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The strength ratio between

ABSTRACT

Several previously undiscovered infrared absorptions have been found

in carbon dioxide. All are normally forbidden, and were collision-

induced in an absorbing cell whose combination of pressure and path

length has a unique sensitivity for induced absorptions.

The most thoroughly studied new absorptions, in the Z. 3>1 region,

were measured to 95 amagat over path lengths of Z400 cm. They

are attributed to transitions from ground to the 3
1

1 Fermi pair at

. -1
4Z48 and 4391 cm • Total strength, including the associated hot

X 10 -6 cm-Z ama- Z
bands, is (6. Z ± O. 9)

the two members of the pair has been used to find the ratio of the

o 1
unperturbed matrix elements: that of the 00 0-11 1 transition is 8

times larger than that of the 00
0

0_03
1

1, with a crossing-over of inten-

sities between the unperturbed and perturbed states.

Other newly-observed induced absorptions are attributed to simulta­

neous COZ-N
Z

transitions, and to the OOOO~OOOZ transition in COZ.

In addition, measurements were made for the first time of induced

absorptivities in spectral !l w indows ll
-- regions usually considered

transparent -- at 11. Z, 10. O~ and 8. 751-1' and of the induced strength

of the 00
0

0 -0 111 transition.
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The absorption strengths ITleasured in this study are cOITlbined with

others froITl previously published work to obtain a nUITlber of CO
2

polarizability derivatives, and to exhibit regular progressions in

strength versus increasing \! quantuITl nUITlber, for both allowed and
2

induced transitions.

Absorptivities in the windows were used to test and reject a hypo-

thesis about the behavior of the far wings of allowed absorptions.

The experiITlental spectra herein and others previously published were

used to predict the radiative transfer in a dry CO
2

ITlodel of the lower

atITlosphere of Venus. To COver wavelengths greater than 18.51-1' a

synthetic spectruITl of absorption (with terITlS proportional to density

and to density squared) was prepared. The results indicate that the

radiation balance in the lower atITlosphere of Venus is adequately

explained by a dry ITlassive atITlosphere of CO
2

with a layer of

infrared-opaque clouds. The new absorptions in the Z. 31-1 region are

significant to this conclusion, as without theITl there is not enough

opacity to sustain Venus' 768K surface teITlperature.

Appendices include sUITlITlaries of COZ properties and vibrational

levels, a proposal for siITlplified labeling ri ITleITlbers of FerITli ITlulti~

plets, calculation of atoITlic polarizability derivatives, an analysis of

the effect of ITlechanical anharITlonicity, and a discussion of relative

strengths of hot bands based on the radial wavefunctions for \!Z and t.
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1. INTRODUCTION

A. GENERAL

In infrared spectra, carbon dioxide has probably been the subject of

more studies than any other polyatomic molecule. Its structure is

simple enough to give spectra whose details can be interpreted with

precision, but not so simple that these details can be predicted by an

ab initio wave-mechanical description. Interest in it stems both from

this and from its frequent presence in physically important situations:

combustion and respiration, refining and chemical processing, and

the atmospheres of the earth and other planets.

In most of these situations, the radiation properties of CO
2

can be

predicted well on the basis of measurements at pressures of a few

atmospheres or less. However, the atmosphere of Venus is mostly

CO
2

, with a depth and su'rface pressure which are too great to allow

accurate predictions based on earlier experiments. Early opinions

that CO
2

alone could explain Venus' high surface temperature (near

750K) through the greenhouse effect were rejected because radiation

balance analyses showed the need for an infrared opacity higher than

any indicated by laboratory measurements. Most of the explanations

which were advanced required one or more additional constituents,

with H
2

0 being the one most commonly proposed. More recently,

Thaddeus (1964) suggested that, at high pressures, a combination of

collision broadening and induction of forbidden infrared absorption

1
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could provide sufficient greenhouse effect to explain the surface

temperature even with dry CO
2

alone.

B. PURPOSE

The purpose of this study was to complement the many previous

observations of CO
2

infrared absorption at moderate pressures or path

lengths by observations at a combination of path lengths and pressures

large enough to permit measuring weak absorptions proportional to

density squared. To that end. unique equipment was bulit with greater

capacity for producing pressure-dependent effects, and with sufficient

long- term stability to permit accurate estimates of abs orption even if

none of the spectrum remained transparent enough to act as a reference

level. Observations made with this equipment we re to be applied to

models of the atmosphere of Venus and to the properties of the CO
2

molecule.



II. EXPERIMENTAL EQUIPMENT

The equipment in this study consisted of a specially- designed high­

pressure,long-path cell and a conventional spectrophotometer.

A. LONG-PATH CELL

The abs orption cell employed the multiple- reflection optic s originally

designed by White (1942). The problems which had to be solved in-

eluded pressure sealing. stability of mirror alignment, temperature

control, and window design.

1. Vessel

The pressure tank and its dimensions are shown in Figure 1. It is

made of type 316 stainless steel. whose strength permits thinner walls

than any other alloy not requiring annealing; its resistance to hydro­

gen embrittlement makes it suitable for possible experiments with

3

hydrocarbons. The cylinder was formed from a rectangle of sheet

stock 2. 1 cm thick. with a welded seam. flange. and closed end. The

tank and its removable c over weigh about 201 kg and 44 kg. respec­

tively. Its internal volume is approximately 0.0403 m
3

(1.42 ft3).

A 4-to-l safety factor was used, designing to 827 bar in order to have

maximum working pressure of 207 bar (3,000 Ib/in
2

, 204 atm). The

completed tank was X-rayed, and withstood a hydrostatic test at 310

bar.
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The cover is bolted to twelve It - 8 studs mounted on the tank flange.

All electrical connections to the interior are made via a O:max high-

pressure electrical feed-through in the cover. The fixed end has holes

for the windows and for gas filling; a fu ll-length V-channel is welded

inside the tank as a guide for the optics platform. In order to avoid

the higher thermal conductivity of a supporting structure under the

tank, the top of both tank and cover are fitted with threaded holes for

suspension. The cover is suspended from a trolley which runs on an

overhead channel, so that it can be removed and replaced without

disturbing mirror alignment.

The cover is pressure-sealed with a 23 cm diameter ring which

deforms inelastically when the bolts are tightened. A Toruseal hollow

stainless- steel 0- ring with a O. 1 mm Teflon coating gave better

results than a solid copper ring or an uncoated Toruseal.

2. Internal Optics and Mounting

.'.','

To form the White multiple- reflection long-path cell, three Vycor

mirrors, all with a radius of curvature of 100 cm, are inside the tank.

One mir ror, 4.45 cm high by 9. 36 cm wide, is placed between the

entrance and exit window slits. Two larger mirrors are mounted side

Vycor, made by Corning Glass Works (Corning, N. Y.), is 96%

As
2

0
3

. Its strength, melting point, and low coefficient of thermal ex­

-7
pansion (8 X 10 per GC) are close to those of fused quartz.

5
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by side at the opposite end of the tank, 100 em from the first mirror.

Their height and width are 15.24 by 10.16 em (6 by 4 in), with outer

corners beveled to fit within the tank's internal diameter of about 21. 1

em; the beveling reduces reflective area by 13%. Figure 2 shows the

configuration and the first four passes.

Each mirror IS gripped at its corners by fingers extending from a

thin stainless- steel backing plate; each backing plate has three 2 - 56

threaded studs for mounting and adjustlnent. The studs pass through

stainless-steel compression springs, through oversize holes in verti­

cal stainless-steel plates, and then through coned bearing sleeves.

These are necessalY to keep the studs centered and to avoid small

non-reversible shifts in mirror alignment during temperature changes

and vibration.

The vertical support plates are mounted on a removable platform,

which provides kinematic mounting, resistance to vibration, and accu-

rate maintenance of mirror spacing over a wide range of temperatures,

and permits initial setup and adjustment to be made outside the tank.

The first design, used in the initial serles of runs, was made of

Vycor tubing and rods, as shown in Figure 3, It proved to be too

springy and fragile, and was replaced by a stainless- steel plate 0.32

em thick, stiffened with a welded U-channel underneath. Mirror spa­

cing is maintained by permitting the large mirrors' vertical supp art

plate to s.tide lengthwise on the platform, and spring-loading it



Fig. 3. Optical platfol'lTI used in early n,easul'cments, made by fusing Vycor rod and tubing into a truss

structul"C.

7

l.;11 HIGH-TEi',lP.
MOTOR

U\RGE M1RRORS

Fig. 4. Stai.nleo;s-stctel optical plaHorni asscm.bty. The adjusting screws tor the large mirrors pass

through the rcctanguLIx supporting plate ",-t right; the stirring motol' and fan are ncar the small mirror W2'

at left.
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against two Vycor spacer rods. As with the Vycor platform, the rods'

expansion exactly compensates for the change in curvature of the Vycor

mirrors. This amounts to only 0.24 mm for a 300C temperature nse

(or about 1 cm of path length with 40 reflections). Without the Vycor

rods, the twenty- times greater expansion of stainless- ste"l would

cause serious defocussing.

The spacer rod ends are in the plane of the mirror mounting surface.

cancelling any expansion in the studs and other supporting structure.

The two points on the vertical support plate which are pressed against

the spacer rods (restraining them from lengthwise motion) also rest on

the platform, which restrains them from vertical motion. A front­

mounting point rests in a small V-groove on the platform, so that it IS

restrained vertically and laterally, but not longditudinaUy. There are

thus six non-redundant constraints, as required in kinematic mounting.

Hold-down springs are used at both front and rear. The assembly is

shown in Figure 4. Six-point kinematic design is also used in mount­

ing the platform in the tank.

3. Window Design

The White cell is normally used with external optics which magnify

the source by a factor of two, and perform a compensating reduction

before the beam enters the monochromator. Since the maximum sLit

size is 12 mm high by 2 mm wide, the appropriate window size is 24

by 4 mm. A good combination of mechanical strength and infrared



transmissivity is given by Eastman Kodak's polycrystalline materials:

Irtran- 2 (Zns) has a long-wave limit of 14 microns, and a rupture

modulus of 14,100 psi; Irtran-4 (ZnSe) Can be used to 22 microns, but

has only 6, 100 psi rupture modulus. Window thickness is 2 mm for

Irtran-2 and 3.2 mm for Irtran-4; 345 bar tank pressure causes

shear stresses of 3, 100 and 1,940 psi, respectively.

Window plugs were made to fit the holes in the tank; each plug is

shouldered and grooved to hold a Toruseal stainless- steel 0- ring 4.45

cm diameter, which is compressed against a mating shoulder in the

tank hole by a threaded locking ring. An lrtran blank is wrung against

the inner surface of each plug, and held on by a slotted Cover plate and

a threaded holding ring. To test the windows, a hydrostatic fixture

was made wi th hole dimensions duplicating those of the tank holes; in

order to observe window behavior, an NE- 51 neon bulb was placed

inside the fixture and powered by wires through the pressurizing pipe.

In all window plugs with slit- shaped windows, the Irtran failed by cra­

zing without leaking, considerably below the predicted "safe" pressure"'.

The "safe" pressure IS given by the following formula (courtesy

Eastman Kodak):

where P is the pressure and R the rupture rrlOdulus, both in units

compatible with the thickness T and the slit dimensions A and B.

9
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A possible explanation is that the high pressure caused enough

plastic flow to shift the sintered grain boundaries.

bulb withstood 690 bar.

The neon

In an effort to provide more even support, new plugs were

made with the slit replaced by a row of circular holes. P res­

sures up to 413 bar (6, 000 psi) were reached without failure in

the final configuration selected, which has six holes 3.9 mm

in diameter, and is shown with all fittings in Figure 5. One

window is Irtran-2 and one is Irtran-4, so as to average the

wavelength dependence of transmission loss in the two materials.

The flat windows cause vignetting, reducing the energy to about

200/0 of that obtained by Perkin-Elmer (1959) with the same mirror

design, but with convex windows.

4. Temperature Control and Measurement

In addition to compens ating the optical system for thermal

expansion, as discussed previously, it is extremely important

to avoid temperature gradients. These can ruin optical align-

ment through differential expansion of the supporting structure.

Worse, temperature variations are much more effective at

high pressure in deflecting or breaking up a light beam: for

given [0, T, the change in refractive index is proportional to

dens ity. Moreover, the temperature difference required for
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the initiation of turbulence decreases inversely as the square of

the density (McAdams, 1954) .

In this study, the initial goal was to reach 558K (600F), using

electrical heating and an insulated jacket. In initial runs, the s ig-

nal was totally lost for an internal temperature rise of only 30C (54F).

As it disappeared, large fluctuations suggested the pres ence of strong

convection turbulence - - probably due to uneven heating. This was

confirmed by noting variations in the readings of thermocouples on the

outer surface of the tank. More seriously, room-temperature signal

levels varied by up to 10% from day to day, apparently due to small

temperature changes.

To improve heat distribution, the tank was jacketed with 3.2 mm of

annealed copper, hammered in place for best thermal contact, and

held by steel strapping. The entire tank was then wrapped with about

5 cm of fiberglass insulation, covered by aluminum foil to block air

convection through the fiberglass. A rern.ovable insulating cap of

fi berglas s and sheet aluminum was applied to the Cover.

Temperatures are measured by a series of copper-constantan thermo-

couple junctions, referenced to an ice bath. The thermocouples,

As a consequence, the long-path cell at Ames is reported to suffer

beam breakup with temperature differences of a few tenths of a degree.



whose purpose is less to measure temperature than to assure equi­

librium, are distributed around the exterior and interior of the tank.

Those inside are sheathed in stainless steel jackets 1. (, mm diameter

with welded closed ends and MgO electrical insulation. They enter the

tank through a Conax 10, ODD-psi packing gland.

The laboratory was air conditioned to keep ambient temperature

constant. Optical performance at elevated temperatures has been

improved to the point where spectra can be taken, but without the

stable abs olute signal level required for the work in this investigation.

Turbulence seems to have been cured, but beam alignment is lost

because of temperature differentials in the platform and support plates.

As a result, the findings herein are restricted to room temperature.

Modified means of supporting and adjusting the mirrors have been

designed and will be installed to make the long-path cell stable over a

wider temperature range, in its new location at New York University.

5. Internal Mixing

The Conax fitting also carries wires to power a stirring motor moun-

ted on the optical platform in the tank. Its purpose is to provide

mixing so as to reach thermal equilibrium more rapidly, and to avoid

stratification when mixtures of gases are in the tank.

The motor was designed to operate at 600K (620F) without introducing

13

spectrographic contaminants. A commerical induction motor was
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completely rebuilt to eliminate all organic materials, retaining only

the laminated-iron field and the copper-and-iron armature. Though

these appeared to be varnish-free, they were cleaned in acetone and

degreased in Freon vapor, as were all other parts. New unlubricated

bearings were machined from organic-free graphite and mounted in

adjustable steel bearing plates. A new field coil was wound from cop­

per wire insulated with specially made unvarnished fiberglass braid;

mica underlayrnent on the field iron prevented abrading the brittle

braid.

The motor, which can be seen in Figure 4, was fitted with a cast alum­

inum two-bladed propeller. It has been test- operated for six hours in

an oven at 600K. In the tank, the motor has run at vacuum and at high

pres Bures.

Another method of mixing employed a commercial magnetic stirrer.

With this, a motor-driven Alnico magnet outside the tank was able to

spin a glass- encapsulated rotor magnet inside the tank, through a gap

of 5 cm, including the 2. 1 cm thick stainless steel wall. However,

mixing efficiency was poor because of the small ratio of rotor size to

tank volume, and no practical way was found to attach a propeller

with necessary supports and bearings.

B. EXTERNAL COMPONENTS

Outside the pressure cell, the major subsystems are the optics,

including the source and monochromator; the electronics, which



cOIYlprise source stabilization and phase locking, signal aIYlplification,

and recording; and gas handling for both the high-pressure and the

flush systeIYls.

1. Optics

A IYlodel lZ-B spectrometer, as described by Perkin-Elmer (1956)

was cut so as to separate the source unit from the monochromator

and wavelength drive unit. Mating the spectrometer to the pressure

cell requires additional optical cOIYlponents; mirrors are used in

order to avoid the losses and dispersion which would occur with

lenses over the wide wavelength range. The only way to avoid

excessive distance between mirrors is to use them off-axis. How-

ever, image quality froIYl a spherical mirror deteriorates badly for

angles of more than 10 0 from the axis (20 0 included angle), whereas

toroidal mirrors are designed for a specific angle of off-axis use.

Geometrically, off-axis focussing requires a prolate spheroid, but

the two orthogonal circular curvatures of a toroidal mir ror bear the

same relationship to the spheroid curvatures as a sphere bears to

the center of a paraboloid. One toroidal mirror, with radii 7.42

and 14.84 CIYl, is used to turn the beaIYl froIYl the source into the

pressure cell. The forIYlula for the half-angle is cos
2e = R

l
/R

2
,

giving e = 45°, or a total turning angle of 90°. The focal length is

15

. by 2f
2

h 5given = R
l

R
2

, SO t at f = .25 CIYl. This IYlir ror is IYlounted

in a frame with adjustIYlents for tilt, rotation, and position.
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A toroidal mirror and a flat mirror are used to bring the beam into

the monochromator. In this case, primary adjustment is via the

flat mirror, which has a three-point suspension. The toroid has

radii of 21. 65 and 28.87 cm, for a turning angle 28 = 600 and focal

length f = 12. 5 cm.

Figure 6 shows a top view of the external portion of the optical layout.

The source is a Globar SiC rod about 0.5 by 5.1 cm, with silvered

ends. It operates at about 1400K (2061F) with 200 watts of dissipation.

Its radiation is chopped at 39 Hz by a sector wheel.

The double-pass monochromator has two geared-together slits: one

to narrow the input beam and the other to narrow the spectral region.

As a result, signal intensity is approximately proportional to the

square of the slit width. Wavelength selection is accomplished by

rotating the Littrow mirror behind the NaCl prism, and because of

varying dispersion in the salt, wavelength and resolution are not

linear functions of the Littrow position.

The monochromator Littrow drive uses a synchronous motor with a

gear box providing 1, 2, 4, or 8 minutes per turn. New gears were

made, extending the range to 16 and 32 minutes per turn.

The detector is a high-speed thermocouple with a rectangular target

0.2 by 0.02 Clll. Its d-c responsivity is 23 fl volt/fl watt; its tillle



constant r is 10 milliseconds, SO that the net responsivity is 811 volt/

r watt at the chopping frequency F of 39 Hertz, based on

sis =jl - 4rF tanh (1/4rF)
r 0

which relates the r. m. s. signal S for a given time constant to that
r

for S , the "perfect response" to square-wave chopping with a 50%
o

duty cycle.

The only other optical component is an alignment bench, using a

collimated high-intensity Hg-vapor lamp to set up the mirrors before

inserting them in the tanle During alignment, the light is focussed

on a sheet-metal mask with holes the same as those in the tank's

entrance and exit windows.

2. Electronic s

-13
The thermc.l power received by the detector may be as little as 10

watts. After allowance for conversion losses in the detector thermo-

-18
couple, the corresponding electrical power is in the order of 10

watts. The usual beam-chopping technique is employed, using a

Princeton Applied Research HR-8 lock-in synchronous aIllplifier at

39 Hz in order to obtain its best noise figure (referred to room tem-

perature) of O. 5dB, and to avoid a simple ratio of line frequency. A

type B preamplifier is connected to the aIllplifier through a remoting

cable so that the preamp can be as close as possible to the detector,

lTIiniInizing noise and pickup. Under these conditions, sensitivities

17
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-9
of 2 X 10 volts full scale can be used with an output time constant

of 10 seconds. Chopping phase is sensed by a photo-transistor

placed next to the chopper; the photo-transistor drives a reference

input. The amplifier output, ranging from 0 to 10 vdc, d~ives a

10 -inch chart recorder geared to synchronize with the Littrow drive.

Since the major operating criterion is long-term stability, special

provisions are required to keep the Globar emission constant, in

spite of line voltage variations. In order to obtain greater stability

than with constant-voltage transformers, a silicon controlled rec-

tifier regulator was built. In this circuit, the SCR's reduce the

nominal 115 vac to 25-35 vac by varying the conduction time.

Regulation rate and output voltage are separately adjustable.

Figure 7 gives the electronics block diagram.

The overall stability of the equipment (including internal and external

optics, Globar, amplifier, and chart recorder) was tested in a num-

ber of long runs (up to 36 hours) at fixed settings. Maximum varia-

tion was ±1. 5%, and r. m. s. variation was under 1%.

3. Gas Handling

Gases, obtained from the Matheson Corporation, had compositions

(given by the supplier) as listed in Table 1.

19
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Gas

TABLE 1: GAS PROPERTIES

N 2 (filling)

Grade

Pressure, psi

Other Gases, ppITl:

hydrocarbons

Total

ColeITlan

838

4

5 (C) only)

50 + 4

4

5

10

100

Prepurified

3500

8

1

2

O. 5

2

40

Extra Dry

2200

300

25

?

?

11

3000

':'vapor pressure of liquid at rOOITl teITlperature

The cOITlplete high-pressure systeITl is shown in Figure 8. A supply

ITlanifold is connected to four tanks: one N
Z

' One spare, and two

CO
2

, When filling the pressure cell, evaporative cooling of the

liquid CO
2

in the first tank causes its vapor pressure to drop by as

ITluch as one-third; the ITlanifold is then transferred to the other CO
2

tank. The spare tank is used to holdgases teITlporarily when it is

not desired to dUITlp theITl. An AITlinco #46-14025 compressor,

driven by a standard 100-psi laboratory air pressure line, is



connected between the supply manifold and the tank, l.!sing a fOl.!r­

valve bridge. By opening the appropriate pair of valves A and B

(Figure 8), the compressor can be used in either direction or can

be bypassed. The compressor, valves, and piping all have 689 bar

(10,000 psi) maximum rating. Two poppet safety valves are l.!sed:

one on the manifold and one on the pressure cell. Pressure is

measured by a Marsh #200-33 gage, with adjustable zero set and an

accuracy of O. 2%. For low pressures, it is supplemented by a

Matheson 0-100 psi gage. A roughing vaCUl.!m system is l.!sed before

filling, to aid in baking off impurities adsorbed on the pressure cell

walls.

To excll.!de ambient CO
2

and H
2

0 from the external optical system,

a transparent dry-box was bl.!ilt around the SOl.!rce and the external

mirrors. The wall on the side next to the pressl.!re cell is glass;

other walls and the top are acrylic. The dry-box is connected to the

monochromator by a vinyl tl.!be through which the beam passes;

all joints are sealed with silicone-rubber cement or with tape.

Flushing is accomplished by 10w-presSl.!re N
2

, which is introduced

near the infra-red source, flows past the lTIirrors and into the mono-

chromator, and is then dumped. A half-hour of flushing reduces the

effective amount of H
2

0 to 0.6 cm-atm and of CO
2

to 0.2 cm-atm.

This incll.!des not only the 260 -cm external optical path, bl.!t also

the 2400-cm path in the N
2
-filled tank.

21
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C. COMPARISON WITH OTHER EQUIPMENT

In spite of the many long-path cells in existence, this study was able

to discover previously unobserved absorptions through a combination

of pressure and path length with greater sensitivity to pressure-

induced effects. For permitted transitions, the sensitivity of an

absorption cell depends on the total number of molecules in the path,

proportional to the density p times the path length L. Values of the

product pL are shown in Figure 9 on the family of light lines sloping

downward at 45°; they show that the cells at Ames and Penn State

are near ly ten times more sensitive for allowed absorptions than

the one used in this study. However, induced absorption is propor-

tional to the number of molecular pairs; an appropriate figure of

merit is density squared times length. This is shown in the steeper

faluily of light lines sloping downwards at about 63°. From this view-

point, the work herein is about 1. 8 times more sensitive than any

2 7
other in seeing pressure-induced lines, with a p L of 2.2 X 10 cm-

ama2, as compared to 1. 2 X 10
7

for the cell at Penn State (not yet used

with pressurized CO
2

), 9.1 X 10
6

in work by Adel & SUpher (1934),

6
and 3.4 X 10 for the cell at Ames.

In Figure 9. the major reason that points for design and actual oper-

ation are not the same is experimental difficulty, the chief problem

being signal stability with respect to vibrations, adjustments, and

temperature variations.



SURVEY OF HIGH- CAPACITY ABSORPTION CELLS

23

2 4 10 20 40 100 200400 1000

PRESSURE,ATMOSPHERES AND DENSITY. AMAGAT

~ The maximum c<tpahility of each cell is indicated by 0, whe~'e the abscissa should be read in

atmospheres (as design pressure is independent of the gas used). The greatest published use of each

cell with CO
2

is given by X, with the abscissa in amagat (as absorption is a function of density).

NOTE ADDED IN PROOF: A cell with a planned capability of 80 meters and 100 atmospheres

ha;; recently been built at Martin-Marietta, Denver (Pilston, 1972).
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III. EXPERIMENTAL PROCEDURES

The experimental plan was to measure infrared absorption at high

densities of CO
2

Over the range from 1 to 14 microns, seeking

absorptions in regions previously considered transparent. If any

new absorptions were found, they were to be measured at enough

different pressures to establish the nature of their density dependence.

Nitrogen spectra were to provide reference levels with which the CO
2

spectra could be compared.

A. ADJUSTMENT

The White cell mirrors were aligned out of the pressure cell, using

the high-intensity sourCe to render the image patterns visible. The

procedure recommended by Perkin-Elmer (1959) was followed until

.'.','
an even row of 11 images was obtained on the small mirror , giving

a path length of 2400 cm. The mirrors were then installed in the

tank, and final adjustment was made with the Globar source in

operation.

B. OPERATION

1. Sequence of Spectra

The basic approach was to compare the CO
2

spectra with a stable

reference (because of the pos sibility that no wavelength regions

.'.
-"For N images, there are 2N + 2 passes through the cell.



would be free from absorption). Before filling with gas, the tank was

evacuated, and heaters brought the interior to 65C to bake out absorbed

impurities. After the tank cooled, nitrogen was added, and N
Z

spectra

were taken at ambient pressure and at 7, 14, Zl, and 4Z bar (600 psig).

Signal level showed no change with pressure, except for a random run-

to-run variation of about 1% which is believed due to the gas flow causing

mechanical hysteresis in the White cell mirror supports. The results

of the N
Z

runs were averaged to form a reference with which the COZ

levels were compared.

The N z was then replaced by COZ' In spite of heating the inflow pipe

to counteract evaporative cooling in the COZ supply tank, temperature

inhomogeneities were unavoidable, and initially caused signal los s of

about 30%. Though the signal returned close to its original level with-

in two hours, irregular slow drifts continued. The first five COZ spec-

tra were therefore taken only after equilibrating overnight or longer.

In these spectra, the signal level in the absorption-free "window" near

-1
5700 em (1. 7511) was the same as the corresponding region for N

Z

within 1%, indicating that no unexpected shift of level occurred with COZ'

The first five COZ spectra, at pressures from 46 to 5Z bar, were

followed by several with mixtures of COZ and N
Z

' The tank was then

evacu'lted and refilled wi th N Z to check for long -term drift in signal

level; results were consistent with those found previously.

Z5
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After preliminary analysis of the CO
2

spectra had estiablished the pres­

ence of induced absorptions, a normalizing procedure was worked out

to permit shorter equilibration times, and COZ spectra were then taken

at fifteen additional pressures from 8.6 to 56 bar. Concluding runs

were taken with N
Z

in the tank, and with several reference absorbers.

2. Control Setting s

The monochromator's highest resolution could not be used because the

complex optical system reduced light intensity to about 5% of that obtain­

ed in normal use of the spectrometer. In order to get adequate signal­

to-noise ratio without excessive scanning time, slit widths of 0.025 to

0.050 mm Were used near 2.31-1 wavelength (giving 35 to 60 cm-1 resO­

lution) and of up to 1. 5 mm at 101-1 (giving 30 cm -1 resolution). Finer

resolution was not required, as rotational structure was obliterated at

the pressures that were used.

Amplifier time constants of O. 3 to 3.0 s enabled the entire spectrum to

be covered in under three hours; regions of special interest were exam­

ined in fine detail at closely spaced, fixed wavelength settings.



C. WAVELENGTH CALIBRATION

Calibration at wavelengths longer than 5\-1 was based on 0.04 mm

polystyrene film, with a reference spectrum by Plyer & Peters (1950).

From 2 to 5\-1, reference spectra from Perkin-Elmer (1952) were

used for absorptions in water, methanol, and 1, 2, 4-trichloroben-

zene. From 1 to 2\-1, CO
2

absorptions were us ed, with reference

~~

spectra from the work of the group at Aeronutronics.

In order of increasing energy: Gryvnak, Patty, Burch, & Miller

(1966), Burch, Gryvnak, & Patty (1968), (1964), (1965C), (1965A),

(1967), (1965B).

27
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IVo EXPERIMENTAL RESULTS

A. INTRODUCTION

The apparatus described in previous section was used to obtain CO
2

spectra from 1. 05>1 to 141-1 as a function of density to 95. 1 amagat, over

a path length of 2400 em. In addition to many well-known allowed lines,

a number of weaker bands were observed at 3.31-1' 2.31-1' and 2. 141-1.

These have been identified as collision-induced because of their

position, their density-squared absorption dependence, or both.

Measuremer"ts have been made of the strengths of several of these in­

duced transitions; some were previously unobserved, and other had

previously been observed so weakly as to prevent their measurement.

Attention was also directed to several "windows" - regions between

strong absorptions, and normally considered transparent - near 11. 2,

10. 0, and 80 751-1' Measurements of their induced absorptivities Versus

wavelength were obtained.

B. OBSERVATIONS

1. 2. 3>1 Region

This is the only region where clearly defined induced transitions cause

opacity in a window, so that more detailed results than in any other re­

gion could be obtained.



Two absorption bands with no visible rotational structure have

29

- 1
been observed at 4240 ± 20 and 4380 ± 20 cm In both bands,

optical thickness is proportional to density squared over a density

range of more than 10 to I, with optical thicknesses at the centers

of the bands being 0.49 and 0.55 over the 2400 cm path, at 95.1

arn ag at. Figure 10 shows the induced absorptivity versus wave-

length, and indicates corrections for the far wings of allowed lines,

as discussed in section IV. D.1. Total induced strength of the over­

lapping pair is (6. 2±0. 9) xl0-
6
cm-

2
arna-2, with the individual in-

-1
duced strengths of the bands centered at 4240 and 4390 cm being

-6 -6 -2 -2
(2.6:1:0. 5)X 10 and (3. 6:l!l. 6)x 10 cm ama .

The new bands are identified as transitions of the common isotopic

1 1
species from the ground level to 3 I, I and 3 I, II (the Fermi pair

1 1
whose unperturbed states are 03 1 and 11 I), with wavenumbers

- 1
4247.714 and 4390. 628 cm ,according to the formulae in Appen-

dix A, sections 4 and 5. The levels have previously been observed

only in hot bands. The assignments are made on the basis of

2
position and spacing, and are confirmed by the p dependence, which

is not appropriate for allowed lines.

- 1
The region from 4000 to 4600 cm is lacking in strong absorp-

tions, as can be seen in Table 2. This gives, for various

isotopic species, all allowed transitions with strengths greater

-7 -2 -1
than 10 cm arna .
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.'.
TABLE 2:

','
ALLOWED CO

2
TRANSITIONS, 2. 3i-l REGION

Is otopic Transition Label Energy Strength

t t - 1 -2 _ 1
Species Old New cm cm atm

626 02
2

0_01
1

2 3980.60
-6

same 2. ° X 10

628 0000_22 °0 0000_6 00,III 3987.61
-5

4. ° X 10

626 01
1

0_00°2
-5

sarne 4005.94 2.2 X 10

627 0000_22 °0 00°0_6°0, III 4023.48
-6

2. ° X 10

626 02°0_01
1

2 2°0,1_01
1

2
-6

4030.32 1. ° X 10

628 00°0_30°0 ° ° 4167.91
-6

00 0-6 0, IV 2.4 X 10

626 01
1

0_08
2

0
1 2

4379.85
-7

01 0-8 0,1 1. ° X 10

626 00°0_07
1

0 ° 1 4416. 15
-6

00 0- 7 0, I 1. ° X 10

638
1 1

4485.60
-7

01 0-01 2 same 4. 2 X 10

638 00°0_00°2 4508.75
-6

same 5. a X 10

637 00°0_00°2
-7

same 4524.88 4. 6 X 10

636 00°0_15 10 ° 1 -8
00 0-7 O,II 45Z7.Z8 3. 5 X 10

626 0110_16°0 1 ° -7
01 0-8 0, II 4529.87 6. ° X 10

626 01 1
0 _ 16 2O OI

1
O_8

2
0,II 4578.09

-7
4.8 X 10

626
a 1 ° 1 4591. 12

-6
00 0- 15 ° 00 0-7 O,II 5.5 X 10

626 11
1

0_07 1 1
1 1

4611. 31
-6

3 0,II-7 1,1 1. ° X 10

628 01
1

O_01
1

Z 4614.78
- 5

same 2.8 X 10

627 01
1

0_01
1

2 4630. 37
-6

saIlle 2. 6 X 10

628 OOOO_OOOZ 4639. 50
-4

same 3. 5 X 10

627 00°0_00°2 4655.21
-5

same 3.4 X 10

626 0110_24°0 0110_800, III 4662. 15
-7

2.7 X 10

636 02
2

0_06
2

1 02
Z

0_6
2

1, I 4673.68
-6

4. ° X 10

Courtesy William S. Benedict.

t For explanation, see Appendix B.
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These are rejected because of the density dependence of the observed

bands. Referring to Table 9 (Appendix A), the only density-inducible

candidates near the observed location are transitions from ground to

° -1 0-1
6 0, IV at 4225 cm in species 626 and to 00 2 at 4467 cm in 838.

Not only do these transitions fail to give the observed spacing, but

their strengths are expected to be several orders of magnitude smaller

than the observed bands, on the basis of intensity arguments given by

Stull, Wyatt, & °Plass (1963) in the case of the 6 0, IV, and on the

-8
basis of species 838' s abundance of only 4.5 X 10 is the case of the

00 ° 2. The induced hot bands representing transitions from the 0110

level to the 4°1 triplet and 421 pair levels are discussed in section V. B.

When N
2

was .added to CO
2

at high density, additional absorptions were

seen. These are attributed to simultaneous transitions in which the N 2

-1
goes from ground to the first vibrational level at 2330. 7 cm and the

1 -1
CO

2
goes from ground to the 3 ° pair at 1932.5 and 2076.9 cm . Be-

o -1
cause the N20~1 transition lies near the 00 1 level at 2349.1 cm in

CO
2

, the simultaneous transitions (at 4236. 2 and 4507. 6 cm -1) lie

close to the induced 3
1

1 pair in CO
2

discussed above, and cannot be

separated from them. Figure 11 shows the effect of two admixtures of

N
2

. While the additional absorption appears to be proportional to the

amount of N
2

as expected, the positions of the strongest additional

absorptions do not coincide with the predicted positions. This may be



due to the P and R branches (which are more prominent in simultaneous

transitions than in self-induced transitions), or to frequency shifts of

the sort noted by Vu (1960) for induced transitions in mixtures. Some

of the additional absorption is because the N
2

quadrupole moment in­

creases the strength of the 3
1

1 pair in CO
2

•

2. Other Induced Absorption Bands

The 3. 3[l region in CO
2

has been observed over a sufficiently wide

range of densities so that the observed optical thickness can readily be

resolved into the sum of two components, as shown in Figure 12. The

linear component is believed to result from allowed transitions: the

strongly absorbing C-H stretch near 3000 cm -1 in methane and other

hydrocarbons, usually present as a few parts per million; and allowed

o 1 ..
00 0-01 1 transltlOns in the asymmetric CO

2
species 627 and 628, at

2993 and 2984 cm -1 The square-law component is from the 0000_01
1

1

-1
induced transition at 3004.0 cm and gives an induced absorptivity of

-7 -1 -2
(8. 2 ± 1. 4) X 10 cm ama at the band center. With a half -width

-1 5 -2
of 75 ± 10 cm ,the band's induced strength is (6. 2 ± 1. 3) X 10 - cm

-2
ama

Evidence for an induced absorption has been seen at 2. 14[l, a region

o
which is dominated by the wing of the allowed 4 1, I (centered at 4854

-1
cm ). Its extent has been estimated by comparing the observed signal

with the interpolated wing profile at various densities. Figure 13 shows
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the resulting optical thickness versus density. As was the case in the

3.311 region, the function can be expressed as the sum of linear and

square-law components. The former is attributed to allowed

0000_000 2 transitions in species 627 and 628 (at 4655.2 and 4639. 5

- 1
cm ); the latter is attributed to induction of the same transition,

- 1
normally forbidden in species 626, at 4673. 3 cm Because of the

absorption's position on the steep slope of a wing and because of the

moderate resolution, it was not possible to separate the three bands

or to measure the half-width. However, the latter may be approxi-

- 1 0 0
mat ed by the 75 ± 15 cm of the 00 0- 00 1 transition, giving an

o 0
induced strength of the 00 0-00 2 transition in isotopic species 626

-6 -2 -2
as (3.8 ±1.1) X 10 cm ama .

3. Windows at Longer Wavelengths

Optical thickness has been measured as a function of density and wave-

length in the three windows centered at 11.2, 10.0, and 8.7511. In each,

the optical thickness is proportional to density squared, as expected

from the fact that the windows are formed by the far wings of nearby

allowed lines. The induced absorptivities at the centers of the windows

-6 -7 -7 -1 -2
have been found to be 1. 5 X 10 ,7 X 10 ,and 5 X 10 cm ama

respectively. Values at other wavelengths are shown in Figure 14.

Errors are about ±20'70.
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C. DISCUSSION OF PREVIOUS INVESTIGATIONS

1. Z. 3fJ. Region

No previous investigations have found absorption in this region. The

cell at Pennsylvania State University has not yet been used at the

pressures that would give it sensitivity for induced lines close to

that in the present work; the cell at All1es, with less than one-sixth

the sensitivity, has been used prill1arily in the photographic infrared.

Burch (1971) has not recognized any absorptions in the Z. 3fJ. region;

it appeared transparent in Burch, Gryvnak, & Patty (1964 and 1968),

using a cell with induced sensitivity about zt% of that in the present

study.

With respect to the sill1ultaneous transitions with N
Z

' it ll1ay be noted

that Fahrenfort (1955) observed several other bands due to sill1ultaneous

o 1
excitation of the 0 ~1 transition in N

Z
' 0Z' and HZ and the 00 0-01 0 or

0000_000 1 transitions in CO
Z

'

Z. Other Induced Absorption Bands

Fahrenfort (1955) observed absorption in the 3. 3\-1 region; though he

attributed it entirely to the induced 0000_0111 transition in CO
Z

'

Gaizauskas (1955) has shown that the results were contall1inated by

hydrocarbon impurities. With only a few data points over a 100 Cll1

path length, Fahrenfort's results cannot be analyzed to separate the

allowed ill1purity transitions from the induced CO
Z

transitions.
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Fahrenfort also claimed to have observed the induced 00°2 at

-1
4640 CIYl , but his attribution appears to be in error, for three rea-

sons. First, the location is in error by IYlore than three tiIYles any of

his other wavenUIYlber errors; second, the branch structure which he

observed at low pressures argues for an allowed band; third, the

absorption's dependence on density is not square-law. Though

Fahrenfort believed it to be square-law, he did not allow for the ab-

sorption's lying on a far wing with density- squared absorption; when

his results are plotted with respect to that wing, as in Figure 13, the

density dependence is linear. It is likely that Fahrenfort observed

the allowed 00°0_00°2 transition in species 628 at 4639. 5 CIYl-
I

.

A nuIYl ber of other induced bands have been observed previously:

a) ° -1The 2 ° pair (1285.4 and 1388.2 CIYl ) was first observed

by Welsh, Crawford, & Locke (1949). The IYlost recent of

several IYleasureIYlents of their strength is by Burch,

Gryvnak, & PeIYlbrook (1970), giving a total of

-3 -2 -2
(4.52,,0. 36)x 10 cm aIYla .

b) Transitions froIYl ground to 4°0, II and 4°0, III at 2670.9

- 1
and 2797. ° CIYl , have been observed by Fahrenfort

(1955) and by Gryvnak, Patty, Burch, & Miller (1966), but

with no estiIYlates of strength.

c) Burch, Gryvnak, & Patty (1968) have observed shallow

absorptions attributed to the induced transitions froIYl

60 6° -1ground to 0, II and 0, III at 3942.5 and 4064.2 CIYl



3. Windows at Longer Wavelengths

Burch, Gryvnak, Singleton, France, & Williams (1962) have observed

a maximum of 10% absorption in the center of the 11. 21-1 window and 8%

in the 101-1 window, including the effects of weak allowed lines; Burch,

39

Gryvnak, & Pembrook (1970) saw a maximum of 14% absorption in the

center of the 8. 71-1 window. There was not enough data to permit ca1-

culating the form of pressure dependence or the absorptivity. In another

window, Burch, Gryvnak, & Pembrook (1970) analyzed the region be-

tween 5.4 and 6. 51-1 ' obtaining curves for the linear and square-law

dependence of absorptivity on density. The latter reaches a minimum

-8 -1 -2
value of about 4 X 10 ern ama at 5. 61-1 .

D. DETAILS OF DATA REDUCTION

At all wavelengths (obtained as in section III. C), observed pressures

were converted to densities using the data of Michels & Michels

~:~

(1936) , and the CO
2

spectra were corrected for source and instru-

mental variations with wavelength by dividing by the N
2

reference

spectrum.

Thereafter. specific procedures most appropriate to each wave-

length region were used to find absorptivities.

Later confirmed by MacCormack & Schneider (1950).
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1. 2. 3,l Region

In this region, the spectra fell into three classes, one of which was

not normalized. After normalization, the dependence of optical

thickness on density was analyzed at a number of wavelengths to

determine absorptivities. The curve of absorptivity Versus wave­

number was corrected for the far wings of allowed lines, and then

numerically integrated to get total induced strength.

The three classes of spectra are:

a) Those with long equilibration times (see section III. B. 1).

These had reliable absolute signal levels, as verified by

constancy in nonabsorbing windows.

b) Those with short equilibration times at densities from

28.8 to 95. I amagat. In these, preliminary analysis dis­

closed shifts in overall signal level. The transmission

minima at wavelengths Band D (refer to Figure 15) are

both visible.

c) Those with short equilibration times at densities from

9. 3 to 22. 7 amagat. In these, only the minimum at wave­

length B was visible. Absorption at wavelength E was

less than 10/0, so that the extrapolated peak could be used

as a reference level.



1.
0

,
,

,
,/ /

,
,

/
"-

/
,

,
,

0
.9

I
,

I
6

7
5

p
m

~
.

~
C

I
70

F
.

•
\

0
I

•
···

..·
r·.

1
..

X
X

·\
C

Il
I
.

C
Il

0
.8

1 r
•

•
•

X
•

E
I

C
Il

X
C 0

0
.7

X

t=
•

X
X

t
X

I
X

x
X

x
'X

X
X

•

N
X

X
.

Z
X

X
7

9
1

p
S

la

0
0

.6
6

8
F

-
X

C 0 C
Il

0
.5

I
CI

l
X

E C
Il

0
.4

I
c

I
I

I
I

I
0

X

t= N 0
0

.3
u 0

0
:2

1
X

A
B

C
D

E

I-
2.

3
9

5
il

2
.

3
5
~

2
.3

2
5

u
Z

.
2

8
5

11
2

.2
2

5
u

<
t a::

I
X

0.
1

jt

.0
15.0
2

C
O

2
D

E
N

S
IT

Y
,

am
og

at

.0
1

0
,0

0
9

.0
0

8

,0
0

7

0
0

6
~
I
'

I
'
I

j
.

8
9

10
15

2
0

2
5

3
0

4
0

5
0

6
0

7
0

8
0

1
0

0

.6

.,

j
.,

5
r

I
4

r

"
j

.
3
I

1'1
/

,j
.2

f-

t,
x

I
i

~
.1

5
r

j
.

cl
a

ss
(0

)

E u
.1

0
g

.0
9

~
0

8
:- ;:l
''"7

-'
~

,
~

0
5

~
0

4
1

f-
_

.J
I

<r
.0

3
U i= a. 0

4
5

0
0

4
6

0
0

4
2

0
0

4
3

0
0

4
4

0
0

W
A

V
E

N
U

M
B

E
R

,e
m

-I
4

1
0

0
0

.0

F
ig

.
1

5
.

E
x

a
m

p
le

s
o

f
u

n
re

d
u

c
e
d

d
a
ta

a
t

t\
'/

o
p

re
s
s
u

re
s

o
f

C
O

2
,

T
h

e
d

a
sh

e
d

li
n

e
s

sh
o

w
th

e
a
p

p
ro

x
iI

T
la

te
fa

r
w

in
g

s
o

f
n

e
a
rb

y
st

ro
n

g
a
ll

o
w

e
d

tr
a
n

si
ti

o
n

s
(a

t
6

7
5

p
si

a
l,

a
s

th
e
y

m
ig

h
t

b
e

se
e
n

if
th

e
re

w
e
re

n
o

a
b

so
rp

ti
o

n
d

u
e

to
th

e
0

0
0

0
_

3
1

1
p

a
ir

.
T

h
e

tr
a
n

sl
T

li
ss

io
n

m
a
x

iI
T

l3
a
n

d
m

in
im

a
re

fe
rr

e
d

to
in

th
e

te
x

t
,u

e
la

b
e
le

d
A

th
ro

u
g

h
E

.

F
ig

.
1

6
.

O
p

ti
c
a
l

th
ic

k
n

e
s
s

v
e
rs

u
s

d
e
n

s
it

y
n

e
a
r

Z
.3

!-
-l

'
T

h
c

e
x

p
e
ri

m
e
n

ta
l

v
a
lu

c
s

a
t

tr
a
n

s
m

is
s
io

n
m

in
im

a
B

a
n

d
D

in

F
ig

u
re

15
a
re

in
d

ic
a
tc

d
h

y
\(

a
n

d
_

,
re

s
p

e
c
ti

v
e
ly

.
p

o
in

ts

n
o

t
m

a
rk

c
d

a
rc

in
c
la

s
s

(b
).

S
a
m

p
le

e
r
r
o

r
b

a
rs

a
re

a
s

d
is

c
u

s
s
e
d

in
s
e
c
ti

o
n

V
II

.
B

.

..,.



42

Normalizing procedure was to determine, for the spectra in c las s (a),

absorptivities a and e at wavelengths A and E by a least- squares fit of

optical thickness versus density squared. For each spectrum in class

(b), a correction factor was taken as the average difference between

predicted and observed optical thickness at A and E.

The class (c) spectra were used as a check: if the correction process

were wrong, points from the three classes would not lie on a single

straight line of optical thickness versus density squared. Figure 16

shows that the fit is satisfactory. t

The far wings of the allowed transition 00°0_2°1, II at 2.6911 (3714.8

cm - 1) and 00°0_4°1, I at 2.0911 (4853.6 cm-1) extend into the 2.311

2 -bIIv
region. Their absorptivities are approximated by T/ L = ape ,

where a and b are constants, and!', v is the distance from the line cen-

ter (Birnbaum, 1971). Exponentials were fitted to the observations

.'.','
For example, corrected optical thickness at 2.28511 (the minimum

marked D in Figure 18) is D.' = D. + (ap7 - A. +ep~ -E.l/2 at density
] ] ] ] ] ]

p .. where the unprimed capitals are uncorrected observations.
]

t A least-squares fit at wavelength D gives an absorptivity of

8 -1 -2
(2.499 ± 0.059) x 10 - em ama for classes (a), (b), and (c),

-8 -1 -2
and (2.498 ± 0.101) X 10 em ama for classes (a) and (b)

alone. The errors here include only formal statistical error, and

have not allowed for others (see section VII. B).



- 1 - 1
near 4100 cm and near 4550 cm extrapolated as shown in Figure

10, and subtracted to obtain absorptivities due to the induced trans i-

tions alone. Separation of the induced pair into two overlapping compo-

nents was estimated in several trials, using as criteria smoothness

and symmetry of the individual curves.

The spectra taken with added N
2

all had long equilibration times, so

that normalization was not required.

2. Other Induced Absorption Bands

Observations in the 3.311 region were at low enough densities so that

the signal at the band center could be compared with the black- body

curve, interpolated between nearby windows; errors in individual

points are estimated to be ± 20%. In the 2. 1411 region, the interpolated

o 0
wing of the 00 0- 4 1, I was us ed as reference.

3. Windows at Longer Wavelengths

In each window, the logarithm of the signal at the most transparent

point was plotted with respect to density squared, and a least- squares

fit was obtained. Absorptivities for the other points were based on

the logarithms of the amplitude ratios between the off-peak wavelengths

and the central peak.
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V. THEORETICAL INTERPRETATION

Observations of the strengths of absorption bands can be used to deter-

mine ratios in a progression of overtone or combination bands, which

may be useful in predicting the strength of transitions unobservable in

the laboratory. They permit estimates of the matrix elements of

certain molecular parameters, and can indicate the relative strength

of matrix elements within Fermi groups.

A. RELATIVE INTENSITIES

Using the constants in Table 8 and formulas (A4) and (AS), the unper-

turbed levels are calculated to be:

o 1 ~1 0 1 -1
G (11 1) = 4312.1978 cm and G (031) = 4326.1440 cm

with W
AB

= 71.1163
-1

cm

Since 6 = 13.9462, formula (AI) gives 6 = 142.9147, making the per-

turbed levels 4247.7135 and 4390. 6282.

2
b = 0.4512, and a = 0.7408, b = 0.6717.

2
By use of (A3), a = 0.5488,

The observed strength ratio can be used to determine the ratio of the

unperturbed matrix elements. The induced strength of each line is

':'Table 8 and formulas (AI) through (AS) are in Appendix A.



K' =f 1{ '(v) dv
3 2

= 2(8TT N'v/3hc) If ~o i-l ~' dT I (1)

45

where N' is the number of molecules involved in collisions, fl is the

induced dipole moment, ~ is the ground state, and ~ , is the mixture
o

as defined in (A2). The initial 2 allows for the degeneracy in t .

For brevity, define A = f ~ 0 fl
o

~ 1
03 1

This gives K~39l/K~248 = 4391 (bA t aB)2/ 4248 (aA - bB)2. Setting

R = B/A and r = O. 967K' 439/K' 4248' this simplifies to:

/i: = (b t aR)/(a - bR), giving R = (qir - b)/ (a t bfi).

Experimentally (section IV. D. 1), r = 1. 35 ± 0.19. From this,

to.033 1 1 ':'
R = 0.124 0 8 for the ratio of 03 1 to 11 1 , indicating that the

- .03
1.. 1t3. 5

11 1 matnx element IS stronger by 8. -1. 7'

o
We have calculated the comparable figures for the 2 0 Fermi Raman

pair on the basis of energy levels given by Gordon & McCubbin (1966)

and by Burch, Gryvnak, & Pembrook (1970).
o

The ratio of 02 0 to

o . to.019 0
10 0 IS 0.121_

0
.

021
, sO that the 10 0 matrix element is stronger by

t1. 71
8. 26 -1. 12'

~:~

The new notation is not required, of course, when referring to the

unperturbed levels, as they are derived unambiguously from the

vibrational constants and quantum number s.
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It Illay be noted that the earlier literature gives Illarkedly higher

o 0
values for the ratio of unperturbed 10 0 to 02 0 Illatrix eleIllents.

These range frOIll 14 (Stoicheff, 1950), based on the RaIllan effect, to

29 (Fahrenfort, 1955), based on pressure-induced infrared absorption.

These results are in error: in effect, they say that if the upper per-

turbed line is sOIllewhat stronger, then the upper unperturbed level

is Illuch stronger. This result was reasonable at the tiIlle, as the

10
0

0 unperturbed level was believed to lie above the 02
0

0. The 10
0

0

matrix element was expected to be larger, as it contains a first

a
derivative of the polarizability, while the 02 a contains a second deri-

vative. However, AIllat & PiIllbert (1965) showed that the 02
0

0 level

actually has the higher energy of the two unperturbed levels, so

Stoicheff's and Fahrenfort' s results now iIllply that it is the stronger,

which appears unlikely.

A resolution of this question lies in the fact that there are two solu-

tions for R, corresponding to the two signs for Jr (or, in equation

(A3), for a and b, whose phase is arbitrary). Thus, the data of

Burch et al. (1970) can either indicate that the upper 02
0

0 level is

23 tiIlles stronger -- in good agreeIllent with Fahrenfort or that

a
there is a crossing-over of intensities, and the lower 10 0 level is

8.26 tiIlles stronger.



The second of these alternatives is undoubtedly correct. Appendix C

dell10nstrates that the ll1atrix elell1ent of the atoll1ic polarizability

o
derivative is, as expected, larger for the 10 0 level, and indicates

this will also be true for the electronic polarizability.

However, the best evidence COITl€S from examining the spectra of

other triatomic ITlolecules in which no Fermi resonance occurs

~:~

between the 100 and OZO states, so that the observed levels and

strengths are unperturbed. According to Herzberg (1945), the 000-

100 transition is stronger in CS
Z

' NZO, HCN, HZO, and NO
Z

; there

are no counterexall1ples. Of these, CS
Z

is the 1l10st significant, as

its structure, including valence electrons, is closest to that of COZ.

Returning to the 3
1

1 pair, the quantull1 nUll1bers, ll1atrix elell1ents,

and polarizability derivatives are related to those of the ZOO Ferll1i

Rall1an pair by an additional operation each in v Z and v
3

. It is there-

fore clear that, as before, the transition to the unperturbed terll1

1
with fewer quantull1 nUll1bers (11 1) is the stronger. Again looking at

other ll10lecules for coniirll1ation, the 000 -Ill transition is seen in

HZO, but not the 000-031. Since the lower unperturbed terll1 and the

upper perturbed term are stronger, there is again a crossing-over

of strengths.

':' The super script for tis oll1itted, as SOll1e of the exall1ple s do not

have the degeneracy.
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B. POLARIZABILITY DERIVATIVES

The total strength for the pair is given from (I) by:

K'
T

K' + K'
4391 4248

(3 )

II * a fl * 4248 dr 1

2
}

Replacing * 4391 and *4248 by the mixed expressions used previously,

and employing A and B as the matrix elements as before, we can

obtain a form with a main term based on the average wavenumber v,

and smaller terms which will indicate that the result does not depend

strongly on other quantitie s.

K'
T

3- 22- - 22
= (I6n N'v 13hc) [A + B + {2tl!v)abAB - (o/2v) (A - B ) ]

K' = l6n
3

N'::;-A
2

[1. + .0159 + .0042 - .00I6]/3hc
T

(4)

equation (DI), the only significant term will be

In the last expression, values for a, b, and R = B I A have been inser-

ted, but the individual terms have been left unsummed in order to

show their relative size. The quantity in brackets is 1. 018, and

varies by less than ±I% when R is varied from 6.4 to 11. 6, as found

ear Her.

As before, A = I ~ fl * 1 dr, where fl = E:x, the product of the per-
c 11 1

turbing field and the polarizability. Expanding the latter as in
3

" a _
"e; I" e; z" e; 3 e; 1S 2S3



Appendix D explains why other terms, representing mechanical anhar-

ll1onicity; are not significant.

The induced field E results from the quadrupole moment of nearby

CO
2

molecules, with r.m. s. value at distance r of E = Q/r
4

.

Equation (4) now becomes

49

K' =
T 1. 018 (5)

To obtain the average value of N' Q2 I r
8

, a molecular potential is

required. The 6-12 potential, originally proposed by Mie (1903)

and usually called Lennard-Jones, has proved to be a very good

approximation for polyatomic molecules, according to Munster

(1965).

With CO
2

, this takes the following form:

U = 4u [(r Ir)12
o

6
(r Ir) ]

o
(6)

-15
where u is 25.6 X 10 ,the minimum value of U in ergs, and

-8
r = 4.57 X 10 cm is the radius at which U = O.
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The number of molecules lying in a spherical shell dr around a given

molecule is (N/V ) e -(v/kT) 4rrr
2

dr; when multiplied by (N/V ), we
o 0

3
get the number of pairs per cm interacting at distance r. The total

interaction is thus

-(v/kT)
e dr (7)

where the integral, evaluated numerically, is L 755 X 10
36

cm-
5

Since

Z
of Q

19 - 3 -1 . .
(N/V ) = 2.69 X 10 molecules cm ama ,and d,menslOns

o

7 -2 -4 -2 -2
are gm cm sec , those of (7) are pairs gm cm sec ama .

Combining equations (5) and (7), we have

3
d a

dS 1 dS 2 dS 3

(6K~hc/L 018;; L 755 x
36 1/2

10 )
(8)

where the matrix element in (5) has been evaluated according to

Appendix E. ':'

':'We have used the customary approximation that the eigenfunctions

for unperturbed states are purely those of harmonic oscillators. A

brief discussion of anharmonicity appears in Appendix D; detail~ of

o ) .the mixing of eigenfunctions (even for the 00 0 state appear In

Statz, Tang, & Koster (1966).



-6 - 2 - 2
The induced strength of (6. 2 ± o. 9) X 10 cm ama found in seC-

tion IV. B. 1 is a total which includes not only the induced transitions

from ground to the 3
1

1 pair, but also any associated induced hot bands

with the same change in vibrational quantum numbers. The only ones

whose strengths are not so small as to be neglected are from the

-1 1 2
lowest excited level (667 Cm ): transitions from 01 0 to the 4 1

-6 - 2 - 2
pair should have a total strength of 0.43 X 10 cm ama ,and

1 0 -6 - 2 - 2
those from 01 0 to the triad 4 1 of O. 22 X 10 cm ama . These

are based on the Boltzmann population of the 0110 level at room tem-
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perature, times the appropriate ratios of matrix elements. ':' Sub-

tracting the "hot" bands, the remaining induced strength attributable

o 1. . I -6 -2 -1
to the 00 0 -3 1 pan alone is K

T
= (5.55 ± 0.8) X 10 cm ama .

Substituting this and the normalizations N. and other constants (see
J

Appendix A, section 6), we find Cl'{23 = 112 ± 17, dimensionless.

Other polarizability derivatives can be obtained similarly, using

measurements of the strength of the 0000_01
1

1 and 00
0

0_00
0

2 transi-

o a
tions from the present study for 0{3 and ((33; of the 00 0- 2 0 pair from

Burch, Gryvnak, & Pembrook (1970) for Cl~ anda:~2; and of the 0000_

a a a
4 a and 00 0 -6 a groups (dominated by the matrix elements from

o a II 11/
ground to the unperturbed 20 0 and 30 0 states) for ~1 and ((Ill'

where we have analyzed the results of Fahrenfort (1955) and Burch,

':' See Table 13 in Appendix E.
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Gryvnak, & Patty (1968), respectively, to obtain rough estimates of

these groups' induced strength.

Summarizing the results, we have the following r. m. s. values:

-25 3
= 2. 65 X 10 ern (Brand & Sparkman, 1960)

-15 2
a~ = 1. 20 X 10 ern. This result differs from Fahrenfort' s

-15 2
(1955) value of 1.46 X 10 ern not only through more accurate

measurement of strength and correction for hot bands, but also

through use of the proper ratio between members of the 2
0

0 pair,

discussed in the preceding section.

" 0.54
-7

" 10- 7
all = X 10 ern a 22

= 2. 8 X ern

" 10- 7 "
-7

a 33
= 1. 3 X ern a 23 = 1. 7 X 10 ern

as

= 136. a'123 = 112.

1/11

a 2223
10 -1

= 5.4 X 10 ern

The other second and third derivatives are zero by symmetry, except

for ai22 and ai33' which correspond to transitions from ground to the

o 0
unperturbed 12 0 and 10 2. The former cannot be calculated without

o 0 -1
observation of the 00 0 - 4 01 transition at 2548 ern ,which is

o
completely hidden in the wing of the very strong 00 0

o
tion. The latter is the dominant member of the 2 2 pair at 5915 and

-1
6017 ern it may be possible to observe them with equipment of



better resolution than that in the present study. Of course, all

induced lines are expected to be active in the Raman effect, and

should be visible with laser excitation.
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C. INTENSITY RATIOS BETWEEN GROUPS

The following table is a summary of the total strength for a number

of Fermi groups, tabulated in series according to the value of v 3'

The strengths of allowed transitions are taken from Benedict &

Wattson (1969); those of induced transitions are as in sections IV. B. 1,

o 0
IV. B. 2, and IV. C. 2 -- except for transitions to the 4 0 and 6 0

groups, where we have analyzed the results of Fahrenfort (1955) and

Burch, Gryvnak, & Patty (1968) to estimate the induced strengths.

TABLE 3: GROUP STRENGTHS

Max. Allowed Transitions Induced Transitions

value uni ts: c:m- Z ama- 1 units: cm-Zama- Z

of v Z v 3 - 0 v 3 - 1 v - 2 v - 3 v c 0 V = 1
3 3 3 3--- --- ---

0
. 4 -1

0.24x10 0.40x10

1
3 -3 -4

O. 20x 10 0.45x10 O. 6x10
2 -2 -2

2 0.73x10 0.57x10 0.45x10
-] -4 -5

3 O. 7]x]0 O. 82x 10 O. 5x 10
1 -3':' -5

4 0.10X]0 O.l1x]O 0.14t.10
-2 -5

5 0.46x]0 0.64xl0

6
-1 -6

O. 26x 10 0.7 X10
-4

7 0.54x10
-3

8 0.46xl0

r.m.s,
0.005 0.021 O. 12 0.05 0.012ratlO 0.08

':'From Burch, Gryvnak, & Patty (1965B); value uncertain.



The last line in the table shows, for each series, the strength ratio

from one member to the next, based on a least-squares fit to the

logarithms of the strengths. While accuracy is not great in such

short series, it does appear that the series ratios for allowed lines

given by Stull, Wyatt,& Plass (1963) require modification':'. Also,

the ratio for induced series is not the same value of v 3 (see Herzberg,

Fig. 80, p. 264, 1945). Instead, it is interesting to note that, if the

induced series are placed to follow the allowed series with the same

v
3

' a monotonically increasing sequence of ratios occurs (except for

the questionable value for v 3 = 3). Additional measurements of

intensities for both allowed and induced bands will be necessary to

verify such a sequence.

':'They giVe the decrease in total group strength as 0.001 for the

1 1 1
second column in Table 3 (transitions from ground to 01 1, 3 0, 5 0,

o 0 0
etc.) and 0.04 for the third columns (ground to 00 1, 2 1, 4 1, etc.).
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D. LONGER-WAVE WINDOWS: RELATION TO LINE SHAPE

The absorptivities measured herein for the longer-wave windows

permit testing the hypothesis that collision-broadened far wing shapes

become increasingly sub- Lorentzian at increasing wavelength. This

hypothesis was based on only three experimental cases':'.

The measured window absorptivities are formed by overlapping wings

of rotational lines from two or more vibrational transitions. It is

therefore not possible, within the scope of the present study, to

':'Burch, Gryvnak, Patty, & Bartky (1968) observed the extreme wings

of CO
2

lines in three spectral regions near 2400, 3800, and 7000

-1
em ,with pressures to 14.6 atm. Computer analysis was used to

separate the effects of line centers at different wavelengths, in order

to find the average contours for individual rotational lines. When

normalized at the line centers, absorptivities in the wings (10 to 100

-1
em from the centers) were sub-Lorentzian by 0.1, O. Z, and O. 6,

respectively. The authors say, "it is certainly significant that

-1
[beyond 10 em from line center] the curves occur from bottom to

top in the order of increasing wavenumber. This phenomenon may be

based on the ratio of the period of the electromagnetic waves to the

time the colliding molecules are within a certain distance." They

-1
suggest the need for absorption measurements near 8 75 em

(11. 4,,") to verify the expectation of even further deviation below

Lorentz.



isolate the individual contours. Instead, the observed absorptivities at

the centers of the 11.2.1-1 and 10.0\.1 windows are compared to those

predicted under three different assumptions:

a) Deviation from the Lorentz contour is inversely proportional

to wavenumber, as implied by the ratio of period to collision

time.

b) Deviation is proportional to the square root of wavenumber.

This assumption provides an intermediate case.

c) The null hypothesis of no regular dependence On wavenumber.

An average of the values in Burch et al. is used.

These cases correspond to values of -1, -1/2., and 0 for the exponent

in

57

0n [k(v)/k(L)]
n

== a \J
n

(at a given 6,) from line center)

where k(v) is the actual contour, k(L) is the Lorentz contour, and a
n

are constants fitted to the points in Burch et al.

As a first-order approximation to the overlap of rotational lines, the

-1
shape of the experimental curve near 3800 cm in Burch et al. IS

used for the dependence on 6v; its values are corrected for the

strength of each band contributing to the window contours. Table 4

gives the results, and appears to favor the null hypothesis, (c). This

conclusion is used in synthesizing a spectrum beyond 191-1, in section

VI. B. 3.
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Wavelength

Wavenumber

TABLE 4: PREDICTION VS. OBSERVATION

11.2~ 10.0~

-1 -1
895 em 1000 em

Number of contributing bands

Predicted absorptivity under (a)

Predicted absorptivity under (b)

Predicted absorptivity under (c)

Observed absorptivity

4 3

-7 -7
0.3xI0 O. Ix 10

-6 -6
o. 5x 10 O. llx 10

-5 -6o. llx 10 O. 32x 10

-5 -6
(0. 15±0. 03)x 10 (0. 7l±0. 14)X 10

1 -2
(absorptivity is collision-induced; units are em - ama )



VI. APPLICATION TO THE ATMOSPHERE OF VENUS

A. BACKGROUND

A cOITlbination of earth- based studies and data froITl the Mariner and

Venera spacecraft have established that the atITlosphere of Venus

contains large quantities of COZ' SOITle N
Z

and inert gases, sITlall

quantities of H
2
0, and traces of HC1, HF, and CO.

DisagreeITlent still exists as to whether other ingredients than CO
2

are

present below the clouds in significant quantities. The aITlount of

water is of particular interest, as it bears on the proposal by Dole

(1956) that the differences between the atITlospheres of Venus and the

earth result solely froITl the earth's greater distance froITl the sun. A

quantitative analysis of the evolutionary processes involved (Rasool &

deBergh, 1970) suggests a concentration of H
2

0 of 0.1% at the present

epoch. Water has also played a significant role in atteITlpts to explain

Venus' high surface teITlperature, by contributing to the ITlicrowave

and infrared opacity of ITlodel atITlospheres.

COITlparing the teITlperatures of the surface and the cloudtops, it is

obvious that nearly 99% of the surface black- body radiative flux ITlust

be prevented froITl reaching the clouds by opacity in the lower atITlO­

sphere. To explain such an opacity, the wavelengths where absorp­

tions are usually seen in the laboratory are of little concern, as the

depth and density of Venus' lower atITlosphere are so great that even
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small absorptivities will completely block radiation at those wave­

lengths. Rather, the "windows" - wavelength regions in the CO
2

spectrum that are usually considered transparent - are important:

when their widths are weighted by the black- body curve, they trans­

mit far too much radiation to sustain the observed surface temperature

of over 7 SOK.

Though some investigators (Sagan, 1960; Pollack & Morrison, 1970;

etc.) believed that water is necessary to close the windows in the CO
2

spectrum, another alternative was suggested by Thaddeus (1964). He

pointed out that the integrated opacity of CO
2

is very large, and if

only partly spread into the windows by pressures and temperatures

beyond those reached in previous experiments, a massive dry CO
2

atmosphere could provide enough greenhouse effect to sustain the

surface temperature. In the present study, partial closure of a num­

ber of windows has been found; this section will apply these results

and those of other investigators to a model of the Venus atmosphere.

In order to compare the net upward radiative flux within the lower

atmosphere of Venus to the flux emitted from the cloudtops, attention

was directed to ten windows in the CO
2

spectrum. In these windows,

allowed and induced absorptivities versus wavelength were combined

with an atmospheric profile of density and temperature, to obtain

radiative intensities versus wavelength, angle, and altitude. Total



flux was found by integrating over angle and wavelength, both with and

without the effects of an opaque cloud.

B. PARAMETERS

1. Profile

The profile froITl Avduevsky, Marov,& Rozhdestvensky (1970) is used.

It has a surface teITlperature of 768K, is essentially adiabatic, is

extrapolated froITl ITleasureITlents ITlade by Venera 5 and 6, and appears

to be confirITled by data transITlitted down to the surface by Venera 7

(Marov, 1971). The profile was used froITl zero to 95 kITl altitude.

2. The Windows

There are ten spectral regions within which the opacity of CO
2

is

sufficiently low so that, in a dry ITlodel atITlosphere, these wave­

lengths could carry energy from the lower atITlosphere to the clouds.

The liITlits of the window regions, as listed in Table 5, are those

wavelengths where the opacity has becoITle sufficiently great so that

no significant additional flux is tranSITlitted. In general, the spectral

regions other than the windows are filled with well- kn'o\\ID absorptions

of sufficient strength so that substantial opacity occurs above the

clouds, iITlplying that these non-window regions do not contribute to

radiative transfer froITl the surface and lower atITlosphere to the

clouds.
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TABLE 5: WINDOW LISTING

Name LiInits, fl Name Limits, fl

11. 75 - 10.65

10.225 - 9.725

9.175 - 8.075

6.925 - 5.325

Long-wave

11. 2fl

10.0fl

8.75fl

6.0fl

60. 5 - 18. 5 3. 5fl 3.725 - 3.135

2.3fl 2. 500 - 2. 150

1. 75fl 1. 815 - 1.665

1. 26fl 1. 285 - 1. 245

1. 1fl 1. 200 - 1.070

3. Absorptivities in the Long- Wave Window

If the region beyond IS. 5fl were transparent, it would radiate 3.6% of

the total energy emitted by a 76SK black body. This is 3. 1 times the

total emission of a black body at Venus' c1oudtop temperature of 251K.

Substantial opacity IYlUst therefore be present in the Venus atmosphere

in this spectral region; since previous analyses have not considered

CO
2

to be opaque at those longer wavelengths, they found it necessary

to invoke the presence of water vapor.

Though there is still a substantial gap between 20fland 45fl in published

CO
2

experimental work, there is enough evidence available to permit

synthesizing an absorption spectrum in the longwave window in a con-

servative manner.

First, the pressure-induced rotational absorption of CO
2

has been

. b -1measured by Ho, BIrn aurn, & Rosenberg (1971) from 7 to 220 cm



(1428 to 4511), over a temperature range from 243K to 333K.

Birnbaum(1971) discusses the wavenumber dependence of such absorp-

tions, and shows that an eventual exponential dec rease at larger wave-

numbers is preceded by a more slowly varying transition region. We

have therefore extrapolated the Ho et al. results with an exponential,

- 1
assuming that 220 cm is past the transition region. If this assump-

tion is wrong. the true induced absorptivity will be greater than used

herein. Ho et al. show a temperature dependence which decreases

-0.68 -1
with increasing wavenumber, reaching T near 200 cm We

have used this exponent throughout the reg ion of extrapolation. If, in

fact, the temperature dependence continues to decrease at higher

wavenumbers. the true induced absorptivity will again be greater than

used herein.

Second, the collision-induced wings of the strong 1511 bands will extend

to longer'Navelengths. While no far-wing measurements exist in this

_1
region, measurements of wing shape as far as 380 cm from other

band centers have been made by Burch. Gryvnak. Patty, & Bartky

63

(1968).
-1 a

Their results in the 3800 cm region (far wing of the 00 0-

a
2 1, II transition) have been adjusted to the greater strength of the

00
0

0_01
1

0 transition, and are used from 1911 to 3411 (526 to 295 cm-
1

).

with an exponential decrease thereafter. This extrapolation becomes

smaller than the extrapolation from Ho et al. beyond 3011, so that its

shape is not critical.
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Third, long-wave hot bands provide substantial allowed absorptivity.

A list of such transitions, with their allowed strengths, has been ca!cu-

lated by Benedict & Wattson (1969). We have taken 24 of these hot

bands which have significant strength, and whose centers lie frOIYl 177

- 1
to 544 em (56.6 to 18.4f.!), to synthesize allowed absorptivities versus

wavelength. The strength of each hot band was distributed over the

same contour (P, Q, and R branches) as that of the transition from

,',
','

ground with the same change in quantum numbers , located at the

proper wavenumber, and summed. Table 6 gives the resulting allowed

absorptivities, and also gives the induced absorptivities (the sum of the

induced rotational absorption in Ho et al. and the collision-induced far

wings of the 15f.! band).

The values in Table 6 apply only to 295K, and will vary rapidly with

tempe rature, in proportion to the changing populations of the lower

states. This variation is approxin,ated by selecting the most strongly

absorbing transition at each point in the spectrum (in =ost cases, one

is clearly predo=inant), and =ultiplying its allowed absorptivity by the

Boltz=ann factor corresponding to that transition's lower state. The

absorptivity K(T) at temperature T is related to that at 295K by:

K(T) " K(295) exp [(1 - 295/T)hvc/295k]

The correction is unity if the lower state is ground.

(8)

° ° -1':' For example, the 00 1-4 0, II at 322 em has the same change in

quantum numbers as the 0000_4
0

1,II transiHon at 4978 cm-
1



TABLE 6: ABSORPTIVITIES, LONG-WAVE WINDOW
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Wavelength.
microns

60.
59.
58.
57.
56.
55.
54.
53.
52.
51.
50.
49.
48.
47.
46.
45.
44.
43.
42.
41.
40.
39.
38.
37.
36.
35.
34.
33.
32.
31.
30.
29.
28.
27.
26.
25.
24.
23.
22.
21.
20.
19.

Allowed ,
Absorptivity'" ,

-1 -1 8
Cnl arna X 10

0.080
O. 115
O. 155
0.200
0.240
0.280
0.310
O. 325
0.310
0.210
0.110
0.250
0.320
0.320
0.290
0.200
0.070
0.040
0.025
0.027
0.030
0.028
0.036
0.095
0.230
0.420
0.900
1. 85
2.00
0.400
2.20
0.800
0.180
0.060
0.260
1.11
4.20

17.5
43.

170.
950.

4000.

Induced ':.:
Absorptivity,

-1 -2 5
em alUa X 10

6.29
5.90
5.51
5.14
4.78
4.44
4.11
3. 79
3.49
3.20
2.92
2.66
2.41
2.18
1. 96
1.75
1. 56
1.41
1. 24
1. 14
0.961
0.838
0.727
0.629
0.549
0.476
0.414
0.362
0.319
0.284
0.256
0.254
0.258
0.278
0.342
0.429
0.620
0.863
1. 31
2.21
5.00

18.0

See Appendix E, part 2, for definitions.
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Several other factors do not appear in the synthesized long-wave

absorption spectruITl.

a. The effect of temperature in changing P and R branch shapes

is not included. This will have the effect of filling in the

regions where the linear absorption is low.

b. Pres sure- induced wings of hot bands are not included. These

will cause an increase of a few percent at room temperature,

but will contribute more strongly at higher temperatures.

12 16
c. Isotopic species other than 626 (the common C °

2
) have

not been considered, except for the 000 1_4°0, Illine at 322

- 1 - 1
ern mentioned above, which is shifted to 272 and 261 ern

in species 628 and 636, respectively.

The greatest uncertainty in the synthesized spectrum is in the region

near 20ll' However, the values of allowed absorptivity agree closely

from 19 to 22ll with resuIts reported by Anding (1967) using'more

sophisticated methods; and if both allowed and induced absorptivities

are applied to the experimental conditions of Burch, Gryvnak,

Singleton, France, & Williams (1962), predicted opacities agree with

their results at 19 and 20ll' It is therefore believed that the synthe-

sized spectrum will provide a valid basis for analysis until comple-

tion of current experimental work between 20 and 40ll (M. J. D. Low,

1971).



4. Sources of Other Data

In the windows at 11. 2, 10. 0, and 8. 751-1' allowed absorptivities were

obtained from 18 hot bands in the compilation by Benedict & Wattson

(1969), using the procedure outlined in section VI. B. 3 and the

Boltzmann correction for temperature as in equation (8). They were

supplemented by the allowed absorptivity given by Burch, Gryvnak,

& Pembrook (1970) for the wing of the 2°0, I in isotopic species 628

from 8. 1 to 8.251-1' with exponentially decreasing extrapolation beyond.

Induced absorptivities were as measured in section IV. B. 3.

In the 6.01-1 window, the data of Burch, Gryvnak, & Pembrook was

analyzed in a series of simultaneous equations in order to provide

both allowed and induced absorptivities.

In the 3.51-1 window, the data of Gryvnak, Patty, Burch, & Miller

(1966) and Burch, Gryvnak, & Patty (1968) provided allowed absorp-

tivities. Induced absorptivities were obtained from the present study

by normalizing observed spectral contours at high density to the

induced term in the analysis of measurements of 3. 31-1 (section IV. B.2).

The 2.31-1 window has already been discussed in detail. Induced

absorptivities as in section IV. B. 1 were supplemented with allowed

absorptivities near 2.151-1 from Burch, Gryvnak, & Patty (1964).
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The 1. 26 11 window has only allowed absorptivities, taken from Burch,

Gryvnak, & Patty (l967). The 1. 75 11 and 1. 111 windows are taken as

transparent over the wavelengths where neither the present study nor

Burch, Gryvnak, & Patty (1965B) found any absorption.

Figures 17 and 18 show the allowed and induced absorptivities at

295K, as used to calculate radiation properties of Venus' atmosphere.

As explained previously, the absorptivities in the unplatted regions

between the windows are so much larger that they do not contribute to

the flux in the lower atmosphere.

5. Clouds

Calculations were performed with and without the effect of opaque

clouds. In the fanner case, altitudes of the cloud bottom and top are

taken as 59 km and 65 krn, based on Avduevsky, Marov, &

Rozhdestvensky (1970). The corresponding temperatures are 278. 3K

and 251K. Cloud emissivity is taken as unity.

6. Limitations of the Model

a) Temperature variations with latitude, longitude, and time

are not included. However, Thaddeus (1968) has shown

that there will be les s than 30K variation at the surface.

This is a small enough fraction of the average surface tem­

perature so that results can be based on that average.
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b) The effect on the spectrum of individual rotational lines is

not considered. Pronounced rotational structure appears in

the strong allowed bands, not in the windows, except for a

few weak hot bands and scarcer isotopic transitions. In

these cases, it may be noted that the amplitude between peak

and trough is reduced by pres sure broadening to about 30%

at 4 atm, permitting averaging over the rotational lines at

altitudes of 40 km and lower on Venus.

c) Absorptivity is assumed to be either linear or square-law

in density. Intermediate cases actually occur between the

centers of bands and their far wings, but such near wings

are outside the windows except for the edges of the 11.2,

10.0, and 8.751-1 windows. In these, treating the experi­

mental data as square-law is conservative.

d) The cloud may not have a well-defined bottom. Condensable

or particulate material may extend to lower altitudes or

even to the surface. This possibility can not be taken into

account until more observational evidence from Venus is

available to provide the parameters on composition, size,

number density, etc.



C. CALCULATIONS

I. Transfer Equation

The radiative properties of the model of the lower Venus atmosphere

were obtained through nUD1erical integration of the transfer equation as

in Chandrasekhar (1960). For upward radiation intensity I at a given

wavelength, it gives:

71

TO -(t-T)/cos8

J C1(t, 8, ¢) e dt/cos 8
T

(9)

where T is the optical depth (T = T at the surface), and C1 is the
o

source function. The downward intensity is given by (9) if cos 8 and

TO are replaced by - cos 8 and T ,where T is the optical depth at
m D1

the bottOD1 of any opaque clouds; T = a for no clouds.
m

As SUD1ing sy=D1etry around the vertical, the radiation flux is

n

:F = 2n J 1(8) cos 8 sin 81',8
o

(10)

Since the local teD1perature is defined, and since scattering is not

considered, the source function ';1 becoD1es B(T), the Planck function.

In the absence of other sources, Ih ,8, ¢) is €B(T), at T or T , the
o 0 m

teD1perature of the surface or cloud bottoD1.
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2. Step Size

The number of steps in the numerical integrations over height, angle,

and wavelength were varied in a series of trials, in which accuracy

was checked as the number of steps was changed.

Intervals of 0. 2 km were used in height. In angle, 20 steps were used

(10 in each hemisphere), with size varying as described by Diamante

(1969) so as to provide annuli of equal projected area.

In wavelength, 201 steps were used, with closer intervals in those

spectral regions with more rapid changes of absorptivity. The step

size s Were:

from 60.51-1 to 15.01-1 ' 1. 01-1 wide,

from 15. 01-1 to 10. 01-1' 0.11-1 wide,

from 10. 01-1 to 3.251-1' 0.051-1 wide,

from 3. 251-1 to 1.01-1, 0. 011-1 wide.

D. RESULTS

1. Flux

Figure 19 shows total flux for all wavelengths Versus altitude, inclu­

ding the effect of infrared-opaque clouds. The level of flux for a black

body at 251K, the cloud-top temperature, is also shown. Curves are

also given indicating the amount of flux without the induced absorptions

found in the present study near 2.31-1 (the 00°0_3
1

1 pair), and without
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the synthetic spectruITl between 60.5 and 20. 51-! in the long-wave region

(though the induced rotational absorption froITl Ho, BirnbauITl, &

Rosenberg (1971) is still included). Neglecting the slight decrease

which results from the cloud discontinuity, the flux entering the cloud

5 -2 -1 1 . hbottom is 2.3 X 10 ergs CITl s ,which compares close y WIt a

5 -2 -1
cloud-top emission of 2.25 X 10 ergs cm s at 251K. It is

therefore not necessary to invoke the presence of other absorbers than

CO to sustain a surface temperature of 768K.
2

The induced 0000_3
1

1 transitions found in the present study are quite

significant to this conclusion. This can be seen by noting the differ-

ence between the lower and middle curves in Figure 19: without the

5 - 2 - 1
2. 31-! induced absorptions, an additional 5.1 X 10 ergs cm s

would reach the cloud bottom. Similarly, the upper curve shows that,

without the long-wave synthetic spectrum, there would be an addi-

5 - 2 -1
tional 1. 1 X 10 ergs cm s While these increases may at first

appear large (considering especially the narrowness of the 2. 31-! win-

dow), they are actually small in comparison to the total flux of

7 - 2 - 1
1. 98 X 10 ergs cm s that would be emitted from the surface if

there were no greenhouse effect.

Figure 20 presents the results of similar calculations without clouds,

for comparison only; the curves have little physical significance, as

they do not allow for radiative transfer in the upper atmosphere.



2. Other Variables

In the process of computing intensity and flux, other quantities were

readily obtained as functions of wavelength. Optical depth is shown in

Figure 21; the values (which, though not shown, are much higher in the

more strongly absorbing regions between the windows) meet the

criterion estimated by Wattson (1971) that an average optical depth

34. .
between 10 and 10 IS requIred to support the surface temperature.

The radiation intensity in the windows, averaged across the disc of

Venus, that might be expected if there were no clouds, is shown in

Figure 22. The effect of the upper atmosphere is not included.

Figure 23 shows the effective radiating altitude (that whose optical

depth is equal to 'l" + 1). For the wavelength regions between the
m

windows, the effective altitude is above the clouds. Some of the

deviations from smoothness in flux versus altitude (Figures 19 and 20)

are explained by the fact that there are certain altitudes (such as 42-

44 km) where a number of different wavelengths all "decouple" from

the atmosphere (reach a large mean free path) at once; their energy is

thus appropriate to the temperature at the effective altitude. This

effective temperature is given in Figure 24; in the transparent win-

dows, it is equal to the surface temperature.
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l. Comparison with Observation

The agreement shown in Figure 19 between the flux reaching the cloud

bottom and that leaving the cloud top depends on the cloud-top tempera­

ture. While the 251K vahle is based on results from the Venera space-

craft, it is higher than the 235K tJ 245K often quotl·d on the basis of

brightness temper<lture in the 8 11 region. It is therefore desir<lble to

take a rnorc comprehensive view of brightness temperature. Unfortu-

nately, the avaibblc observations at other w<lvelengths <lre sparse. The

results of Hanel, Forman, Stambach, & Meilleur (1969) show bright­

ness temperatures rising from 240K at 8. Sf.' to 255K <It 12 11 , on the

basis of carefully calibrated measurements from 8.411 to 9.411 and

10. 3 i1 to 1311. "Absorption-like" features arc seen <It 9 and 11. 2[1.

Gillett, Low, & Stein (1969) COVer the ranges 2.9 to 5. 7 11 and 7.4 to

13.8 11 . Though similar dips arc visible, their brightness tempera­

tures arc lower than those of Hanel ct 0..1., except [or higher values at

shorter wavt:lengths. A sharp rise to 350K at 2.9;1 is attributed to

solar scattering, at least in part.

More recently, F. J. Low (1971) states that solar scattering has still

prevented acceptable short-wave work, but broad-band observations

in the 17.5 to 25 i1 region show a rise of about 15K as compared to the

8 to 1011 region (Armstrong, 1971). Since the 15 p band of \! 2 in CO
2

plays a strong role out to 20 11 , the increase between 20 and 2511 must

be even larger. The work of F. J. Low and Armstrong also shows a



drop between 30 and 471-1, followed by an increase to over 270K from

46 to 1001-1. In summary, it appears that a broad-band average of

brightness temperatures may well agree with a cloud-top temperature

near 250K.

Referring again to the work of Hanel et al. and Gillett et al. , the fact

that the intensities versus wavelength which they observe do not

exhibit the variations in Figure 22 indicates a high degree of attenua­

tion in the clouds, and justifies treating them as infrared opaque. It

should again be emphasized that the parameters used in the present

study are appropriate primarily to transfer within the lower atmo­

sphere. While the results herein cannot exclude the possible pre­

sence of absorbing gases, dusts, or droplets below the clouds, they

do indicate that infrared- absorbing constituents other than CO
2

are

not required to explain the hig h surface temperature.
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VII. ACCURACY AND STATISTICS

To confirm that the absorptions found in the 2. 3fl region are due to

collision-induced transitions, their proportionality to density squared

must be verified. Then the accuracy of the peak and integrated absorp-

tion, and of other derived quantities, must be obtained. Finally, the

accuracy of the application to the Venus atmosphere must be assessed.

A. FUNCTIONAL DEPENDENCE ON DENSITY

The experimental observations of absorption versus density can be

fitted to smooth functio'ns, using a least-squares approach to deter-

mine the function parameters. Where a choice of several possible

functions exists, statistical tests can be made between them. The peak

absorptions shown in Figure 15 were fitted four different ways: to

polynomials of first, second, and third degree, and to a single term in

density squared.
2

Since there are not enough points to use a X test (at

least 30 are recommended by Parratt, 1961), the F test is used.

Table 7 shows, for the four functional fits, the values of Parratt' s

2
[l = (I\Y) / (d. f.), the sum of squared deviations around the regression

line, divided by the number of degrees of freedom. The goodness of

fit is tested for two different wavelengths, labeled B ani D in Figure

15, and which are plotted versus density as x's and dots, respectively,

in Figure 16. Note that the statistical measure F is defined as the

ratio of [l' s when comparing two hypotheses.



TABLE 7: GOODNESS OF FIT

Type of Fit Point B Point D

-z -Z
(1) A

O
+ A

1
x [1 = O. 25xl0 0.18xl0

2 -4 -4
(Z) A

O + Al x + AZx [1 = 0.81xl0 O. 59x 10

z 3 -4 -4
(3) A + A 1x + AZx + A

3
x [1 = O. 66x 10 O. 63x 10

Z -4 -4
(4) A

2
x C1 = 0.·87xl0 O. 69xl0

COITl1?are (1) and (Z) F = 30.8 30. 3

Compare (4) , best of (2), (3) F = 1. 3Z 1.17

A highly significant improvement occurs going from a linear fit to any

of the others: for point B, the improvement will occur due to chance

about once in 10
6

, and for point D, less than once in 10
7

. On the

other hand, there is little difference between fits (Z), (3), and (4).

With respect to the pure square-law fit, (4), adding other constant,

81

linear',

ratios

for D.

or cubic terms gives no significant improvelTIent, as the F-

could occur by chance 32% of the time for Band 38% of the time

2
Acceptance of the single term of the form AZx therefore seems

justified.

B. ERRORS

1. Signal-Level Errors

The individual absorption measurements are affected by numerous

sources of error. The quantity used in calculations is the logarithm
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of the transmission ratio between COZ and N
Z

-- where the separate

measurements on the two gases were taken days or weeks apart. Thus,

ordinary problems such as instrument error, reading error, etc. are

supplemented by long-term drift, effects of filling the tank, etc.

On the basis of five test runs with N
Z

over a period of seven weeks,

r. In. s. error s appear to be:

Output noise fluctuations and reading error

InstruIT1ent error

Instrument drift

Source intensity variation

Hysteresis from pressure changes

O. Z%

0.5%

0.5%

l.O%

l.O%

Summing these twice on an r. m. s. basis (once for COZ' and once for

the N
Z

reference) we obtain an r. m. s. error of ±Z. 3% in the ratio.

After taking the logarithm of the transmission ratio, this becom·es an

absolute error (not a percentage) of ±O. OZ3.

Z. Gas-Based Errors

Temperature could be measured within ±O. SC and pressure within

±5 p. s. i. ~:~, on an r. m. s.basis. This causes density errors that are

':'The pressure gage 'is rated with a maximum error of 10 p. S. 1. in the

range used. This is taken as 2a rather than the usual 30 because the

manufacturer's quality standards cut off the tail of the distribution.



±O. 17% and ±O. 3 amagat, respectively, at low pressures, but rise

rapidly as the critical point is approached. For example, at 60, 75, and

and 95 an1a, the cOn1bined effects are 1. 6, Z.I, and 3.8 an1a; with

absorption proportional to density squared, apparent errOrs will be

5. 3%, 5. 8%, and 8. 0%.

3. Effects of Errors on Absorption

Recalling from s~ction IV. D. 1 that the spectra fell into three classes,

we can estimate the error in optical depth as the r. m. s. sum of signal-

level and gas-based errors for the spectra in class (a) -- those not

requiring normalization. For those with normalization, class (b), the

errors are estin1ated to be about twice as large. Though the errors

in the lower-pressure spectra in class (c) will be sn1aller (since they

were not compared to the N
Z

reference spectrum), they do not affect

the accuracy of the overall results.

Sample error bars have been placed in Figure 16 to show the errors in

each class of spectra; in cOn1bination, they lead to an error in the

induced absorptivity at each wavelength of about 10%. This is increased

to 15% in the induced strength because of uncertainties in estimating

the far wings of allowed lines, which n1ust be subtracted.

1
In both the induced 3 1 Fern1i pair and the simultaneous transitions

with N z (Figures 10 and 11) the relative error between absorptivities
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at different wavelengths is of the order of 1% or less; the] 5% applies to

the overall level.

C. EFFECT OF ERRORS ON DERIVED QUANTITIES

1 1
Errors in the ratio between the 11 1 and the 03 1 matrix elements

were derived by performing the calculation three times: at the central

point and at the error extremes.

The polarizability derivative a; 23 is proportiona] to the square root of

the induced strength and to the quadrupole moment. With the errors

in induced strength and quadrupole moment being 14% and 5%, the

formal error in this polarizability derivative would be 8.5%. This

has arbitrarily been increased to 15% in order to allow for other errors.

These might include errors in using the Lennard-Jones potential, as

well as any other hidden or systematic errors.

D. ERRORS IN APPLICATION TO THE VENUS ATMOSPHERE

Considering the many sources of data used in section VII, any gener-

alization about errors in the atmospheric results would be inappro-

priate. Instead, the sensitivity of the results to changes in the data

was evaluated by varying the parameters in the computer analysi~'.

The only sensitive result is the optical depth at the surface, which is

directly proportional to the absorption coefficients, and varies even

more rapidly with surface density. For example, the additional CO
2



due to a l-km reduction in radius increases the surface optical depth

by about 15% at most wavelengths.

Other results are affected much less. This is because the emerging

intensity is that of a black body whose temperature is at the "effective

altitude" where the optical depth is unity (see Figure 24). Since typical

density and temperature gradients are 6% per km and 8. 5K/km, a 10%

change in absorptivity will shift the effective altitude by 1. 7km and

the effective source temperature by only 1. 4K. As examples in the

Rayleigh-Jeans portion of the spectrum, a two-to-one change in both

components of absorptivity causes only a 9% change of intensity; a 5"10

change in the CO mixing ratio causes under 1% change in intensity.
2

The sensitivity is greater at wavelengths near the peak of the Planck

curve and shorter (the peak is near 3. 8 f.l for the 768K surface temper-

ature), but these wavelengths contribute less than 20% of the total flux.

Empirically, variation of 3 km in radius produces less than 1% change

in the total flux; variations of 5% in the CO
2

mixing ratio produces less

than O. 4%.
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VIII. CONCLUSIONS

Using equipment built to detect previously unobserved coUision-

induced infrared absorptions, total strength of two new overlapping

-6
COZ bands near Z. 311 has been measured to be (6. Z ± 0.9) X 10

-z -z
em ama

- 1
One is centered at 4Z40 ± ZO em • with strength

-6 -z -Z -1
(Z.6 ± 0.5) X 10 cm ama ; the other is centered at 4380 ± ZO em

-6 -Z -Z
with strength (3.6 ±O. 6) X 10 cm ama These absorptions are

1
attributed to induced transitions from ground to the Fermi pair 3 1 at

- 1 1 0
4247 and 4391 cm , and to the associated hot bands 01 0-4 1 and

1 2
01 0-4 1 with the same change in quantum numbers. The induced

-6
strength of the transitions from ground is (5. Z5 ± 0.25) X 10

-Z -2
en1 ama

is 1. 4 ± O. z.

The strength ratio of the upper absorption to the lower

1 .
From this, the lower unperturbed state 11 1 1S calcu1a-

ted to have a matrix element for the transition from ground 8. <~: ~

1
times that of the upper state 03 1. Such a crossing-over of strengths

is shown also te> occur in the COZ Fermi Raman pair near 7.511'

o 1
Absorptions due to simultaneous transitions 0 -. 1 in N

2
plus 00 0- 3 0

in COZ have been observed; though their intensity increases in pro-

portion to the amount of N
Z

as expected, their shape requires further

study at higher resolution. Evidence is presented for observation of

the induced OOOO_OOOZ transition in COZ at 4673 cm -1, with strength

-6 -Z -Z 0 1
3.8 X 10 cm ama . The induced 00 0- 0 1 1 transition at 3004

- 1
cm has been observed in more detail than in previous work,



finding its strength to be (6. Z ± 1.3) X 1O-5cm-Zama-Z.

Previous investigations have been surveyed or analyzed to obtain

strength estimates of three other induced groups. These and the

results herein have been used to calculate eight of the polarizability

derivatives of the COZ molecule, including an improved value of

- 15 Z
a~ = 1. ZO X 10 cm, and all second derivatives. The change in

strength with V z (for fixed v
3

) has been determined, and is less rapid

in induced groups than in the allowed groups with the same v
3

'

Induced absorptivity versus wavelength has been measured in three

"window" regions between 1Zl1 and 811' The results permitted testing

and rejectin'g a hypothesis that the far wings of allowed lines become

increasingly sub- Lorentzian at longer wavelengtlis.

The experimental results in this study have been combined with those

of other references to generate linear and density-squared components

of absorptivity versus wavelengths in ten windows. Applying the win-

dow absorptivities to a profile of the Venus atmosphere, the flux

reaching the bottom of the clouds is found to agree closely with the

b1.3.ckbody flux at thc cloud-top temperature. Without the induced

transitions discovered in the Z. 311 region, substantial additional opa-

city would be required from some other substance than COZ'
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APPENDIX A. REVIE W OF CO
2

VIERA nONS

1. General

In carbon dioxide, the vibrational nlodes are: V J a symnletric
1

stretch; V 2' a bending which is degenf'rate with respect to two

orthogonal planes through the molecular axis; and V 3' an asym-

nletric stretch. The degenerate bending IT10UCS combine to give

a generalized bending and a rotation around the axis. The quan-

tum number of this rotation, L is equal to or less than v
2

(the

quantum number of v 2)' and is even or odd according to v
2

. The

modes are shown in Figure 25.

2. Infrared and Raman Acti vity

The \) 2. and \)3 modes are ol>served in the infrared, with wav('-

- l
numbers 667 and 2349 cm Because of the symmetry of the CO

2

molecule, it has no dipole moment at rest, nor during symu1etric

axial displacements of the oxygen atoms. The V 1 mode and pure

rotational transitions (around a normal to the axis) are therefore

not optically active. For V 2 and V 3' opposing displaCl'ments are

centrally symmetric, so that their even harmonics are also opti-

cally inac tive.
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V,O = 1332.87 em-I
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Fig. 25. The three fundarn.ental modes of vibration of the carbon dioxide molecule.
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Fig. 26. T\vo classical trajectories in the x - y pLane, which might correspond to the

2°1 Fermi pair. Each is a Lissajous combination of the v 1 and 2IJ
Z

classical motions;

the two trajectories can be summed with appropriate phases to yield the straight-line

motion for either \) 1 or 2 \) 2'
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Since the polarizability of CO
2

is, by symmetry, the same at either

extremum for both \!2 and V3' 00,10", 2 = 00,10"'3 = 0, and these modes

will not be aetive in the Raman effect. The polarizability of VI is dif-

ferent at its two extrema. It is therefore expected to be active in the

Raman effect, as are pure rotational transitions and the even har-

monies of the other two vibrational modes.

3. Induced Infrared Activity

Although the polarizing field in the Raman effect oscillates many times

during the period T of molecular vibration, Condon (1932) suggested

that Raman-active vibrations might also be excited in the infrared re-

gion by an intense fixed polarizing field or by the transient fields re-

sulting from close approaches of other molecules. The latter can be

thought of as fixed from the point of view of molc'cular vibration: In

-14
CO

2
, the strong Raman-active vibrations have T ~ 3 X 10 s, while

a room-temperature molecule with a relative velocity v ~ 3 X 10
4

cm/ s

-8 -13
will pas s the molecular length of 2 X 10 ern in about 6 X 10 s, so

that the induced field lasts over 20 T •

Since Raman activity is at a frequency displaced from that of the

exciting line by the vibrational frequency, the displacement from

11 zero-frequency'! excitation will be in the infrared, at the vibrational

frequency itself. Actually, the displacement should be around the

frequency spectrum corresponding to the Fourier transform of the



-1
encounter time. This would give a half -width of about 60 cm

at room temperature, as is actually observed.

If the perturbing molecule is different from the perturbed molecule,

it is possible for simultaneous transitions to be induced. In these,

a single photon of incident radiation raises the energy of both

molecules, giving rise to absorbing bands which are not present in

either molecule alone. The likelihood of collision-induced absorp-

tion and of simultaneous -transition absorption depends on the number

of collisions in the absorbing path. For foreign-gas induction, this

is proportional to the path length times the product of the molecular

densities of the two gases. For self-induction, it is proportional to

the path length times the square of the density.

There are two other types of absorption that are proportional to den-

sity squared. First, the rigid motions of translation and rotation

can be see'n in the microwave and far infrared region. Second,

absorption far from the center of an allowed line is also proportional

to density squared at any given wavelength, even though the shape is

not a predictable function of wavelength (Burch, Gryvnak, Patty, &

Bartky, 1968).

4. Fermi Resonance

The v 1 and 2v 2 lines are found in the Raman effect at 1285 and 1388

cm -1, rather than at their expected positions (both near 1336 cm -1).
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Fermi (1937) showed that if several vibrations with nearby energy

levels have the same symmetry species, and if there is a cross-

term in the potential function, mutual perturbations push the energy

levels apart (without changing the average energy of the group). In

the case of two interacting levels, the perturbed levels W' formed

from the unperturbed levels w~ and W~ are

w' Z
+ 4W

AB
=W ± 6/ Z (AI)

where WAB is the interaction term, and 6 IS the unperturbed differ-

a a
ence I WA - WB I.

The eigenfunction ~ , of each Fer~i-perturbedlevel can be regarded

as a mixture of the unperturbed eigenfunctions

,
~B

a
+ a~B (AZ)

(A3)

In the case of COz' a Fermi group is formed from any set of levels

with the same t and v , and with a constant sum of v and Zvz. Such
3 1

groups can, of course, occur in infrared or Raman spect ra. The

Raman pair above is the result of interaction between the unperturbed

-1
vI and Zv

Z
at 133Z. 87 and 1340.74 cm ,respectively. Figure z6

shows two possible motions for this pair. In each, one cycle of v I

occurs during each half-cycle of v 2 (the latter at an amplitude cor-

responding to quantum number 2).



5. Energy Levels

Observed energies of overtone vibrations and of combinations of

several vibrations are slightly different from sums of the fundamen-

tal energy levels, due to anharmonicity in the potentials of the three

displacements. Dennison (1940) showed that higher-order and cross-

terms in the potential cause additional terms in the energy formula,

and gave an expression for the term values (energy divided by he),

referred to the potential minimum.

It is usually more convenient to refer the energy to the lowest state,

93

thus deducting the zero-point energy. In CO , the appropriate
Z.

expression includes modifications to allow for the \! Z. degeneracy;

third-order terms provide sufficient accuracy for all experimental

work:

3 3 3

+LLL:>ijkViV/k
i «; j «; k

V.V.
1 J

(A4)

Table 8 gives values for the spectroscopic constants in equation (A4),

from Benedict and Wattson (1969).

NOTE ADDED IN PROOF: Cihla & Chedin (1971) give constants for

nine isotopic species, referenced to the potential minimum.
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TABLE 8: CO
2

VIBRATIONAL CONSTANTS

WO 1335.7470
0 = 667. Z133

0 = Z361. 6319
1 = W

z
w

J

0
-Z. 9697

0 1. 616Z
0

-lZ.5318Xu = x
Z2

= x
33

=

0 -5. 3564 0 -19.1963
0

-lZ.4953x
1Z

= Xu - x =
23

Y111 = -0.0019 YZZZ
= 0.0085 Y333

= 0.005Z

Yll Z
= 0.0 YIZZ

= -0.00Z5 Y113
= -0.0864

Y133
= -0.060Z YZZ3

= -0.0022 YZ33
= 0.0187

Y1Z3
= 0.0 W = 51. 7416 gu = 1. 4604

e

YI {.{. = -0.01Z0 YZ{.{. = 0.0184 Y3tt = 0.0103

, 1 = 0.5120
'Z = 0.6591

'3
= O. Z840

Wzz = 0.0100 W
Z3

= -0. 1030

The '.Iv and \ are used to calculate the interaction between levels in

Fermi resonance:

- Wn V
Z

V
3

]
~ Z Z-'

ZWAB = [We - , IV 1 - 'Zv Z - ).. 3v 3 -
Z (vz+zl VI -{. v 1 J' (A5)

WZZvZ

t t
where the levels have quantum numbers v

l
v

Z
v

3
and (v

l
-1)(v

2
+Z) v

3
'

For more complex Fermi groups with N members, perturbed levels

are found by linearizing the N X N matrix with the WAB as off -diagonal

elements. Table 9, at the end of this Appendix, gives term values and

1
other data up to the 01 2 level for various isotopic species.



6. Molecular Constants of CO 2

• C - ° spacing, L

• Effective charge on each oxygen

• Quadrupole moment

• Moment of inertia

-8
1. 16xl0 cm (Herzberg, 1945)

-10
-1. 01xl0 eSu (Fahrenfort, 1955)

- 26 2
(-4.5 ± O. 2) X 10 esu-cm

(Ho et at., 1971)
-39 2

7.17x10 g-cm (Herzberg, 1945)

95

• Mie 6-12 (Lennard-Jones) potential constants: (Fahrenfort. 1955)

-8 -15
Radius 4. 57 X 10 cm Enec'gy 25.6 X 10 erE;.

• Polarizability, r. m. s.
- -25 3
a. = 26. 5x10 cm

(Brand and Sparkman, 1960)

• Force constants: for symmetric stretch k 1 = 16. S X 10
5

dyne/ cm;

. 2 5
forbendlUgke/L =0.57x10 dyne/cm. (Herzberg, 1945)

• Normalization factors for dimensionless normal coordinates

N
1

= Jh/2n
2

m v 1
c O. 562 X

-9
= 10 cm

N
2

=jh(2m+M)/Sn2mMV2c O. 760 X
-9

= 10 cm

~ 2 -9
N

3
= h{2m+M)/Sn mMv

3
c = 0.405 X 10 cm

~:~

• Potential V/hc = 677. 37S~ + 336. 45S~ + 119S. 16S~ - 30. 2S~
2 2 4 4

+ 73. 9S IS 2 - 251. S IS 3 - O. 33Sl + 5 2 . S2

4 22 22 22
+ 0.01S

3
+ 296,S lS2 + 25.9S 1S

3
- 27. 55S 2 f 3

Recalculated after Dennsion (1940), using his rotational constants

d h . T bl S C ff" f 4 d' 2 2an t ose ln a e. oe lClents 0 S2 an SlS 2 are doubtful because

Fermi resonance is not well handled as a perturbation, and because of

the influence of higher-order terms (see Cihla & Chedin, 1971). For a

different approach, see Statz, Tang, & Koster (1966).
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APPENDIX B: DEFINITIONS AND NOTATION

1. Introduction

This Appendix defines the quantities and units used in infrared absorp-

tion, reviews the standard notation for symmetry representation of

CO
2

vibrations, and recommends consistent means for denoting Fermi-

group vibrational states and isotopic species.

2. Absorption Units

For radiation of initial intensity I passing through a medium which
a

reduces its intensity to I, the transmittance T and optical thickness

T are defined by

101

II I
a

- T
= T = e giving T = - 0n T (B 1)

In a gas, optical thickness equals the gas amount u, times an absorp-

tion coefficient it. The common units for u, atIT1-cm, require correc-

tion for temperature and for departures from the ideal-gas law, so

that units of amagat-cm are more appropriate, where the amagat

density p is defined below. From the mole cular viewpoint, the optical

thickness T equals G, the absorption cross -section per molecule,

. 2
times N, the number of molecules in a I-em column. Comparing

the two expressions: T = /t u = /t P L = rrN = sLn (L and n are path

length and molecular density). From this, /tIs = nip = 2.69 X 10
19

-3 - 1
molecules-em ama . This is also equal to N IV .

A a
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With induced absorption, we can write

(BZ)

where x. is the "allowed absorptivity" and x.' is the "induced absorp-

tivity"; the latter's contribution to T is thus proportional to density

squared.
, -1 -1 -l-Z

The units of x. and x. are cm ama and cm ama

respectively. The strength of a line or band, also called its

integrated absorption, is K+ pK' =1" (v )dv + f'(V)dv . The units of

-Z -1
K and K', allowed strength and induced strength, are Cm ama

-Z -2
and ern ama

In planetary atmospheres, T is called optical depth. At altitude h ,
o

h

1 m Z
,. (h

o
) = [x.(p, T) p(h) +" '(p, T) P (h) ] dh

o

(B3)

where the integration is from h to the top of the atmosphere h
o m

using the proper profile of p and T versus h.

3. Representation and Selection Rules

The CO
2

lTIolecule is in the symmetry class D
hro

, where the D
h

de-

notes dihedral symmetry around the x-y plane (orienting the long

axis along z), and the ro indicates the number of angles of rotational

symmetry. In linear molecules, the representation of vibrational

states is the same as in diatomic molecules, with Z, rr, /:" !p, r, H,



I, K, ... for 0, 1, 2, 3, 4, 5, 6, 7, ... units of vibrational

angular momentum 1'., •

The sUbscripts g or u are used to denote symmetry or antisym-

metry with respect to inversion at the origin; a superscripted +

or - indicates symmetry or antisymmetry with respect to a plane

through the z-axis. The L: occurs only in overtones of degenerate

modes of molecules with four or more atoms. In discussing rota-

tional lines of states with non-zero 1'." the superscripts c and dare

added for the odd and even rotational levels. If 1'., = 0, the zero

nuclear spin of 0
16

means that only even rotational levels appear

103

in L: + and only
g

d · +od ,n L:
u

and the three funda-+In this representation, the ground state is Zg

1 . I +menta s V l' v 2' v 3 are respectIve y nu ' Z g
+

and L:
u

The repre-

sentations of higher states are formed by combination rules given in

Tables 31 through 33 of Herzberg (1945), and are shown in Table 9.

For infrared transitions, one of the upper and lower states must

have the subscript g and the other u. 6 t may be 0 or ± 1; in the

former case, the rotational J must change by ± 1, giving rise to P

~:~

and R branches, but no Q branch. If 61'., = ± 1, 6 J = 0 is also allowed

':'Except that in hot bands between two n, t" ~, etc. states, a weak

Q is allowed but usually obscured.



104

so a Q branch appears. Raman selection rules requiJ:e that the

upper and lower states be both g or both u. Since 6J may be 0,

± 1, or ± Z, there are five branches: Q. P and R, and a and S.

In COZ ' these rules mean that the sum v Z + v 3 must be odd for

infrared activity and must be even for Raman activity.

4. Fermi -Group Notation

In polyatomic molecules, a standard condensed method of des-

cribing complex vibrations has been to list the quantum numbers

for each vibration in the same sequence as the vibrations are

numbered. If the molecule is linear (so that one or more of the

vibrations are degenerate), the angular rnornentum quantum number

for the degeneracy is superscripted to the appropriate vibration.

-1
Thus the 1956 cm level of CZH

Z
(which has five normal modes)

a 1
is labeled OOOZ I .

Even though COZ has a strong Fermi resOnance which mixes levels

~ t
v 1v Z v 3 and (v 1 - 1) (v Z + Z) v 3' it had long been customary to

assign increasing values of vito increasing energies within a Fermi

group. This was done because it was believed that the unperturbed

levels had energies increasing with vI' and the l'adiabatic assumption 11

assured that the predominant component of the mixed wave function in

the perturbed levels followed the same sequence. Thus, the Fermi

-1 0 0
Raman pair at lZ85 and 1388 cm was labeled OZ 0 and 10 O.



The first belief was cast in doubt by an apparent irregularity in

the isotopic dependence of the Fermi interaction term W lZ

(Courtoy, 1959). Further work by Amat and Pimbert (1956) re-

o
vealed that the unperturbed OZ a level was actually the higher.

This proves to be the case in a number of other Fermi groups, but

not in all. The unperturbed energy may decrease or increase wi th

increasing v 1; it is even possible for the behavior not to be mono-

tonic in larger groups.

As a result, several new terminologies have been proposed which

do not attempt to imply a particular sequence of v l' Oberly, Rao,

Hahn, & McCubbin (1968) use parentheses around the old notation

for the highest and lowest members of the group, and add a Roman

numeral decreasing with energy. The lines at 4853, 4978, and

-1 a a zoO 1) a a5100 cm (old 04 1, lZ 1, become (ZO 1 .. 04 l)IU,

a 0 0 a
(ZO 1 .. 04 l)U, and (ZO 1 .. 04 1)1.

A somewhat less unwieldy scheme was used by Burch, Gryvnak,

& Patty (1967), who use the maximum value of VI' the minimum

of v Z' and v 3' A Roman numeral, as above, is used as subscript.

The value of t is not given separately, as it is the same as v z. The

Z 2.
above lines become ZOl

ru
' ZOln , and ZOlr; the old 04 1 and lZ 1 be-

come lZln and lZl( Even single lines without Fermi resonance are

3
relabeled: 03 1 become s 031( The maximum value of v Z is inferred

105
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The lack of an explicit L proved to be a disadvantage, and the

earlier schemes have been partially supplanted by one used by

Benedict & Wattson (1969). In this, the value of L is given

after a comma:

the parentheses.

3
03 1 becomes (031,3)( Some authors omit

These three schemes all have certain disadvantages. First, the

Roman numerals move in the opposite direction with respect to

energy than do the quantum numbers; this is a consequence of

using the maximum value of v 1 to designate the group. Second,

lines with the same values of all quantum numbers except L look

quite different:
1 3

13 0 and 13 0 become 21 In and I30( Third, a

.? "1<:\\ (.+:1
. ' ...

drastic break is made with the well-known notation used not only

with COZ but with many other molecules.

The notation used herein attempts to use the positive features

of the various proposals, but without their disadvantages. First,

the maximum value of v Z is used to designate the group, with the

usual L superscript. The corresponding (minimum) value of v 1

is zero, so it can be omitted for brevity. This makes it logical

for the Roman numeral, used only in groups, to increase with

energy. Omitting the Roman numeral is an easy way to identify

an entire group. The standard notation is used for single levels

without Fermi resonance, and for the unperturbed levels in Fermi-

resonant groups .



The result is a notation which bears a definite resemblance to the

standard notation, does not require relabeling of unperturbed levels

or those not in Fermi groups, shows when levels~ in groups by

omitting the redundant v I' requires no more symbols than the stan-

dard notation, has a logical progression of Roman numerals with

energy, distinguishes between unperturbed and perturbed levels,

and provides a convenient shorthand for a whole group.

Examples of its use are given in Table 3, in Table 9 (Appendix Al,

and in Table 10, below, which compares it with the other proposed

notations.

TABLE 10: NOTATION COMPARISON

Level, Old Oberly et al.
Burch

Benedict Herein
- 1 et al.

cm

3181 OSlO (2110. 05
I

O)III 210
m

(2IO,I)m 5
1
0,1

3339 1310 (2110. 05
I

O)II 2IO
II

(210, l)Il 510, II

3500 21
1

0 (2110. 05
1

0)1 21°1 (210, 1)1 5
1
0, III

3241 05
3

0 (I3
3
0,05

3
O)II BOIl (I30,3)II

3
5 0, I

3443 1330 (13
3
0,05

5
0)1 130

1
(130,3)1 5

3
0,Il

3341 05
5

0 05
5

0 05°1 (050, 5)I 05
5

0

107



108

5. Isotopic Specie s

A compact notation has been proposed (Benedict, 1971) for iso-

topic species of simpler molecules. It gives the last digit of the

atomic weight of each atom, in a sequence corresponding to its

position in the molecule (e. g.: HOH, OGO, etc.). For diatomic

or non-linear molecules, the order is that of the usual chemical

symbol.
. 12 16 18 35

Thus heavy water is 262, GOO is 628, HGI is

15, partially deuterated ammonia is 4211.

In cases where confusion might arise, different elements may be

set off by a COmma. Thus, half-deuterated methane and acetylene

are 2,2211 and 22,21. Though the system becomes unwieldy for

more complex molecules, it is a considerable convenience for

ITlany common gases.



APPENDIX C: VALENCE-MODEL MATRIX ELEMENTS

1. Model and Assumptions

o 0
We wish to compare the matrix elements for the 10 0 and 02. 0

109

transitions.
2. 2. 2.

These correspond to (dalcSl)e;1 and (c alcS2.)e;2..

Since there are no cross-derivatives, each motion can be treated

separately. The molecular axis lies in the z-direction. Constants

are as given in Appendix A, part 6.

2.. Polarizability Components and Derivatives

F or a field E in the x- or y-direction, consider the molecule
.L

bent at an angle e and with a C -0 distance of R. The force on

the oxygen atoms leads to a torgue (gE} (R cos 9) = k
9

/19, where

the additional bend is /19 = /1x/R cos 9. The increment in the

dipole moment is \-'.
.L

the polarizability a
.L

= Zg/1x (where /1x = /1x
l
/Z + /1 x

3
1Zj,

2. 2. Z
=f.l1/E =2.g R cos elk

.L e

so that

The derivative with respect to the V 1 normal mode IS

3 ! ~='" ca.L ~
L..J c z. d z.
ill

where z. are the displacements of the three atoms. Since
1

Sl = zl - z3' the mode derivatives are S' 11 = 1, S '12 = 0, S' 13 = -1.

The V z mode IS ignored by setting e = 0, R = L + zl = -L - z3. This
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gives

do. 2q
2 do.

_.L_ .L= =
d z 1 (k I L 2)L a z3

a

SO that

do.
4q

2
.L =

de; 1 (k
e

I L 2)L

where we have set z = o for equilibrium.

The derivative with respect to the \! 2 normal mode is obtained

similarly, with e; 2 = x
2

- (xl + x
3
)m/M. The mode derivatives

are e; 1
21

=S '
23

= -m/M, S '
22

= 1.

To ignore vI' set R = L, and note that f::,x = f::,X
2

- (f::,x
I

+ f::,x
3

) I 2.

Then

do. do. 2 .
_ .L_ = _.1._

= q L sm e
d xl d x

3
k e

and

do. 2
J. =

2q L sin e
d x

2
k

8

This gives

do. 2

(I + ~).L =
4q L sin e

2 k
de; 2 e

This is zero at equilibriulTI, which is to be expected from the

fact that the v
2

fundamental is infrared active, not Raman active.



Repeating the process to get the second derivative,
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2.
d a

1. =
4q2.

k
e

For a field Ell In the z-direction, the force on either oxygen atom

2.
is Eq = k (z - z ) cos G.

1 2.
The induced dipole along the z-axis is

2. 2.
2.q(z - z2.), so the polarizability is all = 0 fl I I (, Ell = 2.q Ik

1
cos e.

This is independent of z, so its derivative with respect to e; 1 is

zero.

Following the above procedure, we find

=
2. .

4q sm e
4

Lk
l

cos G
(1 + ~)

which is again zero at equilibrium. The second derivative is

2.
2.0 a!! 4q

=
2. 2.

os2. L k
1

at equilibrium.

The averaged values are the sum of the squares of the components,

with the perpendicular weighted twice as heavily. The result is

17 2. 2. .. 2. -9
oali) '" 1 = 5.04 X 10- cm and 0 alo S 2. = 4.36 X 10 cm. Since

this analysis assumes the charge is centered on the nuclei, it

refers only to atomic polarizability, not electronic p01arizability.
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3. Matrix Elements

Evaluating the matrix elements, each derivative must be multi-

plied by the appropriate power of its normal coordinate and

integrated between the ground state and the excited states ~ 0
10 0

and ~ 0' respectively. Using the results of Appendix E, we

02 0 _ 26 3 27 3
have; A = 2.00 x 10 cm and B = 1. 78 X 10- cm, for a

ratio of AI B = 11.2.

It must be recognized that this comparison is based only on the

atomic polarizability. Nevertheless, it suggests an explanation

for higher-order matrix elements of the total derivative being

smaller than thos e of lower order.

Let us examine the effect of an additional differentiation. There

will be a moderate change in the numerical constants, but an

additional power of the length L = 1. 16 X 10 -8 cm appears in the

denominator. When the higher -order matrix element is formed,

an additional power of a normal coordinate appear s in the dipole

term and in the Hermite polynomial. The latter brings in a nOr-

malization whose size is the same magnitude as the vibrational

-10
displacement: for CO

2
, near 6 X 10 cm. Thus it is not

surprising if each increase in the order of the matrix element

decreases its size by an order of lTlagnitude, unless symmetry

causes a term to be zero.



Another viewpoint is to consider the extent to which the electron

cloud can be shifted by an external field if the atoms are not in

the equilibrium linear position. If the mOlecule is symmetrically

stretched, the two portions of the cloud between the carbon and

oxygen (the regions containing most of the Zp bonding electrons)

will be further from the nuclei, the ratio between the nuclear

field and an external field will decrease, and they will be more

readily polarizable. The Is and Zs electrons will be relatively

unaffected.

On the other hand, if tte molecule is bent, the nuclear spacing is

unchanged, and the bonding region will be unaffected. Near the

carbon, those of the Zp electrons inside the bend angle will be

further from the nucleus and thus more polarizable - - but those

outside the bend will be closer and less polarizable.

Putting it more simply, Brand and Sparkman (1960) state that

electronic polarizability (the major contributor to total polari­

zability) depends stl'ongly on bond length, which changes only

wi th r; I'

113
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APPENDIX D: MECHANICAL ANHARMONICITY

Overtone and combination lines can arise from ITlechanical anharmon-

icity (deviation of the potential from the form kg 2
) as well as from

electrical non-linearity (higher- order terms in the Taylor- series

expansion of the dipole moment or the polarizability). In the pres ent

- 1
study, all the induced strength of the bands at 4248 and 4391 cm has

been ascribed to the last of these. To verify that mechanical anharm-

onicity can safely be ignored, a brief discussion follows.

Expanding the polarizability to order ),3, many terms are zero because

of the symmetry of the CO
2

molecule. Those which remain are:

(D1)

If the time- dependent normal coordinates are expanded as in

Herzberg, p. 205 (1945), assigned powers of \ to indicate their order,

and inserted in (D1), the only term giving a frequency of"l (corres-

ponding to the Raman-allowed or collision-induced unperturbed trans-

o 0 3 ':'
ition 00 0-10 0) that is of lower order than), is

,;, In this and other time-dependent expressions, an additional sub­
script has been added before the comma to indicate which normal
coordinate ' s expansion the ?1 comes from, as Herzberg! s notation is
ambiguous. For brevity, phase is omitted. Powers of \ are not
grouped, but are written adjacent to the term in which they originally
appeared, in order to show their origin.



Aa ~ 'tl,.,OO cos (rvl~ ,which has no anharmonic components. Similarly,

most of the induced transitions with total quantum number change of

4
2 have only the harmonic term of lower order than A

115

frequency 2!JJ2:

However, the induced transition 00°0_20°0 with frequency 2!JJ
1

has

two term.s, the second with m.echanical anharmonicity:

2

A "(2 all 'tll.1OO

In the case of the 00
0

0_11
1

1 induced transition, the relevant fre-

quency is '1'1 + '])2 + 1J)3' and there are four terms of lower order

5
than A :

(DZ.)

The first term is harmonic, has been treated in section V. B., and

will be called Ph; the last requires a term in the CO
2

potential
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function of the form kS~SZS3 which is zero by syrnmetry. In the

second and third terms, 'll2.110 stems from 73.9 S lS~ in the potential

function, and 1'10 101 from - 251S 1S ~.

Parenthetically, it should be noted that mechanically anharmonic

terms with frequency Z,~ Z or ZUJ 3 might conceivably arise from the

dipole moment. Again allowing for symmetry, the expansion is:

(D3)

Inserting the normal coordinates as before, the terITlS leading to

spectively. However, they require terITls in the potential function of

3· 3
the forITl kS

Z
and k~3' both zero by sYITlITletry. Likewise, there are

six terITls frOITl (D3) which lead to frequency lli
1

+ UJ
Z

+ w
3

, but they

also steITl froITl terITls in the potential which are zero by sYITlITletry.

If any ITlechanically anharITlonic terITlS frOITl (DZ) were not zero,

they would not require an inducing field, and would thus be

proportional to density. Not only is such proportionality not

observed except for aSYITlITletric s.pecies (see section VII. A; Mannik,

McKellar, Rich, & Stryland, 1970; Burch, Gryvnak, & PeITlbrook,

1970), but it would violate the rule that a transition which is



forbcdden in the harmonic approximation does not become allowed

cf anharmonicity is added.

Returning to the remaining terms in (D2). we can determine their im-

portance by solving for the time- dependent normal coordinates, using

a first-order pertubation approach as in Baldwin (1967). We find:

117

251

Inserting these lTI (Dl), the two mechanically anharmonic terms with

2 " 1"12,0,0 73 . 9 A1'11,100

P ml =), Cl 23 2 1"13,00 1

" +2,) ,"wI' 1~2

Their contribution to the transition probabi.lity compared to that of

the harmonic term PH' is

2 2
P

m1
+P

m2

p 2
h

Not only is the numerical factor small, but the second derivative is

orders of magnitude smaller than the third. Neglect of mechanical

anharmonicity is thus justified. Dunham (1930) reached a simi.lar

conclusion with Hel, after a more rigorous analysis.
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APPENDIX E:

DEGENERATE EIGENFUNCTIONS AND HOT BAND STRENGTHS

1. Radial Eigenfunctions

The effects of degeneracy in t lYlust be considered when evaluating CO
2

lYlatrix elelYlents. While Hermite polynolYlials are the appropriate

eigenfunctions for those transitions involving changes in quantum nUlYl-

bers of vI or v
3

' both non-degenerate, they are only applicable to the

degenerate v
2

if the x and y cOlYlponents are treated separately. This

is not as convenient as forlYling new eigenfunctions which are linear

combinations of the cOlYlponents; see p. 81, Herzberg (1945).

Consider the case where v
2

has one quantum of excitation. This can

appear in either the x or the y cOlYlponent; the other will be unexcited.

The eigenfunctions are, in dimensionless normal coordinates (where

the subscripts on IjJ indicate the quantum numbers of V and v
2x 2y'

respectively):

--4
l -s /2:::: n e 2X •

Withx= p cos ¢, y = p sin ¢, an obvious linear combination is

1

In

2
-p /2 ±i¢

e pe (El)



where the last exponential indicates an angular ITlOITlentUITl with

two possible directions.

The COITlbined ground state 1S siITlply the product

119

o -1 -F: /2 _;C -s /2*0 0= ~ 00 0= TT . e ~?, • Tf "e 2 y

2
1 -p /2

0= - e
ITT

For two units of excitation, the x and y quantuITl nUITlbers can be

2 and 0, 1 and 1, or 0 and 2. The appropriate linear com.binations are

and (E2)

Similarly, the combinations for the next leveL are

(E3a)

and (E3b)

Table 11: NORMALIZED RADIAL POLYNOMIALS FOR 1jJ±-1-
n

-1-"0 1 2 3 4 5 6

no=O I/-r..

n= 1 plln

n0=2 IpZ • HI';; p zl.[fn

n,,3 (p3_ Zpl /./l; p3/~

n0=4 (p". 4p Z.Zl/ft,n \P"· 3p 'ljf,Jr;; p4;..jlA;,

n=5 (p'j~6/~ 6pl/Jfzn (pS~4p3)/~ p51Jfi~

n=6 (p"-'lp 4. illp Z-(,\(jlt;"".i Ip
6

-8p 4t n/')/.m1r (p" _Sp 5) IJUlf;; p6/~
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The explicit fOrIn of the first sixteen normalized radial polynomials is

_p 2! 2 ±i~1J
given in Table 11. They should be multiplied by e e • which

has been omitted for brevity.

These have been related to the associated Laguerre polynomials by,

for example, Shaffer (1941); including normalization, a more direct

expression is

±t
1jJ n

(_,p n-2P(ntt)1 (n-t)1
I p 2' 2 .

1 (nt t - 2P ) 1 (n-~- 2P ) 1p. 2 . 2 .

(E4)

In order for the series to terminate, t is restricted to the values n,

n-2, n-4, ... 0 or 1.

To obtain transition probabilities, the squared matrix elements must

be summed over tl,e x and y components. Table 12 gives the values of

n -n
2 1

Y

for a few cases. The entries in Table 12 must be multiplied by the

appropriate power of the coordinate normalization (Appendix A,

Section 6), but the statistical weights due to degeneracy can be taken

directly from the table by recalling that the energy of a level depends

on the absolute value of ~ but not on its sign.



Table 12: RADIAL TRANSITION PROBABILITIES
n -n n -n

Based on Squared Matrix EleITlents of x
2 1

and y
2 1

UPPER
n 1 2 3
.....L ~ ~ r

A ,

,(,2 - 1 +1 -2 0 +2 -3 -1 +1 +3

LOWER
n

1
t

1

0 0 1/2 1/2 1/4 1/2 1/4 3/16 9/16 9/16 3/16

i -1 1 1/2 0 3/4 1 1/4 0

1
I + 1 0 1/2 1 0 1/4 1 3/4

f:
3/2 1/2 0 0

2 0 1 1 0

+2 0 0 1/2 3/2

It is interesting to note that the selection rules appear as a result of the

integration over ¢, rather than fron, sYITlmetry over the length coordi-

nate, as is the case with HerITlite polynom.ia.ls. One consequence 18

that a given transition is affected not only by the ITlatrix elements of the

n
2

- n
l

power of the normal coordinates, but also by the higher powers

The values in Table 12 may be compared with the corresponding transi-

tion probabilities for the one-diITlensional harITlonic oscillator (using

HerITlitian polynomials), where
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n -n
2 1

x

It is interesting to note that this formula leads to the correct values if

. 0 1 0 0
used -- Improperly -- for the 0 -1 and 0 -Z transitions, but is

otherwise generally incorrect for degenerate transitions.

Z. Hot Band Relative Strengths

Using the foregoing, the ratio of strengths between a hot band and the

transition from ground with the same change in quantum numbers can

be calculated. Though the discussion which follows applies to COZ hot

bands, the principles apply generally.

o 0
First, consider transitions of the forrn 00 O-vIO v

3
, with a non-

degenerate upper level.
1 1

The corresponding hot band is 01 0- v
1

1 v3'

where the same matrix elements apply to \)1' \)Z (unity), and \)3 in

both cases; the hot band is degenerate in t. On the other hand, both

Inay be degenerate, as in the case of a transition of the form

o 1
00 a-vII v

3
,

1 2
01 0-v

1
2 v

3
.

1 0
with the corresponding hot bands 01 O-v

l
Z v

3
and

For completeness, a case with 6t = Z and one with

a non-degenerate lower level may be considered. These are listed

in Table 13, which includes the weighting factors for degeneracy.



Table 13: HOT BAND RELATIVE STRENGTHS

Transitions C or responding Strength Ratio

Kho/KOB
~:~

from Ground Hot Transitions

o 0 1 1
200 O-v

I
O v

3
01 0-v

1
l v

3
1 0

o 1 t
OI

0- v
12 v 3

1
00 0-v

1
l v

3 1 2
01 0-v

1
2 v

3
2

tIlo Z 01 0-v
1

3 v
3

5
00 O-vjZ v

3 1 3
01 0-v

1
3 v

3
3

o t o t
(v 1+ 1)00 0-v1vZv3 10 0- (v

1
+ l)v

Z
v

3

In COZ' the next-to-last line is allowed in the Raman effect or in

induced absorption; other cases with -t. < V z need not be considered, as

they are members of Fermi multiplets whose strength is dominated by

the term with largest vI'

B is the Boltzmann population factor for the lower level in the hot

transition (different in the last case).
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