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ABSTRACT

Some sequential, distribution-free pattern classification
techniques are presented. In many classification problems, the
observations on Which the classification decision is to be basea are
costly to measuf.é. A sequential test seems appropriate since ob-
servations are measured only until enough information is known to make
a decision with a certain level of confidence. Also in many cases, the
only information available about the pattern classes is a set of training
samples from each class. Since the underlying probability density
functions are unknown, distribution-free classificatioﬁ mefhods are
‘needed. The spécific decision problem to which the proposed classifi-
cation methods are applied is that of discriminating between two kinds
of electroencephalogram (EEG) responses recorded from a human
subject - spontaneous EEG and EEG driven by a stroboscopic light
stimulus at the alpha frequency. Sequential, distribution-free methods

are suitable since it is generally desired to terminate the EEG recording
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as quickly as possible and since there is no knowledge of probabilitir
density functions underiying the EEG \';valvefo'rms‘ .

The classification procedures proposea make use of the theory of
order statistics. Estimates of the probabilities of misclassification
are given.i One of the methods presented is an estimated version of
the Wald sequential probabilify ratio test (SPRT). This method utilizes
_density function estimates, and in formulating this test, a new
probability density function estimate is propose;d. Convergence in
probability of the estimate to the true density function is shown. The

other method presented is a sequential version of the separating hyper-

plane appfaézﬁg ga]:tern classification.

-The procedures were tested on Gaussian samplés and on the EEG
responses. Smaller error rates were easier to obtain with the
estimated SPRT. In particular, error rates as low as .1% were obtained.
With sequential tests, it is possible to specify the probability of error

decisions before the test is conducted, and the experimental error rates

of the procedures agree with the specified error probabilities. .
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CHAPTER I

INTRODUCTION

I.1 Pattern Classification Problem

In the pattern classification problem, a pattern is given fhat

was drawn from one of several pattern classes, and a decision must

be made as to which claSs the pattern was drawn. In order to classify
the pattern, a way must be found to characterize the pattern, and

then a method must be developed of processing the characterization

of the pattern to classify it. It is usual to attempt to characterize

2,...,xs); The

the pattern as a set of s real numbers x = (xl,x
components xi of the pattern vector are called features and are usﬁéfI&

measurements of various attributes of the pattern. ‘The choice of

features to characterize the pattern is called the feature extraétion

problem., While any number of pattern classes is possible, this report
will consider only classification probiems with two pattern classes

1 and Cz. Once the observation x has been characterized as a becfdr,‘

c
the problem of classifying x can be formulated as finqing a scalar
funqtion g(x) guch that x is classified as cqminé‘ffoﬁ_cl if-g(x) é 0 |
and‘as coming from CZ if g(x) >A0. |

In viewing the classification problem geometrically, each pattern
has been considered as a_poing in an s-dimensional space. Thus
g(x) = 0 is a separating surface that divides the sample space into two
regions corresponding to classifying fhe pattern x as coming from

C1 or C2.



1-2

In most meaningful classificafibh problems, the two pattern
classes'overlap to some extent éné 56 are not separable in the
s-dimensional space. The objective ip this case is to construct
a clasgification procedure that is pptimal in some sense as régards
misclassifications.

Since a pattern can be treated as a set of real numbers, the
two pat;ern classes will be characterized in this report by the

probability density functions f(xICl) and f(x'Cz). ~This does not

_mgggn_;he*gensity_functioné_ane_always_known_but_means_thatwthg_patterns _
from each class can be freated as random variables with a particular
probability density function. It may be that the density functions
reflect noise in measuring the features, or it m#y be that the
patterns themselves follow a;particular density function.

Before proceeding to a more detailed discussion of pattern .
cl#ssifica;ion methods, an example of a classification problem will

be given.

1.2 Electroencéphalograms

'The épﬁlication of pattern éléssificatien techniques to the bio-.
medical field has received increasing attention in recent years. One
speéific area that has been studied is éhat of making decisions about
the state of a patient baéé& 65 eledfroencéﬁhalograms (EEC). An
EEG is a recording of the eléctfical activity of thé brain: frbm-the
EEG wavefdrm, some ésséésmenf”éan'be made onAfhe state of tﬁevpatienf{

for example the level of consciousness of the patient can be determined



or some pathelogical conditions of the brain can be detected. The
electrical activity is measured by electrodes on the surfaée of the
"scalp, and;thg EEG wave is‘generally considered.to be a recording
of ﬁhe gross actiyity of a large numbef ofﬂcells. Aq EEGvresponse
can thus be considered_to be a sample from a random procéss. The
pattern classification aspect_of the problem now becomes apparent.
An EEG measured from a patient placed in a darkened, soﬁndless
room isolated from external stimu}i is called a spontaneous EEG. If.
a light 1s,f1ashéd periodically into the patient's.eyes, the resﬁltiﬁg“
EEG wave Between_two consecutive flashes is called an evoked response;
This repori will treat a cléssification proﬁlem to deéermine whgthérl
given EEG responses are spontaneous or evoked.* As mentionéd pre—. |
viously, in order to classify an EEQ_wave,-a set of features to
describe the wave must be éxtracted, and a aecision rule to cl#sg%fy-

. A
Y

the set of features must be formulated.

I.3 Feature Extraction

Prabhu [1] has written a paper that discusses feature ektractibn

for the EEG classification problem. As recorded from the patient,

*Although the flashing of the light can be readily detected by’
merely observing the light, this thesis attempts to make the
decision on the light by observing an EEG response from the
patient. .The decision problem considered here is a first step
toward more meaningful problems such as determining the level of
unconsciousness of a patient during surgery. An unconscious patient
would react differently to a light stimulus than an awake patient.



the EEG is a continuous waveform of the amplitude of the electrical
activity. The responée between two consecutive flashes of the iight
is c0nsidere& to be one sample. To facilitate the use of a digital
computer, the amplitude was sampled in time at a set frequency so
that each sample EEG. response was a vector. If thé sampling rate is
high, the dimension of the sample'vector may be quite large. Since’
the compléxity involved in finding a suitable decision rule increases
as the dimensioﬁ of the sample increases, a subset of the featﬁres

- -may=be-selected_to_be used _in_the_decision rule. Prabhu [1] has

developed a feature reduction scheme that picks a subset of the total
number of features; The features in the subset are selected
according to their effectiveness in some sense for classification
pufposes. Thisiféature reduction.method is discussed in detail in

Appendix II.1 and in Prabhu [1].

I.4 Structure of the Classification Problem

Now that & set of features has been extracted so that the EEG
responses can bé représented as vector samples, a decision process
for cléésif&ing the EEG samples must'be.develdpéd. The purpose of
this report is to develop some classification. techniques that are
applicable to a class.of problems représented by the EEG decision
problem. Before discussihg the-specific properties of this class of
problems;‘éome general considerationé.of~ciassification problems
will.beip¥eseﬁted.
| In classifying an observation x, the two types of errors possible

are to decide x € 02 when actually x € Cl, called error of type I,




and to decide X € C1 when actually x € C2, called error of type 11,

Criteripns for evaluating the effectiyeness of decision rules are
usually expressed in terms of the probabilities of theéejerror
occurring. Let a = p(error of type I) aqd B = p(error §f=type I11).
Three examples of.criterio£s~expressed in terms of o and B8 follow.

1.) 1If the prior'probabilities of aﬂ observation coming from
C1 or Cz, p(Cl) and p(Cz) respectively, are:known, thgn an{eipected
loss function associated with a misclassification can be gxpresséq
as . ’ |

E(loss of misclassification) = Llap(Cl) + LZBp(Cz)
where L1 and L2 are the cost of errors of type I and type II. A )
possible criterion is to formulate a decision rule to minimize
_ the expected loss function. The Bayes test [2] satisfies this ...
criterion.
| 2.) Another possible criterion is to require that o be below
a specified value and tﬁen minimize B. This criterion is followed~.:N
by the Neymann-Pearson test [3].

3.) 1If the number of observatiors drawn before making a decision
is variable and not predetermined, a decision rule can be devised
where both o and B are below specified values. The Wald sequentiai
probability ratio. test [4] satisfies theéeﬁconditiong and minimizes
the e#pected number of observations needed for a deéision.'

vAnbthe? factor that influencés the choiée of methods for'soiving

a classification problem is the type of information known about the



e The=development—of—a-decision-procedure—then-depends_on-two
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two pattefn ciasses. When the prdbability density functions describing
the pattern classes are known, there afe many well-known decision

tests that can be used, sﬁch as thoéé already ﬁentioned. In many
cases, however, the densify functions are unknown, but sets of samples
drawn from eéch clasé are known. These sets.of samples from each

class are called training sets. When training sets are the only in-

formation available, paftern classification techniques must be formulated

from the training sets without using the density functions.

factors:
1.) the information known about the two pattern classes, and
2,) the criterion.
The choice of a criterion is influénced by the information available,
e.g. if the density functions are unknown it is not possible to
minimize the actual probability of a misclassification but only
perhaps an estimate of it. The criterion also embodies the
characteristics that are important to a particular decision problem,
such as the number of observations that may be taken before a classification

decision is made.

..1.5 The Approach Taken in this Report

In the classification problem of the EEG waves mentioned in Section
I.2, the underlying density functions of the FEG waves are unknown.
But it is generally possible to record a series of EEG responses from

the patient to use as training sets. Pattern classification procedures



that do not involve knowledge of the underlying density functions

are called distribution~-free. The techniques proposed in this

report are distribution-free.

In making medical tests on'a patient, the measurements are often
costly and discomforting to the ﬁatient. Thus it seems desiréble
to terminate the measurements as quickly as possible, but at the same .

. time the final decision on the state of the patient must be made with

" a certain level of confidence. A sequential test appearé appropriate
for many bio-mediéal classification problems since observations ‘are-
taken one at é time only until enough information is known to pake :
a decision with a certain level -of confidence. In sequential tests, k
the p(efror of type I) and p(error of type II) can both be specified
before the test. Sequential tests are_suitable for the EEG .decision
problem since the stroboscopic light can be flashed and.résponses
sampled on demand until enough data has beén gathered to make a decision.
As mentioned in the previous paragraph, sequential methods take "
observations one at a time until-the'string of observations pro§ides
enough information in some sense to classify the observations. If the
observations are vectors, a whole new vecﬁor observation of the several
features is taken. After each obéervation is taken, three oﬁtubmes are
possible:

1.) decide the observations taken.so far are from C1

2.) - decide the observations taken so far are from cz--
-3.) decide to take another observation since not enough
information is known to make a decision.

Stated analytically, the classification problem using the sequential -

metﬁod is to find a scalar function and two thrgsholds such that after



t observations have been taken

r .

R - . 1
,g(xl’fZ""’xt) < B égcide c
.Bp;<~g(x1,x2,...,xt) <A . “take another observation
- v o ~ W 2 L
.’g‘xl,xz,...,xt) ?JA | decide C™ .

Since the two..thresholds can be. set independently, it is possible to

construct a sequential test where the p(error of type I) and p(error

~___of type 1I) are both specified to be certain values. As an example,

consider Figures I.1 and I.2, In the test using one observation

shown in Figure 1.1, two outcomes are.possible, and a decision is

made according to which side of a single threshold the observation
~1ies. Since only one. threshold is used, the probabilities of type 1
and -type II errors cannot be set independently. In the sequential
method of Figure I.2, three outcomes are possible after each observation
is taken. The two thresholds that separate the three decision regions
can be .set ‘independently, and hence the probabilities of errors of
type ‘T and type II can both be set to specified values. - Since only
enough observations are taken to make a decision with the confidence
that the p(error of ‘type I) and p(error of type II):have certain
values,>the séQuential method has the merit that test procedures can be
constructed which require,. on the average, fewer observations than
equally reliable test procedures based on a predetermined number of

observations [4].



Decide x € C' " Decide x € C2

f(x|c) f(x|C?) '.

Y

p(error type II) \ p(error type I) -

FIGURE I.1 )
Error Probabilities for Testing One Observation

Decide x € C' - | ~ Decide x eC?
take '
another
- observation ‘
f(x|C) f(x|C?)

p(error typeI) | (p(error. typel) .

FIGURE 1.2

Error Probabilities for Sequential 'Tesi
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The classification procedures proposed in this report are dis-
tribution~free and séquential. The methods are applicable in
classification probléms.whéré:

1.) the density functions of e%ch class are unknown but training
sets are'kﬁbﬁn,'anq |

2.) a.string pf a variable nuybér of observaéidns, all from the

same unknown é¢lass, can be sampled on demand.

1.6 General Outline

Two types of sequential, distribution-free procedures are presented
in the chapters that follow. 'In one, a series of thresholds are
calculated from trainingvsamplés, and each observation tﬁat is taken
in the sequential sampling is compared to a different pair of thresholds
depending on the number ofAthe iteration. In the other approach; the
same pair of thresholds is used throughout the sequential procedure,
and the scalar function of the observations that is compared to the
thresholds is.altered at each iteratién fo include the information
contained in the new observation. Chéﬂte; II describes the former approach,
and Chapféfé 111 through VI are concerned with the latter. )

Chapter II presents a brief review of the theory of order statistics

and then uses some results fgdm order statistic theory to calculate a

- set of thresholds forlﬁiseﬁﬁeﬁtial test. The thresholds are calculated

from the training sets in such a way that an estimate of the probability

of a misclassification is obtained. Multidimensional samp1e5~aré

treated by transforming them into scalars with a linear transformation.
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Experimental results are shown for‘the procedure tested on both Gaussian
and EEG data.

Chapters III through VI are concerned with the estimation of
probability density functions from training samples and the use of
density estimates in a seqﬁential'test called the sequential probébility
ratio test (SPRT). Ihe,SPRT utilizes the ratio of the two density
functions representing the pattern classes. The ratio of the densities
is evaluated at the values of the obse;vatipns.and compared to two
thresholds. Since the densitf functions are unknown in the problems
consideréd in this thesis, estimates of the densities are used in the
SPRT. Chapter III discusses some approaches for estimating density
functions and surveys several known eétimates. A.new densitf estiméte
is proposed in Chapter IV. Tﬁe estimate is of a step=function form
where the boundaries of the steps are determined by the training
samples. The estimate is shown to converge in probability to tﬁe true
density as the number of training samples tends to infinity.

Chapter V begins with a discussion of the SPRT; and then formulatgs
an estimated version of the SPRT with the new density estimate. The
new density estimate was chosen because of its low computer storage
requirement and eaée of calculation. Experimental results are shown
for indepeﬁdent Gaussian samples. Some techniques for handlihg multi-
dimensional samples ané dependent observations are discussed in Chapter VI.
The methods involve taking a linear combination of the features of multi-
dimensional samples or taking the sum of several dependent observations
so that only scalafvsamples are considered. The procedures are tested

on EEG data..



LHAPTFR II
A SEQUENTIAL BISTRIBUTION-FREE PATTERN CLASSIFICATION
) PROCEDURE USING ORDER STATISTICS

This chapter presents a sequential, distribution free pattern
classification procedure that makes use of some results from order
statistics. The material in this chapter is self-contained, and

future chapters do not depend on what is deﬁeloped here.

I1.1 Introduction

The algorithm that follows assumes8 the type of priar information
and criterion listed in Section I.5 namely that a training set from
each class 1is known and the test is to be sequential. Ong_pgpular
method of solving the classification problem with training sets is to
place a hyperplane between the two sets of traiﬁing samples that
separates the two classes of samples as much as possible. An observation
is classified according to which side of the hyperplane it lies. Generally
such algorithms provide no direct estimate of ‘the probability of mis<
classification, and the decision is made based on examinihg bnli one
observation. Henrichon and Fu [5] have formulated an algorithm which
partitions the sample space into decision regions by training on sample
sets of known classification and uses order statistics to find an upper
bound on the misclassification probability. This chapter presents a
method which attempts to improve the error in classifying observations
from insepafable classes by: taking several obsefvationé,before deciding
on classification. The ébservations are drawn seduenfialiy. A distribution-
free estimate of the probability of misclassification is presented. The

remainder of the chapter describes the algorithm and experimental results.
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11.2 Assumptions

The method is designed to decide if an unknown observation
belongs to one of two classes which shall be referred to as class 1
and class 2. The algorithm is trained on sample sets of known
classification and is distribution free. The following assumptions
are made about the samples: |

i. that a training set from each class is known

ii. that the samples are independently, identically distributed

in each class

*

. ..—-4ii._that_the_random_variables from each class are of the continuous type

(thus the probability of any fwo samples‘being equal is
zero)

iv. that several observations, all from the same unknown class
to be Elassified, can be.taken since the method is to be

sequential.

II1.3 Order Statistics and Ordering Functions

Several properties of order statistics are used in this chapter.
A brief presentation of order statistics, including some distribution-
free properties, is given in this section without proof. Appendix I1I.3

may be consulted for a more detailed discussion of order statistics.

A random variable is of the continuous type if the distribution function
F(x) is everywhere continuous and the density function f(x) = F'(x)
exists and is continuous for all x, except possibly at certain poiats
of which any finite interval contains at most a finite number. Thus

b4
F(x) = p(n € x) = [ f(t)dt [6]. A function F(x) which has these

-0

properties is saild to be absolutely continuous.
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Let x1x2"°"x:ébe a set of n independent scalar random variables from
a continuous probability.distribution function F(x). The samples

can be arranged in ascending order, X, < X, < ... <X, . For
h, 4 in

convenience, let the samples be relabeled,-’Y1 L 2 i ,..,Y zi , 80
_ 2. 2 . "n
that Y1 < Y2 < ... < Yn.‘ In the set (Y1 Yz,...,Y ), each member Y1

is called an order statistic.' If X is a scalar random variable, F(X) is
also a random bariable. The random variable F(X) turns out to have

a uniform distribution on the interval (0 1). Recall that the random
variable F(X) can take on values between 0 and 1, and F(X) = p(n < X)

So it is equally likely for any random sample X that p(n € X) be anywhere

between 0 and 1. The expectation of F(Yj) - F(Yi) can be ihown to be

BF(r) = POl =53 r>1 (11.1)
Thus
E[F(Y,,,) -.F(Yj)] o | | (ar.2)

It is observed ;ha; n random variables tﬁus_arranged in_ascending;
order pa;tition the density function into n+l parts. The expected .
value of the probability of a sample felling between anfltwo neigh-
boring order s;atistice‘is 1/(n+l).,_The_varianee_of [F(Yj)-F(Yi)]

can be shpvn to be

EL(F (7,)-F (¥,))-E(F(¥,)-F(¥,))]? = LZUBIHED 0 g7 5
- . . . .(n+1) (n+2) . .

For dealing with multi dimensional samples, ordering functions
are used to transform the vector samples onto the real line. Let X

be a multidimensional random variable with a continuous distribution

. ,
Random variables are denoted by capttal letters.
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function F(n). If W=g(X) is a random variable with a continuous
distribution function G(W), theng(xX) is an ordering function.

Kemperman [7] has shown how the sample space can be partitioned using

a class of ordering functions so thac the-distribution of the
probability of a future observation falling in any partition can be
found. An example of using one linear ordering function for partitioning
the sample spnce is given in Figure II.1. For the random sample Xl,Xz,...,Xn
from the multivariate, absolutely continuous distribntinn function F(x), if

the transformed vectors are ordered, g(X, ) < g(X, )< ...< g(X, ) and

. ———_‘"’_—"‘—,'—_‘—_n
relabeled, W1‘= g(xil), W2 = g(Xiz),..., Wn = g(Xih) then

~k
Ele)-e(i)] = 57 3>k (11.4)

= E[p(g(x; ) < g(x) < g(x; )]
k h|

The expected probability of a future observation falling in the block

partitioned by g(x, ) and g(x, ) is =k for j > k. For example,
ij ik nt+l '

let g(xl,xz,;..,xs) = a1x1+a2x2+.;.+ sxs'be a linear function and

let X sXgseeesX be a set of n vector samples. Then if the trans-

formed samples are arranged so that g(xi ) < g(xi < ... <g(xi ),
' 1 2 n
then the expected probability of a future observation falling in the

) is - independent

) and g(xi ey

iy j+1
of the choice of g as well as the underlying distribution for x.

segment between the planes g(x

Ordering functions and order statistics are discussed more fully

in Appendix II.3.
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Given sample set X;,X,, -+, X, of two dimensional vectors
from density f(x) | . ;

d 1001 per cent of all samples ‘from the

density’ f(x) lie wufhm each segmem

An esfumafe

-‘Figure '.]I.1

‘Example of Linear Ordering Function
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I11.4 The Algorithm

I11.4.1 Use of Two Thresholds

In dealing with multidimensional samples, this chapter uses the
same 6fder1ng'fﬁnctionathrbnghout for any one testing procedure. 'The
use of a single ordering function may not be optimal for maﬁy‘data‘sets,
but for some unimodal densities with one region of .overlap the

- shapes of the data sets are such that the use of a linear ordering

function sufficiently separates the two classes. Utilizing different

__ordering functions for &ifferent iterations requires considerably

mofe computation and is discusse& further in Section II.7. Of
course, for scalar samples the question of an ordering function
does not arise. For whatever ordering function is chosen, the
object of the algérithm is to decide to which class an unknown
observation belongé so the ordering function chosen should sébarate
ﬁhe two classes of training'samples as much as possible.

‘AAcopvenient type of Qrdering‘function fo use is a lineaf ’
function. The distribution of.tbe.lingaf1§ transformed sample§ is
continuous. Figures I1.2 and II.3 show two examples of linear ordering
functions. The two training sets in the figures cannot be separated by
a linear function. The function gé(x) of Figure 11.3 separates to a
greater degree the two classes of training samples than the function
gl(x) of Figure II1.2. For a decision algorithm, the ordering function
gz(x) is the better choice.

Many algorithms exist which yield a single linear separgfing

plane between the two classes of training samples. Ho and Agrawala [2]
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X — Cldss.1 sample . .
o — Class 2 sample

Figure 1II.2

Linear Ordering Function with: Poor Separating Qualities -

., / _ /‘/'
s

Linear Ordering Function with Good Separating Oualities

/




I1-8

giVe a survey of many linear sepafating

algorithms. The equation

of such a separating hypérplane can be used as an ordering function

since it has good separating qualities.

When a single ordering function is

used on all training samples

the expected probability of a new aample'falling in the segment

between any two planes, each placed through a training sample,

is the same éévthe expected ptoﬁability

' falling between the transformed points

of the transformed sample

of the order statistics. So

__-hereafter,—the-sample-points-will-be-considered—to-have-been=trans =

formed and all samples will be considered to be real scalars. Also

all observations to be classified will be assumed to have been trans-

formed into scalars. The two classes are assumed to have one region of

overlap. For two inseparable classes of samples, the samples of class 2.

are taken to lie largely above those of

class 1. See Figure 1I.4 for

an example. A decision is made by comparing an unknown observation

with two thresholds which -are placed in

the overlap region.

If the unknown observation z lies above both thresholds, it is

A}

assigned to one class; if =z lies below both‘thresholds, it is assigned

to the other class}.and if 2z lieg:between both thresholds, another

observation is taken as 2 lies‘in the regioh‘of overlap. The procedure

is applied to the new observation which
thresholds. It is assumed that all new

class. Figure II.5 pro§ides an example

the thresholds, iabeled A and B, change

are taken until a decision is made, and

is compared with a new set of
observations.cpme from the géme
of'the algofithm showing how

for each iteration. ﬁew observations

then the algorithm is terminated.
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. TAKE -
DECIDE CLASS 1 - ANOTHER DECIDE CLASS 2
'  SAMPLE o

zwﬂmﬁaz
AREA IS PROBABILITY OF ERROR AREA IS PROBABILITY OF ERROR
DECISION GIVEN SAMPLE IS FROM DECISION GIVEN SAMPLE IS FROM
CLASS 2. . L CLASS 1 g
- FIG.II.4

Decision Regions for Sequential Test
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The new observation that is taken in each iteration of the algorithm
is compared with a new baif of thresholds that correspond to that
iteration.

II.4.2 Setting Thresholds for First Iteration

The thresholds are calculated by using some theory from order
statistics on the training sets of each class in suéh a ;ay as to
givé'én:éstimate of the probability of a misclassification. Tﬁé o
n sampies, now séalgrs, frém each of the tﬁéyfrainiﬁg sets ;fe v

ordered separately in ascending magnitude. The ordering for one

class is

X, <x, <...<x ..

Let the training samples be relabeled for:convenience L e e

yﬂx ’y =x ,ooo,y=* -
1 i, ? i, n i -

The training samples are now in ascending order, . e
yl < y2'{ RS A
If z is an pnknoﬁn observation, then
p(classification error) = p(classification errorlz € class.1)p(z. € class 1)

+ p(classification error|z € class 2)p(z € class 2).
|2 € ¢lass 3) §=1,2, can be calculated separately. The setting of

thresholds will now be examined in detail for one cléés, Sai.élass.i,
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and the ordered training set, y1'< Y, < vee < Y, will be considered
to be from that class. The following discussion of setting thresholds
applies to either class.

Given the set of ordered statistics from one class,

the probability that an observation from this class is less than any
member of the ordered statistic, Yj, is F(Yj). From equation (II.1)
E(E(L,)) = = (11.6)

e ’ 3 L

An estimated 100j/(n+l) percent of all future observations lie below

Yj (or 100(n+1~3)/(n+l) percent exceed Y,.) Figure 1I1.6 gives an

3
example with the two training sets together. The overlap region of
‘the inseparable training sets has been taken to be at the highef end
of the class 1 order statistics and lower end of the class 2 order
statistics. »

In the following formulation of the thresholds, A(k) repreéents
the upper threshold and B(k) the. lower threshold where k represents
the nﬁmber of the iteration of the sequential test. A(k=1) will now
be determined in such a way that:p(éiassification error[z € claésl)
can be estimated. If the first unknown sgmplé lies above both threshdlds,
it will be classified as belonging to Eiass 2 which would be an error.

If it lies below both t%;esholds a correct classification of class 1

would be made. If it falls between the thresholds, another observation

should be taken. Sée Figure II.7. To obtain an estimate of the
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CLASS 1 TRAINING SAMPLE

an £sTIMATED Y99 peg gent]
n+1

OF CLASS 2 DATA POINTS LIE
BELOW THE j-th SMALLEST
VALUE OF THE n-DIMENSIONAL
TRAINING SET OF GLASS 2.

CLASS 2 TRAINING SAMPLE-

/

an £sTiMATED 200 pep cENT
‘ n+1

OF CLASS 1 DATA POINTS LIE
ABOVE THE j-th LARGEST
VALUE OF THE n-DIMENSIONAL

. TRAINING SET OF CLASS 1

] FIG. II.6 N L
Estimatit;g Probabilities from Ttaﬁu’ng‘ Samplea
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: TAKE ANOTHER
DECIDE CLASS 1 SAMPLE DECIDE CLASS 2

ERROR REGION GIVEN | | ERROR REGION GIVEN
SAMPLE FROM CLASS 2 B(K) ACk)  SAMPLE FROM CLASS 1
FIG. TI.7

Thresholds for Sequential Test

B(k=1) Alk=1)

ne,~ 1 TRAINING SAMPLES OF| 112 SAMPLES ne,~1 TRAINING SAMPLES OF
cLAsS 2 . |FROMCLASS2 | '~ (LASS 1
———-X——-X%G*———X*r4DX<»«)*<JJK>XC8)OXO**<H%(H«}4)*4H)——4}—<}—<)<}4)—<}—-
\_—-"“v\—/

Ny, SAMPLES
FROM CLASS 1

1 |
Yne2 Yn|-ne]+l

FIG. II.8

Estimating Thresholds for Sequential Test



11-15

probability of an observation from class 1 falling above the upper
threshold, the number of training samples from class 1 that fall
above .the threshold A(k=1l) can be used.

Let the threshold A(k=1) be set equal to the value of the

ni -th largest order statistic of the training set of class i,.f
1 .

Alk=1) = Yn -nl +1

1 e

A(k=1). The superscript on n represents the number of iterations

; then ni -1 training samples lie above

and the subscript the cléss. Thus

. o
E[p(z;>A(k=1)|2,eC"] = E[1°F(Yn1'né D1

1

and from equation (II.1)

CEQ-FOY 1 ,0)) = I-E(F(Y _ 4 )
e 1l e

1, 1 . 1l
1 .
n,-n, +1
= 1_ ...___1_.
. .n'l + 1
1
n
el .
E(l-F(Yn -nl +1)) = ot (11.7)
1 ey 1

If b is the desired probability of error for class 1 on this iteration,

then ni should be chosen so that
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andAso,solving for n1
%1

nl = (o + Dp . . (1L.8)
e1 1l _

When_ni is not an integer, the greatest integer less than ni is
1 ' 1

used; {w] will represent the largest integer less than or equal to

w. A(k=1) is then set equal to Yn +1_[ne ]

1
B(k=1), the error threshold for class 2, ‘is determined similarly

1

- = —..from .class-2_training-samples.-—As-the-error—region-for—class=2=-lieg———

at the lower end of the ordered training samples, B(k=1) is set equal

1
to the n, -th lowest order statistic of class 2,

2 :
1
n
e, ‘
E(F(Ynl )) = ) . _ ‘ (11.9)
e, - 2 .
2
ni is chosen such that p is the desired error probability of an
2

observation from class 2 on the first iteration,

1
n
€2
n2+1 P
1
n = (n, + )p . (11.10)
v e2, 2

B(k=1) is set equal to Y j ;. The setting of A(k=1) and B(k=1) is
e 2 :
illustrated in Figure II.S8.
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11.4.3 Thresholds for .the Second and Following Iterations

If the observation on ;he first iteration fallg between the
thresholds, a second qbservation is taken. Figure II.5 provides an
example. New thresholds are found for testing the second observation.
The probability of the first observation falling between the thresholds
can be estimated by counting the number of trainingvsamplestbet;een
the thresholds for each class. Again taking class 1, let ntllbe the

number of training samples between the thresholds on the first iter-

ation, see Figure II.8. Then an estimated (nt + 1)/(n1+1) percent
: 1

of the area under the density function for class 1 falls in»the region
between tﬁe thresholds.

Actually the lower threshold is based on class 2 so that there
is not one whole interval between class 1 sampié points but';!"'w
fraction of one at the lower end of the region between.thé ghéésﬁalds:'
In practice, nil is usuglly large enough that counting the interval.

as a whole has a negligible effect on nz,. - -

For a decision to be made resulting in a classification error on
. the second iteration, the first oﬁservation must fall in the region
between the thresholds of the first iteration and the second osservation
in the error region of the second 1teration; If:p is the de#ired
probability of error for the second iteration, then we_&esire

p(lst observation between thresholds)p(2nd observation in error region) = p

p(B(k=1) < z, < A(k=1))p(z, > A(k=2)) = p:
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But p(B(k=1) < z, < A(k=1)) and p(z2 > A(k=2)) afe unknown, and
they can only be estimated. So the number of training samples

in the error region for the second iteration is chosen as

n:_" + 1 n2
1 1 _
n.+1 n +1 P
n, +1
nz = i (n1+1)p
1 n +1
. ~ _—— . 1
n, +1
h: - —'}——-nl | : (11.11)
1 n.+ &
1

from equation (II.9). A(k=2) is set equal to the [nz ]J-th largest
i ‘ 1

training sample, A(k=2) = Yn B(k=2) is set similarly

2 .
—[ne ]+1

1 7e

using the training samples of class 2. It is desired that
p(B(k=1) < z, < A(k=1))p(z2 < A(k=2)) = p which can be estimated

by considering

ni +1 nzv
2 2 -
n, +1 n2+1
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B(k=1) is set equal to Y[n2]'
e

n1+l

ni +1
1

As > 1, then by referring to equation (II.1ll1l) it is

seen that ne2 > ni which implies A(k=2) < A(kal), and for similar

1 1
reasons B(k=2) > B(k=1). Thus the thresholds for the second
iteration will be closer together than the thresholds for the first
iteration.

The number of training samples between the thresholds for .

the second iteration are counted for each class, ni and ni . Then
1 -T2

n: and nz can be calculated. For an error decision on'tﬁe third

1 2
iteration both, the first and second observations must fall between
their respective thresholds, and the third observation must fallcinl.
the error region.
The calculation of the thresholds continues, with the threshgldé;

for each iteration being calculated simultaneously. Figure II.5

again gives an illustrative example. In general,

p(B(k=1) < é

k-1

. < AG-1))p(z, A(K)) =

< A(k=1))*p(B(k-1) < 2z

The estimated form is

1 2 4 k-1 k
(nr +;) (nr +1) (nr +1) n,

L 1 1 T :
(n1+1) (n1+1) (n1+1) (n]_+1) P,‘ ‘ A o (II}.13) ‘
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and solving for nk
€1

N (n +1) (n +1) (n +1) ' _
n, = 1 3 see 1 (n1+1)p (11.14)
1 (o, 41) (a +1) (n_ +1)
1 1 - n
(n,+1) _
nz = —"—l]('_—l—- 1’1‘k 1 . (I1.15)
1 (T4 &
be
1
_ Similarly, e
(n,+1) _
nle( = _Tf-l—_— nle( 1 . (11.16)
2 (n_ "+1) 2
T
2
A(k)_is set equal Ynl—[nk 141 and B(k) equal Y{nk 1’ As
e e
1l 2
nl+1 n2+1
-1~ > 1 and ———— >1, the bounds move closer together.
k-1 k-1
n +1 n +1
N1 T

Eventually, for some k, the thresholds will cross. This happens

when nz and nz become sufficiently large that B(k) > A(k). The
algofit;m'will ie terminéted'for this vélue of k, and the'two thresholds
are replaced by a common threshold. Let this terminal value of k be
called N. A decision will be made at k = N if the algorithm proceeds

this far. In the examples to follow the common threshold was set by

averaging the thresholds for k = N-1.

A(N) = B(N) = [A(N-1) + B(N-1)]/2 . | (II1.17)
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This could of course be set in other ways.
The algorithm as presented has taken the probability of error
and ending on each iteration to be the sam§ for each class;
p(error decision and end on k-th iteiationlunknown € Cl)

= p(error decision and end on k-th itetationlunknown € Cz) = p,

These could be set équai to diffefent'values 1f so desired. Although
then the prior probabilities of which class the unknown observation
belongs, p(unknown € Cl) and p (unknown € C2), should be kﬁdwn'iﬁ'

order to calculate the estimated error decision probabilities.

I1.5 Application of Algorithm

The application of the algorithm can be divided into two parts,
the formulation of the thresholds and the uée‘of the threshblds to
classify an unknown observation. This section briefly reviews the
steps involved inlﬁoth parts. Figure‘II.S can be referred to as an
example.

First the_thresholds are set using training sets from the two
clasgses. An ordering function is chosen that separates to some
degreevthé two classes of training samples, and the training s;mples
are reduced to scalars using the ordering function. The training

sets of scalars from each class are ordered,

Class 1 : yi < y; < .00 < yi Class 2 : yi < yg < .00 < yiz
1 ~ : L

The parameter p is chosen. The number of samples in thg error.

region for the first iteration is found,
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1 ) 1 v
nel (n1 + p nez = (n2 + 1)p

and the thresholds are set,

A(k=1) = Yn B(k=1) = Y

-nl
1+1 [ne ]

(ol ] °
1 €

'The number of training samples between B(k=1) and A(k=1l) in each

class are counted, ni and ni respectively. Then for the second

1 2
iteration, k=2, '
2 n1+1 1 2 n2+1 1
ne = ne ne =71 ne
1 nr +1 1 2 n_ +1 2
1. T2
A(k=2) =Y B(k=2) = Y

~fn2
.n1+1 [ne J

(a2 1 °
1 €

Then ni and ni are determined by counting the number of training
1 2

samples of class 1 and class 2 between B(k=2) and A(k=2). For any

iteration k,

I Ml N I
€1 §"1+1 €1 ® - ol &
1 2
Alk=k) =Y kK,  BCk=k) = Y, .
' n +l-[n_ ] [ne |

1 _ 2 .
_ k k '
Determine n_ and n by counting the samples of class 1 and class 2
1 2 v '
between B(k) and A(k). Whenever A(k) € B(k), call k = N and set one -

common threshold A(N) = B(N).
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In applying the algorithm to classify unknown observations
each observation is first reduced to a scalar by using the ordering
function. The first observation z, is compared to the thresholds

A(k=1) and B(k=1). If

z, < B(k=1) ' decide class 1
2y > A(k=1) decide class 2
‘B(k=l) < zy < A(k=1) take another observation

If another observation is taken, Z,s then it is similarly compared
to A(k=2) and B(k=2). At each iteration that is needed, the bounds

for that iteration are used. For any iteration k,

z < B(k) decide class 1
2, > A(k) ‘ decide class 2
B(k) < z, < A(k) take another observation

If the procedure goes until k = N, a decision will be made then as

there is only one threshold.

11.6 Estimated Probability of Misclassification

The_probability of misclassificatiop for the algorithm will
now be coﬁsi@eged. The alg;rithm can end on only one iterétion
- 80 fhg events of ending with an erfor deéision on.the?k-th itefation
and bfvending witﬁ-aﬁ‘error decision:on tﬁe j-fh iteratién afe
mutually exclugive fo? k # . The probability of error éan be

expressed as
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N
p(error décision) = z p(error decision and end on k-th iteration)

k=1
(11.18)
where
p(error decision and end on k-th iteration)
= p(error decision and end on k-th iteration|unknown € Cl)
-p(unknowﬁ € Cl)
+ p(error decision and end on k-th iterationlunknown € Cz)

+p (unknown e‘Cz). ' (II;19)

Consider first the case where the unknown observations zl,zz;...,zk

are from class 1. Then

p(error decision and end on k-th iteration|unknown € Cl)

= p(B(1) < z; < A(1)p(B(2) < 2z, < A(2))---

p(B(k-1) < Z -1 < A(k—l))p(zk > Ak)).

(11.20)

All the thresholds are calculated from the training samples, and S0 |

p(B(1) < z, < A(1)),p(B(2) < z, < A(2)),...,p(B(k-1) < 2z < A(k-1),

k-1
p(z, > A(K))

are random fariables. ~Also since the thresholds wére’calculatéd from
the same training samples,'these random variables are dependent, and
the expectation ofAthe léft hand side of equatidn (11.20) is not
equal to the pro&uct of the expectatiéns of the terms on the_right

hand side. As it is not readily apparent how the true expectation
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can be found, the expectation is approximated, however, by

p(error decision and end on k-th iteration|unknown € Cl)

= Ep(B(1) < z, < A(1))Ep(B(2) < z, < A2))¢-

1 2

Ep(B(k-1) < z,_, < A(k-1))Ep(z, > A(K)). | (11.21)

k-1

The symbol p is used to denote that the term is an approximation
of the expected value.

By the construction of the algorithm,

ﬁ(error,decision and end on k-th ite:ationlunknown € Cl).- Pe
(11.22)

A similar procedure can be used-to show
p(error decision and end on k-th iteration|unknown e‘C2) é'#. ’
| (11.23)
Thus from equation (II.19),
ﬁ(error'decision and end on k~th iterafion)

= pep(unknown ¢ Cl) + p-p(unknown € C2) = p,

and so

N
P (error decision) = Z )
k=1
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*
p (error decision) = Np. (11.24)

As mentioned previously, Np is not thé true expected probability
of error since the product of expecfations of dependent random
variables was taken. Loosely speaking if thefe are one hundred
training samples, the addition of another sample provides more
infofmation to revise the estimate of the probability of error

than if there are one thousand samples. Thus as the number of

*Since p is a specified parameter, it can be shown that Np € 1 by
showing that N, the maximum number of iterations, has an upper '
bound of 1/p. N will have its largest value when the probabilities
of an observation falling between the thresholds and not being
classified at each iteration have their largest values. Consider
first the probability of an error decision given the string of
observations is from class 1. At each iteration, Ep(zk 2 A(k))
is determined before Ep(B(k) < zk < A(k)) is determined, and thus
the upper bound on Ep(B(k) < zk < A(k)) is 1-Ep(zy 2> A(k)). For
convenience, let pek = Ep(z; 3 A(k)) and so l-pek is the upper
bound on Ep(B(k) < zx < A(k)). Using these upper bounds, the
thresholds at each iteration are found by setting

(l-pel)(l-pez)-°-(l-pe(k_l))pek = p

as is done in equatiors (II.13) and (II.14). For k = 1, the
thresholds are set such that pe] = p, and by induction, it can be
shown that pgp = p/[1-(k-1)p] when the above equation is used to
determine the thresholds. The thresholds are determined so that
the fraction of training samples exceeding A(k) is equal to pgk.
Since the fraction cannot exceed one, the procedure for generating
the thresholds at each iteration will stop before pek equals 1.
Thus pek = pl1-(k-1)p] € 1 which implies k € 1/p. The analysis
is similar when the string of observations is assumed to be from
class 2, and the same upper bound on k is found. Thus N< 1/p
and p(error decision) < 1. *
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training samples approaches infinity, the knowledge of

p(B(k) < z < A(k)), k=1,2,...,N, becomes precise and the bias in

k
the estimates of the probability of error would be expected to

tend to zero. Also in the next. section, a‘cdmparison.is made of
experimental results of the algorithm trained on one set of training
samples  with results of -using a different set of training samples

to calculate the pair of thresholds at each iteration. The use of:
la different set of training samples to calculate the pair of
thresholds at each iteration @akes‘;he terms p(B(k),{‘zk < A(K)),
k=1,2,...,N, independent so Np is actually the expected probability
of error. In most practical problems, hbwever, using.a difféfent

set of training samples at each iteration'would require an excessive
number of training samples. The experimental comparison showed
there was little effect on the experimental results of using the

same set qf training_samples. A slight approximation was glsoiig;rgfla_
duced when the value calculated fbr the number of a training sample
was not an ingegef and fhe 1éfgesf:integef iess than thé value‘wﬁé ~
used. These approximations seem unavoidable when the number of train—
ing samples is finite.-

If Np is not near the desired value, p can be varied, which will
vchange N and hence Np. N is dependent on the value of p chosén, and
generally for smaller p, N becom;s lafger. N is also dependent on
the two sets of training samples. If the training setshhave_é largg

overlap, N will be large. This is to be expected as the region qf.

1nde¢ision.is large so more iterations will result.
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The probability of making an error deéision on the N-th or
last iteration is actually not équal to p as the two thresholds
were combined into one instead of allowing them to cross. The
actual error estimate can be made by counting the number of
training samples for class 1 and class 2 which would result in
an error decision.-on the N-th iterations. Let mz, be the number
of training samples of class 1 above A(N) = B(N) ind mz be the

2
number of training samples of class 2 below. Then

e o= rf:===$#error:decision:and#end:on:N:th:iteEation+unknown=e:classzll;ﬁif

nl +1 nz +1 nN—l+l mN
I S N | €1
ni+1 n1+1 n; +1 n1+1
ey —P
e N
1 n,
1

from equation (II.14) where nz is defined.by equation (II.14).
1

A similar equation applies to class 2. The total estimated probability

of error is

S(error decision) = (N-1)p + m: —ER p (unknown € class 1)
1 n
A e

+my B p (unknown € class 2)
e N :

2 n,
2

As p is small, Np gives an adequate expression for p(error decision)
for most values of N and p.

An intuitive explanation for the closing together of the thresholds
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can be given. In order for the algorithm to proceed to the second
iteration, the first observation must fall between the first two
thresholds. For a decisién to be made resulting in an error on the
second iteration, the second observation must fall in the error

region. Let p be the desired probability of making a decision which
ends in an error at each iteration. To.obtain p on the first i;eration,
the probability of falling in the error region should be p.: For an
error decision to be made on the second iteration, the first obser-.

~ vation must fall between the thresholds and the second observafion :

in the error region. The probability of this is p(B(k=1) <.z, < A(k=1l))-

1

p(z2 € error region for k=2) = p. As p(B(k=1) < z, < A(k=1)) <1, . .
p(z2 € error region for k=2) is greater than p(z1 € error region for
k=1), apd thus the error decision region forlk=2 can afford to be
larger than for k=1 leading to a smaller overlap region. The égme i
argument applies for larger k. | | |

The setting of fhe.estiﬁatéd p(error-deéision on iteiatibé k)
equéi to b for eacﬁ iteréfion was doﬂe so that an estiméﬁe of'ghen.f
probability of efror for the algorithﬁ could be obtainéd; .fhi;haléo‘
resultedlin a finife number of iterations for thé algoritﬁm. The

probability of erfor is estimated looking from the beginning of

the test before any samples are taken.

'II.7 Remarks

In treating multidimensional samples in the experimental.results

of the next section, the same linear ordering function was used in -
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determining the thresholds for all the iterations. Using the same
linear ordering function throughout the algorithm may be suitable
when the data comes from unimodal densities which have one region
of overlap between the two classes. For some sample densities,
anotherltype of ordering function might be preferable. The most
desirable procedure would be not only to locate a plane for each
threshold, but to determine the orientation of the plane in order
to optimize the procedure. At each iteration, all éoefficients

2

Lgfl__in;the_linear_grdering function a,x1+a?x +...+asxs =0

would be determined instead of finding oniy Og* For example, the
number of training samples tb be placed in the error region for each
threshold, n: and n: y could be found as explained previously. For
1 2 ‘
each iteration, a plane would be placed through a training sample

of class 1 so that n: samples from class 1 lay on the error decision
1

éide of the plane and the plane oriented sé that the’number of training
samples of class 2 on the samé side was maximized. Such a technique
would:set~$<error decision.on k-th itetat;onlclass 1) = p and.maximize
the probqbility‘of é correct classification for é class 2 observation.
A similar prqcedﬁre would bg appligd using class 2 trﬁining samples

to the other plane and the classv2 error reéién. rhis method woﬁld
give p(error decision on k-th iteration]class'i)= p, 1=1,2, and

would also>minimize the number of iterations. But this technique
requires a considerable amount of computation. Such a procedure

might have to be repeated several times to find the best training
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sample through which to place the plane, and then thé computation
must be done for the planes at each iteration, The choice of an
ordering fﬁnction for multidiménsionél sample pattern classification
is an area in which further work can be done. Of course for scalar
samples the question of choice of an ordering.fﬁnction does not
occur. For the exampleg;n the next section, a_éingle lingar ordéring
function was thought to be sufficient considering the extra amount

of computation required to orient a different plane at each iteration.

I1.8 - Experimental Results

The algorithm was tested on Gaussian random variables and on
electroencephalogram (EEG) signals. The results for scaiar Gaussian
samples are given in Table II.1. Several tréininé set sizes and
seﬁeral.vaiues of the parameter p are given. The algorithm for
each sét of parametérs was tested on one thousand observations from
each of the two classes.

The algofithmlwas also tested on EEG signalsiwhich are discussed
in Section 1.2 and in Appendix II.2. The EEG signals are from a
subject with a strobe light flashing in his eye or from the subject
with the light off. It 1is desired to decide on the basis of EEG
signals if the light is flashing or not. EThe signals with the light
off will be called class 1 and with‘the light on class 2. The EEG
responses weré'continuous signals of 100 milliéééond dﬁration, and
the responses were sampled every millisecond to obtain a one hundred

dimensional vector for each sample, A feature reduction scheme of
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1!
‘Parameters ExperimenéLl Results
Number of N = maximum | Average number Estimated Class 1 Class 2
* training samples number of experimental error mean=-, 8 mean= ., 8
p for each class of iterations iterations for rafe = Np | experimental |experimental
.My =0, ' for decision decision. i error rate .error rate
' Class 1 | Class 2 _—
.01 99 12 4.74 4.5 |1 .12 L0474 .0666
- : f ' :
)
.01 199 9 4.03 3.95 i .09 ' 0444 , .0712
.01 399 9 ©3.93 3.70 ” .09 .0630 0741
.01 999 7 3.3 | 2.90 |07 .n .08
. . . Hi
.005 199 : 13 1 4.95 4.74 W .065 .0346 0711
. | .
: ' : |
.005 © 399 13 5.02 5.12 ﬂ .065 .0352 .0718
.005 999 10 4.33 | 3.89 fi .05 .065 | .055
|

Variance of both classes -!

i
\
!
TABLE II.1 !

b
I

Gaussian Experimental Error R%tes

[A %81
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Prabhu [1; 8], which is explained in Appendix II.1l, was used to
select a smaller number of features from the 100-dimensional

vectof to make the testing procedure mére manageable. For most
tests two features were used.' 0f the one hundrea feafures, features
eighty-five and fifty-seven were selected as containing the most

significant information. A linear ordering function was used,

Y = Qgy%5y + Ogg¥gs

The algoritﬁm was trained on one section of EEG data from the subject
and tested on another section from the same subject. Table II.2

gives error rates on the testing samples for sevefal parameter p values.
The samples were taken serially as they appeared from thé patient.

Five hundred testing observations were used in all cases.

An examination of the EEG reéponses showed that the samples are
cofrelated and nonstationary. The independence assumption of the
algorithm is violated. The nonstationarity meaps that the samples
are not identically distributed. The corfelatioﬁ of the samples
along with the nonstationarity contributed to the.higher than estimated
error rates in Table II.Z2.

To test the algorithm on data which was independent and uncorrelated,
one thousand serial samplgs of EEG wayeforms were mixed together so
they no longer appeared serially as they were reéorded from the patient.
The results for the mixed samples appear in Table II.3. :The experimental
error rates in this case agree more closely with the estimated error

rates. This indicated that all the assumptions of the algorithm are
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Parameters » ‘ CoL 'Experiment%l Results

Number of N = maximum Average number Estimated . Class 1- Class 2
training samples number of experimental error | (no strobe) | (strobe on)
] ' for each class of {terations iterations for ‘rate = Np | experimental | experimental
‘ n, = ﬁz ‘ for -decision decision: . - error rate error rate

A4

Class 1 Clasgs 2 -

= .01 99 ' 6 . | 1.9 | 1.8 .06 - .209 .0757
=01 | 19 7 2.22 2.55 | .07   .186 .0612
= .01 399 8 3.42 3.05 .08 | i 299 | L0548
= ,01% 999 9 3.57 4.13 .09 ©o.128 066

y = .005 199 1 12 .| 3.68 6.25 | .06 | .11 .0875
= .005 399 | 1 301 | 4.38 ©.055 132 . 0789
- .005% 999 : 14 4.8 6.10 | .07 _' .107 .013

- .001* | 999 | 40 13.9 20.8 . .04 | .0556 | .0833

|
i
* Five features instead of two were used for these experiments.

u | .
H

EEG Experimental Error Rates

TABLE II.2

2e-11




Parameters ' . Experimental Results
Number of N = maximum Average nhmber Estimated Class 1 Class 2
training samples - number of experimental error (no strobe) (strobe on)
for each class of iterations iterations for rate = Np . experimental experimental
P n; =n, for decision decision- . crror rate error rate
Class 1 | Class 2
.01 . 99 | 10 4.81 5.15 1. .0962 .103
01 199 10 4.63 5.88 .1 ; .0925 <1295
.01 399 10 3.68 4.58 .1 .054 11
.005 199 16 5.95 | 8.33 .08 L0357 12
.005 399 15 5.05 | 7.s8 .075 .0303 .166

TABLE I1.3

Independent EEG Experimental Error Rates

Se-1I
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not met by the EEG wa&eforms as thev are recorded'frém the a
patient.

Section II.6 mentioned ;hat the estimated probability of error
Np is biased since all the thresholds aré calculated from the same
training samples. Table I1.4 shows a comparison of experimental
results of the algorithm trained on one sét ﬁf training samples
with the results of using a different set of training samples to
calculate the pair of thresholds at each iteration. The examples

are Gaussian as appear in Table II.1, and p = .0l was used for all

the results.

Number . Estimated Class 1 .| - Class 2
training samples error experimental | experimental
in each class = Np error rate error rate

One training set 99 .12 0474 .0666
Different training .09 .0468 .0675
: sets
One training set 199 .09 L0444 .0712
Different training ' .08 . 0947 .0655

sets

TABLE I1.4 Comparison of Error Rates for One Training Set
' vs Several Training Sets

The table indicates that using a different set of training samples for
calculating the pair of thresholds at each iteration does not give
significantly different experimental results than using one set of

training samples. The difference between the two estimated error rates
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decreased as the number of training samples increased.

I11.9 Conclusion to Chapter II

The algorithm presented in this chapter is a sequential
approach to pattern classification for the case where the under-
lying probability densities of each class afe unknown but training
sets are available. Whén a linear ordering function is_used, the
algorithm can be viewed as a sequential variation of the.linear
separating plane approach to pattern classification. The algorithm
used a diffe:ent pair of thresholds at each iteration of the
sequential test. The thresholds are calculated before the test
and are independent of the observations taken during the uiquenfial
decision procedure. The method does require some prdor assﬁmﬁgtégé
on the pattern classes.. The classes should have one region of
overlap such that when the multi&iﬁgnsional samples of the two- a
classes are transformed to scalars the new scalar samples of ome .
class lie largely below the new scalar samples of the other class.
For example if one class of samples is surrounded by saﬁples of the
“other, the classes‘cannot be separated by a linear tranbformation.
A noﬁlinear-transformétion would have to be found.

The algofithﬁ presented in thié cﬁaptéi uséd:§ differentlpair off
thresholds at each iteratién of the sequential test, the.neif feﬁ.
.chaptets preéenﬁ aléeéhengial test where fﬁeysaﬁe p;ir of thresholds

is used throughout the test.
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Appendix II.]1 - Feature Reduction and Separating Hyperplanes

The feature reduction scheme used in this report for selecting
significant features out of a vector random sample of many features
was developed by Prabhu [ 1], [ 8]. A measure of effectiveness of

any particular feature for classification purposes is

2.2
[ui - “1] _
-—1———2— (11.1.1)
991 ¥ %4

= 7~ where Ui and_aii are the mean and variance of the i-th feature of
class j. The criterion picks the feature that tends to maximize

the distance bg;ween the means of the two classes while minimizing
the Qispersion about the means. Considering the combined effectiveness

of a group of features, the correlation between the features is taken

into account, and the criterion generalizes to
1 2, T,.1 -1 2
d= @ -uhTat + H el - wh (11.1.2)

where uj anqllzj are the mean vector and covariance matrix of the
featurés under consideration from class j. Since the means and
covariances of the two classes are unknown for the gxamples considered '
in this thesis, the means and covariances are estimated from tfaining
sets of the two classes.

_Let dm be the value of the criterion in equation (II.1.2) when
m features are considered. The algorithm for selecting featu;es from a

2

1 s
vector of s features, x = (X, X ,...,x ) 1is :
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1.) Select the first feature xi such that

1 2.2 1 2.2
(uy = u) (“1'“1)
i i2 = max -9 2
0iq * %4 i ojj +qjj
and so
1 2
(ui-uf)-
“T iz
O35+ 944

2.)A At each subsequent step after m features have been chosen

and dm calculated, the increase in the criterion (d -dm) is computed

mt1
for each of the remaining features. The feature that gives r;sg_tgf
the maximum increase is chosen.

Thus the algorithm at each step selects the feature that adds théﬁ
most to the effectiveness of the feature set already chosen where

the effectiveness is measured by equation (II.1.2). The feature
selection procedure is not truely optimal in that the subset of the
best m features is not necessarily a subset of the best m+l features.
To be truely optimal, the algorithm must search over all possible cém—
binations of m features at each step. But such an exhaustive search
becomes quickly infeasible as the total number of features increases.

The separating hyperplane that was used for transforming vector

samples into scalars in this report is

T
aox + BO = 0
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where
a = '+ 1Tl - u?)
g = -1 al-wHetvh el -uh L ALy

(o}

The weighting vector o maximizes

[aT(ul - uz)]2
ozt + £%)a

__which is interpreted as the ratio of the distance between the means

of the classes to the dispersion of the classes along the direction a.
If the classes are Gaussian, N(ul,El) and N(uz,Zz) respectively,
then a:x + Bo is the separating surface that minimizes the probability

of misclassification with the prior probabilities of each class being

equal.
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Appendix II.2 - EEG Data

A detatled qiscussion'of the EEG data is given by Prabhu [ 1],
and much of the description presented in this appendix is based on
Prabhu's discussion. An electroencéphalogram (EEG) 1is a recording
of electrical activity of the brain. The electrical activity is_
of the order of microvolts and is measured by electrodes placed
on the surface of the scalp. While the precise origins of the
electrical pgtentials isinot yet fully understood, it is generally
agreed'that the pétentials result from the synchronous activity of
a large number of cells. In order to maintain some uniférmity in
the EEG measuréments, it is necessafy to keep the patient in the
same psychological state during different recordings. When the
recording is made from an alert patient in a darkened, soundless
room cut off from external'stimuli,‘the EEG is said to be "spontaneous."

Since an EEG record;ng is the result of the combined activity of
many cells, an EEG signal can be cohsidered to be a saﬁple from a
randog process.' An example of an EEG is shown in Figure II.9.* The
EEG has been observed to have several dominant frequencies with the
most dominant between 8.5 and 10.5 c;p.g. This is called the alpha
frequency. An EEG record can be Spiit into gqual parts where the
~ length of each part is equai to the period of the alphé frequency. The

dotted line in Figure II.10 shows the average signal that results

Figures I1I.9, 11.10, and II.11 have been taken from Prabhu [1].
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from averaging these parts.

While the spontaneous EEG represents the elect;ical activify
of the brain when no visual or audigory stimuli is present, a
different EEG signal can be produced by a flash of light into
the patient's eyes through closed eyelids. If a light is flashed
periodically at‘a frequency very near the alpha frequency, then
the EEG has the affect of being driven into resonance. The

EEG signal between two consecutive flashes is called an "evoked"

=responses—and—the=solid=ltine=in—Figure=TI-10-shows—the—average
signal of the evoked responses.
The classification algorithms tested in this thesis attempted
to distinguish between spontaneous EEG and evoked EEG. A signal over
one period of the alpha frequency Qas taken to be one sample.

— The EEG record used in this thesis was obtained from NASA through
the former Eleﬁtronics Reséarch‘Center, Cambridgg, Massachusetts. A
recording of ten minutes duration was-done on a single person in one
sitting from a pair of electrodes located in the left oécipital—
parietal area. Both spontaneous and evoked responses were obtained in
the .one recording. A stroboscopic light was flashed int& the eye qf
the subject through closed eyelids. The frequency of the flashing
was tuned to his'alpha rhythm which was approximately 10 c.p.s.,
and thus a flash occurred every 100 milliseconds. The stroboscopic
light was blocked periodically from the eye of the subject, and thereby
giving rise to spohténeous,EEG. Thus the entire EEG record was com-

posed of blocks of evoked EEG driven at the alpha frequency and of
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spontaneous EEG. The length of each block was about 25 seconds.

To facilitate digital computer work, each of the waveforms was
discretized by sampling the amplitude every millisecond. Thus each:
response between tﬁp successive stroboscopic stimuli would be
expected to have 100 sampled values. In practice, it was found.that
the number sometimes exceeded 160 due to drifts in the stroboscopic
frequency. Iﬁ ofder for the pattern vectors to be of uniform dimension,
only the‘first 100 values were retained.

In the experimental work of this thesis, only a few of the 100
features in each digitized waveform were used. The features were
selected by the feature reduction procedurg explained in Appendix II.1.
In order to illustrate the degfee of overlap between the two classes
of EEG signals, Figure II.1l1 shows a plot of samples from the two
types of EEG. The samples are two dimensional with the features
being the first two s#lected by the feature reduction procedure. The
line in the figure is tﬁe sepafating plane for the two features where
the equation of the plane is also explained in Appendix II.l. Prabhu [1]
found that there was about 20% error rate in classification décisions

made on single observations with the smparating plane.
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Appendix I1.3 - Order Statistics

This appendix will define the noﬁioﬁ>of‘an order statistic
and present some of the properties of such a statistic. Somé
references that éan bé consulted on order statistics are Hogg and.
Craig [9 ], Wilks [10], Fraser [11], and David [12].

Let Xi, Xé;...,Xn’Ee n independent random variables identically
distributed with absolutely;coﬁtinuous distribution function F(x)

and with probabiiity density function f(x). Rearrange xl,xz,.;,,xn

in ascending order so that X, ¢ X £ +*- € Xi . For convenience

L i n |
relabel the set as Yl = Xi , Y2 = Xi seees Yn = Xi so that
A B .72 n o o
Y1 € Y2 € °°° £ Yn. Yi’ i=1,2,...,n, 1is cal;ed the.i—th o:der sta;ist@c

of the random sample Xl’x2""’xn'

The joint density function of Y Yz,...,Yn canvbe shown to be

l’

' -0 e
n.f(yl)f(yz) | f(Y“)
g(ylsst""yn) = . . yl € y2 € +- £ yn (11.3.1)

0 elsewhere

From this joint density, it follows that the marginal probability

density function of Yie is

B = DT FO1 T Fo1 ey, (1.3.2)

and the joint density of A and yj, i<j3, 1s
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n' i-1, j-i-1
((i—l)!(j—i—l)!(n—j)! [Fly )17 [Fy,)-Fly))]
n-j
5 A-FOT T )EG) Y€ Yy
0 o elsewhefé .

(I1.3.3)

The distribution function of F(x) will now be considered.
Let X be a random variable having an absolutely continuous distribution

function F(x) and probability density function f(x). Then the random

“variable Z7= —F(X) has a uniform distributfon on the interval (07
This will be shown under the assumption that f(x) is positive and
continuous for a < x < b and iero elsewhere. The distribution

function of X can be written as

.0 - x € a

. >4

F(x) = f f(u)du ) a<x<b
a A
1. x3b .

Then for the transformétion é = F(x), dz/dx = f(x) for a < x < b,

and

f (x) = f(x) =1 for a<x<b .

dx
dz

= £(x) g = f(x)

dz/d f( )

Thus thehprobabilify density function of Z = F(X) is
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S 1 7, 0<z<1 -
0 elsewhere . :

Since Z = F(X) is.a random variable with a uniform distribution on
the interval (0,1), it follows that p(F(X) € V) = v. That is,
if p is the probability that a future sample will fall below the

random variable X, then the ptobahilitﬁ«thét p does not exceed Vv is

V.

Consider again the random sample Xl,Xz,...,X and the set of order

tatistics for this random sample Yl’Yz"’°’Y . Consider further the
set of random variables F(X ) F(X ),...,F(X ) Since F(x) is nondecteas-

ing in X, it follows that F(Yl) < F(Yz) € oo < F(Y ), and hence Z1

- -

F(YI) Z HF(YZ),...,Z F(Y ) are the order statistics of the random sample

& ": -

F(X ) F(Xz),...,F(X ) Since F(X) is uniform on the interval (O 1),

joint density function of Z zz,...,z is found from equation (II 3 1) to be

1’
. . N n! o ‘ zl K4 zz ‘.Vjo u.‘o';‘ i i‘l ,u S
P12y = | T oana.s)
0 elsewhere RS

Similarly, the marginal density of Zk = F(Yk) and the joint density

of Zi = F(Yi) and Z, = F(Yj), i < j, can be found from equations

3
(II.3.2) and (II.3.3)

n. k-1 n-k _
D! @o! &k T 0 <l

hk (zk) =
0 - S eleewhere

(11.3.6)
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n. : i-1

j-i-1 n~-j
D G-EDTeDT 2 Ea)” (-2
0<z, £z, <1
- i3
hij(ziszj) = N '
0 elsewhere .

(1I1.3.7)

For the order statistics VA0 JYREE A the intervals (-w,yll,
(yl,yzl,...,(yn,+w) are called sémple blocks. The probabilities

of a future observation falling in each of these sample blocks are

a coverage of the sample block (yj-l’yj]' The distribution of

the random variable zj-z = F(YjﬁF(Yi), i < j, will now be considered.

i
It can be shown that the random variable Zj Zi has the same distribution
as the random variable Zj i Thus from equation (11.3.2), j--Zi =
F(Y )- F(Y ) has the probability density function

3

n! -1-1,.  n-j+i
G-1-D T(a-3+1)! v (1-v)~ - 0<v<l

h(v)=
0 ‘elsewhere

(11.3.8)

It is noted that this is a Beta distribution B(j-i,n-j+i+l). The

mean and variance of F(Y )-F(Yi), i < j, can be calculated to be

j

HF(Y)-FO)] =51 S . anaw

vértF(Y.)-F(Yi)] = (171)59:1*1) . (I1.3.10)
J (n+1)“ (n+2)
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In particular, E[F(Yj+l)—F(Yj)] = 1/(n+l). Thus the order statistics

partition the sample axis into nt+l parts, and the expected probability

of a future observation falling in each part is 1/(n+l).

The theory of sample blocks ‘and coverages can be extended to
more than one dimension by using ordering functions. The concept of
ordering functions will be introduced by considering a single ordering

function to- partition the ‘s-dimensional sample space. Let

(Xl Xz,...,X ), jal 2,...,n,be n independent s-dimensional random f

3’73 h| A
variables distributed as the random variable X = (Xl Xz,;..,X ) with

;a continuous .s-variate distribution function F(xl,xz,...,x Y. If é

W= t(X1 xz,...,x ) is a random variable with a continuous distribution

T(VO, then t(x',xz,...,x ) is an ordering funetion. ”Wj = t(X}, §,;..,X ),

j=1,2,...,n, constitutes a random sample from a population whose
distribution function is T(w), and the random sanple can be ordered
Let the order.statistics for the random sample (wl,wz,...,w ) be eg-"

(W, W, ,...,W, ). Then the §-th sample block is B = {x|ex ) < t(x)

1 t2 n o . 3 150
< t(xi )} where X is the sfdimensional sample such that v, ‘-‘t(x ).

3 3 ] Y

Figure 11.12. provides an i1llustration in’two dimensions._ The coverages
-T(W ) T(w )’Q.l’

1 2 i, 1,
2, = T(W )-T(W, ),z . = 1-T(W, ) vhere Z, = T(W, )-T(W
n i £ 17 i 5 1, 11

probability that a future observation will fall in the j-th sample block.

of the mtl sample blocks are Z, = T(wi ),2
1

) is the

‘It can be shown that for the coverages zl’ZZ""’ the sum of any

n+l
r coverages has a Beta distribution B(r,n+l-r). Thus the expected
value of a future observation falling in any r, r € n, of the sample blocks

18 r/(ntl).
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k-th ordering curve
Wi, = T(x‘,xz)

k-th sample block By

k-th coverage
/

‘:Z"w::z‘ﬁ]:=:T:(:w:k:)'_:I"(Awk -1 )

=P (observation € By)

FIGURE II. 12

Example of Ordering Function
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For a random sample of n random variables, it is also possible
to partition the sample space into nt+l sample blocks by using as
many as n different ordering functions. It can be shown [7],
[10] that the cbverages of each sample block, which are the probabilities
. of a future observation falling in each sample block, still follow the
Beta distribution. Thus the expected value of the probability of a
future observation falling in any r, r € n, of the sample blocks is

r/(nt+l),



CHAPTER I1II

A SURVEY OF DENSITY FUNCTION ESTIMATES

Section 1.6 of the introductory chapter mentioned that a
classification method will be presented that uses density estimates
in a sequential test called the sequential probability ratio test
(SPRT). The chapters that follow this one -examine density function -
estimates that are well sulted for the SPRT and formulate an
estimated version of the SPRT from the density estimates. Before proe
ceeding to such a developmént, this chapter presents a survey of

several known techniques for estimating density functions.

ITII.1 Assumptions

In discussing the density estimates presénted in this feport,
the following assumptions about the sambles from each class are made:
i) that the samples are scalars
ii) that the samples are independently, identically distributed
in each class | |
1ii) . that the samples of each class are of the continuous type.
(the footnote in Section II.2 defines a ra#dom variable of the

continuous type.)

'I1I.2 Motivation for Density Function Estimates

In order to get a clearer idea of what is involved in estimating a

density function, the definition of a density function will be reviewed.



- -many=authors=who=discuss=this—estimate.- = ~zoco = - —— - - | .- oo

I11-2

The probability distribution function F(x) of a random variable x is
defined as F(x) & p(n € x) and the density function f(x) is the derivative
of F(x), f(x) é Qgﬁil « In the-ﬁattern clasgsification procedures dis-
cussed in this report, F(x) is unkﬁown.> The diétribution function F(x)
can be easily estimated from training samples by taking as the estimate
the fraction of samples less than x (remember that only scalar samples

are being treated in this chapter.) As the number of training samples
approaches infinity, this estimate of F(x) approaches the true F(x) with

probability one and in the mean square. Cramer [6] and Rao [13] are among

While the estimate of F(x) is straight forward, it is the estimate

- of £(x) = F'(x) that is actually needed. The definition of a derivative,

F (x+h)-F (x-h)

1lim >

h-+0

= £(x) , | . (II1.1)

can be used to motivate methods for estimating f(x). Equation (III.1)

can be written more generally in terms of probabilities as .

lim p(observation € A)
A0 A

= £(x) I (111.2)

whefe.A is the width of somé interval that contains x. Thus f(x) could
>be e#timated by‘first approximating‘f(k) a§ in the left hand side of
equation (I1I1.1l) or (III.2) and then estimating the approximation from
training samples. Most methods which have been develqped_for estimating

f(x) involve using equations (III.1) and (III.2) in one of two ways:
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i) one approach is to specify the internal width A and
and let the numerator p(observation € A) be a random variable
‘to be estimated from ﬁhe-training samples
ii) another approach is to specify the numerator p(observation € A)

and to specify a certain number of training samples to be  con-—

tained in the interval A so that the denominator takes the value

éf that interval widtﬁ A whigh‘contaiﬁé the specified n;mber of

training samples. |
In i) the interval width is specified and ih‘ii) the ttéining samples
determine the interv#l wi&th. Rosenblatt [14], Whittle [15], aﬁvaarzen
[16] have written about 1) énd Loftsgaarden And Queseﬁﬁerry {17] about 1i).
Cover [18] in a general discussion of nonparametric pattern tecoénitioﬁ
methods briefly discusse§ the use of tﬁe Parzen density estimate in a
Bayes decision rule and mentions the estihaée of Loftsgaarden and Quesenberry. -
The remainder of this chapter will discuss several density estimates stressing
.ptopertieS‘which are important to sequential decision methods where, of course,
a stéing of ‘observations are considered at once. Some considerations to |
be described are storagé réduireménts, complexity of calculations, and’

continuity of the density estimates.

. IIT.3 Density Models That Specify Bin Width

I11.3.1 Fixed Bin Model

N

Perhaps the simplest density function estimate is the estimate
that is often referred to as a histogram and what will be called the

fixed bin model in this report. Referring to equation (III1.2), this
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density model sets the denominatér and estimates the numerator. The
sample axis is partitioned into a number of fixed intervals as in
Figure III.1. The density estimate for an x in any interval is the
fraction of training samples in that interval divided by the interval

width. Let

n be the mmber of training samples
k be the number of bins
Yi’ i=1,2,...,k+1 be the bin boundaries

m, be the number of samples in the i-th bin

“lor 1n tnterval (4, vD)s

then
™y
R 7 (ia17Yg) for vy <X <y,
f(x) = .
0 for x < Y, or x > Y41
(I11.3)

By its construction, estimate (III.3) is a step fpnction. Since the intervals
are specified by the‘chqicg pf the Yi's, only.thg Yi's and the fraction
of samples in each bin need be stored wﬁi}e usiné ;he es;imate. Tﬁus,
the estimate is ;alculated for all x at once, and the whole density>estimate
is stored for future use. One question that must be answered in forﬁulating
this estimate is that of where to place the bins along the sample axis. If

" the bins are wide or are placed where théfe.are few samples, the estimate
E(x) may be inaccurate, and poor use‘will have been made of fhe'training samples.

Hughes [19] discusses the effect of the number of tfaining samples and

the number of bins on the mean accuracy of a Bayes decision rule which.uses
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Y477

X

X

X

i (Tl Yi+ o
- m; TRAINING SAMPLES

IN'THE i-th BIN

 FIG. IOI.1

X

RO

- Example .of Fixed Bin Density Estimate -
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‘fixéd bin density estimates. In Hughes' paper, the placement of the
.training samples in the bins was given a uniform prior distribution

in order to consider all possible combinations in which the training
samples might occur in the bins. Abend and Harley [20], Chandrasekaran
and Harley [21], and Hughes [22] amend the results of this paper by

using the training saﬁpiés to provide posterior estimates.of the
probabilities of an observation folloﬁing in each bin so that the estimates
will be consistant with the uniform prior’diétribution. Patrick and

Hancock [23] examine ﬁhe Bayes decision rule for problems where the train-

cussing .the situation when no information is known about the density
functions, they show that a fixed bin model can still be used to estimate

the density:functions.

1I1.3.2 Parzen Model (Specified Sliding Bin)

Parzen [16€] estiﬁates thé deééity function at x by centering a
bin of specified width about x. Similar to the fixed bin model, Parzen's
density es;imate specifies the denominator of equation (III.2) and
estimates the numerator. As the bin (x-h,x+h) is ;;ways centé;ed at the
x for which the density estimate is desired, the mechanism of the model may
be viewed ag a sliding Qindow of width 2h., Figure III.2 illustrates the

model. The estimate at any x is

A fraction of training samples in (x-h,x+h)
£ = = TR

(111.4) -

The model is similar to the fixed bin model in that the bin width is



X
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A fraction samples in (x-h, x+h)

v — 2h

X

FIG. IIT.2

Example of Parzen Density Estimate o
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specified, and again there is the question of how wide to set the bin.
It may be that for some x the interval (x-h,x+h) does not contain a
great_en0ugh percentage of the training samples to provide an accurate
estimate of f(x). Given an x, it may be necessary to change h until a.
satisfaétory number of samples is contained in (x-h,x+h). Parzen and
Rosenblatt have developed formulas for h as a function of the humber of
samples so that h minimizes the mean square error of the estimate, but
these expressions require a knowledge of f(x) and usually f'"(x). The
utilization of this model in a decision algorithm requires that all

training samples must be stored. The estimate is then calculated for

each x. The estimate in equation (IITI.4) is not continuous, but the
general formulg for the Parzen estimator presented in the next paragraph
can provide a continuous estimate.
‘Let there be n training sampies {xi}, i=1,2,...,n. Then Parzen's
model can be expressed in a general formula
f(x) = E%J 121 K(%) (I11.5)

"where

sup |K(y)| <«

r |K(y) [dy <

lim |yk@y)| =0

y—m
r K(y)dy = 1
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afe conditioné'necessary for equat;on (I11.5) to asymptotically

be an unbiased estim#tor of ffx). 'The estimgte (111.5) éonvetges

to f(x) in tﬂe mean square if ﬁ(n) +0 aﬁa hh(n) > @ ag n + =,

The conve;géhce condition h(ﬂ) + 0 may be interpreted.in equation

(I11.4) as letting the intervalividth shrink to zero while ﬁhe condition
nh(n) + © requires the number of samples in the interval to approach
infinity.

If

% for |y| € 1

K(y) = (111.6)_

(=]

.fo:'|y| >1

then equation (III.5) agrees with equation (III.4). The Barzen éstimate_
is continuous in x for other choices of K(y). An example of K(y) which

results in a continuous estimate is to take

T , . ,
Ky) =——¢ 27 . : (111.7)
V2T :

For this choice of K(y), estimate (II1.5) -is the sum of n.Gadssian,
densities when each Gaussian density is ‘centered about a training sample.
¥an Ryzin [ 24] has developed. a classification procedure that

makes use of the Parzen estimator in Bayes rule.

I11.4 Density Models where the Bin Widch is Determined by Training Samples

I11.4.1 Nearest Neighbor Density Estimate (Variable Sliding,Bin)

, Loftsgaardén and Quesenberry [17] have developed an estimate that

empldys an 1nterv$l which 18 centered at x and whose width is determined

NS
\
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by the training samples. Unlike the fixed bin and Parzen models, the
estimate of Loftsgaarden and Quesenberry speéifies the numeraﬁor.of

equation (III.2) and estimates fhe denominator. In Section III.3;2,

it was mentioned that the farzen model could be viewed as a sliding

bin ofﬁspecified width centeféd ;t X. .Simiiafly the Loftsgaarden

and Que;enberry estimate can be viewed as a sliding bin of variable

width. An integer 2£(n) is chosen (n is always taken to be the number of
.training Samples), and the 2£(n)-th nearest training sample to x, called xz(n)

is found. . The interval width is then taken to be 2lx-x£(n)|,,and it follows

“that the fraction of samples inside the interval is (%(n)=1)/n. The estimate
is ' »

Sey L A(n) -1 ) | -

f(x) - 2|x xl(n)l (111.8)

whefe Xy (n) is tﬂe £(n)-th nearest sample to x according to thg_
distance measure ‘x—yl. Figure III.3 provides an exampie. The
estimate (III.8) converges to f(x) in probability if 2(n) +»
and 2(n)/n + 0 as n + =, The condition £(n)/n + 0 lets the width wlx—xz(n)l
shrink to zero while the condition £(n) + © allows the numbe; of
.ttaining samples contained in the interval to approach infinity.
Metrics other than |x*y| may be used in the estimate. - In general,

if the metric d(x,y) 1is employed, - the estimate is

> L)1 . |
f(x) = \—-—-—r—l———/2d(x,x2(n)) | | (111.9)

where xi(ﬁ) is the 2(n)-th closest training sample to x according

to‘tﬁe metric d(k,y).




X

ITI-11

A @(n)=1)/n
f(x) =7
2|x—x“n,l

r—- —q-—;—-1

e——¢ T—x——x —
W_/\?(n)—th closest
width of interval sqmple to-x

FIG. III.3

Example of Nearest Neighbor Density Estimate
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The estimate of Loftsgaarden and Quesenberry is related to
the nearest neighbor methods of pattern recognition [25, 26]. In
the nearest neighbor (NN) methods, an observation is classified
into that class which is most heavily represented among some
specified number of nearest neighbors of the observation. Since the
estimate of Loftsgaarden and Quesenberry involves finding the
£ (n)-th nearest neignbor:tolx,Lit will be called the nearest neighbor
(NN) density estimate in this thesis.

The NN density estimate is continuous in x. All training

__samples must be stored in_order to_use_the_estimate, and then for __

any particular sample value x, the estimate is calculated. In the Nﬁ
estimate, the bin centered at any X always contains a specified nunber
of training samples whereas in the Parzen estimate; in which the bin
width is specifiedtbefore hand, tne,interval may contain so few
samples that the estimate can be quite inaccurate. This problem of

bin placement is discussed further in Sections III.5 and 1V.3.2,

I11.5 Accuracy and Storage of Density Estimates

The purpose of studying density function estimates in this report
is to examine their use in sequential classification algorithms, In
practical decision problems, the amount of storage available for storing
the density estimates during computation is limited. While limiting
the storage of the density estimate is necessary, the accuracy of the
estimate is thereby decreased. 4 ‘ |

In considering the accuracy of estimates of continuous density

functions, the accuracy may be divided into two parts, one of a
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deterministic nature and the other of a random nature. Density
estimates make a deterministic approximation of f(x) in the neigh-
borhood of‘x and then estimate the value 6f the approximation from
the training samples. Thus, the training samples are not used to
estimate f(x) directly but rather to estimate some deterministic

approximatioh to f(x), which is a function of F(x), such as

F(x+h) - F(x-h)
7h e

(II1.10)

The total accuracy of the estimated density depends on how accurate
an estimate of the approximatioﬁ can be obtained frpm the training
samples (the random part) and on the accufacy of the approximation
‘(the deterministic part.)

For examplevin the Parzen estiﬁate of equation (III.4), the density
function is approximated.by‘[F(#+ﬁ) - F(x-h)]/2h. Therinterval‘width
2h is specified, and then F(x+h) - F(x-h) is estimated from the trgeining
samples. No matter how accurately F(x+h) --F(x-h) i; estimated, the
accuracy of the Parzen estimate will be low if [F(x+h) ~ F(x-h)]/2h is
a poor approximation of f(x). Likewise, ifAF(x+h) - F(x—ﬁ) is poorly
estimated, the density estimator will be inaccu;até even though
[f(x+h) - F(iéh)]/Zh may accurately approximate f(x). Both the deter-
ministic and random parts of a density estimate must be good for the
total estimate to ‘be éccura;e; The COﬁditidns for convergence of equation
(II1.5) express this phenomenon. The ¢ondition h(n) + O requires the
- the interval Qidth to shrink to zero and thus: the deterministic
part to converge; n + ® causes the estimate of F(# 4+ h) - |

F(x - h) and hence the random part to converge. Both the
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random and deterministic parts must converge simultaneously. The
condition nh(n) + ® means that as the interval width shrinks to

zero the number of.samples ingide the interval approaches infinity.

In general, the deterministic part of the accuracy depen@s on the bin
size and the random part on the number of training samples including
the number of samples inside the interval. The choice of the big

size {s a trade off between making it small to prov;de determin;tfic
accuracy or large to give random accuracy by co;taining a large
fraction of training samples. Rosenblaﬁt [14] shows that density

estimates must be biased for a finite number of samples. The bia

e e == e e el

arises from the determimistic appréximation of f(x). The estimate of _
the approximation can be unbiased, but the error in the'approximgtion,,}
still remains. |

Since the intervals of the Parzen and NN estimates are centered
at x, they are more accurate in the deterministic sense thag the
fixed bin model. But the Parzen and NN methods require storage of
all trainiqg samples fof good random accuracy. The_fixed bin model
sacrifices some deterministic accuracy but retains good random accuracy
in limited storage. |

This chapter has discussed some properties of different density
estimates, but a more detailed discussion will be presented in the
next chapter in connection with a new proposed estimate. The Yar1o9§
properties of the density estimates discussed so far seem to be determined
by two factors, 1.) whether the bin width is specified or is set by the
training samples and 2.,) whether the density function is estimated for

all x at once and the total estimate stored, or all the training samples
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are stored and the density is estimated separately for each x.
Table III.1 lists the density estimates in a matrix form and shows
how the various estimate§ are related to these two factors. Also
liéted are properties of the density estimates as determined by the
two factors,
There is one Blank position in the two By two matrix in Table III.1,

and the next chapter will propose a density estimate that fits into
the blank slot. The density estimate will combine some properties pf

thé NN and fixed bin estimates as the blank position in the matrix
indicates it should. The modelbwill be a step fuﬁctioh so the small
storage advantage of the fixed bin model will be retained. But the bin
widths and pqsitions will be determined by the training samples so
that the bin pla;ement will result in an acéuracy greater than the

fixed bin model.
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CHAPTER IV

RANDOM BIN MODEL

Chépter III discussed three density estimates: the fixed bin
model, the Parzen model, and the nearest néighbor model.  Both
the fixed bin and Parzen models have a compuﬁational disadvantage
in that the bin width is specified before the density is estimated
from the training samples. It is not known where to position the
intervals in relation to the distribution of the training samples,
and it is possible that the bin width- could be set so wide as to
contain half or even all of the training sampies. If an interval
contains too large a percentage of samples, the bin width can be
changed and thg density estimate repeated. But iterating on the
interval width complicates the estimation of the density. Thé NN
estimafe ovefcomes the problem of éetting the bin siie by determining
the interval width from the training samples. The number of training
samples £ tovﬁe éontained in a‘bin is specified, and the bin size
isldeterhined by-the width necessary to contain this number of samples.
Diffefent'valués'of L tééult in différent.estlmate #ccuracies, but
whatevér‘péfcentage of saﬁples'for a bin 1s specified, the bin width
will bé reasonable since it is detefhined'By the diskribution of the
traihing samples. Thé density'esﬁimate presented in this chapter |
combines the property of the NN estimate of placing the bins by the
trainiﬁg samﬁles'with tﬁé low storage adVéntage of the fixed bin modél.
Since the new'density estimate has a step function form sihiiér'to the

fixed bin model and'at the same time determines the bih'widths froﬁ
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the training samples, the estimate is called the random bin density

estimate.

IV.1 Presentation of Random Bin Estimate

The random bin model attempts to place bins so that the pro-
bability of an observation falling in each bin has a specified value.
Usually the bins are positioned so it is equally likely an observation
will fall in any bin is illustrated in Figure IV.1. Let k+l be the

number of bins. The bin widths are determined so the ptdbability'bf;

an Ghservation falling Tn a5y bia 18 Sk Thea — T T T
a 1l estimated width of i-th - - . i
£) = 9 ///[bin such that p(xei-th bin) = E%I ] for xei-th bin

(1IV.1)

Ihe bin boundaries are calculated from‘quantileé and_quaqtile:
estimates. The next few sections discuss quantiles, thei?restimatep,
and a density estimate based on quantiles. The assumptioﬁs on ;ﬁe )
datg listed in Section III.1 still hold in the following discugsion.
fhe assumptions éere that the samples are scalars, identically and
indepgndently distributed in each clas; with absolutely cogtinuqug‘
Aisttibu;iqn'functions. Conditions for the density estimates dis-
cussed in this thesis to converge to the true density f(x) %eduire
that f(x) be continuous at x. By the assumption qf ab;olute continuity
qf F(x), the puﬁber of discontinuous points of f(#) is finite‘;n any
finite 1nterval, vSin;e in this report the purpose of obtaining

density estimates ig to class;fy observations, a density is estimated
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only at values of a given observation. The probability of an
obsetQation occuringvat a discontinuiﬁy is zero. Thus, the assumption
of absolute continuity of F(x) is not restrictive for classification
purposes. The convergence‘conditions of the random bin density
estimate that will be presented in Theorem IV.2 also assume f'(x)

is continuous in a neighborhood of x and f(x) ¥ 0 at x. Again, -

as long as the number of points at which f(x) is not continuously
diffgrentiable or f(x) equal to zero is finite in any finite interfal,

the conditions are not restrictive.

IV.1.1 Definition of Quantile

The p-th order quantile, labeled_Ep, of a distribution functi&n
F(x) is any value of x such that F(x-Ep) = p, See figuré Iv.2,
In this report, Ep is assumed to be unique for any p. Since X‘iS»:>
a random variable of the continuous type and heﬁce F(x) is absolutely
continuous, the existence of Ep for any p is guaranteed. The further
assumption of the uniqueness of Ep means that F(x) is strictly increas-
ing in x. |

IV.1.2 Set of Quantides

For any integer k, a set of k quantiles (& 1° L3 2 3 e £ K )
k+1l k+l k+1

can be defined such that for any two consecutive quantiles £ o and £l+i
k+1 k+1
P (E,) -FE.)=o7 (w.2)
VP4l j k+l . ° :
k+1 k+1

Figure IV.3 provides an illustration. Thus the set of k quantiles
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partition the sample axis so that the probability of an observation
S 1
falling in any partition is ey

IV.1.3 Defining a Density from Quantiles

Let the X be a random variable with distribution function

F(x) and density f(x), ahd let.E 1° £ g % tre s £ K " be a set
k+l  k+l k+1 ’
of k quantiles. An approxiinatio_n of f(x) is

+

0 X<ty
: K+l :
k+1 k+1 . ’
= <
approx(x) 4 El"'l &y g_j'_ <= g,‘]"'_1
. ) B Wl el - ktl b+l
. 0 x> &,
k1 (1v.3)
If X is known to be distributed over an interval (a,b) then £ (x)
approx _
can be written as
f
0 x€a -
Py sy a ‘: x < Ei_.
‘ | : k+1
F(gjj-_l)_F (EL)
k+1 k+1 :
fapprox(x) = 4 gii'_]; "EJ_ § g__j_ ¢ x € gj_'_"l
L k4L k+l ktl
[-FeE, )1 /b€, ) £, exch
k+1 k+1 11'1'
0 x>0b
.

By equation (IV.2), the numerators of equation (IV.3) are all equal to k_il— .
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If k is allowed to approach infinity and for any x one chooses from

the set of k quantiles (£ 1° £ g3 tee s £ X ) the pair of quantiles
k+1 k+2 k+1

just below and just above x, the approximation converges to f(x). This
1s shown below:

Theorem 1: Let X be a random variable with an absplutely continuous
function F(x) and with probability density function f(#). Let

& 1° £ y sesesE K ) be a set of k quantiles from P(x). Define
W W | T

F 0 x<&,
k+1
1/ (k+1) : '
f -
approx(x) 4 §1t1~- ;dl_ ‘ ;_i_ € x< giil
o rE) k+1 k+1
L 0 s ) x> E_E_
k+1
© (IV.4)
Then at all x for which £(x) is continuous
lim £ (x) = £(x) : o : (1V.5)

k4o  8PPTOX

First convergence of a m§¥e general form of equatioﬁ (1Iv.4)
will be proved.
Lemma 1: Let F(x) be an absolutely continusus function.r For a
constaﬁt x, let_ak be a sequence qf real numbers such that oy € X

and a;, + x as k + =, and bk be a sequence of real numbers such that
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bk > X and bk + x as k + ©. Then at all x for which F'(x) is

continuous
F(bk) - F(ak) .
1im b. - = F! (x) . (IV¢6)
koo k% T

Proof: Since F(x) is absolutely comtinuous,

A FOOFa) 1
k bk-ak bk-ak

bk . . .
AF f F'Gde . L@.n.

a

Subtraccihg F'(x) from both sides of equation (IV.7),

AFk-F'(x) ;

1 P
5 f (F'()-F' (x))dp . - (1v.8)
K 2 a, ST - R
By the assumption of continuity of F(x) near x, for gll € > 0 there
exists a 6: > 0 such that |F'(y)-F'(t)| < € 1f |y-t| < 6:' Given
an €, choose k .3uch that b -8y <8 1f k 3 k . Then it is observed that
€ T 'k € € » -

|u-x|<6€ if k > k_ and a, €U € b, ,(regember a <x¢ bk)‘ The gonQition

lu—x‘<6€' and coﬁtinuity.of F' (x) iﬁply .
[F') -F'®)| <e . : (1v.9)

Substituting equation (IV.9) in equation (IV.8),

b

1 k : .

,IAFk - F'(x)]| < b-ay I edy = € (1v.10)
o : a

and so IAFk—F'(x)l <eif k3 k. Thus for any € > 0, there exists

a k_ such that IAFk-F(x)I <€ if k> k_, and -Lemma 1 is proven.
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in equation

Proof of Theorem 1: Lemma 1 implies Theorem 1 if §
‘ k+1

with b, By construction

P

Si41
k+1

It remains to show that

(IV.4) can be identified with a, and

of equation (IV.4), Ej_j~ € x € El+1.
k+1 k4l

£ > k and § + + x as k > . It has been 'assumed that for any

- I+l
kt+1 I+l

"p the p-th ﬁq:de: quam:ilev_Ep is u\nique,_\gnd hence F(x) 1is st;ictly .

increasing in x. So £ <x¢

4 E.Lﬂ implies
k+1 k+1
F(E—L) € F(x) € F(Eji'_l_) . (1Iv.11)
k+l k+1
Now F(Eﬁ)-F(E-L) w47 - For any €°> 0, there exists a k_ sugh
s G
1
that Kl <€ if,k ] .Lke._‘ ?hus i
ln[F(E,,.) - F(E , )]=0 . ’ .12
A-haw[- 1il gul- Ju Lo S o ,.)
S s R s g o | g

Equations (IV.11) and (IV.12) imply ‘

lim F(§ , ) = F(x) (1IV.13)

o -

ii: F(;itl) = F(x) . : (1V.14)
k+1

Since F(x) is strictly increasing in x, equations (IV.13) and (IV.14)
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imply
lim £, =x | . (IV.15)-
4 . e .
ke 4
and
lim & = x . | . , . (IV.16)
i+l :

The sequence § i "has the properties of ak>and El+l’those of bk’
k+1 i k+1

and go Lemma 1 implies Theorem 1.

IV.1l.4 Quantile Estimates

Equation (IV.4) presents a density.approiimtgton coht&ining -
quantiles. If F(x) is unknown, the qﬁantilé can be estimated ffqm ;(Hy
training samples. A demaity estimate can be constructea‘by reﬁi;cing
the quantiles in equation (IV.4) with quantilé esfiﬁateé.‘ v a

The p~th order quantile of a distribution funétioh F(x) can be
estimated from_araining.samples with order stati#ticwthéory. Let

n independent observations of a random vatigble X be arranged in

ascénding order.

x, <X, < ... <X . - R - (IV.17)

Relabeled the samples'for convenience
Yy Z X s Yy WX s oeee 5 ¥ =X (1V.18)
1 2 n
(yl,yz,...,yn) is, aé is mentioned in Section II1.3, a set of order

statistics. An estimate of the p-th order quantile Ep is
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€ = Yimp)e1 (1V.19)

where [w] is the largest integer less than or equal to w. If np is
an integer, choose any value in the closed interval befween ynp and
ynp+1 since .the distance between the two neighboring order statistics

y _and ¥y tends to zero as n approaches infinity. A motivation

np np+l

for Ep is that the fraction of samples less than E is near p and

from order statistic theory (see Appendix II.3) E[F(g )] = lB%%{l~

which is approximately p. Rao [13] shows that the estimate ED
approaches Eﬁ as n > @ with probability one. The distribution of gp
is shown by David [12] to be asymptotically Gaussian with mean E

variance _Rll_Rl__ where for np equal an integer E is taken to be
n[f(€ )] ’

ynp to simplify the 1ndeterminate case.

The set of quantiles (£ 1>,£ 2 . K ) that appear in the
- k+l  k+l  k+l ‘
density approximation of equation (IV.4) can be estimated from equation

(1IV.19)

E . =y - for 3=1,2,...,k . : (1Iv.20) -

B

Iv.1.5 Estimatiﬁg the Density Function f(x)

A

If a set of k quantile estimates (é 10 £ 9 s tee s é K f
TSR S K+l

determined by equation (IV.20) serve as the bin boundarieg in the . ..
random bin estimate, then each bin contains approximately the same

number of training samples. The random bin density estimate is
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( ° *<t
: »k+1
2 : ) 1 . A . e ;
o = 4w/t S St
: S S A S pYs) k+1
° x> &y
k41

(1V.21)

The following theorem shows that the random bin density estimate

converges'in probability to the true density if k - © and k/n »> 0
as n + @, For convergence of f(x), the bin width must approach zero

yet contain an infinite number of training samples. The condition

. Fore  ony-
RO VR &

k + o lets the bin width tend to zero while k/n + 0 allows the R
number of samples in each bin to approach infinity. The need for

k - and k/n + 0 as n > ® can also be seen by inspecting

(k+1)(€i+1 -£ l ). The conditions k + ® and n + ® are necessg,§:.~-:
k+l  k+l _
£ ce T - N
or £l+1 £ I q._ Since EI+1 - l s multiplied.by k+1 'and
k+l  ktl ktl  k+l

k+1 + .  an additional condition of k/n + o ig needed in order that

both (k+1) and (E 1 -E ) converge at rates appropriate for

ke SR ,
k+l  k+l -
. — L —~ to converge to f(x).
) gy - €40
k+1 k+1

In the proof of convergence of f(x) to f(x) in the following

theorem, a lemma is first developed that shows that E(X) follows
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asymptotically for large n a Gaussian distribution. The lemma shows

. ,
that since & » J=1,2,...,k, are asymptotically jointly Gaussian

J_
k+1
the asymptotic distrib?tion of 1/f(x) = (k+1)(£|+1 ~£ | ), which is
' ' k+1  k+1

a linear combination of two Gaussian random variables, is Gaussian.
The asymptotic distribution of f(x) is then proved to beVGaussian.
The proof of the theorem concludes by showing the convergence of
Fx) to £(x).

Theorem 2: Let X X2,...,Xn be n independent random variables

1’
identically distributed as a random variable X with an absolutely
continuous distribution function F(x) and with probability density

function f(x). Let (Y ,Xz,...,Yh) be the set of n order statistics

for (X),X,,...,X ), and let £ ;- Y[ T §=1,2,...,k(n),
_ k(n)+1 ' ’

. k(n)+1
where k(n) is a sequence of positive integers such that k(n) -+ o

and k(n)/n > 0 as n + w, Define

( 0 x < E 1
o _ - K(m)+1
e ___1_ | . -A ' £ z
fn(x) - < k(n)+1 /€j+l & k| ) & - € xx E.j_+1'
. k(n)+l k(n)+t k(n)+1 k(n)+1
0 X > g k(n
k(n)+1
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Then ?n(x) is a cbnsistent* estimator of f£(x) at all x in the neighboi-
hood of which f(x) and f'(x) are continuous and £(x) ¥ O.

Before the theorem is proven, the following lemma is developed.’
Lemma 2: The density estimate gn(x) defined in Theorem 2 follows

asymptotically a Gaussian distribution.

Proof of Lemma 2: First, llfn(x) will be shown to be asymptotically

Gaugsian., If s quantiles ¢§ yveasy & are estimated by»
P 2 Pg

equation (IV.19) and f(x) is differentiable in the neighborhbod of

s Ep

_“_‘i,T:j”d:tﬁzg__,_then_the_s_quadtile_estimates__g_:kzé_:,nhukzgm__fo1low__asymp£6£1ca11y_____
Py ’ Py P s , -
an s-variate Gaussian distribution [12} with means

A

EE = § R ' (IV.24)
variances -
o p(1-p,)
. varG(Ep ) = ——-———5 (1IV.25)
’ i .nl[f€E )] o
and covariances
~ p,(1-p,)

cov (E ,E ) = ,
¢y ey nf(é:pi)f(cpj{

i<y. ‘_ (Iv.26)

*Let xl,xz,...,xn be n independent random variables identically
distributed as a random variable X with distribution function
F(x). 6(X1,X2,...,Xn)_is a consistent estimator of 6 if '
e(xl,xz,...,xn) converges to 6 as n + », Convergence in this

report is shown in probability.
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A subscript G has been used to indicate that these are the means
and variances of the asymptotic Gaussian distribution. since the’
means and variances of theAasymptotic distribution of a random
variable are not necessarily equal to the limits of the actual

means and variances of the variable. Letting s=2, p1 =

+1
k(n)+l

3
k(n)+l .

and p, = , then,(k(‘n)+1)(€i+1 - ; ) is a linear
k(n)+1l k(n)+1

combination of two asymptotically Gaussian random variables and so

is itself asymptotically Gaussian with mean

Be@HDE 4§, )= GDE €, ) v
’ k(n)+l k(n)+l . k(n)+l k(n)+l
and variance |
varg[(k(@+D € 0 <€, )]
k(n)+l k(n)+l
2 ~ ' ~ A
- L) pvar €, ) -2eovg@ L, L E L )
k(n)+1 k(n)+1 k(n)+1
+ varc(g 1 )]
k(n)+l
2 w2 SRS T .2 S i__ - A2,
- (k(n)+1) k(n)+1 k(n)+1 -2 k(§)+1 ) %(n)+1 )
n 2 f( € .
(£, I i 141
{-mﬂ K@+ K+
. k(n)+1 S k(n)+1 . (. 28)
f N
15 )1

k(n)+l
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These two equations are actually the asymptotic means and variances
of l/fn(x). Before finding the asymptotic mean and variance of

?n(x), it will be shown that varccz—l——)'tends to 0 as n »> =,

£,.(x)
This will be shown by expanding the tefms in equatioﬂ (IV.28).
i of qu e -—JL—;- =
By definition quantiles, ()1 F(§ ] ) and
' k(n)+1
E?%§%I = P(§ +1 ) . For convenience, let h1 = x - § i and
_ k(n)+1 - _ ' . k(n)+1 _
o th = § 1ig=;-x; F(x—hl), F(x+h2), f(x—hl), and f(x+h2) caq be expandéa to
k(n)+1 9
hy g
F(x—hl) = F(x)-hlf(x) +-§— £'(0) ()1 <@<x,
(Iv.29) -
2 :
F(xth,) = F(x)+h,f(x) + 5= £'(¢) x<éd< &
‘ k(n)+1
(1Iv.30)
1 1 £'(Y) - '
- + h vk <y<x
f(x-h,) £f(x) 1 2
1 [£(n) : T
- (IV.31)
and
1 1 £y
o -h x<u<g
f (x+h,) f(x) 2 2 : i+l
2 (£)] K +1
(1v.32)

After substituting the above four equations into the expression for



IvV-17

var, Al ) in equation (IV.28) and performing algebraic manipulations,
f (x) :
the varG(A1 ) becomes
f (x)
2. (h.+h,) ,
1 o Lk(n)+1) . 2 2,: 2
varc(g(x) ) - { oo+ Om)+ ohy)+ O(h;h,)} .

(IV.33) -

Now an expression for (k(n)+1) will be found. Upon subtracting

equation (IV.29) from equation (IV.30),

Fathy)-Flx-hy) = £(x) (b +hy) + O(hi) + O(hg) (V. 34)

Since F(x+h2)-F(x-h1)4- 1/(k(n)+1), it is found after algebraic
manipulations that
1 { 1 _ }

B2 eo+1(hD)+0(h2) 1/ (h +hy)

k(n)+l = . (Iv.35)

Substituting this expreésion into the varc[llfn(x)] in equation (1Iv.33),

k(n)+1{ 1 }
B EHOMI)H0 () 1/ (hy +hy)

varG[llgn(x)] =

(1 0(hi)+0(h§)+0(h1h2) }
e * h,*h, y

(IV.36)

Equations (IV.15) and (IV.16) in the proof of Lemma IV.1 state that

g | + x and § '!+1 + x as k(n) + <, and so hl > OIand h‘2 +0
k(n)+1 . k(n)+13w

as k(n) » o, Since.k(n)/n + 0 as .n > ®,
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lim varGu/? (x)] =0 (Iv.37)
. n
n+oo .
Now that the asymptotic distribution of l/gn(x) has been
the

found and it has been shown that varG[llfn(x)] +0as n+ oo
asymptotic distribution of fn(x) will be obtained by the followingi
Lemma (David [12]): Let xi,XQ,...,xa be n independent random variables

identically distributed as a random variable X. Then tj(Xl,Xz,...,Xn),

j=1,2,...,m, are m random variables that are functions of (xl,xz,,..,xn).

If the random variables t, (X,,X,

m-variate Gaussian distribution with means uj, variances O§ which tend to 0

as n + o, and covariances oij’ and 1if gj(tj) are single-valued

functions with nonvanishing continuous derivatives gj(tj) in the -

neighborhoods of tj - uj, then gj(tj) themselves have an m-variate
Gaussian distribution with means 8j(uj) and covariance Oijg;(ui)gg(nj).

Withm =1, £ = G@+DE,, -8, ), and --ft—x)-
- k(n)+l k(n)+1
(k(n)+1) (€ 41 T g 5 ) and since f(x) # 0, the transformation

k(n)+1 k(n)+1

P

g(t) -*% satisfies the conditions of the lemma, Since g'(t) = 3 »
' t

?n(x) is asymptotically Gaussian with mean

o 1
B, ® = oiig /€ g, ) v.38)
K+ k(m+1

and variance

varg(£,0] = lgyg /€ 0 - € 4 1 varlUE ] . (v.39)
k(m)¥1 k(n)+l
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Theorem 1 states that

- 1im 1 : . - .
e k(n)+1/(gj+1 -8, ) =f0 ., (IV.40)

k@ k@A

and so

lim Ec%n(x) = f(x) . (IV.41)

b ¢ ad

Further, since varG[llf(x)] + 0 as n+ «, .

lim varc[gn(x)]‘é 0 : (IV.42).

n-»o
Lemma 2 has been proven.

Proof of Theorem 2: From Lemma 2, fn(x) follows asymptotically the

Gaussian distribution ¢n(u) with mean Ec(fn(t)) and variance

varg[£(x)]1,

'u-EG(fﬁ(x))

(varglf oD’

/2 : :
e—l/2 v2

1 dv . (IV.43)
T

o (w) =

A -

From Lemma 2, Ec(gn(x)) + f(x) and varG[fn(x)] + 0 as n -+ , gso

-~ -c0 u < f(x)
: u-Eo (£ _(x)) . _
1lim ~ 772 ~ 0 “u = f(x) (1IV.44)
n+® (varc[fn(x)) D ‘

« u > f(x)
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The limit of ¢ (u) as n ®
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0
lim ¢ (u) = . -%
n")°°x'l )
1
. 0
F(u) =
1

equals F(u) at all

[~
A

[+
[]

[-1
v

e
A

e
v

f(x)

f(x)

f(x)

f(x).

f(x)

points for which

(IV.45)

(1V.46)

<>;_F(u) is continuous.

the limit, fn(x) converges in probability to f(x).

IV.2 Restatement of Algorithm for Réndom Bin

Densify Estimate

Since @n(u) 1s degenerate at u = f(x) in

This section'presentsia concise sumhary of the proéedure fori:

finding the random bin density estimate from n training samples. . -~

1.) Calculations performed with the training samples:

a)

b)

order the n training samples '

ylA<y2< cse <yn

estimate k bin boundaries

>

€, = v €, =
T [k+1]+1 Py [k+1

i‘l‘i %:1‘1*1

1+1

3

k

k+1

=y kn
Leritt

)

(1V.47)

(IV.48)
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By storing the k bin boundaries the entire density estimate’is
stored so that f(x) can be estimated at a later time on line.
2.) Calculatibns p.etformed to find f(x) 4from the bin boundaries in

equation (IV. 48) :'

a'._)- find E_j_ ané gj*'_l_ ‘-..s'uvch_th'ati
- k+1l okl
& i ¢x¢< .€j+l :
k+l k+1
o x<a
L /(E ~a)  asx<f.
k+1 i a | .a ¥25,
prS) S
tw = | L S E.y £, cxck
k+l k+l k+l1 k+1
-—1—-/‘-(1,-2 ') E <x<b
i | k) Sk
. _ _ Ak+1 : o _k+1_
-0 S .. x>b




_bin and fixed bin models, the density function is estimated for all
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IV.3 Comparison of Random Bin Density Estimate with Other Estimates

Section III.1 stated that density estimates generally are of

p(x € interval A)
width of A

and the numerator estimated or the numerator is specified and the

the form , and either the denominator is specified
denominator estimated. The random bin model is of the latter_type
and so is similar to the NN estimate. Both estimate the interval
width from the training samples. The random bin model is similar

to the fixed bin model in that it is a step-function. In the random

X at once, and the total estimate is stored. Table IV.l1l lists the
properties of the random bin model and the three models discussed in
Chapter III.. Table IV.1l is similar to Table III.1 with the random
bin estimate'added. The remainder of this chapter discussgses the
estimatee.in‘more detail. |

IV.3.1 Storage and Computation Requirements of Density Estimates

o

The storage and cohputatiqn'requiremeete of a density estimate
can be‘divided_into two parts. One part, to beicalled on-line, is
for the storage of the data qeeeed at the time of a classification
decision and the amount of caiculations required to make the decision.
The other part, called off-line, is for ‘any preptocessing that may be
necessary before the data is stored for later use in a classification
algo;ithm.

lAs an example of how off-line and on-line storage and processing
might be utilized in practice, consider the EEG signals discussed in

Section I.2. A possible decision problem is to determine from EEG
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measuremeete the state of conscieusnese of a pat;ent undergoing
surgery. The information on:the patiett'sjstate of consciousness
would determine the amount of enesthetic to give thevpatient.
Caiculations’en the EEG measurements to determine the density functions
necessary for such a &ecision could be performed off-1line before the :
surgery when latge-computer facilities wouid be available.\ During

the operation, thevtesting on the patient's state of censeiousness

coul& be done 6n—11ne with small information storage facilities beiné z

- —-Tequired : S i - _ -
When’the density eStimate-is a step-fﬁnction calculetedifor-ela.'

X at once as in the random bin and fixed bin models,.off-line:pre; i;;
eessing is necessary. But the on—line storage requirement of these g
estimates is small as only the bin boundaries and step-function
values need be stored and the on—line calculation of the density
estimate for any x is simple because only the bin inewhich x lies
needs be found. The Pareen and NN medels have-ro oft-line:brocessing.-
But the on-line storage requirement is large since ail traihiné.
samples are stored, and more on—}ine calculations are required as the
bin is centered at x every time an estimetion is made.m. .

~ As meptioned ;n the previous paragraph, the random and fixed bin -
esti@atee require off-line storaée. In the figed bin model, the
fraction of training samﬁles'in each bin is ealculated, and each
trai@ing sample may be discarded onee the bin in which it lies has been

found. In the random bin model, the training samples are ordered
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and all samples must be stored during the plécement of the bin
boundaries.: Thﬁs the Off—lihe‘proéessing requiiement of the random
bin model is larger than that of the fixed bin model. The fixed
bin estimate is also easier to update with additional samples.

IV.3.2 Bin Placement

In the random bin and NN models, the interval positions are
determined by the training samples, while in the fixed bin and |
Parzen models, the interval posiéions are specified before train-
ing samples are known. When the intervals are specified beforehand,
a bin may contain a very high proportion of the samples; it may be
necessary to change the interyal and estimate the density again to
increase the accuracy.

R The centering of the bin at # in the NN and Parzen estimates
provides more deterministic accuracy. The random and fixed bin
models do not center their bins at x, but the decreased deterministtc
accuracy is traded for smaller on—line storage and prpcessing require-
ments.

Properties of the random and fixed b;n models can be combined
info one estimate. The bin boundaries could be placed by some of the
training samples, then the binsMcpuld be taken as gpecified_and the
fixed bin mgthod applied to the other samples. Such,a mixed estimate
would combine the two modes of density estimation, which are either

p(x € interval A)
specifying the @gnominatq; of width of B and eStima?;yg the

numerator or specifying the numerator and estimating the demominator.

The mixed density estimate would operate in each mode one at a time.
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_SebestyenAand Edie [27] have formulated a density estimate
that is one possible way of combining the two médes of density
estimation mentioned in the previous paragraph. Sebestyen and Edie
determine both the number of bins and'bin sizes from the training
samples. The estimate is_a step-function. First, an initial set
of bins is chosen. Then by applying the training samples, some
bins are enlarged and some reduced, and some new bins are created
and some old ones combined. The flat parts of the density fqn;tion

are approximated by a few, large bins, and the rapidly varying.

parts by'more, smaller bins. The motivation of the estimate is

to minimize the mean square error
J“ (f(x)-f(x))zdx : (1Iv.50)
- - : . o T :

and require little storage;

Figures III1.4 a,b, and ¢ show an illustrative comparisoﬁ of
the estimates of Sebestyen and Edie, fiied bin; andrrandomfbih.
The Sebestyen and Edie method appears to come the closest to minimizing
the mean square error. But since the density funétion estimate is to
be used to classify observations, 1t‘seems.more appropriate that the
estimate should have gréater accuracy where observations are more
likely to occur. In other words;'the estimaté should be more accurate
nea:ef the peaks of the density. Rather than trying to minimize thé"

mean square error, a more appropriate criterion is to minimize
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* Comparison of Density Estimates of Sebestyen
and Edie, Fixed Bin, and Random Bin
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r (f (x)-T (.x) )Zf (x)dx . (Iv. 51)

Equation (IV.51) weighs more heavily the higher values of the
density function Qhe;e more observations are likely to occur.
Since the rahaom bin model places:the bins so each bin contains
approximately the same mumber of training sambles, more bins.are
- concentrated where more samples occur and the model comes closer

to satisfying’equation (IV.51). It is of course possible to vary

---===-=-the=random=bin-model=as=presented—=in—this=thesis—and=to specify -
different numbers of training samples for different bins.

IV.3.3 Tail Region Problem

A problem arises with step-function estimates when the random
variable X is distributed over the interval (-«,®). Iflf(x) is
estimated for x less than thé lowest bin boundary or gteatef than
the highest bin boundary,Af(ﬁ) will be zero. For example in the
random bin model in equétion (1Iv.21), E(x) = 0 for x < E 1 ©°f

x > E x - Figure IV.5 illustrates this occurance. If E:lestimate

of f(x) is all that is desired in the tail regions, then f(x) = 0

is a reasonable estimate. A problem occurs when ?(x) becomes part of an

estimated likelihood ratio %(x|02)/§(x|C¥) as is the case in the

| estimated version of the Wald sequential probability>fatioitest
to be preéented in the next chapter. When a string of t observations
has béen taken and X, results in either ?(xt|cl)‘= 0 or ?(xtlcz) =0,
the likelihood ratio of the t observations will be zero 6r infinity, and
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4‘/"‘-=-“~\\\ _
// | \\\( f(x)
f(x)=0 / \4/1/?(") f(x)=0
A - A A —>
1/k+l g2/k+1 Ek/kﬂ

. FIG. I'L.5

Tail Regions of Random Bin Density Estimate
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will cause a decision to be made immediatély regardless of the previbgs
observations. This phenomenon leads to more error decisions in the
sequential test to be présented.than should be allowed by the specific
error probabilities. The reason is that a decision is made on the
basis of only the one observation. The likelihood ratio ignores

previous observations, and the test does not evaluate enough obser-

vations for the error rates to be small. This tail region problem, as

it will be called in this thesis, is discussed further in Chapter V

when the estimated version of the likelihood ratio is presented.

The Parzen and NN models avoid the tail region problem since -
their density estimates are continuous in x.

IV.3.4 Conclusion to Comparison of Density Estimates H" .

Table IV.1l is again recommended for a comparison of the vaﬁioué
estimates. The next chapter explores the use of the randoqxbin‘

estimate in an estimated SPRT. The random bin model is chosen because

of its small on-line storage and processing requirements and its

placing of the interval widths by the:fraining samples.
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Appendix IV.1 - Discussion of Convergence Proofs of Density Estimates

This appendinadiscosses;some factors involved.in showing con-
vergence of density estimates.A Parzen [16] shows convergence of his
estimate in the mean souare sense. Loftsgaarden and Quesenberry [17]
show convergence in probability, and this report shows convergence
of tbe random bin density estimate in probability.' Mean square
convergence is a stronger form of convergence, and in fact it implies
convergence in probability. The-reason that convergence of the NN
and random bin models has been shown in probability appears to be
that their structure makes convergence harder to prove (it should be
noted that it has not been shown that they do not converge in the
mean square sense OTr with probability one).

The basic form of a density approximation is

p(obserXation g A) ) (Iv.lll)

As mentioned in Section III 2, a density estimate can either specify
the denominator and estimate the numerator or specify the numerator and
estimate the denominator. The Parzen model.estimates. the numerator, .
and the NN and random bin modeis'estimate the denominator. Because

of this, it is more difficult to find the means and variance of the

NN and random bin models. Estimating the denominator of equation
(Iv.1l. 1) means estimating the interval width that contains a specified
fraction of the training samples.: Distributions of order statistics

are involved, and_it:is difficult to calcnlateﬂthe varianceﬁof interval
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width estimates from the .densities of order statistics. . Estimating -.
the numerator of equation (IV 1.1) involves estimating F(x+h) -~
F(x-h), which has a variance that is easier to find ”

To illustrate the factors discussed in the preceding paragraph
some examples will be given of the type of calculations involved for
finding the variances of density estimates. Let the density estimates
be based on Xl,Xz,...,X where X xz,...,x ‘are independent random
variables identically distributed as the random variable X with

absolutely continuous distribution function F(x) and with probabilit&i-

density function f(x).

The first density estimatevParzen considers is

S_(x+h)-S_(x-h) | -
(X) o= LU 2h n - (IV.I.Z) P

f
Parzen

where S (x) is the fraction of samples less than x. The covariance

of S (x) and S (x') is [ 14]
‘cov(Sn(x),S(n')) ='% [F(min(x,x‘))- F(x)F(x')]-.

For the general Parzen estimate

.no. X~X

‘Parzen™ = ;lh— -jzl--x.( h i Yoo | (v.1.3) .
Parzen shows that

1im nh var[fn(X)] “bf(x)bjm Kz(yjau . ) (IV.1.4)
n-m . .. ’ .m ! - - - -

It is evident that the limit of the variance of Parzen estimate can
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be found and mean square convergence can be shown.
The NN density estimate is

A

an(x)-= &il /2|x—x£| S o (IV.1.5)

where Xy is thevlf;h nearest sample to x. The NN estimate involves
order statistic theory. In making calculations on the NN estimate,
the type of density function involved is that of the k-th largest

sample Yi whose density is

et T T Fo0 Gy (1V.1.6)

The random bin estimate is

1 "4. o ~ A )
fpandom ™ = T41 / (Ejiifg_i_) for ;_1_ < x < ;itl (Iv.1.7)

bin k+l k+l k+1 k+1

where Ep = y[np]+l is the estimate of the p-th order Quantile Ep.
The random bin estimate also involves order statistic theory,

and the type of density function used for making calculations on
the random bin estimate is that of the joint density of Ep and Eq,

which is

n: £ oyqi=l o 2 ooy 3-1-1
@D G-1=D T [FEDT TIFE)-FE )]

R L P o | )
(1 F(Sq)] f(Ep)f(Eq) (1V.1.8)

vhere p < q, 1 = [np]+1l, and j = [nq]+1.
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Since it is difficult to find expligit expressions for the
variance of random variables with density ftinctions in equations
(IV.i.G) and (IV.1.8) and with F(x) and f(x) unknown, explicit
expressions for the variance of the NN and random bin estimate
are even more difficult to find. Thus the convergence of the
NN and random bin éstimétes has been shown in probability by
methods that do not involve finding eipliéit expressions for the

variance of the estimates, suéh as using asymptotic distributioms. *




CHAPTER V

ESTIMATED SPRT

Chapter.IV developed s density function estimate with the intent
of utilizing it in a classification procedure. -This cheoter discusses
the Wald sequential probability.ratio test (SPRT) and then forms an
estimated SPRT with the random bin density estimate. The SPRT has been
chosen since the decision problem involving the EEG responses
discussed in Section I.2 is particularly we11 suited for a sequentialvtest
“Also a SPRT'with density estimates presents some additional interesting
problems which occur only infrequently in tests that decide on the
basis of only one observation such as the Bayes decision ruie. Some of
these problems that will be investigated in this report are estimating
densities in the tsil tegions and estimating densities of»dependent'

fobservations.

V.1l Review of SPRT - -

A well-known sequential test is the Wald SPRT [4,28,29]. In the
SPRT, the error probabilities: are specified '
'*a-é“p(etror'of type I) = p(decide CZIC1 true).
8 4 p(error of type II) = p(deeide C1|C2 true) © (V.1)
Define the likelinood:ratio of t observations
| : f(xl;xz;}m.;k [CZ)

,.;.,x )A- (v.2)
: f(xl,xz,...,x IC )

L(x 2

and two thresholds

A_‘____;'" y : o B=— "’"a'-: T o F ’ (V.3)



The operation of the SPRT is as follows.

1.) Take the first observation il. If
L(xl) € B decide C1
B < L(xl) < A observe the next observation x2
- ' ) 2
L(xl) 3 A decide C
2.) 1If another observation is taken; say the t-th observation.xt;
1 -
L(xl’XZ""’xt) € B decide C
- ':B—<\—U('x?x;ﬁixz)—<—A—_ob'S'erve—th'e‘n'ext—obs-ervafibn Xet1
. . ] . 2
L(xi,xz,...,xt) 3 B decide C

3.) Repeat step 2 on the next observation until a dedision is made.
The‘SPRT.takes new observations until the information contaihédwfﬁ %ﬁé{
string of observations is sufficient tﬁaf the probabilities of t§§e'f':ﬁ
and type II errors in making a decision are equal to the speéifie&l§alﬁes
a and B respectively. The SPRT has the property that among allmtests
for which a and -8B are specified, the SPRT requires the smallest number
of observations, on the average, to reach a decision [2,29], .

When the observations x, are independent, the likelihood ratio can

i

be written as

:f(xllcz)f(x2|C2)ﬂ!°f‘¥t|C2)

CHE S A (V.5)

f(ﬁllcl)f(xzjg?)...f(xt|cl)

, S
For convenience, in the remainder of the report f(x|C”) is written
fl(x) and f(xlCz) is written fz(x).
‘ The SPRT obtains the information contained in a string of observations

by evaluating the density functions of each class at the observation



values. Knowledge of the density functions of each class are required
for the SPRT, and so the test is not directly applicable to the case
where the only prior knowledge.ié"ﬁhat Qflgrainiﬁg,sets.

Fu [30] has developed a parfially diséribution—free version of
the SPRT that uses the training sampies of only one class, say Cl. If
the samples from C1 have an arbitrary distribution function F(x),
then the samples from C2 are assumed to have the Lehman alternative
distribuﬁion, which is Fr(x), r>0. After each observation from the
unknown class is taken, two setsjof samples are formed -- one from
samples of C1 and the other by alternating samplés of C1 with observations
" from the unknown clasé. The samples of bbth sets are ordered, and the
density functions of the two ordered sets are:found. By assuming the
distributions of C1 and C2 are F(x) and Fr(x) respectively, thé‘ratio
of the densities of the two orderings is independent of F(x). This new
ratio of dénsities is used in the SPRT to determine if the sécond ordéring
contains only samples from C1 or samples from both C1 and CZ. Fu hés
used training samples from 6niy one claés'and has assgmed the distribu-
tion of Cz'is FF(x), r> 0,:where F(x) is the distribution of Cl.

The method presented in this chapter uses training samples from
both classes and forms an estimated likelihood ratio for use in the SPRT
from estimates @f tﬁe*éensity fﬁnctions of each qléss; The method is dis-

tribution-free in that it does not require'any knowledge of fl(x) and fz(x).

V.2 Random Bin Estimate in SPRT

'V.2.1 Presentation of Random Bin Estimate in SPRT:':
Sincethé;density functions fl(x) and fé(x) are unknown, they can

be estimated from training samples of each class, and an estimated



likelihood ratio éan be formed

o £,k )E (%)) E.(x,)
L(xl,xz,...,xt) = ,.2 1,\2 2 AZ t . : - (v.6)
fl(xl)fl(xz)"'fl(xt)

Let

n, be the number of training samples in class 1,

n, be the number of training samples in class 2,

2
kl be the number of quantiles for fl(x),

k, be the number of quantiles for Ez(x),

£ l , j=1,2,...,k1 be the k1 quantiles f0r<fl(x), and
k,+1
1
n ] , i=1,2,...,k be the kz quantiles for gz(x) . o (V.7)
k.+1
2

The estimate of L(xl,ng...,xt) formed from the random bin density

estimate 1is

A NCARENCH

L(XyyKypeee,X,) = = - (v.8)
v R R NCARE N R

where
f (x,) = ‘—l—/(g -g ) for E < x | £ E . I(V.9) |
17717 7 kg #1/ 044 i i i ne
k1+1 k1+1 k1+1 k1+1

and

——

k,+1 k. +1 k,+1 k,+1

~ 1 A A A :
£(xy) = k2+1/(ﬁ2,+1~ Mg ) for M g < X <My, (10)
| 1 1 1 2



1f kl-e ké = k, the computation of“L(xl,xz;.}.,xt)'is reduced
since
it e L E ) /@ n, )
£ (x.) j+1 2+1 L
1'%y I S S U S SR 51
where 3 l < X, § £|+1 . and »n 21.5( £ n£+1 . (V.11
k1+l k1+l k2+l k2+1‘

Since fi(xl), fi(xz)?f"’fi(xt) are,estinated from‘the seme
training samples, fi(xl), Ei(xz),...,gi(xt) are in general dependent,Ai=1,2.

So

ELE, (x)E, (x,) + £, (x )14 EE (x)EE, (x,)-+-EE (x,),

for i=1,2 S (V.12)

and L(xl,xz,.;r;x ) is a biased estimatnr of L(xl,xz,...,x ).
But the next section shows that L(xl,xz,...,x ) converges in
probability to L(xl,xz,...,xt) as n; > ® andn2 + o and is thne .
a consistent estimate (see also conclusion to this chapter). .
V.2. 2 Convergence of Likelihood Ratio
1.1 1

Iheorem 3: Let Xl,Xz,...,xn , be a set of independent random
—_— 1

variables identically distributed as the random variable Xl with absolutely

continuous distribution function F (x) and with probability density

2 .2 2

function £ (x), and let Xl,Xz,...,Xn be a set of independent rendom -

2
variables distributed as X2 with F2(x) and fz(x) similarly defined.

Let fl(x‘ ‘e an estimate fl(x) and fz(x) an estimate of fz(x)



where the estimates are defined in Theorem 2 of Chapter IV. Define

. £, 8,00 - E4y,)
L(yl!qu""yt) = A N A
£, G608, (9) (G

Then i(yl,yz,...,yt) converges in probability to -

EylyEy(3y) E Gy )

L(yys¥y0eeery,) =
PREUTE s o )G

as n; *+ and'n2 + o for all Yps¥gsecesY, in the neighborhood of

which fl(x),fi(x),fz(x) and fé(x) are continuous and fl(x) #0

and fé(x) ¢ 0. |

Proof: From Theorem 2, fl(yi) converges in probability to fi(yi)

as n; > ® and Ez(yi) converges in propability to_fz(yi) as n, »‘w,

The proof of the corollary follows directly from the theorem from
Krickeberg [31] that if the sequences of random variables En’ Nyseces P

n

converge in probability to £, n,...,p then the sequencé g(gﬁ;ﬁn,{.lbﬁy'
TS

converges in probability to gE,Myeee,p) if g is a continuous function

and g(£,n,...,p) is finite.
This section has proposed an estimated SPRT where the likelihood

ratio is formed from random bin dénsity'esiimafes of each class. The
estimated likeiihood ratio of independent observations: was shown to

converge in probability to the true likelihood ratio. The remainder

‘of this chapter discusses the épplicationAof the SPRT to classification

problems.



V.3 Tail Region Estimation Problem in the Random Bin SfRT

| 'Ooe'difficulty that occurs with a step-funetion density
estimate such as the random bin model is the estimation of the tail
regions of the density function. As an example of this problem,
consider two overlapping density functions as illustrated in Figure
V.1l with their possible estimates in Figure V, 2. ‘Assume that an
estimated SPRT is being performed and that after t observations no

decision has been made. Thus
N A
B < L(xl,xz’oon,xt) < A .

Suppose further that the observations to be classified belong to

class 1 and that the (t+l)-th observation is greater than E,k .
_ _ - o

This means that f (x ) = 0 and so

t+1

LY
L(xl,ngoco,xt,xt+l) L(Xl,xz,...,x ) (Xt+1) = 0 < A .

A wrong decision that the observations belong to class 2 is made.

) =0 for any x_.., > E

Since fl(x e+l

t+1 x » a decision of class 2 is
- 1 k+1

made for any x >:E~k . ,However, if the actual density functions

t+1
: ﬂ el £2(xeqp)
are known, it is possible that the ratio . > B for
£ eyy)
X1 > & e and that the ratio f (xt+1)/fl(xt+l) is sufficiently
k+1

small so

f (x

~ )
. t+1
B < L(xl,xz,...,xt,xt+l) L(xl,xz,...,xt) f (x

< A,
t+1)
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Thus it is possible that after the (t+1)-th observation where

Xe41 > £ k'A the estimated SPRT decides class 2 and the true

SPRT makes no decision. Estimating the tail regions of a density
function to be zero causes more classification errors than desired.

When fl(xt+1) =

O, a decision is based on only the one observation

X1’ the information contained in the previous t observations is

neglected. The same difficulty is encountered when classifying

A

1 Ekperimental

k+1
results appearing later in this chapter verify that the tail region

observations from class 2 that are less than n

problem does_result in more classification errors than would be
expected from the specified error probabilities. A step-function
estimate doés“noﬁ cauée eicessivé classification érrors on obser-
vations between the tail regions since the likelihood ratio is not
‘zero or infinity. Consequently a decision is not automatically
made from the information supplied by fhe one observation.

The.tail region problem occurs méiniy when several obéervgtions
are considered at once. If a élassification process decides on the
basis of only one observatibn, such'asvthe Bayes decision rule, then
esfimafihg the tail regionévto be ;ero may be acceptable. Since no
informatioﬂ additional to the one obser§ation is to bé taken, no
information islignored bylfhe likelihood ratio being éero or infinity.

Two techniqueé forkgandling the tail region problem are discusséd
in the next feﬁ'séétions. The methodé either estimate ghe tail

regions differently or vary the SPRT.
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V.3.1 Requiring Several Observations to Fall in the Tail Regions

One solution to the tail region problem that has worked
experimentally treats the observations from the tail regions separately
from the likelihood ratio. The method makes a decision of class 2

if r observations fall greater than E k refer to Figure V.2, and

k+1
a decision of class 1 if r observations fall iess than ﬁ 1 ° Only
k+1 '
observations between a 1 and E x are included in the likelihbod
k+1 k+1

‘7‘"““§§fio. A decision about a string of observations is made in one of

two ways, either by the likelihood ratio of observations between

a 1 and E K falling outside the thresholds A and B, or by the
k+1 k+1 _ :
number of observations less than ﬁ 1 equaling r or the number of
k+1
observations greater than E Kk equaling r.
k+1 .
The motivation for this solution to the tail region p;ob;em

is that more oﬁservations are uséd in_the decision process if r

observatidns ratﬂer than one are required to fall in each tail region
before deciding. With'ah inc;ease in the required number of observations,
theldeciéion is more likely to be made by the SPRT rather than the tail

region test, and the combined test is likely to be more‘accurate. The

error rate is decreased by increasing r, but the average number of

observations required for a decision is increased. If r is made very
large, the observations in the tail regions do not contribute at all

to the decision process.
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A disadvantage of the technique presented in this section is
that the tail region treatment departs from the likelihood ratio

~

method of the SPRT. Since observations below a or above £ x

_—1 ————
k+1 K+l

are not included in the SPRT structure, the error probabilities of
the altered test may differ from thoséspecified in a standard
SPRT. The next section presents‘a method that estimates the tail
regions with a different density estimafe.and preserves the SPRT
structure for all observations. |

V.3.2 NN Tail Region Estimate

Another way of handling the tail region problem is to employ
the. nearest neighbor (NN) density estimate of Loftsgaarden and

Quesenberry explained in Section III.4.1. The NN estimate is

f(x) = &iﬂ%:l // 2|x-x - (V.13)

R(n)I

where n is the-éumber of training samples and xl(n) is the £(n)-th
nearest training sample to x accordihg.to the distance measure
|x-y|. Tﬁis estimate is continuous in x and tends to zero only as
x approaches infinity. Disadvantages of the estimate are that all
training samples must be stored ana‘thé £(n)-th nearest sample to
x must be found for each x. |

The NN estimate, however, can be used to hdvantage in the tail
regions. For any observation x below a certain value, the same training
sample is always the f2-th nearest samplé to x, and the same is true

for any x exceeding & certain value. Figure V.3 provides an illustration
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with £ = 4. Let YysYgseces¥y be a set of n ordered training samples.
For any x less than the hidpoint between Yy and Yoo Yy is always

the £~th nearest training sample to x. So the NN density estimate

for any observation x < - 3 is
, 2-1 | o
f(x) = —n—/zlx-yzl _ | (V.14)

The estimate in equation (v.lé) is greater than zero in the tail
regions. The values of Yo and the midpoint of Yy and y, are the
only information that needs to be stored for later use of the density
estimates of the tail regions. At the upper tail of the density,
Yne1-4 is always the 2-th neareét gample to any x > (yn+1_2+yn)/2.
So )

A 2~ A Yet1-21Y '
f (x) ==-Tl. / 2|x—yn+1'_£| for x > _;___n .

(V.15)

The random bin density estimate with the NN tail region estimate

is illustrated in Figure V.4. % 1
k+1
equation (IV.20)) is the smallest bin boundary. For any x < a 4

~ e

(y1.+ g 1 )/2, & 1 =Yg 1is the £-th nearest training sample to x.

=y, where £ = [E%I] + 1 (see

k+1 k+1
© Similarly § Kk = Yoel-g where £ = n= [k+1] is the largest bin boundary,
. k+1- :
-~ A ~ . ~ .
and for x > b = (§ K + yn)/z, £ k= Yne1-g is the £-th nearest
k+1 k+1

sample to x. The bins have been chosen so that each bin contains
approximately [k+1] training samples. Referring to Figure V.4 again,

the density estimate still has not been determined for the regions
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A= {x|la<x<g ,} and B = {x|€ k < X <b}. The density in
K+ e |

regions A and B is estimated for the experimental examples in
this report by centering a bin from the NN model at the midpoint

of the regions. (a + E 1 )/2 is the midpoiﬁt of region A, and
PN | |
(E K + B)/2 of region B. Thus with each bin containing 2 samples,
k+1

(a+ &)
2-1 k+l ~ S
fA(x) " /2' 3 - y| fora<xc< £ 1 (V.16)
k+1
where ?y is the %-th nearest training sample to (a+ 81 ,)/2’ and
k+1
( E_k_ vh
2-1 k+1 B s g
fB(x) == /2 0 RS for £ K <X <b (v.17)

where :y is the 2-th nearest training sample to (£ x t g)/Z.
k+1

The density has a constant value throughout each interval A and ﬁ.

The tail regions were estimated by the NN model in the manner explained

in order to assure thaﬁ the bins in the tail regions contain approximately
the same number of samples as the bins in the center region which had

been estimated by the random bin ‘model.

V.4 Experimental Results of the Estimated SPRT Tested on Gaussian Data

This section shows the results of the SPRT with the random bin
density estimate tested on independent, scalar Gaussian samples.- The

mean of the distribution from class 1 is -0.8, and the mean of class 2
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is +0.8. The variance of both classes is one.v Experimentally, a
good relationéhip bétween fhe number of training samples n and the
number of quantiles k.seems to be k = nllz. Loftsgaarden and
Quesenberry [17] also state that on the basis of some emper;cal

1/2

work using their estimate a value of 2 near n appears to give good
results. For the following examples, n = 999 training samples and k = 29
quantiles (giving k+1 = 30 bins) were used for each density estimate.

After the density functions of both classes are estimated, the -

estimates were tested in the SPRT witﬁ one thousand test observétipns

from éach cla?s. The test was conducted with several values of the
error probabilities, a= p(decide class 2'c1ass 1 true) aﬁd B = p(decide
class llclass 2 true). The next two sectiohs present the e#perimental
results for the two tail region treatments discussed in Sections V.3.1

and V.3.2.

V.4.1 Experimental Results of the Estimated SPRT With r

Observations Falling in the Tail Region$8

Section V.3.1 discusses the treatment of the tail region where a -
decision is made either by the SPRT applied to observations between
the tailvregions or after.r observatiops(fall in one of the tail regionms.
Table V.1l shows the experimental results. Values of r from one to
five were considered. The error rates in TablevV.l for r = 1 represent
_ﬁeglecting the tail region problem and allowing ?l(x) and %z(x) to be
zero for observa;ions'in the tail regions. It is observed that the
experimental error :ates'for r = 1 are indeed higher than the specified

a and B. The error rates are decreased by increasihg r. More obser-
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Number Experimental»Rgsults
observations ’ '
in tail o Experimental rage
regions for Experimental xperimenta’ averag
number observations
a=f decision error rate : SO
r for decision

Class 1 | Class 2| Class 1 | Class 2
.1 1 .084 .059 2.15 1.92
2 L0644 .026 4,06 | 3.71
3 + 064 .035 5.35 4.95
4 ,A.051 .055 6.37 6.14
5 .058 .043 7.25 7.20
.01 1 .080 . .061 2.49 2.12
2 .015 .08§ 5.13 4.39
3 .0075 0.0 7.47 6.42
4 ,019 | 0.0 A '8.20
5 0.0 {1 0.0 11.11 - 10.0
.001 1 .081 062 2.53 ) 2.15
2 .016 .013 5.38 4,46

3 0.0 .0067 8.06 6.76
4 0.0 0.0 ‘10,31 9.01
5 . 0.0 0.0 ) 12.82 . 10.88

n = 999 training samples in each class

Gaussian -

k+1 = 30 bins

1000 test observations from each class

Estimated SPRT with r Observations faliing in Téillkegiohs

TABLE V.1
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vations on the average ére taken before a decision for the increased
r. From Table V.1, a value of r = 3 appears to be -adequate to bring
thé experimental error rates down to the specified @ and B, and

r = 4 certainly appears sufficient.

V.4.2 Experimental Results of the Estimated SPRT with NN
Tail Region Estimate '

The random bin density estimate combined with an NN density
estimate in the tail regions is discussed in Section V.3.2. The

experimental results of the SPRT formed with this estimaté are .

" shown in Table V.2. The parameter £ in the NN estimates (see

equations (V.14), (V.15), (V.16), and (V.17)) is set equal to 33,
which is approximately the number of samples in each interval of

the random bin model. The experimental error rates in‘Taﬁle V.2

-are observed to be below the specified a-and B. - -

-

V.5 Conclusion to Chapter V

In comparing-Sections V.3.1 and V.4.1 with Sections V.3.2
and V.4.2, the NN density estimate apéearé to be>a more satisfactory
solution té the tail region problem. With the NN method, the strudture
of ;he'SPRT is preservéd and the specifie& error probabilities O and B
retain their meaning.

Section V.2.1 mentioned thaﬁ the marginal density estimafes-

.f(xl), f(xz),...,f(xt) that multiply together to form the joint density,

’t’(xl,xz,...,xt) - E(xl)E(xz)---E(xt) \

are dependent since they are estimated from the same training samples.
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Experimental Results

: Average number
Experimental of observations

as=B error rate required for

decision
Class 1 | Class 2 Class 1 | Class 2
.1 .033 .046 2.75 3.29
.01 .005 .0062 © 5.0 6.21
.001 0.0 0.0 7.14 9.09
n = 999 training samples in each class k+1=30 bins

1000 test observations from each class

Gaussian -

Estimated SPRT with NN Tail Region Estimate

TABLE V.2
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Thus, £(x1,x2,...,xt) is a biased estimator of L(xl,xz,...,xt),
although the bias tends to zero as n + ®. On inspecting

Table V.2, this dependence appears to have not adversely affected
the experimental error rates. The dependence is discussed further
in the next chapter. So far-only scalar samples have been con-
sidered, and the next chapter also discusses multidimensional

samples.




CHAPTER VI

MULTIDIMENSIONAL SAMPLES AND DEPENDENT OBSERVATIONS

This chapter discusses some techniqueé for handling multi-
dimeﬁsional samples énd dependeﬁt observations in the estimated
SPRT. 1In considering multidimensional gamples, the symbol s
denotes the total number ofldimeﬁsions or features-of a vector
sample, and the number of a particular feature is indicated by

a superscript, for example xi is the i-th feature of the sample

X = (xl,xz,...,xs) . ' . (VI1.1)

V.l Multidimensional SPRT
One method of classifying independent multidimensional observations
with the SPRT is simply to form the estimated likelihood ratio with

multivariate density estimates

1 x2 s)
t’ t,n.o’xt

1 2 Sy *
g2 Xer e 0%

~ 1 2 S\~ 1 2 s ~
, fz(xl,xl,...,xl)fz(xz,xz,...,xz) fz(x

~ -

L(X,sX, pe0e,X, ) =
1250t 0% s 1 2 s~ 12 Sy .2

fl(xl’xl""’xl)fl(XZ’xz""’xz) fl(x

(V1.2)

But estimating the density of an s-dimensional random variab1§ requires
~a large numbé; of training samplesf As the dimenéign increases, more
bins are needed to maintain deterministic accuracy, and then more
training sémples are nggded to assure random accuracy by each bin
eentaining an adequate number of samples.

The approach used_in-this report for treating multidimenéionai

samples is to transform the vector samples into scalars such that the
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~new scalars are random variables whose univariate density functions
can be estimated. The estimation of the univariate densities of the
scalar transformed samples requires fewer training samples than
the eétimation of thé multivariate densities of thé original vector
samples. While multivariate density estimates are not considered
in this thesis, Appendix VI.1 briefly discﬁsses how the demnsity

estimates mentioned in Chapters III and IV can be extended to the

multidimensional case.

Vi.1l.1 Linear Combination qf Features

B —_— " - .

As méntioned in the previoq§ section, if the multidimensional
samples of each class are transformed into scalars, the simpler
univariate density functions can be estimated with fewer training
samples. The estimated SPRT can be formed with the ratio of thév
univariate density estimates of the transformed samples of each éiaés.yiln
egssence, a new classification problem has béen formulated involQing only
scalar samples where thé two classes éf scalar samples are the trangformed
original multidimensionél sampies of the two classes.

Among the infinite variety of transformations that can be chosen,
a transformation should be selected such that

i) the transfbrmea scalar possesses the various properties'
required for the‘estimation of its density function and SPRT Qs dis-
cussed in Chapter IV, and

11) the trahsformed scalar samples of the two classes should be

separated as much as possible in some sense.

This section explores the use of a linear transformation
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z = lel + yzxz + o 4 ysxs S (VI.3)

where Yi’ i=1,2,...,s are weighting factors. A linear transformation
, ,

has been chosen because of the ease of finding such a transformation.
If (Xl,XZ,..;,Xs) is an s-dimensional random variable of the continuous

lxl + YZXZ + e + sts is a random variable of the

continuous type and Z satisfies all the required properties presented

type, then Z = ¥y

in Chapter IV for the estimation of its density. The choice of
linear transformations to separate classes of fraining samples was
discussed in Section II.4.l1l. Section II.4.1 mentioned that many
algorithms have been developed for placing a separating hyperplane
between two classes of samples [1], and that the'equatioh of such

a sepgrating hyperplane can be used as a linear transformation to
reduce the multidimensional samples to scalars. The specified error
probabilities @ and B of an SPRT can still be met if densities of
‘scalar transformed sampies are used instead of thé original multi-
dimensional samples. The knowledge of the multidimensional density
estimatés, hbwever, would be expected to provide more decision méking
information than knowledge of the density estimates of the transférmed
samplés. VThe information loss of transformed density estimates occurs
in an inéfeasé:in'the average number of obserQations.required for a
decision.’ Névértheiess, the advaﬁtages of scalar transformed samples
are fewer tfaining.samples needed to estimate the density'and the

simpler calculations for a univariate density estimate.
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VI.1l.2 Discussion of EEG Data

Experimental testing of the SPRT with a linear combination of
features was performed on tﬁe same EEG data that was used for exper-
imental testing in Chaptef IT. The classification problém with EéG
is outlined inJSection 1.2; ahd Aﬁpendix I1.2 analyzes the EEG
data iﬁ detail; The classification problem is to decide if.an

arbitrary string of EEG feéponses are stimulated by a subjecf where

class 1 : no light is flashing (normal response)

class 2 : a light is periodically flashing into the subjectfé .
eyes (evoked response).

As mentioned in Chapter 1I, the length of responses becyeen theuv';
flashes is one hundred milliseconds, and each response is copside:?d}t
to be an observation or sample. The waveforms measured from ;hev'ﬂf
'patient are continuous and were converted to vector samples by sapPliég
the amplitude every millisecond. The sampling resglted ;n a-one
hundred dimensional vector. Since a dimension of one hundred was
quite large, five feaﬁures out of the hundred were selepted for the
clagsification process. The feature reduction scheme of Prabhu [1 ]
(the feature reduction scheme is explained in Appendix II.1) was use#
to select thg five features which have:the most_classification infor-
mation according to a,crite;ion that separates the sample.means of the
two classes and minimizes the sample variance about the means. A linear

transformation was applied to the samples with the coefficients of a
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separating hyperplane determined by the scheme of Prabhu.

The random bin density model was estimated for each class from
999 transformed training samples. The number of quantiles was k = 29.
An SPRT formed from the density estiﬁates was tested on one thousand
transformed observations from each class. The next two sections
show the test results for thg random bin SPRT with the two tail region

treatments discussed in Sections V.4.1 and V.4.2.

VI.1l.3 Experimental Results of the Estimated SPRT with r

Observations Falling in the Tail_Regions - EEG

Table VI.1 shows the EEG experimental results where a decision
is made either by r observations falling in a tail region or by the
SPRT applied to observations occuring between the tail regions.
Values of r f;om one to five are treated and three different specified
error probabilities ¢ aﬁd R are considered. On inspecting Table VI.l;
it is seen that the experimental error rates are on the order of the
s?ecified probabilities of error if r equals four or five. Comparing
Table VI.1 and V.1, the error rates for the EEG samples are higher for
the same values of r than for the Gaussian samples. The EEG responses
as they occur serially in time are dependent, and so the independence
assumption is not met. Independence was assumed both for saying that
the joint density of several ﬁbservétiAns is equal to the product of
marginal densities and for estimating the marginal densities from
training samples. The dependenée accounts for the higher error rates in

Table VI.i. Alébzthe EEG signals are SIigﬁtly nonstationary.
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Number

Experimental Results

observations
in tail ' Experimental average
regions for Experimental
a =R decision error rate - number observations
r for decision
Class 1 | Class 2| Class 1 } Class 2

.1 1 .105 .045 2.09 | 2.08
| 2 .074 .047 4.1 3.91

3 .067 .053 5.62 ©5.32

4 .067 .062 6.75 6.25

5 .061 .068 7.58 6.85

.01 1 .104 .043 2.36 2.39

2 . 049 .029 4.95 4.81 -

3 .029 .028 7.46 7.05

4 .019 - .018 9.61 9.26
5 0.0 .02 11.9 11.1

.001 1 .10 .034 2.41 2.44
2 .051 .020 5.00 | 4.95

3 .031 0.0 8.06 7.58
4 0.0 0.0 10.65 10.0
5 0.0 0.0 12.8 12.5

n = 999 training samples in éach class

1000 test observations from each class

. EEG -

k+l = 30 bins

Estimated SPRT with r Observations Falling in Tail Regions

TABLE VI.1
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VI.1l.4 Experimental Results of the Estimated SPRT with

NN Tail Region Estimate - EEG

Table VI.2 shows experimental results for the SPRT with the .
tail regions of the densities estimated with the NN model. The para-
meter £ for the NN estimate (see equations (V.14), (V.15), (V.16),
and (V.17)) was set equal tol33 so each bin whether from the random
bin or NN models contained approximately the same number of training
samples. The experimental error rates in Table VI.2 are observed
to be higher than the specified & and B. As mentioned in the previous
section, the observations are dependent, and the independence assumption
is violated. The next section discusses a method of overcoming the

problem of dependence of observations.

VI.2 Dependent Observations

So far in thié thesis the observations have been assumed to be
independent so that the joint density of t observations f(xl,xz,...,xt)
can be expressed by f(xl)f(xz)"'f(xt). The method presented in this
section treats dependent observations by using the deﬁsity of the sum
of t observations rather thaq the‘jo;nt density of t observations.

Vi.2.1 Using the Sum of Observations in the SPRT

The method to be presented for testing correlated features is a

variation of the approach of taking a linear combination of the features

of multidimensional samples. In the usual SPRT, the likelihood ratio

of t observations 1s
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Experimental Results
‘Average number
A Experimental of observations
a=8 error rate required for
decision
Class 1) Class 2 ) Class 1 |Class 2
.1 .136 .0345 2.83 2.47
.01 .0698 .0092 5.81 4.63
.001 .0517 | 0.0 8.62 6.67

n = 999 training samples in each class

EEG -

1000 test observations from each class

k+1=30 bins

Estimated SPRT with NN Tail Region Estimate

TABLE VI.2
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fz(xl,xz,...;xt)

o (V1.4)
fl(xl’xZ’ff"xt)

and if the observations are independent, the ratio can be written as

f (x )f (xz)"'fz(xt)
f (x ) (x2> ~f1(xt)

. (VI.S)

If the observations are dependent, the two likelihood ratios are
not equal, and the error rates of the dependent.EEG samples in
Table VI.2 where the likelihood ratio in equation (VI.5) is used
are indeed higher than the specified error probabilities. Instead
of the likelihood ratio of the joint densities of t observations, a

possible likelihood ratio is that of the densities of the sum of t

observations
f (x +x F.eotx)
f (x +x2+ +xt) : : (VI1.6)
177277 7t ‘ '
) t
The sum of t observations Z Xy is a scalar, and thus the estimate
1=1

of this likelihood ratio involves estimating only univariate density
functions. The likelihood ratio in equation (VI.6) is exact even

if the observations are dependént. In essence, a new random variable
t ' : :

Z X, has been defined. If the X,, i=1, 2,...,g are random variables

H
i=1 ) Lt i
of the continuous type, then Z Xi is a random variable of the
- i=1.

continuous type and satisfies the requirements presented in Chapter
IV for its density function to be estimated. A string of observations
can be classified by the SPRT formed with the likelihood ratio of

equation (VI.6). While the SPRT formed with the new likelihood
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ratio can meet the specified error probabilities, the sum of t observations
contains less decision making information than the values of the

separate t observations. The loss of information results in a greater
average number of observations being'required for the test to make a
decision. Thus the new test no longer has the property of the fegular
SPRT that among all tests for which.a and B are specified, it requires

the smallest number of observations to reach a decision on the average.

But using the likelihood ratio of the sums of observations provides

__a-test=that=is—exact=for=dependent=observations and that involves only T

the densities of scalar samplesf

In discussing the likelihood ratio in Section V.2.1, the product
of estimatéd marginal densities was substituted for the estimated ..
joint densities since the observations are iﬁdependent. But because:
the marginal densities are estimated from the same training samples,

they are dependent and

E(E(x)E(xy) - E(x )] # ERGx)EE (x))++ -EE (x,)

, (although equality does hold as the number of training samples

approachés infinity). .The product of marginal density estimates was
used,'however, since the éstimation of the t-variate dengity f(xl,xz,...,xt)
for large t requires a large number of training samples. The estimated |
likelihood ratio of fhe sums of obéervations avoids any problémé associated

with the dependence of marginal density estimates.
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VI.2.2 Practical Considerations in Using the Sum of Observations

in the Estimated SPRT

If the estimated SPRT is performed with the likelihood ratio

of the sum of observations, the density functions of ;he random

t
variables Z xi need to be estimated,
i i=1 ’ ’
~" Tt .
f(xl)?f(xl+x2?,...,f( z xi),... .

i=1. . ’ »

The random variables are scalars so the density estimation is
straight forward. But in an SPRT, the number of observations t

may become large, and the number of training samples needed to

t
estimate f( Z xi) increases as t increases. To obtain m different
i=1 : ‘ ' ' '
t 4 . £t ,
samples of 2 x, for the estimation of f( z x,), mt samples of x
1=1 1 gt 1
are required. For a finite number of training samples, it is
. . t . P . R -
possible to accurately estimate f( X xi) for only smaller values of t.
i=1

In the experimental results of ;he"next sect}on, the maximup number

of observations summed together is six so thaf agAadequate number

of summed samples‘would be obtained from which to estimate the densities.
In a string of observations larger than six, the product of several

densities of sums is taken. For t observations, the ratio would be

g %2 E
£.0) xVE (T x )£, x,)
2 i’72 i 2 i
i=1 i=7 i={t/6]6+1 (VI.7)

3 %2 —t .
£.0) x.)f.( x)eccf. (0 ) %) o
1 izl 1712, 1 1 i=[t;6]6+1 1
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This ratio is of course equal to equation (VI.6) only if
2 t
bd .oy 2 x

. are independent.v However;
7 1 i=[t/6]6+1

6 1
Ioxs )
1=1 1 4= 1
equation (VI.7) provides Eetter‘feéults than equation (IV.6)

because for t observations equation (IV.7) assumes the independence

of [t/6]+1 random variables and equation (VI.6) that of t variables.

6
Also if x,,x,,...,X,, are dependent, the dependence between Z X
1272 12 i
i=1
12 o
and z Xy is less than that between two consecutive xi's. When
i=7 ‘

u=is=the-maximum=number-of=observations=in=any=sum;—the=general—
expression for the likelihood ratio is

E 2§ t
f,( x,)f . ( X,)ef x,)
2540y V2 L 2yafe/ujutl 1
) b ] )
£ 0T xVE. (T x)eef.( x
oy Tl UV Viare/uun

. ‘. (VI.8)

VI.2.3 Experimental Results of Using the Sum of Observgtibnsn-

EEG
Table VI.3 shows the éxperimental fesults of the estimated
SPRT formed with the ratio of estimated densities of sums of obser;:
vations.‘ The EEG data'discussed in Section VI.1.2 was used. The
maximum number of observations summed togeéher ié'six, which meéns
that the densities of the sums of oné, two,...,”and six observations

need be estimated,

A ~ ~ 6
f(xl),f(x1+x2),...,f(iz1 xi) .

The total number of training samples used was 1476, and so the densities
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'" . Expefimental Results
S Average number
Experimental of observations
error rate required for
o =8 : .
: : decision
Class 1) Class 2 | Class 1 | Class 2
.1 .0618 | .0278 5.67 5.55
.01 0.0 0.0 16.4 13.9
.001 0.0 0.0 25.6 | 20.8
4

1476 training samples, k+1l = 15 bins

246 sums of 1,2,...,6 samples
in each class

1000 test observations for each class

EEG -

Estimated SPRT Using Sums of Observations in
Random Bin Density Model with NN Tail Region Estimates

TABLE V7.3
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were estimated from 246 groups of six training samples (1476 was
the largest number of training samples available for experimentation
that was divisable by 6.) The densities were estimated by the random
bin modelﬁwith fifteen bins combined with the NN mbdel ih the tail
regions. | | |

The experimental error rates in Table VI.3 meet the specified
error probabilities. The error rates iﬁ Tﬁble VI.3 are lower than

those in Table VI.2, which shows the results of the product of

___marginal density estimates, but_Table VI.3 requires_more_observations
on the average for a decision. Increased accuracy has been gained
by using the sum of observations.

VI.3 Conclusion to Chapter VI

This chapter has discussed some ways of handling mu;tidimgnéional
and depqndent samples. -For multidimensional sanbles, th; aample; are
reduced to scalars by a linear transformation; for correlated samples,
the likelihood ratio oflthe sums of obse;vafions is taken. The objective
of thesevprocedures is to allow univariate densities to be estimated
rather than-joint densities.’ Increased accuracy in the error rates
has been achieved, but‘the average number of observations necessary for

a decision has increased.
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Appendix VI.1 - Multivariate Extensions of Density Estimates

Considered in Chapter III and Chapter IV

The presentation of multivariate density function models in
this appendix is brief and is intended only to indicate ways the
models are generalized to multidimenéional samples. The dis-
cussion is not detailed, and convergence conditions are not shown.

The approach in generalizing the marginal density estimates
to multidimensional samples is to extend the interval A in equation

(1II1.2), which is repeated here

1lim p(obserXation e ) = f(x)

n-e

to a multidimensional volume element.

Multidimensional Fixed Bin Estimate

The extension of the fixed bin model (see Section III.3.1)
to the multidimensional case is straightforward. Instead of

" specifying bins in one dimension, bins are constructed in s dimensions.

The multidimensional equivalent of the fixed bin model is

%( 1 2 8 = number of samples in bin i volume of
X 9K pecenX total number of samples s-dimensional
' bin i

(Vi.1.1)
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Multidimensional Parzen Estimate

The Parzen estimate (see Section 111.3.2) can be generalized to -
the multidimensional case ﬁy replacing the one dimensional interval by
a multidimensional volume element. To obtain the density es;imate, the
fraction of training samples in an s-dimeﬁ#ional bin centered at x is

divided by the volume of the bin,

2

A~ 1 s, _ number of samples in bin centered at x volume
(X ,X ,00e,x ) =

total number of samples of bin
' (V1.1.2)

The general Parzen estimate in equation (III.5) is extended by using

kernels of s variables.

Multidimensional NN Estimate

Loftsgaarden and Quesenberry [17] give the multidiﬁensional
generalization of their estimate. Centered at x is an s-dimensional . -
hypersphere whose radius is the distance from x to the £(n)~th
nearest sample measured by some metric d(x,xz(n)). The estimate in

equation (II1.9) extends to

~ 1 2 s L(n)-1 volume of hypersphere
F(X ,X ;000X ) = ——————-//
o n of radigs d(x?xl(n))
sﬂS/Z

(V1.1.3)

. !L(n)-l/ 2[d(x,x9 5]
" sT'(3)

where xl(n) is the £(n)-th nearest training sample to x.
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Multidimensionai Random Bin Estimate

In exténding Ehe random bin estimaté to the ﬁﬁltidimensional{
case, the objectivé is to cover thé 8-dimensional sample space with
s-dimensional binsjwhile letting the boundaries of tﬁe bins be
determined by -the ﬁraining samples. The multidimensional estimate
is presented by considering a two dimensional example. Figures-VI.l
and VI.2 can be consulted to_provide_visual illustrationss As shown
in the figures, the multidiménsionél’estimate pértitions the sample
space into volume.eiements where each element contains the same
percentage of training samples. |

First, the samplé space‘is partitioned.into strips pafaiiel to
the xz-axis in such a wéy that each strip contains an equal fraction
of thg;training samples. See Figufe VI.1. The:n two dimensional .

samples,
1 2,..,1 2 1 .2 :
(xl,xl),(xz,xz),...,(xn,xn) - ‘ ) (VI.1.4)

are ordered according to the values of the first features;

1 2 1 2 1 2 ‘
(xi s Xy ),(xi s Xy ),...,-(xi s X ) . C (VI.1.5)
1 1 2 2 : m n ‘ ' :
where
xi < xi V< ese < xi .
1 2 ~'n

Such an ordering uses an ordering function gl(xl,xz) = xl. Let

the integer k. be the number of lines drawn tonartitioﬂ the xl—axis.

1

Then k, of the first features in equation (VI.1.5) are selected and
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2 Random Bin Density Estimate T
X P-th strip ~—\ T
x 4 e x, v X X . X x
x { x X ' X *—
9 ¥ al x
%
] i
% X % | kot o, ———
X —> v d X
X X M 2
X —< x
X X o ket X
% % X I —% | 4"
X X X X X
x o al 9
h % Nk,
. - " y kot X
X 3 L= E; 3¢ 1
< — X
A A x X A%
L 2 LN
Ko+t K+l k

Figure VI.2 Bin Placement for Multivariate Random Bin
' Densitv Estimate’ -
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labeled according to

E_i_ = x, for'3=1,2,...,k; . (VI.1.7) -
B Eixi]fl_“pw T T
So a set of k; First features is chosen, (6 | J£ 5 seeesb iy ) -
L kg 0 kH

Lines are drawn parallel to the xz—axis through the kl samplesvwhose
first features have the values specitied:in.equation (V1.1.7). The
strips between the lines each contain approximatelyAthe same number
of training samples.

Each strip is now partitioned separately into k2+1 parts by
drawing lines within each strip parallel- to the xl-axis as shown in
Figure VI.2. Each segment is to contain‘approximateiy the same
number of training samples The partitioning procedure of each
strip is shown by considering one strip,_say the p—th_strip.‘ Let
np be the number of samples in the p—th strip. The fact that the

p—-th strip is being considered is indicated by plac1ng a superscript o]

on the pairs of parentheses enclosing the samples in the p—th strip,

(xi;xi)P (x ;,xz) T I LA ) (VI.1.8)

D' n
The samples in the p—th strip are ordered according to the values

of the second features

2 f (x Woeonxl x2 )P | (VI.1.9)
j1 j1 j2 j2 . LY | | .
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where

The ordering function that has been used for this is gz(xl,xz) = xz.

Select k2 of the second features from the set in equation (VI.1.9)

and relabel them according to

nP . =x L=1, 2,...,k, . (VI.1.10)
___8_1_ 3 40 2 skt
k.+ P

2 [k2+1]+1

S0 a set of k2 second features

(npl s apz 9 sy ni )
2
k2+1 k2+l . ‘l'(—;;_-i-

RRNFEETY

has been chosen from the.samples in the p-th strip. Linesipéfaiiei
to the xl-axis are drawn through the kz sémples'in the b-th_séfip'
whose seéénd features have'the'values given in equation (VI.l.ler
The lines extend only between the boundaries of the p-th strip as is
shown in Figure v.2. | h |

The other strips are also partitioned by the method explained in
the previous paragraph. The two dimensional sample space is now.ﬁartitioned
into (k +1)(k +l) parts as in Figure VI.2. The density estimate for

any observation x = (xl,x ) is

A

21 2 1 2 "o, . |
£(x",x%) = (o +D) (5,%D) / (3 +175 )(1r1i+l I ) T(VI.1.11)

k1+1 k1+1 k2+1 k2+l
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2 1 _ 2 p 2 o
where £ € x € £ +1 and n 1 € x < nj+1 .
k1+1 k1+1 k2+l k2+1
& and n are defined by e ations. VI.1.7) and (VI.1.10).
> 4 n j y equ ( ) ( )
k1+1 k2+1 ‘

The density estimate in equation (VI.1.11l) has involved a
partitioning of the sample space with ordering functions. Ordering

1 and gz(xl,xz) = x2 could be

functions other than gl(xl,xz) = x
chosen. The estimate can be extended to more than two dimensions

by repeating the procedure of partitioning the sample space for

the additional dimensions.

The approach to the multivariate random bin density estimate
explained in this appeﬁdix has a possible drawback. In the presentation
of the b&variaté extimate, bin boundaries are first placed parallel
to one axis, and then each éf these intervals is subdivided. This
méthod‘does not treat the samples symmetrically. Long, thin bins
may result where wider, shorter bins would be more desirable. By

using several different ordering functions during the paftitioning,

it ﬁay be possible to modify the method to overcome this difficulty.



CHAPTER VII

CONCLUSION

VII.1 Concluding Remarks

Two sequential, distribution-free pattern classification
procedures have been presented. Estimates of the probabilities of
misclassification have been given, and expefimental results of
testing on Gaussian and EEG patterns agree with the estimated error
rates. An estimate of a probability density function has also been
proposed. |

In the method based on order statistics, a set of thresholds
is determined from the training_samples, and each observation in the
sequential test is compared to a different pair of thresholds depénd—
ing on the particular iteration. In the method based on-the SPRT,
the likeliheod ratio is estimated from the traiping samples. The
estimated likelihood ratio is then updated to include each new
observation and is compared to the same pair of thresholds through-
out the test. |

Tﬁe information carried from one iteratioﬁ to the next in the
sequential test based on order statistt;s is tﬁgt the -previous obser-
vations fell in the interyals between theig_respective thresholds
at each iteration. In the estimated version of thg SPRT, fhe two
density functions are estimated at the yalues of the observations,
and so more pregise information about the location of the observations

is carried from one iteration to the next. The estimated SPRT uses
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local information of the training sampies near each & servation while
the order statistics method considers- all training samples at once
to determine the thresholds.

When the number of training samples is liﬁitedg a smaller error
rate is experiﬁentaiiy easier to obtain with the estimated version
of the SPRT.b Aé‘mentioned in the previoﬁs paragraph, the estimated
SPRT uses more precise'ihformation on the‘locétion of the observations.
The method bésed on order statistics determines the thresholds

directly from the training samples. If the specified probability of

7h£§classification at each iteration 15 small, the intervals outside

the tﬁresholds will contain fewer training samples, and consequently
the accuracy of the estimated probability of a future observation
félling in thege intervals is less. The specified error probabil-
ities may also be so small that the number of:tfaining\samplés'thafl
are.calculated to be'éénfained outside the thresholds is lésélthan
one. In thg estimatéd SPRT, densityAfuhctions are eétimated from
training samples; the'number of samples in éacﬁlinterééi of tﬁeAstép;
function density estimate is a parameter of the density estfmate
and is independent ot the desired error raté. Each bin of’tﬁé density
estimate can be reqﬁired go contain several traihing sémples, and
theréby'thé accuracy of the densityvéstimate can be controlled.
Thus when the number of training-samples is limited, the estimated
'SPRT performs better at samller error rates.

The estimated SPkT has fewef'ptior assumpfibné'about the
péttern classes. Chaptér I mentioned‘that in order to use the

order statistics method the pattern classes should have one region
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of overlap such that when multiaimensional samples are transformed
to scalars the new scalar samples of one class lie largely

below those of the other class. The order statistics method with

a linear transformation cannot solve decision prqblems where the
samples of one class are surrounded by those of the other class,

The éscimated SPRT, which estimates density fuﬁctibns, does not have
this restriction. But the order statistics procedure is simple to
implement and is well suited to the case where the two classes

can be gseparated to a degree by a linear transformation.

. The numbgr of training samples would be expected to influence
how small an error rate can be obtained and the accuracy of the
predicted error rates. Arbitrarily small error rates would not
be expected to be oﬁtainable from a ;imited number of training
samples due to inaccuracies in the estimation procedidres. The
cxﬁerimental error rates presented in this thesis do agree with the
predicted error probabili;ies. In fact for the estimated version of
the SPRT, error rates as small as .1 percent were qbtained with

1000 training samples from each class.

VII.2 Sugpestions for Future Work

| i) The épproach taken in this report for treating multidimen~
sional samples.was to reduce them to scalars by a linear transformation.
Linear tfansf;rmations'that separate the two pattern classes were
selected. A possible area for future work is to investigate the use

of nonlinear transformations. Improved separation of the two pattern

classes might be obtained with nonlinear transformations, and the
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average number of observations taken for a decision would be expected
to decrease. Also, different transformations might be used in different
regions of the sample spaée;

i1) More efficient use of the observations taken in the sequential
test based on order statistics may be possible by comparing all the
observations taken up to each iteration with the latest pair of.thresholds
instead of only comparing the most recent observation. The calculations

for the thresholds should be modified to take into account that all

previous observations are being compared to the thresholds at-each

observation are now different; By comparing all observations, the
séquential test would be expectedAto make a decision after taking
fewer observations.

iii) Some improvemenf 1h the.random bin density éstimaté"
might be possible by developing an 1nterpolétion technique t6 smaéfh}
the estimate so‘that it is continuous rather than a stép—functibn. o
Also, ii mﬁy bé possible to generate a continuous estimate of the
distribution fuﬁction by an interpolation procedure and use 1£ in the
sequential test based on order statistiés. With a continuous distri-
bution function estimate, the thresholds could be placed more pre-

cisely for the desired error rates rather than setting thpeéholds only

_equal to the values of training samples.

~iv) The density estimate prpposed in this report is a step-function.
This means that the distribution function is approximated in each interval
by a linear curve. An improved density estimate might be obtained by

fitting a nonlinear curve in each interval. There is a set of m
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sample val@es {xi}, 1=1,2,..,,m, ‘in each ;nterval and a set of estimated
distribution funqtion values for these samples {?(xi)}, 1=1,2;...;m.

A non-linear curve could be fitted to these points, and the density
function would of. course be the derivative of the curve. It should

be kept in mind, however, that §(x) is only an estimate of F(x),
and'no métte; how sophisti;ated a curve is fittgd, there.is an in—
accuracy_f;om thg estimated function values. So thé improvement

in a density estiﬁéte by fitting a non-linear curve méy be limited

. by the accuracy of estimating F(x).‘ But some improvement in the
estimation aeccuracy should_be possible by using a nonlinear ;urve

since the deterministic appro#imation to the density function may

be better and hence the bin width may be wider. Thus the bin may

contain more trﬁining samples. Thé tradeoff remains between 1.) increasing
the bin size to contain more samples and hence increasing the accuracy

of the estimation, and 2.) decreasing the bin size to obtain a better
deterministic approximation to the density function; but it may be

possible to change the balance point.
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