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Abstract
If G 1is a grammar such that in each non-context-free rule of
G, the right side contains a string of terminals longer than any
terminal string appearing between two nonterminals in the left side,
then the language generated by G is context-free. Six previous

results follow as simple corollaries of this theorem.



Introduction

It is well known that the family of languages generated by

arBitrary grammars is precisely the family of recursively enumerable

sets, and thét grammars with only context-free rules generate only
-context-freé languages, a proper subset of the family of recursive
sets. However, the way in which rules containing context interact
to generate non-context-free languages is not well understood.
Previous investigations of the mechanism of context have shown that
certain constraints on the use of context force the language
generated to be context-free. In this paper it is shown that grammars
- obeying a particular weak resfriction'on the form of rules génerate
oﬁlyvcontext~free.laﬁgpages, and that a number of previous results
follow'gs simpié cbrqllaries4of the theorem presentéd
‘here. The restriction is that in each non-context-free rule, the
| - right side must contain a string of terminals longer than any terﬁinal
'string-appearing betwéén naﬁterminals in the left side of the ruie.
This restriction is of‘incérest,'not dnly for its own sake, but
becéuse itAshows that the previous results all deal Qich aspects of
the same mechanism.

The earlier results involve restrictions on the form of grammér
rules and on the mechanism of derivation. Intuitively, the effect of

restrictions on either grammar rules or derivations is to limit the

——

capacity of a derivation to coordinate varlous segménté of the sentence



it generates. '"Sufficient" limitation of this capacity forces
s;gmeﬁts of a string to be derived independently, essentially in
a éontext—free manner. |
»Severai of the previous results depeﬁé-ég the generation of
terminal substrings, which act as barriers to further transmission
of information from one side of the substring to the other.
Ginsburg and Greibach (1966) show that if no terminal letters can
be used as contéxt, and every rule generates at least one terminal
letter, then the language génefated is context-free. Book (1972)
shows that a grammar generates a context-free language if the left
sidé of every rule contains oﬁly one nonterminal, with termiﬁal
sﬁrings as the only contéxt. Book (1972) also shoﬁs that if inl
every rule of é type O grammar, the left context is a string of
'te;minal,syﬁbols at least as long as the right.context, then the
language generated 1is context-free. In each of the above results,
4 terminalvstrings intéfferelﬁith the passing of informatioh betweén
nonterminals. Since térmiﬁal stfings.are "fixed", that is,‘they
cannot change once they are generated, terminal strings do not store
much information which can be used as context. At the sgmé time,
when a sufficiently long terminal string'is generated, no single

rule can span the string to pass information between the segments

on each side of the string; thus the derivation must proceed inde-

_— e
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pendently in the two segments.



A relatéd result is that of Hibbard (1966). It states that
a language is context-free if it 1s generated by a grammar which
has a partial ordering < on its symbols, such that in every rule
of the grammar every symbol on thé left éidé‘is "less than" some
symbol on the right. Here, successive application of rules gradually
establishes a "barrier" across which no information can be passed.

Two somewhat different results are the theorems of Matthews
(1963, 1964, 1967); They state that for a grammar, the set of-
terminal strings generated by left-to-right derivations is context-
free, and the set of terminal strings genérated.by "fwo-way"
derivations is context-free. |

| As a conséquence of the.main theorem in this paper, we find

. that in all of the above results, the same biocking mechanism forces
-the language generated by a restriéted grammar to be conteit-free.
Thus, the-six theorems cited above do not isolate éix distinct

aspects of context, but instead are all based on the same mechanism.



Section 1

' This section presents thé principal notation used in the papef.
For basic results concerning grammars, languages, andAgsm.mappings,
see Ginsburg (1966).

The length of a string w will be denoted by le. The empty
sﬁring will be denoted by e.

A grammﬁr is a quadruple G = (V,;,R,X) where V is a finite
set of symbols, LTV is the set of terminal s&mbols, X e V-1 vis
the starting symbol, and R is a finite set of rewriting rules of
the form aoYlal...a'_lYna * oW 0 esed _iw#an with _ﬁ >0 and
each rai,e Z*, Y, eV=-13I, and w, e V¥, Thus, in a grammér“
terminal symbols are not rewritten. Define the felation = on
V¥ such that for any 6 +p £ R, and a,é € V*, adf => apB
(¢ > p transforms aoB). A derivation in G is a seéuencé
66,61,...,6n € V¥ such that for i-= 1,2,..;,n, 1 1= 6 write
60=§> en. The transitive reflexive closure of == 1s <2 , The
language generated by G is L(G) = {w ¢ ¥ [AX=§> w}.

A grammar G = (V,I,R,X) is type O if each rule in R is of
the form «ZBf -+ ayB Qith a,B,Y € V¥ and ZeV-zx. Thus, only
one nonterminal is rewritten in each rule.

A rewriting rule o -+ B8 ‘is context-free if g eV -131. A
© grammar G = (V’Z'R’El. is'context~free if every rulgégg? R. is

context-free. A language L 1is context-free if L = L(G) for

some context-free grammar G. .



‘It will be sufficient to give an informal description of gsm's.
A,generalized sequential machine (gsm) M is a deterﬁinistic finite-
stgte'machine with output; at each step M outputs a string (which
may be the empty string)determined by the previous state and the
input symbol read. M has an initial state but no final states.

For a string w, M(w) 1is the string output by M upon reading
input w. For a language L, M(L) = {M(w) I we L}, It is well
known that the family of context-free languages is closed under gsm

mappings.



Section 2

In this section we define 'terminal-bounded" grammars and prove
the main theorem, which states that the language generated by a

terminal-bounded grammar is context-free. - - -

Definition 1. Let G = (V,I,R,X) be a grammar. G 1s terminal-

bounded if each rule in R 1is of the form

GOqulYZ"’an-lYn“n > 8218y B 1%nBn

B, € L¥, each Y Z, eV=-1, ‘and either n =1 or

where each ai, i i

for some j,' 0<3<m and all k= 1,2,...,n-1, [le > [dkl.

Thus in each non-context-free rule of a termihal—bo;nded grammar,
there must be soﬁe terminal string in the right side which is strictly
longer than'all terminal strings which appear between nonterminals in
. the left side. The right-hand side need not contain a ﬁerminal string

stricfly longer than a terminal string wﬁich appearslat the leftmost
or rightmost end of the left side of ﬁhe rule. Dﬁring a derivation,
repeated application'of rules involving non-terminal context gradually
"builds up terminal.strings until there 1s a terminal string longer
than an& which can appear between twé non-terminals in the left sidg
of any rule; a "block" has been set up to preveﬁt any‘passége of

information across that point. Enough blocks are created during each

el e
o T e

derivation to force the lahguage to be context-free.



Theorem. If G 1is a terminal-bounded grammar, then L(G) is

context-free.

To prove the Theorem, we will use a measure of 'nonecontext-

freeness" of a grammar:

Definition 2. Define N(G) = ] (|«|-1).
a>BeR :

Thus N(G) measures the excess of the number of symbols in the

left side of rules in G over the number which would be present in a

context-free graﬁmat with the same number of rules. Note that
N(G) = 0 41if and only if G 1is context-free.
‘The Theorem will follow from the following Lemma, proved

subsequently,

Lemma. Let. G = (V,I,R,X) be a terminal-bounded grammar with
N(G) > 0. Then there exist a terminal-bounded grammar G, a
regular set S, and a gsm M such that L(G) = M(L(Gl)fis) and

N(Gl) < N(G).



Proof of the Theorem. Given a terminal-bounded grammar G, repeated

éppiication of the Lemma produces for some n < N(G) a series of

grammars G0 = @G, Gl""’Gn’ a series of regular sets Sl""’sn

and a series of gsm's Ml’MZ""’Mn such that for 1 = 0,1,...,n-1,

L(Gi) = Mi+l(Si+1f)L(C )) and N(Gn) = 0, Since L(Gn) is there-

i+l
-fore context-free, and the family of context-free languages is closed
under gsm mappings and intersection with regular sets, it follows

that L(Gi) is context-free for i = 0,1,...,n. Thus L(G) = L(GO)

is context-free. 0

It remains to probe the Lemma. For the proof of the Lemma, we

need to define three constants obtained from G.

‘Definition 3. Define Lg = max{|a| | @y * B e R and a e I¥},
_ Rc‘f_max{lal | ya = B8 € R and « € Z*},_

and BG'== max ({0} U{|a] | v1Y0¥,v, » B e R, ace ?*, Y,,Y, e V-1,

and Y1sYy € V.

Thus, B, 1is the maximum length of any terminal séring appearing

G

between nonterminals in the left side of a rule of G. The maximum
lengths of strings which can appear at the left or right ends of the

left side of a rule of G are L. and R,, respectively.

G G

b —_— L, e .
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Proof of the Lemma. To prove the Lemma, two cases must be considered:

Case 1. LG > BG or RG > BG'

Case 2. L, < B and R, < B

G -G G G*

To obtain a Gl with N(Gl) < N(G) for Case 1, we will take a rule
of G which has in its left side a terminal string too long to

appear betweén nonterminals in any rule, and shorten the terminal
context of this'rule. In the second case, context rules which
generate terminal strings too long to be used between nonterminals in
the left side of any rule will be split into two rules which partition

the>context.

Case 1. LGA> BG or R.G > BC'

We will assume without loss of generality that R, > L. and

G G

R, >B. (for L.>R

G - G c G* ‘the proof constructs a Gl symmgtric to the

one given here). The construction of G is based on the observation

1

that no single rule of G -can span an entire string AwB where w

is a terminal string of length RG

and A and B are any symbols.
Thus, if the initial portion of a derivation generates afséntential
form with substring w, then any later step of the derivation must

apply a rule either to the left of w independent of what occurs to

the right of w, or to the right of w independent of what occurs

to the left of- w. - : PR
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The objective in the construction of .G, 1is to replace a single

1

rule whose left side contains a terminal string of length R, by a

rule with shorter terminal context. But eliminating the context
constraint will result in derivations with-éfpiications of the new
rule when the old one is.not applicable. Accordingly, é new symbol,
$, will be used to mark applications of the new rule so that "bad"

derivations may be screened out.

Choose a rule yw + Bw from R with w ¢ ¥ and |w| = R.-

Let $ be a new symbol, and let V, =V U{S}.,lReplace the rule

1
yw + Bw of R by a new rule y »B w$ to obtain a new set of rules
R, = (R U{y » Bu$}) - {yw > gw}.

Define a new grammar Gl = (Vl,E U{S},Rl,X). ‘Cleariy ‘Gl is
terminal-bounded. Since [w| = R, > 0, the left side of y + Bw$
is shorter than the left side of yw + Bw which it replaced, and
N(G,) < N(G). o | o |

" Now, in G, iflthe rule yw + Bw 1s applied to a string
oyWp, then thé resﬁlt is AOBWp and fhe substfing w is available
for use as context by either- B or p. Replacing yw + Bw by the

-rule Yy > Bw$ 1in G, ensures that if y + Bw§ 1is applied to a

1
. string oywp, then in the resulting'string ogBwdwp, a substring

w 1is also available for use as context by either B8 or b. Thus,

if we can restrict our attention to derivations of G1 in which the

e

rule y - gw$ 1is applied only in the presence of right context w,
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gnd somehow erase the "extra' occurrences of- w$ generated by
gpplica;ion of the new rule, wé will oBtain precisely the set L(G).

Let S = (VU{$w})*. Clearly S 4is a regular set. Inter-
secting L(G) with >S selects those words of L(G;) generated by
derivations in which éhe rule Yy > Bfw$ 1is used only when the string
w 1is at some time generated immediately to the right.

The extra substrings $w generated in G, and used by S to

1
check context will be erased by a gsm M which acts as follows on
input from Vl*. In its initial mode of operétion, M 6utputs each
symbol it reads. But when M reads the symbol §, it enters an
erasing mode in which it‘erases a string of the form $Q, ﬁhereafter
returning to the initiai mode of opération. If § 1is not followed .
by w, M's action is undefined. (Note that.for any string in S,

'$ will always be followed by w.5 l

Ve claim that M(L(6)NS) = L(6). We will merely outline the

proof, since the omitted details can be added in a straightforward

manner,

Claim.1. L(G) ¢S M(L(Gl)v ns).

’

Sketch of the proof. It is sufficient to show for any y ¢ V%

that if X y in G, then there exists a 2 € S{\L(Gl) such that
M(z) = y. The proof of this statement is by an induction on n,
based on the following argument. For a string z, “ifE=M(z) = y

then z 1is simply y with a string w($w)i (for some 1) substituted



for each occurrence of w in y. Suppose that a rule u + v 1is
a;pliéd to y 1in G. If there is no overlap between any occurrence
of .w and the substring u of y to which the rule is appliéd,
then there ié a corresponding substring uv i;ﬂ z to which the
correspondihg rule of Gl may be applied. Otherwise, if the sub-
string u and an occurrence of w overlap, then the overlap must
be ét the léft or .right end of u since RG > BG. But for some j
this océurrenCe of w‘ in y corresponds to a substring w($w)j of
z, Thuys, in Gl’ 'tHe corresponding rule may be applied to 2z at

the leftmost or right most w of w($w)j, as appropriate. With

these observations, the proof is straightforward.

élaiu{ 2. H(L(Gb n S)EL(G).

Not every derivation in G1 of strings iﬁ L(Gl)f)s can be
imitated directly in G,.vsince there aie striﬁgs z- such that.
‘-y ;.Bﬁs is applicable to z while yw + Bw is ndt applicable to
.l’ we will show
that every y e L(Gl)f)s has some derivation which can be imitated

M(z). However, by rearranging dgrivatidns of G

in G. That is, for any y ¢ SIWL(Gl),_ there is a deriVation of
y in whichlthe rule y + Bw$ is applied only when context w has
already been generated td the right 6f Y. Such a derivation is
"almost' a derivation of G, and it is easy to construct in G a

.derivation of M(y) —which imitates 1it. ‘ L

13.
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First we show that if y ¢ L(Gl)IIS, then there is a

derivation X= 6.== 8,=> ,..=> en=y in G

1 2 such ghat each

1

ei € S.

Labeling the p > 0 occurrences of $ in X, We may rewrite
= * )
Yy asys= Y1$1y2$2«-.yp$pyp+l where each Yy is in V® and each
$i is an occurrence of §. Suppose that for some j, 1< 3j <p,

X= FO::> F1:=>'...==9 rm =y is a derivation in Gl such that in

some step k, $j' is generated without context w to its right.

5

In particular, Pk-l = ryt 6;> rBijt =,Fk. with "t # le and
r,t ¢ VI.
= . = ) =
Now, since y € S_ we have Yk r8w$jt 5:9 Fk+l==> cos = v$jwu‘

I._ Since $ does not appear in the left

side of any rule in Ri» v and wu must be generated independently

r =y for some v,u in V

% %
so that rBw = ¥ and t = wu. Thus,
Gl Gy .
i

X=7" = ,,. =T =ryt§>rywu=>r8w$

*
0 kel wu = viwu =y

3

is a derivation of y in which $, never occurs without context

3
w immediately to the right. For i < j, if $i always appears

with context w in the original derivation, it will étill always
appear with context w in the new derivation. Thus, the above

argument may be applied inductively to the least j such that $j

is generated without context w to the right. The eventual result

— PR P -

— * —

is a derivation of y 1in which no $i appears withoué confext W,

for 1 <1 <p.
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1

produces a word in S can be imitated by a derivation in G. That

Next we claim that any derivation in G, which at each step

is, 1f X = BO==> 6, => «..=> 8, for n >0 is a derivation in
| G, with each 0, §n_ S, then x = M(eo) = M(61)==> e =D g(en)
is a derivation in G.

Note that for any stringA usv ¢ S with u,v e VI and s € V*,
M(usv) contains a substring s (at a point corresponding to the
occurrence of s in usv). Thus, for ‘any rule ‘s ~ t of Gl‘ if
‘s >t 1is épplicable to ei it can also be applied at aicorresponding
point ih_ M(ei). Also, y =+ Bw$ 1is applicable to 0, only if w
occurs to the right of y, so that yw + Bw 1is applicéble'to u(ei).
Thus, for any rule appiied to ei in Gl’ a corresponding rule can h
be applied to a corresponding place in M(Bi). With this observation,
the proof of the claim by induction on the length of the derivation
in Gi is eaéy.

The two parts of the aBoye>proof show that for any x ¢ Sf\L(Gl),

there ia a derivation of M(x) in G. Therefore, M(S ﬁL(Gl))EEL(G).
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Case 2. LG < BGA and RG < Bd..

As for Case 1, the proof of Case 2 is based on the fact that if
the.iﬁitiai portion of a-derivatipn generates a sentential form with
a sufficiently loﬁg terminal substring w,';tHen subsequent steps
must apply rules independently to the segmenfs to the left and righp
of w. In this caée, "sufficiently long" means a length of at least

BG»+ 1. For a terminal string w of that length, no single rule of

G can span an éntire'string AwB, where A and ‘B are arbitrary
symbols.

We will construct G, by partitioning one of the rules of G

1

into two rules. The rule we will choose to partition will bé one

which generates a terminal string of length at least BG + 1.

Let T ='{a_* B-e R [ a contains at least 2 nonterminals}.

‘Now T # ¢,‘ since otherwise, by definition of BG, LG = RG & BG = 0

so that N(G) = 0. 'So choose from T a rule

aQYlal"'an-lYnan_+ aoylal...an_lynan

where each a, € Z*, each Y, ¢ V - £, each Yi > V*, and for séme

1
i» 1<j <n-1, |aj[_== B

i

' Since G is terminal bounded, the

right side of this rule must contain alterminal substring w ‘of

length greater than BG.-

But B, > LG and B, > RG. .Consequently;
w is longer then any string of terminals appearing in the left side

of the rule.
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Since w 1is longer than any of the a,'s, some part of at

i
least one of the Yi‘é, ‘say Yicr must be included in w (g

may be the empty string). We assume without loss of generality
that k < n, since the case k = n 1s symmetric to the case

k = 1. Specifically,vfor some k, 1l <k <n, and some

c,p,Bl,Bz € V*, we may rewrite the rule as onakYk+lp > Blwsz
where IBll < laOYl"'Yk—lak-lYk}' Let $ and ¢ be distinct new

symbols. Let Zl = {$§,¢} and V., = VUI, . Define a new setvof

1 1
rules R' = {on'+ Blws,akYk+lp +> akcwsz}._ Observe that by splitting

the original rule at oy

and putting an o in the right side of
the second rule, we have constructed new rules which satisfy the

condition that terminals may not be rewritten in grammar rules. Thus,

letting = (RUR'") - {oY

Kk Tkl
l’Rl’x)' Clearly, Gl is terminal bounded. Also,

since the two rules in R' partition the left side of our selected

Ry
G, = (V)5 Uz

p -+ Blwsz}' we'may obtain a grammar

single rule, which is omitted from R N(Gl) < N(G).

1’
In G, when the rule OYkakYk+1° -+ 31v§2 is applied, the

string w 1is available for use as cohtext'by either B8, or 82.

1

Also, no single rule of G ‘contains all of w in 1its

left sidé, so rules must be applied independently to the left énd
right of w. Replacing this rule by the two fules of R' ensures
that i1if botﬁ rules are applied to a string TonakYk+lpv then the
resulting str;pg tﬁlw$ak¢w82v has w' available qufgse.as context

——— —
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bf either By or.‘Bz; " Thus, if we can ;egfri;f our attention to
derivations of Gl in which thie two rules of R' are always
applied together, and then erase the extra strings $chw geﬁerated
by rules of R', we Qill be able to obtain "exactly the strihgs in
L(G). |

Let S be the regular set (V U{$ak¢w})*. Infersection of
S. with L(Gl) selects those words of L(Cl) which have derivations
in which tﬁe two rules of R' always occur together.

The extrargtrings $ak¢w used by. S to match occurrences of
rqles in Ry will be erased by aigsm M which acts as follows on
'input frém VI. In its initial mode of dperation, M éutpu;s each
sjmbal it reads. But when M reads the symbol §, it'enters an .
erasing mode in which:it erases a string of the form $ak¢w, there-
after returning to the initial mode of operationl' If $ is not
fdlloﬁed by akcﬁ, ‘M's action is undefined. (ﬁote that for any .
string in S, " §$ will alvays be followed by o, 6w.)

As for Case 1, we will merely sketch the proof tﬁat

M(L(Gl)h S) = L(G).

e L —— .
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Claim 3. L(G)CZM(Sf\L(Gl)).

~ Sketch of the proof. The proof of this inclusion depends on the -

fact that the whole string w never occurs in the left side of any

rule of R. Thus, after a substring w 1is generated in G, no
single context-rule can span all of w; each rule can be applied only

at one end or the other of w. Therefore, to construct a derivation

in Gl to imitate a derivation of G, whenever oY, a Y 8. w8

Kk k+1P T PR

is applied in G, the two rules.of R' are applied in Gl to generate
a substring Blwsak¢w82. Then,‘whenever a context rule is applied to
the left (right) end of w in G, it is applied to the w left of

$ (right.of' ¢) in Gl' With this observation, the proof of the
iﬁclusion is a straighﬁfdfwa;d induction on n ubon the asseftion that
if X=§? y then there exists a string z € S such that X-%i> z and
‘ﬁ(z) = y. 

"C.laim 4o M(SOL(G)E L(G)-

Sketch of the proof. Not every derivation in Gl of a string

in L(Cl)ﬂ S can be imitated directly in G, since in Gl'ithé two
rules 6f R' can occur indeperdently. However, we wilijshow that
every y € t(Gl)ﬂ S has some derivation which can be imitated by a
derivation of M(y) in G. That is; y has a derivation in which
each application of_the rule on -+ 81w$ is paired with an adjacent

application of the rule akYk+l° +> ay $vB, in the next Teep.--



20.

First we need to label the occurrences of $ and ¢ in y so

that we can rewrite y as

Y = YoY% 2 Y1 kS

N . * . '
where each is in V and each $j or ¢, 1s an occurrence of

Y3 k|

$§ or ¢, respectively.
Now we claim that if y ¢ L(Gl)()s, then there exists a

derivation X =».el = L. = en = y such that for all j, ¢j

- first appears in 9r+1 if $j first appears in er.

For suppose that for some j, 1 <j <p, _ —

X = Pl = r2"f = Pm ='yA is a derivation of y in G1 -such that

¢j is not generated in the step following $ We will assume"

g

without loss of generality that cj is generated at least two steps

after $j’ 'since the proof when cj is generated before §, 1is

k|
similar. Thus the derivation in Gl is g

ok * ‘ %
X = roY;s —?4r81w$js = ;SjakYk+lpu => t$jakcjw82u:=¢iv$jak¢jz =y

*
1 _
Since $ -and ¢ do not appear in the left side of any rule of

for some r,s,t,u,v,z e V

GI;

Thus we can obtain in Gl a new derivation

_ * ;R % i %
we know.that s => akYk+lpu, rBlw => t =? v an@ szu = z.

T * ‘ _ : '
X => roy, s = rGYkakYkHQu = r81w$jakYk+lpu = r81w$jak¢jw32u

x - :
L= v$jak¢jz‘= Y.
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Thus, in the new derivation ¢, first appears in the atep followihg

k|
 the one which generates $j. Also, for 1 '¢§, "if ¢y is generated

immediately after $i in the original derivation, it will still be
generated immediately after $i in the new derivation. Theréfore,
the above argument may be applied inductiveiy to the least j such

that ¢ is not generated immediately after Sj. The eventual result

k|
will be a derivation in which. °1. first appears in the step after the

one in which .$i is generated, for 1 <1 < p.

Next'we need to show that if in a derivation of y in Gl’ $i
is always generatéd immediately before ¢y is generated, for
1 <1i <p, then there ié a derivation of M(y) in G which

"imitates'" the derivation of y iﬁ 'Gl’ In parﬁicular, if.

. * : * . .. ’
X = 60 = 61:§> 62 23 ceo T em = y 1s such a derivation in G

*
where for each 1 <m, -ei ==> ei+l

l’

either via a single rule of R
or via consecutive applications of the two rules-in R', then
X = M(eo) =5 M(ei) = ... => M(em) = M(y) 1is a derivation in G.

' The above assertion is proved by an induction on m which is

‘based on the following argument. If uyv is a string'in V; with

y € V*, then M(uyv) has a substring vy corresponding to the

‘occurrence of y in uyv. Thus, Iif ei't> 61+ via a rule

1
y + 2z of Rl’ then y + z may be applied to M(ei) to produce
M(ei+l). If ei=§> 6i+l via applications of the two rules of R',

then ei' contains a su?string, OYkakYk¥1° and M(el) = M(ei+l)

via the rule 0¥, o ¥ 1P > BiWB,. Thus M(ei) =>_H(GI¢T2*:;Q_~G.

From the above, we have shown that for eyery & € L(Gl)ﬂ S,

X=2> M(y) in G, and thus MLG)NS)sL@). O



22.

Section 3.

"In this section we show that six prévious results are corollaries
of Theorem 1. The first four corollaries are simply sub-cases of the

theorem for terminal-bounded grammars.

Corollary 1. (Ginsburg and Greibach, 1966) If G 1is a grammar
such that each rulé is of the form o + 8 with a e (V - E)+ “and

B € V*ZV*, then L(G) is context-free.

Corollary 2. (Book, 1972) If G is a type -0 grammar such that each
rule is of the form o + 8 with a € E*(V - Z)Z* then .L(G) is

context-free.

-Corollary 3;..(Book,:1972) If G is a type-o grammar such that each
rule is of the form aZf + ayB with |a| > |8] and « e ¥, then

'L(G) is context-free.

The following corollary is presented as a conjecture By Book

(1972). o
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Corollary 4. ~If G 1is a type O grammar such that each rule is of the
form aZB + ayB where either
(1) a € £* and |af > 8] or

ol

(11) B8 ¢ £* and |B]

1v

then L(G) is gontext-free.

Corollary 5. (Hibbard, 1966) Let V be a set of symbols on which a
partial ordering < 1is defined. Let G = (V,I,R,X) be a grammar in

which each rule is of the form A1A2,..A > Ble...B where each

' A eV - I, and for some k, 1 <k <m, and all i, 1 <i <m,

Ai <-Bk', Then L(G) is context-free.
EEEQE; We may assume without loss of generality that . < is a-
total ordering oﬁ V, ahd that X is the least element in this total
orderingf Also, we may assﬁme that for every a« + B ¢ R, either
B e (V- Z)* -ér' B e L. We will prove the corollary by encbding the
. total ordering.into striﬁgs.of terminals. The encéding is complicated
by the fact that términalé may nof bé,rewritteh In grammar rﬁles.
Let d, E, and -Xl be new symbols, and let Zl = E‘U{d},
v = V(J{d,Xl,E}. Define p to be the maximum length of the left
side of any'rule in R. Let .h be the homomorphism_from. V¥ to

VI determined by - h(A) = AdPi for AeV ifi A 1is greater than

exactly 1 > 0 elements. Construct a new set of rules

= {X + XdE, E + d} U{h(a)Y + h(B)Y | o+ 8 € R and'Y € V,-I }

1 171
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Now, if a + B € R and the maximum symbol of a 1s greater
than exactly 1 symbols, then the maximum symbol of B is greater’
than at least i+l symbols. Therefore, for any Y g*Vl - Zl, the

left side of h(a)Y.*ih(B)Y ~contains at most p(pi) d's, while

i+l

" the right side contains a string of at least p d's. Suppose

that for some n,m > 0, some il,...,in,jl,...,jm and some

h(a)Y = A diz...Andi“Y and

1 1

Al,...,An,Bl,...,Bm eV )

atla
" h(B)Y = Bldlezdjz...Bmdij. If the longest string of d's in
h(B)Y is djk, then the rule may be interpreted as follows. All

of the symbols to the left of djk and possibly some of the d's

in djk afe generated by A while all of the symbols to the right

l’

of djk are generated by Y. Each d occurring in the left side of °
the rule is one of the d's in .djk, while each nonterminal other

than 'Al and Y 1is rewritten as the empty string. Thus, the new

rule satisfies the condition that terminals may not be rewritten in
grammar rules.v

Let G, = (Vl,Zl,Rl,Xl) be a new grammar. Obviously G, is

1 1
Aterminal—bounded, so by the theorem L(Gl) is context-free. Let
hl be the homomorphism from V;

the identity on other symbols. Notice that if a= 8 in G then

to V* which erases d and is

h(a)E = h(B)E 1in G Also, if aFE = BE in G then

1 1’
-,hl(“) = h1(6)< in _Gl.‘ Since in Gl an E can only.be rewritten
as a d, 1t is clear that hl(L(Gl)) = L(G). Thus L(G) is

context-free. Ul
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Definition 4. Let G = (V,I,R,X) be a grammar. If a ¢ Z*,
c+yeR, and B¢ v*,  write aaB-éb ayB and Boa=§> Bya.

Define Left(G) = {w e &* | X L, ] és 8, = ...:é> 8 = w} and

_ 1 2 n
Two-way(G) = {w e L¥ [ X = e]:=o 92 = L., = en = w and for
i=2,...,n, either 8 £$ 0 or 6 BN 8.}

i-1 i i-1 i

" Corollary 6. (Matthews, 1967) If G = (V,I,P,X) 1is a gramhar,
then Two-way(G) 1is context-free. o
Proof. Thé’fbllowing construction obtains from G a terminal-

bounded grammar G, with L(Gl) = Two~way(Cl), such that for some

1
homqmorphism h,> h(L(Gl)) = jwo-way(G). In order to force L(Gl) =
Two~wa§(Gi),‘ markers are added to mark the leftmost and-rigﬁtmqst
nonterminals at ahf poiné‘in_the derivation. ‘In\order fé maké Gy
terminal~bounded, extra terminal context is:added'on‘tﬁé iefg;prv
right‘side of each rule; the terminal éontexﬁ will not interfere
- with appliéation of rules since each.rule can be applied only when
.lﬁhere ;re no nonterminals on at least one siﬂe.- » |
Define g to be the:lengﬁh of the longest left si&e of a
rule of P. Let d, L, R, and X,
I U{d}, v, =v U{d,L,R,Xl}. éonstruct new sets of ruléé

be new symbols and-let 21 =

1

Py o= {X) > diLxrd4, L+ e, R+ e}

P2 = {yuLav + ywLBx, ucRvy + wBRxy, yuLaRv + ywLBRx |

* and‘.- e

1
a, € {e} UWV-£) (£*(V-£))* and |y[| = q}.

- uav > wBx ¢ P and U,V,W,X,y € X
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Define a new grammar 'Cl = (V ) P l)P X

1 1) 7
Note that L. can appear in a sentential form'of Gl only
when no nonterminals appear to its left, while R appears only
when -no nontermimals are to the right. Since Every rule of‘ Pl
éther thén the single»ruie with left side. Xl contains either an

L or an R, L(GI)E:Two-way(Gl)EEL(G Thus L(Gl) = Two—way(Gl).

1)'
Also, since q 1is the length of the longest left side of any rule
of P, and the left side of each rule of Gy has a terminal string
| of length at least . q at 6ne.end, it is qléar‘that the ieft side of
" each rule contaiﬂs érterminal string longer than any terminal string
which appears bgtweeh two'nonﬁerminals. Thus G1 is terhinal—
bounded (in fact, 'Gl‘ satisfies the rgstric;ionugiven in'Corbllary 4).
' Let h be'a-homomorphism which erases d but is the identity

on other symbols. We claim that h(L(Gl)) L{(G). For suppose P

contains a rule uav -+ wix where U,V,¥,X € * and o and 8 both
begin and end with nonterminals. Dufing a derivation of G, if an
application of this rule to a string .z rewrites'thevleftmoét non-
terminal of z (but not the rightmost nonterminal of z) then

1
where 'y is”the terminal string of iength q to the left of u.

‘yuLav + ywLBx can be applied to a corresponding.string in G

Slmilarly, if in .G uav + wBx rewrites the rightmost nonterminal

of z, then for the appropriate y ¢ Z*, uaRvy > wBny can be

" applied in G, " at the rightmost nonterminal. If uav =+ WRX _



27.

rewrites both the leftmost and rightmost nonterminals, then
yuLaRv + ywLBRx (for the appropriate y) can be applied in Gl'
Thus it is clear that Two-way(G)SEh(L(Gl)). On the other hand,

every rule of G (except those in Pl) imitates a rule in G;

1
thus h(Two-way(Gl))-e h(L(Gl))EETwo—Qay(G); Therefore L(Gl)) =
Two-way (G). Now since Gl is terminal-bounded, L(Gl) is context—

free. Consequently Two-way(G) 1is context-free. U

Corollarj 7. (Matthews, 1964) I1f G = (V,I,R,X) 1is a grammar, then
Left(G) 1is context-free.
Proof. The proof of Corollary 7 is similar to that of

Cofollary 6.

The various corollaries ére closely related to each other. In
particular, Corollarie§ 2 and 3 (Book, 1972) are subcaées of
: Corollary 4, The Ginsburngfeibach (1966) result, Corollary 1, can
_be obtained easily from Corollary 5 by defining a partial ordering
on symbols in which every terminal is greater than every nonterminal.
Ginsburg and Greibach (1966) show that Coroil#ry 6 follows from
Corollary 1; the above proof of Corollary 6lshows that'it aiso
follows from Co;bllary 4; Similarly,-Corollary 7 can be derived
| from Both Corollaries i'and 3. Since Book (1972) obtains Corollary 3

from Corollary 7, we see that Corollaries 3 and 7 are equivalent. On

S
—— ——.

the other hand, it'doés not seem easy to derive Coroliéry &Jgr
Corollary 5 from the other corollaries; they are the strongest of

the corollaries.
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All of the corollaries are easily derived from the theorem
pf;senfed in thié paper. Consequently, the proof of this theorem
proiides insight into the basic mechanism underlying all of_theée
results. The-two constructions in this papé; éepend_on the fact
that when aAsufficiently long terminal substring is generated
during a derivation, then subsequent rules must be applied inde-

. pendently to the segments on eitﬁer side of the terminal substring;
the rules cannot'pass information from one side of the segment to
-the other. In Case 1, this blockade effect of terminal strings
means that a rule with long terminal context can be replaced by é-
rule WithAsﬁdrter_context. Apflication of the new rule requires a
: "guess" that the'additional context is present; the guess is checked
by means of neQ symbqls whi;ﬁ mark applications of the new rule. In
'Case 2, the blockade effect makes it possible to replace a rule which
. generates a long terminal‘string by two rules which partition the’
original.rule. 'Appliéétioﬁvof the new rule involves a "guess" that
the othér is also applied,'and new syﬁbols which mark applications
of . the new ruies are used to check the guesseé. |

Thué, the theérem presented here and all of its cbrﬁliaries
follow from the ability of terminal strings to block the use of

context to pass information between segments of a string. There-~

fore, only one basic mechanism forcing a grammar to generate a

context-free language has been isolated in the new theorem and all

the previous results.
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