+ AP ey [Ur b coyupmen,u ][ 32

o u 5L4 o
t Wzt W, G-, ] fSY_V+uJ+a) (x+ uy) - w,‘u]
m* [V Uy ¢, (Ur 20,) -0 (W2 Gy) ke, + uhraes (xk ug)
Sy Wz, - (a.) +<uz\uy-) (129)
in which we introduced the notation

N .
m = m+m,=m_ %+ mgi'mv . (130)
Introducing the transformations, Egs. (103) and (108) into Eq.
(129) , using expressions (109) as well as Egs. (115), and (61), multi-
plying the resulting expression by Vgt integrating along the missile,

and using the orthogonality conditions, we obtain

Mo;i.r+ ?_ B * [-A"zr - :‘1: wlz - ?71' (wl +w,_)]7'l
ZEY\ 9, EA S-Hiut-ys?y dx + —2 Uw zq‘ ,,/u;vdx

—w‘-

——;Eszco\”\nt"“l"‘h)gl?’/"’ ?J,_dx +Z[ . e

. . S
+ @ 4 (,oy c;‘ * ( ("’zc}s) . ——(“’ch)s -—— zc}‘sg o}‘;” dx
4

I

A_;‘..('U P
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v | o “h
WZZ wy'\s-wzrz )(Tlt' .XK":)S-:T‘\ V ZJ V ad %«
- mv y - '
2(1“%\ ‘Vb-‘/ut rd"*r?ﬁ,‘zz(“’:'i; zns\wlﬂq&_:’:o 'Js/u‘vrdx
2 m‘_ ‘K‘(r - [;;{;CUJQL c..yw + 22 ]‘(r v‘_(l_/,_)
-Ry 2 (2) =0 re |,2,8, ==~ (131)

wvhich are subject to the initial conditions, Egs. (127).

The transverse boundary forces Pyl and P 2 arise from aero-
dynamical effects and can be obtained from Eg. (76). They are simply
the definite integrals of the last term in Eq. (76) with proper inte-
gration limits. The forward portion of the missile is assﬁmed te

consist of a cone starting at x = L/2 and ending at x

Xx_at which
n

*
point r(xn) = r ., Hence

’ - 2
S(x)= 1w (x) =TT I_(L/-,_-x)(z;z-_—x-h‘)] , /2 <x € %Xy (132)

from which

2T r*°
o = (L) o,

so that

L

27T ¥ : . 3
PJ:"""S (L/,.-‘:c > P [U+ux*"')y“z'w “s][v*“ + e Ot (30 dx

"*"ffr {474, 0 oy - e v + 22t
54 Z.wzq, s Ms (L/:.)“'Z[nr ¢, q]v (L/,_)i (134)

’c
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The aft force, Py2' is found in a similar manner. Because the

equivalent area for the finned region is

4

- 2 r
S = MTs (\-'i"':}z) x5 x $-bA (135)

)

*
and since r = r is constant, whereas s is the variable, we obtain

ds _ _ P yds
ax = 2T(s 57 ) ax - e

* * *
r to s =8, where s is the dis-

Let s increase linearly from s

tance from the center line of the missile to the tip of the fin at

its aft end. Then

s"—r )’x . e *_r*L/z.

x -L/1 v=L/2 ‘ dd

in which X, is the position from th2 origin along the missile axis

to the point where the fin begins. Hence

ds _ S¥-r*
E;. - xv-“L'/Z andat

and Fq. {136) becomes

¥
u(J i( 5* r XrS*— l‘“L/z r [(S¥ “ xv- “‘L/‘] i(s—-rx)
N AL XKe-L/2 Xe-ba'' Xe-bh *=tn

(139)
Using Eq. (76), we write
-L/L
s-—r
-+ s—S—‘r"L-/?._rx4[?1-L) +7<,s-"L/z] gcl
Xy - L/2 X~z 1% X-—L/2 "

4 {(s”- *¥2st )+ [(Z\s“-v’)" ézl\{b‘ y 2"1>s/“6 Bild
o Z(“" K “2 M )% (U‘jﬁ\[*’ sz‘} /‘5(4’?-) +Z("]r—°"x A /")S

(140)
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For vibration in the Xz-plane we use the same technique as above

and nbtain the equation for Ky in the form

5,,'1'—:1{ + 5” + A - Ty - e Cet e )] K,
“>_ Z_KS%EA SL/utvs” olx - m,U“JZ$>5_;}:/;’¢d“

EZ%«,(*& xﬂ)Smo}*s'%” e “‘Z['n? EZ @y s
Bl e T Pk “’J% PS :‘}\S Mo My P I
IS szn,\%*wmﬁmwvd**- QE%%S:% 4
B S g mor g 2 B e

S
"hn:o “’y“’z'fr?\',“’x]’?r B2 ()-Baz(-th2)=0 ©hR37 4

where the initial conditions, Eqs. (127), apnly and

BTt z[u+§$ /4$(L/z)+2(wy1{ zqr)z/r(L/zjli\«/-ci-d%_L:
wyz%/,,(s(uz.) +2(:1 +anm )7, (L2} S
--Ja n‘{(s P2s*- ) + 24 [(?_,:-)L S.L]}{U *’Z‘} HEr2)« E(wﬂr
-ayn, )z € L/L)i{\s/- oL - cu,Zq, ) Z(IH w,n,) Z’.-(-‘-’?-)i

.(143)

This completes the development of the differential equations for

the elastic displacements.
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8. Results

The equations of motion were solved numerically on an IBM 360/65

computer. The reference configuration used was as follows:

E = 30x10% psi , p(L/2) = 1000 psi , L = 100 in.
A, = 7.53 in® , myg = 4.25 1bs/in , m.g = 0.5 lbs/in/sec
1, =93 in' , v(x_,t) = 1000 ft/sec  , 8(0) = 90 deg

w, = 0 rad/sec , “y(O) = wz(O) = 0 rad/sec, y(0) = ¢(0) = 0 rad,
U(0) = V(0) = W(0) = 0 ft/sec , X(0) = Y(0) = Z2(0) = 0 ft.

ux(x,O) = uz(x,O) = £¢.

-6 _

(cos

R o
E

) + 0.5x10-6(sin 2rx _ 6x

_ 2
uy(x,O) =10 - I uL)'

ft.

The results obtained by using this configuration are shown in
Figures 7 and 8. 1In Figure 7 the rigid body translation is shown as a
function of time and in Figure 8 the elastic motion of the missile is
shown during a time interval approaching t = 0.001 sec. It may be
noticed from Figure 8 that the axial deflection has the appearance of
waves traveling along the length of the missile.

A comparison with results obtained for a different configuration
at a given time are shown in Figure 9. Figure 9a presents results
obtained by using the angular velocity w, as a parameter. There is
no change in axial deflection due to a change in Wy, o Figure 9b shows
the effect of varying the interval pressure, p(L/2). Figure 9c shows
the results for different values of the exit velocity v(xe,t) whereas
Figure 9d shows the effect of the time rate of change of mass. 1In all

above cases the variable u, uy or u, are not shown when no significant
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changes occur due to changes in the parameters. Sometimes, due to the
scale chosen, small changes in the variables cannot be readily plotted,
so that several cases are represented by one curve.

The effect of aerodynamic forces was also investigated. For
the burning times considered their influence is primarily felt in the
transverse deflection whose magnitude is slightly smaller with
aerodynamic forces than without. The effect could be dramatized by
using a greatly exaggerated scale, but this would serve no purpose as
the shape of the curves 1is the same. The aerodynamic forces begin

to be felt at larger times than those investigated.

P S

s el i

i
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The purpose of a nozzle is to convert the enthalpy of the flowing

gas into kinetic energy in an efficient manner while, at the same time,

restricting the escape of the gas to a rate suitable for the propellant

reaction inside the combustion chamber. We shall assume that the nozzle

under consideration is convergent-divergent, designed to allow an isen-

tropic expansion to an ambient pressure less than critical. In the
corvergent portion of the nozzle, before the throat, the flow is sub-
sonic, reaching sonic level at the throat section, at which point the
flow properties are referred to as critical, and becoming supersonic
in the divergent portion after the throat. Although losses may occur
in the nozzle, they are assumed to be small so that the analysis is
based on the egquations for one-dimensional isentropic steady flow of

a compressible perfect gas.

Let us consider the one-dimensional isentropic flow of Figure

Al and assume that the stagnation conditions, denoted by the subscript

0, are known. Under these circumstances, we may write the equations

governing the flow as follows:

First the flow must satisfy the first law thermodvnamics.

Considering the control volume shown in Figure Al, and denoting the

enthalpy per unit mass by h, this law can be stated

\ 2 \
he=h*r3v = h+3 v, (A1)

Assuming that theore is no friction or heat transfer present, the

second law of thermodynamics beccmes simply

L pe— ——



or the entropy s is constant, as implied by the name of the type of

flow under consideration.

The flow must also satisfy the countinuity equation. Since there

is no mass addition within the nozzle, we must have
ﬁ A.v, - f;_ A-,__\ou_' = cons?t (A3)

where the flow properties at stations 1 and 2 ave denoted by the cor-

responding subscripts.

Similarly the flow must satisfy the momentum equation. Denoting

the force exerted by the nozzle wall on the gas by FT' this equation

can be written

Fr= pA- P AL fz_A zV: = P Ay} (Ad)

Equations (Al) through (A4) must be supplemented by the equation

of state which for a perfect gas has the form

P-PRT (AS)

in which R is the universal gas .onstant and T the temperature.
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The above relations can be used to derive expressions for the

pressure, density, etc., at any point along the nozzle. For a perfect

gas the speed of sound is given by

e nEhkBTY® (6)

where

k" Cp /C.v W

in which cp and c, are the specific heats. Then the (ollowing relations

can be shown to hold true.*

= (A8)
Kk

_Eé:. - [\ & ‘_‘:Z-‘\V\"'l\‘" ' (A9)

}Ji;_ = \-_\* k=l M }"’ (A10)

where M = v/c is the Mach number. Moreover, the cross-sectional area

A at any point is related to the cross-sectional area A, at the throat
by

K+

——

A il G}* y _—\_ Z. k-1 2 2(%-1)
Y AN R

* Eee Reference 15, Section 13-5.

——,
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where

q =y (A12)

is the mass flow per unit area at any point and

Kel
AT Yo r 2 \Zk\)
G, (’ﬁfﬁ) ( l«—t\ (A13)

is the mass flow per unit area at the throat.

Equations (A8) through (Al3) are sufficient to determine the isen-
tropic flow in the nozzle provided the stagnation conditions are known.
We are interested primarily in the flow conditions at the nozzle exit.
For a given rocket design the cross-sectional areas A, and A, may be
regarded as known. Since k is also a known quantity, we can use Eq.
(Ai1l) and obtain the Mach nunber Me at the exit. Introducing this
value into Eq. (A9) we can determine the exit pressure Pe which en-

ables us to write the expression for rocket thrust

Fr = PeAe Tpe Aevd = pehe (14 kMe) (n14)

for flight in vacuum. If the rocket operates in the lower fringes of
the atmosphere, then the term paAe' where P is the atmospheric pres-

gure, must be subtracted from the right side of Eq. (Al4).

FT = (‘&-—PQB Ae + JDQ_A eve?' (Al15)
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In the above analvsis, we have assumed that the stagnation con-
ditions are known. This assumption necessitates further scrutiny.
The stagnation conditions are determined by events occurring upstream
of the nozzle. The flow in thr combustion chamber may be regarded as
a steady, adiabatic flow in a channel of uniform cross-sectional area
wi.h mass addition at constant enthalpy, and at negligible kinetic
energy. The flow is not isentropic and the stagnation conditions are
not constant but decreasing as the nozzle is approached. This problem
is discussed in detail in Reference 1ll. The conclusion that can be
reached is that for a Mach number less than 0.4 in the combustion
chamber the drop in the stagnation pressure may not be significant.
Hence, we shall assume that the stagnation pressure as well as the

remaining stagnation conditions occurring at the fore end of the coum-

bustion chamber are equally applicable to the nozzle. 1In a more refined

analysis of the gas flow this assumption may have to be revised.

B W S
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Figure 2 — Coordinate System for the Rocket
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Figure Al- The Nozzle
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