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SINGULAR PERTURBATIONS IN THE STATE REGULATOR PROBLEM
- By Mark D. Ardema
National Aeronautics and Space Administration
Advanced Concepts and Missions Division, OAST
Moffett Field, California
SUMMARY

- In many optimal control problems, it is reasonable to neglect certain
of the terms in the system equations which are thought to have small effects
in order to make the solution of the problem more .tractable. When this
results in a decrease in system order, however, the resulting approximation
will not in general be able to satisfy all of the system boundary conditions
and thus the approximation will not be valid, at least:in a small region.
In this case, the system is said to be singularly perturbed. Unfortunately
most of the results of singular perturbation theory to date have been
concerned with initial value problems whereas optimal control -problems are
of two-point boundary value:-type. The portions of this theory applicable
to the open loop state regulator problem are.reviewed in-this paper.

For obtaining approximate solutjons to the state regulator problem

the method of matched asymptotic gxpansions-is_emp]oyed.u This method has
been developed in connection with certain fluid mechanics problems and
is applicable to nonlinear as well as linear problems. - It has been found
in the past to be advantageous not to formulate this method generally but
to apply it to each individual problem and this approach is adopted here.
A general recipe.for the method is given and its application is illustrated

by using the method to obtain an approximate solution to a simple, specific

state regulator problem..
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I. INTRODUCTION

In the state regulator problem, it is desired to keep the state of
a controliled, linear, dynamic system near zero without using excessive
control expenditure. It is well known that application of the necessary
conditions for optimal control to the state regulator problem results in
a two point boundary value problem for a system of linear ordinary differential
equations. This paper is concerned with obtaining approximate solutions
to such systems of equations by using singular perturbation methods.

Although the feedback solution of the state regulator problem is known],
we do not take advantage of this fact since we desire a method which is
applicable to nonlinear as well as linear systems.

Since efficient algorithms are available for the solution of systems
of linear equations, the question arises as to why methods of obtaining
approximate solutions need be studied. Approximate methods may be desirable
or even necessary when computational speed or storage capacity is at a°
premium; for example in preliminary design in which a large number of trial
systems must be evaluated or for use in a system on board a flight vehicle.
Another important reason for studying linear systems is to gain insight
into techniques which may be later applied to nonlinear systems. The primary
factor determining computational requirements for solving state regulator
problems is system dimensionality. Thus approximate solutions based on
reduced order systems are often employed in practice.

A standard technique of obtaining approximate solutions of mathematical
problems is to introduce perturbations about a nominal solution. This
technique is particularly useful in problems in which there is a "small
parameter" present because in this case the nominal solution and the method

of introducing the perturbations are suggested in an obvious way. When
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the nominal solution is obtained from a reduced order system, it will not
in general meet all of the boundary conditions of the complete system and
thus the nominal solution will not approximate the solution of the complete
system uniformly. This loss of uniform convergence characterizes singular
perturbation theory. This theory is reviewed in references 2 and 3.

The purpose of this paper is to briefly review the singular perturbation
theory of ordinary differential equations as it applies to linear systems
with two point boundary values and to illustrate application of this theory
to optimal state regulator problems by solving a simple example. In this
example, the theory is implemented by using the technique of matched
asymptotic expansions4’5 which has been used to solve boundary layer
.prob1ems in fluid mechanics. Use of singular perturbations and matched
asymptotic expansions in optimal control problems was suggested by

6’7, and has been studied most extensively by Had]ock8.

Kelly
In the recent literature, there have been two distinct methods (other
than that under consideration here) proposed to obtain approximate solutions
based on reduced order models of linear systems. In the first of these,
the existence of a small parameter is assumed and the control is expanded
in a Taylor series fn the small parametek and the first two terms retainedg’]o.
The zero order term is the optimal control of the reduced order system
(obtained by setting the small parameter equal to zero) and the first
order term is used to account for the initial conditions. In the second
method, the characteristics of the model, including its order, are adjusted
to give the best agreement (integral norm) between the output of the model
and the output of the system using the model optimum contro1]]. Either

or both of these methods suffer from the fo]1owing deficiencies:

(1) inadequate treatment of control variables, (2) lack of proof of uniform



convergence to exact solution, (3) failure to deal directly with loss

of boundary conditions, and (4) inability to generate a sequence of successively
better approximations. The method of singular perturbations, using matched
asymptotic expansions, does not suffer from these shortcomings. Further,

as opposed to the methods of references 9, 10 and 11, it is applicable

to nonlinear systems.



II. STATE REGULATOR PROBLEM

In this section the solution of the conventional state regulator
problem is first presented. The analysis follows that of reference 1,
but with(the nomenclature and sign conventions of reference 12, and is
only summarized in this paper. Next, the problem is reformulated, in a
form suitable for application of singular perturbation theory, for syetems

in which there is a small parameter present.

Conventional Problem

The most general problem to be considered is as follows, It is desired

to minimize the cost functional

T
=]§S [< x (t), q (t) i(t) >+ <g (t), R(t) o (t) >] dt (2.1)
O - =
for‘the following system

X () = A (t) x (£) +B () o (t) 3 x (0) =

%

where x is an n dimensional state vector, o is an r dimensional control
vector, and <?, «> is the scalar product on RM. It s assumed throughout
that (a) T is fixed, (b) g_1s positive semi-definite on 0<t<T, (c) R is
positive definite on 0e<t<T, (d) optimal control exists, and (e) o(t) is
unconstrained. To formulate the necessary conditions for optimal control,

12

the ¥ function'® is formed as*

e ’]2'< »Ro>+<Ax,a>+<Bg, 2> (2.3)

no

1.
2

*Hereafter functional dependence will be omitted when this does not result’
in confusion.



where Xo has been taken as -1. The adjoint vector X is defined as

the solution of

. X

i=-2am =0 (2.4)
X - -

Since Q~ =:g, this gives

A=0x-A2 (2.5)

The optimal control o is that which maximizes ¥*: since R is positive

definite (R” = R, |R| +0) this gives

5= "3 RI-1Ro+B =0
o =R B (2.6)

2H
80930

That (2.6) maximizes ¥ follows from = - R and the positive definiteness
of R. Putting (2.6) in (2.2) and adding (2.5) gives a 2n dimensional linear

homogeneous system with evenly split boundary values

x (t) = A (t) x (t) +S (t) A (t) 5 x (0) = x4

A(t) =Q () x (t) - A (t) A (t) 52(T) =0 (2.7)
where

S=BR'B” (2.8)

*The adjoint vector used here is the negative of the costate vector.ugeq
in reference 1; thus ¥ is maximized to minimize J, whereas it is minimized

in reference 1. A further difference from reference 1 is in the handling
of the integrand of the cost functional.



Integration of this system gives the (open loop) solution of the problem.
It can be established for the systém (2.7) that there exists a symmetric

matrix K(t) such that
A=Kx | (2.9)
and this relation may be used to eliminate A in the first of (2.7):

i=@fiQX;5w)=& | (2.10)

The second of (2.7) is used to obtain a relation for K; differentiating (2.9)

and using (2.5) and (2.10),

>

+K X

>

=K

Qx-AKx=Kx+K@A+SK x

b

Since XT0*, this implies

- -

fi= e

=
>
I~

-KA-KSK;K(T)=0 (2.11)

where the boundary condition follows from (2.9) and ) (T) = 0 provided
x (T) + 0. Putting (2.9) in (2.6) gives the closed loop {feedback) control

as
o=RB Kx (2.12)
Thus solution of the nonlinéar (Riccati) system (2.11) and then integration

of (2.10) gives the solution to the original problem; this is an alternate

procedure to solving (2.7) and has the advantage of giving closed loop control.

*The trivial case x, = 0 is excluded.



Problem With a Small Parameter

In many systems, there is present a parameter which may be identified
as "small" based on physical reasoning. For example, in viscous fluid
flow, the viscous effects are small in many problems, at least in large
regions of the flow field. Thus the viscosity is often treated as a small
parameter in the Navier-Stokes equations4’5. In other problems, however,
no such parameter appears from physical grounds and a parameter may be
artificially inserted to suppress terms in the equations which are expected
to have relatively small effects. There is nothing new in this procedure,
since this is in effect what the analyst does everytime he formulates a
problem in dynamics, i.e., decides which effects to account for and which
ones to ignore. In a flight mechanics problem for a manned vehicle, for
example, a complete set of equations of hotion would consist of the coupled
system of the six equations of rigid body motion of the vehicle as a whole,
the equations describing the dynamics of the control systems, the equations
describing the dynamics of the pilot's arm and foot, etc. It is obvious
that many of these effects can be neglected if, say, the vehicle trajectory
is the only thing of interest. In what follows, it is assumed that the
small parameter in the system has either been idenf%fied or inserted in
a suitable manner,

Consider the problem of minimizing

T
3= 7 3 <X (e 0, Qe 1) x (e 1> + g s t)s R (&, 1) 5 (s, 105]

(2.13)

where the system is given by

ele) X (est) = A(es t) x (s t) +B (e, t) g (e, t) 5 x(0) = x4 (2.14)

with the same assumptions as before, and where € is a scalar parameter.
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Without loss of generality it may be assumed that ¢ is a diagonal matrix,
|€|4+0, and that all matrices in (2.13) and (2.14) are of order zero or
higher in the parameter ¢, that is, for example,

g e
We call this the singularly perturbed state regulator problem. The most
common form of £ in applications is a matrix with the first m elements
equal to unity and the last n-m equal to €, i.e.

], ol _
€= 1 (2.15)

€

0 .
8 -
Multiplying (2.14) by 2:1 results in

x+e€'Bo (2.16)

x = £1

==

to which the results from the conventional system may be applied. Noting

that, for example, (g~} A)" = A’ e, (2.6), (2.7), (2.8) give

x=glAx+elset Xy x(0) = x

Xegqx-AgtX;5(M=0 (2.17)
with |

g=R'BEe X S (2.18)

where the adjoint vector is denoted by 3; Making the change of variable

(2.19)
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with o and S given by (2.6) and (2.8). Equations (2.20) may be called
a singularly perturbed linear system; integration of this system gives

the open loop solution to the problem.

The closed loop solution may be obtained in the same manner as for

the conventional system. Multiplying (2.9) by g, differentiating, and
using (2.20) gives

eK=0Q-AK-cKeglA-eKelsKsKk(e,T) =0 (2.21)

which may be termed a singularly perturbed Riccatti differential equation.

After (2.21) has been solved for K, the state history may be found from

e x=

fja=

+SK) x5 x(0)=x, | (2.22)

and the feedback control from (2.12). An important special class of systems

are those for which (a) the system is controllable, (b) A, B, Q, R are

time-invariant, and (c) T - «». In this case, K is not a function of time]

and (2.21) reduces to an algebraic equation

o
o

-AK-egKkel

=

~eKelsk (2.23)

The analyses of references 9, 10 and 11 utilize the closed Toop
solution to the problem as a starting point. In this paper, we use the
system (2.20) as a starting point since we desire a general technique;

closed loop solutions are not generally available for nonlinear systems.
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IIT. SINGULAR PERTURBATION THEORY AND THE
METHOD OF MATCHED ASYMPTOTIC EXPANSION

It is desired to review results of singular perturbation theory as
it applies to Tinear, two-point boundary value problems and to develop
the method of matched asymptotic expansions for the approximate solution
of such systems. Specifically, the system (2.20) is of interest; to

formulate this system more concisely, let

X
-W—=
| 2
[ e 07
3 (3.1)
- 0 £
‘:A _S___-
€= 1
Q -A°

The resulting problem is called PE:

Per E () W (e, t) = C (s t) w e, t) 5 R(t) w(t, 0) +5 () w (e, T)=k(e)
(3.2)
where the boundary conditions have been;genera]ized,byqallowing "mixing"
and dependence on . The reduced (or degenerate) problem associated with

(3.2), Pys is obtained by setting € = 0:

P, : E(0) w (0, t) = C (0, t) w (0, t) ; R(0)w(0,0)+5s (0)w (0, T)=k(0)
(3.3)

Of particular importance is the case when £ has the form given by

(2.15). Let
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where y and p have dimension m, z and q have dimension n-m, matrices
subscripted 1 are mxm, and those subscripted 4 are (n-m)x(n-m). Then the

system (2.20) assumes the following form, called the P_ problem,

yehA y+thAz+S,p+S,9:5y(0) =y
=Ryt A ZtSip+S,a3z(0) =z

Pe i, . . (3.6)
P=Qy*+QLz-Ap-A3;9;:p(T)=0
=0 y+0Q 2z-Ap-A;g;a(T)=0

As before, the reduced problem associated with (3.6) is denoted PO:

y=Ahy+thz+Sp+tSa:5y(0) =y
0=A;y+A z+35;p+35g

P ) ) (3.7)
=0 y+Qz-Ap-Ajp;p(T)=0
0=0y+Qqz-Ap-Ag

where the matrices are evaluated at € = 0.
An even more concise statement of this system is obtained as follows;

Tet
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Y z |

u-= sV = (3.8)
P q
Ay S A, §2J

E-= ] 3D= .
Q; -A,] — L Q -As ,
L _ (3.9)
Ay S3] A, S,

ﬂ - . M g = .
Q3 -Ay; L -Ay

where u and v are 2m and 2n-2m dimensionaly, respectively; then (3.6) may

be written:
du(e, t)
— =£f (E-:, t)_!_(es t) +2(€s t)_\L(E, t)
dt
uik,m=x%,1=1,,m
uj (e, T) =03 i=m+1,, 2m
P ' (3.10)
dv (e, t)
E—___—_=__H (€s t)y_(i':s t) +=G (Es t) X(E: t)
dt
v, (e, 0) = x ;i=1,", n-m
! Oi+m
v (e, T) =03 i=n-m+1, ", 2n-2m

with associated reduced problem
du (0, t)
"—_—=£(09 t)ﬂ(o,t)+2(03 t)_\i(o, t)
dt
0=H(0,t)u(,t)+G(0,t)y(0,t)

P : - A (3.11)
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Relation of Solution of Full Problem to That of Reduced Problem
If € is a small parameter, it is natural to attempt to approximate

the solution to Pp or to P, by solving the associated P *. However, a
fundamental difficulty is encountered at once, since the P0 solution wi]]
in general satisfy only 2m of the 2n boundary conditions of PE or Pa,
and thus convergence of the solutions of the reduced problems to the
solutions of PE and P_ will be non-uniform at best.

Unfortunately, almost all of the theoretical work in singular perturba-
tion theory has dealt with either boundary value problems for finite order
scalar differential equations or with initial value problems for first
order systems, either linear or nonlinear; this work is reviewed in refs.

2 and 3. Two authors have, however, considered twé point boundary value

problems for first order systemsa’]3

, and the following result gives the
relation of the solution of P0 to that of P_.

Theorem 1: For PE, suppose that there exists an €4 such that on the
domain D = {(e, t) | 0 < ¢ Sey» 0 < t <T} we have 1) A, B, Q, R are continuous
in both arguments, 2) G is nonsingular, and 3) n-m of the eigenvalues of
G have negative real parts. Then, 1) a unique solution to P exists, denoted
ufe, t), v (e, t), 2) a unique solution to Py exists, denoted u (0, t),

v (0, t), 3) Tim_ u (e, t) = u (0, t) uniformly on 0 <t <T, and
4)19m, 1_(55 t) = v (0, t) uniformly on any closed subinterval of

e->0
0 <t <T. Hypotheses 1 and 2 are sufficient to arrive at conclusions 1

-

and 2; 3 is a stability condition and its significance will become
apparent subsequently.
The theorem may be generalized in several important ways. Harris]3

has considered systems of the type PE except that his form of E is somewhat

*In what follows, the context will make it clear whether (3.3) or (3.11)
are to be used for Po'
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more restricted than that in PE' It is found that several complications
occur. First, with boundary conditions of the mixed type as in PE it is
not immediately clear which boundary conditions should be cancelled for

n3,13 must be formulated

the reduced problem Po' Thus a "cancellation law
and an additional hypothesis added to the theorem to the effect that this

law is satisfied unambiguously. Also, hypothesis 2 of Theorem 1 must be
reformulated in such a way that all matrices which must be inverted to

solve P are nonsingular. Another important generalization is to the time
independent case discussed previously for which T> ©. This case has

been studied by Hoppensteadt]4 for the initial value problem and a result
similar to Theorem 1 has been obtained.

For nonlinear problems, extensive modification of the theorem is
required. In this case, it must be assumed that there exists an isolated
root of the reduced system (3.11b), that this root is asymptotically stable
in the sense of Liapunov, and that the boundary conditions are in the domain
of influence of this root. For nonlinear initial value prob]ehs this theory
was developed by Tihonov and is reviewed in ref. 2. An interesting geometrical
interpretation of Tihonov's theory is contained in ref. 15 where it is seen
to include the phenomenon of relaxation oscillation. A preliminary extension
of these results to the two-point boundary value problem is contained in
ref. 8.

For the feedback solution to the state regulator problem, there is
a result analogous to Theorem 1; under suitable hypotheses it can be shown
that the Timiting form of the gain matrix K (e, t) obtained by setting e = 0

in (2.21) is the same as the gain matrix of the reduced system.]6
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Boundary Layer Equations .

Theorem 1 indicates that v (e,t) will change very rapidly from its
boundary values at t = 0 and t = T given by (3.10) to values approximating
v (0, 0) and v (0, T), respectively. These rapid changes are called "boundary

layers," a term which comes from fluid mechanics in connection with certain
problems of viscous flow past a solid body. In these problems, the viscosity
is a small parameter multiplying the highest derivatives in the Navier-Stokes
equations. If this parameter is set to zero, the hydrodynamic system of
equations results (reduced system); the solution of this system violates
the no-slip boundary condition at the body surface. Thus in a thin layer
of fluid near the surface of the body, the boundary layer, the velocity
varies rapidly from zero on the surface of the body to the value given by
the hydrodynamic solution. The bbundary layer 1is characterized by high
velocity gradients and high.viscous forces. It is interesting to note that
if the hydrodynamic solution is used without accounting for the boundary
Tayer, the erroneous result that there is no streamwise force (D'Alembert's
paradox) is obtained, even though the flow field is accurately described in
all but a small region. This is indicative of the caution which must be
exercised when drawing conclusions form reduced order systems.

The phenomenon of boundary layers occurs in all singular perturbation
problems. For the system (3.10) there will be boundary layers at both
t=0and t = T; in these layers v (e, t) will change rapidly from its "inviscid"
value v (0, t) to its boundary values v (e, 0) and v (e, T) in a time of order «.
To study this rapid change, we "stretch" the time scale by introducing the

transformations
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Lot
0 e (3.12)
_T -t
T
Using (3.12) in (3.6) the boundary layer equations associated with P€
at the initial point are found to be
. ~n ~ N ~
Yi=ehA yitehArzp+eSpy+teS, a5y (0)= Yo
. "] V) ’\J A}
2y = Ay tA zy 53 v 58,9 502 (0)=Eo
Pa. © . " n " ", (3.13)
T Ph=eQi itelzy-chp-ech3q
. f\, v v, v,
G LNt W -An-AG
dy

In tzese equations, the independent variable is Ty for example i& = Eri;—
and A; (e, To) = A, (e, gTo). The boundary layer system at the final point,
PBL , 1s the same as (3.13) except that the boundary conditions are replaced
by p,(0) = 0, g, (0) = 0 and the independent variable is tr. The abbreviated

forms of these equations are

dg]. (Es’l’ )
° - e by (e To) u (es To) te D (e, To) v, (€9To)
dTO
u]i (es 0) =xoi 3 i=1,"m
PBL (3.14)

)

1 ' dy_l (E’T
° - il (Es To) u, (E,To) + fi_l (E,TO) Al (e,ro)

d'ro

Vi, (¢, 0) = Xo s i=1, ", n-m

i i+m
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du, (e, TT)
dt

) =e F, (e, TT) Uy (e, TT) +e D, (e, TT) vy (e,TT)

‘uzi (5 0) =03

P : (3.15)
BL2 dv, (e, ’(T)

m+ ],..., 2m

dTT =ﬁ2 (E’TT)EZ (8’ TT)+£‘2 (Ea TT)_V_2 (Ea TT)

v, (e, 0)=03i=n-m+1,, 2n - 2m
i

where, for example, £y (e, v ) = F (es et ) and Fp (e, 1q) = F ey T - erq).

Matched Asymptotic Expansions

It is natural to attempt the solution of (3.10) by asymptotic expansion
in the small parameter €. Asymptotic methods for both regular and singular
problems are reviewed in refs. 4 and 17. Before proceeding, some definitions
are needed. Given functions f(e) and g(e), we write f(¢) = 0 (g(e)) if f(e)/
g(e) is bounded-as e-0" and f(e) = o (g(e)) if g%%% +0 as e » 0.

The sequence fn (e) is an asymptotic sequence ff f1+] (e) = o (fi(s)) as
e » 0t fi(e) is an asymptotic expansion of the function F(e) if it is

an asymptotic sequence and if
n

IF(E) - 120 a'ifi(e) |

o (f (e))

which implies

n
[F(e) ; ;é% aifi(e) .| =0 (fn+1 (e))

We call ZS aifi(e) the nth order approximation of F(e). It should be
j=
noted that different asymptotic sequences may lead to different asymptotic

expansions for the same function but that the expansion in terms of a given
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sequence is unique. If the sequence is infinite, we write
F(e) ~ z a.f.(e)
v

and say that the series aifi(e) is asymptotically convergent to F(e). The
series need not be convergent in the ordinary sense. The only asymptotic
sequence which will be used in this paper is the power series, ei.

There is at present no theoretically justifiable technique of obtaining
an asymptotic solution to (3.10). The most general result available is due

to Vasﬂeva]8

and deals with the Cauchy problem for nonlinear first order
systems. In her method a solution is sought in the form of a sum of two
asymptotic expansions, one which approximates the solution "inside" the
boundary layer and one "outside," and an explicit method for obtaining the
terms in these expansions is obtained. This method is not used in the present
paper, but the following result of ref. 18 is of interest in motivating the |

use of asymptotic methods in singular perturbation problems.

Theorem 2: Consider the system

d
ﬁ = f(x,y,e,t) 3 x(0) = x,
d
€ a% = g(x,y,e,t) 5 .V(O) = ‘y0
with associated reduced system,
Lo fooy,0t) 5 x(0) = x
dt an ] H 0

(@)
]

g(x,y,0,t)
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and associated boundary layer system (t = et),

g% = ef (X,¥se,eT) ; x(0) = Xo
Q,Y_ = g(x € ET) B (O) =
dt giXx,yse, s Y .Yo

and suppose that: 1) f and g are n + 1 times continuously differentiable

in x, y, and ¢ in some domain @ and continuous int for 0 s t < T, 2) the

full system and the reduced system both have unique solutions in @, 3) there
exists in isolated root y = ¢ (x,t) of the reduced problem 0 = g(x,y,0,t) in
Q, and 4) the root y = ¢ (x,t) is an asymptotically stable equ11brium point
of the boundary layer system. Let the asymptotic sequences X (t)e . x1(t) i,
yi(t)ei, 9}(t)e1 be those discussed in ref. 18. Then these sequences are
asymptotic expansions of the solution the full system, x(e,t) and y(e,t), that

is

x|
—
o+
~—
m
—_
it
(o]
—
™
=
~—

y(ent) Z AR

]
(@]
—
m
=
~—

in Q for 0 <t <T.

Hadlock8 formally applies Vasileva's method to two-point boundary value
problems and it appears that the method is applicable to this c]éss of
problems as well. The method to be used in this paper was originally developed
in fluid mechanics and is called the method of matched asymptotic expansions

4’5. The method was first conceived

(or the method of inner and outer expansions)
by Prandtl and has been formalized by Kaplun, Lagerstrom and others. In this

method it has been found to be advantageous not to give an explicit general
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formulation of the required expansions but to formulate only a general recipe
and then treat each new problem individually, and this approach will be used
here. This is due to the large diversity of behavior which may be encountered
in even the most elementary problems as well to the great algebraic complexity
generally involved. Theoretical justification of the method is not of great
importance since it becomes readily apparent in the course of a solution whether
or not the method is working. However, it seems likely that the hypotheses of
Theorem 1 plus increased restrictions on the smoothness of the system matrices
in~the domain of interest are required. Specifically, hypothesis 1) will be
replaced by: A, B, Q, R are of class C” in t and have asymptotic expansions in
e in domain D.

In the method of matched asymptotic expansions we proceed as follows:
1) solve the "outer" system (3.10) asymptotically, Teaving the boundary
conditions free, 2) solve the "inner" or boundary layer systems (3.14) and
(3.15) asymptotically subject to the appropriate boundary conditions, and 3)
determine the remaining constants of integration by invoking a "matching
principle."

To solve the outer system set

C . S )
u(et) » Z el w(ent) ZOJ (t)e
i=0 i= _
c . N (i), i
3 D(e,t) ~n D t)e (3.16
E(ert) Z g0 D(e.t) 120 oM e) )

Hiet) » 2, HD gy . G(e,t) 20 'ty
. P

7
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Putting (3.16) in (3.10) gives

u
i=0 dt i=0 i=0 i=0 i=0
. dv(1) c oy c < . N
520 (3400 (Zu00)s (£ 60 (w0 ) e
i=0 dt i=0 ~ i=0 i=0 ~ i=0

Equating the coefficients of successive orders of ¢ of these series in the

usual way results in a sequence of linear problems, each of which is of

order 2m and hence 2m arbitrary constants will appear at each order. If it is
assumed that gfo) is nonsingular these problems will have unique solutions. Note
that the zeroth order problem is homogeneous while the higher order ones are

inhomogeneous.

To solve PBL]’ set
e,T n 120 31(1)(%)51' : 1](3,10) ~n Z;,) 1](1)“0)61 (3.18)

in (3.14) to get

+ (2 g]“)e‘) (2 11“%‘) (3.19)
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where, for example,

o«

; .
L‘I (E’TO) v Z L-I( )(TO)E]

i=0
The zeroth order terms in these expansions must satisfy the initial conditions

since these conditions are of zeroth order in ¢ and the higher order terms

must vanish at t = 0, that is

; x ifi=0
U](1)= Oj .;j=]s s M
J 0 if i>1
(3.20)
. X if i=0
V1 (1) - ©j+m 33 =1, .., n-m
j | 0 if 1>

The system (3.19) is -of ordinary perturbation type and has 2n constants of
integration at each order; imposing the n conditions (3.20) leaves n arbitrary
constants. Note that 2m of the equations (3.19) are simple quadratures.

Similarly for PBL we set

2
!Z(E’TT) ik z 22(1)(-[']-)51 ’ 12(5371-) v z 12(1)(TT)51 (3-2])
i=0 - i=0 '
so that
ji dEQ(i) i ji (i) i 'ji (i) i+l
e e" N < iz £ ( 22 € >
i=0 T i=0 i=0



+< gg(i)J) <212(”J> (3.22)
i=0 ¢ i=0

“2.(1)(0) =0; i>0, j=ml, .., 2m
j

v2.(1)(0) =0; i>0, j
j

subject to

(3.23)

1]
3

1
3
+
——d
n
3

1
no
3

where, for example,

(e

FZ(E’T'T) " z FZ(T)(TT)Ei
=0
The unknown constants in the outer and boundary layer expansions are
determined by a matching principle. This principle assumes that there
exist two overlap regions, one near t=0 and one near t=T such that in the
first of these both the outer and the PBL1 expansions are valid and agree,
and in the second of these both the outer and PBL2 expansions are valid and

agree. In the limit, this leads to the matching conditions:

t-04 T e 0
2ox N =2 Wy
11? Eﬁi)(t) B 1iTm EQ(i)(TT)
T
o v(gy = Tim v, () (3.24)

T
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These conditions are to hold for all orders i of e. It is evident that
asymptotic stability of the boundary layer solutions is required. If it is

(o)

assumed that n-m of the eigenvalues of G are negative this stability is
insured since n-m of the n constants appearing at each order of the boundary
layer solutions may be chosen to suppress the unstable solutions, leaving m
undetermined constants. The m constants in PBL]’ the m in PBL2 and the 2m
of PE are determined by the matching conditions. It will be shown later
that the matching conditions associated with z and q are redundant.

The representation of the solution obtained by the method outlined above
has the undesirable feature that different representations are required for
different values of the independent variable. It is desirable to obtain a
single expansion valid uniformly for 0 < t < T and this may be accomplished
by adding the two boundary layer expansions to the outer expansion and sub-

tracting out the common parts, i.e., the terms which cancel out in the matching.

This expansion is

w(et) v 2 w0+ 2w et ¢ 2 (e,
1=0 i=0 i=
1 ) T ] T
- T;[—n»oo 120 9—1(1)( 0)81 - TT]TOO _;) ."_‘.2(1)( T)€1
v(et) v 2 v et o 2 v e )et o 2w
i=0 i=0 i=0
- z oy Peet - 2 v V) (3.25)
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To summarize the results of this section, we state the following:
Theorem 3: Consider the system PE as given by (3.6) or (3.10) and suppose

that there exists an e/ such that on D = {{e,t)[0ce<e , O<t<T} we have 1) A, B,

0
Q. R are of class C” in t and have asymptotic expansions in e, 2) G(O) is non-

singular, and 3) n-m of the eigenvalues of gﬁo) are negative. Then the method
of matched asymptotic expansions leads to a unique asymptotic representation of
the solution of Pe.

It should be noted that the theorem does not state that the resulting
asymptotic sequences converge to the solution of Pe. The theorem will be proved
explicitly for the zeroth order in'the following section (extension to higher

orders is similar) where it is also shown that the zeroth order outer problem

is precisely the reduced problem Po'

Zeroth Order Approximation

To illustrate the method of matched asymptotic expansions, the zeroth
order approximation will be worked out in detail. Retention of only zeroth
order terms in the expansions gives a sufficiently good approximation for

many applications. From (3.17)'

du(©)
at ~

=)
"
=
—
(=]
St
<
~~
o
g
+
fie>
—~
o
Nt
f=<
_—
(=]
S

(3.26)
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The solution df'(3.26) is, referring to (3.8),

[ (0)] -1
X(O) _ !(0) _ e(L(O) _ gg(o) |_'|_=(0))t E
| R '
[ _(0)] (0)
é(o) = !.(0) = - E(O)-] ﬁ(o) .}1(0) (3.27)
K B

where C is a vector of 2m constants of integration.

From (3.19) the zeroth order term in the Pg . expansion satisfies

1
(o)
du
£ _ (o) - -
= O ’ 0 ’ _]a ’
a0 o) L (o), (o) ()
gl = H 0 0 G 0 o : Y 0) = ; '=], ees N- 3.28
= 1y + 6%, 1, (0) o i n-m ?

~ o (0)7]
h ° - (0) _ Y
( ‘ o
_.Eq 0)4 =1
—_ (0)7]
N R ) B () I g7 o) [ Lo (3.29)
Ay % Mh T2 2 . '
(o) Eﬁ
[ 47 -
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where the C] are the n-m constants of integration associated with the

i
eigenvalues 5. of gfo) which have negative real parts. The solutions

associated with eigenvalues which have positive or zero real parts have
been suppressed by setting their associated constants of integration to zero.

The constants Q{ and Qq are related by

2 -1 Lo
o - ﬂe(o) c, - () ﬁ(0)< ) (3.30)

4, (0) ) &

so that only m of their components are independent. The zeroth order term

in PBL satisfies

2
(o)
du
52 =0 ; u, ©)=0; i=m1, .., 2n
TT 21
(3.31)
dv (o)
der = ﬂ(o) 22(0) + g_(°) !2(0) : "21.(0)(0) =0 : i=nemtl, .., 2n-2m
with solution
. (0)7] g
12( =@ - .
o] =2
[ B2 0
™ (0)7] c, |
4 -1 =2
_2(0) = VZ(O) = M.G(O) _h_2 _2(0) ﬁ(O) (3.32)
|2 | - 0
where
S. T
_ 1T
h2. C2_ e
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with

(o)
2,'°)(0) (0) ¢ _Qm4ﬂw> (3.33)

0 0

First consider the matching of X‘O) at the initial point. From (3.24)

1im (o) _ lim (o)

t->o B T VA

X(O)(O) = .-Yo

Similarly, the matching of Eﬁo) at the final condition gives
() = 0

These conditions together with (3.26) imply that the zeroth order outer
solution is just the solution to the reduced problem (3.7). The constants
C have now been determined. The matching of E(o) at t = 0 and x‘o) at

t = T gives the constants Q{ and Qé:

<‘xo)
3
. Q.I ’

C, -1
<4>=e¢“)-2£“) K
0

(o) (0) 4t the initial and final points are

The matching conditions for z'"/ and g

then satisfied identica]]y as may be seen from (3.27b), (3.29b), and (3.30b).
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An Alternate Procedure

In the preceding development, the necessary conditions were applied
to the full system and the fesu]ting two point boundary value problem was
solved by the method of matched asymptotic expansions. It is natural to
ask whether or not the reverse procedure is valid, that is, is it permissible
to first expand the state equations asymptotically and then to apply the
necessary conditions to each order of the expansions? This latter procedure
is attractive since it may be expected to result in less algebraic manipulation
for a given problem. To pursue this question, we partition (2.14) in the

manner of (3.6)

z+Bio

y=A y+

€2 = A3yt

=

z+B o
where By is m x r, B, is (n-m) x r and the other quantities are as defined
by (3.4) and (3.5). The following result gives the conditions for equivalence
of procedures for the zeroth order. |

Theorem 4: Let the first two hypotheses of Theorem 1' apply and further
suppose that the matrix [éﬁ 52] has maximum rank (i.e., rank n-m) in a
neighborhood of the extremal. Then the reduced problem obtained by sefting
e = 0 in the necessary conditions of the full problem is the same as the
problem obtained by setting ¢ = 0 in the state equations and applying the
necessary conditions to the result.

The significance of the additional hypothesis is clear; 1in either
procedure, if it is satisfied n-m of the components of (z, g) may be eliminated

from the problem. When ¢ is set to zero in the state equations, z becomes

effectively a control variable and the two control variables z and g are constrained
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by a set of state dependent algebraic equations. The adjoint variables as-
sociated with the state variables whose derivatives are neglected correspond
formally to the ordinary Lagrange multipliers arising in the maximization of
the ¥ function in the second procedure. The proof of the theorem follows
from section 3.6 of ref. 12. A more restrictive equivalence of procedures
result than Theorem 4 is given in ref. 8 where it is shown that a sufficient
condition for equivalence is the non-singularity of A,. If one takes the
viewpoint that a control variable is a variable which may be changed instan-
taneously*, it may be concluded that, for problems in which a small parameter
is to be inserted, the parameter should be inserted in such a way as to make
the relatively "fast" variables behave as control variables in low order

approximations.

*].e., controls may be piecewise continuous or even just measurable.
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IV. AN EXAMPLE

Problem Formulation

Consider a forced two degree of freedom spring-mass-damper constant

coefficient system with specified initial conditions.
ay +by +cy =03 y(0) =y, y0) =y,
It is desired to select the control o(t) to minimize

1~ . .
J = 7[ (41197 + 92292 + 2q1,yy + Ro?)dt
o

. X1
In state variable form (let x; = y, X, = ¥, X =<X >)
- 2

i1 = X2 i x1(0) = xyg

ax, = - bx, - ¢cx; + o ; x,(0)

X20
J=]§£ [<§_,g§>+Ro2dt

If b or c is "small" this is a regular perturbation problem and if a is "small"
it is a singular perturbation problem. Suppose a is small and q;; = q;, = 0.

Without loss of generality, let q,, = 9, R =1 and a = ¢ so that

X1 = Xp s x1(0) = x19

8).(2 = - bX2 - CXl + o N X2(O)

J = %4 (a,%,2 + o2)dt
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The system matrices are

()

o oo
]] 1}
TN AN
(@) O —_ (e]
’_\)O o \—/
N———

From (2.8)

From (3.5) and (3.9)

(-c)

Ay =(0) 5 A, =(1) 5 As-= A, = (-b)
$p=(0) 5 So=(0) 5 Ss3=+(0) s Su=(1)
Q:=(0) 5 Q=10(0) 5 Q3=1(0) s Q = (ay)
n <o o) <1 o)
£ = s D =

0 0 0 c

G e )

H = 3 G o=

0 -1 (o]) b

Since G is nonsingular with eigenvalues +v qy2+b% and -V q,2+b2 , Theorems
1 and 3 hold (§_= gﬂo)), and it may be expected that the method of matched

asymptotic expansions will work on this problem. Further, [A,, B,] = {-b 1) has maxi

mum rank (in fact A, is nonsingular) so that Theorem 4 holds and the alternate
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procedure may be used, that is we may set ¢ = 0 in the state equations, treat
X, and o as control variables, and apply necessary conditions to obtain the
reduced problem. This equivalence may be verified by direct computation for
this simple example.

In the following, both the exact and zeroth order asymptotic solutions
for the case of no damping (b = 0) will be obtained. Consideration of this

case exhibits the essential elements of the method while minimizing algebraic

complexity. Note that now

A,=(0)

(o)

iep)

and [A, B,] = (0 1) so that Theorems 1, 3 and 4 still hold. However' the

alternate procedure will not be used in the following.

Exact Solution

The system to be solved is (see 2.20)

).(1 = X2 | 5 X]_(O)

= X190

EXy = X1 + Ay 3 x2(0) = xa9

A\ = Chp 3 A=) =0

ehp = GpXp = A 3 Ag(=) =0
Set

Xy = AleSt, Xy = AzeSt, A = A3eSt, Ap = Aqut
to get

AS = A,

eAoS =--CA1 + Ay

AsS = cA,

eAyS = q2A2- A3
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Let
o = A2/A1 =S
by = Ag/A = %-(ESZ ¥ )
ug = Ag/hp = esP 4

The characteristic equation is

25% 4 (2ec - )88 + = 0

with solution

2
9 ¢ 9  C9

1,2,3,4 - X 2.2 0 IN—= -3
€

€ 4e €

S

The exact solution is represented as

X1 7 Al(l)eSIt + Al(z)eSzt + A1(3)eS3t + A1(4)e54t

X, = uz(1)A1(1)eslt N u2(2)A1(2)e52t . u2(3)A1(3)es3t , u2(4)A1(4)eS4t
i = u3(1)A1(1)eslt ' u3(2)A1(2)eszt : u3(3)?{(%?§53t OO 54t
Ay = p4(1)/.\1(1)e51-t + ;4(2)A1(2)e52t . u4(3)A1(3)eS3t , u4(4)A1(4)eS4t

The A (1) are determined by the boundary conditions; this leads to

1

a1 =0
(2)
Ay 0 “
4
A (3) 2 %20 Y2 %10
1 3D (4)
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(3)

Lt
1 3

H2 H2

where /47
2

S = - qL - .(.:. + q_g__ - _C_q_z.
Z 2€2 e 4e4 €3

For future purposes, we expand the solution for small ¢ and retain

only the first terms. For 53:

2
- l\/ c 2
= - \a, - 2ce - g e +
VA
S3 ~oT €
(3) = S R - q2
M2 3 e
c
u3(3) = gg-(6532 +c) = - ¢ qu
B). 2, .. 2%
) 853 + ¢ = -
) For S4: |
2
s - qu ¢ 9 92
4 2&:2 £ 4e4 93
2
R % C_ Ez +



Thus

so that
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C -
S4z_.___
9
(4) ¢
112 - —
9
- (4
M~ e,
(4)
114 c

o,
9
X1~ %10 €
V9
c - 92 t
X = — X + X e
2 10 20
c
_-q—zt

A o~ - CVEE X10 © y

1]
Q
u
]
o
b3
—
o
<+
3
N
e
()]
o
SNS——"
(1]
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—/(]_z/et

Terms with factor e will be important only for small t (t = 0(e) or
less) and appear only in the expressions for the variables (x2,_xz) which lose
their boundary conditions at ¢ = 0. It may thus be anticipated that these
terms are the zeroth order terms in the boundary layer expansions; and that

- C/‘[ q2 t
terms with factor e are the zeroth order terms of the outer expansion.

This will now be shown by obtaining these expansions.

Solution by Matched Asymptotic Expansions

The zeroth order outer system is just the reduced problem, as has been

shown earlier.

;‘10 = %, s %00 = xg
5‘10 = 'C)\ZO ; )\10(‘”) =0
0=- Cx10 + AZO

0= q, x20 -_Alo

Solution of this simple system is
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S
A =~ C X e\/%
1, V32 X10

-
A = = X e\/ag
24 % 10

These functions do not satisfy the initial conditijons but do satisfy the
terminal conditions and hence a boundary layer will be needed at the initial
point only.

The zeroth order boundary Tayer (inner) system js obtained by using

transformation (3.12) and then setting ¢ = 0:

in =0 ; x11(0) = X1
=0

xéI =-c x1I + AZI ; XZI(O) = X9
AéI 92 %2, My

where ( ) = g%—l .v 0f the four constants of fntegration for this system, two
0 : 4 _

are determined by the boundary conditions, one is needed to suppress the

unstable root of the characteristic equation, and the fourth, say K, is to be

determined by the matching conditions. The solution is

*10

x
N
"
-~
M
+
—
x
N
o
]
~
S”
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"VQE %o
X10 - Kvﬁﬂ; e

The inner and outer solutions are now matched according to (3.24):

117 SVAp X1p = Gy (xpg = K)

Ap X T

These conditions are satisfied unambiguously by the unique value

v/—— *10

(In the previous section it was shown that the matching of X5 andAx2 is

redundant.) Thus the zeroth order inner expansion is
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>
|

- V) X
Va,
€

t

o1 = € X ‘<° X130t V9 x20> e

Finally, the zeroth order of the uniform expansion obtained according

to (3.25) is

x
no
[ oo
1]
N
3
~N
x
—
o
-+
x
™nN
o

>
—
I
(9]
2
~N
x
[a—
o
1)

Vap .S
] "o b, . Va2
oy = - {Cxppt Vag x| e ST

which agrees with the first term expansion of the exact solution. A useful
approximation to the solution has thus been easily obtained.

This example shows that application of fheAéetho& 6f matched asymptotic
expansions in effect "splits up" a given problem into relatively easier
problems, and it is this characteristic which makes the method attractive for
complex problems. The method may be continued to obtain first order and

higher approximations.

Numerical Example

To gain insight into the ability of the uniform zeroth approximation

of the example to approximate the exact solution, consider the specific case



€ =1,Va = 1, X9 = X0, € = 15

so that ¢ is

parameters,
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1

only one order of magnitude smaller than the other system

For this case, the exact solution is

-8.873t -1.127t

= - .2746 e + 1.2746 e

-8.873t

= 2.436 e - 1.436 71-127¢

-8.873t -1.127t

- 2.436 e + 1.436 e
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X2

e G L
10

g

= 1-2e710
10

and the uniform solution is

The various solutions are plotted on Figures 1, 2, 3. Semi-log paper
is used to amplify the behavior at small t (boundary layer). The figures show
that agreement between the exact and the approximate solutions is best at
very small t and at very large t énd worst in the overlap region ¢ < t < 10e.
It appears that the inner solution is better than the uniform solution at small
t and that the outer solution is better at large t. It is seen, however, that
the uniform solution gives a reasonable approximation to the exact solution;
for smaller orders of ¢ this approximation would, of course, be improved.

The cost is computed from
)

1/ 2
J _'E,é (q2 X," * o dt
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J [ %2 2
77 (%)
10 0
so that

J ) = 0.5496
X

10 /g

J2 =0.5
*10

0

J 5| = 0.3364
X

10 /,

Thus the approximate solutions are unconservative (underestimate the cost)

with the outer solution giving a better value than the uniform one.

A Special Case

To illustrate that for singular perturbation problems a slight
modification of the system may lead to dramatic differences in the solution
characteristics, the special case of X10 = 0, ¢ = 0 is now considered. The

zeroth, first, and second order terms of the uniform asymptotic expansions will

be obtained. In this case A\ Z 0 so that the system to be so]ved is

kl = Xy ‘; xl(o) =0
85('2 = 0 H Xz(O) = Xzo
86 = q2X2 S U(°°) = 0

The exact solution is

V2
€

.20

X1 -—-ﬁz—l-e
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To solve the outer problem asymptotically, to second order, set

Xq N z ou(t)ej s X Vv 2 6(t)51 5 O Z o'.(t)g]
1 0 1 2 i1 i=0 !

in the system equations and retain only second order terms and lower:

. L) L] 2 - 2
ER + aye + ape - = Bo + Ble + 62€

éos + élez = 00 + ole + 0252
G e+ oel = B+ QnB.c + Q.8 e2
0 1 UpBp T QpB18 T Q28p

To zeroth order:

% = 8 % = Co
0 = 9, = BO =0
o—qZBO Go=0

&1=Bl i . . a1=C1
Bo =0 =5 Bl =0
%y = 26 op=0
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The second order terms are

% = 8 dap =
Bl = 02 B 82 =0

"
o

01 T 9287 , Op *

The outer solution to second order is then

The boundary layer equations are

]
o

= €X2 5 Xl(o) =

where ( )" = d( ) and t = er. To solve these to second order set
X, v z 5;(T)Ei s Xp v n-(T)eqi s O n Z \)'(T)Ei
145 1 2 50 ) =0 |

in the boundary layer equations and retain terms up to and including second

order:
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- - P 2 ’
60 + 6le + 625 M€ + nie

-

+ oo+ -
l’lo n1€ n2€

vo + vle + vzez

. 2 2
Vo Y Vet Vae = QN * Qe + Gonge

To zeroth order:

§- = =
o 0 ) 60 0
n* =v
0 0
.. .1
Yo T 9% y = "o _VRE
50(0) =0
"o(0) = x50 ] Vo = Ky

The first order terms are

. ) 1 |, | 9
81 = g 17, [(Ko +ap xp0) (e
n‘=\) - q T
1 1 + K (e 2 -1)
Vi o= dom r = 0
l 2 - n =i<e\/q—.é’r_ e- q2 T>
61(0) =0 1 Jﬁi :
n _ Q, T -./q5 T
plo) =0 J Vo= K, le Vo2 + e /%
1 1
The second order terms are
8§, = W '§ =-El— e\/a-2 ' + e- VGE ' -
2 M 274,
n, = v
2 2
. s e Vag T o V2T
Vg T G2 — . "27 7g, \
52(0) =0 \/_ \/_
q T - q T
no(0) =0 ) Vo = Ky (e z e 2 >

T
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The boundary layer solution to second order is

- 2
XlI = 618 + 625
o =V 4+ V.eg +V 2
I 0 1 2¢

The constants Co’ Cl’ C2’ K Kl’ K2 are now determined from matching. Since

09
all orders of the boundary layer expansions must remain finite as Tsw,

K K, =03 K, =0

o ~VI2 X0 %y 2
so that

X =Xﬂf5<1—e-\/aéT>e

1 /9

Jag

op = - VA Xy ©

Matching with the outer solution gives

X
€, =0:C =—22;Cy=0

G,

so that

1l
o

%
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The uniformly valid expansions are-

0
X - zcz-t
X1 =ﬁ1-e € €
TRRAL
V%
Xo = X,n € F
2U 20

AoU=-\/a—2x20e

Thus the boundary layer éxpansions are the same as the uniform expansions
and the outer expansion has contributed nothing. Also note that the second
order terms are all zero so that higher order terms will be zero also,

that is

This is verified by noting that the uniform expansions above are precisely
the exact solutions. It may be concluded that for this special case, the
method of matched asymptotic expansions has not resulted in. computational

simplification.
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CONCLUDING REMARKS

Singular perturbation theory and the method of matched asymptotic
expansions have been applied to the state regulator problem of optimal control
theory. Conditions have been stated under which the method is applicable."
The method is illustrated by using it to obtain an approximate solution of a
‘simple, specific, singularly perturbed state regulator problem. It is found
that the method is easy to apply and results in a uniform approximation
which gives good agreement with the exact solution in the entire range of

interest.
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