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E-2648 

CROSS FLOW IN A STARVED EHD CONTACT 

ABSTRACT 

It i s  s u g g e s t e d  that fluid film thickness in  a starved EHD 
contact is determined by the rate at which lubricant is  forced from 
the Hertz zone normal to the rolling direction. A simple .model 
allows calculation of this flow rate, together with related quantities 
of interest to the designer. 

by 
Edward P. Kingsbury 
March 1972 
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- INTMICUCTION 

The fundamental elastohydrodynamic problem i s  t o  ca lcu late l ub r i can t  f i  I m  

thickness i n  a contact where e l a s t i c  deformations have the same order o f  magnitude as 

the f i l m  thickness. 

Grubin o r  " i n l e t "  analysis, which solves Reynolds equation i n  the i n l e t  up t o  the 

edge o f  the Hertz zone (1 ,2,3,4); and a "complete" analysis, invo lv ing  simult-neous 

so lu t ion  o f  the Reynolds and Hertz equations over the e n t i r e  contact (5). 

any Grubin analysis ignores f lows w i th in  the Hertz zona, and the avai lab le complete 

solut ions are 1 i m i  ted by mathematical complexity t o  a consideration o f  one-dimensional 

flow i n  the d i rec t i on  o f  r o l l i n g .  Moreover, these so lut ions a l l  suppose t h a t  f i l m  

thickness i s  determined by parameters o f  load, speed, v iscos i  ty, geometry, and elas- 

t i c i t y .  The t a c i t  assumption i s  made t h a t  thickness i s  - not a funct ion o f  the amount 

o f  lubr icant ,  which i s  presumed t o  be present i n  excess a t  the contact. Attempts 

have been made t o  impose the e f fec ts  o f  s ide leakage (e. g., 2) and o i l  supply l i m i -  

t a t i o n  (e. g., 4)  on the c lass ica l  solut ions.  However, the modif icat ions seem a r t i -  

f i c i a l  and do not  change the underlying theore t ica l  model. 

Various solut ions are avai lable,  f a l l i n g  i n t o  two types: a 

I n  general 

Considerable experience using b a l l  bearings on the sp in  ax is  o f  prec is ion gyro- 

scopes has shown t h z t  successful operation can be obtained although the bearings are 

starved i n  an EHD sense. Starvat ion i s  defined as any operdting condi t ion such t h a t  

an increase i n  oi l  ava i lab le  t o  the contact  w i l l  r e s u l t  i n  an increase i n  f i l m  th ick -  

ness (6). I n  t h i s  paper, starved EHD behavior i s  considered i n  several s i tua t ions :  

when no new o i l  enters the contact, and when a step change i n  one o f  the r o l l i n g  

parameters i s  introduced a t  an equ i l ib r ium contact. 

fiow w i t h i n  the Hertz zone i s  across the r o l l i n g  d i rec t ion ,  one can formulate a simple 

theory which explains quan t i t a t i ve l y  some aspects o f  starved-bal l-bearing behavior, 

e. g., the " o i l  jag." 

Arguing t h a t  the  important o i l  
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O I L  JAGS 

An o i l  jag  i n  a gyro spin-axis bearing i; detected as an abrupt increase i n  

d r i v i n g  torque demand, fol lowed by a decay l a s t i n g  over many seconds back t o  the 

o r i g i n a l  torque leve l  (7,8). I f  the gyroscope i s  being accelerated perpendicular t o  

i t s  spin axis during the jag  (sp in ax is  and output axis hor izonta l )  a simultaneous 

and one-one excursion, p o s i t i v e  o r  negative depending upon which bearing o f  the p a i r  

i s  involved, i s  observed i n  i t s  torque-to-balance signal (Fig. 1). 

ax ia l  s h i f t  o f  the gyroscope CG. 

This indicai,:c, an 

Driv ing  
Torque 

Torque 
to 

Balance 

Fig. 1. Disturbances in driving torque and torque to 
balance dur,’ng oil jag. 
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Suppose, i n  one b a l l  re ta iner ,  t h a t  o i l  f lows i n  the cent r i fuga l  f i e l d  t o  i t s  

OD, and accumulates i n  a droplet .  The drop w i l l  grow t o  a c r i c i t a l  s ize  determined 

by i t s  surface tension and the f i e l d ,  whence i t  w i l  I f l y  o f f  i n t o  the b a l l  t rack.  

Energy required t o  r o l l  the b a l l  through the deepened o i l  i s  re f lec ted  i n  the d r i v i n g  

torque excursion, and an ax ia l  s h i f t  o f  the gyro CG due t c  the increased f i l m  th ick -  

ness i n  one bearing produces the torqae-to-balance excursion (Fig. 2). 

Various other jag  observations are exnlained by t h i s  model ; stroboscopic 

observation has confirmed o i l  droplets on the re ta iner  OD, together w i t h  a torque 

excursion upon t h e i r  disappearance; a r t i f i c i a l  jags have been produced w i t h  a "jag- 

gun" which throws a known amount o f  o i l  i n t o  the b a l l  t rack c;n irmand. 

appears correct ,  alid associates a known increase i n  f i l m  thickness w i t h  a known 

increment i n  the amount o f  o i l  ava i lab le  t o  the contact. 

Thus the model 

Further, i t  gives the t ime 

BEARING A 

required t o  reduce the f i l m  back t o  i t s  o r i g i n a l  thickness. 

I BEARING B 

QYh 
-7 ..- 

JI 
unbalance 

torque 

Q 

-axial CG 
displacement - 

increased h 
due to jag 

Spin Axis 

equilibrium h 
of steady Stixte 
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FLOW MODEL FOR A STARVED CONTACT 

I n  a starved bearing, the o i l  on the t rack i s  about 3s t h i c k  outside the con- 

t a c t  as i n  it. Stroboscopic observation o f  interference f r inges confirms t h a t  f i lms 

so t h i n  f low very s lowly i n  the cent r i fuga l  f i e l d s  due t o  b ta r ing  ro ta t ion ,  The 

working o i l  i s  thus s tat ionary w i w  respect t o  the t rack outside the contact, and i s  

unloaded mast o f  the time. The o i l  momentarily i n  the contact may f low i n  the 

d i r e c t i o n  o f  r o l l i n g  and a lso across the d i r e c t i o n  o f  r o l l i n g  under the Hertz 

pressure ac t ing  on it. I t s  v iscos i ty  w i l l  be g rea t ly  increased wh i le  i t  i s  under 

4 t h i s  pressure. Flow i n  the r o l l i n g  d i r e c t i o n  cannot a l t e r  the average f i l m  thickness 

since i t  removes no o i ’  cram the track. Only transverse o i l  f low can change :he f i l m  

thickness. The long-term decays i n  thickness observed wi th  o i l  jags thus imply t h a t  

transverse o i l  f low out o f  the Hertz zone should be considered i n  a starved EHD con- 

tact .  

To estimate t h i s  outflow, approximate the volume o f  o i l  i n  eacb h a l f  of the 

Hertz zone a t  any time as (Fig. 3 )  

V = L w h  t i  I 

where L and w are the Hertz dimPnsions o f  the  contact, and h i s  the f i l m  thickness. 

Calculate the o i l  f l o w  out  each end o f  t h i s  box due t o  a p reswre  drop equal t o  the 

mean Hertz pressure, P, o f  an o i l  o f  v iscos i ty  P = P ( P )  as 

P h3 w 
Q =  mii 

Flow i r  the r o l l  d i r e c t i o n  may be neglected as i t  must average t o  zero. 

dV = L W  dh - Qdt [31 
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Fig. 3. Oil-film geometry in Hertz zone. 

where t i s  the time an elenrent i n  the race track i s  i n  the contact. 

f, of real tine T, given by the proportion between Zw, the total contact width, and 

n (C + d cos B), the outer-race-track circrrrference. T h ~ s .  

It i s  a t'ractiorc 

t = f T , f = Z w / ( E + d c o s  a ) a  c51 

written for  an outer-:ace contact i n  a bearing having 2 bal ls o f  diameter d,  pitch 

diameter E, and contact angle B. 

Finally , 

t = [ G T +  h l  Pf 

which re la tes  the decay o f  a f i l a  o f  or 

where no MU oil enters the wear track. 

1'2 
r a  

ginal  thickness ho t o  real ...e 1 i n  a bearing 

This calculation has been carried out for the ft3-site bearing (Fig. 4) which 

produced the jags shown i n  Fig. 1. The results for two running conditions are plotted 

i n  Flg. 5. It takes about three hours of real-time running to pmp half the oil out 

of a contact i n f t i a l l y  20 x lod inches thick under 150,OOO Ibf/in.*. When the con- 

tac t  i s  4 x inches thick, it. t a k e s  about 100 h ~ u r s  to p u p  out h a l f  the remaining 



0.m r 
7 Balls, 3/32" Diameter 

/ 

. .  : .  

I I ! I  I i  I I 

bolous Plastic 
Ball Retainer 

Fig. 4. R3 ball bearing. 

o i l .  These n u h e r s  are not out o f  l i n e  w i t h  l i f e  experienced fn re ta iner less  bearings 

which have no provis ion f o r  the r e c i r c u l a t i o n  o f  o i l .  

I f  the decay i s  recalcu lated f o r  a Hertz stress o f  100,OCO lbf / in.* ,  there i s  

a decrease i n  the l i f e  o f  the contact. This i s  because o f  the very great decrease i n  
6 4 the v i sccs i t y  o f  the l u b r i c a n t  w i t h  pressure, from 10 t o  10 poise i n  t h i s  case (9). 

THE STARVED EQJILIBRIM CONTACT 

Since i t  i s  possible t o  run starved gyro bearings essen t ia l l y  i n d e f i n i t e l y  ( lo), 
tnere must be a flow o f  l ub r i can t  i n t o  the wear t rack t o  balance the out f low calcu- 

l a ted  i n  the prezeeding section. It has been confirned experimentally (11) t h a t  oi l  

c i rcu la tes  from a reservo i r  i n  the b a l l  r e ta ine r  t o  the t rack and back, although the 

6 



2 in. 

28 h 280 h 

Fig. 5. Film decay without M o w .  

details o f  the process have not been explored. A t  equilibrium, therefore, there i s  

an inflow equal t o  the transverse outflow, and an equilibrium f i l m  thickness. 

equil ibriun i s  disturbed by a change i n  sone running condition, the transient response 

i n  f i l m  thickness a t  the contact may be calculated. 

If 

I n  the follawing analysis, a step change i s  assumed t o  dccur a t  t = 0; sub- 

scr ipt  p re fe rs  to equil ibriun conditions pr ior  to the change ( t  c 0 ) ;  subscr!pt 

o t o  conditiom a t  the change (t = 0); and subscript e t o  f inal  equi l ibr i*m (t 100). 

7 



Thus, a t  an equ i l ib r ium coiltact f o r  t < 0 

3 r w h  
= e= Qin 

PLP 
c71 

It i s  supposed t h a t  t h t  i n f l ow  t o  the contact, Qin, i s  constant throughout the t ran- 

s i e , t ,  since i t  i s  thtr r e s u l t  o f  long-term averaging processes i n  the re ta iner ,  bu t  

t h a t  the outf low stecs a t  t = 0 since i t  depends d i r e c t l y  on contact condit ions. 

t 2 0  

For 

181 dV d - d t  = -[L d t  o w o h ( t ) ]  = Q i n  - (Qout)t 

so t h a t  

Equation [ lo]  m y  be in tq : *a ted  t o  ge t  

where 

, H = h/ho K 3 = - -  Qi n 

&uto 

and 

F(H,K) has been p lo t ted  i n  Fig. 6 f o r  rc levant  values o f  H and K. 
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Fig. 6. F ( H , K )  versus H. 

FILM-THICKNESS STEP 

An o i l  jag my be sinulated as a step increase i n  f i l m  thickness from h to  ho, P 
a l l  other running parameters remaining constant. Then, from Eq. [12] 

Suppose H = - 0.5, 
P 

q u i  1 i b r i  un value. 

maning that the bearing jags t o  a new thickness twice the pr ior  

Equation [ l l ]  becomes 

- 0 . 5 ( ' ~ )  Lowoho [F(H, -0.5) - F(1, -0.5)] t 
i n  

9 



Boundary condi t ions are s a t i s f i e d  since a t  t = 0 

F(Ho, -0.5) = F ( l ,  -0.5)s Ho = 1 and h = ho c151 

and a t  t = a s  F(H,, -0.5) = -a, occurr ing (Fig. 6)  when He = - K  o r  

0.5 = He = he/ho, ne = 1/2 h, [163 

Thus, f o r  t h i s  case Eq. [ll] describes a t i m e  decay from the stepped f i l m  thickness 

a t  t = 0 back t o  the p r i o r  equ i l ib r ium thickness a t  t = a,. 

As a numerical example, suppose an R3 bearing (F = 0.01 ) i s  running on an 

P P 
equi l ibr ium f i l m  h = 20 x 

and o i l  v iscos i ty  u = 1.1 x 10 poise. A t  t = 0 the bearing jags t o  h, = 24 x lom6 

inches, g i v ing  a K value o f  - 
shown i n  Fig. 7 i s  calculated. 

bearings (Fig. 1). 

inches th ick,  w i th  a Hertz pressure P = 10 5 lb f / in .  2 , 
4 

20 = -0.833. Using Fig. 6 and Eq. [ll], the decay 

I t  may be compared w i th  jags experienced i n  s im i la r  

H 

1. 

0. 

0. 

Real Seconds 

he = 2 0 X  10 -6 in. 

5 2 P = 10 lbflin. 

917 - u = 1.1 X 10 4 poise 

1 I I I I 1 1 1 

I 

0 2 4 ‘ 6  
Contact Seconds 

8 

Fig. 7. Film decay after jag. 
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LOAD STEP 

Suppose tha t  a t  t = 0 the load car r ied  a t  a starved EHD contact steps from 

N t o  No. From e las t i c1  ty theory 
P 

where A, B, and C are constants which may be calculated according t o  the p a r t i c u l a r  

bearing ur.der consideration. 

Assume an exponential dependence o f  v iscos i ty  on pressure, as i s  done i n  

Re:. (4) :  

Thus, a t  the load step, the Hertz pressure, the Hertz dimensions, and the v i scos i t y  

a l l  change t o  new values. However, the thickness does not step, h = ho. I t s  time 

dependence for t > O  i s  given by Eq. [ll]. From Eq. [12] 
P 

or ,  i n  terms o f  load 

120 1 

The exponential p a r t  o f  K ensures t h a t  I K I > 1, meaning t h a t  H values w i l l  be found 

on the l e f t  branch o f  the F curves i n  Fig. 6. To calcu late the f i n a l  equ i l ib r ium 

f i ' x  thickness, note t h a t  a t  t = a , -F(H,K) = 00. From Ffg. 6 

. Subst i tu t ion  = Q i n  Qout he may a lso be ca lcu lated by observing t h a t  a t  t ' 0 0  

gives the same r e s u l t  f o r  he. 
e 

For t h i s  case, Eq. [ll] thus describes a bui ld-up i n  f i l m  thickness with time 

a f t e r  a step increase i n  load (Fig. 8). 

11 



NP 

0 
h 

P 

t 4  
t = 9  

Fig.  8. Film thickness his tory after load s tep.  

DISCUSS I O N  

T h i s  analysis indicates that  t o  calculate the EHD film thickness i n  a starved 

contact, i t  is necessary to  know the rate  a t  which lubricant i s  supplied t o  tile con- 

tact .  In a conventional instrument bearing, o i l  i s  stored i n  the ball retainer and 

metered out DY unknown processes a t  unknown rates a t  the different ball pockets. 

direct  calcuiation of film thickness i n  these bearings i s  therefore n o t  feasible. 

The 

Testing of retainerless bearings which iworporate a rational lubrication 

supply system has been started.  The oi l  supplies for  these bearings have been speci- 

f ica l ly  designed to  provide well-defined inflows. As such information becomes atrail- 

able, thickness predictions frcm the cross-flow analysis can be tested. 

The model for cross flow i s  crude b u t  i s  believed t o  re f lec t  some real i ty .  

Calculation of l i f e  and jag decay seems adequate, and special experiments to  check 

some other predictions are under consideration. Predictions include independence of 

j a g  decay period with speed, and increase i n  decay period w i t h  s t ress .  Depending on 

the outcome o f  such experiments, this model can be improved or scrapped. 
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