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1l. Introduction

The engineer who must rely on natural frequency determination
in predicting response in linear structural vibration fregquently
needs a simple method of estimating how the accuracy of these
determinations are related to the accuracy of his estimations of
the masses and stiffnesses in the structure. He also may wish to
determine which of the masses and/or stiffnesses have major influence
on the location of certain natural frequencies.In this paper, we
present a method directed towards meeting these needs.

The method provides an estimator for the standard deviations
(s.D.) of a natural frequency in terms of only second order
properties of the system parameters. A simplified form of this
estimator is frequently an upper bound; when it is small, the S.D.
of a natural frequency (n.f.) is generally small; when it is large,
the S.D. of a natural frequency is not necessarily large.

Before describing our work, some comments on background are
in order.

Rayleigh [1T* considered the following problem:

He could easily determine the n.f.'s and normal modes of systems
having regular properties. He wanted to be able to use these
results to compute n.f.'s and normal modes of systems which did
not differ appreciably from one of these regular systems, but
which were difficult to deal with by themselves. He proposed a

perturbation method that he could use to estimate the n.f.'s and

¥ DNumbers in brackets refer to the references at the end of the
report.



normal modes of fhe second system using the normal modes and
n.f.'s of the first system and the amounts by which the parameters
of the second system differed from the first. He proposed a
first order formula for correction of the modes and a second
order formula for correction of the n.f.'s. Clearly, Rayleigh's
scheme could be employed to estimate n.f. change due to change
in parameter values. However, if one puts Rayleigh's scheme in
a suitable form for this purpose, it soon becomes apparent that
the changes in the parameter values become involved in the computa-
tions in a fairly complex manner, making it difficult to develop
an understanding of how they influence a given n.f. and corresponding
normal mode. In all events, we cannot recall a recent use of
Rayleigh's formulas.

Soong [2] in a series of papers in the early and mid 60's
considered the changes on S.D. of natural frequencies of a
linear chain due to changes in parameter values. By exploiting
the form of the frequency equation for a N-degree of freedom
chain having the same mean masses end springs and using a perturbation
technique, he was able to determine the S.D.'s of the n.f.'s;
these results became reasonably simple when the mass changes were
regarded as independent random variables having the same distributions
and when the spring changes were of similar type. His results
indicated that the S.D.'s would increase with increasing mean n.f.
When one thinks of hundreds of n.f.'s with raising frequencies,

this is a disturbing result even if the S.D.'s of the parameter



values are reasonably small. DBecause he mede use of the special
form of the frequency equation for a N-degree of freedom linear
chein with identical masses and identical springs, it is difficult
to extend Soong's approach to more general types of systems.

In his thesis {3] Collins proposed a perturbation scheme
applicable to general N-degree of freedom linear systems by which
it is possible to estimate the S.D.'s of the n.f.'s in terms of
the covariances of system parameters and a set of 2K2 partial
derivatives. He started from the matrix equation

{K} X, = 3& {M} X,

and developes the result

From this he arrives at his formula for Variance ki or rather

2 12 32, ax

R W
z —= —=Covi(k k ) + ==
u., v

n
By -4)% =] 3k 9K
u u 1

For a linear chain his results agree with those of Soong. For
more complex systems, we have not had the time to examine his
results. It is our tentative view that as in Soong's case it

will be relatively difficult to obtain results by this method.

Lo



‘Wilkinson in his book "The Algebraic Eigenvalue Problem"

[4] gives some general results which are as follows: let

A & B be n x n matrices;
o be the eigenvalues of A
aé be the eigenvalues of A + B

if for all i & J Ibijl <€
then for all s

a - a;I € ne
If ne < <1 and Iasl >>1 , this is a very general result;

it is independent of s , however, and so is not of great interest
to us.

The recent book [5] by Mehta on Random Matrices presents the
physicists view of the eigenvalues of random matrices. As these
interests largely center on the density of the eigenvalues rather
than on the distribution of individual eigenvalues, they are not

of direct interest to us.



2. On the Natural Frequencies of Two Coupled Linear (Lumped

Parameter) Systems.

Let us consider two linear dynamical systems defined as follows:

(1) 2TI = aijqiqj’ 2VI = cququ i, = l,...Nl

(11) 2T;. = & P D, Vo, = YsPpPg T8 = 1,....N,
where summation convention is used. These systems, initially

unconnected, will be Joined by springs k., k ......kx which will

1 "2
connect ql with Pl’ q2 with Pos oo and qx with px
respectively.

Let the natural frequencies and normal modes of I be

. (2) -
(2.1) w3 & 3 2, =1, ...y
(2), (m) _ (2) (m) _
8555 178 3 T Some Cigf g8y T WS
and let those of II be
. () _
(2.2) Au’ n U,r = 1, TN

(W) (v 5 () (v) o 52
rs r S uv rs r S u uv

%)



where 6.

ij

convention is used.

is the Kronecker delta, and repeated subscript summation

The natural frequencies of the coupled systems are found as

follows:

Assume forces P1

-P cosot,......—chosot act at pl""Px

1

uncoupled systems coordinates ¢1(t) and 8

(2.3)
u=l
L
oV_ = W<
I g=1 LR
and
N,
(2.4)  p = J oW
r
u=1
i
v =
I1 uml

for I and 1I respectively.

(2.5)

o * A%u)e(u) -

¢y * ulnyb(ey =

N
_ 1 (w)
9; = ) &4, (t),

I

2T =} ¢2
I e "

N

N

u(t)

cosct,......chosct act at ql,...qx and forces

In terms of the original

we then have

1 X (2)
= X z PhE p cosot 6¢1

=1 h=]

X
] 7y

(u)

u .
h cosot seu

u=l h=l

The equations of motion are



where there is no summation on the same subscript when enclosed in

the parenthesis, hence,

(2)

12"1PiE thP : h
(2.6) ¢, = — cosot, q, = > cosot
wy = © =1 wy = 0
X
§ P n(u) N z P (u) (u)
g=1 © s 2 h=1 h r h
eu = cosct pr = - Z cosot
A2 - g u= A2 ~ g
where
is 1,....Nl and r = l,....N2

In obtaining equations (2.6), we have solved (2.5) and made use of

the first equation of (2.3) and (2.4) respectively. If we write

(2.7) q; = Aicosct, p. = Brcosot
then
(2), .(2)
Ny )BTRS
(2.8) A, = ) s 1 =100 N
. 2=1 w? - o2 1



X
(), (u)
T hzln r 'n" n
B_=- ) s T =1,....N
r u=1 Ai - g2

The frequency equations ere determined by substituting (2.8) into

the equations
(2.9) Py = - k(y)[A(y) - B(y)], T = 1,000

The case where x =1 , with only one connecting spring, is of
special interest and also simplicity. The pertinent formulaes from (2.8)

and (2,9) are

Mo (g2

(2.10) A, = -
2=1 %2 - ¢?
L
N, p (n(u))z
_ 11
B, = -
u=l A2 - ¢2
u
- Pl = kl(Al - Bl)
or
N 2 N
L Bz o Wy
(2.11) -5 = — % —_—

1 =1 w? - 62 y=1 A2 - ¢2
3 u

Equation (2.11) is the frequency equation for the coupled system.



The roots of this equation are the (angular) natural frequencies; we

shall denote the roots by 01""°N1+N2 .

The corresponding mode shapes are proportional to

) N E(:)Plg(i)
(2.12)  A'[7 = ) i=1,...0
2=1  w? - o2
£ w
W=1l,..,N + N
N, (u)y (u) e
(w) 2n T Pln 1
B Mz~ ] r=1,...0,
u=1l A2 - o2
u W
For later convenience we write
( o ;‘1 (82
2.13) g-(o) = =A_/P
1 2=1 w2 - o2 11
2
1;2 (;))2
g (o) = ~—=— =B /P
IT =l A2 - g2 171

Let us now discuss the implications of the above formulaes in the

special case when N, =2, N, = Lo,

1
The case we have in mind initially is that in which the two

degree of freedom system, System I, is to be mounted on another

system for which N, = 4 . Tt is easy to see that

Q



stem 1 System II

'E.:?

| §9, m, L

m,

k
2
Pigure 2.1 ;

.? ‘ 3 3
Iatit} = " -
ely = may + w3
5 ks
oy Y (qﬂ—q,)‘?
] a o
IN m k4
m? = 0, w,?; = -_"é'i' (3 + ~"z")
iy < m, m.
1
X Fipure 2.0
E_'g-L) = ril) =~ -—=1-'-- F
< o Td
Ty m,
. - II
(@), /W’i@_ SN €< R N -
’1 2 U2 m [ 2
Y + Y “ + )
ml mlmE 2 ml mllr2
(1) (2) (1) (2)
- + £ = +
9 l;l by * &y $50 Uy £q d>1 £, 79,
- .)2 .2 Y = 242
2Ty = ey 5, 2Vp = wged
. (1) (2),
o = S ) = S + F 3
6 I Plco atfql Plco otigl <S¢l Plcos.otf,l é¢2



and hence, (2.7) becomes

£ ()2 (272
q_l = - — Plcoscrt + Plcosct
o2 mg - g2

Thus, the ratio of the response to forcing function is

SI—

(1) (2)
_[51]2+[£1]2
o? wl - o?

Figure 2.2 shows System II. Equation 2.13 gives

€11
Figure 2.3 shows typical plots for 81 and 811 where we

have set N, = 4 and placed w, in the midst of A,, A

2
and Ah . When the coupling k

2 1’ 29 A39

1 is light, - 1/kl is large,

negative, and plots as the solid horizontal line at the bottom

of the figure. The roots of (2.11) for k, small are shown as

solid dots on the o-axis and denoted by 01, Ops oo Og

Since kl is small, providing only weak coupling between the

two systems, ol = wl =0 , o, =2} . 03 ~ wy oh ~ AQ ,

05 = A3 , and Og = Ah .« The mode shapes are determined from

(2.12); when written out for this case they are

(1) (2)
(2.14)  al¥) - P (7 )2 . P. (7172
1 - 0‘2 m2 - 02
w ) v

(1), (1) (1), (2)

RO IS A NI L
2 - o2 w2 - g2
w 2 w

1l
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P2 p @z ez p @)

B(w) - _ _ _ D R !
Pog-d g-eh M-k a-d)
2Ly (2) ((2)p (2)  (3), (3)  (W)p (1)
av) _ _ o BNyt Mo BNy Mo EBng o PNy
2 2 2 2
Mool Aol -2 af-o
n(p (1) (@) (2)  (3)p (3)  (W)p (L)
slv) - _ N3Py "3 P, N33R N3 PN s
R R R
23 (1) (2)p (2)  (3)p (3)  (B)p (&)
gw o _ = hll_“hll_“hll_“hll
R T

For w=1 , all terms in (2.14) are small except for the
first term on the right of each of the first two eguations; this
is due to the fact that all denominators are large compared to

9 which is small. Thus, for this choice of w

(1) (1) 1) (1) (1) (1)
A MBS s AT vE L, Byt v e v BT O

For w=2 , all terms are small except for those which are first

on the right of the last four of (2.1L4), since now ki - og is

small in all the denominators. Hence,



(2) (2) (2) (1) _(2) (1)
AT vAG Vo, BT vy B vy

(2)

(2) (1) - (1)
B'3"vnigts By,

vy,

Similar results are obtained whem w equals 3, 4, 5, and 6. Vhen
the coupling is small, we conclude there is little interaction
between the two systems according to our results; this is what one
expects on physical grounds.

The plot of - 1/1—:l when k is large is shown in Figure 2.3

1
by the dashed line just below the o-axis. The roots of (2.11)

are now shown by circled crosses and labeled Ui, cé, cseay Ué 3
they differ substantially from the Oys Ops v Og respectively.

The heavy segments below the o-axls denote intervals that contain
the o, @as kl varies from a small value to a large one. Equations
(2.1k) still determine the mode shapes. The only genersl conclusion
which can be drawn at this point is that the 9., and corresponding

mode shapes are close to wl, Wy A Ah and their mode shapes,

l! *te

respectively, when kl is small, with differences becoming larger as

kl increases.
It is nov easy to see how the results to this point can be
used to determine the variability in the natural frequencies of a

system due to variability in one spring, provided that spring,

when cut, separates the original system into two separate subsystems.



To summarize, let the two subsystems be denoted by System I
and System II, with defining equations (I) and (II), respectively.
Determine the natural frequencies and normal modes of each as in
(2.1) and (2.2). Next graph the functions gI(c) and gII(c)

which are defined in (2.13). Let (k!, k) denote the range of

1
3 -3 L} L L
kl + Then determine the natural frequencies ol, 02, ces °N1+N2
corresponding to ki , and GI, 0ly cene o§ +y  corresponding to
1l 2

k! , by the same procedure used to determine the natural frequencies
1

in the above example, (See Fig. 2.3). The ranges in the natural
frequencies due to the range (k!, k;) in kl are

(a!

1° oz)’ (O'é, 0'5), ceecny (0’

[} " )
+N_° N+
Nl N2 hl N2
The spacings of the natural frequencies in System I and II, their
corresponding mode shapes, and the slope of the function of
on the right of (2.11) determines these ranges.
A second general conclusion can be drawn when one system, say

System II, is very massive when compared with the other. For

under this circumstance, the Ag of (2.2) will be large in

comparison with the a, of (2.1); this means that the n(i)

iJ
(o)

will be small in comparison with the E(i) and the 811
function will have a small slope everywhere except in the neighborhood
of the Au , (See Figure 2.3). It is now easy to see that only

the natural frequencies corresponding to those of System I will

have appreciable variability due to variability in kl .

15



While e digital computer utilizing the Monte Carlo approach can
be used to determine the variability in natural frequencies due to
parameter variability, the method just described does provide a
useful adjunct to physicel understanding when a subsystem I is to
be attached somewhere on a large system II. For then, all informa-
tion needed for evaluating 81 and 811 (at different possible
attechment points) would be available, and it would be relatively
simple to explore the influence of variability in the attachment
spring constant on the natural frequencies on this graphical basis.
Moreover, a graphical result is much simpler to comprehend than a
mass of numbers, providing as it does a simple visual summary of

a vast amount of numerical information.

16



3. Rayleigh's Corrections to HNatural Frequency and Corresponding

Mode Shape Due to Changes in Parameter Values.

Rayleigh [1] calculates the changes in natural frequency and
corresponding mode due to changes in the stiffness and mass
parsmeters of a system. Although his motivation for such a study
wes different* from ours, it is instructive to review his results
and see what light they cast on our problem.

Let ql,....qN be the independent coordinates of the system

with T and V given by

Let el,....eN be the corresponding normal coordinates with
= o 02 - 2
(3.2) eT = a 82 , 2V =c 62
where
- (r)
- (r) _(r)
a, = aiJn i M 3
_ (r) (r)
T %301 My

* He uses approximations to simplify the analysis; changes in parameter
values are necessary to change from simplified system to real system.

[1] See Rayleigh, "Theory of Sound", Section 90, Vol. 1.



Then the equations of motion in terms of the ©'s are

(3.4) a(r)a(r) + c(r)e(r) =0 , r=1, «eo. N

The modal solutions of (3.4) are

(3.5) 8.~ cos(wrt + ¢r), 6, =01if s Frir,s =1, «oey N
where

(3.6) w, = /c(r)/a(r) , ¢r = const.e, r =1, vo.. N

Thus, in any modal solution of (3.4) only one normal coordinate

is non-zero at a time.

Now let us assume the parameters are changed. In terms of

the 6's, this means that

a 02+ 8a 06
rTr rs r S

(3.7) 21 = 2(T + &T)

2v!

2(V + 8V) = ¢ 62 + 6c_ 6. 6
rr

rsr s
where the Gars and 6crs represent the changes, respectively,
in the mass and stiffness parameters in terms of the 6-coordinates.
The equations of motion of the changed system, that is, the new

equation similar to (3.4), are



+ =
(3-8) a(s)e(s) + Gastet + C(s)e(s) GCSth 0
s = 1, L3R N N
The solutions of the coupled equations (3.8) are

(3.9) 6, = uscos(kt +¢), 5=1, eesee N
where u, A and ¢ are constants. The substitution of

(3.9) into (3.8) yields
(3.10) (c(s)—kza(s))u(s) + (6c(s)t—kzéa(s)t)ut =0, s=1, ... N

We assume at this point that the Gast and Gcst are of

first order in small quantities with respect to the &, and c

respectively. If the ©&a and 6cs were zero, all but one

st t
of the U, say u. would be zero. When the Gast and
Gcst are small, it is reasonable to assume initially that all

u, for s # r are small with respect to u, ; we make this

assumption. Thus, to repeat, we are assuming that the 6ast »
6cst and u for s # r are of first order in small quantities.

Let us now exemine those of equations (3.10) for which s #r .

(3.11) a(s)(m%s)—lz)us + (Gcs(r)—kzsas(r))u(r)

' 12 =
+ Z (5cSt A Gast)ut 0



where the summation X' excludes t =r . The terms under the
summation Z' are of second order in small quantities while the

other terms are of first order.

1l
e ]

Next consider the equation of (3.10) for which s

(e(p)2%e(p) )0y

+ (80 (p) 22880 () U (p)

[ 12 -
+ g (<5crs A Ga.rs)us 0

The second line and third line are of first and second order

in small quantities, respectively. If we rewrite this equation as

S(r) ¥ 8C(py(r) ~ AP oL ¥ Sa(Ly(py)

u
S

= - é' ((s.:(r)S - xzsa(r)s) Ty

and use (3.11), we obtain

) ' (Gcrs—)\zﬁars)z
(3.32)  A%(a, + Sa yy) =, + e - % a (02 - 22)
s S

+ higher order terms

e



With (3.11) and (3.12), we have a scheme for evaluating changes
in natural frequency and its normal mode arising from changes
in parameter values.

Rayleigh uses (3.11) and (3.12) as follows: First, he

neglects the second order terms in (3.11), obtaining

ug Sc . - Azéasr
=== I 2) » 5=1, «... N3 8 #r
r a(s) N(S)—A

Then, since for the unchanged or initial system A2 = wi .

S¢__-w2éda
- sr r ST

(3.13) s=1, ... N3 s#r

Hd Imﬂ

2 _ .2
as(ws wr)

Equation (3.12), or the one before it, determines the corrected

natural frequency corresponding to

2 ¢, + be . . (Gcrs - miaars)z
E e———— 1
(3.14) (wr)corrected a_ + 8a 2 2
T rr s a a (w¢ - w?)
r s s T

Equations (3.13) and (3.14) are due to Rayleigh.

We note that the change in mode shape (3.13) is of first
order in small quantities provided W, is not near to w,
for s =1, ... N; s # r . The first order correction term in

(3.14) is the first term on the right; this term represents the

2

correction to wr arising from only the changes in a. and

c but not due to changes in mode shape. Changes in mi

r

due to

changes in mode shape are of second order in small quantities.



If we write the equation before (3.12) and the equation after

(3.12) in the forms

Sc 1 u
w2(1 + —F5) + =71 se_ (D)
) r c a rsu,
(3.15) b = _,_,;,._..V,____.;6.;;;.,_.‘,4_.,,.;,‘““\.‘.a.,,,._,,,ﬁ.;u_.,,w.
1+ =25+ = F §a_ (=)
a a rs'u
r r s r
ds Scrs - Azdars
(-{;--) - -—-«w»e-v-z-wf;w'- s 58=1, v N; s #r
T a {(w%-2%)
s s

respectively, an approximation scheme can be set up in order to
improve the accuracy of the corrections, We shall not pursue this
point here.

Computationally, there is not much difficulty involved in
evaluating any of the above expressions provided we have the
natural freouencies wr and the corresponding mode shapes n(j)
of the original system, and the dars and écrs are evaluated.
The . and n(g) must be evaluated from the original system

(1), ana, if Aai and Ac,, are the changes in the physical

J J

parameters aij and cij , respectively, we have
. _ (r) (s)
(3.16) éars = Aaijn 3y
- (r) (s)
Sepg = Besgnyny

At this point, a difficulty should be mentioned.



The a and c.

i) i)

terms of the original (or physical) coordinates. Thus, these

are obtained from the physical system in

quantities can be given a physical interpretation in terms of
the structure. The same is true for the Gaij and the scij .
However, the Gars and the acrs come from (3.16) and involve
the mode shapes of the original system. Physical interpretation
of changes in natural frequencies and mode shapes as given by
(3.15) in terms of the GaiJ and the GciJ now become difficult.
Hence, one 1loses at this point physical contact with the
original problem, except in special cases. (See Rayleigh [1],
Section 185, for example.)

If the Gaij and GciJ are regarded as r.v.'s with zero
means and small variances, then the Gars and Gcrs will be

r.v.'s with the same properties. Then, using the first of (3.15),

we obtain

( w
Sec
(£)(x) 2 ug
"o e E o ‘r)s( X %
E{A} = w E { 3 (r) (r) .
T + a(l‘)(rl + 1 Z (__)
&(p) 8(p) s (r)s
\ J

vhere us/ur must be obtained from the second of (3.15). A
similar formula can be obtained for E{A2} . Upon expanding out
the expressions in the curly brackets and retaining second
products and second degree terms in the r.v.'s, 5ars and Gcrs s
it is possible to obtain estimates for mean frequencies and their

variances. We have not done this because physical interpretation

of results is difficult.



Rayleigh's method does provide a computational scheme for
estimating change in n.f.'s due to parameter change, but it does
not lend itself to engineering interpretation. Thus, we shall

not pursue it further.



Y, A Brief Review of lMean Square Approximate Systems¥

Let us consider a holonomic system with N-degreesof freedom
and independent coordinates Upsevney - Let the kinetic and

potentisl energies be

(h.1) 27 = Aijqiqj s, 2V = Cijqiqj

respectively, vwhere dots denote time derivatives and summation

convention is used. The random variables A, and Cij form

iJ

o sample systems with sample values s, and c¢,, >
ij,o ij,o

respectively, with mean values

(4.2) E{Aij} = 8y, E{Cij} = ey

For all sample values of the r.v.'s A,, and C.., a,, = a,, s
id i 1J,0 Jji,o

iq. and c¢ q

c.. = c,, and a, . s .a are positive definiie
13,0 Ji,o id, 4 o 1j,0717] P

quadratic forms for all o .

A
2 I
(4.3) I(u,g) = E{fA g(A) ) e2ax} zo0
PR 1
1 i=l
where
i
2 = 42 \ .
iél ef = (05500 ~ AT(A ;0o My 0y g) + MRy Ay Tuguy

¥ A more detailed development of mean squared approximate systenis can be
found in [G].



g(r) 2 0 for A1<A<A2

= 0 otherwise

A2
[ e ax=1

M

and the uj are the coordinate amplitudes. It should be noted that
g(A) is an arbitrary weighting function satisfying the above condition

and Al and 12 are arbitrary bounds. The mean square oscillator

associated with the interval (kl, Az) has a mode shape associated with
this interval which is obtained by minimizing I(u,g) subject to the

condition

(4.4) 8;yu;uy = 1

Let ¢ denote the set of wu, which minimize I(u,g) . It is clear

J J

that these EJ constitute the eigenvector of the smallest eigenvalue of

I(u,g) ; we define

(k.5) I(g,g) = 1(£,g) = min I(u,g)
u

If g(A) is a delta function &(A-w ) centered at one of the
%

natural frequencies, W s of the mean system defined by the equation

(k.6) 2L = 2499 2yv = ¢339y

(k)

3 of

and if the E, are proportional to the kth mode shape n

J

the mean system, then for the mean system



@ 105, s =

Only in this particular case is I(*) ever zero.

If, with g(A) still a d&-function centered on . with

(4.3) written in the form

(4.8) I(u,d(l-mk)) = IO,O(u’mk) + Il,O(u’wk)
where
(4.9) To, olusey) = [e 13%ig ”k(“xJ 127%13 8,

+ wkaljalz] uyu,

O(u w ) = [Cov C, C ~wi 2(Cov A, C g¥Cov C A )

i ij'i ij-i iyji

L
+
wy Cov Aiinl] ujuz
then

(L.10) I(£,6(A-w)) = min I(u,s(x-mk))
u

z Io,o(g""k) + 11,0(5’“’1:) .

27



With disorder small, the £ j which minimize I(u,G(A-wk)) will

be close to the n(g) « It now follows that

(n{®) (n{*)

4a21) 1) s0w)) = 1 W) + I J6.)

0,0 1,0 k

2 1(€, §(A~u))

Because of (L.7) and the fact that I (u,wk) is the

0,0
I(u,G(A—mk)) of the mean system we note that

(5.12) 1. (') w)=o0

0,0 k
Thus,
4a3) 1, (), e ) 3 18, 0w )

1,0 k k
where I (n(k) w, ) is easily computed from the information

1,0 » Yk

available on the mean system and on the second moments of the

parameters.

Details on applications and unigqueness of M. S. approximate

systems are given in [6] and [7], respectively.
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5. Derivation of Estimator for Upper Bound of the Standard Deviation

of a Natural Frequency.

It is possible to derive our estimator in a number of ways under a
variety of conditions. The derivations we shall give here are selected
because of their simplicity and because they are the simplest to use in
practice.

Let us first consider the case in which the masses are deterministic;
we then select (or determine) coordinates so that the system is defined

by the equations

. = 2 vV = C, ,q.
(5.1) 2T 121 o} 2 13%3%
where
(5.2) Prob{Cij = 55,0 " cji,o} =p, 20
m
D TLAR

We thus contemplate a set of m sample systems each with N degrees

of freedom defined by the equations

‘2 -
g » 2V =ciy 6

N
(5.3) 2T = g 2;9,
which have probability 2 of occurrence. Let the natural frequencies

of a sample system be



(r)

with corresponding mode shapes nJ o> r,j=ly esee N3 0=1, o m .
’

Then we have (o is fixed)

(5.4) .. nf) =2 (r)

1j,0"3,0 (r),o %i3"3,0

o (0 () _

ijni,onj,o rs
N
_ (r)
Yy T rzl 3,0 Vr,o

where the u, are coordinste amplitudes as in Section L, and the

J

V., ere the corresponding normal coordinate amplitudes for the
3
o-sample system.

For the mean system defined by the equations

we have for natural frequencies and corresponding normal modes

(r) _ (r)
Ny = 9lr)Pig" g

s n(r) (s) _

ijn in J Grs

Using (4.3), we find that

U



N
L

m
(5.7) I(u’s(k—wk)) = Uzl po r=1 (wi’o-mi)2V§’c

where we have employed the last two of (5.4) to transform to the
normal coordinate amplitudes Vpo °
E]

If there is no disorder,

(k)

(5.8) I(gsw,) = min T(u,8(x-w)) = Io,o(" s ) = 0
where
(5.9) £y = n(g) R we o T o

ko =1 Ve, =0 for r #k

) vf,’c =1

If there is disorder,
(5.10)  1(g',0,) = min I(u,6(x-w,))

m N
= ' 2 o .2)2,%2
ozl Pc rzl (“r,q wk) “r,g

12 - (r) [}
Tso nJaOE J




We now have from (4.13),

(x)

(5.11) 1, (™0 2 1)

1,0
m
= T n e e,
m N
©)omg b it
N
where ' denotes the sum excluding r =k . For disorder
r=1

sufficiently small, the v; o will satisfy approximately the

second of (5.9), i.e.

(5.12) v!?2 3 1-e. =1

K ,0 1
v'Z =g for all o
r,o
Thus,
(k) '
(5.13) Il’o(n sw ) 2 1(g" 0, )

m
- ' 2 _.2)2
2 (1-e)) 0& po(wk,0 we )

1

We now wish to show that there exists an ¢

5 such that



o a

2 2
(5.1k) ] (x?-a?)%f(x)ax > (h—ez)azf (x-a)2f£(x)ax
! %1

where & 1is in the interval (al, a2) and

Q

2
(5.15) f(x) 20 , ] flx)ax =1
[0
1
If we rewrite (5.1k) as
%2
(5.16) ] (x-a)?[x?+2ax-3a?+e,8?] f(x)ax 2 0 ,
[0 3
1

we note that this inequality will be satisfied if the term in square
brackets is non negative in the interval (al, ae) . A graph of

this term is shown in the adjacent figure. The roots are at

Figure 5,1



£ 8 £58 .
-3a + 5 end a - 5 If €5 is chosen sufficiently large

so that the interval (al, a2) is also as shown, the inequality

(5.16) is obtained. Thus, for disorder sufficiently small

m
) Po(wk ~w, )2

m
2 2y2 2
(5.07) ) pylef ~w2)? 3 (b-c,)u? L o™

o2 k,0 <
In particular, we note that for €, = 1 +the above discussion implies
that (5.17) will hold if the disorder is restricted so that
3wk/h <w o forall k and o ; disorder will indeed be large

?

for this to occur. We also know that the second moment
v 2
Z P (wk,o'“k)

about any point Wy is not less than the variance, oﬁ » of w

thus,

m

IRY 2
Z Pyl om0y ) 2 0
o=1

and, hence, we may write (5.13) as

(5.18) 1, (0 u) s (1)) (e, doZo2
or
(x)
I, o(nhu )
1 1,0 >k
(5.19) oy < oy (I-e ) {l—c,)



The quantities El and 52 approach zero as the disorder

approaches zero. An estimate for el can be obtained from the

first of (5.12) and the second of (5.10); with a specified amount

(), the o)

of disorder, calculate several n n are known for

J
the mean system; then
(k) (k)
(5.20) vk,r 3,0
can be evaluated and from l-v o we can estimate el as
]
min(l—vi o) . By reducing the disorder to a lower level and
g 2

repeating the above calculations, we obtain another estimate of

€ - In this way, we find a satisfactory value for € for disorder

sufficiently small.

As mentioned earlier, a value of e2 =1 will be satisfactory

for small disorder, a check being provided by the few wr o computed
]
(r)

wvhen evaluating the nJ,c needed in (5.20).

We note, however, that in two steps, going from (5.11) to
(5.13) and going from (5.13) to (5.17), positive quantities have
been removed from the left of (5.19). For these reasons, we shall
use in most cases an uncorrected form of (5.19); namely

/
(k)
/IJ.,o(n o)
W.

2wy

= Gk

(5.21) o, <

The ease in evaluating this expression, in which only properties of

the mean system and 2nd moments of parameters are required, also

recommends its use.
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We also note that our estimator (5.19) could be improved with

additional effort by employing the quantity I(E',mk) instead of

I (n(k),w ) .

1,0 k

Consider now the more general case with disorder in the masses and

springs by replacing (5.1) with

(5.22) 2T = A q;9, 5 2V =Ciiaiq
where
(5.23) Prob{Aij = aij,o = aJi,O’ CiJ = cij,c = cji,o} =p, 2 0
m
Zl PG = l, E{Al,j} = a..J, E{Cij} = cij

We first determine the non-singular linear transformation®

(5.2k4) q = £3,7,

which reduces the mean system to the form

N .
m o= 2 = ot
(5.25) 2z= ] v} . 2L=ciyy,

where

(5.26)

t =
ciJ crsfrifs.j

¥ In certain cases obtaining this transformation may be a formidable task.

36



Then we write

1) - ?
=

(5.27) ij,o ars,cfrifs,‘j ’ cij,o - crs,ofrifsj

o

' = ] = !
EHAi } 513 s EHciJ} cij
We note that the transformation (5.24) has been chosen so that the

mean system mass matrix {a,,} reduces to {Gi } ; this means

iJ J
that the sample values aij o will be approximately egual to Gij
)
for all o , the aij o being approximately equal to unity while
k]
the aij o for i # J will be approximately equal to zero.
?

In terms of the y-coordinates, let the natural frequencies
and corresponding normal modes of the mean system satisfy the

equations

v ()

1ny = wls a(¥) 5, nTn(s) o g

r
(5.28) ¢ 3 r’ig" g ig"n 1"y rs

and let the natural frequencies and corresponding normael modes of

the sample systems satisfy the equations

(5.29) e!, nt¥) = y2 a1 olr) L) (s) |

i3,6"3,0 =~ “(r)?i3,06"y,0 ° 1j,0 1,0 3,0 rs

Equation (5.11) must now be replaced by

37



(5.30)

Where

(5.31)

In virtue

we have

(5.32)

and thus

(5.33)

(n(k),wk) 2 T(E',wk)

h,0
m N
- 2 _,.2y2,12 ' (x)y2
Zl L .Zl(aij,onj,c)
N
s T T @2 ) @i v T (el a e af®)
o=1 of r,s=1 r,og k 5,0 Kk’ r,o s,o i=1 ij,o0 J,0 it,o0 2,0
(r)
v! = !
r,o njacgJ
of the properties of aiJ o and for small system disorder,
k]
N
) (al, Gngkg)z =1
i=1 Jds s
12
Vk,o 1

v'Z =0 for r # k
T,0

I (n(k) w, ) = ? (02 ~w2)2 = Lu? (0%
, ’ oty Po k0™ ()7 (k)

Equation (5.19) is therefore replaced by



(5.34) o =

which is an estimator for ck . The lack of inequality is. due to
the fact that terms discarded on the right of (5.30) are not
individuelly positive. At this time we have not been able to
establish that the second term on the right of (5.30) is always
positive as was the corresponding term on the right of (5.11).
There is another possible way to proceed which might prove

useful, although we have not as yet explored it. We recall that

(5.35) e. = ( Ju

2
i0 = ‘%i3,07%213,0’%)

Now consider (non singular linear trensformation)

(5.36) e, o= ei,ongfg = (2, godday, ,anif?,uJ
= ()6 (r),0
We have

(5.37)  E{}e?} = ¢(u,u )
r
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While the right hand side of this equation is of the same form as
the right hand side of (5.10) and readily leads to the right of
(5.18), it is difficult to evaluate ¢(u, wk) as sample mode shapes

are involved. This will be pursued further in Section 7.

ity



Appendix 1, Section 5.

To establish (5.12), we proceed as follows with an obvious change
in notetion:

We must show that an 22 > 0 exists such that
(a) J(x2-a2)2f(x)dx = [(x+a)?(x-a)?f(x)ax

2 (h-ez)azf(x—a)zf(x)dx

where f(x) is a density function whose non-zero range is small

and includes a . To establish (a) requires that
(v) f(x—a)z[(x+a)2—a2(h-52)]f(x)dx > 0
or
(c) f(x-a)2[x2+2ax-3a2+82a2]f(x)dx 20
Let
x=y+a

then (c) becomes

(a) fyz(y2+hya+£232)f(y)dy > 0

L1



For positive limits on ¥y , the integrand is positive. For
negative limits, the integrand is positive provided the limit

is larger than
- 2a + 2a VYl - ez/h

Thus, given the lower limit for which f(y) 2 O we can find an

€, > 0 such that (y2+hya+52a2) is positive for

y 2 - 2a + R2a ¥l - sz/ﬂ



6. Examples

a) One Degree of Freedom (See Figure 6.1)

We have
Jq
m

(6.1) 2T = mq?2, 2V = kq2 K
or with the substitution

Figure 6.1

p=qvm

(6.2) 2T = p2, 2V = k/m p?

For this system, the natural frequency is
(6.3) w, = vk/m

1

Now let the spring constant be the random variable (r.v.)

defined by

(6.4) K = k(1 + B)

where B 1is a dimensionless r.v. with the properties

L3



(6.5) E[B] = 0, Var[B] = 0}23

The natural frequency of the disordered system is

e o
{

-’ 2
(6.6) Ql = ‘/.I]% (l + B) = “’1(1 + g. - %_)
Clearly,

2 2
(6.7)  Ele,1= Elw (1 + 2 - 21 = (pr1) + EEL_ EEL
2
(o)
= e Q- 'FB)

E[le] = E[wi(l + B+ ..)] 1

mi(E[l] + E[B]) = w?

Var{a, ] = E[n:{] - EZ[Ql] = ==

P LUlO B
S-D-[QJ] = VVar[Ql] = '

The estimate of the S.D.[Q.] , dl , will be evaluated using

1
(5.34%). This requires the evaluation of Il,O for which the second of
(4L.9) will be used. This is the easiest expression to use. Recall

that in deriving this expression d(wl) has been used for g(A) and for
the case at hand the only disordered element is the spring constant, thus

all covariances involving the A's will be identically zero. We easily

obtain



~ B
I 4
1,0 m2
(6.8) and
w0
_ %1%
=73

Thus, in this case, our estimate agrees with the 8.D. [Ql] when

terms of B2 are retained.

b) Two Degrees of Freedom System
Consider the two degree of freedom system shown in Figure 6.2, The

springs are the random variables K, = k(1 + Bi)

(6.9) E[Bi] = Q E[B‘;] = c% i=1,2

m qu

%k(l-t-az)

m 49

k(1 4+8,)

Figure 6.2



Then

(6.10) 02 = o

where the r.v. Ql and 92 are the natursl frequencies of the system
shown in Figure 6.2.
Again make & change of variables, as in the last example, to trans-

form the kinetic energy to a uniti{ matrix.

For the mean system, i.e., with Bi = 0 we easily find that

(6.11)  w = .616u_ , nil) = .526 nél) = .851
w, = 1.616 w_ ”§2) = .851 , néz) = - .52
where w_ = vk/m and (nil), nél)); (niz), née)) are the mode shapes

for the first and second mode, respectively.

Two cases can be considered, where the Bi are independent and when

they are equal.

A. Consider the case where the Bi are independent, i.e.,

= g2 i =
E[BiBj] 0gé i j = 1,2

i3

Using equation (6.10) expressions for the first and second moments can be

obtained.



+ 2K, + [K2 + b2
E[(Kl 2 1 2%

(6.12) E[Ql] = - %]
K. + 2K_ + /KZ + LK2
E[Qi] = E[-% 2 m 2

Expanding the terms in the brackets and retaining moments of second
order, and using equation (6.9) and the third and fourth of (6.7) the
S.D. of Sﬁ can be obtained.

= - 2
E[Ql] (.6180 - .1910 oB)m°

S.D. [nl] = (Var [Ql])1/2 = {E[Qi] - Ei’-[szl]f/2 = .239 0w

and in a similar fashion for

2
K, + 2K, - JK2 + 4k2 |
(6.13)  Ela,] = B[ (-F—Epg—a——5)%)
K, + 2K, - \/Ki + hxg
E[@2] = E[ ]
2 2m
— 2
E[Qll = (1.618 - .066 oB) 0,

S.D. [92] = (Var [92])2 = {E[Qé] - E2[92]}2 = 6265 L

These calculations indicate that there is more variation in 92

than in Ql .

LT



Recall that the variance of a random varieble is the second moment

about the mean of the random variable, that is

var [Q] = E[(2 - E[2])?]

It is interesting to note that for this example the second moment sbout
the natural frequency of the mean system is equal to the second moment
about the system mean when terms of second order are retained.

Thus for this example

E[(e, - E[e,1)?] = El(0, - wl)2]

1

and

El(2, - E[2,1)?] = El(q, - w,)?]

end S.D. [9.] 8, and 6, respectively,

The estimates for S.D. [Ql] 5 1 »

can be obtained by using equation (5.34) for & and equation (L.9) to

evaluate . Agein it is noted that equation (L.9) provides the

Il,O

easiest way to get I and that the only disordered elements in the

1,0

system are the springs. Thus in using equation (L4.9) to evaluate I1 0
?

all terms containing the covariances of the masses, that is, the

covariance of the A's will vanish. The resulting d&'s are
= [ =
(6.14) 61 5647 w o
§ =
5 L6567 w o



Comparing S.D. [Ql] end S.D. {0.] with 6., and 6§ .

2 1 2
respectively, it can be seen that 52 is slightly larger than
S.D. [92] but 61 is substantially larger than S.D. [91] . To

investigate the source of this discrepancy +the derivation of the
estimator contained in Section 5 was examined. The source of the error
can best be seen from equation (5.11). In the derivation of the estimator
the terms contained in the summation on the last line were dropped since
from the second of equations (5.12) v;fo = 0 . While these terms are

small the terms which they are multiplied by in {5.11) may be large.

Indeed it is just these terms that account for the largest portions of

Il o @s determined by (4L.9). These calculations also reveal that the
3

% which minimize 1I(u, 6) differ slightly from the ng.) 5 this
small discrepancy also contributes to the magnitude of I . If

1,0

these terms are eliminated from I , we find that the value of §

1,0 1
so predicted is close to S.D. [Ql] . In a latter section of this
report a method of correcting these errors will be described.

B. Consider now the case where Bl = B2 » 1.e., the disorder in
the springs is perfectly correlated.
= g2 i =
E[BiBJ] of 1,J =12
¥Yollowing the same procedure as in A above the S.D. [Ql] and

s.D. [a can be obtained. The present case only differs from the last

2]
when terms of the form E[B1B2] are evaluated. Previously these terms

2

were zero since the B's were independent where as ncw theyv yield a OB

Thus



K. + 2K + /K2 + Lx2
1 = 7' -ty -—...—.?—- ".:-———'—-..—J—-'-—u . .«.2._ lé
(6.15) L[Qll = B[( - 4]

(.6180 - .0772 a%) w,

S.D. [nl] = (Var [0 ])1/2 = {E[Qi] - 132[91]}1/2 = .309 oju

1

and similarly

y = - _ 2
L[QE] (1.6180 .2022 oB) w

05}
<

[92] = ,809 a0

Following exactly the same procedures as in A with the exception of

the evaluation of Oov[BlBQ] as noted sbove, the 6's can be determined

H

(6.16) & «309 opw

o]

L8096 o

>
L}

30

Bwo

Thus when the springs are independent the S.D. [2] is less than that
obtnined when they are perfectly correlated. The increase in the 8.D. [2]
in the second case is reflected by an increase in the estimated Gi . In
this case the 8.D. [Qi] is very close to the corresponding Gi .

For purvoses of comparison, a Monte Carlo simulation was done on a
digital computer. Both cases were investigated, that is, the first, with
the springs being independent, and the second, with the springs being
perfectly correlated. In each case Monte Carlo estimates for the standard

-
R



deviation of the first and second natural frequencies were obtained.

each case, Bl and B2 are taken as normally distributed with mean

zero and standard deviation .1 .

For independent springs o¢_ = .1 Cov [3132] =0

B

§.D. [9,] = .0239 w_ s.D. [2,] = .0625 u
8, = ,056h4T W S, = ,0657 w
§b. [2,] = .0246 w s\, [a,] = 0565 u_
For perfectly correlated springs, i.e., B1 = B2 ’ OB = .1 3
Cov [Ble] = .1
S.D. [szl] = .0309 w_ s.D. [92] = ,08090 w_
8, = .0309 u_ 8, = .08096 w_
s.b. [9,] = .0315 _ sD. [a,] = .0825 u_

where S:b. [+] are the estimates obteined from the Monte Carlo
experiments using 500 triels.

In both cases the standard deviation as calculated, when terms
above second order in o are dropped, compare well with those

obtained by Monte Carlo estimates. When the springs are independent

51
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the 6's are larger than the calculated and the Monte Carlo estimates
of the S.D. [R] . The overly conservating estimate of 61 was
commented on earlier. When the springs are perfectly correlated the
Monte Carlo estimates of the S.D. [Q] exceed those obtained by the
other methods by about 2%. Thus the mean square estimates, & , are
not strict upper bounds to the S.D. [@] . It should be noted that

the 6's are very close to the Monte Carlo estimates.

¢) Nine-Degree of Freedom System
The next system we consider is shown in Figure 6.3. Only
one spring is regarded as a r.v.; it is k9 and connects the 7 and
2-degree of freedom sub-systems. For the mean system, B =0 , the

natural frequencies are given in the next Table.

Table 6.1
mode no. n.ft. mode shapes
. o o) g
1 .3139 .36k 62
2 .520h .2900 -.283
3 L7650 .0 .0
4 1.0757 .35k0 560
5 1.2031 .3190 -.615
6 1.h1k2 .0 .0
7 1.6870 -.495 .101
8 1.8478 .0 .0

9 1.9825 .558 -.069

i



kz4
mg= 2 | 49 m= 4 RAC

o S
m,= 2 | $o, m = 4 | § 9

§k9=|+8 K= 4
149

Figure 6.3




Let us first compute Gk for each natural frequency by again using

equation (5.34). This requires the evaluation of Il 0 for which
3
equation (L4.9) will again be used. Since the only disorder is associated

with the springs, i.e., k9 , equation (4.9) reduces to

(6.17) Il,O = [Cov Cij Ciz] usu,
the covariances of the A's vanishing. Using equation (6.9) equation
(6.17) reduces to
; (k)y2 (k) (k) (k)y2q7 2
. =1l - . + .

(6.18) I o [.2875(n),"") 5302n) " "ng 3750 (ng~")*] og
Utilizing the numerical results given in Table 6.1, (5.34) and letting
6y = .1 the results given in Table 6.2 are obteined.

Appendix 6.1 contains a more detailed development for this problem.

Let us next estimate the S.D. [Qk] using a Monte Carlo technique.
Fifty sample vslues of 1 + B were obtained; once with B Gaussian
(mean zero and £.D. [0.10}) and twice with B wuniformly distributed
(meen zero and S.D. [0.10]) . For each set of sample value of B ,
the 9 natural frecuencies wvere computed and their mean frequencies and

standard deviations calculated. These S.D.'s are given in Table 6.2,

and the mean natural freguencies are presented in Table 6.3.

N



= w

O O N O W\

8

.0199
.0287
.0
.00882
.021%
.0
.00817
.0

.00716

Table 6.2

Standard Deviation of @

k
Monte Carlo Method
Uniform Dist. Uniform Dist. Gaussian
S.D. [nk] s.D. [Qk] s.D. [Qk]
.0036 .0039 .0037
L0117 .0128 .0116
.0 .0 .0
.0024 .0026 .0021
.0146 .0161 .01k43
.0 .0 .0
.0030 .0033 .0029
.0 .0 .0
0027 .0030 . 0026
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Exact for

o

Mean System

“k

.3139
520k
LT65h
1.0757
1.2031
1.k1k2
1.6869
1.8478
1.9825

Table 6.3

Natural Frequencies

Monte Carlo Techniques

: Uniform Dist.

Mean Q

1

1

1

ot

k

.312h
.5160
765k
L0747
.198k
ke
.6860
.8478
L9817

Uniform Dist.

Mean Qk

.3126
.5169
L7654
1.0748
1.1996
1.h1k2
1.6863
1.8478
1.9819

Gaussian

Mean Qk

«3125
.5166
<765k
1.0748
1.1990
1.hik2
1.6861
1.8L78
1.9818



The results given in Table 6.2 are interesting. We first note that

the 8S.D. [Qk] as computed by the Monte Carlo method do not deviate

significantly among each other for the same k even though two
distinct distributions were employed. Second, we note that the results
for the uniform distribution also do not deviate appreciably between
each other for the same k , thus indicating small sample variability

with 50 sample values. It is clear that all non-zero Gk are larger

than the non-zero 8S.D. [Qk] ; this illustrates a point made in

Section 2. Put another way, when the Gk are small, so are the

corresponding S.D. [Qk] when the 6 are large, the corresponding

k

S.D. [Qk] are not necessarily large. In particular, we finally note

that 61 is considerably larger then S.D. {Q ;3 the same point was

N
noted in the 2-degree of freedom example and the explanation for the
difference is the same. Except for k =1 , the Gk predict the
correct relative magnitude of the &8.D. [Qk] .

It should also be noted that it is only necessary to caleulate the
covariances given in (4.9) once for all of the §, + Thus having

evaluated the covariances equation (6.18) can be used to evaluate all of

the & ,» the only difference is evaluating I

Kk arising from the use

1,0

of appropriate modal displacements.

d) Twenty-Degree of Freedom System

As the next example, we shall consider the system shown in

Figure 6.4
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Figure 6.4

We shall assume that the r.v.'s M, and K, are independent and

3 3

independent of each other, and satisfy the relations

I
=

(6.19) E{Mj} =m , E{K}=k j=1,2, v... 20 2 2y, «o. 21

Va.r[MJ.] = mzolf1 , Var[Kz] = x20%

Disorder is thus the same in the springs and in the masses of the system.
The Gk's will be evaluated using the same procedures as in the

previous examples. Equation (5.3h4) will be used to evaluate 6, and

k
(4.9) will be used to evaluate Il o(n(k), wk) . Evaluation of (L4.9)
5

requires knowledge of the system matrix in tranformed coordinates.

20 20 .. 20 .
== izl jZl f15%% izl M
20 20
= iZl 321 "%
19
=Kyt izl Kiag Qe — 9)% + K03,




Again meking a change of variables to transform the mass matrix into

e unit matrix requires

It should be noted that this transformation involves the mean masses mi
and not the random variables Mi « Thus typical stiffness and mass terms

after the transformation will be

} Ki + Ki+l _ Ki + Ki+l
ii m, m
i
C = -——-—I-{-j_'j-—l— = - l+l
i Vmimi+l n
M. M.

A, =—= = —=

ii nm, m

i

Equation (4.9) is more formidable in this example since the
covariance of the A's no longer vanishes. It should be noted that

terms of the form COV[Ai still vanish since the masses and stiffnesses

3012]
are independent. The banding in the stiffness matrix further simplifies

the evaluation of (4.9). Using expressions similar to (6.9)

= . - 2 3 2 = 2
Ki (1 + Bi) 3 E[Bi] o ; E[Bz] cBi o
d. = m - B = 21 = g2 = g2
Mi (1 + Di) : [Di] 0 E[Dz] oDi o2

Equation (L4.9) reduces to

>9




2 b 4 o2 by tK)2 (k)2
(6.20) Il,0(3 o w} + o2 wk)(nl *+ g )
19
+ izz (1 oﬁ w* + g2 w;) nik)z
19
2 o (k) k
B izl 20 U M My

where w2 = k
o m
Equation (6.20) can be evaluated under three sets of conditions:

a) o2=.,01 ; o

m k
c) oﬁ = .01 oﬁ = ,01

These results are shown in Figure 6.5, where the ordinate values have
been connected by smooth lines for ease in reading. The main point to
observe is that with uniform disorder throughout the system dj does not
decrease with increasing Jj , the disorder in the masses actually
producing a marked increase in Gj « Again the disorder associated with

the springs shows a marked increase for longer modes. The § for

J

k k
are .47h5, 2404k and .165 respectively, which have been deleted from the

j=1,2,3 for o_= 0.1 are .475, .240 and .163 and for o _ = O = 0.1

figure for convenience of scaling.
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e) A Simple Truss with Seven-Degrees of Freedom.

The system is shown in Figure 6.6, with joints designated by
numbers and rods by letters. The rod areas are considered as
r.v.'s with half each bar mass concentrated at the rod ends. Each
joint carries an added mass which is also considered as a r.v. The

kinetic and potential energies are

(6.21) 27 = Ml(x2+y2) + M (x2+yg) + M3(x3+y2) + thh

K
(6.22) o2v —%-(xi + 2/3 Xy, + 3yl) + KBx

+ -K—g [(x, - %)% - 2/3(x, - x )y, - ¥;) + 3(y, - ¥)?]
+ Kyl - x,)?
M EEE [(x5 - x2)2 + 2/5(1!3 - x,)(y5 - y,) + 30y, - ¥,)?]
+ Kp(x, - x,)2

K
+ 5 [, = %3)2 + 2/3(x; - %)y, + 3v3]
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where

Figure 6.6

Ka=k(l+Xa) s a= A, B, ... G
k== , E = Young's modulus

A' = mean rod area , & = bar length
Ma=m(l+Xa) , m = pA%

p = mass per unit volume

Ml = (MA + MC + MD)/a + Mol
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=
n

p = (Mp + My + My + M )/2 + M,

=
]

3 (MD + M+ MG)/2 + M03

=
=
]

(MF + MG)/2 * Moh

Moj = moj(l + YJ) = mass carried by point J

J=l’2’3’h

E{¥,}=0 ,

3 a=A, B, 0. G

E{Xa} =0 ,

Var Xa Ua ’ ar Yj UJ

We introduce the transformation

(6.23)

where

6l

x oy = %) vy =y
*p"hp = %p voliy = ¥
x3/ng = x5 y3/ny = 1y
x vy, = &,




-3 —
mEStn, m,=2m+mn,
_3m -
m3- 2+xno3 mh-m+m°h

Equations (6.21) and (6.22) now become

6.24) 0 2 4 M2 <2 + y2
(6.2 2T-ml(x ) -2 xZ + y3)

= ml
My -
+E-3-(x +x,3)"'—?_f_h
K
(6.25) 2v=rﬁ-l-(§§+2/3_§.111+311)+%2&§
c _______2- /-3'2_5'1) XQ_X'I _EQ_._X.I—Z
s £ 1 ) ( ( )+ 3 ( )2]
o a R e i~
+KD(F /_)2
X .3 X X L
+EE‘*.[(/_E——/'—%) + 273 ( 3-f'f_>( 3-f_2>+3( - ,}5521
m3 m2 m3 m2 m3 m2 m3 m2
X X
+KF(_ﬂL_.:£)2
o
K x .S L
T (= L NPY X e =)
T o A 3
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In what follows, coordinate Xy o0 Yy s oeees Xy will always be
employed.,

The Gk were calculated using formulas (4.9) and (5.34) for

the following cases.

Case 1: m . =m. . =mn.. = my g = 10m; =0 for j=1,2,3, 4

%

g =0 for a =B, B, F, G,

a
and

Oy =0 , O =0y o ,
then with

°C = g, UA = GD =0 ,
then with

Oy = 0, qA = GC =0 ,

and finally with

The natural frequencies of the mean system for £ = 24", A'= 1/8

sq. in., E = 30 x 106 psi, pg = .286 1bs./cu. in. are
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w, = 1,026 rad/sec.
w, = 1,421 rad/sec.
Wy = 2,276 rad/sec.
w, = 2,616 rad/sec.
wy = 3,469 rad/sec.

wg = 4,057 rad/sec.
wy = 4,294 rad/sec.

The results are presented in Figure 6.7. For each of the four subcases
indicated above, we have plotted Gk as ordinate vs w, es

abscissa; for ease in identification, we have connected each point with
its neighbor by means of a straight line segment; and we have labeled
each polygonal line with the letter a corresponding to the subscript

or subseripts for which S # 0 . The most important conclusion to be

drawn is that the Gk do not necessarily increase with increasing k .

Cagse 2: m =n

10 =m

20 = B3 = Myg = 10m;

9 =0 for a=A,38,C, D, E, F, G,;

and

then with
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then with

then with
O, =0 , 0y =0,%0,% 0

and finally with

The natural frequenices of the mean system are the same as given in

Case 1. The results are presented in Figure 6.8. Again, we have plotted
for each subcase Gk as ordinate vs W, as abscissa, have connected each
point with its neighbor; and have labeled each polygonal line with the
number of corresponding to the subseript or suberipts for which o # 0 .,

While there is no general trend with increasing w,_ when individual added

k
pin messes have variability it is clear that when all the masses are
independent and have the same variance, Gk increases nearly linearly

with w3 this is similar to the situation encountered in Example (d).

f) A 21-Degree of Freedom Space Frame

The structure that we shall consider is shown in Figure 6.9. It
is three-dimensional and has 12 Jjoints and 32 rods. The structure is
connected to rigid ground at four Jjoints; there are four joints, A, B,
C, and D at the next level; at the third level there are joints E, F, G,
and H with EGH~JKL a rigid mass. The rods have elasticity and mass; we

shall assume that half the mass of each bar is concentrated at its end




ADDED MASSES RANDOM BAR AREA DETERMINISTIC

rad/sec

20001

1000

1000 2000 3000 4000 rad/sec

Figure 6.8
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points. Each joint, except E, G, and H, mey carry additional mass
independent of rod masses. The joint masses are treated as particles.
The structure is thus to be modeled as a lumped parameter system.

An OXYZ coordinate system is shown in Figure 6.9. The displacement
components with respect to this coordinate system of each Joint will
be laveled Ups VA’ LY
consider explicitly are A, B, C, D, and F . The rigid mass EGHJKL

for example., The only Joints that we must

at the top hes center of mass N ; this mass has displacements Ups vN,
Vi respectively, in the coordinate direction O0X, OY, OZ, and angular
rotations ¢, 6, P about lines through N parallel to the coordinate
directions., The displacements of E, G, and H will be expressed in terms

of Uys Vs Wy end ¢, 0, ¥y . The 21 independent coordinates of this

system are thus

VA,

Ug» Vp» ¥p
Yer Yo
Ups Vps ¥p
Ups Vps Vg
Une Yy
$s 0, Y

and we assume that these are small, The system thus has 21 degrees of
freedom.

The kinetic energy, T , of the structure is given by the formula
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(6.26) 2T = mA({l.ﬁ. + vﬁ + WJZ&.) + mB(«:;% + vlz3 + 1.;1%)

2 w2 b w2) o (u2 b w2 b w2
+ molug + vg + W) + my(uf + v5 + wp)

"2 4 a2 a2 "2 4 02w w2

+ mp(uf + vg + wg) + my(ug + vy + )
.2 _ [ I8 ] - [ 3
+ 1,42 - 2,08 - 2 0¥

‘2 - L J .2
+ 126 21236w + I3¢

where m(.) is the mass of the joint or body lebeled by the subscript
(s) . Vhile we have shown the rigid mass EGHJKL as a triangular
right cylinder, this has only been for convenience in illustration; thus,
we assume it has moment and products of inertia I

I I, ,1I

1> "2* 73
113, 123 with respect to rectangular axes with origin at N and

12

perallel to OXYZ . The products of inertia 112, 113, 123 may not
venish, depending on the explicit nature of the rigid mass EGHJKL .

The potential energy of the () rodis

AE
(6.27) 2V(.) o-‘)(.) [Ax%')Au%.) + 2AX(.)Ay(.)Au(.)AV(.)

23

+

2Ax(.)Az(.)Au(.)Aw(.) + Ay%_)AV%.)

+

28y ( )bz )bV By + Az%_)Aw%.)]




2(AE =
(6.28) L (L3)(°) k(.

where now (°+) denotes a number in this set; for rods numbered 1' to

9', we shall write
AE =
(6-29) 22(;;)(..) = K(.)

where (+¢) is one of the numbers 1', 2', ..., 9' and (+) 1is the

corresponding number in 1, 2, ..., 9.
There is one more step needed before we can write down the expression
for the potential energy. The displacements at E, G, and H must be

expressed in terms of those of the rigid mass. Let the coordinates of

E, G, and H with respect to NXYZ be, respectively,

1 1 1
*e» VB> %
] t 1
*a* Yoo %o
? ] 1
*w> Yu> %y

The potential energy is now seen to be

7).



(6.30)

= 2 2
2V = 9k, w2 + k2(16vB

2 2
+ 9k3wB + kh(16uc

+ gkswé

+

+

4

+

16k13(uA - uD)

+

+

+

9(wﬁ tygpe - X

+ 9k16(wF - wB)2 + kl7[16(uF - uc)2

+ k6(16v%

2
9k7w% + k8(l6uA

2

B

2
+ 2hvaB +* 9“3)

- 2hucwc + gw%)

+

16k9(vB - vA)Z + k10[16(uD - up)?
32(uD - uB)(vD - vB) + lG(vD - vB)Z]

l6k11(uC - uB)2 + léklz(vb - vc)2

Ok, (wy + ygo - x50 = Wy)?
kl5[16(vN + xﬁw - zé¢ - vB)2

vy + xpy - 250 - vp) vy + ype - X8 — W)

0 - vy)2]

2hvbwD + gw%)

2huAyA + gwi)
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= 2h(up - up) vy - wy) + 9(uy - w)?]

*+ kygly + yge - x50 - w)?

+ k19[16(vN +x -zl - v-D)2 - 2h(vN +x -zl

- vpdlwy + yae - xg0 - wp) + 90w + ¥l - x4e - w)?]

14 o i — v )2
* Gkpoluy + ypo = xz0 - W)

18 o vl — v Y2 g _ '
+ k21[16(uN + z'p wa uA) 2h(uN + z2'0 wa

H H

- )y +ype - xie - W) + 90wy + e - xp0 - w,)2]
* 16kyp (v = vy = xgh + 259)?

+ 16k23(uN + 248 -yl - uF)2

+ 1, (16v2 - 2bv o, + ovl) + ky(16u2 + 2bugw, + 9w2)

+ K3(16Vé + 2hvow, + 9vZ) + k), (16u2 - 2hu w + 9wl)

+ x<5[16(vF - vA)2 + 2h(vy - v, ) - w, ) + 9wy - WA)Z]

' - y!

¥ kgl16luy + 24 G

I - 2__) 18 o !
U vB) 2|(uH + 208 -y




_ _ _ Y
= vg)ly + yed - xg0 — wp) + 9wy + yed - %00 - wp)?]

G

+

K7[16(VN X -z - vc)2 - 2h(vN + xﬁw - 2%

1 - ] - 1 - 1 - 2
ve) (g + yho - xi8 = wo) + 90w + yie - x10 - w,)?]

+

|<8[16(uN + zﬁe - yﬁ¢ - uD)Z + 2h(un + Zﬁe - Yé¢

up) (v + ype = xg0 = wp) + 9wy + ype - xp0 — w)?)

The equations of free motion are obtained using Lagrange's

equations in the general form

q , 3T W
(6.31) ey (m) + 307 = 0

where (*) represents one of the 21 generalized coordinates. If

we assume in the equations of motion that each coordinate varies
simple harmonically with angular frequency A and use the coordinate
symbol as coordinate amplitude (to save introducing new notation),

the equations for the natural freguencies and the corresponding normal

modes are

2
(6.32) [l6(k8 + kl3 + k2l + K9) - mAA ]uA - 16K9VA

Yw, - 16k u. + 16k . v

+ 12(1:8 -k A 9% NG

21

T




(6.33)

(6.34)

(6.35)

— - 1
16k13uD 16k21uH * 12k, v + 12k, vid

- ! ! Ty =
thl(th + 3xH)e + 16k21yHy 0

— 2
- 161<9uA + [16(k9 k¥ Kg + K9) mA)\ ]VA

+ 1’2()<5 - Kl)WA - 16k9vB + l6|<9uc - l6|<9vc

- 161<5vF - 12»<st =0

12(k8 - k2]_)uA + ]_2(i<tj - Kl)vA

-+

[9(kl kg + k +x, + KS) -m AZ]WA

1 YRyt A

12«

sV = MoV + 12kyuy = 9kyy + ko Jwy

- T 4 ] + z l.'.L 1+ 1
9k ¥ * Ko Vp)e + (9kpyxp + Ok, xy + 12k, 2,)6

- 12k =0

1
217H

- 2
[16(klo + kll * e, ¥ x6) mBA ]uB + 16klovB

+ 12(K2 - KG)W

B 16k11uC - 16k10u

- 16klov

D D



- 16|<6uN + 12K6WN + 12K6yé¢ - hn6(hzé + 3xé)e
+ 16K6yé¢ =0
(6.36) - 16k9vA + 16k, quy + [16(k, + kg + kg * kls) - mBAZ]vB
+12(k, - k) - 16k, gup = 16k, gvy = 16k ovy
+ 12k w. + hk15(3yﬁ + hzé)¢ - 12k_x16° "

15 N 15°E

- 16k15xé¢

|1}
o

+

(6.37) 12(.<2 - K6)uB 12(k2 - kls)vB + [9(k2 thy ¥ ks

o 22T -
* ko + Ky F Kg) - mpA iy - Ik, v + 12Ky

+ l2k15vN - 9(k15 + K6)Wﬁ - (l2klszé + 9k15yﬁ

+ 9l%yé)¢ + (9k15xﬁ + 12c2) + 9K6Xé)e

+ (12klsxé - 12K6yé)w =0

(6.38) - 16K9uA + 16K9VA - 16klluB

+ [16(kh + kll + ko + K9) -mn

2 -
Cx ]uc 16k v

AT 9C

- 12(kh - le)wC - 16k17uF - 12k17wF =0

19




(6.39) 16K9u

) - 16K9V - 16k u

A 9°C

- 2
+ [16(k12 t kgt Ky + K9) mcl ]VC

+ (12K3 - 12K7)wc - 16k12v

D~ 16K7V + 12¢. W

N TN

+ (16K7zﬁ + 12K7yﬁ)¢ - 12K7xﬁ9 - 16n7xﬁ¢ =0

(6.40) - l2(kh - le)uC + 12(K3 - K7)VC + [9(kh + ks + kl7

- 2Ty - -
+ kl8 + kg + KT) mCA ]wC 12leuF 9k1,.{wF

+

12K7VN - 9(k18 + K7)wN + (- 9k18yé

12, z! - 9K7yﬁ)¢ + 9(k18xé + k. x')e

T H TH
+ 12K7Xﬁ¢ =0
(6.41) - 16k13uA - 16k10uB - l6klovB

+

[16(k g + kg + kg * k)) = mpA?Tuy

+

16klovD + l2(»<8 - Kh)Wb - 1614811N

l?KBWﬂ - 12K8yﬁ¢ + hn8(3xé - hzé)e

+

16K8yé¢ =0
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(6.42) - 16k10u

B 16k10vB - l6k12vc + 16k10uD

+

2
[l6(k6 Rtk k19) - m ]vD

12(k6 - kl9)w

D~ l6k19v

N 12kl

9WN

+

hkl9( - 3yg + hzé)¢ + 12k19xée

- 16k19xéw =0

(6.43) L( 3k, + 3»:8)uD - 12(k6 - kl9(vb

+

- 2
[9(kg + Ky + kyg + Ry + ) *+ kg) = w2l

!

lQKBuN - l2k19vN - 9(k19 + k20 + KB)WN

* (* 12k o0 - 9Ky g = FkpgVy = 9 g¥p)e

-+

(9k19xé + 9k20xﬁ - lQKSZﬁ + 9K8xé)9

+

12( ~ k19xé + Ksyé)¢ =0

(6.44) - 16k.l u, - 12k v, + [16(k17 + k)

e 17" 23
- 2 -
mA* Jug, + 12k, gy = 16k pquy

- |
16k23z 8 + 16k

G o3g¥ = O



(6.k5) - 16K5vA - 12»<5wA + [16(k22 + KS)

- 2
mFA ]vF + 12K5WF l6k22vN + 16k22 F¢

16k22xL¢ =0
(6.46) - 12;<5vA - 9z5w - 9k16wB - l2kl7uc

- %k +
9Pl7wc + l2leuF 12K5VF

2 -
+ [9(k16 * kot KS) - mA2 v, = 0

(6.47) - 16k21uA + 12k, W, = 16K6uB + 12wy
- 16K8uD - 12K8WD - l6k23uF

+

2
[16(k,, + kg + ky3 + kg) = m%]uy

'+ 12«

- - + - '
+12( - k) * kg = kv + (= 12k, vy &VE

+ (16x,..2z! + 12k x + 16K82é + 16k

- '
012 21%H 12k gx

G E
' 1 - L. 1

+ 16K62G + 12K6xG)6 + ( 16k21yH 16K8yE

- 16k

oG ~ okgye v =

&6




(6.48) - l6k15vB + 121{15erB - 16K7vC

+

12, w, - l6k1

¢ - 12k W - 16k22v

9'p 19D F

+

- 2
[16(k15 + klg *ky, t KT) mA ]vN

- - 1
12(k15 klg + KT)Wﬁ (16k15zE + lelSyé

+ 16kl z! - 12k

9% lgyé + l6k22z' - 16k, 2! - 12K7Yﬁ)¢

E TH

+

't ok, x|+ k,x')8

12(k) oXp = kygXg * Ke¥y

+

16(k15xﬁ + klgxé + keaxﬁ + KTXﬁ)w =0

(6.49) 12k21uA - 9(klh + kzl)wA + 12¢uy + 12k15vB

9(k15 + K6)WB + 12K7VC - 9(klT + KT)WC

12K8uD - l2k19vD - 9(k19 + k20 + K8)wb

+ 12( - kyy + kg - .<6)uN - 12(k15 - le + n,{)vN

o+

[9(k,), + kg *+ kg + kyg ¥ hpg * Ky ¥ kg T g T kg)

2 ' s ] ]
mA 2 Jwy, + (9klhyE + 12k, o + Ok, g + 9k, gV
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(6.50)

8h

t L 1 1 L
12k, gzg + 9kyg¥e + Hpo¥y * Ty ¥y * Mgl

+

12x zﬁ + 9r7yﬁ + 9K8yé)¢ + ( - 9klhxé - 9klsxé

T

v v T _ v v _ '
Ok, gxe, = 9K gXy = Skpg¥y ~ 12Ky 2y = 9y Xy = 18keZg

9K6xé - 9K7xﬁ + lQKBZé - 9K8xﬁ)6 + ( - l2k15xﬁ + 12k19xé

+

12k + 12¢.yy - IZKTKé - 12K8yé)w =0

1
21Yx

Ty - ' 1 1 1 '
12k yip 9k, | yi#k o Vi Wy H1 2k ¥ g+ (16K, g2 #12k, g )V

’(12k152é+9k15yﬁ+9K6Vé)"B*(16K7zﬁ+12K7yﬁ)Vc’(9k18Yé+12K7zﬁ

' - 1 1 ' A 1 '
+9K7yH)wc 12K8yEuD+(16kl9zG 12k19yG)vD ( 12k19zG+9k19yG
1 [ t _ 1 1 '
+9k20yH+9K8yE)wb+16k2ezEvF+( 12k, ¥+l gV 12K6YG)HN
- . ' ' 1 ' = 1 [
(16L15zE+12k15yE+16k192G l2kl9yG+l6k222E lGKTZH lQKTyH)vN

' t 1 1. 14 t '
+[9k, ) ¥ +12k, sz +9k) SYpHOK, g¥m12K, gZGHOk, ¥ g gV

1 1 1 1
9K, VEHOK (Y 12K 2 IRy O g Ty

12 2 1,1 12 12 12
+(9K ) ¥32+16k, 22 2+2hk, oY a0k, oY 49K, g¥ g +16k; g2




~2bk 249k, .y 12+9k . y12+16k

]
Zgtok 20VH

] ] ' 12
199G 197G 219x 20%E

+9K6yé2+16K7zﬁ2+2hK7yﬁzﬁ+9k7yﬁ2+9xayé2-1112)¢

=0k xpy 12k, X9k, XYk, gx e+l Pk, gxaza-9k, gXe¥g
DK gy Vi g X2 YR OR R
-12K7xﬁzﬁ—9k7xﬁyﬁ+12kayézﬁ—9K8xﬁyﬁ+I1212)e
+(-16k1Sxﬁzé—lzkl5xéyé—16k19xézé+12k19xéyé

216k, x'zl+ 2_16¢. x'z!

1 4
+12k,, ¥y 2o¥EPET12K Y T°H2H

—12K7xﬁyﬁ-12K8yéZ+Il3X2)w =0

(6.51) - (16k, 2} + 12k, x})u, + (9k) ) xp + 12k, 2y + 9k, xt)w,

(16K6zé + 12K6xé)uB - 12k15xévB + (9k15xﬁ + 12K6Zé + 9K6xé)WB

12K7xﬁyc + (lesxé + 9K7xﬁ)wc + (—16K8Zé + 12K8xﬁ)uD

-+

1 ' v ' '
12k19xGyD + (9k19xG + 9k, %k 12K82E + QKBXE)wb

- ' ' 1 1 t
16k23zGuF + (16k2le + 12k, x} + 16k23zG + 16K6zG
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+ 12K6xé + 16k82ﬁ - 12K8xﬁ)uN + {12k
+ (-9kp)xp - 9k exp ~ FkygXg — FkyoXg — Fkpgxp ~ 12k, 2y
- 9k21xﬁ - 12K6Zé - 9K6xé - 9K7xﬁ + 12K82ﬁ - 9K8xﬁ)wN

+ (9% xpyp = 12k) xgzp ~ 9K oXpyp = 9Ky gXiys

I 11 _ to ! _ 1,1
+ 12k gz - 9Ky oXaVe — MpoXp¥y — 19K Vit

- LIS T, ! 1t 1, 1,0
Ik Xp¥ g 12¢ yaze = IKeXo¥a 12|<7tzH 9z7xHyH

1 - 2
+ 12K8yEzﬁ 9K8xﬁyﬁ + Ilzh )o
2 2 2 2 2
+ (9k1hxﬁ + 9k153ﬁ + 9k18xé + 9k19xé + 9k20xﬁ + 16k21z

1,1 12 12 12 Tt
+ 2hk21tzH + 9k21xH + l6k232G + 16K6zG + 12K6szG

+ 12¢,x'z! + 9k x'2 + Ok _x'2 - 2hk x'z! + 16kyz'2 + Qkoxt2
67G"G 6°G TH 8"E°E 8“H 8°E

- 12k, x'2 - 16k

- 2 12
I o + (12k 165G

12 Tyt
15%E 21YH%H

- 1yt o [ 1ot _ 1o ? 12
l6k23szG 12k Xy 16K6szG 12k cxlye + 12n<7xH

- 1 2y =
16K8yézﬁ + 12K8xEyé + 123A Ww=o0

" o ' '
15%E 12k19xG + 12K7xH)vN

12
H




' - ' ) - '
(6.52) 16k21y'HuA 12k, yiv, + 16K6yGuB 16k15xEvB

+(12k15xé-12k6y&)Wé-16k7xévc+l2k7xﬁwc
- ' _ ' _
+16K8yﬁuD 16k19vaD+l2( klng+K8yé)wb+l6k23yénF l6k22xévF

+(-l6k21yﬁ—l6k23yé-16n6yé-l6ksyﬁ)uN+(16k15xé+l6k19xé+16k22xé

' - 1 ' 1 v '
+16K7xH)vN+( 12k1SxE+12k19xG+12k21yH+12K6yG 12K7xH

-12K8yﬁ)wN+(-16klsxézﬁ-l2klSxéyé—l6k19xézé+12k19xéyé
+l2k21yﬁ2-16k22xézé+l2n6y52-12K7xﬁyﬁ—16nTxﬁzé-l2K8yé2+113k2)¢
+(12k, 1 2-12%k) ox32-16k,, vz g-12k, xpyp-16k, ezl
-l6n6yéz&-12k6xéyé+12k7xﬁ2-16K8yﬁzé+12naxﬁyﬁ+123lz)e

12 12 [
+(16lexE +16k. _x +16k21yH

2 12 12 12
16%¢ +16k22xE +16k23yG +16K6yG

+16K7xé2+16kayé2-1312)¢ =0
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The effective spring constants for the primary and

members are given in Tables 6.k and 6.5 respectively.

Table 6.4

EFFECTIVE SPRING CONSTANTS OF PRIMARY MEMBERS

secondary

k, = 46296, ky = 19531. le = 10000.
k, = 10000. ko= 6908. kg = L6296,
Ky = L6296, k;, = 19531, k,q = 10000.
k), = 10000. k,, = 19531. kyy = L6296,
kg = L6296, k)3 = 19531. k,, = 10000.
kg = 10000, k), = 46296. k,, = 19531.
ko = 46296. k5 = 10000, kyy = 19531.
kg = 10000, k¢ = 46296,
Table 6.5

EFFECTIVE SPRING CONSTANTS OF SECONDARY MEMBERS
Kk, = 10000. k), = 10000. K. = 10000.
Kk, = 10000. K5 = 10000. kg = 10000,
K5 = 10000. kg = 10000. Kg = 6908.

The lumped weight which is added to each joint in eddition to

the distributed weight associated with the structural member is

100 pounds. The weight of the upper structure is 3.75 x 10% pounds,

The moments and products of inertia are given in Table 6.6.
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Table 6.6

MOMENTS ATD PRODUCTS OF INERTIA

¢ 6 ¥
¢ 54398. 2L867. 0.
] 24867, 54398, 0.
¥ 0. 0. 49735,

The naturel frequencies of the system without and with the
secondary members are given in Tables 6.7 and 6.8 respectively. The

corresponding mode shapes are given in Tables 6.9 and 6.10.

Table 6.7

NATURAL FREQUENCIES WITHOUT SECONDARY MEMBERS

£, = 27.37 fg = 512.05 f15 = 1305.84
f, = 28.36 £y = 621.96 f1g = 1356.87
f3 = 83.37 30 = 712.95 fl7 = 1397.75
f), = 193.56 £, = 762,68 f.g = 1469.60
fo = 20k.51 £, = 91k.27 f1q9 = 1L89. 4T
fg = 456.16 £15 = 1052.25 fop = 1501.89
£, = 489.57 £, = 1287.82 £,y = 1673.00

8




Table 6.8

NATURAL FREQUENCIES WITH SECONDARY MEMBERS

£, = 3k.76 fg = 722.89 f15 = 1274.37
£, = bT.21 £y = 767.56 16 = 1291.05
£3= 97.33 £16 = TTh.92 £14 = 1k00.65
f), = 239.17 £, = 998.94 f1g = 1422.29
£5 = 250,22 £, = 1026.15 f1g = 1428.64
£z = 564.96 £14° 1176.17 oo = 1519.16
£, = 682, 5k f£1), = 124,66 fpy = 1657.38

Consider now estimating the standard deviations of the natural
frequency. Equations (5.34) and the second of (4.9) will be used as

estimates of the standard deviation of the natural frequencies.
(6.53) §, = ——n

= _ gl
(6.54) I, o= [Cov C, Ciz mk(Cov AiJci2 + Cov Ciinz)

The evaluation of Il 0 requires knowledge of the covariances of the

]
system members and the modal matrix of the mean system. The covariances
of the system members must be evaluated from the members quality control

history, or estimated from past experience with similar systems, or




engineering judgment. The difficulty in evaluating Il 0 is that the
3

c and Ai ,» that is, the elements of the stiffness and mass

ij J
matrices are complex functions of the system members as indicated by
equations (6.32) through (6.52). For the proposed estimates to be of
practical value equation (6.54) must be capable of being evaluated by
means of the computer. This can be achieved by evaluating the mass and
stiffness matrices when parameter values of all but one member are
assumed to be zero.

The d's for several choices of system disorder will now be
evaluated and compared with corresponding Monte Carlo estimates of the
S.D. [Qi] . While the system shown in Figure 6.9 is a lumped mass
system with pinned joints, members which share a joint will be assigned
disorder. This is done to simulate, within the limitations of the model,
a faulty Joint and account for correlation between members. The
coordinates used to evaluate the 4&'s will be those which transform
the mass matrix to a unity matrix. For ease of notetion, Sfb. [ﬂi] s
will designate the Monte Carlo estimate of the standard deviation of
the ith natural freguency.

The first case will consider members 1 and 8 having random spring

constants of the form

=
I

kl(l + Bl)

=
|

in which
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E[Bl] =0 = E[B2]
(6.55) Var [Bll = ,01, Var [B2] = ,01
Cov [13132] = .0025

With members 1 and 8§ disordered the system will be considered with and
without the secondary members. Table 6.9 gives the 6's with the
spring constants correlated as in (6.55) and when they are independent.
The first column gives the mode number. The remaining columns give
the various ratios of & +to the corresponding mean system natural
frequency times 100, That is, it is a percent variation. Since the
presence of the secondary members significantly raises the lower
natural frequencies the ratios will be used for comparison.

The following observations can be made from the &'s for members
1 and 8 disordered.

1) The effect of correlation with and without secondary members

is small. That is, the differences between the corresponding

ratios in Table 6.9 are small.

2) The presence of member correlation can raise or lower the &'s

3) The 6's get larger for the lower frequencies although the

increase is not monotonic. The &'s for the lowest frequencies

are very large.

i) The general form of the &'s with and without the secondary
members are similar although several terms show a marked
difference. TFor example, the &§'s for the highest and third

highest frequency show significant variations.




Table 6.9

MEAN SQUARE ESTIMATES WITH MEMBERS 1 AND 8 DISORDERED.

With « Without «

Mode Correlated Uncorrelated Correlated Uncorrelated
1 43.33 45,96 67.96 3.1
2 19.87 18.82 51.02 53.0L
3 13.62 13.2k4 21.92 22,09
4 b bk h,1k 8.18 T.75
5 3.h2 3.2k 6.56 6.26
6 o7 13 1.07 1.08
7 1.21 1.16 3.13 3.1k
8 1.15 1.18 .18 .18
9 .82 .81 .16 .16
10 .30 31 1.18 1.18
11 53 .56 .86 .86
12 5k 52 .09 .08
13 67 .63 15 .15
ik «53 53 .36 <35
15 .37 Lo .92 W92
16 .38 .36 .16 .15
17 .03 .03 .01 .01
18 1.20 1.1k 2,25 2,15
19 1.23 1.18 .24 25
20 .22 .22 .20 19
21 .21 .21 .00k 00k




Table 6.10

MONTE CARLO ESTIMATES WITH MEMBERS 1 AND 8 DISORDERED
AND CORRELATED

Mode With Without «

1 632 .662

2 ,188 .506

3 468 J1T3

b 217 k15

5 .226 L6l

6 . 06001 .0882
7 .29 JT6L

8 .291 .00202
9 .156 .00229
10 024} .233
11 +0798 «137
12 <0703 .001k2
13 .1606 .0087k
1k 181k 111
15 .06k01 <443
16 .0551 .01y
17 11409 0002209
18 <5576 1.L437
19 .9ks5 .308
20 .0L81 .619

21 0376 .0000218




Table 6.10 gives similar results for Monte Carlo estimates, S:B.
The ratio is the percent change with respect with mean system natural
frequency. Twenty samples were used to obtain S:B. [Qi] « The
member disorder is described by equations (6.55) with the underlying
distribution being uniform. The Monte Carlo results are for correlated
members.

The following observations can be made from the Monte Carlo estimates

for members 1 and 8 disordered,

1) The variations show no obvious trend with mode number. This
is at variance with the &'s .

2) For certain natural frequencies, for example the highest and
5th highest, the effects of the secondary members can be very
large. It should be noted that for each sequence of Monte
Carlo trials (i.e., with and without secondary members) the
same random numbers were used. The statistical uncertainties
in Monte Carlo estimates in evaluating the 4&'s will be
considered later.

3) The varisbility without secondary members is larger as would be
expected, i.e., the redundancy of the secondary members would
be expected to reduce the overall variability in the system
when the disorder in the primary system remains the same.

The following observations can be drawn when comparing the &'s and

S:b. [9] for members 1 and 8 disordered.

1) With secondary members present
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and without the secondary members

-~
62 < S.D, [92]

63 < S.D. [93]

Thus Monte Carlo estimates of some of the S.D. [Q's] of the
natural frequencies can be greater than the corresponding
§'s . We also note that these Monte Carlo estimates can be
larger than the true S.D.'s .

2) The §&'s for low frequencies are very conservative.

3) When comparing the system with and without secondary members
large variations for 61 s 6h and 65 were noted. The
same variation is observed for the Monte Carlo estimates.

Consider a second case with members 2, 9, and 15 random. The

covariance used are

.01 .0025 . 0025
(6.56) Cov [BlBQ] = .0025 .010 .0025
.0025 . 0025 .01

Many of the general observations for members 1 and 8, above, also apply
here. From Table 6.11, which gives the 6's with and without the

secondary members the following additional observations can be made.

ofh



1) The low frequency 6's are larger than for the previous
results for random members 1 and 8.

2) The high frequency 6's are not significantly higher than
those in 1 and 8. Additional runs made with 5 correlated
random members show similar results.

3) The effects of covariance between members remains small.

This is also true with as many as 5 correlated members.

Columns 2 and 3 of Table 6.12 show S.D. [Qi] with secondary
members for 20 and 40 Monte Carlo trials respectively. Column 4 shows
S:b. [Qi] without secondary members. The comparison of columns 2 and
3 gives an indication of the statistical variation associated with the
Monte Carlo estimates. While many terms differ only by 20 percent
several differ by a factor of two and for Sjb. [98] the difference is
several orders of magnitude. Note that for the 20 trial rums S.D. [98]
is extremely small. This indicates the extent of the underlying
variability and the inadequacy of Monte Carlo methods using a small
number of trials for even the relatively small system under consideration.
Tt also raises the question of the use of the S.D. [Q] as a standard
for the evaluation of the §&'s .

Finally comparing the SD. [Qi] with the corresponding 6&'s it

can be seen that

-
6, > 8., [9,] i=1,..,21
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Table 6.11

MEAN SQUARE ESTIMATES WITH MEMBERS 2, 9 AND 15 DISORDERED.

With « Without «

Mode Correlated Uncorrelated Correlated Uncorrelated
1 23.30 2k.11 61.16 63.36
2 17.1k 18.68 22.05 22.84
3 T.00 T.43 6.92 T.17
L 4,0k .21 5.07 5.27
5 1.79 1.90 1.19 1.16
6 1.51 1.55 3.01 3.25
K 1.79 1.86 3.6k 3.98
8 1.31 1.35 5.00 5.46
9 1.36 1.39 2.32 2.52
10 1.19 1.21 2.62 2.71
1l 1.02 1.01 2.04 2.08
12 1.5k 1.ko .13 .13
13 1.23 1.12 .86 .8l
1k .01 .01 2.12 1.98
15 1.h1 1.35 2.12 1.98
16 2,32 2.18 1.31 1.22
17 .0l .01 .02 .02
18 .33 .34 .09 .09
19 .30 .29 1.1 1.32
20 1.27 1.20 1l.k2 1.32
21 .61 .61 .56 .58

e c—r——————




Table 6.12

MONTE CARLO ESTIMATES WITH MEMBERS 2, 9 AND 15 DISORDERED.

Mode With k With & Without k
1 .08336 .106 .198
2 .298 .53k .108
3 .145 .219 1279
L .213 +390 .3k
5 .0512 .0822 . 0225
6 .229 «325 ST
7 .498 .662 «937
8 .207 395 1,531
9 .226 ok .561
10 .343 .39k .68k
11 179 24T Jh62
i2 «357 A7 0050k
13 349 oT1 .156
14 0000837 .227 1.535
15 .686 87T JT73
16 1.L455 1.261 TS
17 .0000882 000131 .00013%
18 .0578 +0973 .05007
19 .0363 .0339 052
20 699 .681 +T19

21 +200 .312 .32k




In evaluating the Gk the terms in the summation in forming

Il,O(u’ mk) of eouation (4.9) must be collected. For each natural
frequency the contributions to Il,O(u’ wk) associated with each
component of the covariance of the disordered members in the system

can be grouped to form an element of the so called sensitivity matrix.
This matrix has one column and one row for each disordered member.

Thus, each element in the matrix is associated with the corresponding
covariance between members. Table 6.13 shows normalized sensitivity
matrices for 61 and Gh for members 3, 10, 11, 15, and 16 disordered.
Each matrix has been normalized so that its largest value is 1.0. For
example, the first element of the first row, Sll s indicates the
contribution of the variability of the third member, Cov [K§] to the
total disorder in the first natural frequency. In this example it has
the largest influence on the total variability of the first natural
frequency. Element Slh corresponds to the contribution associated
with the covariance between the third and fifteenth members, Cov[K3 KlS]
These matrices give very detailed information which relates the
variability of each member and between members to the variability of
each natural frequency.

Several additional cases have been considered but with inconclusive
results. These were concerned with observing the effects of small
changes in the system. Monte Carlo estimates were obtained with the
members uncorrelated. A second case investigated the effects of using

& diagonal mass matrix; that is, equating the products of inertia of

the system to zero. In both cases the statistical variastion associated




Table 6.13

TYPICAL SENSITIVITY MATRICES

MEMBERS 3, 10, 11, 15, AND 16 DISORDERED.

First Natural Fregquency

1.0 0.0 1.55x1077 -.231 -.165
.056 -.00631 .0371 -1.kox1077
.0214 0.0 0.0
637 .0768
.251
Fourth Natural Frequency
.0129 0.0 0.0 .0181 -.00749
1.0 .0713 -.107 0.0
.1533 0.0 0.0
.3006 -.0209
.0398
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with the Monte Carlo estimates masked small changes and the results
were thus inconclusive.

The d&'s were also obtained for several single members to see if
they a2ll exhibit the same character. Of particular interest are the
é's for the lower frequencies. Members 1, 3, 8, 9, 10, 11, 15, 16 have
been evaluated and all except member 9 show the same general form of
the &'s , increasing markedly for low frequencies. The §&'s for
member 9 were small for both high and low frequencies. Member 9 was
the only horizontal member investigated.

Finally a study of the effects of coordinate transformations was
initiated. Since the ¢'s are estimates of the standard deviations,
i.e., the &'s differ from the S,D. in that some terms, hopefully
small, have been deleted in evaluating them. If a different coordinate
system is used, one would expect different results. As was mentioned
earlier the 6's have been evaluated using coordinates which transform
the mass matrix to a unity matrix. The question which remains is do
results obtained from other coordinates differ significantly and do
they still tend to yield an upper bound to the S.D. [Q] . Initial
results using the original coordinates indicated that the 6's are
close to those originally obtained but 61 < 8.D. [Qi] for more terms

than in the earlier analysis.




Appendix 1, Section 6.

This appendix shall work out in more detail the steps performed in
the nine-degree of freedom system example.

The kinetic and potential energies can be written as

o= 3§ aad =) n,a?
i=1 j=1 i=1
9 9
) 1£l(k v .,.1)9.%
8 2
t2 izl -k 1+1)q Uy * Kgqh

2
+2 (- K9)q')+q'8 + (K9 + klo)qs

+ 2
kyolagdg * ¥19%
The only disordered element in the system is
K. =k. (1 +B
9( )

9

where

E[B] = 0 Var[B] =o§
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The only terms in the system equations which contain K9 have
been underlined. Note that these terms only involve coordinates Q,
and Q@ - The coordinates are now transformed so that the mass matrix
Aij will be a unit matrix in terms of the transformed coordinates.

For the case at hand the required transformation is given by

Table A 6.1 shows the stiffness matrix in transformed coordinates.
This matrix forms the system matrix in transformed cocordinates. Its
eigenvalues will be the same as those for the original system and the
corresponding eigen vectors will be used to find the Gk » the estimates
of S.D. [Qk] . Table 6.1 in the text contains the eigen values and
the fourth and eighth eigen vector component for each eigen frequency.

Equation (5.34) will again be used to evaluate 6. . This in turn

k

requires Il o(n(k), wk) to be evaluated for which the last of (L4.9)
, .

is used. Note that the Aij do not contain any disordered elements,

- (k) (k)
1,000 s wy) = Cov C;5C50y My

As was noted earlier, the only metrix elements which contain K9

thus (4.9) is reduced to I

are Chh’ Ch8’ C8h’ and C88 . Thus covariance of all terms not containing
one of these terms will vanish.

Thus

1ok



Table A 6.1

STIFFNESS MATRIX IN TRANSFORMED COORDINATES

Py P, Py p), Pg Pg P, Pg Pg
ki *k, K,
R
k,  ktky kg
—k3 k3+k1+ _kh
hmy w3 Yagm,
-k, Iy Hkgtky kg _:52_
&g ketke kg
kg kgtk, kg
—k7 k7+k8
fogy
_:fg_ koo o
s " e,
o o

105




(x) (k)

(k) -
> @) = [Cov C)C)) + Cov CgCgy In""ny,

Il,o(n

. (k). (k)

+

(k) (k)
[Cov C)gCyy, + Cov Cagla),INg™ M,

+

(k) (k)
[Cov C)gCyg + Cov CgalqglMg Mg

+

Each of the above covariances must be evaluated. Noting that
Ci 3 =C 3i provides some simplification. B illustrate the procedure the

first two terms will be evaluated.

Cov Cy,Cyy, = EL(Cy) = € )(Cy, - Cpy)]

c. = kh + ks + ¥9 _ L+ 4 +1+B_9+8B
)-l'h_ ) mh - 4 B A

9+B __9_ l _9_
Cyy, = ElCy 1 = BI57) = + ¢ ElB] = 3

T -9,B_9_B8
Thus €y = Cp =5 5 -5°%
B B 1 %
. = 2] =

Cov [Cq),Cqy, I= El(Cqy, = Cgy,)(Cgy, = Tgy,)]

o = Ko  1+3_ Y2 /2B
. = - = - -
8l (m),mg ) (bo2)% b
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Eeh"E[‘i:é]“"/—g-/gE[B]———f%
C _-C" )’é- )/é_B /2—=-B/é-
P N A A
o2
Cov Cq1,Cq) = E["/'f']i ¥ % = 5 B[B2] = 2

Thus the first term of I (n(k), w ) is
1,0 k

x)_(k) _
[Cov €, Cyy, + Cov Cgy,Cay Iny,""my, " =

0'2 0'2
2+ B)ni12 = 2 o2(nfF))2

I35

= .1875 (nff‘))2 o2

Since there are no other terms with (nﬁk))2 this coefficient corresponds

to the first of equation (6.18). In a similar fashion the remaining terms

can be evaluated to yield (6.18).

As an illustration Gh will be evaluated

(%)

(n*"7, “h) = [.1875(n£h))2 - .5302 nﬁh)néh)

I .0

+ 315 (n{*))2] 02
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On using op = .1 &and the values in Table 6.1 i.e. nl(;h) = ,35h

(%) _
ng ' = .560
wh = 1.0757

1. (¥

1,0 . wh) = ,0003599

and using equation (5.34)

(L) _
s = ./Il,o(rl . ) _ ¥ 3.599x10~"

L= 2u, = 2x1.0757 = .00882

This is the value shown in Teble 6.2. Similar calculation cen be made

for the other modes. Note that the covariances need only be calculated

once since the only difference between I1 O(n(l)
9

(i # 3) is the mode shape in equation (6.18)

(n(J), wj)

. mi) and 11,0
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T. Improvement in Results and Discussion.

The estimator Gk has been consistantly high for low k in each
of the examples presented. This section will discuss two ways of
improving these estimates. The use of equation (5.3Lk) to evaluate Gk
requires that Il’o(-) be evaluated. The first methods are concerned
with improving the evaluation of Il,O(E" wk) . Equation (4.9) has

(x)

been used to approximate I1 O(E', wk) by using the mode shapes, n
-

for the mean system for the £' . Two alternatives are possible.

Evaluation of the covariances in (4.9) and substituting in e particular

Wy from the mean system establishes a coefficient matrix to uiu'j for

each eigen frequency. The lowest eigenvalue of this matrix which we

shall call I(matrix) is g minimum of Il 0 for the given k . The
H)

eigen vector which corresponds to £' can be substituted into (L4.9)

to yield I (g1, wk) . The improvements obtained by these corrections

1,0

have been evaluated using the nine-degree of freedom example and are

shown in Table T.l. VWhile Il O(E', wk) is consistantly lower than
2
(n(k)

either Il,O . mk) or I(matrix) , this difference is relative
insignificant.
Table T.1

Comparison of estimates of I(%', mk)
k 11,0(“(k)’ wk) Il’o(g', wk) I(matrix)
1 . 00157 .000147 .000152
2 .000892 .000878 .000885
3 0 0 0
L .000360 000337 000349
5 .0026L .00262 .00263
6 0 0 0
T .000760 « 000757 .000759
8 0 o 0
9 .000807 .000805 .000806
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The second method of improving the estimator Gy makes a

>

correction by accounting for terms which were dropped in the derivation.

Returning to equation (5.11)

(5200 1, 0, w) s T, W)

1,0
v 2 242
= - 1
czl po(wk,c mk) vk,o
m N )
+ ] w2 - w2 v12
czl Fo rzl .o " Ve

(n(k)

1,0 ) wk) since this is easy to

compute from informstion on the mean system and covariances of the

In forming the estimator, we used I

various terms. We discarded the second sum on the right of I(*) in
(5.11'). A better estimator can be formed at the expense of additional

effort by using in place of I, O(-)
3

m i
I A N I T L (T OLNE,

o=1 r=1 T°° T»0
While any of the three methods for evaluating I(g', wk) can be used,
Il,O(n(k)’ wk) will be used since it is the easiest to evaluate. The
terms within the double summation are obtained by contriving 2 (o = 2)
or more sample systems such that the variance of each element in the
ensemble of systems is equal to that in the original calculation. Using
the last of (5.10) the v;’o can be evaluated to form the correction.

This has been done for the two-degree of freedom and the nine~degree of

freedom systems considered in Section 6.




In the two-degree of freedom example, we considered Case A in

which the Bi are independent. Two sample systems were formed such

- - (k)
that VAR ?1 =.,01 , i=1,2 . The values 11,0(" . mk) .

k) ] — . 3
mk,o s nj,a s and vk,o s k=1, 2 were computed; and expression
(7.1) was evaluated. When this was used in place of I O(n(k), wk) in

3

(5.34) the value obtained for 61 became .311 w O instead the value

B

given by the first of (6.1k); the new 6, was substentially the same as

2

the old. These computations were carried out using a desk calculator.
This second method was also applied to the nine-~degree of freedom.

To evaluate the effectiveness of the correction, a four sample systems

ensemble was selected so that Prob. (B = # .1265, + .06325) = 1/hk ,

which gives a variance equal to that in our original calculations,

o% = .01 . Applying the correction to I (n(k)

the 6§, , k=1,2, ..., 9 .

Table T.2 shows the average of the Monte Carlo results shown in

, w ) , we computed

1,0 k

Table 6.2; the original estimates for the Gk s and the corrected

estimates just obtained.

Table 7.2
Evaluations of Correction Terms

Originel Estimated Average Monte Corrected
k Gk Carlo Estimates
1 .0199 .0037 .00215
2 . 0287 .0120 .0115
3 0 0 0
L .00882 .002h .00145
5 .0214 .015 .OLLT
6 0 0 0
T .00817 «0031 +00300
8 0 0 0
9 .00716 .0028 00270
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The improvement of the estimates both for low and high mode numbers
is striking, being within 5% of the Monte Carlo estimates in most cases.
The corrected estimates are now slightly below those obtained from the
Monte Carlo simulation. In Tables 7.1 and 7.2, zeros have been used

for mode numbers 3, 6 and 8 to indicate that all had exponents of 10-14

or less.

It should be noted that this improvement is obtained at the cost of
solving m , the number of sample systems in the ensemble, additional

nth order eigenvalue problems for eigenvalues and vectors.



SUMMARY

Summary of formulas needed to obtain estimates of the standard

deviation, Gk , of the kth natural frequency of a disordered system.

The differential equations describing the system are to be

transformed into the form

= . v
2T Aquiqj 3 2

" C15%Y

= + .
where the AiJ Bij Bij
The Bij represent the normalized disorder associated with the
system's mass metrix. The standard deviation of the kth natural

frequency is estimated by

L I (n(k)

B cmaps

S5 =
k20 1,0

’wk)

where

wk is the circular natural frequency of the kth mode of the mean

()

system, is the normalized mode shape corresponding to the kth

(k)

natural freguency, I . mk) is a measure of disorder defined by

1,0(“
equation (4.9)

1 (n(k)

1,0 s mk) = (Cov[CijCig] - mﬁ(Cov[A. C..]

iJi%

+ Cov[Ciinzl) + wz Cov[Aiinz]} ngk)ngk)

where




n(k) is the eigenvector associate with the xth mode of the mean

system in transformed coordinates.

(k)

The evaluvation of I (n N mk) requires knowledge of the

1,0
natural frequency, w,_ , and associated mode shape, n(k)
n

3,

, obtained
by solving the eigenvalue problem for the mean system for the kth mode.
Evaluation of the covariance of the C's, A's and CA's requires knowledge

of the covariances of the member disorders. If the disordered stiffness

and masses are represented by K, = k.,(1 + B,) and M, = m,(1 +D,)
i i i i i i

respectively, then
Cov[BiBj] R Cov[DiDJ] , and Cov[DiBJ] are required.

A more refined estimeste of 6k can be obtained by substracting

. . (k)
the following correction from Il’o(n , mk)
v 3 2 2\2 2
' - '
Lovg b Cop o - wd® v,

where

m is a small number of sample systems used to obtain the correction
P, is the probability associated with each sample system

0. s is the rth neatural fregquency associated with the oth sample
3

system
r T
R IO BN C)
r,o Jso ]
nérg is the eigenvector associated with the rth mode of the oth
b

sample system.



The parameter values and probability, pcr ,» associated with each sample
system should be selected so that the statistics of the ensemble match
those of the original system. Evaluation of W, o and the v; o

? 3

requires the solution of an eigenvalue problem for each ¢ . The Gk
obtained using this correction will not necessarily be upper bounds to

the corresponding standard deviations,
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CONCLUSION

A method has been presented for estimating the variability of a
system's natural frequencies arising from the variability of the
system's parameters. The only information required to obtain the estimates
is the member varisbility, in the form of second order properties, and
the naturael frequencies and mode shapes of the mean system. It has
also been established for the systems studied by means of Monte Carlo
estimates that the specification of second order properties in an
adequate description of member variability. The method is structured
in a way which facilitates the use of computers for obtaining estimates
for complex systems. The variability in any natural frequency caused
by each structural element can be obtained. These sensitivity coefficients
can be used to establish bounds on member variability to secure a
specified variability of a system's natural frequencies. From another
point of view this information can be used to indicate which structural
elements will have the greatest effect on a given natural frequency.
Finally, by additional effort the estimates can be improved to meke
them less conservative.

To implement these methods information is now required on the

variability of structural members.
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