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ABSTRACT

The problem of characterizing optimal controls for a
class of distributed-parameter systems is considered. The
~system dynamics are characterized mathematically by a finite

number (n_,) of coupled partial differential equations in-
volving flrst-order time and space derivatives of the state
variables, which are constrained at the boundary by a finite.
number of algebraic relations (n_<n_). Multlple control in-
puts, extending over the entire sgatfal region occupied by

the system ("distributed controls") are to be designed so
that the response of the system is optimal (as measured by

a scalar performance functional of the state and control
variables).

The question of existence and uniqueness of solutions
to the state equations is discussed for both linear and non-
linear systems, and examples of well-posed types of systems
are given prior to treatment of problems in control.

For nonlinear systems, a Minimum Principle giving nec-
essary conditions for optimality is stated and proved, using
~ variational methods. Under additional assumptions, it is
proven (Decomposition Theorem) that such optimal controls
may be synthesized by solving a nonlinear static ("steady-
state”) optimization problem and a linearized dynamic optlmal
‘control problem with a quadratic performance functional.

For well-posed linear systems of the class studies by
Kreiss [23] and Rauch {35], the optimal boundary control
problem is solved using the method of variational inequalities
as developed by Lions [25]. An operator Riccati equation
characterlzlng the optimal feedback control law is also
derived.

A major example involving boundary control of an un-
stable low-density plasma is developed from physical laws.



Optimal control problems for the steady state (a nonlinear
problem) and the linearized dynamic equatlons are formulated,
and conditions for optlmallty are derived using the above
theorles.

THESIS SUPERVISOR: Michael Athans

TITLE: Associate Professor of Electrical Engineering



ACKNOWLEDGEMENTS

Profeseor Michael Athans, as friend and adVisor, has
played a majdr'role in my graduate education; His inspired
suggestions, enthusiasm, and encouraéement of individualism
haVe greatly contributed to this research. I particularly
wish to ‘thank him for his guidance and constructive comments
during the development of the Minimum Principle of,Chaptervl.

Professor Sanjoy K. Mitter has given very geherously 5%_
his.timekend extensive beckground:in distributed systems
durihg'our numerous technieal discussions o?er the past two
yeare. In addition to introducing me to ‘the works‘of Lions
and others, he has contrlbuted 1mmeasurably by clarlfylng
fmany of the techn1cal 1ssues dlscussed in Chapter 2.

| I am 1ndebted to Professor Ronald Parker for 1nsp1t1ng

and commenting on the early.development of the plasma ex-

ample of Chapter 3. Professor.Gilbert Strang of the Mathematics
Department brOught to my attention the important wotks by

H. O. Kreies and J. Rauchlused in Chapter 2.

For acting as readers and for providing knowledgeable
ctiticism, I also wish to thank Profeésor Jan Willems of the
Eleetrical Engineeriné bepartment, and.Professor Steven A.
Orszag of the Mathematics Department. I»furthe; wish to
acknowledge the interest of Professors Gould and Smullin in

this research.,



5

Mrs. Saba Simsek is to be congratulated forAher accuracy,
skill, and speed in typing both the draft and final copies
of the.thesis, and for her phenomenal attentibn to.detail.
"Finally, I acknowledge the nontechnical but nevertheless
inestimable.cohtribution of my wife, Nancy, and the sacrifices-
-she has made'"for the sake of science" over the last three

‘'years..

- This Research was supported by the National Science Foundation
under Grant # GK-25781 by NASA/Ames under Grant # NGL-22-009(124),
and through a Fellowship for the NSF Regional Conference on
Control Theory (University of Maryland, Baltimore County,

August 23-27, 1971). '



DEDICATED

TO MY PARENTS

WALTER K. JOHNSON
&

DOROTHY C. JOHNSON



TABLE OF CONTENTS .

abstract . ' - | 2
Acknowledgement » - 4~
‘Table of Cﬁntents‘ - A 7
Introduction : o 9
Notation | o 14
I. Optimal Control of Nonlinear First—Order Systems 18
1.1 Problem Statement A _ 13
1.2 Well-posedness of.Soldtions : 20
1.3 Necessary Conditions for Optimality 23
1.4 Quasilinear Analytic Systems | o 36

1.5 Steady State Analysis and Linearization of

Tihe—Invariant Systems 40 °
II. Optimal Control of Linear First-Order Sysﬁems 48
2.1 Hyperbolic Systems on half-Spaces ' 48
2.2 AhVOptimal Control Problem | 57

2.3 Necessary and Sufficient Conditions of -

Optimality _ . ' 66

2.4 Decoupling S | 76

2.5 Generalizatibns ' 93

IITI. An Examéle. | , - 99

3.1 Physical Description of a Plasma Control
Problem ‘ 99
3.2 State-vVariable Formulations of Plasma Control

Problenms _ | 103



3.3 Well-Posedness of Solutions to State Equations

3.4 Optimality Conditions
Conclusions and Suggestions for Future Research
Bibliography

Appendices
A, Secoﬁd Variation Conditions for a Minimum
B. Weli4Posedness of Quasilinear Analytic Systems
C. Proof of Decomposition Theorem
D. Nonlinear.and Linear Mathematical Models of
Plasma Dynamics |

" E. At the Circus

Bipgraphical Sketch

113

115

125

128

134

141

148



INTRODUCTION

The pufpose of this research is to chéracterize dis-
tributed and boundary controls which are optimél with re-
spect to scaiar performance indices for the class of first-
order distributed systems. Considerable motivation for.
such an investigation exists on both mathematical and en-
(1)

gineering grounds. Mathematically, first-order systems

may be considered as a canonical form for systems of partial

'differential equations in the sense that higher order equa-
tions or systems may be reduced formally to first-order
systems by taking all but the highest-order space and time

derivatives as "state variables". Admittedly, this is a

- purely formal artifice which will not in itself yield any

mathematical’advantage, but the value of adopting a canonical
form should not be under-estimated, as a . great deal of in-

" sight may be gained through simplified notation. From'an
engineering viewpoint as well, mathematical models éf dis-
tributed physical systems are usually developed from basic
physical principles (e.g., the Schrodinger wave equation,
Maxwell's equations, fluid mechanics, etc.). Most of these
equations are naturally written in first—ordef form; when

several physical properties of a single medium are modelled,

(1) Of a more general class than those studied here, however.
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the equation(s) describing each property are coupled, re-
sultin§ in a system of equations. These observations led
the author to attempt to formulate first—-order control
problems in a,general.setting.

A significant feature of control problem formulation,
from an enginéering viewpgint, is ﬁhe inclusion of boundary
controls. Distributed controls are usually difficult, if
not impdssible, to implement (or even approximate) in prac—
tice} boundary control leads to a reduction in controller
hardware as well as being a more "néturél" means éf influ-
encing the(system in most aéplications. Mathematically,
boundary qont:dl of first-order systems is complicated by
the fact that in general, only certain linear combinations
of state variables (not the whole state!) may be constrained
in a given boundary region for the state equations to possess
solutions..'Fortunately, it is possible to cast boundary con-
ditions in a sufficiently general framework that the opti-
mization theory may be carried through (formally) without a
general mathematical existence theory (not yet available for
first-order systems). This is not to say that well-posédness
is unimportant for control problems!

The Mihimum Principle, giving necessary conditions for
optimality in the nonlinear case, is developed -in Chapter 1
using local exfremal conditions of differential calculus in
several variables. The novel features of the proof are (1)

use of the Divérgence Theorem to eliminate variations of the
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spatial derivatives of the staie, (2) use of the theory of
pseudoinverse operators in characterizing boundary controls.
The probiem could be formulated in greater generality, and
more sophisticated variational theory could be applied, but
the two features above, ih:the author's estimation, would be
crucial ingredients of any minimum principle for first—ordef
systems. The objective herein is to treat the most commonly-
occurring typé of problem. Derivation of second-order nec-
essary conditions for optimality with boundary controls
(Appendix A)_also requires some.nohﬁrivial development;
these conditions are often useful for computational algorithms.

The prqBiem of designing "steady-state" dontrols, which
may be regarded as a parametef optimization éroblem, has lohg
been of interest to the authqr. The perfo:mance improvement
due to optimal “"operating conditions" in applications is ex-
pected to be greater than the improvement afforded by optimal
regulation. The Decomposition Theorem, (Chapter 1, Section 5),
interestingly, gives a means for insuring that regulator de-
sign is consistent with steady-state performance'objegtives
and for assigning relative weight to regulation versus steady-
state performance (for instance, weighting the regulator
problem just enough ;o achieye satisfactory stability). Fur-
thermoré, thé regulation problem is a linear oné and hence may
be properly solved using Laplace~Fourier transform or modal
analysis techniqueé.

The objective of Chapter 2 is to present a rigorous



12
treatmenﬁ of an optimal control problem involving a-pa:;
ticularvtype of linear first-order system. Essentially,
this requires a demonstration that the existence theory
of Rauch [36]_for first-order hyperbolic systems on half-
spaces is adequate for £he Application of Lions' mefhodl[23]
of solving optimal control problems. The original contribu-r
tions of this,application lie in the technical details of the
proofs and in the inclusion of boundary controls. Such sys*-
tems are not oniy important in their own right for a number
of engineering problems, but also give a clear indication of
the considerétions involved in treating more general linear
problems (for which an adequateAmathematical existence theory
is not yet available).‘ |

In orde:-to illustrate the relevance of these theofiés
" to an engineering problem, boundary control of a plasma in-
stability is considered. The derivation of a mathematical'
model is catried through in detail in order to demonstrate
the relatively minor violence done to thé physics in applying
the mathematics. The development'of a state-variable model
for ﬁhié system'requires introduction of a viewpoint which is
quite divergeﬁt from that used in conventionai analysis of
the problem, énd is hence of value for its own sake. It is
. emphasized, however( that the calculations given herein should
not be taken in the sense of a "solution" to a particular prac-
tical problem, but rather as an illustration of the potential

usefulness of the foregoing theories.
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The author w1shes to recognlze the works of Lions [26],
[27], Rauch [361, and Penfleld and Haus [33] _ The contri-
butions of F:ledrlchs and Lax [15]1, {13], (14}, Kréiss {24},
Garabedian {[17), and Sage [43] are also acknowledged. Other
mathematical tﬁeories relevant to first-order control prob-A
lems include those of Butkovskiy (7] and Egorov (12] (ex-
tension of Pontryagin's results for finite-dimensional
systems), Wang [47,48,49] (dynamic programming on function
spaces) andALurie [31) (use of integral equationslrather than
partial differential equations) for nbnlinear.problems; and
- Balakrishnan [2] (optimal control on Banéch space$), Lukes
and Russell‘[30,42],,Phillips [35] aﬁd Kato [23] (semigroup
methods), and Gould [18], Russell [41],.ahd Egorov [12]
(modai.anaIYSis), for linear problems. Of course a large
number,ofAOthér authors may be cited. Extensive bibliograpgies

may be found in {21, [48],‘[26], {71, and [39].
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NOTATION

Independent Variables (Geometry):

The relevant dynamic behavior of the system is assﬁmed
fo occur.within a finite time interval T = [O,tf]; where
te is called the terminal timef the time vériabie is
usually denoted by "t" or "tf.

Spatially, the system is confined to a closed, bounded,
: simply—cgnnected region, Z, of R™ with non;empty interior.
ﬁfﬁé’ﬂouﬁdaty, B, of Z is assumed to be a C~ surfacé in Rm,
Awith unit outward normal n = (nl...nm). The space variables.
are denoted by.the m-vector z, which refers to a single

(i.e., not locél) coordinate system thrbughout. Reference
will frequéntly be made to the spatiotemporal domain,

D=7 x T,'and to the lateral boundary of that domain,

]

B x T. Figure 1 illustratés this terminology for Z(::Rz.
The'significaht geometrical assumptions are tius
(1) finite time interval,
(2) bounded spatial domain,»ana
(3) time-invariant boundaries.
The first two assumptions are relaxed with relative ease,
while the third may sometimes be relaxed, with consiaerable
~theoretical difficulty,_provided the rate of boundary motion
is sufficiently small. These extensions‘wili not be discussed

in detail.
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Dependent Variables (State, Observation, Controls) :

At each fixed time, t, the system.is characterized by a
function on 2 taking, values in Rnx, termed the state at
time t, aﬁd, denoted x(t) or x(t,z). This function evdlves
according to dynamic and boundary constraihts of the systeﬁ;
in this sense, the state is viewed as a colleétion of functions
- parameterized by t € T. Alternatively, the state is
sometimés.cohside:ed és a'function on the spatiotemporal
domaih, D; Thé former viéwpoint is taken in'Chapter II, while
the lattéf predominates in Chapter I.

The response y(t) at each fixed time t e T is a
function on D x RnX ‘taking values in Rny, depending on
.the curreﬁt Value of the state function.

The~évoiution of'the state is determined by distributed

_ n
forces £ taking values in R *

and boundary forces g

taking values in R g (ng_i nx). Control over the system

is exercised by distributed controls, u(t), with values in
n . n
R u' and 'boundary controls, v(t), with values in R

A\

"nv < nq, normally) . 'The function f depends on the current

u, and g depends on Vv, with

~ value of the function u
(1)

further details specified in the text.

(1) Including the function spaces to which x, y, f, g, u, v,
' etc., are assumed to belong.
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Summary of Notation

Independent Variables

T = [O,tfl

t,T

zC ®"

z

o)

T x 2

T x B

Time domain

Time variables

Spatial domain (closed, bounded)
Space vériables

Boundary of 2

Spatiotemporal Domain

Lateral boundéry of D

Unit outward normal to L

Dependent Variables

X

<

e

1
i

Systém State (nx—vector)
Response (n;-véctor)
Distributed force (nx¥vector)
Boundary fo:ce (nq—vector)
‘Distributed cont;ol (nu-vector)

Boundary control (nv—vector)
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I. OPTIMAL CONTROL OF MNONLINEAR FIRST-ORDER SYSTEMS

Necessary conditions for optimality are derived for
"smooth” nohiinear systems having well-posed stfict solutions;
where the performance index is a scalar functional of the
state and controls. For time—invariant systeﬁs, it is
'shown-ﬁhat these conditions may be “decomposed" into
conditions for a nonlinear static problem and a linearized
dynamic problem. A specific application to the subclass of

guasilinear analytic systems is discussed.

1.1 Problem Statement

System Constraints:

The evolution.of the state is governed by a system of
partial differential equations, subject to initial conditions

(IC) and boundary conditions (BC):

dx(t,z) /3t = £(x(t,2), x_(t,2), ult,z), t,2)  (1.1)
n n. o n n,
£: RO x RO xR Y x D> RrR%
IC: x(0,2z) = go(g)- z e 2 - (1.2)
n
'x : Z+RT%
.—O .
BC: g(x (t,2), v(t,2), t, 2) = 0 (1.3)
n_ - n

X

g: R *xRrYV

n
x L » R Y

where X, is an abbreviation for the set of functions



.(35/821, a§/az2...a§/azm) and §L(t,3) denotes

x(t,2) |, on L.

Assumptions:

fe {fecCR

g € fg é C(R :

: s n
. . x
X € Xo(_ C(z;rR 7)

. n_.
ue u(r)yCc;rR Y

' . n
vev(t)Ccwr ")

Performance Index:

(n,) (n ) (m)

n
iR 9)

(nx) (m.nx) (nu) (mf-l) .

l

Qe

is

in x

in

A scalar index of performance is specified:

Sdlu,v) = j jf(z(tf,g),z_)diz + J g (% (te2),v(t,2),t,2)dL

Z

+ J jﬁ(i(tri)'iz(tri)rg(t,g),t,g)dn

L

19

the function

in

in

in

X/X,U;

(1.4)

(1.5)

(1.6)

(1.7)
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Assumptions:
jp e {ip € .C(R :R) | jg is €7 in x. and C in z}
-~ (n ) (n ) (m) = - 2 w
iy, € {3, e C(R ;R)| 3, is ¢ in x., v, C in t, z}
~ (n ) (m,n ) (n ) (m+l) ~
. . X X u s . 2 . .
ip € {jD e C(R :R) | jp, is €" in x, x_, Yu;

1 in z}

CO in t; & C

The state in (1.7) is also implicitly a function of u .and v,

by Viftue of the syStem_constraintS (1.1)-(1.3).

Optimal Controls:

The optimal controls u* e U(T), v* e V(T)  are defined

by the condition
J(E*,X*) < J(u,v) ue U(T), v € V(T) : (1.8)

1.2 Well-posedness of Solutions

Definition: The system (1.1)-(1.3) is termed well-posed
(or well-set) if there exists a function space X(T) such that
given any X, € Xo, u(t) e u(T), vit) ¢ v(T), there‘exists a

.unigue solution (in general, a weak solution) x(t, x ,

u(t), v(t)) € X(T), and the mapping

(x , u, v) - x
-—o-—_.—— —

Xo x U(T) x Vv(T) > X (T) (2.1)
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is continuous (for specified topologies on Xo' u(r), vi(T)

and X(T).

" n
Definition: A function x(t) € Cl(D;R x) and which

satisfies (1.1)-(1.3) is sSaid to be a strict solution.

Hypothesis 2/1: Problem (1.1)-(1.3) is well-posed with
: . =~
X(T)(; Cl(D;R ¥y, i.e., with strict solutions.

Remark 2-1: Unfortunately, this hypothesis is quite strong,

(even for linear systems!) and it represents one of the major
(often ﬁnstated) shortcomings of most available results on
optimalfcontrdl of nonlinear distributed systems. Furthermore,
it is not'generally possible to guarantee the hypothesis (as
it is for finite-dimensional systems) by merely assuming

~ smoothness of XO,_U(T), V{(T) and the functions‘g and g. 1In
géneral, well—posédnéss will require in addition restrictions
on the functional forms of f and g, and on the initial data, .
X

Remark 2-2: A literature search has not revealed any general

well-posedness theorems for nonlinear first-order systems,
although progreés has been reported in special cases (see [10],
1401, [47]). A well-posedness proof for the class of
quasilinear analytic SYStems is sketched in Appeﬁdix B.

Finite elemeht meﬁhods (e.g., quantization in space and time,

Galerkin's method, etc.) appear to offer the most promise for
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systems of higher dimension (nx) and/or g;eater nonlinearity
when analytiéal solutions are not known to exist. []

One additional hypothesis is required in order to
justify a variational approach to the derivation of necessary
conditions of optimality (Section 1.3, following) - well-
posedness.of the costate equations. Although the costate
equations‘and associated boundary conditions for the nonlinear
optimal control problem are linear (considering x_(2z), u(t,z),
xkt,g) and g(t,g) to be fixed), it is not possible to conclude
from this fact, as i£ is in the finite-dimensional case, that
‘there exists a unique solution to the costate system. The

costate equations are (see (3.5)-(3.7)):

' m m .
sp/at = ] (8f/9x, )' aps/azy + [ ] a(3f/0x, )'/3z, ~ (3£/3x)"Ip
i=1 i i=1 1 =
_
+ [ ] a(aig/ex, ) /02, - (i /0%) "] (2.2)
i=1 i
gc:'g(tf,g) = 33¢/9x (2.3)

BC: (TiT4 1Tt T (33, /0m)

2f/0x, )'p} = 0 (2.4)

‘ ? m
+ ) n.(9j/9x_ ) + |{
S =1 YD Ey izl i

1=
where T = [3g/3x]' and all coefficients are evaluated at x,
u, v, t, z. Note that jf, jL’ and jD contribute only non-

autonomous driving terms and do not affect the essential
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systems of higher dimension (nx) and/or gréater nonlinearity
when analytical solutions are not known to exist. []

One additional hypothesis is required in- order to
justify a variational approach to the derivation of necessary
conditiqns of optimality (Section 1.3, following) - well-
éoéedness of the costate equations. Although the costate
equations and associated boundary conditions for the nonlinear
'Optimal control problem are linear (considering go(g), u(t, z),
‘v(t,z) and x(t,z) to be fixed), it is not possible to conclude
from this fact, as it is in‘thé finite—dimeﬁsional case, that
ﬁhere exists a unique solution to the costate system. The

costate equations are (see (3.5)-(3.7)):

: m ’ m ’
ap/ot = ] (8f/ex, )' ap/dz, + [} 3(df/0x, )'/3z; - (3£/3x)'lp
i=1 i - i=1 i
o .
+ [igla(agb/agzi) /3z; -.(BJD/3§) ] (2.2)
FC: p(tg,z) = 3j./0x - (2.3)

1

BC: [TiTi'] _'lji-{(ale/ag)'

Cm . m . .
+ I ng@ip/ex, )t + (] af/dex, )'p)l =0 (2.4)

i=1 i i=1 i
where T = [8&/35]' and all coefficients are evaluated at X,

u, v, t, z. NOte‘that jf,

jLI

autonomous driving terms and do not affect the essential

and jD contribute only non--
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structure of the dynamic constraints. While it is conceivable
that specific assumptions on f and g which satisfy
Hypothesis 2/1 may automatically imply well-posedness of
solutions to (2.2)-(2.4), at least in special cases, not
enough 1is known of eitﬁer nonlinear dr linear existence
theories foi such systems to guarantee this result. In the
linear example of Chapter iI, this possibility is realized.
Until é general'existence theory becomes available, it is

necessary to postulate, however:

Hypothesis 2/2: Hypothesis 2/1 is satisfied. Given any

X, € Xr 1 € U(T), v € V(T) and corresponding unigque solution
of (1.1)-(L.3), x e X(T), the coefficients of (2.2)-(2.4) may
be evaluated; then it is hypothesized that there exists a

_ : n .
unique strict solution p ¢ Cl(D;R %) to this problem.

Remaik 2-3: Hypothesis 2/2 does not necessarily imply a

solution of (2.2)-(2.4) for all X € X(T).' Still, the hypothesis

is rather restrictive.

1.3 Necessary Conditions for Optimality

Minimum Principle:

Consider the optimal control problem defined in Section
1.1, and assume Hypothesis 2/1 and 2/2 to be valid. Let p(t)
denote an nx—vector valued function on 2 for each t & T.

Define the scalar Hamiltonian, h, by:
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h(_)_c_-tz{_zrgll_l_rtl_z_) = jD(x’)_(z’u't’E) + E.f(_)il)_(_zlultlz)
n Do n n
h: REx REHTxR*xrRY%xD>R : (3.1)
(where (*)' denotes transpose throughout). it is assumed for

: ' ag 3
i ici Yy e :
simplicity that (ax) and (av) are qf full rank, ng < n .

Then in order that the interior control E*(t) and the boundéry

(1)

control v*(t) be optimal, it is necessary that:

(State Equations)

3x*/at = 3h/3p (x*,x%,p*,u*, t,z) o (3.2)
IC:‘§*(O,E) = §o(§) ' (3.3)
BC: g (x¥,v*,t,z) =0 | | | (3.4)

(Costate Equations)

e~

pr/at = [ %;I (3h/dx_ ) * - 3h/dx(x*,x*,p*,t,2)  (3.5)
. | : | .

FC: p¥ = a4 * ' : ;
FC: p*(tg,2) 3jg/dx (xF,2) : (3.6)

. ) .93 ‘m
BC: [(3g/am)t (ag/0x)%1 T (ag/ax) "L 122" + ] n, (an/ox, )*]
- ~ | X = i

=0 (3.7)

(1) 3(+)/9x is the column vector (or matrix, if (+) is a
vector) ’ ‘

(3 (+)/ 317

‘B(T)/ X,

o0(*)/ x
" X :
and (-)* denotes evaluation at x*, u*, v¥*, g*.
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(Hamiltonian Minimization)

| ah/ du (zg*,ﬁ;,g*,p_*,t,g)# 0 (3.8)

. o *—-l * aJL *
(33, /3v) * + (3g/3v)*[(3g/3x) ' (3g/3x) ] (3g/ax) (57

m

+ ] nj(an/dx, )*] =0 | (3.9)
i=1 i

Proof: Let u* and v* denote a set of optimal controls

(see 1;8).(2) Considérthe'perturbed controls

u = E* + € 85 _ -, (3.10)

1]

v =v*+oe Sy (3.11)

where' € 1is a sufficiently small constant. Let x* denote
the state corresponding to u*, v*, and let 5 denote the
perturbed state (i.e., strict solution of (l1.1)-(1.3))

corresponding to u, v. Define 6x, the state perturbation by
e § X =x% - x , (3.12)

Then §&x satisfies the equation:

d(8x) /3t L0t 2) - £(x*,x*,u*,t,z)]
’ 4

* ! m * 1
x) &x + ] (3f/3x, ) &(x, )

i=1 i i

n
@
|Hh
~
%)

X

+ (0£/3w) " su + 0, (e) /e - (3.13)

(2) Dependences on t and z are supressed in the following
manipulations.
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IC: 8x(0,2z) = x*(0,2z) - x(0,2) = 0O (3.14)

BC: (2g/3%) ox. + (3g/av)’ sy + 0,(e)/e =

!
|j©

(3.15)

where

0
~Z; Bzi

i

1
€

mlH-

[8§*/azi --ai/azi] = (e6x) 3(65)/821

and lim_gi(e)/e = 0 (guaranteed by continuity assumptions on
g0 ,
f and g). The performance index (1.7) is modified by the

addition a Lagrange multiplier term:(3)

~

J(u,v) = ij(if,g)dz + JjL(iL'z't'E)dL + ij(i'iz'E't'E)dD

D
+ IE' [f(g_’.}iz'g’t’z) - 3>_</8t]dD (3.16)
D L]
Definiﬁg
e§d = J(u,v) - JfE*rZ*) (3.17)

it is required to evaluate the first-order necessary conditicn

for a minimum

GJO = lim 83 = 0 ©{(3.18)
€*0

This is accomplished using the Taylor series expansions

ajf
Jf(z{_flg_) = Jf(?_‘_%l_z_) + €x— (E_EIE)' 62{_

7% + 0, (c) (3.19)

£ 3

(3) The assumptions~guarantee sufficient differentiability to
validate a LaGrangian variational procéddure.
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hix,x ,p/u,t,2z) = Q(i*,gz,g,g*,t,g)

R 1 m ) ]
+ e(ah/aﬁ)* éx + € ) (3h/3x )7 3(6x)/3z,
i=1 23

+ e(ah/ag)*'53 + 0, (e) (3.20)

and
]

*
I (x, 0 at,2) = 3 (xF,v*.t,2) 4 e(9],/0x%) 8%
. * 1
+ €33, /3y)  §v + Og(e) (3.21}

where again, differentiability assumptions guarantee that

lim Oi(c)/s = 0. Together, these results imply
€0 o
- Xt
87 = f (33./0x)  6x. dz
7 » _
* 1
+ + (33 /ov)  $v] dL

(a3, /%) " 6x,

*1 m %1
[(dh/3x) &x + J (3h/3x_ ) 3(8x)/3
i=1 | —Z3 Z;

OY— N~

+ (3h/du) " Su - p'a(6x)/at] AD

M=

+ = f 03(8) dz + J Os(e)dL + f 04(3) dp} (3.22)

: L D
where as ¢ + 0 the last term vanishes - since D is bounded.
The continuity assumptions on p (Hypothesis 2/2), jD and f

imply:
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3

5t (R'6X) = p' 3(8x)/3t + (3p'/3t)&x (3.23)
and
& [(an/ox, )*' 6x] = (dh/3x, )*' 3(6x)/0z,
b § 1 1 .
2 , '
* G Gh/ax, )% ex (320

Using these in (3.22), as e » O,
= s * ! : : *
8J J (33 ¢/3x) Oxp * J [(33;/3x)éx, + (98], /3v)* 6v] dL
Z ' : L

' m
+'f (lp'/at = J 23— (3h/ax, )*' + (3h/3%) %] 6x
5 i=1 "1 i

+ (3h/3u)*' Su} db

' m
" J - 3 (prex) + ] L [(en/ax, )*' sx]} ab (3.295)
- 21925 i |

The last term may be evaluated by means of the following

Lemma 1 (Divergence Theorem [21], p.292.)

m+1l

Let D be a closed bounded region in R =, with a

l"fwm

. be (scalar) cdntinuously differentiable functions on D and

boundary surface, 9D, which is piecewise smooth. Let Wor W

let (no, nl..,nm) denote the unit outward normal to 3D (which
is a function of the boundary point and is uniquely defined

a.e. on 3D). Then
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niwi]d(aD) | (3.26)

=]

m
J [izo 3w, /3z,1dD = J‘[

D . 5p 170

The continuity conditions on B and on p (Hypothesis
2/2, x (Hypothesis 2/1), jD and f are sufficient for

'applicétion of the theorem with
w_ = -p' &x _ (3.27)

(ah/aﬁz )*¥' 8x; i=1, 2, ..., m (3.28)
i A

E
il

Thus the last term of (3.25) becomes

mos

I ' P
J [~ 3T (p'éx) + .Z T ((ah/Biz;)* §x)]1 db
_ _ i=1 i i
D
. m V )
= J [-np' + J n;(3h/ax, )*'18x d(3D) (3.29)
3D i=1 1 ,
Now 3D = L U (2 x {0}) U (2 x {tf}). On L, n, = 0 and
§x = éxp; at t =0, tg, n; =0 (i=1,2, ...m, ng = 1,
with 6x(0) = 0 - see (3.12) - .and Gi(tf) = 6§f. So

| - 2 (prex) + ? 2. ((3n é )*'8x)] db
D = 1 1

' m
= j-géa}f_f dz + J [lzl ni (31’1/8}_{_21)*1]6?_{—1’ aL (3.30)

Referring to (3.25)
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630 = J [(3jg/3x)*" ~ pgl x. dz
p/

’ m
+ J {033 /%)% + | n,(3h/3x, )*'16x,
! i=1 i

+ (33 /0v)*' 6y} dL

.agl ‘m 3 . _
+ J { ﬁ - 2 Sz (ah/aiz')*' +A(3h/3}_{_)*']5_}_{_
. i=1 i i
D
+ (3h/3u)*'su} dD : (3.31) -

The costate functioﬁ p has remained unsepcified to this
point. In order to guarantee (3.18) for arbitrary d&u, 6v,
it is necessary to define the optimal costate p* by (3.5),
(3.6). The‘hypothesis 2/2 is required in order to guarantee
that these equations, with‘boundary conditions (3.7), admit
a solution.'v

The boundary condition_(3,7) requires additional
ménipulation, since the boundary §ariations X and v are
partially constrained by (3.15). ©Noting that (5=). was
assumed to be of full rank hg <N it is possible using
standard results of linear algebra to complete (at each point

in D) a basis by selecting vectors orthogbnal to the rows of

—— .' . '
(ax) . Letting wj...w: denote the rows, select W ,...W
such that w!w., =0; i =1, 2,...n_; j = n_+1,n_, and
'—'l"'J . 1 ’ ’ g :] g agl.if'
yi...y% are linearly independent. Let [(55) ]‘L denote
X . : - X
the matrix formed by the row vectors Eﬁ.+17"'yﬁ . Then

g X
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[(3g/3x)*'1% (dg/ax)* = O | (3.32)
. g L *!
In the following, let T = ( % ) and let
- .
r' = [(3J /3x)*" + ] n;(3h/3x, )*'] (3.33)
A i=1 i
Now
r' =o' T+ g' 7t (3.34)

where o is an anvector—Valued function on D, and § 1is
an (nx—nq) vector valued function on D (nonunigue,in general).
Thus

] v.=" v [} L
r'éx, = a' Téx + ' T-dx,

- a' (3g/owm)*' sv + B' T ex (3.35)
by (3.15). Since 316§L is unconstrained, require
8 = 0 | (3.36)

(this leads to boundary conditions for p), and from the

second term of (3.31), obtain the condition (see 3.18):

f 6v' [(23,/00)*% - (3g/dv)*al dL = 0 (3.37)
! |

For p = E*, (3.31) becomes (see Remark 3-1 below):
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s = J sv' {(33./3v)*% -
’ L
(33/3v) [(3g/3x)*"' (3g/ax) *] " (3g/ax) *' [(33,/0x) *
3
+ n. (dh/3x_ )*]}dL
i=1 * 2i

+ J su'(sh/3u)* db ) , (3.38)
D

The remaining conditions (3.8), (3.9) are a conseqguence of:

Lemma 2: Let S be a closed bounded simply—connectedAsubSet

~

of Rk‘of the form T x S for T =_[O,tf1 and S having
a smooth (C”) béundary. If the continuously - differentiable

function w defined on S satisfies
ot , ' ' o
_.J f was=g0 : (3.39)
S

for all continuous functions £ on. S, then

w0, . (3.40)

Proof: Coﬁsider the case where f and w are scalaf-valued
functions oh S: the extension to veqtor—Valued functions 1is

a consequence 6f Tychonov's theo;em {52] and arguments |
analogous té’those of [ 1], p. 260. - | Since S is
closed and w is cohtinuous, w 1is bounded and takes on its
minimum and méximum'valueé, denoted w  and w+, respectively,
in S§. It is_cleér (construct a simple counﬁer example) that

+ . . :
w > 0. The point wh o is a compact subset of R; hence its
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: C i
inverse image under w, denoted K , is a compact subset

(4)
of S

{K is therefore closed). The inverse image of the
open interval (0, ) under w is an open set P; the

complement»off? relative to S, Pc, is therefore closedf The
sets P° and K+ are either disjoint or not. 1If they are not

D s : + . ;
disjoint, then by the above comment, w = 0. This implies

w < 0, and |w|= -w. But choosing f = 1, (3.39) becomes

f w ds = - J lw| ds = 02 w =0 a.e. on S
5 5
By continuity, w = 0 on S, in this case. On the other hand,
if p% and K" are disjoint, it is pbssible to construct
(Urysohn's Theo:em, [52],'p;7) a continuous real-valued
function - £ on § such that 0 < f(E) <1 on.S,
c

£=0 on P° and £ =1 on K'. since P consists of

precisely those points where w < 0, fw > 0 'on S. Suppose

o+ ~ . : . +
w > 0 and let Ef be a point of K+, L.e., w(Ef) =w > 0.

Then for € > 0 sufficiently small there exists a’bali -B(zf,e)
such that (B(z+,e)rj S 1is open relative to S, and):
(1) m(B(z*,e)(\ S) =b >0 . (a conéequence of the
assumptions on 8)
(ii) f Z‘(l—a), 0 <6 <1, on B(z+,e)(\ S (continuity of £
at z)
(iii) Q > (wh ~§) on B(z+,e)(ﬁ S (continuity of w at z+)
But . this implies

J £ wds > b(l-8) w'-8) > 0,
S

(4) see [22], for example.
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contradicting (3.39). Therefore wh = 0, and thus (by the
argument above), w = 0. ' » ' Q.E.D.

This completes the proof of the Minimum Principle.

Remark 3-1l: It is important to verify that (1) o can be

chosen independently of how Tt is selected, and (2) 8
depends oﬁly,on the range of Ef and not the particular way
in which it is chosen. A verification of these facts, as well
as explici£ forﬁulas for o and B, is provided by refereﬁce
to the theory of péeudoinvérse operators, (see_[29], p.166).

It is found that o may be.chosen as

i

a=1 "=z’

T (3.41)
od

which is independent of as desired. Then B8 (from

(3.35)) is determined by

T 8 ='l£ - T'(CT') T] ¢ | . (3.42)
whence
s= @ tu-r @)l x
= (it Lptir - 2'(2 g')'l T] x - (3.43)
@) oiy

‘using (3,32). With this choice, the condition (3. 36) deﬁends

only on the range space of T.
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Remark 3-2: The second-variation condition for a minimum is

derived in Appendix A.

A few comments concerning the method of préof and its
relationship:to priox and-future works may'bé madé. The method.
of proof has certain points in'common with the methods of
Krotov (see [ 71, pp.49-59 - i.e., use of the divergence
theorem), and Sage ([43]1, pp. 137—144, variational formulation).
Wang'[4g] has also derived a maximum principle via dynamic
prog:amming. These works are unclear in their treatment of
continuity assumptions and well—posedness (efg. appropriate
boundary conditions); Particularly noteworthy herein is th;
treétment of boundafy conditioné having less_thah full rank
(nq_i.nx)  énd'the incorporatidn.of boundary controls. thch
were not included in previous works. The frequently used
assumption of homogeneous boundary conditions'(iL = 0) in
these prior works, for example, may lead to problems which are
"almost nevef“ well—poSed,particularly in the hyperbolic case..
The use of the Divergence Theorem was discovered‘independently
of Krotov's work. The incorporation of'the variational
véonsﬁrainfs at the boundary (3.15) appears to bennovel, as are
the resulting boundary controls.

Much future work remains to be done in order to achieve
a distributed maximum principlé of comparable elégance and
generality to that available for lumped.systéms. The
continuity éssum?tions could be relaxed, for instance, by

défining weak solutions of the state and costate equations.
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The entire problem should ultimately be cast in a ‘distributional
framework and the appropriate generalizations of the two
lemmas used above could probably still be applied. A secon&
major improvement-would be the use of global (rather than
local) control perturbations to obtain global (rather than
local) necesséry conditions. Lions [26] has already made
considerable contributions in this area. Finally, there are
the generalizations to movable boundaries, control constraints,
free term;nal time énd fiXed terminal state (etc.) problems..
All of these’imﬁrovements are considered to_be presently feasible.
It appears that it might ultimately be possible to prove well-
posédness of‘the costate equation (perhapé under additional
aésumptions)aiﬁ a‘weak sense, using.well—posednéss df the

: state equation, but this result is probably some years away..

1.4 OQuasilinear Analytic Systems

This specialvcase of the above theory is considered
because (1) a large number of (nonlinear) systems occurring
in practice are of this typé; (2) a concrete meahs’of proving
Well-posednesé is available, (3, meaningful "quasi-quadratic"
pérformance indices can be found (e.g., energy funcfionals);
-(4) the conditions of the minimum prinéiple'may be written
out explicitly and serve as a guide for comparison with the

linear case.

Problem Statement:

In (1.1)~(1.7), make the specific additional assumptions:
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+ B(x,t,z) u + £(t,z) | (4.1)

g(xL,v,t,z) = T(t,z) X - g(t,g)!. (4}2)
U(T) = {u(t)|u continuous on T, analytic on 2} (4.3)
VkT)~=A{g(t)(v continuous oan, analytic on B} (4.4)
x0,=l{§ ‘ x analytic on 2} ‘ . (4.5)
Jg(xgz) = ié_g(gf'—z-) Xg . (4.6)

i (xg.v,t,2) = v'R (t,2)v + %1 F(t,2)x, (4.7)
jD(er lultlz) = >_§'Qo(§1t,§)3<_ + P_'B_u(tr_z_)y-_
xil N . R
+ X! 0.(t,z)x (4.8)
i=1 7% H 2 »

Assume all coefficient matrices to be continuous in t,
analytic in z for t ¢ T, and (where X 1s indicated as an

argument) affine in x. Assume Bu' Bv > 0 symmetric, and

'g, F, gi > 0, symmetric, where i = 0, 1...m.
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Well-Posedness of Solutions:

Theorem: For sufficiently small tf and appropriate
Z(t,g), the problem (1.1)-(1.6), (4.1)-(4.8) is well posed

with

X(T) ='{§(t)[§ continuous on T, analytic on 2} (4.9)

Proof: See Appendix B.

Compared with the conditions of the preceding section,
the continuity conditions of this theorem are somewhat weaker
in time (coﬁtinuity vVs. céntinuous_differentiability) and
étronger in space (analycity vs. cdntiﬁuous differentiability).
The proof bf the theorem (for the nonlinear case) hinges
on the fact that the method of characteristics extends to
nonlinear systems{ the details of -this extension yield
"natural” boundary conditions of the forﬁ specified by (4.2).
In qenéral, it is necessary to limit tf as solutions may grow
~unbounded, at least for certain initial conditions.
Assumptions.similar to thése would have to be made for any

.other methpd of proof.

Remark 4-1: The method of proof is readily extended to the

costate equations in this case.

Necessary Conditions for Optimality:

Consider the optimal control problem (1.1)-(1.8) subject

to assumptions (4.1)~(4.8) -and assume that the hYpoﬁheses of
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the preceding theorem are satisfied. Consider the subclass

of systemé which have coefficients continuously differentiabie
in time (and hence solutions with the same property). Then
the Minimum Principle (Section 1.3) applies, and the

equations (3.2)-(3.9) may be written explicitly.

(State Equations)

m
Ix*/d3t = § -éi(g*,t,z) ax*/azi + K(x*,t,z) x*
' i=1 ST T - T~
) {4.10)
+ B(k*,t,z) u* + £(t,z) |
IC: x*(0,2) = x_(2) o | (4.11)
BC: T(t,z) x* = G(t,z) v* | (4.12)
. m .
BE*/st = z QT [éi(_}_{_*ltlg)g* + 2gl(tl§_) ai*/azll
i=1 i
n
‘ P X ,
~[K'(x*,t,z) + ] x¥(3K'(x*,t,z)/5x.)
- - - 3=1 j. - - - J
+ g*ag'/axj (x*,t,z)]1p*
- * * * '
(29 (x*,t,z) + jzl xa.* 39X (x ,t,_Z_)/alegz_* ,
(Costate Equations) (4.13)

n ,
FC: p*(tg,2z) = 28(x},z)x*. + [_Zl xf 38(x%,z)/x. Ixx (4.14)
J= J ]
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I e § ' | m ] )
BC: (14 ThH (Tt ) (F xp+ izlni(éi(gc_*.t,g)gi
. * — . .- i
2R, u* + B'(x*,t,z) p* = 0 : A . - (4.16)
. - -1 ~m
2R,v* - G'(T'E) "T'[E'xp + i__Z_l n; (A} (x*,t,2)p}
+ 20, (t,2) axp/0z;)] = 0 - (4.17)

Remark 4-2: The costatée equation (4.13) contains first-order

spatial derivatives of the costate and»seéond—order spatial
deriVatiVésrof'the state. These latter term$ disappear if
 derivativesof the state are not penalized in’the performancé
iﬁdex; in'this case, if B is independent of_i, the costate>
equétion belongs to the same class as the $téte equation (viz.,

quasilinear; first order).

Remark 4-3: The optimal distributed control (4.16) depends
- ohfthevéostate, whereas the boundary control (4.17) depénds on
those linear combinations of costate variables which are not

-constrained by the,boundary conditions (4.15) .-

1.5 Steady State Analysis and Linearization of Time-Invariant
Systems -
Assume that the system equations (1.1)-(1.3)'and performance

index (1.7) are time-invariant, i.e., that £, g, jD and jL do
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not depend explicitly on t. All continuity assumptions of:
Section 1.1 and thé well—posedness hypotheses of Section 1.2
are retained, so that ﬁhe Minimum Principle of Section 1.3
applies. |

In engineering applications, the behavior of such
systems is usually analyzed by examining the static solution(s)
and then linearizing the state about the equilibrium point(s)
to reveal the dynamic evolution of (small) initial perturbations
ffom'equilibrium. Let (°)$_denote steady-state quantifiés and
(ot '

then defined to be

denote perturbequuantities. The static equations are

£x5(2) s x5 (2); u¥(2),2) =0 z ez (5.1)
s s, :
BC: alxp(z), v7(z), z) = 0 z2eB (5.2)
and the linearized perturbation-equations are
t s _t m vs-t ' s ﬁ
dx /3t = (£)° x + ) (£, )°x. "+ (£)° u
=7 =X = =x =z. =u =
o _ - i=]l =z, i -
v i
(t,2) € D (5.3)
‘. .
1c: x5(0,2) = x5 (z2) ze 2 (5.4)
s .t -t .
BC: (g,)° x + (g)° v =0 (t,2) eL (5.5)
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The solution of-the nonlinear boundary value problem (5.1),
(5.2) is used in evaluation of the coefficients of the linear
initial boundary value problem (5.3)-(5.5). Provided that
the dynamic perturbations Et, zt and the initial perturbation
§2 are sufficiently small, and provided that the linearized
system is sufficiently "stable" (||§t(t,§)||ic||§§(g)ll for
teT, c<1, for example), it is reasonable to expect the
solution |

x(t,z) = x°(2) + ex"(t,2) - (5.6)

for initial conditions

x (2z) = x"(2) + 552(_2_) (5.7)
and controls 

ult,z) = ud(z) + eut(t,z) (5.8)

z(t,g) = v°(2) + ev®(t,2) o (5.9)

for sufficiently small €.

The question which naturally arises is: Can this philosophy

"be extended to optimal control problems? Certainly g? and

!s may be taken as solutions of a static optimization
problem, and Et and gt may be found by solving a linear optimal
control problem; but which problem? The following theorem

establishes that underNCertain conditions, the soclution to
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the nonlinear dynamic optimal control-problem (1.1)-(1.3),

(1.7) may be approximated as the sum of the solution to a
static boundary-value optimization problem and the solution

to a linear-quadratic dynamic optimal control problem.

Theorem (Decomposition Theorem) :.

Assume f, g, jf, jD and jL are time-invariant and

satisfy the conditions of the Minimum Principle (Sections 1.1,

‘1.3). Let
v = u®(2) zez
v = v (z) LI:
x5 = x%(z) zez

denote a solution (assumed to exist) of the static nonlinear

boundary-value optimization problem:

g(ﬁ,gz,g,g) = 0 z € 2 ' (5.19)

BC: g(x,v,2)=0 2z €eB | (5.11)

S : . S ‘ . | |

q (u,v) = [ jL(EB’!’E)'+vf.jD(§’§z’E’E) dz (5.12)
4 ,

Furthermore, let
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E_ = E (tr_z_) : ) (tlz_) e D
gt = gt(t,gi . (t,2) e L
t_ t

x x (t,z) (t,z) €D

~denote a solution (assumed to exist) of the linear—-quadratic

dynamic optimal control problem:

ax/3t = (£.)%x + (£, 5% + (£)%u (5.13)
= = = =X =z —u =
o= i=1 =z, i -
i
1 s : ' .
IC: x(0,2) = < [§o(5) - x (2)] (5.14)
' s s, ' | o
BC: (g )" %, + (g)) v=20 _ (5.15)
t _ 1 . s ‘1 s S _ S
J (u,v) = J {zgé(JfXX) Xe + €_§f[(3f)§ p~l} az
Z — ,
1 . i L s i
+ J F Ix{ v'l 130 i, (ZEL dL
L _ 2.3 xv
J; 3 v
Lyx Lov -
L. -/ J v
+ f 1 [x!' x!' u'] (h h h 1s rx ] dD
2 "= =z = XX XX xu -
D — — =
hx X X_X X u =z
-z —2—2 -2
hux ux uu u
s - _z —_.—d - -
(5.16)
where X_ = (X_ ., X_ ,+.¢,%,. ) 1in (5.16) is an nm-vector and
‘ =z =zy' =z, =z ,

XX

(h )s, for instance, is an (nx)x(nx) matpix function with
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(i,j)th element

[(h,,) %1,

2 S 8 s 8.
(3 h/axiaxj)(i X R U ,2Z)

for h =

where f and are as in (5.10) and (5.12), and Bs is

Ip
the costate for the static optimization problem.

Then, provided
< _
[ (x (2) - % (z))ll <Cile)i ze 2 - (5.17)
. s s o S :
'l((sz) = p)ll < cyle o (5.18)
the solution to the time-invariant nonlinear optimal control -
problem (1.1)-(1.3), (1.7), u*(t,2z), v*(t,z), x*(t,z), with

costate p*(t,2z) satisfying the minimum principle exists and

is giVen by

u* = u® + eu® + 0(e) © (5.19)
vk = v® 4 eyt 4 0(e) | o . (5.20)
x* = gs7+ éﬁt foe) | | (5.21)
p* = pS + ep® + 0(e) | - (5.22)

Proof: See Appendix C.
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Remark 5-1: The proof contains necessary conditions for the

solution of the static problem (5.10)-(5.12).

‘Remark 5-2: The conditions (5.17)-(5.18) are required to

insure that-ﬁhe initial state is sufficiently close to the
equilibrium solution and that the desired terminalistate is
also sufficiently close to eguilibrium; these conditibns are
essential for any (optimal or non-optimal) steady state

dynamic perturbation analysis.

Remark 5-3: The admissable range of ¢  for approximate

validity of the linearized analysis is likely to be larger for
closed-loop systems of this type than for open-loop systems,
because the state perturbation §t Will be (for "reasonable"

jf"jL"jD) m@re closely regulated by the optimal COntrols.

Remark 5-4: The theorem may be extended to systems with static.

constraint equations, e.g., first-order system representations

of higher 6rder partial differential equations (see Chapter 3).

Remark 5-5: . In practice, the boundary value optimization

prbblém (5.10)-(5.12) may be degenerate and/or relatively easy
to solve. Fufthermore, if the matrices of (5.16) happen to be
block~diagonal (and provided the linear probleﬁ is well—pésed){
the linear theory of Chapter 2 may be used to defive explicit
solutions to the linear problem (5.13)-(5.16). lence, the
decomposed problem may be far easier to solve in‘practice

than the original nonlinear dynamic distributed two-point-
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boundary value problem resulting from the minimum principle.

Remark 5-6: This theorem may be viewed as an extension of

the Quadrétic Equivalence Theofem of G. B. Skelton [45] to
distributed optimal contrdl problems, although our motivatiop
is different. Viewed in the sense of Skelton's results, a
means of chbosing quadratic weights for non-quadratic cost

functionals has been derived.

Remark 5-7: From the standpoint of.controller'implementation,

the static controls Bs, Xs would usually be?included in

the basic design of the system (e.g., choice of geometry);
While'theAdynamic controls would involve specialized dynamic
_control hardware with gains designed on the basis of the

static analysis.
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II. OPTIMAL CONTROL - OF LINEAR FIRST-ORDER SYSTEMS

The results of Lions ([231, pp. 100-160) characterizing
optimal controls for certain linear distributed systems
with quadratlc performance functionals are applled to a
class of llnear hyperbolic flrst -order systems studied by
Hersh [20], Kreiss [24], and Rauch [36]. Both distributed
and boundaty controls are‘consiaered. Necessary conditions
for the extension of this theory to a larger class of first-
order‘systeﬁs are discussed with reference to current
mathematical literature. A simple egample is given in

;Appendlx E.
2 1 Hyperbollc Systems on Half- Spaces

Results -of Hersh .[20], Kreiss [24], and Rauch.[36]

_ pertaining to existence of solutions for a ciass of initial
boundary value‘problems invqlving linear-hyperbolic first-
order systems on a half—séace are summarized._-

The spatial domaiﬁ is taken to be an open half-space:

>0} (1.1)

Z={zce¢ R® | zy
with bogndary

B = {z:¢ R | 21,= 0} : S (1,2)
The time intervsl'is T = [Q,tf], or T_ = R, for certain of

the following results. The space-time domain is D = T x Z,



49
with lateral boundary L = T x B "(resp. D, Lm);
The hain'reéults of these authors are concerned with
existence and uniqueness of solutiohs to the initial boundary

'valué problem:

(a/3t - M)k = £(,2) (t,z) € D (1.3)
IC: x(0,z) =x_(z) zZ e Z o : (1.4)
BC: Z(t,g)&(t,é) = g(t,z)  (t,2) e L | (1.57

where the linear differential operator A is defined by (1)

. m . s
A(s) = ] A (t,2)3(-)/3z, + K(t,z) (") (1.6)
i=1 1 -

with smoothness assumptions on the coefficients:

w o |
éi £ Cs(Dw7 R 7) i=1,2,...m
K ¢ CS(Dm;,R )

o' n nx
T e Co(n; R I

~where for S;,E. compact subsets of D_, L, respectively,

Cg(D,i R™) = {Me (D7 R™) | M(t,z) = constant for
(t,z) e D_-S}
o n nx - o nxn
,:CE(LN; RI* = {Ne C (L.; R 9 | N(t,z) = constant for

(t,E_) € Loo—E}

(1) See Remark 2-1.
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Additional assumptions are:

Assumption 1-1: (Strict hyperbolicity)  The equation
m
IA T - ) XA (t,2)| =0
o=~ Ly MiRiTTrE

has n distinct real roots for all [Al...xm]eRm~{Q}

and for all (t,z) € D_.

Assumption 1-2: (Noncharactéristié boundary)

1Ay (t,2) | 70

for all  (t,z) € L.

Assumption 1-3: (Determinate boundary conditions) The

matrix A, is assumed to have Jordan form:

él Q él = diag (al...ar)
) f 0 ' at At - ai -( A )
[ A Ay = diag (a_, q--.3;

X

with ai <0,i=1,2...,r; a3 >0, i= r+1,...,nx; this
is no restriction.. Then for all (t,z) ¢ L, T is

assumed to be,éf full rank, and

'Hersh'[zol gives necessary and sufficient conditions for

the constant-coefficient problem with K = 0 and f =0 to

have unique smooth solutions (well-posedness in the sense of
Hadamard) . Results are obtained by LaPlace transformation in

t and Fourier transformation in 2z, - and are merely summarized
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here. Consider the matrix function
' ' -1 m _ .
M(s,k) = A;"[s1 -1 ) k.A.] (1.7)
- - -1 - j=2 J—3 ,

K = (ky,...k ) e gl seC

with associated eigenvalue problem (given s, K):
e'(s,k) [M(s,k) - x(s,k)I] = 0 (1.8)

There will be n (complex) eigénvectors gj(s,§) “and
corresponding eigenvalues KJ(S,E), which will be distinct
by virtue of Assumption 1-1 (Hersh more generally admits

multiple roots). It is then shown that

Theorem 1-1: (Hersh [20]) Consider the constant-

coefficient Version of (1.3)-(1.6) with £ = O, K =‘0."Assume(2)
X, € Cm(z, Rnx), g € Cm(L, Rng). Then a necessary and
Sufficient condition for well-posedness in the sense of

‘ Hédamard is (uﬁder Assumptiocns 1-1 to 1-3 above): For all

k ¢ Rm;l, for all s with Re(s) > O; the rows of T are

. ) ) s 0 .
linearly independent of all eigenvectors gj (s,k) corresponding

to ei§envalueé” AJ(s,g)‘with Re(Xj(s,E)) > 0.

(2) Hersh is unclear reading continuity conditions imposed on
X_» 9; existence of the inverse Fourier-Laplace transforms
Egpears to be the basic requirement - hence .the continuity
assumptions above may be relaxed. Rauch ([36],p.4)
adds a consistency condition that x_ and vanish in a
neighborhood of {t=0, zl=0}, but th¥s condition was not

originally imposed by Hersh.
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Hersh gives a counterexample due to Agmon which
demonstrates %hat Assumption 1-3 alone cannot guarantee
continuity of solutions in the initial data. His condition,
furthermdre,does not represent a straightforward extension
‘of the much—sfudied special cases n, = 1,2, which are
misleading. Hersh also studies continuity of solutions in
Sobolev space?, but his results;are_supefceded by the more
recent work of Rauch (following).

Kreiss [24] attécks the same class of initial boundary
value problem, but with variable coefficiehts-meeting the
smoothneés,cb;ditions following (1.6), and  §j# 0, £# 0.
Using symmetrization theory of Friedrichs and-La# {151, and’
canoniéal traﬁsformations of the equétidné, he derivés an'L2
bound on the'%olution(s)'of this problem in terms of initiél
‘and boundary data. His main theorems méy be stated as

folloWs:(3)v

Theorem 1-2 (Kreiss [24]): Considering the variable-

coefficient problem, assume that for each boundary point
(t,z) € L, the constant coefficient problem obtained by
freezing the cdefficients of éi (i = l,2...m)' and T, and

setting K =0, £ =0, x_ = 0, satisfies Theorem 1-1 for

X
)

all ng-Dy matrices T in a neighborhood of T(t,z).

Then (for K, £ nonzero, Xo = 0), the folléwihg estimate

holds£(4)

(3) This_restatéhent is due to Rauch [36].

(4) wWhere (*) denotes complex conjugation and Ce is a
constant depending only on tf.



53
f'ii.’ideffifidDict [fz'zdwji'gdm (1.9)

Kreiss aléo‘considers additional problems of existence and
uniqueness; Of primafy interest heré, however, are the
géneralizations‘of his results by Rauch, which require the
_conditions of Theorems 1-1 énd 1-2.

Inlérde: tO'present~the$e results, it is necessary to
define weighted Sobolev spaces of integral order and the
notion of a strong solution. For an open set S R"
C?O)(§;Rq)” denotes the set of real q-vectqr valued C;(Ré)
functions, restricted to s.

(5)

Deflnltlon 1-1: For S C R™L of the form (tim?f“”’

interval) x (spatlal domaln) and nonnegative 1nteger s,

H (S;Rq) is ‘the completlon of C( )(S ;R%)  in the norm

HfH - L 1Fg]]? e720t g5 (1.10) (&
(S ; RY) k<s T
S o

. This is termed the weighted s-th order Sobolev space of

g-vector valued functions on S.

Definition 1-2: A strong solution of the IBVP (1.3)-(1.5)
Y v

is a function x ¢ Lz(D;R x) such that there exist a function
, Ny n, _n 0 =
Xy € L°(L;R ) and a sequence of functions {x'}, x ¢ C(O)(D),

satisfying:

(5) The argument R? will be omitted when it is obvxous from
the context. :

(6) D £ is conventional shorthand for the_kth degree partial
derivatives of f; if the time interval is degenerate to a
point, partial derivatives with respect to t- are not
1ncluded .



Clim | x-xl|, =0
n-o - L (D)

lim | |xP-x |[ .
pwe L =2,

lim || (3/3t-2)x" - £]]| =0

N L2 (D)

" lim ||x (0, z) - x (2 || , =0
n-co ‘ L (Z)

with T x, = g. The function x; is termed the strong boundary

value of x on L.

With these definitions, the main results of Rauch may

be”stated»aé‘follows:(7)

- 2, fnx '
Theorem 1-3 (Rauch [36]) . For any te > 0, £ e L“(D;R 7)),
n_

g € 12 (L; R g), ;6'5 12 (z;R Xy, problem (1, 3)—( 5) has a

'unlque strong_solutioh x. For s=0, the follow1ng estimate

"applies to'»ﬁa and its (strong)AbOundary value §L:

Hxte) || o+ Yallxl] o+ Lz 0l g <

H (2) — H (D) H_ (L)

c_[]|x .+ (Vo) £ + || )
sl sy * OO NN g e Vsl

a .
(1.11)

with Cq a'qonstgnt, independent of ‘t'lﬁo' g, £ or a,

and o sufficiently large.

(7) Assumptlons 1-1 to 1-3, and condltlons of Theorems 1-1
and 1-2 in force.
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Theorem '1-4 (Rauch [36]) : Suppose there exist sequences

. {iﬁi} {éé}, {§on} such that

. ) : n .
n__ ,® = X n _

£ e ¢y (B iR T, £1 20 for t <0 (1.12)
h e n : n -

g e C (L iR ), g' =0 for t <O (1.13)

n © P ' :
X, € CO(Z;R' ) | (1.14)
and that in the limit n » =,

n . S nX , .

£+ £ in H(D;R 7) (1.15)
n . ' s n

g +g in  H(L;R9) o , (1.16)

o s n_ | .

_Eo > X, in H (Z;R ™) : _ _(1.17)

n

"Then Theorem 1-3 holds with X € HS(D,R x) 7and-(1.ll) holds
Sffor this value of s with o sufficiently.largé;'
The eqﬁationsv(l.lZ)?(l;l4) represent compatibility

'.~.conditions on the data at t=0,-2 =0. Thesé,results guarantee

1
unique smooth strong ‘solutions for smooth initial data, .

boundary data, and forcing functions.

Remark 1-1l: For the following optimal control problem,

Theorem 1-4 with s=1 is required. To summarize, for
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1 n : ‘ .
x, € H'(Z;R ) (1.18)
£ ¢ HL(D;R %) (1.19)
1.0,
g e B (L;R 9) (1.20)

satisfying (1.12)-(1.17), there exists a unique strong solution
' n , ' : n
X € Hl(D;R ) with strong boundary value X, € Hl(L;R Xy, and

thé“mappings

(-}—if;r_f_‘rﬂ). »'i o o o A ‘ (1;21) .
(x,.£/9) & x| : ' 4' | - (1.22)

: | 1 ny 1 Dy 1 n
~are continuous from H (Z;R 7) x H (D;R 7) x II7(L;R g) to

i (D;R ¥)  and HL(L;R %)

, respectively, in the weighted -
first-order Sobolev norm, for a sufficiently large, by

(1.11).

. Remark 1-2: Of crucial importance is the fact (Rauch, [36],

p.11) that when Theorem 1-2 applies to the stateiequations,
it is automatically guaranteed to apply to the adjoint system
equations. This in turn permits the application of Theorems
(1—3) and (1-4) to'tbe adjoint system, as devéloped in the

following seCtion.

Remark 1-3: Rauch, [36j, p.3, notes that certain more general
spatial domains may be cast in this form by use of local

coordinate transformations.
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2.2<'Ah-optim51’cOntr¢1'p£obléﬁ
A rigorous formulation of optimal control problem in&olving
first-order hyperbolic systems on half-spaces witi diétributed
and boundafy controls ié given. The problem treated here
is perhaps the most "conventional" cése; thére are many

variations on the theme.

Notation: The main function spaces used herein are

defined as follows. Let S denote a simply-connected subset

of -Rk.-
c®(s;R") = space of infinitely differentiable. functions
' on S taking values in R"..
L% (s; %) = space of square-integrable functions on S

taking values in Rn; thié is a Hilbert space

with inner product

<§,1> 7. ' n = J,i'l ds | . (2.1)
: L°(s;R) . ¢ ' _ :

nl(s,r%) = {x ¢ LZ(S,R?)I ax/3z, ¢ L%(S,Rn)' i=l, ...k}
which is also a Hilbert space with inner

(8)

- product

ok -
- Jlﬁ'x + 1 (x'/02y) Goy/az)) ] as
! |

<2{_l¥_> ' n
H'(S;R")

. ' (2.2)
The second argument (Rn) will be dropped when n is obvious

from the context.

(8) zi'may represent "time" in (2.2). If c” replaces Rn,

the first function x is also conjugated in (2.1)-(2.2).
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Spatiotemporal Domain: Z is a half-space in R (1.1);

B is the plane zl =0 (1.2); T = [O,tf] is the time

domain (tf < ®),

SystemZConstraints and Assumptions: The evolution of

the state x is governed by the IBVP:

m ’ : ) . .
ax/3t = ] A, (t,z) 9x/3z; + K(t,z)x + B(t,z)u + £(t,2z) -
' i=1

(t,2) e D T(2.3)
“1C: x(0,2) = x (2) @z (2.4
BC: T(t,z)x, = G(t,z)v : (t,é)-e L o (2.9)

. .The coefficients A.,, K, B, T, and G are restrictions to D =

and L, respectively, of the functions

- Lo

A; € Cg(D; R ™) - (2.6)
2

- (-} nx . .

K e Cg(D R ™) | (2.7

- o Nafx

B e Cq(D,,R ) | _ _ (2.8)

- o n hx- . .

T e C(L,,RIT) - (2.9)

- S L

G e Ch(L,,R I (2.10)

where the spaces Cz, Cg are defined following (1.6). The
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distributed control u, the autonomous force £, the initial
 state X, and the boundary control v are elements of the

following spaces

' Ma, 1 T n n © = B
we UDRY = {uent@rRN|[IW " ec, B R,
u" 20, t<0 3 lim u" = u} S (2.11)
< Clmoutsn
£ e X(DO,R™) = {f e ’1(D,RF)| (1.12), (1.15) for s =1}
| | (2.12)
X, € X5 (Z,R 7) = {x, e HL(Z,R D a4e, (7)) for s = 1}
| O (2.13)
v e V(L,R ") = {v ¢ H (L,R V)‘:ﬂ{g?}, vl e Cd(Lm'R Yy,
v 20, £t<0 3 lim v' = v} (2.4

n-+o

Referring to Remark 1-1, the following existence theorem’is

obtained as a consequence of Theorem 1-4.

Theorem 2-1: If the IBVP_(2.3)—(2.10) satisfies Assumptions
(1-1)-(1-3) ahd Kreiss' condifion»(Theorem 1-2), then given

any u e U, £ e X, X, € X, and v e V there exists a unique
n _

strong solution '5 £ Hl(D;R *)  with unique strong boundary -
_ "Tn » :
value X, € Hl(L;R x), and for o sufficiently large
NECH + /& |x|| + 1yl <e tlxll .
L (2) = ul(py =L Rl T O Tgl(z)
+ (/&) (] ful | £ EN . o+ vl 1 @as)

1(py- il 1
HL(D) - i1 (D) Hl (L)
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where ¢ is a constant and t ¢ 7T

In the control problem, x_ € X and f ¢ X are
assumed to be prespecifiéd. Given this existence theorem,
it is obvious that X and X ‘are affine linear functionals

of the controls u-e U, v € V; that dependence is made explicit

by thejnotaﬁions

CE = xlv)i oz = wew) _' (2.6
which are convenient in the following sections.  Thus
n | n n_

Cx(,9) - %(0,0) e L(UMDIR Y x V(LR V) mRDiR X)) (2.17)
S o n nooy n, o
% (@,9) = % (0,0) ¢ L(UD;R ™) x V(L;R V); H (L;R ¥))  (2.18)

Responses: The responses are linear functionals of the

state variables, of the form

y(t,z) = C(t,z) x (t,2) - (t,2) €D (2.19)

where C 1is assumed to be the restriction to D of a matrix-

valued function
~ n n . : _
Ce cgip,,RY ™) _ o (2.20)

Considered as a linear operator,
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1, .Px 1 n
CelH (D;R); H(D;RY))

i

‘And considered as a function of - the controls,

oo yluey) - v(0,0) = y(x(u,v)) - '_z‘esfg'ﬁ))
e L(U(;RY) x V(LR V); H (D;RY)) .

-~ Thedesired response 'is specified ‘as =~ -

S g T -
deY(RY) = {den(p:r V)| 3 {d",

o .
e Yy n -

. g € C(O) (leR )I _(_1_ = Ol tf_ 0:

3 lim. @" = g} (2.21)

N+

Performance Index: A scalar valued measure of performance,

J: Ux V>R o (2.22)

vis‘specified indirectly (i.e., via the response mapping Z(B'K))

-by‘the'fdrﬁula
Iy = f ((yla,v) - &' Qly(u,y) - d + ygu u} A
+ f v'R_ v dL L (2.23)
L .

where Q,Agu,-gv7'are restrictions to D, L, respectively, of"
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2
. P " . n . . .
Qe cgo iR Y) | (2.24)
- , | |
S ny : . }
R, e Co(D iR ™) (2.25)
| " 2
) = w Ny ' ‘ ' .
R, e Co(LiR ") (2.26)

f‘The_matrix.valued functions Q, Bu' Bv are all assumed to be
‘positive definite symmetric for all (t,2z) € D, (t,z) € L,

' “respectivéiy.- Thus J 1is non-negative valued.

' control Problem: The space of admissable controls is
Cw=uxv | I (2.27)
1‘ The¥¢ohtroleroblem~is to find the optimal control Pair(s)".
“f;ﬁﬁ~%ﬁ(2f}i#),g’w such that

o J(u*,v*) = Inf J(u,v) S : (2.28)

v ew

In preparation for the solution of problem‘(2;28) it is
ffépproéxiate to digfess at this point on an independent. study

:“6fvthé adjoint'syétem to (2.3)-(2.5), in order to thain'an-'

existence theorem analogous to Theorem 2-1.

Adjoint System: Let x (with boundary value §L) denote

the unique strong solutibn of Theorem 2-1 to the homogneous

IBVP (2.3)-(2.5), viz., w=0, £=0, x =0, v=0. Thus
L : . n n o0 = nx
there exists a sequence ({x '}, x ¢ C(o)(D,R ) such that



lim j (§é - x)'(x" - x) dp = 0 (2.29)
n-o - - -

D
lim j x"(0,2)x™(0,2) dz = 0 (2.30)
nax 5 - .

z .

L n n . _

lim J (EL - EL)'(EL = §L)dL =0 | (2.31)
n-+o 1,

(sece Definition 1-2), with T EL =0

Defining the operator .
M = (3/dt - A) - | (2.32)

with initial conditions (2.4) and boundary conditions (2.5),

lim J mx™Mmx™ ab = o (2.33) -
. n - 00 - B ' L -
Given a sequence p ¢ C(O)(D;R Xy converging as in (2.29)-

(*)

(2.31), define M » the adjoint of M, to be the operator

such that

n+o

lim J mx™) ' p" 4D = lim an'(m(*)gé) an (2.34)
D . -

n-+o

(2)

Now

(9) (2.35) is a consequence of the Divergence Theorem
(Chapter 1, (3.26)). The definition (2.34) of yM(™)
is required because this theorem cannot be applied
directly to functions x, j<} in H1(D;R®X). Note also
that the functions x™ are only required to satisfy
the 'initial and boundary conditions in the limit
n +> o,
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o, m .
f (Mx") p" dp = J (ox" /ot = § A, ax"/az;-Kx") p" ap
D ' D 1=1
n' n .0 ''n, ,. ''n
=] % (-9p /3t + ) 3(A;p)/3z;~K p’) 4D
. ' ' i=1 3
: - n' | n n' n, '
+ j x"" (t,, 2)p" (tg,2)-x" (0,2)p"(0,2)] az
5 .
ntoton o : \
+ J,EL A, p; dL . (2.35)
. L : '
, o S
The operator M( ) is thus identified by(lo)

(5 _ N
p = -3p/at +

i

M i

o1 3

v m o o
) A ag/gzi + (igl 9A;/3z; - K ) p  (2.36)

 with final conditions

g(tf) =0 (2.37)

The adjoint boundary conditions require somewhat closer scrutiny.

Let T be partitioned in accordance with Assumption 1-3, viz.
‘v [T, T] | | (2.38)

with T  invertible; partition X, and p;  similarly.
: o :
Then as n + «», since A, = A

1 1’

1) [} . ,-’ - - +' + + ) ) . Lo
J fL él EL dL = j (EL él EL + EL él BL) dL (2.39)
L L ) )

(10) There is a sign error in the last term of (2.36) in the
original version of Rauch's paper.
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By (2.5),
.

- ot - » 'i. ) o C
T §L+-T— }iL—_Cl ‘ (2.40)

" It is readily verified that the relation

pf=.an™t ot a) g RS

causes (2.39) to vanish. Thus the adjoint boundary condition

. *
associated with M( ) is
) 5 20 S ' - | | (2.42)
= Pr, = S . : IR
with
*' : 1 - - _- » : l
o) o ot (277 AT, At (2.43)
= == 21 2 _
In summary, -the adjoint system may be written:
i . m . ) m . ]
-ap/dt = - J A, 9p/dzy + IK' - ] 8A;/dzylp + L (2.44)
i=1 : i=1 o
FC: g(tf,g),= ] (2.45)
BC: 2(*) L 0 (2.46)
= ABL, 4

with h = 0.

Recalling Rémark 1-2, Theorem 1-2 is guaranteed and hence
Theorems 1-3 and 1-4 may be applied immediatéiy to the
nbnhomogeneoué pfoblem (h # 0), with the change of variable

T = tg - t. These results are summarized as follows:
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Theorem 2-2: Let the conditions of-Theorém 2-1 be

satisfied. Then.given any h e X, there exists a unique
1 . n o
strong solution p ¢ Hl(D;R

n
X

*) with unique strong boundary
value Ppp e_Hl(L;R ) for the'adjoiﬁt system (2.44)-(2.46),

and for o sufficiently large,

+ /3l + Il
| I-.E_l lHl(D) e, H (L)

e (o ||
UL :

Z)

ce @™t fnl] : o .
‘ Ha(D)' : (2.47)

where ¢ 1is a constant and T ¢ T.

| Remark 2-1: The operation of matriximultiplication (matrices

are underlinéd) is implied by‘the notatibn;’for each matrix

valued function, there is a corresponding linear operator.

Remark 2-2: The performance functional (2.23) actually

‘includes symmetric positive semidefinite quadratic forms in

the state, of the form x' X Q > 0; pick C = row space

O e

[él/zlfand 'g‘=’1.'

2.3 'NeceSSary and Suffiéient Conditions of Optimality

Lions' :eSults.[26] are shown to guaranﬁee existence.and.
uniqueness of optimal controls u*, v* satisfying (2.28);
necesséry and'édfficient conditions for an infimum are

given by a variational inequality, which is shown to be

equivalent to the solution of a two-point boundary value
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problem involving partial differential equations.

Preliminaries: For the sake of convenience, a

transformation of the response-weighting term of the perfor-

mance index (2.23) is made. The matrix-valued function Q -

of (2.24) possesses a unique positive-definite (symmetric)

~1/2 o0 n2 .
square root Q € Cs(DmJR Y ), which uniquely defines

21/2; The cost functional with
o'? c»c | o (3.1)
_91/2 d »d | | | S (3.2)
Q~+1I | : . o R (3.3)

is precisély equivaleht to (2.23) aﬁd satisfies the conditions
(2.20) and (2.21); hence in the sequel there is no loss of
generality in taking Q=1 (the idéntity matrix) in (2.23)
and reversing (3.1)-(3.3) at the end.

With this substitution, (2.23) may be expressed as

+ <R, u, u> 0, | - (3.4)

+ <RV, v>.
vV =" =7 12 (L:R

This functional may be written as the difference of a bilinear

quadratic form 9, and a linear functional £ by noting that



68

C x (u,v)-d = Clx(u,v)-x(0,0)] + [C x(0,0)-d] (3.5)
and defining

S (w,w) = <Clx(w)=x(0)]1, Clx(w)-x(0)1>

n
L?(D;R Y)
+ <R u, u> n +<R_vVv,v> n
= T2 (R Y v L2(L;R V) (3.6)

£(w) =<a-C x(0); Clx(w-x(0)1> , n
T L°(D;R ¥) (3.7)
where w = (u,v) € W' (see (2.27)). By completing the square
in (3.4), obtain
Jw) = 2w,w) - 2L + |]a-¢ x(0)]]? 5 Ny
L°(D;R Y) (3.8)

Since x(0) represents the state of the uncontrolled system,
with E-e X, x_ € X and dey prespecified, the last term
of (3.8) is an irreducible'péSitiVe constant which does not
affect the optimization problem. Hence it is completely

equivalent to consider the performance index
J(w) = Z(w,w) - 2L(w) N (3.9)

One remaining preliminary difficulty is enéountered due
to the fact that the space of admissable controls, W, is not

complete in the norm
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2 2
Hw,w ", n n, = ||a]]® , n

L2 (D;R Y xL?(L;R V) L°(p;rR Y

)

2
+ | |v] n
el 2R V) (3.19)

of the space’

n n

w=1* R Y x 12(1iR V) (3.11)
which is the natural function space for the minimization

pfoblem. The folloWing iemma, however, will suffice:

-~

Lemma 3-1: W 1is a closed, convex subset of W.

. A . n ' n
proof: W(C W, since HY(D;R 9)C 1?(D;R %) and
Hl(L;R Yy C:LZ(L;R Vi. W is convex, since for W, = (El’zl)
gnd. Wy =
{wi}, {w5} of C” functions defined by (2.11), (2.14)

(22,32) in W ' there exist Cauchy ‘sequences

. _ n ' n . .
with Wy ﬂl’_EZ > w, 1in W. But then the Cauchy
‘n

sequence {B wy o+ (1—6)32} convergesvto Bwy + (1—8)32 e W;
0 <B<1l. W is closed, because its elements are defined as
~the limit points of Cauchy sequences; i.e., given a Cauchy

e W} it is readily shown that lim w, €W by

sequence {w
K+

k

selecting a convergent sequence . {22} of € functions

o - .
composed of subsequences of the C sequences converging to
‘ n n

e #L(D;R %) x HY(L;R V)

each w

w, - The fact that lim w

- k

is a consequence of the closedness of this space.
The existence and uniqueness of optimal controls is then

guaranteed by a theorem of_Lions.
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Theorem 3-1 [Lions]: Let 2 (w,w) be a continuous

symmetric bilinear form on W which satisfies

~

Bww s |wll®s vwew (3.12)
. W

Let W be a closed convex subset of W. Then there exists

a unique element w* € W such that

J(y*) = Inf J(w) ' (3.13)
weW ‘

Proof: See Lions, [26], pp.7-8.

Corollary 3-1: There exists a unigue optimal control

pair (u*,v*) € W satisfying (2.28), for the proplem‘of
Section 2;2. | |

Proof: From the preliminaries and Lemma 3-1, it suffices
merely to demonstrate that 2(w,w) defined by»(3.6) satisfies
the conditions of Theorem 3-1. (i) S is continuous on %
defined by (3.11). Continuity of thé lést two terms of (3.6) -
is obvious. Continuity of the first term requires continuity

n n

of solutions x for u e L2(D;R X), vV € L2(L;R V); tnis

result is a consequence beTheorem 1-3 (not Theorem 2-1).
(ii)y = is symmetric, i.e., 2(&1,&2)== Q(;Z,;l); this follows
from symmetry.of R, BV' (iii) & 1is bilinear. Bilineariﬁy‘
of the last two terms of inv(3.6) is obvious (note, however,
that linearity is with respect to w, i.e., one considers

changing u and v Dby the same proportions). Bilinearity

of the first term follows from the fact that =x(w)-x(0), for
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instance, is the solution for f =0, X, = 0 with controls
~ n ~ n

u € L2(D;R u),'z € L2(L;R V), which is linear (by Theorem

1

1-3) when considered as a function of the control pair
(u,v) = w. (iv) Coercivity (3.12) follows from non-negativity
- of the first term of (3.6) and the positive definiteness

of R, R:
—u v

~

~ . o S 2 |
2 o,w) > min(| R 1, TIR T [lwl]®- (3.14)
——— — aven] _._V —
w.
where (3.10) defines the .norm on W. g.e.d.
Furthermore, Lions has demonstrated that“the'minimizinq_
element w* of Theorem 3-1 is characterized by a variational

inequality:

Theorem 3-2 [Lions]: Under the conditions of Theorem

3-1, w* € W is characterized by

Q(y_*,v_ﬁy_*) iL(YJ_"y_*) for all weEW (3.15).

Proof: Lions, [26], p.9.

Corollafy 3-2: The uﬁique optimal controls (u*,v*) e W

of Corollary 3-1 are characterized by

<C x(u*,v%) - d, Clx(u,v) - x(ua*,v*)]> n
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for all (5,2) £ W.

Proof: Theorem 3-2 is directly applicable. Using (3.6),

(3.7) and writing
2(w*,w-w*) = L (w-w*) >0

yields (3.16). q.e.d.
The main conclusion of this éection, a two-point boundary
value problem charaéterizing the optimal controls, is a

relatively straightforward consequence of (3.16).

Theorem 3-3: Consider the system (2.3)-(2.3) with

response (2.17) and performancé index (2.23). Let the conditions
- of Theorem 2-1 be satisfied. Then the optimal controls
(u*,v*) e W ‘defined by (2.28) exist, are4dnique, and are

characterized by the solution of the TPBVP:

~m | .
ax*/3t = ] A, 9x*/3z;, + K x* + Bu*+ £ (t,z) €D
i=1 - - - T -

(3.17)
IC: x*(0,z) —'EO(E) 'z e 2 ' (3.18)
BC: T x# = G v* (t,z) € L (3.19)
m m '

—ag*/at = —izléifag*/azi + [K' —izlaﬁi/azilg*
+ c'alc x* - d] (t,z) e D (3.20)
FC: p*(t.,z) =0 ze 2 (3.21)

pc: T{pY = 0

2 B T2 (t,z) e L (3.22)



with x* € X, p* € X,

where
. . L . |
u¥*=-R"B p . (t,z) e D | (3.23)
* _ __l [} - __l - - X .
vEEAR,SE (T R B v (t,2) e L (3.24)

Proof: Existence and uniqueness are guaranteed by
Corollary 3-1. To obtain (3.17)-(3.24), Corollary 3-2 is

appliéd. Consider the first term.of (3;16):

<C x(w*) - d, Clx(w) - x(w*)])> 5
- - T L(DRY)

= <C' (C x(w*) - d), x(w) - X(W*)>> 2 n, - (3.25)
L°(D;R %) _

since X € XqC:I?(D;R %)y is guaranteed by Theorem 2-1. Next,

Theorem 2-1. Next; Theorem 2~2, with
h=C'(Cx(wh ~d) e X

is applied, guaraﬁteeing existence of p* satisfying (3.20)-
(3.22); note that the remainder of the adjoint system was
derived completely independently of the optimal control problem.

Then from (2.36) and (2.44), (3.25) becomes

KC'(C x(w*) - d), x(w) - x(w9)> , n

L°(D;rR %)

- (*) * — * ’ .
= <M p(w*), x(w) x(w*) > , n

L°(o;R *)
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=<pw*), M(x(w) - x(w*)> ,  n
. L“(D;R ™)

- <pr (W*), A, (x, (W) - x (w*)) . n
- <Bg 1'% L >L2(L;R x,

- ¢plt ;w*) x(t.,wW) - x(t.;w*) n
- <R(tgiw®), X(te,w f-—>L2(z;Rx)

g X . — XA \
+<p(0;w*), x(0;w) - x(0;w*)> L2(Z;Rnx) (3.26)
The last step requires considerationssimilar to those leading
to (2.35), viz., application of the,divérgencé theorem to
sequences in c” converging to u, v, X, p, etc. The last
two terms of (3.26) vanish because B(tf;y*) = 0 and
x(0;w) = 5(0;3*) = X,- 'ﬁéing'the_state equation (2.3), the

"first term becomes

<plw*), Mx(w) - x(w*)> - - =<plw*), Blu-u*> -

n
L?(D;R ¥) L2 (D;R ¥)
(3.27)
(see (2.32)). Using the boundary conditions on the state

(2.40) and costate (2.41), the second term can be written:

<pp(W*), Ay (xp (W) = % (W5)> 5  n

L°(L;R %)
= <R Bl W) -z (w)>, o ong
- <pp(W*), AJGg(w) - x;w*)>,  nen

L7 (L;R X g)




= - <pLu*), ATCIx (W) + (X)) T x] (w)]

o - -1+ _+ .
- IxD(w*) + (T x, (w*)1)> n
_ L'-~" =7 = =L'= L (L;R 9)

- I
= - <p, (W¥), A (T ) = G(v-v*)> n
Li= "7 == === TR 9) (3.28)

Returning to the optimality cohdition (3.16), in view of
(3.25)-(3.28),

n

* 4 ' * —-11%
<R, u* + B' p(w*), u-u*> u,

LZ(D;R

-1

+<R, v* - 6 (T )T A pLt), vv*> , a0

L°(L;R V)
(3.29)

for all (u,v) € W. _It is readily seen that the optimal
control laws‘(3.23) and (3.24) guarantee this condition. The.
factér of 'g in (3.20) is re-introduced by reversing the
preliminary substitution (3;1)—(3.3). To summafize, it ﬁas
been shown that the‘soiutionvto.(3.17)—(3.22) exists for any

. (E,X) € W. The optimal control laws (3.23), (3.24) satisfy

- the necessary and sufficient conditions of optimality (3.16);
hence the solution of (3.17)-(3.24) exists (by Corollary 3-1)

and 'is unique. g.e.d.-

Remark 3-1: The method of proof is very similar to that used |

by Lions.
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Remark 3-2: The continuity restrictions on the data and

solution spaces are undoubtedly conservative. The gquestion

of how far these conditions may be relaxed is still under
A | n
investigation. It is certain, however, that X = L2(D;R
_ ) n
will not be achieved, since x ¢ L2(D;R Xy is not guaranteed

)

to have a well-defined boundary value, x. Use of strong

L.
n n
solutions in L2(D:R %), giving xC L?(D;R X), may be feasible;
potential difficulties involve use of the divergence theorem
and quaranteeing that the space of admissable controls thus

2 n. 5 . D
defined is closed in L (D;R 7) x L”(L;R

vy
2.4 Decoupling

The optimal control lawé (3.23), (3.24) may be realized
in feedback form, since the costate is a linear (affine)
transformatioh of the state in (3.17)-(3.22). The results
of Lions [26],'pp.l33~136.are shown'to be valia for the
present problem in order.to establish this result. An
integrodifferential equation of Riccati type is formally
derived using the Schwartz-Kernel Theorem in order to cﬁa:acterize
the feedback operator explicitly; a rigorous justification
for this procedure is still uﬁder investigation, but appears
to be quite likely.

Coincidentally, the numberiné of the following lemmas
and corollaries is identical to that used by Lions,
facillitating c:oss—reference; the proofs differ in certain .
details, however. It is also noted that the pfoblem statement

(Section 2.2) of this example automatically satisfies all of
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the preliminary conditions imposed by Lions. A straight-

forward but essential observation is the followiqg;(ll)

Lemma 4.1: Under the hypotheses of Theorem 3-3, the

following system admits a unique solution.

ax/dt =»A5—§§u__§ p+£ o (4.1)
IC: x(t_,2z) = g_ t_ € (O,tf), X e X (4.2)
B: T x =6 RLe r )t Al po (4.3)

PLEL T 2L 22 21 Br 52
-3p. (*) v _ ] C ’

p/et=A" " p+C QCx-C Qd , (4.4)
FC: p_-(tf,z) =0 (4.5)
Bc: ™) p = 0 (4.6)

with t ¢ Tor= (to"tf)':z € Z.
Proof: Equatlons (4 1)-(4 6) characterlze the solutlon

of the followxng optlmal control problem on DO = Té x Z:

%%/t = Ax+Bu+ £  (t,z) eD (4.7)
IC: x(t_,2) = X EVE'Z _ ' (4.8)
BC: Tx =GV  (t,2) € L (4.9)

I

(11) The technique used is similar to invariant embedding,
but the conceptual approach is different and guarantees
more satisfactory results. :
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for (u,v) ¢ U, x V, = W, with performance index,

q

I

s
u

<Cx-drCcx-d>, n_ .-
T L (DR ¥)

+ <R, u,u> n, +<R, v,v> n,
u L2(DO;R uy v L2(LO;R Vy (4.10)

The coefficients of (4.7)-(4.10) are assumed to be
rest;ictions to T of the functions defined in Section 2.3.
Existence and uniqueness of solutions to (4.1)-(4.6) are a
direct consequence of Theofem 3-3. The presence of the costate
in (4.1),_(4.3) is expléined by'inserting the optimal control
laws (see (3.23), (3.24)) into (4.7), (4.9). The control

and solution spaces are obtained by replacing T by To
(12)

in Theorem 3—3. g.e.d.

Lemma 4.2: Let (x, p) denote the solution of (4.1) -

~

(4.6). The mapping X - (x, p) 1is a continuous affine

mapping of X <+ X x X

Proof: The linear part of the mapping corresponds to

the case f =z 0, d = g. Let 5?(3) ‘denote thé state of the
system (4.7)-(4.9) for w = (u,v), and x =.§n. Fix W € W

and let {En} denote any sequence in Xo converging to x.

Then

X(o)' P sX(o). Xo is given by (2.13);
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x (W) > x(w) in X (4.11)

(o)

(see Footnote (12)). Let yﬁ denote the optimal controls

-~

and Jg denote the performance index for problem (4.7)-

(4.10) with g = gé. Then

no.on, 3 e ®\ '
T = Inf Jo W) < I (w*) (4.12)
woe W,
where w¥* =-(g*.g*) are the optimal controls . (defined by (3.23),

(3.24)) corresponding to g. Furthermore, referring to (4.10),

(4.11) ’ Vlith \i = ‘,_q.*,

“n, - o : |
o (w ) > 3ot | | (4.13)
Thus
. n, n S : o : : -
lim sup {Jo(g )} < JO(E*) = Inf Jo(y) (4.14)
woe W,
‘ “n, n ) e n 2
sae T3 > mintlR ], (1R, 111 [47]1?  ana
_ - o W, | |
hence ||w l!w < ®, i.e., En ranges in a bounded subset of
~ ~0 . : o '
wO as 5? + X Since Wo is a closed convex subset of

n : n :
L2(DO;R u) X LZ(LO;R v), it is possible to extract a

subsequence {yk} such that y# + w* weakly in Wo'(lB)
Hence §#(§5) > 5#(2) weakly in X(o)' and
lim inf {J WY > 3 (W) | (4.15)

(13) See Lemma 3-1. This is the first SLgnlflcant
modnflcatlon of Lions' method.
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But (4.14), (4.15) then imply J_(w) < J_(w*), and so

w = y*. ‘It has been established that.
W' o> w*; weakly iﬁ wW_; En(wp) > 5 (w*) (4;16)
- = o o - o - . ] :
Aand
‘ﬁé(zéy > X (W*); EP(Y?) N é(ﬂ*)n weaklyAin X(Q) -(4.l7f

Thus the linear part of the map g > (E,g), is_continuous
in the strong topology of X, and the weak topology of
« _ .

X X(o)" g.e.d.

(o)

Corollary 4-1: Let (x,p) denote the solution of (4.1)-

-~

(4.6) for x ¢ Xo' The mapping é > E(té) is a continuous

affine mapp;ggvof XO > Xo.

Proof: The mapping. é > B(to) is a composition of the
mapping i'é (ErEj and the mapping (Xx,p) - B(to) (sic!)5

The continuity of this map of X x X + X may be

(o) (o) n
demonstrated in several ways:(l4) (1) Hl(Do;R Xy is a

subset of the space W(0,T) used by Lions (then apply his
' n

/2 4;r %

Theorem 1.1), or‘(2) guarantee p(to) e H using

the Trace Theorem of Lions (p.22), and use the fact that
' n n
Y228 %) » wl(z;r %)

mappings of H are continuous, or

(3) refer to the definition of the strong solution p guaranteed

by Theorem 2-2. gq.e.d.

(L4) A second modification.
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Corollary 4-2: The mapping g > B(to) may be written

"uniquely as
B(y) = Ple )X + £(ty)

where P(to) £ ,t(XO;XO), £(to) e X .

Proof: Representation theorem for liﬁear affine

mappings.

(4.18)

Lemma 4-3: Let .{x*,p*} be a solution of (3.17)-(3.24)

on the interval T. Then

p*(t) = P(t) x*(t) + r(t) t e

where the operator P(to) and the functidn E(td) are

determined as follows, for tO e T:

~ _ l ‘
P(to)§ =p (to), where

(4.19)

(4.20)
(4.21)
(4.22)
(4.23)
(4.24)

(4.25)
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and r(t ) = Ez(to),v where

o]
- ' '
a2/t = A x> - BRI B p> + f (4.26)
— — -——u — —
2, .
c: x°(t_,2) = 0 | , (4.27)
2 _ . -1 ', =t-1 - 2- 2
se: Tkl =GR e @Ay gl (4.28)
* ! '
sptsot =a™ P2 il gex®-c g4 (4.29)
2, |
FC: p’it,,z) = 0 | (4.30)
e o o
pe: 2 pl =0 R | (4.31)

Proof: Equations (4.20)-(4.31) are merely an application
of the representation theorem giving Corollary'4—2 (4.18).
To prove (4.i9), consider (4.1)-(4.6) with g =,§*(to) and
let (g, é) be the restrictions of (x*,p*) to T ; since
(é1é) satisff (4.1)—(4.6), % =X " and é = p. Hence
p(to) = é(to) ; E*(to)vand (4.19) follows from Corollary 4-2,

since to is fixed but arbitrary. g.e.d.

Remark 4-1: Applying (4.19) to (3.23), (3.24), the optimal

controls are given by the feedbéck laws:
- ' ' ‘
ut (€)= -R_T(£) B (t) [P(t) x*(t) + r(t)] (4.32)

M) ¢ ) (@THTh Al IPxr(e) + 2(®)1D (4.33)

v*(t) 1
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The symmetry of the operator P(t) will be required in the

sequel:

Lemma 4-4: 13 pey ) Spey (4.34)

Proof: Using (4.23), for x € X(O) solving (4.20)-

(4-25) with X =x, € X,

jo
1f
o
10
TS
»
o]

<E(t),X/2 n

L (2 Rx)_

ce<clgex, x>, o
B ‘ L2(DO;RX)

+<g,(a/8t—A) x>, n

L° (D, iR %)

- <A gl X ;> n_
’
-1 L —L 2(L iR . )

X >
N

<p(t)x>2 n_ - <CQC¢Cx,
(Z;R 7) . LT(DjiR

*)
1 -1 ' :
T <E. ’ E. B.u E B> 2 n

<Al PLr ? n : - (4.35)

(15) Continuity of P(t) will not be proven here; the
calculations are quite involved and require no new
ideas. The boundary term in this proof, however, is a
third modification of Lions' results. -
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. - v oy 7 .
Therefore since A,, B R 1 B and C Q C are symmetric,
=1 - — - = -

~ A

<P (£ )xX,x > n,oo_ . 12
TN LAz, r ) T CEREXE>, oy
ol
1 -1 _' "
+<p°, BR ™ B > n
B — L2 (D_:R %)
o
+<pp AT re ryYe (@) Thagp, >

(4.36)

where the last term is a consequence of the boundary conditions
(4.22) on p and (4.25) on E}' The symmetry of this

- expression establishes (4.34). qg.e.d.

Lemma 4-5: There exists é'constant,-c; such that

||P(to)£1w P n, < c‘||£|! 2 n (4.37)

L°(z;R %) L°(z;R %)

for all x X , t_ ¢ T.
— e} o .

Proof: The solution (51, Bl) of (4.20)-(4.25) with
Q 5'1 correspoﬁds to the solution of an optimal control
problem with state equation (4.7)-(4.9) and cost function
(4.10) with £ = 0, d = 0.. Let So(ﬂ) denote the Qalue of :
this cost function for controls (u,v) = w. 1€ w* denotes

the optimal controls, then

v > ~ 2
J (w*) <J (0) < (T - ¢t))|jc'cl] ||x]] n (4.38)
o] o - - o) = = ~I L2(Z;R X,
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(16)

since X = X 1s a solution of (4.7)—(4.9) for w = g;

|

From (4.20)-(4.25),

3 (W’;) - <R u*,u* n - <R V*,v*> n
o - u - _>L(D?;Ru) v == T2 iR V)
(@] o]
E < _’Ellg Z‘.l> 2 n_ -
: L°(D ;R ¥)
(o]
- <ccxtx'> , on
T L°(D ;R %)
(o]
= <(-3/3t - A(*))El,xl> 2 n
— X
L°(D ;R )
O o
= <plt ) x> n
_ le} —' L2(Z;R x)
1 1
+<Er (a/3t+A)_¥_>2 n
L ;R %)
(o]
1 1
- <P By X D n
1,'=1 =1, L2(L R %)
(@]
- -<ptB RI'B P>, n o+ P(t)X,x>, 0
L°(D_iR ) L°(Z;R 7)
- 1. -1 -1 - 1=
< AT ) "GRG (T ) A n
By, 2y v 1P, Lz(LO;R 9,
(4.39)

by reference to (2.35) _and‘ the last term of (4.35)-(4.36).

But the optimal controls are given by

(16) Note that x satisfies the boundary condition (4.9) - by
virtue of (1.17) in the definition of X!
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(4.40)

* = -
u* = - R B p
S -1 o= 1-
v* = R;°G (T ) " Al p (4.41)
and hence -
<R _u*, u¥* 9 n ,+<B_V vE, US>, n (4.4'2‘)
L°(D_;R 7) L°(L ;R ")
o (o)
1l = 1l
=<p« BR,”B p'> n
U : L2(D .R x).
o
R N IS BRI EICL IS SIE
+<pr/A (T ) "GRG (T ) "A > n
_ L"—1 - - v = -1 =1,. L2(L R 9)
o
From (4.39), (4.42) obtain the compact result
I (w*) =<P(t) x, x>, n o (4.43}
Then (4.37) follows directly from (4.38). g.e.d.
Lemma  4-6: For all X € Xo’ to e T
<P(t ) x, x> n. >0 - (4.44)

Proof: See (4.43). g.e.d.

Thus it has been establishéd that the feedback operator
P(t) 1s a linear bounded positive self-adjoint operator.
Continuity may be also be established precisely in the manner

of Lions [26], pp.137-140. Any linear continuous bounded
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~operator P(t) € . (XO,XO) may be represented via the

Schwartz Kernel Theorem (t44], Theorem 1.2) as
(P(e)x) (2) =.J P (t,z,s) x(s) ds . (4.45)
Z

for all 5 e B(Z;R x), the space of nx—vector valued

distributioné on Z. The kernel

2
n
P(t,z,8) eO(Z x Z; R ™) o (4.46)
defines (or is defined by) the operator P(t). When P(t)

is self-adjoint,zpositive, the matrix P(t,z,s) is self-adjoint,
n T

positiVe, on. R * and the argdments z, § are inter-
changable:
E(tr_z_ri) = P_(tr_s_vé) - (4.47)

The remainder of this section is devoted to a formal(l7)}

defivation of fhe Riccati integro-differential equation

,characteriziﬁg the kefnel of the feedback operator, P(t),
for the TPBVP of Theorem 3-3. 1In the seqﬁel, <*> denotes
the scalar product on L2(Z).and <ox denotes the scalar

B
product on 'LZ(B); the superscript (<)* is supressed.

(17) A rigorous derivation requires proving regularity
properties of P(t); this problem is technically guite
involved and is still under investigation. The conditions
of Theorem 3-3 are probably sufficient. (For parabolic
systems, Lions requires stronger conditions see [26],
Theorem 5.2, p.160.) '
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Two-Point Boundary Value Problem: Equations (3.17)-

(3.24) may be rewritten as

k-ax-BR'B p+t Caas)
IC: x(0) = x_ (4.49)
BC: T x. =GR YG (r )"t al po  (4.50).
:Ix, =GRC (I 21 B |
- (%) . Co ‘
=2 prcocx-coqa (4.51)
PC: p(eg) =0 | (4.52)
™ __ | |
Bc: TV p. = 0 o (4.53)

. *
where the operators A, A( ) are evident from (3.17), (3.20).

Variational Formulation: The boundary conditions on the

Riccati integfodifferential equation are most readily
calculated by considering a variational formulation of the
problem (4.48)-(4.53) - after Lions {261, p.162. Consider
t & T fixed; then for any ‘E, g'e X the‘solution

(x,p) = (§(t).g(t)) of this problem satisfies:

. N (*) _ -1 ' : :
<x¥/h = <x, A" 'h> <B R~ B ph> + <f, h>

- [<M x,h> + <N p, h> ] (4.54)

B
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-<p/k> = <p, A k> + <C'Q C xk> - <C'Q d,k>

- <E p,k> | " (4.55)
B

where (following the partitioning of él)

) "éi ory~L 2&

+ | . (4.56)

and
A terte @A 0| -
N = |- T - T | (4.57)
S 0 ‘ 0
L - -
r—a{ ol
E=1 4 v 1 - | (4.58)
()T O

The variational equalities (4.54), (4.55) are derived via
the method of transposition (Lions [26], p.181, 186). A

~formal verification is made by noting that
(4.59)
<p, Ak = <A (4.60)

and that the boundary conditions (4.50), (4.53) imply

<A, x,i>. = <M x,h> + <N p,h> | (4.61)
‘ B B -~ B ~
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(4.62)

<a; pk> = - <E p,k5
B B

Applying Lemma 4-3, equation (4.19) to
(18)

Decoupling:
(4.55), and assuming the existence (in an appropriate sense)

of an operator p = 3P/3t:

-<P x + Px+r,

—<C'Q &,k> - <E(P_ + 1r),k3} (4.63)

Since P = P( ) by Lemma 4-4,
(4.64)

<P x,k> = <Ry P k>

e

Applying (4.54) with h P k to this term of (4.63),

obtain

<x,2Mp k> B <B R_* B p, P k>

+<g, P k> - <c'od k>

[<M x,P k>+ <N p,P k>+ <E(P x + 1r),k>]
_ . , 5

(4.65)

(18) Lions considers finite-dimensional approximations of the
problem. : '



Appiyingj(4.l9) once more to the terms involving p in
(4.65), and separating terms involving r and X, one
derives two variational equalities characterizing P and

r:

» _- A * . .
- <k xk>=<x, AP k> + <P ox, A K>

- [Mx, Pk> + <EP x,k>+ NP x, Pk>Ig

(4.66)
~Ek>=<r, Ak> - <BRB &, P p bCE P KO
- <c'gd,k> - [Nr,Pk> + <Er, kdp

| (4.67)

App‘l-yin.g (-4'.59)—(4-.60) to (4.66) results in
~<P x,k> = <P A §,g> + <a™p x,x>

<@ BR B P xk> + <C'QCoxk>

+<P NP x,k>

+ [+<P ) x,k>-<P M 3{.']_(.> -<a; P x,k>



92

Using the kernel representétion (4.45) and noting that the
kernel of P A 1is A( )(t,g)g(t,g,g), it is readily
verified that P(t,z,s) satisfies the following integro-
differential equation in 2z and s:

9

pit,z.s) = 2 t,s) + o) (e, 2Pk, z,8)
It — r &2 [l I__]_ l_z_l_o_

~ -1
- J P(t,z,2) [B R
)

' . . .
g‘ ] (t,z_)g_(tl Z,E) d_Z_
+ J P(t,z,2)N(t,2)P(t,Z,5)dz)

B ' |

+ 8(z-5) [C'Q C](t,s) - (4.69)

where &(-) denotes the Dirac delta function on 2. The

associated boundary conditions are

(4.70)

I
=
IN
™
.
|0
™
(]

-[E had él] (t,E_)B(tr_Z_,_?_)

p(t,z,8) 1 ~ AJT(E,S) (4.71)

i
o
N
™
™
-
IR
™
v

Given the solution of this equation, r is seen to satisfy tihe

~ linear inteqrodifferential equation (from (4.60), (4.67)):

(*)

lQJ

E(t,g) = A" "(t,z) r (t,z) - [C'Q d]l(t,z)

QL
t

1

= J pP(t,z,s) (B 5; _B_'l (t,s)r(t,s)ds

2
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i
+ J P(t,z,s)N(t,s)r(t,s)ds (4.72)
! .

r =0 z e B (4.73)

These equations run backwards in time from the final conditions:-

0 | (4.74)

g

H:r-?
N

)
"

r(t,z) =0 ' | o (4.75)

which are derived from (4.19) and (3.21). The potential
advantage of. this formulation is that the two-point boundary
value problem (3.17)-(3.24) has been converted into a problem

with only terminal conditions.

Remark 4-2: The boundary conditions (4.70), (4.71) are indeed

consistent with the fact that P(t) is self-adjoint.

2.5 Generaliiations

This ch&pter concludes with a brief discussion of related
research, with particular emphasis on well-posédness of first-
order Systems. From the preceding sections, it is clear that

the extension of the results of Theorems 1-3 and 1-4 to more
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i

gehefal typés of linear first-order systems.wculd (more than)
suffice for the application of the optimization theofy of.
Lions. Regarding thimization.theory itéelf for linear first-
order systems:with quadratic cost functionals, the approach

of Lions deﬁonstrates a number of siénificaht advantéges.
First, the coﬁditions for application‘of'the theory are almost
as weak as could be expected. For general linear first-order
systems the state at each fixed time must lie in a Hilbert
space V on 'Z such that the boundary conditions make
sénse(lg)? 'in addition, the state must belong to L2(T;V)

with (distribﬁtional) derivative 3x/3t ¢ L2(T;V') where V'
is the dual of Vv and T denotes the‘time interval (notation
following Lions). Coerciviﬁy of the'sbatial operator, A, is |
not essential. Thus one has certain well-defined criteria

for the existence .theory of linear first—order systems.
Secondly, this method guarantees existence and uniqueness of
optimal‘contrOls, and of the two-point boundary value problem
characterizing them,'provided_thét the costate equations permit
a uniqﬁe solution.in 1L2(T;V).. Furthermore, under slightiy
stronger hypotheses, one has a feedback réaliiation and a
Riccati operator equation (existence and uniquéness guaranteedi)‘-
characterizing the feedback operator.  Thirdi¥, the.theory
rea@ily exteﬁds to nonlinearitieé such as magnitude constraints

on the controls, urnilateral problems, etc.

(19) Hl(Z;RnX) with boundary values in Hl/z(B;RnX) will suffice’
for weak solutions; for the strong solutions considered by
Rauch L (Z;RnX) may possibly suffice. Note, however, that
these solutions require C* coefficients whereas C° or cl
coefficients may suffice for weak solutions.



85

In particular, Lions remarks on the fact that the-
-conditions of this theory are satisfied for operators A
having the.sémigroup property. Thus optimal control theories
for such systems developed by Balakushnan [2], Lukes and
Russell'{30], and others may be seen as special cases of
Lions' results. Regarding sﬁch‘operators,_the papers by
Phillips [34] and Barston [5] treating diésipative hyperbolici
first—ordér systems are noteworthy. Phillips (see below)
demonstrates the semigroup property for such systems in the
symmetric‘ﬁime—invariént case for a single spatial variable
having a bounded spatial domain, with dissipative boundary
conditions at the endpoinﬁs. Boundéry control éf'such syétemsl
thus.constitutes a second example where compléte results
analogous to those of Sections 2.2 - 2.4 may be derived.

Returning to the topic of existence theories for first-
order linear systems,\surprisingly little researéh appears
to have been published on solutions of the iﬁitial boundary
value problem. |

K. O. Friedrichs [13], (14], [15] was perhaps the first
contémpofary mathematician to dévote major atﬁention'to
first-order systems. He sought Cw(Z) solutions to éymmetric

homogeneous boundary value problems of the form

A(z) x(z) + £=0 zZ € 2 ' (5.1)

oe)
N
=]
N
S
FS
~~
N
N
i
o
N
™
jos}
o
N
S
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where the matrices éi(g), i=l,...,m and K(z) of the

operator A(z) (as in (1.6) but independent of t) are

symmetric and K 1is sufficiently positive. Provided

m ‘ .
[ 1 ni(zB)éi(zB)f # 0, 2z, € B, the range space of T «can
i=1 , .

be chosen ("maximally-nonnegative" boundary conditions) to

quarantee existence and uniqueness of solutions, with

It

fxeC(z) | Tx,=0)

Do (B) =B

in

R(A) L2(Z) ‘ (dense) .
fhe operator A was shown to be bounded with ‘bounded iﬁverseA
to eétablishvthis result.

About the same time; R. S. Phillips'[34] considered
time-invariant symmetric hyperbolic systems (1.3)-(1.6) in one
spatial variable; For (K + K') < O sufficiently negative
definite and a certain class of homogeneous "dissipative"
boundary conditions (again, this involved choosing the range‘
of T, at the two boundary points), he proved that A is the
infinitesimal generator of a strongly continuous contraction
semiqroup._ A variation-of-constants formula for the solution
of such probléms was given. More recent works by Kato [23] |
and Phillipé [35] allow these results to be extended to
time-varying systehs and conservative (e.g., Wave~propagating)
systemns. -Unfortunately, the proof.of the above results_relieé

on transformation to a canonical form which cannot be achieved
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(20)- The analysis

in higher spatial dimensions than one.
is quite closely related to the classical method of
characteristics.
More recently, Friedrichs in collaboration with Lax
[15] attempted to generalize his earlier work to‘non—symmetric
boundary value problems which are "symmetrized" by a non-
singular pseudodifferential operator. Again there emerge
similar cohditions on K and the range ofv T; these are
quite difficult to-inter@ret, however, due to their added
dependence on the pseudodifferential operator.A Unfortunately,
‘the techniqde only succeeds for existence but not uniqueness
of solutions; whether the latter is an inherent difficulty in’
the problem formulation or a deficiency of the technique is
not clear; but existernce.and uniqueness of optimal controls
as in Section 2.3 will not hold without uﬁiqueness of solutions
to the state equationw(ZI)
Yet another approach to the existence problem was
suggested by Lions' applicatioﬁ [26] of the Lax~Milgram Lemma
[51, p.92] to.scalar parabolic equations. C. Bardos [3] |
demonstrates the semigroup property for scalar equations
in higher space dimensions (with nonhomogeneous data!l) undér
very weak assumptions, and then is able to define weak.
solutions in the Lions manner, for hyperbolic.equaﬁions.

Carroll [9] has recently considered a scalar system in one

space dimension and used a modified definition of coercivity

(20) Except for m = 2, n, = 2.

(21) Incidentally, the TBVP (2.3)-(2.5) on TxZ may be formulated
as a BVP (5.1)-(5.2) on D - hence the interest in BVP's.



to demonstrate existence of solutions for smooth initial
data and'homogeneous boundary data. He is unable to proVe
uniquehess-inAthis manner, however. Attempts to apply the
Lax—MilgfambLemma to more general cases indicate a trade-off
between .continuity (needed for uniqueness) and coercivity
(needed for éxistence)'in that both cannot be achieved
simultaneously.

In summafy, these diverse but related approaches
illustrate that existence theories may be derived in certain
special cases. There is as yvet né counter-example known to
the author which necessitéﬁes éither symmetryvor hyperbolicity‘
assumptions, although these are required at present. On the
other hand;:the spectrum of A, the "shape" of the boundéry B,
and the range of T appear to interact essentially in |
defining well-posed problems. A generalization of the results
of Friedrichs and Lax [15] and Rauch [36) will'undoubtedly
be obtained shortiy by one.of these authors, and this appears

to be the most fruitful direction for future effort.
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ITI. AN EXAMPLE ‘%)

A problem of plasma éont:ol was chosen to indicate the
 applicability (and the short-comings!) of the theory
developed in}Cﬁapters I and Ii; Doubtless, the plasma
physicist-will be disappointed at some oversihplifications
of the model, but then so will the purist who is satisfied
with cohtrol'of rods.and beams! Hopefully, the former will
recognize fhe éoténtialities.of modern con£rol theory, while

the latter will recognize some pitfalls of tidy theorems.

3.1 PhysicalvDescription‘of a Plasma ControI Problem
‘Figure 3 illustrates a crude donfinement scheme for
a low—densif? low—temperaturevplasma._»The device consists
of an evacuated cylindef containing ;nitially a rarefied
gas (e.g., helium, neonf'surrounded by charééd conducting
sheets ahd magnetic coils.i'A high-voltége eléctrical
discharge (or other excitationj causes the gas to'ionize,A
creating a plasma consisﬁing of free electrons and positive
rions. A time—invariant:z-difected'magnetic field produced'
byAthé external coils causes these charged particles to

rotate about the z-axis with a characteristic "cyclotron"

(1) This example is modified from the diocotron instability
studied by Briggs [6], Levy [25], and Parker [32] using
classical electromagnetic theory. A somewhat analogous _
electron beam instability is analyzed in [10]. Development
of the mathematical model is original, however.
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frequency/ determined by particle charge and imposed field.
This cloéed cyclotron rotation constitutes a steady state,
which is cdnsidered to be the plasma confinement objective.
The particle aensity in this steady state varies as a function
. of radius and depends on the initializing discharge; the
magnetic field distribution and the charge on the conducting:
sheets at-the‘boundary of the cylinder.

The closed cyclotron motion, however, is dynamicaily
unstable. . Instabilities appear as rapid periodic space-
charge osciliations about the steady state rotation; there
are several modes of instability (radial, rotational, and
longitudinal), each having a characteristiclfrequency. Only.
one instability, the diocotron instability, will be examined
in this analysis (see Figure 3 );(2) longitudinal oscillations
are not considered.

Boundary control of this instability is postulated via
two variables: perturbation of the z-directed magnetic-field
intensity and perturbation of the surface charge denéity on
the outer conductors.as a function.of azimuth. Whilé
implementation of such controls is not fully "practical", it

is at least possible to visualize the hardware required.(3)

(2) It should be evident that the same methodology is equally
applicable to other instabilities or combinations of
instabilities, however.

(3) vVary field coil current; apply voltages to strips of outer
conducting shield. "Actuator dynamics" of these methods
are not considered, but again could be included.
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STEADY STATE AND DIOCOTRON INSTABILITY:

STEADY
STATE

S
sz

NOTE: AMPLITUDE OF PERTURBED ( DIOCOTRON )
. MOTION GROWS WITH TIME

Figure 3
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The static (state-state, or "set-point") controls are.
designéd to (1) maximize rotational kinetic energy, (2)
minimize radiation losses, and (3) minimize control energy.
while maintaining a cyclotron rotation of plasma particles.
The dynamic controls are chosen to reguiate plasma motion by
minimizing (1) kinetic energy, (2) electromagnetic field
energy of the perturbed motion, and (3) coﬁtrol energy. A
great variety of other performance objectives could also be

postulated.

3.2 State-Variable Formulatiéns of Plasmé Control Problems
_The equations governing the plasma are developed from
physical principlesin Aépendix D, and éimplifying assumptions
are made in 6rder to obtain a redﬁced model (equations (D.38)-

(D.77)). Performance objectives for steady-state and
linearinzed dynamic mbdels are proposed to.quantify the
preceding discussion of Section 3.1.

On the basis of these physiéal models, two mathematical
‘optimal cbntfol probléms (steady—stéte and linearized dynamic
cases) are formulated. State and control variables are

identified as follows.

Notatidn
State-Space Physical Description
Model ‘ Model :
Tt | | t time
2 | | r radial coordinate

22 3] azimuthal coordinate
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Xy Vi o hean radial ion
‘ velocity
X ' v, mean azimuthal ion
2 - 18 . :
: velocity
X4 ' . ' n; , ion particle density
X, : . v ' . mean radial electron
4 » er . .
- velocity
Xg . _ Veo 7 mean azimuthal electron
velocity '
X6. ‘ n, : electron particle
density
X _ A - EL o radial electric field
Xg - Ee : ’ azimuthal electric
- field
X B ' longitudinal'magnetic
9 ‘ z X
field
vy : BE applied magnetic field
. . z . .
: at r=0
v, EE applied eleétric field
r .
: at r=R :
' 0
Va_11 (Xl-8) : dummy control

variables at 6=27
The MKS system of measurement is implied throughout. Physical
constants are as defined in Appendix D. Remaining state-

variable notation is consistent with Chapters I and II.

Problem Formulation: Nonlinear Steady State Control

System Constraints: The equations are time-invariant and are

actually of the special quasilinear form discussed in

Section 1.4, though not analytic at z, = 0. Furthermore,
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the Decomposition Theorem of Section 1.5 is presumed to

apply, and only the steady-state problem is considered

(4)

here.

0 = £(x°,x,,2) = A (x°)0x°/3z;

.S 8, _ Sy.S _ s _
BC: alxg,v7) = Ilxglxy - GV =

where the boundary B = Bl

(D.23)), and

—xi 0 0

0 —x?_ 0

) S V s

x3 0 x1

0 o 0

px%z) =0 0 0
0 o 0

0 0 0

0 o 0

0 o 0

(4)
unenlightening.

U B

+ K(x
9 -

+ o
1 U 32 U B2
0 0
0 0

0

0 0

s
—x4 0
0 -X
0 0
0 0
0 0

+

The steady-state equations thus take the form

,2)x° (2.1)

(2.2)

(see equation

0 0 0 ]
0o 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
o 1 0
0 0 —(souo)-l

The nonlinzar dynamic problem is so complicated as to be
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K(x5z) =
0 (qixg/mi) 0 3 0 0 (q;/m;) 0
S
(-q;%g/m;) 0 0 0 0 0 . 0 (a;/my)
S
0 0 (-xl/zl) 0 0 0 . 0 0
) S
0 : 0 0 0 (leQ/me) 0 (qe/me) 0
0 0 0 (-qexg/me) 0 0 0 (g /my)
S
0 0 0 0 0 (=x,4/2;) 0 0
. -1
0 0 (-a;/e,) 0 0 (-q./e,) (2 0
0 0 0 0 0 0 o (zp
. - S S
- 0 0 (-qixz/eo) 0 0 (—qexs/eo) 0 0
(2.4)

which follows directly from (D.38)-(D.43), (D.47), (D.46),
(D.45), respectively. The remaining equations (D.44), (D.48)

prove to be redundant. At the boundaries

S S
mix3 0 0 m x6 0 0 0 4]
0 1 0 0 0 0 0 0
S

. 0 0 q; %y 0 0 d Xy 0 0
3(§B1)= 0 0 0 0o 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

L

(2.5)
1 0 0 0 0 0 0 0
T(x§+)= 0 0 0 1 0 0 0 0
- 71

0 0 0 0 0 0 1 0

(2.6)

o
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?_(z}i-) = 0 (2.7)
2
S
Tlxp+) = 1 (2.8)
2 N
and
r - i oS T
0 3
| 0 va
cvi|_=1% | ¢v° |, = 6 vi|_ =101 6|, = |-
By 0 By v5 B, B, oS
0 . : 10
S VS
v, 11
L. P _
(2.9)

which follow from (D.49)-(D.58).

Performance Index: The performance index proposed in

Appendix D (D.78) is of the "quaéi—quadratic" class described
in Section 1.4 (4.7,4.8). However, only the corresponding
static problem of Section 1.5 is considered. Equation

(5.12) becomes

35 (v®) = f jp- (x5-, v5)yas] + J J o+ xS+, vS) an?
~ _ 2 = B =B - 1
L 1 1 e 1
1 1
+'J j, (x7,2) dz (2.10)
Z

where from (D. 8),
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Jp 3 v®) = u v’ (2.11)

jBI (§g;, zé) = eV, + xg xg (2.12)

ig (55,5) = —zi[mi(xg)zxi + me(x‘g)2 x?] (2.13)
The problem is to find a control zs* vsuch that

3%5(v®") = inf 35(v5) 2.4

=3
v

Problem Formulation: Linearized Dynamics and Control

System Constraints: Linearized dynamics may be derived
for any (not necessarily optimal) steady state solution of

(2.1)-(2.2); for steady-state cyclotron rotation,

xi = xz = xg = 0. The model below applies to any cyclotron
motion ES(E) of the system and is developed independently

of the preceding problem. The state egquations are

t 2 t t
9x /3t = ] A.(2z) 3x /3z; + K(z2)x (t,z) € D (2.15)
i=1 -
t t
IC: x (0,5) = X (E) z e 2 (2.16)
BC: T(z.) xt(t) = G(z.) vE(t) (t,z.) € L (2.17)
~'Zp’ B ='Zp’ = . 'ZB :

where



109

0 0 0 0 0 0 0 0 0
0 0 0 o 0 0 0 0 0
-x3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
A (z)= | 0 o 0 0 0 0 0 0 0
0 0 0 -xg 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 - (e )
0 0 0 0 0 0 0 10
(2.18)
*xg/zl 0 0 0 0 0 0 0 0]
0 -xg/zl 0 0 0 0 0 0 0
0 -x3/z, xz/zl 0 0 0 0 0 0
0 0 0 —x§/zl 0 0 0 0 0
2, (z)= | © 0 0 0 -x3/z, O o 0 0
| 0 0 0 0 -x./z; -xg/zl 0 0 0
0 0 0 0 o 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 o (zp Tt 0 0

(2.19)
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(0z°2)

0 D)= 0 0 0 0 0 0 0
0 0 0 Ow\wxmwl Ou\wxmwl 0 Ou\mxﬂWI Ow\mxﬁvl 0
O .
o - 0 0 0 o 73/2x"b- 0 0 °3/Ex p-
. HN
0 0 0 0 o Tz/2x w0 o 0
T
=) 9 z
0 ®u/"p 0 0 o Cuw/ixp-F(5x)- o 0 0
mE\Mxmw 0 _ wE\mw o ma\mxov 0 0 0 o
T
0 0 - o o 0 0 0 o Tz/&x-"(Ex)-
T.T T 6.Telz 7
0 ‘w/ b 0 0 0 0 0 0 "u/gx h-"(ox) -
ﬂe\mxﬂv 0 Fu/th A 0 0 0 0 Hs\mxﬂv 0
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which follows from (D.59)-(D.67). At the boundaries

_ < -
m x3 0 0 mex6 0 0 0 0 0
0 1 0 0 0 0 0 0 0
s
q;%;3 0 0 TXg 0 0 0 0 0
T(0,20= | o 0 0 0o 1 0 0 0 0
o 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
L .
(2.21)
1 0 0 0 0 0 0 0 0
E(R,zz)= 0 0 0 1 0 0 0 0 0
L0 0 0 0 0 0 1 0 0
(2.22)
2(21,0) = 0 (2.23)
T(zl,2n) = I (2.24)

The control term, G v in (2.17) has the same form as in (2.9).

These results follow from (D.68)-(D.77).

Performance Index: The performance index proposed in

Appendix D (D;79) is guadratic in the response

Yy =Cx (2.25)
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where
T -
1 0 0 0 0 0 0 0 0
0 z3 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
C = 0 -0 0 0 z, 0 0 0 0} (2.20)
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
L J

t, t, _ -2 .- + .2 .+ ,
J (X ) = f_ rvvl dL1 + f rv v, dL, + L Yy Q(E) y 4D (2i27)
L

! + 2 1 4
1 1
where
— + . ,
Ty T Mo 7 v T % (2.28)
and
S
m x3 0 0] 0 0 0 0
0 m. x> 0 0 0 0 0
i73
0 0 m x> 0 0 0 0
e’ o
_ s
g(z) = 0 0 0 m_X¢ 0 0 0
0 0 0 0 £ 0 0
o
0 0 0 0 0 € 0
o
0 0 0 0 0 0 po
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*
The problem is to find a control YF such that

t, t*

J (v

) = inf 3%(YH - (2.30)
t
v

3.3 Well Posedness of Solutions to State Equations

Steady State Equations:

Equation (2.1) is actually a nonlinear system of
ordinary différential equations in Zy. Cyclotron rotation
(xi=xi=0) 'represents a singular solution of tﬁese'equations,
‘however, which simplifies the algebra and complicates the

mathematics. Assuming cyClotrOn motion, algebraic'manipulation

of (2.1) yields

rkﬁj o mep Tt X7 + (eo)fl(q x3 + q xg)
%EI s. ? ' s.ls s S, - ' o
X9 (ugxq/x%g) (q %3 + qgx) |
-with xi = 0
x; =-—x§/x§
xj = 0
xg = ¥x§/x3
xz = 0‘

6

singularity of the eguations, but given these quantities,

the particle densities x§, x> are indeterminate due to the

such that (2.2) is satisfied, (3.1l) can be integrated to

S

yvield a solution for any set of boundary controls, vi, V-

——
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A rigorousvmaﬁhematica; treatment of well-posedness theory

for this system of equations is beyond the scope of this
research, but would necessarily include (1) t;eatmept_of the
allowabie boundery values fer x§; xz, x?, xg, (2) development
of -a formaiism te handle the ihdeterminacy of xg, xz, and
'(3) consideration of the singularity of (3.1) at z; = 0.

‘The reader is referred to [37], [461] for a mathematical
treatment of similar singular problems.- it is noted that the -
continuity_aésumptions of the Minimum Principle aie satisfied

except'at zl'=-0’

LinearizedbDynamic Equations:

_ Proof of.well~posedhess of the initialvboundary value
prpblem (2.15)-(2.17) is beyond the scope of this research.
It is remarked,that the system is‘not_strietlyjhyperbolic and
that the boundary conditions are not imposed on a half-space;
hence the‘theory,of Sections 2,1—2,4,Idue to Rauch, does not
apply. Nevertheless, there is reason to belie&e that the
system may be welleposed_(at least for'certein steady states)v
in the sense of Section f.I. The -hyperbolicity condition

(see Chapter 2, Assumption 1-1

12,1 Alélkﬁ) - Xzéz(ﬁ)l

]

s 3 s, 3. R <1
[
(Ao + A2x2/zl) (Ao * AZXS/?I) Ao(Ao * >\l)‘-)\c; * Al(uoeo) )

=0 - . ‘ ' o (3.2)
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reveals multiple real roots

Ao = —fxi(zl)/zl)kz. | (multiplicity>3) (3.3)
Ao =.;(#§(zl))zl?kz (multiplicity 3)

Ao = 0 - _ (multiplicity 1)

Ay = 1y -  (multiplicity 1) -

Ao = f(uééo)-lxl , (multiplicity 1)

The syvstem may be split into coupled hyperbolic systems by

integratiné the ordinary‘linear differential equation. for .

Bxg/at (eliminating theAroot Ay = 0) and considering the
equations for éxg/at, axg/at as partial differential

equations in zq with 2z as a parameter. these hyperbolic

2
subsvstems maj then be analyzed by the method of characteristics
és developed in Appendix B, equations (B.14)ff, without.

using analytic continuation. It is assumed that the conditions
of Ch.Ii,Th.3+3 aré valid in the following derivations

(this assumption is untrue; it is postulated a‘p:iori in order

to reveal "what goes wrong").

3.4 Optimaiity Conditions

Nonlinear Steady State Control

The static.optimization theory developed in Appendix C



1l
(Proof of Decomposition Theorem)'is'used in evaluating |
necessary conditicns for the solution of the steady-state
boundary control problem (2.1), (2.2), (2.10). The ﬁamiltonién
is (see (2.1), (2.10),.(C.5))

S . [ s'
1 2) z

it

S S
hi{x™x .p
K(x",z)x"]

4.

Letting ( )* denote optimal quantities, necessary conditions

are (see {(C.18)-(C.21)):

fr,xr,z) =0 | - (4.2)
BO: oS (% ur) = L :
BC: g~ (xf,v*) = 0 | (4.3)
a(ah/ax, V¥/3z; ~ (sh/ax)* = 0 . (4.4)
1 - - : S §
BC: _
! k] 1 ® 1 0 = :
(lggr gt 1y7) "gf pol-dh/sx, I,- =0 - (4.5)
- = 1 = 71 . 1 71 :
(lat gt17 ey g e tag +/a0 + ah/ex, Jok = 0 (4.6)
ar @plpt) T ogr grleigt/ex + sh/ex 1ot =0 (4.6
X =X Bl .5 bl By . zl Bl
and ’
# % o * o] K1 L ‘ -
0dp=/ovy = agp=/avy (g, g, 1u=) "g, poi-8b/ox, Jp= =0  (4.7)
1 - T - - =) - 1 = -
Sy v (lg g 1 g | Jox. 17
a3 .*/ev., — 9q,.,t/cv G oq 4 g. Stl9j,+/3ax + on/ax + = 0
3 ) = A e = : ~ A ¢ :
By T2 By7 720 M Sy X By By Ty TBy

-
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The required quantities are

. ' ,
dh/3x = 33,/93x +(3[5(§s,3)§s] /3% p°%) (4.9)
' v = A" s s ' _ ' :
3h/32z1 A (x,2) p | (4.10)
. -Féi 0 -x§ 0 0 0
ll-—: ) S ' —S | 17
(3g/3x )Bl 0 x5 0 Xg 0| (4.11)
- 0 0 0
6 1 0. 0 ©O0 0 ©0 "0 O
6 0 1 0 o0 0 0 0 0
L+ o0 0 0 1 0 0o 0 o0 -
(3g/3x7) g+ = (4.12)
51 0o 0 0 0 0 1 0 0 O :
0o 0 0 0 0o 0 0 1 0
0o 0 0 0 0 ©0 0 0 .1
L -
[35.4/3x] = (0 0 0 0 0 ‘o 0 x> x3] (4.13)
331 X : - g 8 *
SJBI/BVI = ?FO \21 (4.143)
aJBI/aVZ = 2e, v, ' ~ (4.14b) -
agBi/ajl =-[0 0 0 o0 0 1] (4.15)
aggt/avy = =10 0 11 (4.16)

The costate equations'(4.4)-(4.6) may thus be rewritten
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(LT°%)

\mxmxwﬁwumu

+..<.nm

Ow\mxmwl

°3/9%°b-

ow\mxﬂwl

Ow\mxﬂww

ﬁ 0

0 mE\wx b- ma\mxowi
0 ®u/®b 0
b
0o - 0 u/®p
Tz/lx- o 0
0 0. u,/8x®b

Te/fx- fu/dx®s- o

Ka

HE\mx..nmv

HNm\*MnAM~¥mv_m.l =0



' o + +
With boundary conditions (only on Bi, none on Bi)

B . -
*2 *D -1 *2 %
1t x37) TPy

*D *2) -] *2 %
(xg" + xg7) 7 x4 Py

(x

. * :
-p o
L 7 ~ i
By
e B [
¥ Py
ok ok
“¥; P3
* *
“*4 Py _
*A'*
¥4 Pg
* - %
Pg * Xg
) -1 * _*
—(eopo) Pg * Xg JB+
L ks L
And boundary controls
| 2, -1
* = - *
V1 (2e g ) Py

<
*
]

. e
2 t(2e) 7 py

S

(on Bi)

(on BI)

11y

(4.18)

(4.19{

(4.20)

(4.21)

Remark 4-1:  The neceésary conditions leave the dummy control

vquables Vi_11 2

+ . .
on B, indeterminate,

and these have no

effect on the conditions of optimality, whicihi is consistent

with intuition. By reference to (D.33)-(D.37) and (2.9),
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- recall that these variables are chosen equal to the state

variables on B2 due to geometric constraints.

Remark 4-2: The structure of the costate equations_is the

_same ‘as the Strucﬁure'of the state equations, except for the
autonomous driving term of (4.17); again these equations are
nonlinear ordinaryvdifferéntial equations in zg. Standa?d
methods of algebra may be used to determine whether the
necessary conditions (4.2)-(4.8) are sufficient to uniquely
specify the dptimal controls. -Such computational techniques:

are beybnd the scope of the present research.

Linear Dynamic Control

The 1inear_contrql-théory developed  in Seétion 2.3
is uSed'iﬁ characterizing the optimal cdntrolsrfor the present
boundary control~example( under the assumption.that the
linearizedvdyhamics conétitﬁté a well-posed system in the
sense.discussed in Section 2.5. Applying équations (3.2)-

(3.9) of Chapter I to the problem (2.15)-(2.17), (2.25),

(2.27), the following system is obtained: (°’
| 5 o | |
ax*/dt = | A, (z) 3x*/dz; + K(z)x* (t,2) €D - (4.22)
= == = |
IC: i*(q)'.:: §O(E) : z2eZ ) (4.23)'
BC: T(z)x* = G v* (t,z) € L. | (4.24)

(5) The superscript ( )t is supressed.
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_ 2 g 2
~3p*/at =~ igi Af(z)dp*/az, + [K'(2) - izlaéi(i)/azilg*‘
o A (4.25)
+C'(2) Q=) Clz)x*  (t,2) €D
FC: p*(tg) =0 ze2 o (4.26)
1 2
BC: (T (2) T (2)") "T (2)[ } nAf(2)) pf=0 (t,2) el
. : - i=1 -
(4.27)
"l- " -1 2 - _
vt = -R,CETEZ(AIN2) L) mA @) BE - (4.28)

" The meaning of these equations is clear, except the boundary
conditions (4.24), (4.27) and (4.28), which may be written

more explicitly as follows. On the boundary B,

 mix§(OFz2)xf(O,z2) +A@ex§(0,22)x2(0,22) = 0 (4.24a)l
x%(0,2,) = 0 | (4.24b),
qixg(o,gz)x1(0,225.+‘qexg(o,zz)xz(o,zz)_= 0  ' (4.24c),
x}(0,2,) = 0 (4.24q),

xg(o,zz) =0 : (4.24e)

x$(0,2,) = v} (4.24f)i



(No costate constraints!) 0 =
0 =
.2 ,-1 *
Vi = g T pg(0.zy)
. +
»On the boundary Bl’
xl*(R,zz)_= 0
* =
X4 (R.;z) 0
v * - *
X (R,zz) v,
0 =
(No costate constraints!) 0 =
0 =
—pg*(Rr zz)=

"(Posé)-lps*(R'zz)
vz* =

On the boundary B,
(No state constrainté) ‘ 0 =

(z)) "1x5(21,0) p *(2,0)

(2) 7 %5 (2740) p,*(z,,0)

o o o o

122
(4.27a)1

(4.27b),
(4.27¢);

(4.28a)

(4.24q9)

(4.24h)1

(4.24i),

(4.27d)1

(4.27é
(4.27£),
(4.27g)l

(4.27ﬁ)1

(4.27i)1

(4.28b)l

(4.24)2
(4.27a)2

(4.27b)2

)y
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' -1s *> ey * 1 = -
(zy) " Ix3(z,,0)p5(z;,0) + xz(zl,O)p3(zl,0)] 0 (4.27¢2),
(27! x2(2,,0) pA(z,,0) = 0 | o (4.27d)
1 5l%yr ) Pgley et ' » : 2
(z)F x5(z,,0) p* 9 4.27
1 52107 Po(z,,0) = 0 | - (4.270),
(z~)_l[xs(2»‘0) 5(2,,0) + x5(z,,0)p#(z;,0)] = 0 (4.27£)
1 621" P52y CARSEARE - A K Ry
(z) 7! p§(z,,0) = 0 (4.279)
1210 Pol%yy <7972
o _ 0 =0 ' : (4.27h),
(No costate constraints) o ‘
0 =0 o . : (4.27i)2
.
On the boundary B,,
x3_g(21,2m) = vy ) (4.24a-i),
(No costate constraints) O =0 . (4.27)2
viiy ¢ indeterminate .(4.28)2.

Remark 4-3: The fact that vg = 0, (4,28b)l, provides for an

interesting'commentafy on the importance of existen¢e theéry
(Section 2.5 ) in the solution'of optimal control problems.

~ The preceding results weré derived under'the assumption

of well-posedness 6f lineafized state and éostate equations;
although therstate equations are likely to be well—pdsed (see
Section 3.4 ), the costate equations, as defined by (4.25)-.
(4.27) may not be well-posed. This fact is due to the high
degree of singﬁlarity of él(g), which in turn is due to the

singularity of the solutioh,of the steady-state solutioh
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x x>
=1 T4

+ 1] » L] ‘
boundaries Bi are not "non-characteristic" in the sense

representing cyclotron motion (viz. = 0). The

of Friedrichs flS], and hehce violate an (implicit) condition,
used. in deriving the éostate-boundary conditions (4.27).

It is possib;é to modify the derivations of Section 2.3

by redefiningvthe costaﬁe boundary conditions in order to
remove this.difficulty. This modification, however, does

not affect thé form of the optimai control law for vl* as

given by (4.28a)l.

Remark "4-4: By examining the costate equations it is
possible to verify that Pg*(0,2z,) depends (linearly) only
- on the perturbed particle densities xl*, x3*; hence the
optimal cohtrol law could be implemented by sensing these
two'quantities.A This might be accomplished by measuring

absorbtion or scattering of electromagnetic radiation (low’

intensity) passed longitudinally thrdugh the plasma.

Remark 4-5: It is possible to apply the decoupling theory

of Section 2.4, but by virtue of the structufe'of the
equations (see Remark 4-4), this is not ﬁecessary to evaluate

the control law (forlvl*, at least) in this example.
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CONCLUSIONS and SUGGESTIONS for FUTURE RESEARCH

Optimal éontrol of first-order distributed systems
constitiutes a theoreticallx_rich and potentially appiicable
research topic. It is possible to_idéntify particularly
important control probleﬁs (e.g., boundary control) as weil
as very challenging mathematical difficultieé (e.qg.,
‘uﬁiquehess3of solutions), and a variety of physical
applicatibns which are chéracteristic of first-order systems.
The classAof_Systems is simple enough,‘howevef, that concrete-
solutidns_may be obtained (with diligence) to at least some
of these quéstioné. More general abstract optimization
theories may be given concreﬁe meaning, considering first-
order systems as a séecial_case. ?he major contributions of
this research are:

(I) Formulation of the boundary control problem.

(2) A_minimum principle for ponlinear systems.

(3) A decomposition theorem.

(4) Verification and extension of Lions' results to

bodndary control of firsﬁ—order systems.

(5) Development of a realistic example involQing control

of a plasma.

These results constitute a very modest first approach
to the generél ﬁheory of control for first-order systems.

Among the_many'tdpics worthy of future research are:



(1)

(2)

(3)

(4)
(5)

(6)

(7

(8)
(9)

(10)

;26
Use of first-order systems as a canonical form;
development of a minimum principle with state space
constraints.
Definition of weakAsolufions to the nonlinear problem;
£Ormulatioh of a minimum principle for such solutions.
Development of a globai minimum principle using
finite (rather than differential) control perturba-
tibns. | |
Properties of "steady-state” controls; definition of
relevant concepts (e.g., controllability).

L , . : . .. :
Computational algorithms for the Riccati integro-

 differential equation.

Concrete charactérization,and‘explanation of wéli

s§t initial‘boundary valué‘p;oblems for'hyperboliq
systems with simple boundaries, with particular
atﬁéhtion to cﬁaracterizing the range of the boundary
operatof 2; |
Extension and/or application of the results of
Carroll & Mazumdar on qenerglized concepts of

coercivity. Definition of weak solutions..

Study of examples which are not hyperbolic but are

well-posed in the sense of Friedrichs and Lax.
Study of degenerate béundary conditions, such as
arose in the linearized plasma example.
Firsthrder system representations forvfundamental

laws of science.
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(11). Contrdller structure simplification; investigation
of modal control.
(12).Effect of coordinate transformétions and local

gébmetriesvbn optimal control laws.

And many”more!
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APPENDIX A: SECOND VARIATION CONDITIONS FOR A MINIMUM

 Consider control variations  6§u, év as given in
~ Chapter 1, (3.10), (3.11) . The state perturbation is now

carried to second order in e:
x = X%+ edx + e26%x + 0, () (a.1)

which replaces (3.12). 6x is now defined as the solution
of (3.13)-(3.15) with the terms dl(e)/e and 0, (e) /¢

cmitted.(l) The second-order variation, 52§};is subject to:

ICc : §%°x (0,2z) =0 o | (A.2)’
BC : - , ' " (A.3)
(g )% 6%x. + Llox! sv'] [g* * §x.7 = 0
Oy! 7 0 Xy T 0% o0 13yx Ixv L =
9ox  Tov| |O¥
where for instance .

n

x : . :
- Lex] gx]lj = k‘g [3(ag/ax) {5 /8%, 1* (6 )y

" (A.4)

j =1, 2, ..., nx 

(1) First and second variational quantities should not be
confused with those used in Chapter 1 unless the relation-
ship is clearly. lndlcated -
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~defines the shorthand notation for the second variations
{tensors) of g. -
The performance index is modified by the addition of a
LaGrange multiplier, yielding (3.16). The modified index

J(u,v) is now expanded through second order in e:
J = J(u*,v* T (uk y* 252 (u*.v*) 2,
J(u,v) = J(u*,v*) + eI (u*,v*) + e"6¢"J(u*,v*) + 0(e™) (A.5)
The condition
§J (u*,v¥) = 0 yoéu, 6v |  (A.6)

which replaces (3.18) leads to the first-order conditions of -
the Minimum Principle given in Chapter 1. It is now desired

to evaluate the second variation condition for a minimum, .

823 (ur,v*) > 0 wau, 6v o (A.7)

explicitly. This quantity depends on du and Iég, and on
the solution of the (1inear) equations for“ 6x, but the terms
involving 625 can be eliminated by using (A.j), (A.4), and
(A.G), as follows: - '

'Again, Taylor series expansions of Jer 3y and h
about the optimum may be ﬁsed, and diSappeafance of the higher-
order terms (in the limit ¢ - 0) is guaranteed by the |

differentiability assumptions of the Theorem. . The series are:

- : : ' 2. %g 2 1 2%3¢
Jg = 3F ¥ e/ M oxe + T LG MRy + 5 SXp () 0K,
. — _ 3 )_{_

2
+ 0(e”) (A.8)



where szf/3§2 is the matrix with elements
[324,/0x°1%. = 3%§_/0x, 0%, (x*,z) i,j = 1,2 n.  (A.9)
Te/°% i3 Jg/ 0%y Xge2 13T SrfreeeeBy A8

and the superscript (*) is an abbreviation for evaluation at
u*, v*, x*, g*,.etc. as defined in the statement of the

Theorem (Chapter 1). The fact that jf is twice continuously -

differentiable in x guarantees that

lim 6(e?)/e? = 0 - (A.10)
e+0

Similar éomments apply to the remaining expansions.

. - 4k o . e - § .
I, = if ¢+ ev[(ajL/agg) 6§L + (BJL/B\_r) Svl

2 as ga S SRR g2y
+ " (a3 /x> 6x . + 5 [6x] Sv'] (873 )* 8%y, } + 0(e ).
SV
(A.11)
where
(250 = [ 32 it
Xx xv
j* .j*
in 'L!X j (A.12)

is an n +n ') x +n ' ix.
( " 'v) (nx v) -matrix
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h.="h* + e[(3h/3x)*" éx + (3h/3x )*' éx_  + (3h/3u)*' 6u]

e?{(ah/ax) %' §%x + (3n/ax ) *' &°x

+

2

+ 3 lox® ox) su'l(s’my* fox | )
| ox,
su
+ 0(e’) E |  (A.13)
where
(3h/3x,) *' = [(3h/dx, )*' (3h/3x, )*' ... (3h/3x, )*'] (A.14)

1l 2 m
is an mnxedimensional row vector, and

~ ‘ . -t

(h§§)* (hﬁiz)* (h§g)* |
2 . ’ -
(8 Q)* = (hizé)* (hiziz)* (hizg)* (A.15)
(hi’i) * (h‘_liz) * (h__) *

is an (n_+mn +n ) x (u +mn +n ) matrix. The relations (3.23)
X X u X X u
and (3.24) apply to the first-order quantities. In addition

there is a second-order term

e?p'a(6%x) /ot = e2[a(p'82x) /ot - (ap'/at) 6%x)  (B.16)

and the relation
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ez(ah/axz')*'a(czx)/az. = e? (2~ {(an/0x, )% 62x)
i - 1 9Z4 —Z%i
3 (an/ax. %'} 62x) (A.17)

which may be applied to (A.13). - These results combine to

‘yield

I (u*,v*) = J(ajf/ag)*' 6§fdz + J[(ajL/ai)*' GEL + (BjL/az)*'GgldL
Z L :

+ J {l3p'/at + (3h/3x)*']18x - (3h/3x ) *'6x,
D ' o

+ (3h/3u)*'du} db

3. m 5 . 4
+ f [-x¢ (p'Sx) + ) *-»((ah/3§Z.)*'6§)]dD
1=

D

ot 1 Bzi i
' ' (A.18)

‘which is analogous to (3.25) and yields the same first—
order necessary cénditions. The second variation

becomes



SZS(E*rX*) =

BN

a2 2 '
{l 6x2(37J/3x7)* &x . dZ

' N 2,
+ j [6x; 6v'1673F 6%y dL
L
sv

-_—

+ i t6x' 8x, Sg'i 52n+ 8x ap}
652
Su
L 7
+ {J (ajf/ag)*'~62§fdz + J (ajL/ag)*’ 62§LdL
, / |
: n ,
v [tap'/at = T alon/ox, )*'/vz; + (30/a0) *'16°xab)
D v i=1 i
2 % 2
+ J {-3(p'6"x) /ot + } 3l(ah/3x, )*'6"x]/32;} db
b : i=1 i

(A.19)

The next-to-last term of 62J(2*,g*) is zero by virtue of the
- costate equation. Using the divergence theorem, the last

term may be written:

"l {-a{g'azgl/at + J al(sh/ax, )*! 6251/azi} dp
S i= i

X
T 2
= [-n_p' + ] n,(8h/3x, )*'16"xd(aD)
3D i=1 7 i
2 m 2
= f "R & Xp dD + f[_z n, (3h/3x, ) *'] §7x dL (A.20)

A . 1 i=1 X : R
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(see (3.29)-(3.30).) The first term of (A.20) cancels the

fourth term of (A.19), by virtue of the terminal conditions

on p*. The term

: m .
f [(33,/3x)*' + ] n,(3h/3x, )*'] 52§L dL
L

i=1 i

remains. The coefficient of 62§L

(3.33). In view of (3.34)-(3.37) and the boundary condition

is the vector r' defined by

(A.3) on 625L' this term is simply

]

- = [xg6v'] 6°g [6x | dn  (A.21)
L ! '

Sv

~ where 623 is given by (A.3) and <« is defined by (3.41).

Thus the second variation condition is given by

263 (u*,v*)

)

R T N
| fsif(a 3g/3x%) % 8x, dz
Z

' o1 [a2s —arx2o0 |
+ [ [6x/6v'][67] ~-='6%g] |&x | dL
L
. Sv
: L —
- ' 2. . T
+ I [6x' &x, Su']é"h |6x dp > 0
D 5x
. =z
Su

W 6u, Sy B (A.22) .
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APPENDIX B: _WELL*PCSEDNESS OF QUASILINEAR ANALYTIC SYSTEMS

Proof:(l)v-Continue'the space variables z into the complex

domain, letting

— —

zZ =r + iﬁ (B.1)

By the assumption of analycity, all coefficients remain well-
defined. By (4.9), the spatial derivative X, may be written
_ y .
. o1 o '
9x/0z4 = 3 lax/ory - i ax/ewyl (B.2)
The‘Cauchy%Riemann équations (which are satisfied in view of

(4.9)) become:
-“__._ 1., - _ : _ -
ag/_azj =3 [agc_/arj + i agc_/awj] —‘_0__ (B.3)

where () denotes complex conjugation. ‘Left—multiplying

(B.3) by 5; , summing over j, and adding this to (1.1),
obtain
, m ‘ o, _ : : :
ax/at = ) (A, 9x/3z.+A. 3x/3%.) + Kkx + Bu + £ (B.4)
IR IR e B IRC At RS

UsingiiB.l),.(B.Z):

ax/at

]
<+
[Les

j__Z__l (grj IX/3x +Aw, 35/%::]) + K u+ £ (B.5)

(1) The method of continuation leading to (B.12)-(B.14) is
due to Garabedian [17], who also describes the general
method of characteristics developed,here qualitatively.
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where

. 1 i,= ’
A = =(A.+A" ;s A = (Al-A. . (B.6)

are Hermitian. Separating real and imaginafy-parts of X in
(B.5):

3Re (x) /ot = j£1 [3e(§rj)a Re (x) /2ry - Im(érj)alm(i)/awj]

+ Re(éwj) aRe(i)/awj-Im(é%j)8Im(§)/3wj

+ Re(K)Re (x) - Im(K)Im(x)

+ Re(§)Re(§) - Iﬁ(g)lm(g)

"+ Re(f) , (B.7)

and similarly for 3Im(x)/3t . The initial conditions are

Re[5(0,5;3)] ,Re[§o(£,g)] | - (B.8)

Im[x(0,z,w)] = Imlx_(r,w)]  (B.9)

with boundary conditions on the "cylinder" (r,w) e B x rR",

t e T:

Re (T)Re(x;) - Im(T)Im(x, ) Re(G)Re(v) - Im(G)Im(v) (B.10)

Im(T)Re(x;) + Re(T)Im(x;) = Im(G)Re(v) + Re(G)Im(v)  (B.11)

The boundary conditions as w + « , that X

-iﬁL < » , are
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guaranteed by analycityiof X. In summary, one obtains a
real symmetric (hyperbolic) system'bf 2n_  equations in
2m+1 independent variables, with symmetric boundary con-

ditions, of the form:

- 2m ~- N~ ~ o~ ~ '
3k/at = ] A, 3%/0Z + K x+Bu+ f | (B.12)
j=].' J . . .
IC: %(0,2) = go (B.13)
BC: T x: =GV - . (B.14)

-~

v(with éj, 3 and T stmétrié positive definite matrix functions).
Tﬁis system is still’quasilinear.:,The method.of character-
istics (in its genexél form) is valid for this class of sys-
tems and may‘be used to aeterminé solutions (see Figure 4 ).

) for t=¢

Consider the problem of determining X(e,Z

~

sufficiently small, where go € 2 (interior point). The
characteristic conoid I' (Z,t) with vertex at '(e,zo) is 

determined by the condition that the directional derivative
of X in the direction of the outward normal v to T cannot
be determined from the values of X interior to or on r.
Considering a point (t,%) on I' , define a set of local
coordinatg‘directions (Vr Yq°""Ypp) » where ll"f°12m may
be chosen tangent to I (nonuniquely) at (t,Z) . A vector
- along the Ei' axis may be written in terms of these
local coordinates as
i

iy,

Y. |  (B.15)
j 3 '

2m
.e.'..' = ei\) y_+ 'z e
3=1
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t GEOMETRY FOR METHOD

OF CHARACTERISTICS

A CHARACTERISTIC CONOID, T'(1,%)

LOCAL COORDINATES ONT

" Figure 4



or along the t-axis'as

2m

145

t=tv+ ] B4 Xy ' (B.16)

j=1

where the_scale of v can be chosen so that .

v

e;, = 8r/3z,(t,2) . ' (B.17)

£, = or/3t (t,2) | | (B.18)

Applying the chain rule with X considered a function of

"~ the local coordinates,

= ~ 2m  ~ .

Ba, = Cuv X * jgl'e§yj§7j (B.19)
: ) 2m - | |
Beo= vk 4 5£1 thﬁij (B.20)

Inserting these results in (B.l1l2) yields

- 2m . 2m 2m .~ w
(L4, eii)E, = j£1 (-thEfiil einéi)in
+ K(X(v,y) ,v,y)(v,y)
+ B(XR(v,Y),v,Y)E(v,Y)
+ i(v,l) | kB.2l)

Since T ‘was assumed to be characteristic, gv .cannot be

determined from X ; Jj=1, 2...2m, i,e.
2m -
lt. I - ] e.A. ]l =0
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Or using (B.17), (B.18),
“om . - - '
_ _'Ftl - ~i§__lr~ A.| =0 | (B.22)

Z . —1
"1 1

It is well known, however, that fof symmgtrié hyperbolic’
systems of type (B.12), the equation |
C2m o o
A I - izl;iéi] =0 | ' | (B.23)
has Zﬁx distinct real roots A for all (x,t,2) and reél
(Xye++rp) . Thus, knowing the_directiopal derivatives

of r'atAa given time, I' may be propogated'backwards

-~ ~

Ty,
i _ : ‘
from the terminal point {e,2z2) .
Actually the 2nx roots of (B.23) give rise to 2nx
separate characteristic surfaces. Knowing the directional

‘derivatives of X tangent to a characteristic ) (3=1,...2n))

x
in the plane (0,%) and the value of %(0,%Z) .it is possible
N : - T mo .
to determine a scalar linear functional fj(g) = ] fi k(e,z2 )
' i=1

of the state at (e,Z) . Corresponding to the root Ag of
(B.23) which determines FJ., there is a distinct eigen-.

vector W! “such that

' 5. 2m
. . _
@ AL _Z' rA;1 =0 o (B. 24)
- i=1
Choose Al = Tx in the plane of t and v, and A, = Tx '
. 2, : T—- - 1 2,

¥=2...2m in the (0,%Z) plane. Then multiplication of (B.21)

on the left by ié‘ Yields:
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; . %m 2m y S
£fI(x) = w! (-t I+ § e. A )k (0,2)
3 k=2 Yo oj=1 YR Yk

| (B.25)
+ @1(E(0,2) + K x(0,2) + B u(0,2)]
where
i ey ™
(£3,...62 )y = @t I.- e.  A.] , (B.26)
e S - R £ T

Proceeding in this manner on each-conoid, 2nx (independent)
_scalar linear functionals of. g(e,go) ~are obtained; these
‘uniquely determine X(e,%Z ) as desired.

At the boundary, it will not in general bevpossible to
specify all of the directiopai derivatives ng in (B.25);
hence the matrix i, must be chosen so that (1) the remaining.
g,k are speéified uniquely and (2) the avéilable gyk are
not over-specified. These considerations serve to determine

the allowable rangé and null spaces of i at each boundary

- point.



" APPENDIX C: PROOF OF DECOMPOSITION THEOREM

Time-Invariant Nonlinear Optimai Control Problem:

ax/'at = f__(}_(_pz(_z:l_l_lz_) (t;i) e D

(System Equations)
IC: x(0,z) = §O(z) z e Z
ch: g(_}_{_LI\_,'E) = 9_ (t/E_) e L

J(I_J_IY_) = I F(a{_fr?_)dz + j L(é{_LI\_IIE_)dL
Z L

+ f Dl(}ilzi_évg_ra)dD
D
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(C.1)

(C.2)

(C.3)

(C.4)

(Pefformance Index) ..

Necessary Conditions for Optimality: Let u*, v* denote

optimal controls and x*, p* denote optimal‘state and costate;

define the Hamiltonian

/Q,2)

H(§,§Z,E,E\_’)§='D(_}glg_z,g,g) + 3'2(5,52

Then

IC: x*(0) =

BC: g* = 0

(C.5)

(C.6)



m .
p* = ] a(HE )/3z; - HX
i=1 =z, =
i
- ® = *
FC: p} F§
_ 1 -1 - m
N ch Lt : 1 -
BC: (gxL' g*l) = gXL' [L¥ + [ n, HY 1 =0
e il ok = i=1 -z,
_ ‘ i
‘and
H* = 9
-1 m
- " * =
Ly = g9y lgx'eyl " gx g+ ) my HY 1=20
- - = : = i=1l - =2z

Conditions as sought which guarantee in the limit

the optimal controls, state, and costate. have the

u*(t,z) = u®(z) + eut(t,z)
v*(t,z) = XS(Z) + e\_/t-(t,g)
x*(t,z) = x°(2) + e§t(t,g_)
pr(t,2) = p%(2) + ep(t,2)

149

(C.7i

(c.8)

(C.9)

e > 0

expansions

(C.10)
(C.11)
(C.12)

(C.13)

where higher-ofder terms in the expansioﬁs are 0(eg), 0(52),

etc.; and are omitted for simplicity.

Assuming for the

moment that this is the case, it is permissable to linearize

(C.6)-(C.9) abdut_the steady-state quantities S

]

B

S S

a4, Vv, X

that
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,C.lQ)
m ) oy fs ut) (
s ¢S x° * . Ex §'21 =
R
s
1 - %)
1C: ?j_t(m =3 %o 7
e s gty =0
) +-g. v -
_ X
Bsc: g ¥ eldy = =
(C,lS)
. _
e o_ z auii ')/azi x
N e
i= t Hs -Et
, n g <= ¥
%, B
mo S X+ ) sz Xy 03 !
wel L ?Vx, 2T =T
i=1 ”Z'
t
Z
' Hi o 2 1/923
—"'Z"_
l -
: | ke
| . . s g1}
.o e £ +H;EE+H>B’
_ &HS + 2 ' }_{_}f_z.fzj |
g-’ ]*""1 3. )
t
s (te)
_ Sy + F £ £
' t‘)—-L(Fi'E') =
. ‘ A.t
s "-lrr“')—1 T oL
. Sy 5" ]’1 TS‘L +E[(T -
BC: l, —rg B
Jhere -
o s
_ . L
— + n‘ x
r o= [y Ly T Eag

and
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t _ t s _t.,
T°= Mgy X+ Gyy v
t _ Ut t t
ro=lzyx *+r, v +r,ul
m
s t [ t .
H + e¢[H. p + H x + H X Lty - _
uwtoeligp B gy X0 ¥ ] ax, Bay + gy T -0 (€10
S S cmSmS' 1.8 _s t .t t. bt -1t ot
(L! 31[2 T 1 7T rT) + (Lzy. gxtg TS ] TT- o) =0 (C.17)
‘where
Lt =18 Xt 4+ 1S vt
v osvx = Swy =
t _ t S t
9, T 9yx X T Gy ¥

The equalities indicated above are modulo terms involving
52, €3, etc., which become negligable relative to ¢ in the
limit e = 0.

Separating steady-state and -order térms in (C.l4)—

(C.17), two sets of equations are obtained:

woE e | | N (C.18)
BC?_ES = 9
) m < . ‘ | | .
izl a(Hﬁzr)/azi " He =20 (C.19)
1
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S — ' .
HE— 0 ’ (C.20)
s s 8 .s'.-1 s s _ .
L‘L Iy (T" T _] Ir =290 _ (C.22)
am) 1t = £5 xE e T 5 kb 4 S gt | (C.22)
= X = . —X -z, =u -
- J=l —Z. j —_
: ]
t _ 1 .. _ s
IC: x7(0) = =[x, - x]
BC: g_s_zst tgy v =0
m o m : .
Y= 1 Loy L xte om L ok (c.2d)
i=1 i =z,= j=1 —Z; 724 J :
s ~t -s t 
+ H » p B + HX u E ]
=z .= -z, —
1 1
m
- MG x ¢ L OEG, xy o+ HG R+ HD, u')
== j:l =z _E. ==
.t 1 s s S t
FC: p-(tg) = T [Fy = P71 + Fyp X (tg)
' - =
BC: [‘Et'LTtl ] 1 _T_t'l'l:_t 0
s .t , ¥ _t s t s _t
H.,x + | H +H, u +H p =0 - (c.24)
ux - Mt . ux uu — -—u_E -
j=1 —=z, —
t _t t ot t'-l bt ' :
Lyv =g, [T°27 1 72 " =0 (C.25)

The main point of the proof is to recognize these sets

of equations as solutions of optimal control problems, i.e.,
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to solve-a péir of inversé problems. Then; assuming
existencé of solutions fo ({I) and (II), the above derivation
demonstratéS’thatvfbr sufficiently sméll €, a solution
of the original'nbnlinear»probleh has been obtained.

By conSidering the proof of the Minimum Principle és
in Séction 1.3, but with 3x/st =‘9' it is feadiiy verified '
that equations (I) are indeed necessary conditions for
" solution of problem (5;10)—(5.12). Equations (II) are
obtained by applying the Minimum Principle directly to
problem (5.13)-(5.16). Conditions (5.17);(5.185 are of course
required to assure thét the,lineér problem makes sense as

e > 0. The proof is thus completed. -

Remark C-~1l: The boundary conditions on EFv and the auxiliary

condition (C.25) are obtained by linearizing the original
variationai-equations-ahd‘constraints from which the boundary
- condition for (C.7) was derived in the proof of the Minimum

Principle to give

s s St t _ -

(x76x, + LKGK) f e(r éx, + LXGX) =0 (C.26)
subject to

(r6x, + gSov) + e(26x, + gisy) = 0 (C.27)

The reasoning of (3.34)-(3.37) in the proof may then be

applied separatély to the steady-state and the e-order terms.-
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Remark C-2: In the definition of 2?, the qQantity Ix is

’ . 'S t .
a tensor; the shorthand expression Iex X , for instance,

—

refers to a matrix with i-j th element
ot t

n .
' S _ X 5 s |
[g& X ]ij —,-kzl {5;{; (agi/axj)} Xy

and hence Tt is a matrix.

Remark C-3: The matrices in (5.16) are guaranteed to be

Symmetricuby fhe’COnEinuity assumptions on f, jL and jD -

viz. that these functions are twice continuously differentiable

in x, %,, u and/or - v.
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APPENDIX D: NONLINEAR AND LINEAR MATHEMATICAL MODELS OF

PLASMA DYNAMICS

For ease of interpretation, conventional notation (rather
than state-variable notation) is used in developing and
simplifying the mathematical model; state variables are

assigned after the model is simplified (see Section 3.1).

Notation:
| r = radial variable
6 = azimuthai vafiébie
z R longitudihai variablé
t = time:variable
Vi e =. local ionv(i) qr elecﬁron (e)‘velocity vectér
Ei,evf,; 1oca1'ion-(i) or electron (e) particle'dénsity
(classicél:meaning)
4 e = jon (i) or electron (e¢) charge (takén to be
+ one electron charge unit)
mi,e = ion (i) or electron (e) mass.
E - "= totai electric field vector (meaning may be
modified by superscripts listed below) |
B ‘= magnetic field vector (ﬁeaning ﬁay be modified
by superscripts listed below)
i = 'net particle current density

) = net particle charge density
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€ po = permittivity & permeability of free space (MKS
, .
units are used throughout)
()% : = steady-state quantity (see -Section 1.5)
(-)t = time-varying perturbation guantity
(»)I- = internal or self-field quantity (assumed and.
hence supressed for any (-)i e quantity)
e ,
('-)E = externally imposed field quantity
%éll = time derivative in particle reference frame
() L e L N -
T time derlvatlve.ln lab reference frame

Fundamental Physics

The motion of the plasma particles is governed by three
.principles:
(i) Mechanics (Lorentz force‘la&)
(ii) Thermodynamics (Second Law)
(iii) Electromagnetiém (Maxwell's equations)
Basic simplifying assumptions throughout this diséussion
are:

Assumption (D/l): The plasma is ofAsuffiCiently low

density and temperature as to be approximately collisionless.

Assumption (D/2): ~The mean particlevveiocities are

sufficiently low to be nonrelativistic.

Assumption (D/l)'considerably simpiifies the thermodynamics,
as it implies conservation of particle dénsity following
the plasma motion; it also leads to a deterministic (rather

than stochastic) formulation of ‘plasma dynamics. -Assumption
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(D/2) avoids relativistic transformation of pérticle and -
field quaﬁtities. Both assumptions are valid to good -
approximafion for small-scale laboratory plasmas. The
following equations then.govern particle motions in the plasma:
(1) Lorentz Force Law

d(m Y/t = g, _n. [E + v, x B] (D.l)

i, enl e¥ i,e i,ei,e’=  ~—i,e
(11i) Particle Conservation (Second Law of Thermodynamics)

d(ni}e)/ét = 0 3 - | : | (D.2)

(iii).Maxwéll's Equations

. _ ’ -1 _ _‘l ' : - .
9E/dt = (uge) “(V x B) (e) 7J : (D.3)‘
V+E = is 5—1 | o (D 45
3B/3t = -(V x E) . ' - (D.5)
V'B = 0 (D.6)
where
o = qyn; + qun, : (D.8)

and the transformation to lab frame variables is accomplished

using the substantive derivatives

/At = ang /3t + Velng vy ) (D.9)
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dv; o/At = Byy SOt + vy e (Tyy () (D.10)

USing {D.2) and (D.iO), equations (D.l) are simplified and

written in lab frame coordinates as

Q) IE + v,  xB] (D.11)

'e

_azi’e/at f _Xi,e'(vzi,e) + (qi'e/mi'

while from (D.9), (D.2) becomes

ani,e/at = —V-(ni’e zi,e) , (D.12)

Remark D-1: Equations (D.11), (D.12), (D.3)-(D.6) constitute

a first-order quasilinear system of 16 equations in 14

Ver Doy E, E); the (well-known)

dependent variables (gi, n,, v

~redundahcy of Maxwell's‘equations may be (formally) removed
by.considering (b.4), (D.6) as static ("state—space")
constraints on (D.3), (D.6), respectively. The control

action is now extracted from Maxwell's equations.

Externally-applied Fields (Controls):

The field quanﬁities'in (D.l)-(D.é) refer to total fields,
which are.thé sum of exterhally-applied fieids (controls), and
induéed fields,‘due to the moving charged particles of the
plasma‘itself. The applied fiélds are those which would be
obtained in the absence of the plasma and are hence governed:
by Maxwéll's equations in free space; To be more explicit,

B I

o]

(D.13)

=

Eept . (D.14)

i
to

B

where E°, BF are governed by
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BEE/at’é (uoeo)';(V;EE) | _ (D.15) .
v-EF =0 | | (D.16)

2B"/3t = —(v@% (L.17)
v-BE' =0 i o | (D.18)

The true control action is applied through the boundary

conditions on (D.;S)-(D.lﬁ) at the charged conducting plates

and on (D.17)-(D.18) at the field coils. In control enginéeriné

terminology, (D.16), (D.18) play the role of .control

constraints and (D.15), (D.17) play the role of actuator
'dynamics.(l) |

In modeiling, these equations should properly be appended
‘to the other dynamic_equations, yielding a boundary.contfol
problem with two "bouﬁdaries" and*stétic_state constraints,
_which is a more complicated typé of system than that discussed
in Section 1.1. ' However, since the purpoge_bf this example

is to illustrate the theories of Chapters 1 and 2, additional

~assumptions will be introduced which justify use of these

results:(zy
Assumption (D/3): 1In the plasma confinement region
8 = (0,0,BC(r,1)).

Aséﬁmption (D/4) : gl << EF;

(1) There are in fact . even more of these, viz., characteristics
of voltage and current sources charging the plates and
driving the field coils, and the capacitance and inductance
of these elements, respectively.

(2) Author's license! The assumptlons are phy81cally reasonable
but do not represent the author's preferred formulation of
the problem. <Consideration of the more general problem,
however, is beyond the scope of this research.
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Aésﬁmptioh (D/3) is false, since it overlooks (D.15)-(D.18)

as constraints on the field g?; in fact, there is an innate
tendency for confinement schemes as indicated by Figure 2

to allow escape of piasma frdm the "ends" of the cylinder
précisely bgcéuse of these constraints. Considering
instabilities in a plane, z=constant, however, (which is the
object of this example), the assumption may be approximately
valid. On the basis of Assumption (D/3), Bg(:=0,t) (rather
than_the field coil current) is considered to be a boundary
control. On the basis of Assumption (D/4), the self-induced
magnetic‘field'of'the plasma, g;; is ignored. For static
fields (see below)) this assumption is quité reasdnable, although
for dynamic perturbations it might be somewhat less accura;e.
The eléctrié'field, on the other hand, will not be split
according to .(D.13); the charged conductors~wili be considered

to exert boundary control. on the total field.(3)

PhysicalvAssﬁmptions for Static énd Dynamic Analysis:

If the notion of steady-sﬁate developed in Seétion 1.5
is appliedito equations fD.3)—(D.8),V(D.ll)—(D.12)f and
appropriate boundary conditions are supplied, the resulting
boundary-valﬁe pfdblem does not uhiquely define a steady state
motion. In order to restrict attention to the cyclotron
motién'indicated in Fiqure 3, the following assumption is

made.

(3) It is assumed that any longltudlnally invariant charge
distribution may be synthe51zed instantly; i.e.,
capacitance of the conductors lS ignored. (See also
footnote (1)). '
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Assumption (D/5) : 3(+)%/3z = 0; 3(-)S/36 = 0.

In_particuiar, this requires (E?)s = (0,0,(B§)?) and
(g)s = (EiLO,O). ~In steady state, z-components of partiele
Veloeities'venish,.and the pafticle densities depend only

on r.

‘ The dynamic perturbation equations alsoidefine modes c¢f -
instability of the cyclotron motion other than the diocotron
.-ihstabiliﬁy (e.qg., particlee spiralling out the ends of tne o
‘cylinder), which will not be considered in this.example. To

this end, it is necessary to institute

(4’»,3(.5t/az_= 0

Assumption (D/6) :
It is noted in particular that this is potentially in conflict
with (D.17)-(D.18), which have been ignored in Assumption (D/3).

Remark D-2: The "static"fconstraintf(D.4) is readily

incorporated into ﬁhe‘staﬁicvanalYSis but proves to be

redundant in. the dynamic analysis, provided the initial
conditions'are :equired fo‘satisfy equetionv(D.4). .This may be |
seen as follows: a(D.4)/at is already implied by (D.2) and
(D.3). From equations (D.Z)J using (D.9), the rightéhand'.

side of 3(D.4)/3t may be written

N ) 1 | . 1
(eo) op/ot = (eo) (qiani/at +_qeane/at)
- - -1, ' : , _
= (80) \Y (qlnly_l + qene,}’_e) (D.19)
- -1..
= ~-(e,) "V

(4) This is not a consequence of (D/S).
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On the other hand, the right-hand side.may be independently

evaluated. from equation (D.3):

5(V+E) /0t = V- (3E/0t)

1

Ve luge) HowxB) - (e) ROl (.20)

-1
(e,) “V-J

]

since V-(VYxB)=0, which is the same as (D.19). Therefore,
nothing is lbst'by'omitting {D.4) from the dynamié analysis,

providing - Et(O)' satisfies

v-e%(0) = (eo)_llqivn;(ov) +qafr (D.21)

This remark indicates (for this example) an added advantage
of the.steady-staté/dynamic perturbation type of analysis, in
model simplification. An analogous remark applies to the

equation (D.G).

Boundary Conditions:

Under the preceding assumptions, the system becomes
1pngitudina11y invariant, and attention is restricted to a
plane z=constant. The spatial domain under consideration is

thus
(r,8) € 2= [0,R] x [0,27] C R® | (D.22)

which 1is rectangular in (r,s8); the boundary has four "sides":
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Bl r =0
BI ’ r = R
- (b.23)
B2 : 8 =20
+ .
52 : 6 = 27

Boundary conditions at B1 may be determined from rotational

symmetry:

m (0,8) = MiMiVir M eVer = 0 ' (D'Zé)

where m denotes linear momentum, and

Jr(O,e) = qinivir + qenever =‘0 | {D.25)
Ee(o,e)' = 0 "(D.26)
B_(0,8) = BE (D.27)

) 2 ’ z _ o L

Since particles must have finite average angular momentum, it

is also necessary to,require-

i
o

vie(O(B) (D-23)v

]
o

Vg (0:8) (D.29)

+
1

depend on the materials used in constructing the plasma

Boundary,conditions ét’ B are difficult to derive, and
chamber and the conducting shields imposing the external electric
field. To siﬂplify‘the model, the following assumptions are

added
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Assumption (D/7): Particlesvexperience elastic wall

collisions.

Assumption (D/8): On the boundary BI,'any radial

electric field distribution may be synthesized by an

appropriate external surface charge distribution.
Assumption (D/8), like assumption (D/3), is unrealistic
because it overlooks physical phenomena such as the surface_'
currents on the shields induced by the .applied magnetic field.
Assumption (D/7) implies

'vit(r,e) (D.30)

]
o

(D.31)

il
[=]

ver(R,er

by virtue of conservation of (average) radial momentum in wall

collisions; and assumption (D/8) implies the condition

i

E ’
E_(R,8) = E(R,86) - (D.32)

where E (R,8) is regarded as a second boundary control.

Boundary conditions at B% are~contiﬁuity of all variables,
T.e., |
Ki(r,p) = Xi(r,.2w) (D.33) -
gé(r.o) = \_re_(r, 27) - _(5.34)
n;(r,0) = n.(x, 2m) - (D.35)
ng(r,0) = ng(r, 2m) (D.36)

E(x,0) = E(r, 2m) |  (D.37)
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which is obviously a consequence of the polar coordinate
system. These conditions, unfortunately, are not of the form
postulated in Chaptér 1 (equation (1.3)). Formally, though,

it is possible to cast them in this form by applying no

boundary conditions on By, and by considering the left-hand

sides of (D.33)-(D.37) to be dummy control variables on

+
2

at this boundary. This approach is adopted below.

B, - i.e., by assuming boundary controls on all variables

Summary of Simplified Plasma Equations:

(T) Steady State Equations

S s _S

0 = -vi _(avi _/ar) + (qi/mi)IEr + v B} N (D.38)
0 = —vir(évie/af) +_(qi/mi)[E§=; virB§]. (D.39)
0 =,—ni(av§r/ar) - vir(ani/ar) ~'(r)_lnivir ' ' (D.405'
0 = -v3_(3v3 _/ar) +-(qe/mé)[Ei + ve Bo] (D.41)
0 = ;v:r(a“:é/ar) + (qe/me)[Ez - vz;le , (D.42)
0 = -nZ(avzr/én - vo,(3n2/31) - (r_)‘l‘ nvi_ (b.43)
0= -(e )" lagnfvs, + amlvil (D.44)
0= (g h a8/0r - (e T iapndvl ¢ apiv)  (0uas)



— S -1l_s
0 = 8Ee/3r + (1) E8
— ApS _ -1 ] s oy LS
0 = aEr/ar (eo) [qini + qene] + (r) E:
_ s
0 = aBz/?z

Boundary conditions on B

lv:
m.n?v? + m nsvs = 0
i 1i'ir e e er
nsvS nsvs = Q
RiVir 9eeVer
s _
Vie = 0
s _
vee = 0
s —
E6 0
Bz = BzE (Boundary Control)

s .
ir = 0
vS = 0
er
, S .SE . ’
Er = Lr (Boundary Control)

Boundary conditions on BZ: HNone.
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(D.46)
(D.47)

(D.48):

(D.49)
(b.50)
(D.51)
(b.52)
(D.53)

(D.54)

(D.55)

(D.56)

(D.57)
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Boundary conditions on B;:
(D.58)

IV EIE

eg’ Be’ By 8’

and ( )~ denotes a dummy boundary control variable.

Y
i er

where x = v, V. n
- r - Yir’ Tie!
o

Bz, respectively;

Remark D-3: These equations are sufficient to conclude that

S _ .S _ .S - . . Lo :
.vir = ver = Ee = 0 on 2Z. This fact is used to eliminate

some terms in the linearized equations below.

(II) Linearized Perturbation Equations

t s .t

t _ ., "l s t- , t s
ovy /ot = (r) vie(avir/ae) + (qy/m) [E. + Byv,, + v; B ]
’ ' (D.59) .
t . -1l s -t _ s t
avie/at = —(xr) vie(avie/ae) (avie/ar)vir
(D.6Q)
t s_. t
* lqy/mi) [Bg - Bvy,]
t = _nSqa,t N -1l_s t oo -1l s.,.. t
ani/at ni(avir/ar) (r) ni(avie/ae) (x) vie(ani/ae)
. (b.61)
L -1l s S, t
. I(rf ny + (Bni/a;)]vir
t e g —Ll_s t .t s_t s .t
aver/at = ~(n) vee(aver/ae) + (qé/me)[Er + Bzvee + VeeBz]
(D.62)
t — -1 s t _ S t
3Vee/3t = -(r) veg(avee/ae) (avee/ar)ver

M (qe/me)[ﬁg _,Bzvgr] | ' (0-63)



t
ane/at

_t
anr/at

t
BEe/at

t N
aBZ/at

Boundary
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~nd (3v5_sor) - (1) ln (ave,/30) + (x) lvs (ant/20)
(D.64)
1.8 s S
- Wx) "n  + (3n_/3r)]lv,_,.
-1 s t s t o .
(eo) [qinivir + qenever] (D.65)
_ -1 ..t
= (uoso) aBz/ar
(D.66)
. s t t s t s _t
- (Eo) [q (nl ie f gty ) + qg (n Veo * veene)]
-aeL/or + (r) tesl/ae - (0 7iEE | (D.67)
conditions on Bl:
s t s t '
minsv; o+ mon_v.. , o .(D.68)
s t s t
9i0iViy * GPeVer A | (D.69)
vie | - : (D.79)
t - ' | ,
vee | (D.?l)
.t
Eg (D.72)
= Bt (Boundary Control) ) (D.73)
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- . .
Boundary conditions on Bl:

t

_ | .74

Vip =0 | | (D.74)
t _

Ver = 0 | (D.75)

":E: = EiE' (Boundary control) (D.76)

Boundary conditions on B;: None.

Boundary conditions on B;:

t ., t,o

xt = (x%) (D.77)

where x is as in (D.58).

"Remark D—4; Note in both static and'linear cases thet the
total nuﬁber_of independent boundary conditions on Bi, B; is
equal to the number of'equétions. This situatioﬁ is to be .
expected iﬁ'most physical examples studied.by'the author; ih
fact, counting boundary qonditions appears to be a good "rule.
of thumb” in checking out whether a first-order system is
under-or overdetermined at the boundary. In the linear case,
-a major problem of well;pOSedness (with a smootﬁ boundary, in
general) is to find which linear_combinations of state

variables may be specified on Wha; regions of the boundary.

Selection of Performance Index: Steady State

-Steady-state design is based on a preconceived notion

of what constitutes a desirable steady state; a considerable
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variety of performance objectives can be envisioned for this
examéle. 'For purposés of illustration, it is supposed that
these objectives are:.

(1) Maximum rotational kinetic energy.
(ii) Minimum radiation loss. -
(iii) Minimum applied fields (control energy).

A reasonable criterion for thése objectives would be

S nSE o SE, _ | _ s, .8 2 S,.,8 2,2
J (Bz ,Er ) = J [mini(vie) + méne(vee) ]r® az
Z . :
‘ sE, 2. - ‘ sE, 2 S.S + '
+ f_ u (B,7)"dB, + L[eo(Er )© + EgB,ldB; (D.78)
B By
Remark D-5: It is presumed that ni >0, nZ-Z 0 in Z.

Remark D-6: There is no a priori guarantee of the existence

of optimal controls.

Remark D-7: The steady-state equations leave the distribution

ni (or alternatively nZ) indeterminate; hence it is

interesting to choose a performance index which does not

presuppose prbpertiés of this distribution.

Selection of Performance Index: Linearized Dynamics
Presuming that optimal controls exist‘for the steady-

state problem and that the "closed-loop" steady state motion

is a cyélotron-type rotation, it is reasonable to formulate

the linearized problem as one of regulation about this
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steady state. Particular objectives might be
(i) Minimize kinetic energy of perturbéd motions
(ii) Minimize energy of distorted fieids
(iii) Minimize control energy. .
Again, thére are countiess other possibilities. A reasonable

performance'index for these objectives would be

t
_ f
t, tE _tE, _ s t 2 t 2
J‘(Bz ,Er ) = ]_ f {mini}(vir) + (rvie) ]
‘ 0 zZ
S t,2 t 2
+ mene[(ver) + (?Vee) ]
- £,2 - £, 2; £.2,
+ so[(Er) + (Ee) ] + uo(Bz) } dz dt
'tf'
+-J [J‘uo(BZE)?‘dB; + J €, (E ) dB ]dt - (D.79)
0 BT pt
1 : By

Remark D-8: Penalizing energy dissipation due to perturbed

motions would add cross—-terms of the form q;ny [vt t EOEE]

1rr

Remark D-9: The static and dynamic indices given above  are not

related, as would be the case in applying the Decomposition
Theorem of Section 1.5. This approach was not followed here
in the interest of kéeping nonlinear and linear applications

separate and of clearly motivating the performance indices.
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'APPENDIX E: AT THE CIRCUS

Wishiﬁg to reduce their'inSurance costé, and concerned
for the saféty of their tightroée walkers, the Ringling
Bros., having read_thié thesis, propose to build a "tightrope -
twitcher". This device Wiggles the span at one end.in such
a manner as to insure that the rope is nearly stationary when
the éightrope walker lands after bouncing on it.

The "twitcher" might be designed as follows, using the
theory 6f,Chapter 2. Let T = [O,tf] denote a time interval
containing a "jump"; Consider the rope to be infinitely
long, 2 =‘[O,w),'since control is‘exerciséd‘at one enq only,
the point 2z = 0. Let x(t,z) denote the vertical deflection
of ﬁhelfope,,whose moﬁiqn is governed by the equation for a

non-uniform vibrating string: .
2,..2 - : \ ,
p(z) 3x“/3t™ = 3lt(z) 9ax/dz]1/3z + £(t,z2) : (E.1)

where p(z) is the density and +t(z) 1is related to the
tension on the rope (the more éccUrate case, 1 = 1(t,2), 1is
also treated without difficulty). f(t,z) 1is the fofce on
ere‘by the tightrope walker, which is known from the

sequence of the act. State variables may be chosen as

X, = 3x/3t - (T/p)l/2 ox/3z : '(E.2)

e
]

ax/ot + ('r/p)l/2 ox/d3z , (E.3)
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Equation (E.1l) then takes the first-order form

-a 0}

pYe
1 1 1l 1
gE = %E o+ - + (E.4)
Xy 0 af. X, k -k X, f2
where
a = ('r/p)l/2 AA (E.5)
kK = [ (t./p) - & (t/p) 1/a | (E.6)
-2 z/P _ 4 Pl g :

"The conditions of Section 2.1 are "almost" satisfied:

2 2 2

Caen gt agal =2 -t e
XO = tAl a (distinct real roots)
(A-2) |A] = -a® #0 at z =0
(Af3) ' $ must have rank ng = 1. A 1is in normal form.

Hersh's theorem (Theorem 1-1) applies, with

: -s/a 0
1.7 EEK < | g
1 2 L.
and for (1.8), 1 (s,k) = -s/a, A (s,k) = +s/a, giving
el = [1, 0] e - 10, 1)

Since Re AZ > 0 for Re s > 0, the boundary operator T, in

addition to satisfying (A-3), must be independent of 32; tiis
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condition is satisfied by

T =-[1, 0] , © (E.7)
Kreiss' condition (Theorem 1-2) is not quite satisfied since
T_ = [l,e] is in a neighborhood of T but violates Hersh's'
theorem. This condition, however, is only a sufficient
condition for well;posedness; it can be shown that in fact
(E.7"gives rise to a wellfposed'problem; The system is then-

described by

Ix/3t = A 3x/3z + K x + £ L (E.8)

IC: x(0,2) = x_(2) | N O (E.9)
BC: T x(t,0) = v(t) | . (E.10)

- where v(t) 1is the twitch (corresponds to shaking the rope
at 2z = 0 - what else wbuld you do?!)..
The tightrope walker would like to land with the rope
in its resting position, i.e.( ax/ot =10, ax/0z % O;. The
response is,thus-

x| 172 1/2 X

Y= 5 - -1/2a 1/2a ) X =Cx (E'll)v

An appropriate performance index for the twitcher is

J(v) = j y' Q(t,z) y db + f‘ vZ ar (E.12)

D | _ T
where '
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q,(t,z) 0

| qz(t,Z)

0(t,z) = 0 - _ (E.

13)

with a; > 0 chosen to be maximum at the point in time and

space when the jump is complete.
| With”these‘choices, the optimal control (Chapter II,

(3.17)-(3;24)) is determined by solving the TPBVP:

ax*/3t = A 9x*/dz + K x* + £ | (E.

iC: g*(O,E) = EO(E)‘A | | o (E.

BC: x*, (£,0) = -a(0)p*; (£,0). | (E.

>ag*/3t_= ~A* dp*/dz - o , (L.
4 IK' - 2A/d2] p* + C'Q C x*

FC: p*(tg,2z) =0 | (E.

BC: a(0) p*,(t,0) =0 . : (e

The optimal twitch is

v*(t) = -a (0) p*, (t,0) (E:

14).
15) -
16,

17)

18)

19)

20)

The sophisticated way to find p* is by solving the equations

(cf. Chapter II, (4.69)-(4.75)):
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-~ dR(t,z,5) /3t = - A(s) dB/ds - A(z) 3P/3z
+ [K'(s) + K'(z) - 3A(s)/3s - 3A(z)/3z]P
- Ell(t,z,O) a2(0)‘gll(t,0,s)
+ s(z-s) [C'Q C] (t,s) (E.21)
FC: g(tf,z}S) =0 | : (3.22)'

0 —a(oy] B(t,0,5) =

BC: [Q -a(o =0 (£.23)
a9 g(t}z,p) =0 (E.24)
and
-ag(t,ii/at_= -A(2z)3xr/3z +.[5'(Z) - 85(2))821 r
P . gll(t(z,O)rl(t,d{

2 .
+ P(t,z,s)f(t,s)ds + a“(0)
Jo = = 2 EZI(t,Z,O)rZ(t,O)

(E.25)
FC: x(tg,z) = 0 ‘ - (E.26)
BC: a(O)ré(t,O) = 0 - (E.27)

The best twitch is then
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0

vE(t) = —a(O)[j (Pll(t,o,s)xi(t,s) + Plz(t,O,s)xg(t,s))ds

0

+r (5,001 " (E.28)

Mssrs. Ringling can build their tightrope twitcher if they

know the position of the rope at each time.






