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ABSTRACT

The stochastlec control of two weakly coupled linear
systems with different controllers is considered. Each
controller only makes measurements about his own system;
no information about the other system is assumed to be
available. Based on the noisy measurements, the controllers
are to generate independently suitable control policies
which minimize a quadratic cost functional.

To account for the effects of weak coupling directly,
an approximate model, which lnvolves replacing the
influence of one system on the other by a white noise
process is proposed. Simple suboptimal control problem
for calculating the covariances of these noises is solved
using the matrix minimum principle. The overall system -
performance based on this scheme is analysed as a
" function of the degree of intersystem coupling. The
results are compared to those obtained using complete
centralization and the Separation Theorem. Tradeoffs
between the various approaches are discussed.
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CHAPTER 1 - INTRODUCTION

The development of modern control theory has been:
charaéterizéd by its numerous ramifications into various areas
of interest. On the theoretical side, researchers have drawn
on such,divefse mathematical techniques‘as abstract algebra,
calculus of variations, partial differential equations,
'functiénal anélysis, etc. Control theoryAhas beén cast into
such a sdbhisticated mathemétical framework that 1t not only'
interests the engineers, but has attracted the attention of
scientists and‘maﬁhématicians as well. On the ﬁractical’side,
control theory has found'applications in the guidéncé and
navigation of_space vehiclés, industrial chemical process
control, air traffic éontrol, etc.. In these vériou§'areas
where the study of control theory is relevant; thére'is one
particular area which,is of great theoretical as well as
practical interest, namely, the study of large écale systems.
What is the best way of décision making for a firm and its
branches? How should an automated ground transportation
system be set up? Howidhould the government coordinate the
various sectors of the economy? These problems had not been
'jinveStigéted'to any appreciable degreé in the past owing to
their great comglexity. AWith the advent of modern computer
technology, the powerful computational facilities made
avallable render1 the sysfematiq study of large scale'systems
possible.. Various approaches to this problem have been
suggested [l]; [2], although few concrete reéults haQe been

obtalned.
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A large syétem can be viewed as a single.huge object and
its overall behavior analyzed as a unit. Very bften, however,
it is divided into subsystems, each with its own controller.

In this situation, the amount of interaction between the sub-
systems plays a cruclal role in determining the system

performance. ,If thé.subsystems are strongly coupled, the

division into subsystems will not help us much in the analysis.

We still have to take eQerything fully into account. However,

if the coupling between the subsystems is weak, intuitively

at least, it seems that some simplification may.be possible.

It is to the latter situation that this thesis will address itself.

There ére many examples of weakly coupled gystemé with
different controllers. Consider the various branches of a
- firm. Normally, each of theseé branches will operate almost in
an autonomous_ménner.~'The manager of each branch will make his
own decigion'without too much knowledge or cohcern about how
the others are dperating. Thus, even ﬁhough they belong to
the same large system, théir interaction is, 1n:general,_very
weak. Other typical'examples can be found in process control
applications,vtransportation systems, and economic systems.

We can thérefore pose the following genérai-problem for
weakly_coupled ;ystgms with different controllers: given a
set of dynamicai.systems, each of which interacté only slightly
with the rest, what 1s the best set of controls ﬁhat the

controllers should choose in order to minimize some cost

criterion?
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Both in the deterministic and stochastic case, if all the

controllers are organized under a central agency (the so~called
completely centralized situation) who collects all measurements
and determines all coﬁtrols, we will have a mathematically
optimal design. However, as has been pointed'ouf by Athans
et al. for thé deterministic case [3], thisvwill require a
large and expensive communication system, which for téchnical
and/or econdmic reasons may not be desirable. Furthermore, it
may be very inefficient for the central agency to make all the
declsions and then transmit them to the various controllers.
These considerations prompted Athané et al. [3]_to suggést a
suboptimal control schéme which resulted in some form of
decentralized control. |

In the sfochastic case, the éentralized optimal control
for the linear-quadratic—Gaussian problém is given by the
Separation Theorem[l4]. When a central agency 1s absent and
the information patterns of the controllers are different,
Chong [5] has‘shown that, in general, the Separation Theorem '
does not hold,  At the present time, there is no general theory
ﬁhaf one can appeal to when the poliéy of complete éentralization
is not desired. In this situation, a varilety of approaches
have been used to tackle our general problem. For example;
using the théory_of_nonzero sum differential games [6], (71,
or that of team theory ([8]. However, many of these approaches
suffer from the féct fhat‘although a certain degree of

decentralization is obtalned, the effects of weak coupling are
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not brought into focus and utilized in the system design.

Intuitively, a very reasonable approach to the problem is to
try to account for the weak coupling directly.

In this thesis, the stochastic control of two weakly
coupled stochastic linear systems with quadratic cost is
considered.. Each system'hés its own controllef wlith different
available information. A model for calculating the controls
~ in which the weak eoupling is approximated by "feke" white
Anoise processes, is proposed. This model is essentlally due to
Chong [5]. The intensities of the white neiée brocesses_are
vieﬁed as pseudo-control Variablee (the reasons for adopting
this tefminology will be given in Chapter 2) whose determination
generates the real physieal controls. A matrik optimal
conﬁrol problem 1s then solved and the complete suboptimal
controllscheme specifled.

| The structure of the remainder of the thesis 1is
ae follows: In Chapter 2,‘the precise problem under consideration -
is stated. We define the class of admissible physicai controls
and, after a discussion of ﬁhe problem, propose a model.fof
ealculating the physieal controls; A Justificatioén for the
model is given. ‘We then define pseﬁdo—controls to be the
eovariances of the "fake" white noises introduced in tﬁe
proposed model and the cohsiderable simplification obtained is
discussed. For»fixed but arbitrary pseudo-~controls, the-optimal
physical cenbrols are obtained. The problem now becomes one

in the determination of the pseudo-controls.
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In-Chapter'3 a reformulation of tﬁe problem using the model
proposed in Chapter 2 is stated. A deterministic matrix
optimal cohtrol problem with the pseudo-control variables defined
in Chapter 2 viewed as controls is stated. The interpretation
‘of this problem in’ relation to-the-original problem is given.
The unconventiqnal coﬁstraints on the pseudo-controls are
discussed. Auxiliary:variablés are then defined to remove
these constraints. |

The solution of the matrix optimal control problem 1s
éiven in Chapter 4. The optimal bseudo—controis ére shown to
‘be a function of the degrée of intersystem coupling. The
éomplete‘scheme for generating the physical cdhtrols for the
l original proﬁlem is discusseé. Computationél.aspects of the
solution are considered. The asymptotic case in which the
couplingAgoeé 60 zero is analyzed. The optimal pseudo-
cohtrols areithen“shown‘to}be zero, whiéh;is;whét we
«ahould.expectwforﬁoriginaliy uncoupledbsystems.

In Chapfér 5,the performance of the system with controls
calculated uéiﬁg'the proposed spheme i1s investigated. The
results-obtained_are'compared to the»mathématically optimal
policy of cOmpléte centralization aﬁd an ‘intuitive
'interpretation is given;_ The advantagesin using the proposed
scheme over thaﬁ-qf complete cent?a}izéfion areistated.

The trade-offs iﬁvolved between the cholce of policies-are

discussed.
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Chapter 6 summarizes the results given in the preceding
chapter. TopiCS for future research are also suggested.

The main contribution of this thesis lies in the
consideration of an approximate model which considerably
simplifies the analysis of the stochastic control of weakly
coupled systems. The results show that this'simple suboptimal
schemé will be véry important when trade-offs between
various control policies are studied. The philosophy of
using white noilse intensities as pseudo-control variables, and
the general method of solution to the problem also indicate
an approach to ﬁany stochastic problems in which whité noilse
processes are used as approximations. This should find

applications to various filtering and control problems.
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'CHAPTER 2 .- THE STOCHASTIC CONTROL PROBLEM

~In this chapter we first give a precise statement of the
stochés£ic optimal control'problem for two weakly coupled
linear systems With different controllers. We then discuss the
implications of weak coupling and show how aﬁ approximate
model ;an be used to considerably simplify the system structuref
We also give éome intuitive arguments which justify the use of
the approximate modei. We define the covariénce matrices of
the '"fake" whife noises introduced in the proposed model to be
the pseudoecontrol variables and show now the actual physicalv
controls can be generated using the pseudo-controls. How the
pseudo—contrbls are to be determined will be the subject of

the following chapters.

2.1 Statement of the Stochastic Optimal Control Problem

Consider the following weakly coupled linear systems

(see Fig. 1):

R (6) = A (6) %) (6)+By ) (8)uy (£)+eh 5 (£)x,(8)+ 2, (£)
X (tg) =%  (2.1.1)
X5 (£) = Ays(E)x5(E)+B 5 (8)uy(t)+ehyq (E) X, (£)+2,(8)

x,(t5) = x5, (2.1.2)
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n
where x;(t) ¢ R
‘n
52(t) € R ° 1s the state of system 2,
u,(t) e R 1 45 the eontrol for system 1,

p
gz(t) e R ° 1s the control for system 2,

1 is the state of system 1,

511(t) is an nyxn; matrix
"A;5(t) 1s an nj xn, matrix
A,5(t) 1is an n,xn, matrix
ﬂzl(t) is an n,xn; matrix
B,,(t) is an n,xp, matrix

B,5(t) 1s an n,yxp, matrix |
and &, which is assumed to be much smaller in magnitude than
any other quantity associéted with the systeﬁs,,is a scalar
coupling parameter.

We assume that A (t) and A (t) are zero mean, mutually"

independent Gaussian white noise processes driving the

systems, with

cov {ll(t); ll(r)} Al(t)é(t-r)

cov {A,(t); AZ(T)}' Az(t)ﬁ(t—T)

The_initiél states x;, and x,, are assumed to be mutually

independent Gaussian random vectors with statistics:

Elx ot = %3
=z :
covixggixy o} = 2oy
E{xygl = X540

covixagixag) = Lo
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X and X, are also assumed to be independent of A,(t) and

10 20
lg(t)’ for all t.

o As has been noted in Chapter 1, it is often (technicall&
or ecénomically) not feaslble to allow each‘cdntroller to
measure thevstates of both systems. |

We consider, therefore, the case in which each controller
only makes measurements about his own system output ahd has
no access tb the measurements carried out by the other system.

In general, the measurements are corrupted by noilse and so,

we assume that the observation equations can be written as

2, (£) = Cp(£)x; (649, () (2.1.3)
and .
25(t) = Cpn(£)x,(£)48,(t) (2.1.4)
_ ry
where gl(t) € R is the output of system 1,

T
gz(t) € R 2 is the output of system 2,

C;7,(t) is a ryxn, matrix,
| C,5(t) 1s a rixn, matrix.
- The stochastic processes gl(t) and gz(t) are assumed to be zero

mean, mﬁtually independent Gaussiah white noise processes with

cov{gl(t);‘gl(f)} Qi(t)d(t—r)

cov{8,(t); 8,(1)} = 0,(£)8(t-1)
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8,(t) and 8,(t) are also assumed to be independent of

'i-l(T)’ lg(T)"Zio’ and 2‘_20 -fOr all’t:‘v:*:"and-'-‘;r”. |

Our cqntrol objective is to regulate the states of the
two systems without expending too much control energy. Since
each of'our systems‘is operating almost in an autonomous
‘ﬁashiéﬁ;“we<take:astthé(o&éf&&i%ﬁé&ﬁanm&nme%méasunejteﬁbeithé
sum of the performance measures of the two 1ndividual systems.
"Hence, we take as our system performance measure the cost = *
functional

I(uy,u,) = Iy (uy,u5) + Touysu,)
where

T, (uy5u,) = E{xJ(TIF,x, (T)+ IT(;_i<t)g1(t')51'(t.>; |

‘o
| (2.1.5)
+u] (0B, (£)w (£)dt)
Tpluysp) = ELxS(DEx (T4 [T(x3(£)@, ()%, (8
ta '
0
u3 (£)R, (8)uy(t))at} (2.8

0, R, = R! >

El = Fiﬂz 0, Ql = gi > Ry Ry 0
Fy,=F3 20, 9, =252>0, R, =R)>0
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are welghting matrices of appropriate dimensions. Note that
in general,le depends on both gl(t) and gz(t) as the choice
of 32(t) affects system 1 through the weak coupling, and
vicé—versa. |

Since éach controller only makes measufeﬁents about his
own system, we require gl(t) to be a function only of the
measureménts made on system;l, together with the a priori
informétion about the two systems, which 1s shared by both
control;ers; Similarly, we;require u,(t) to be a function
oniy of the measurements made on system 2, together with the

a priori information.

To be more preclse, we define the information sets

A

¥(t) = {z(1); ty < T < £} U {a priori information}
Y,(t) = {gz(T);'to <t <t} U {a priori information}

| Then gi(t) is an admissdble control if,and only if, it is

of the form
uy (8) =9, (Y, (8), t) 1=1,2 (2.1.7)

Our control objective consists of finding bhe,best u, (£) -

and u,(t) such that the cost functional J(u;,u,) is minimized.
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In other wdrds,the sfochastic optimal control problem being‘
considered is solved if we can find controls u,*(t) and

52*(t) satisfying the properties that they are admissible and |

that for any other set of admissible controls u,(t) and u,(t),
#* #) ] : ‘ |
J(u *,u,%) < J(u;,u,) _ . (2.1.8)

gl*(t) and u,*(t) are called the optimal controls for.ouf‘
pfoblem.

The way in which the control strategies depend on the
information structure of the system 1is eruciél for our problem.l
The celebrated Separation Theorem gives the soiution te the
linear-quadrat1c-Gaussién problem for the case where all controls
" are generated by a central agency who makes all measurements.
and has perfect memory [4]. Since, for reasons mentloned
earlier, the centralized scheme is not allowed, the Separation
Theorem eannotebe applied directly to our problem [5].
Considerations in stochastic differential game theory suggest
thet the true optimal controls may be very compliceted. We
shall, therefere, propose an approximate model fof ouf originalr

sysfem, which will simplify the analysis.considerably.

2.2 An Approximate Model for Calculations of the Controls

We observe first of all that the influence of one system

on the other 1s quite emall, as the intersystem coupling 15 weak
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(by virtue of the fact that € is small). Secondly, since each
controller does not have access to the measuremehts ébout

the other system, he canvview the state of the othér system
essentially as a completely random quantity. Thus, the
perturbationai affects of the weak coupling on each system aré
similar to that of a noise. For controller 1, therefore, the
term-eﬁlz(t)§2(t) looks like an additional driving noise
process. _Sinceiiz(t)'is the staté of a stochastic linear

. system driven by white Gaussian noise, it 1s a Gaussilan but
generally.colored.procéss. Howevef, controller 1 has almost

" no knoﬁledge about ig(t) and so the §erﬁurbational effects

_ of4§2(t) on system 1 are more or less entifely‘unpredictable.
For. this reann, we may try to approximate the 1nfluence of
52(t) upon system 1 by a white noise pfocess. Furthermoré, since
our alm is to:maintain the statés near zero, we cén model
2512(t)32(t),.which 1s much smaller than x,(t), as having
éero mean. Similarly, controller 2 also models the term
eg2l(t)£l(f) as a zero mean, Gaussian white noise process.

We'shall replace the coupling terms by the white noise

processes gl(t)_and‘QZ(t) so ﬁhat the system equations (2.1.1)

and‘(2.l;2) beoomes (see Fig. 2)

x;(t) Ay 1 ()2 (8)4By ) (E)uy (6) 4 (£) 45, (£) (2.2.1)

Xp(6) = Ayu(6)xy (8)4B,, () u,y (£) 44, (£)4E,(8) (2.2.2)
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Fig; 2 Assumed Model for Control
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where we model £, () and gé(t) a% zero mean, independent Gaussian

"fake" white nolses with

covig;(t)s & ()} = E,(8)8 (t-1)

covig,(t); E,(1)} = E5(8)6 (t-1)

b

Considering the nature of the quantities which g, (t) and £,(t)
model, they are assumed to be also -independent of the other
noise processes. To specify these fake white nolses completely,

we must determine the covariance or intensity matrices =l(t)

and

92(t). Intuitively, there should be some sort of "dptimal"'
choices, for gl(t) and 22(t).sé that we can get the best |
results possible with the kind of approximations that we are
making. However, being covariénce matficés, they are

constrained to belong to the class of symmetric and positive

LED esl L e - [
F

semidefinite matrices. R K S SURDRLIT e o e e

“ittWith the above model, the structure-of'the entire system

is greatly simplified. System 1 is completely decoupled from
system 2. They are driven by the mutually independent equivaleﬁt

- white noises

wo(t) = ), (t) + g,(¢)

and

wy(t) = a,(8) + g,(8)
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respectively. Our original control problem is also modified

to one which~completely decompose s into two stochastic optimal
control problems,_one for System 1 and the other for system 2.
If we fix E,(t) and E,4t) so that the statistles of gl(t) and
‘ﬂz(t) are compietely specified, both of these prbblems are
linear—quadratic-Gauséian problems with centralized information
structure. The Separation Theorem can thus be_applied to these
two problems individually. We see that E,(t) and Z,(t) now
pléy the role of control variables in the sense that their

specification generates the solutions to our modified problem.

We shall therefore call E,(t) and £,(t) the pseudo-controls

for our modified problem. In contrast, u,(t) and u,(t) will

be called the physical controls. To be more specific, for

fixed but arbitrary'él(t) andcgz(t), we can use the Separation
Theorem to obtain the following set of optimal physical controls

for our modifiead problem

uy (8) = =R, TH(E)BI L (6)K, ()%, (8) L (2.2.3)

up(6) = =B,™H (£)BY,(0)K,(6)x,5(8) (2.2.4)

where 51(t) and:§2(t) are the solutions of the following

matrix Riccati differential equations

Ky (£)=-K, (£)A), (£)-AL, () K (%)

+i5 (8)By 3 (O)RTH(0)BY ) (£)K, (6)-0) (£)5 Ky (T)=F;

- (2.2.9)
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« - ) C ' V -1 1
52(t)=—52(§)522(t)—g 22(t)52(t)+§2(t)§22(t)32 (t)§22(t)52(t)
-9_2(1;)5_2('1‘)=_P_‘_2 (2.2.6)
and éll(t) and £22(t) are estimates'of the states il(t) and

§2(t) generatéd by the “unﬁoupléd" Kalman-Bucy filters

X - A
X7 (8)=A17 (£ x5 (£)+B3; (£)uy (£)+G, (£) [z (£)-Cy4 (£)xy4(E)]

x11(tg)=Xy4 (2.2.7)

2 ~ ' ~
Koo (B)=hop (0) 255 (00 3B, ()up ()40, ()12, (0)=Cop (8D x55(0) ]

A

x55(E5) =X, (2.2.8)
. N ' _1 ’ .
with 6y (6) = Z3(6)C], (£)077 (%) (2.2.9)
0,08 = £, (8)Cs,(8)05 (1) | (2.2.10)

The matrices Z,(t) and L,(t) satisfy another set of matrix

Riccati'differehtial eqﬁations
. - ; o -1
£1(E)=a1 (£)E (8)+g) (£)AL, (£)=£ (£)C1 (£)0]T(£)Cy 1 (£)E; (£)

+h, ()42, €)5 21(§0)=§011 (2.2.11)
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» _l
= 1 - '
£ (8) =R, (0)E, () +E, (8D, (8)-E,(£)Ch,(£)057 (£)Con(E)L,(E)
+ +E " .' = - . 2
Ay (B)+2,(8); 2, (ty)=ky,, (2.2.12)
We note that the optimal physical controls given by (2.2.3)
and (2.2.4) for our modified problem are admissible controls
for our original problem. The adoption of theAapproximate
model not only decouples the two systems, but 1t also
helps. to generate suboptimal physical controls for our original -
problem. The work now remains to be done is to choose the
pseudo-controls, i;e.; the intensity matrices gl(t) and ;2(t),

through an optimization procedure.

2.3 Discussion

It is important to get a preciselinterpretation of the
results of the previous section. We have proposed a.model
which 1is very reasonable in view of the nature of the problem.
It also brings us a great deal of simplification to the original
problem‘we considered. We have not yet‘proved mathematically,
however,_that the hodelnis acceptable in the sense that the.
physlcal controls generated byrusing the model, as given in
equations (2.2.3) and (2.2.4), are nearly optimal. Nor have
we made any comparison between the true optimal cost and the
cost resulting from the adoption of the model. These matters
will be given due attention in Chapter 5,where we shall prove

that the model is. indeed acceptable.
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‘We remark that ill(t) and £22(t) are not the optimal
estimates associated with our original problem, nor can we
interpret El(t) and 22(5) as the error covariances of the
estimates. I,(t) and L,(t) are simply part of the welghting
matrices which generate the state estimates £il(t) and £22(t),
which in turn givé us the physical controls. Since gl(t) and
gg(t) depend on Z.(t) and gz(t) respectively, it is clear
from the above discussion that the physical controls u,(t)
and 32(t) depend on gl(t) and gz(t). Hence, the cost associated

21

with the problem also depends on the choice of Z,(t) and iz(t).
If we view equations (2.2.11) and (2.2.12) as state equations |

with the pseudo-controls gl(t) and gz(t) as controls, we
should be able to formulate an optimal control problem in
E;(t) and E,(t). Exactly how this is accomplished will be

the concern of the next chapter.
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CHAPTER 3 - THE ASSOCIATED DETERMINISTIC CONTROL PROBLEM

We have seen 1n Chapter 2 that by adopting‘a-very reasonabie
appréximate h@del, the physigal controls will be generated
as long as we specify the covariance matrices 6f the "fake"
white nolsesintroduced. We also showed that the cost
associated with the modified problem depends dn these
intenéity matrices, and it 1is, therefore, appropriate to
view them as pseudo—control variables. In this chapter, we
take the physical éonfrols to be generated according to the
model proposed in Chapter 2 and reformulate our stochastic
optimal control problem into a deterministic matrix optimal
COntrdl problem with thevpseudofcontrdlé as the control
variables. . The interpretation of the deterministié pfoblem
in relation to our original stochastlc problem is given.
This, together with certain "technical" aspects of the
Optimizationﬁﬁgahmém, prompt us to introduce additional
terms into the original cost functional. (Further discussion
on this problem will be given.) The cohplete deterministic

optimal control problém is then stated.

3.1 “Hormulation of the Assoclated Deterministic Optimal
Control Problem '

‘Taking our physical controls to be generated by equations
(2.2.3) and (2,2.U), we first of all substitute equations (2.2.3)

and (2.2.4) into (2.1.1) and (2.1.2).
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x,(t) = gll<t>£1<§>-gll<t)3;1<t>gil<t>5l<t>gllgt)
o+ eA ()X, (8)+A, (E) (3.1.1)
Ep(8) = Ry (00, (8)-By, ()RGH(6)Bh, (0K, (8) 55 ()

+egaﬁw5ﬁthﬁgt> .(QJfﬂ-

Subtract equation (2.2.7) from (3.1.1) and (2.2.8) from
-(3.1.2) to get

LA | . ~
£ (82, 1 (6)=[A, ) (8)-2, (£) €1 (83071 (6)C, 1 (6) 10x, (E) =%, (6) T

* EA—lz(t)zg(t)+1\_1(t>—§1(t>9i1<t)9{1(t)9,1(t) (3.1.3)

>
and

%5 (8) =X (8) =0y 5 (8)-L,(6)C3, (6) 85 (6105, (8) 1xp () -xp(8)]

+ egzl(t);l(t)+12(t)—§2(t)gé2(t)92 (t)8,(t) (3.1.4)
Since x;4(t) and x,,(t) are the estimates of x,(t)
and gg(t) respectively, the above two equations can be

interpreted as the equations for the estimation errors.

If we now define

n'(6) & [xf(6) x3(6) (x)C6)-115(6)) (x3(8)-x2,(EN] (3.1.5)
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then stralghtforward computatibn shows
m(t) = A(t)m(t)+B(t)a(t) 4 (3.1.6)

where (dependence on t has been omitted for notational

simplicity)
A R-IB1.K A B R;lB' K | 0 |
211 “B118 B8 €212 21151 2117 =
A(t) & A A..-B..R:lBr K 0 R_1B!
2 221 22272028 Epop = B,ooRy Bk,
0 €A A..-z.c!.071c 0
A | 212 B117298379776, 2
A 0 0 A..-5.Cl.ollc
5 121 2 = 22Tz =22
(3.1.7)
™ B
I 0 0 0
o I 0 o}
B(t) 5|1 0 -I,C149; o |
-1
L_O_ I: 4 ‘_Z_ggéggg- o (>3'1°8)A
E 7
e
o(t) #ay(t)
JENGCD
o, ()| | (3.1.9)
— - .
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Equation (3.1.6) is still a vector stochastic differential

equation. To obtain determiniStic equations, we define

the symmetric second moment matrix M(t) to be

M1

Mo1

M31

M
u’“l

Then M(t) satisfies

-12

—22

—32

= E{m(t)n"(t)}

M(t) = ACE)M(E)+M(t)A' (£)+B(t)O(£)B' (£);

[y gz S
By ¥Xs 0XT o
MCtd= | X50%i0
Lo11
0
- where
pooo
ot) = |0 A, O
o 0 o
10 g 0
L.

z

=10=20

- -,
022%¥%50%20

1o o)

|©

Y

=022

o1 0
o Iy

orn 2
0 2022J

(3.1.10)

(3.1.11)

(3.1.12)
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Equation (3.1.11) is now a deterministic-matrix
differential equation. Our plan is to use this as one of
the state equations in a deterministic matrix optimal control
problem. To'ﬁhis end, we substitute equations (2.2.3) énd
(2.2.4) into equations (2.1.5) and (2.1.6). We can then

express the cost functional in terms of the components of

M(t) as

. | T '
J=tr[F M) (TI+E My, (T) ] @ ft triQ M), +Q,M,5

0
-1,
*K By Ry B Ky (Mg =My 3-Ma) #M55)
1 o N
+52822R2 BS,K 2(M52—M2H—Mu2+Muu)]dt (3.1.13)

This can be written in a mbre compact form by defining

|©
o
[=]

I
He>
o
o
jo
. o

1O
=]
{O
[{=]

(3.1.1&)

o
o
o
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B -y 1
B +K1 B11By Bk Q RS B11 12
a(t)2 0 Q. +K.B. R.1B! 0 KB R B K
= . - =2 =2=22-2 22—2 - 2=22—2 =222
-K.B, R.'B!.K 0 K B. R-1B! K 0
=1=-11-1 =11--1 = =1=-11-1 =-11-1 -
0 -K.B., RI'B! K 0 K,B,,R3BLK
, L - —2—22 2 =22=2 - 2=-22—2 —22=2
(3.1.15)
Then
3= tr[PM(M ] + T £r[Q(EIM(t)] dt (3.1.16)
N to
Since I,(t) depends on EZ,(t) and L,(t) depends on
ga(t), while M(t) in turn depends on I,(t) and IZ,(t) through
A(t), we see that in general, the cost J will depend on Z.(t)
and E,(t). It seems possible then to take M(t), Z,(t), and.

z (t) as the states and the pseudo-controls

as the control variables which affect I (t)

(t)

and £,(t) by

£ (8), E;

equations (2.2.11) and (2.2.12).
We note, however, that we now have a different problem
from the one we started with. Originally we were concerned

with calculating dptimal physical controls u%ing the above
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quadratic performance index. The physical controls we had
obtained would be optimal if equations (2.2,1) and (2.2.2)
represented the true sysfem dynamics. Since they are an
épproximation, this should be reflected in the cost functional
for the deterministic problem. In other words, we should

add to the original cost functional terms whic¢h measure the
effects of our approximation and subsequent employment of
‘.the Separation Theorem. Additional moti#ation to do so

is provided by the fact that the pseudo-controls E.(t)

21
and. E,(t) appear only linearly in the State equations for
Z,(t) and Z,(t). If we use the original cost functional
which does not contain any terms explicitly in the pseudo-
controls, the Hamiltonian assbciated with such an optimal
control problem will be linear in 5;(t) and Z,(t). We will
- then be faced with a complex singular matrix optimal control
problem. o

The.simplest way to aéhieve the above objective is to

add to theiCOSt functional the term

T

f T (£)=! = Tt

£ trlE, (V)2 (E)+E,(£)E" () 1t

Essentially this 1s equivalent to penalizing the magnitude
of the noise intensities for becoming too large. The

rationaie behind this is that our physical controls used
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come from a ﬁodel in which "fake" white plant noises are
used to approximate the coupling betwegn the systems. This
procedure is justifiable only when the coupling is weak.
Clearly, if the model 1is to‘wérk at all, the noise intensities
must not be large compared to the éuantities_they approximate.
Also, by keeplng the noise intensities as low as possible,
the state estimates obtained would be a more faithful
representation -of the tfue states. Furthermore, the
quadratic nature of the additional term 1sbintuitively very
appealing. Since this 1is not something which arises
automatiéally out of the original‘problem, we should expect
that other choices for the additional term are also Jjustifiable.
A‘discussion‘peftaining to this observatién will be given
in Chapter 5.

vSince gi(t) and gz(t) are_éovariance matrices of white
nolse processes, they must be symmetric and at least positive_
semidefinite. Hence the optimai pseudo-control are constrained
to lie in this class of matrices.

Puttiﬁg together the above.development we arrive at the
following,deterministic matrik'optimal control problem, whose
solution gives the physical‘controls for the original stochastic

optimal control»broblem:
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Problem: Given the system described by the matrix differential .
equations:

M(E) = ACtYM(E)+M(E)A (£)+B(£)O(E)B(£) (3.1.17)

5 = ' ' yo~l¢s : ’
#A (8)+E, (8) 0 (3.1.18)
. _ , U -

Hp(e)tz(e) (3.1.19)

with initial conditions

Z011%%0% 10 Z1o§éo Io1p 2
M(t)= | Xp0¥{g §0é2+izozéq 0 Zgpp
Lo11 & Ipy @
- - Egpp 0 Eppo]
' (3.1.20)
CLi(ty) = Zgg (3.1.21)
(3.1.22)

I(tg) = Ly5,
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and the cost functional

J(2,,5,)=telPM(T) ] + [T tr[Q(t)M(t)+E, (£)E! (8)
1722 ! 2AES!
0

+ 52( VES (t)]dt o (3.1.23)

Find symmetric and at least positive semidefinite matrices

;1*(t)‘and 52*(t) such that the cost functional 3 is

miﬂimized,

3.2 Discussion

A careful interpretation must be given to the equations

My3(t)
satisfies an equation of the form satisfied by gl(t), they

derived in the above section. Although the submatrix M

afe,'in general, altogether different objects. M (t).is
the error covariance assoclated with the estimate xll( )

while gl(t) is simply part Qf the gain matrix used ‘in the
Kalman filter for generating ill(t). This difference'

is more viQidly illustrated by looking at the cost functional"
J(‘l’“2) OnlyAthe cqmponents of M(t) appear in 5(;1,§2);
there are no terms 1nvolving_§1(t) or gZ(p) explicitly.

As will be shéwn iﬁ Chgpter 5, M33(t) and Ql(t) will both

represent the estimation error covariance only when e=0, 1.e.,

when the two syStems are uncoupled to start with. In this

particular case, we should expect =.%*(t) and Z. *(t) to be

=1 =2
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both equal to zero. For if we do not have any coupling, there
is cléarly no need to add fiétitious noise to the system to
approximate nothing. This asymptotic case will be treated

in Chapter 4. In general, we should also expect Z.¥(t) and

52*(t) to be a function of the degree of intersystem coupling
because this is precisely what £, (t) and Z,(t) are
approximating.

Requiring the control variables to 1ie in the class
of symmetric and posltive semidefinite matrices is an
unconvenﬁional constraint. If we try to sblve;the‘
constrainedbproblem directly, we shall find it difficult
to ensure that the resulting controls will meet the constraints.
However, we can circumvent this difficulty by defining the

auxiliary variables N,(t) and N,(t) where

Ep(E) = N' (£)N, (t) ‘ . (3.2.1)

-—
-

_2(t) = N',(£)N,(t) . (3.2.2)

§2(t) in the above form, the constraints

are automatically satisfied. Therefore, instéqd of seeking

By writing £ (t) and

the optimal EZ,%*(t) and Z,¥(t) directly, we shall optimize

the cholce of N,(t) and N,(t). The optimal pseudo-controls

then follow immediately. We note that N,(t) and N,(t) are
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- not necessarily square matrices. Nor would the factorization
of £.(t) and E,(t) into the above forms 1in general be unique.
If iv(t) and gé(t) are positive definite, however, N,(t) and
§2(t) can be taken to be nonsingular and unique. |

In the next chapter, we'shall see how such an
unconventional control problem can be solved using standard

optimal control techniques,
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CHAPTER 4: SOLUTION OF THE DETERMINISTIC PROBLEM
AND THE COMPLETE STOCHASTIC CONTROL STRATEGY

" In Chapter,3, we posed a deterministié optimal control
'problem'using the pseudo-control variables. The unconventional"
constraints were removed by defining auxiliary variables.

We shall now proceed to solve this deterministic problem.

Our main tool 1is the matrix minimum principle [9], and so

the results gerived here will be the necessary conditibns
satisfied by the optimal pseudo-controls. After obtaining

the optimal pseudo-controls, we display the complete

procedure for generating the physical éontrOIS‘to-our original
- stochastic pfoblem. Some éomputationai aspectsvare then
considered and the asyhptotic.case in which the. intersystem
cqupling goes to zero 1s treated. The results.are shown

to be in keeping with the Intuitive discussion given in

sectlion 3.2.

4.1 Solution of the Deterministic Optimal Control Problem

In order to simplify the notation, we shall define

i

_ ; -1 :
Ly (t) = C1 (88l (t)C,, (8) (4.1.1)

He>

' (ey0L |
Lo(t) = C3,(1)0,7(£)C,,(t) . (4.1.2)
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Let P(t), §l(t), and 8,(t) be the costate matrices
associatéd with M(t), El(t), and §2(t) respectively.

Also define‘ |

[ 1

Pin Bys Byg By

P(t)= 1By Epp Boy By

E31 B3 B33 By
(4.1.3)

Pya By Eys Eou
For any real symmetric nxn matrix W, we use g(W) to
denote 1ts spectrum, i.e., the set of elgenvalues {Ai}
i=1,2....n of W. Diag o(W) will denote the nxn matrix
with the only nonzero entries the numbers Xis Agseidy

élong the diagonal:

- - y
A 0 0 ... .0
diag o(W) = [0 XA, 0 . -
» . O
0« v v e e e S (b1
n‘

Diag IO(E)I is(similariy defined with |A1|'replacing Ay
in: equation (4:1.4). The eigenvalues A, need not be distinct.
However, for any real symmetric nxn matrix W, we can always

find an orthogonal matrix which diagonalizes W into the form

diag o(W).
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Using the matrix minimum principle with the above
notation, we arrive at the.followingltheorem:
Theorem:
The optimal pseudo-controls are given by (* denotes

evaluation along the optimal trajectory)

M) = T T, (%) diaglc(§1*(t)ﬂzl'(p)- Sy (H1.5)
2,4(6) = F T,(5) dalag|o(S,*())[T, (6)- 38,%(5) (4.1.6)

where T,(t) and'iz(t) are the orthogonal matrices which
diagonalize §1*(t) and §2*(t) respectively for every

M¥(t), 2*(t),A§1*(t), S,*(t), L, *(t), and S,*(t) satisfy

the following set of differential equations:

% (£)=A¥(£)M*(£)+Mk (L) AX " (£)+BH(£)O(E)BH" (£)

EME(E) = M(t) (4.1.7)

Be(t) = -A%1E)P*(t)-PR*(L)A%(£)-Q(t)

PH¥(T) = F - (4.1.8):
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Lo¥(e)=a ()L *(t)
;gl*(t)g'11<t>-§;*(t>g'll(t)9§1(t>911<t>§1*(t>
+Ql(§)+§_{(t)

21*(to)=5511 | | (4.1.9)

S_.‘l*(t)=_-&"ll(t)—s—l*(t)—él*(t)&ll(t)+Sl*(t)§l*(t)£l(t)

+T,(E)Z, #(£)S) *(¢)

“PA3()ZF(O)L, (0) T, () ZF(OIPY(0)+RY, (0)1g) (03T, (5)

+g§2(t)M§é§t)gl(t)

*R33 (0L (D)D) (D4R (IMEH(IT, (4141, (2IUEL(0IPy 5(6)

| +£l(t)M§§(t)§§3(t)
+§1(t)ggé(t)g§3<t)+§1<t)u§§(t)2§3(t);

S¥(T) = 0 T (hi1a10)

E8(6)=8,,(£)IE(E)
+I8(6)AY,(6)~Z8(8)CH,(6) 05 () C,,(6) Z8(t)

+h,(t)+22(t)

E3(t )=, - | (4.1.11)
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Ao (6)SE(E)-SE(6) Ay, (£)+SE(E)ZE(£IT,(E)

f_I‘_2(’c)§_§('t)§_"2‘(t)

Py (E)EF(EIT, ()L, (£)E(E)RR, (£)+R, (£IME{ ()T, (E)

HREL(E)MEL(E) T, (E)

2ROV HOIRGE RO HOINOR

+T,(E)ME] (£)PF, ()

+1o(E)MA} ()RS, (£)4,(£IME ) (£)PY, (1)

0, (E)MA L (E) PR, (1)

SK(T) = 0 (4.1.12)

The optimal cost is

"N

J*

= to[FM(T) ]+ [T trfé_(t>m*(t)+g;(t)§{'(t>
: .t
. 0

+§§(t)‘§§'(t)1d§ (u.l.lz_')
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Proof: BSee Appendix A.

To obtaiﬁ the optimal pseudo-controls, we have to
solve three’twdépoint boundary value problems rebresented
by equations (h;i.7) and (4.1.12). This can be done, for
example,-using'the gfadient method. We emphasize that all
the calculations required to solve theée eQuations are
off-line and so the optimal E¥(t) and EX(t) are
precomputable. - Although it may be objected that solving
three nonlinear, coupled two-point boundary valﬁe problems
is no easy matter, we rema¥k that in Chapter 5, we will
show that in many cases of interest, ;{(t) and "*(t) can
be taken to be zero. 1In these situations, there is evenv
no need to go through'computationally any of the stép; of
this deterministic problem;‘ This does not imply, however,
that solving the deterministic problem is a futile and
meahingless exercise. It gives us the limitations as well
as the advantages of usinp this approach. These matters
.will all be dealt with in the next chapter.

We note also the definiteness property of "*(t) and
'~*(t) is governed by the définiteness of $*(t) and S%(t)
respectively. When S¥(t) Zf93 Z¥#(t) = 0. This represents
the minimum that z¥(t) can take on. If'S{(t) <0, |
ii(t) = - %g{(t) and 1is therefore positive definite. This

is the maximum of’gi(t). If §§(t) 1s negative semidefinite



~45-
or indefinite, then gi(t) is only positive semidefinite.
Completely analogous remarks hold for Z¥(t). Hence by
analyzing the behavior of §§(t)‘ahd §g(t), we will obtain
all the properties of gi(t)'and E%(t). We shall follow

this line'of approach in the sequel.

4.2 The Complete Stochastic Control Strategy
Collecting_all the results we have developed so far,
we are now in a position to state ﬁhe complete stochastic
control stratégy for two weakly cqupléd linear systems
using quadratic criteria: |
Step. 1 - Solve the two matrix Riccati differential
ééuatiqns (2.2.5) and (2.2.6) to yield ﬁl(t) and ﬁé(t).
These afe off-line calculations and can be preeomputed.
The control gain matrices gl-l(t)gll'(t)gl(t) and
52—l(t)§22‘(t)§2(t).are then completely specified.
Step 2 - Formulate and solve the deterministic optimal
control problem as gilven by equations (4.1.7) to.(4.1.12).
We emphasize that these are again 6ff-line caiculations
énd can again be pregOmpu#ed. We will determine g{(t) and
gg(t) in the_process,.and hence the filter gailn hatrices
;i(t)gli'(t)gl_l(t) and ;3(t)g22‘(t)génl(t) are completely
specified. ,
Step 3 - Use the filter gains determined from Steb 2 in

the Kalman filter equations of (2.2.7) and (2.2.8) to
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~

generate the state estimates ili(t) and £22(t).
Step 4 - Implement the controls u, (t) and gz(t) by putting
together the control gain matrices and the state estimates
(see‘Fig. 3).

We remark that since all the complex calculations-can
be carriéd out off-line, and that the controls are simply
linear transformations of the state estimates, there will be

no difficulties with on-line implementation.

4.3 Qualitative Properties of the Optimal Pseudo-Controls

Throughout our proposed model, we have assumed that
gl(t)‘ahd 22(f) approximate small coupling elements.' The
ph}losophy of introducing additional termé in the cost
functioﬁal'whgn we were formulating the deterministic
problem is indeed to make gl(t) and gz(t)-small themselves.

But 1f £;(t) and E,(t) are small, it should be possible to

21

vliew them as perturbations and to use pérturbational

analysis, with € as the small parameter to investigate.

the qualitative effects E,(t) and E,(t) have on the system.
" To be-precise; we expand.the variables in a power

series in ¢ and equate terms of the same pdwer in €. 1In

, oﬁher words, we write (all the analysis in the sequel will

be done along the optimal trajectory; ¥ has been omitted

for simplicity)
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-

Fig. 3 Structure of the Proposed Control Scheme
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iJ<t~,) - Mi(o)(t)+eM(l)(t)+e M§§>(t)+g(e2,t);i=1,2,3,u
| | j=1,2,3,4

L, (t) = E(O)(t)+e§(1)(t)+e2§(2)(t)+g(é2,t); 1=1,2

Byy(t) = P(O)(t)+sP(l)(t)+e P(jZ)(t)+g(e2,t)_;. 1=1,2,3,4
s, (6) = 882 (6)+es{P (£)4e §(2)(t)+g(e2,t)§ 1=1,2

5, (t) = "(O)(t)+e:§l)(t)+e 22(B (gyr0(e? 0y 1=1,2
where 1im 9(—52—:-9-3-.: 0 uniformly in t

e+0 £

The various terms in the power series are obtained by
differentiating the original!quantities with resbect ﬁo

€ an approbriate number of times and then setting € equal
to zero in the final result. For example

(k) ‘
3 "M, L, (t) ' :
(k)(t) = _1J k=0,1... (4.3.1)

=0

Consider first the éeroth order termé. This 1s
bbtained by simply setting €=0. This cérresponds'precisely
to the case.in which the fwo systéms are in fact uncoupled.
It can be shown that EZ¥(t) and X(t) are then 1dentically
zero (see Appendix B). The interpretation is, of course,
that 21

approximate the coupling terms and hence decouple the systems.

(t) and “Z(t) were introduced originally to
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If the systems were uncoupled to start with, such a trick

would qbviousiy_pe unhecessaty*__Eurthepmorejssince—we

had added terms in E,(t) and E,(t) to the cost functional,
the cost will increase for no purpose at all if 2,(t) and
22(t) were nonzero. This result 1s certainly what we would
expect and require of the optimal pseudo-controls.

We can actually say quite a bit more about the optimal
gi(t) and gg(t). Intuitively, since gl(t) and'§2(t)‘
approximate the térms eélZ(t)£2(t)'and eﬁZl(t)gl(t)
respectively, gl(t) and gz(t) should both be of‘second ofdef
in e. A direct.calculation shows that this is_indeed the
case and that, in general, second and higher order terms
are nonzero (see Appéndix'C). ‘Thié has an important
interpretation: _ |

If we adopt the approximate model, and if either the
second order effects are small enough so that they can be
neglected, or4the second order_cofrectibns are not important
in the design, then we can simply set the_coupling to zero
and work with the decoupled systems.

The above rema¥k 1s, of course, obvious if we look
at the original stochastic system equdtions. Nevertheless,
it is wdrthwhile to check thaf our optimal solutions have

the "correct" properties.



-50-

4,4 Discussion

;_r__gfﬁ_wA_*_ﬂ_ﬁTwo_more—things-nOW“rem&In’f6‘EE_HSHETﬂ;?Yfggf-EII@Ehé-
preéeding analysis assumes thét the proposed_model is
acceptable to start with. We still have not proved
mathematically‘that this is so. Secondly, we have not yet
undertaken an analysis of the system performance,_a critical
issue ‘which Concerns the designer. Both of these are, of

course, part of the same quéstion: how does the performance

of the system using the proposed control strategy compare

to the truly. optimal one? What are the tréde—offs between

choosing theée various schemes? These Rill be the subject

matter of the next chéptér.
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CHAPTER 5: PERFORMANCE OF THE SYSTEM

In Chapter U, we have obtained the complete scheme for
generating the physical controls by way of the solution of
the associated deterministic problem. Since these results
are derived usihg an approximate model, the physical controls
are clearly suboptimal. Although the scheme is appealing
in view of its simplicity, it would not be acceptable if it
is "too" suboptimal. In order to justify the‘proposed
design, we must show that the system performance is close
to the truly optimal one.

For a geheral linear system, the mathematically
optimal design 1s to adopt complete centralization and
apply the Séparatiqn Theorem. In our case, we can treat
the two weakly coupled systems as a ‘big unit and assume.
that the controllers are now administered by a central
agency. We can then compare the cost obtained by using
the complete centralization scheme to that obtained by
using the proposed design.

We will show that these two costs are the same up to
linear ferms 1in €. Since ¢ is small, we may fherefore
conclude that our proposed scheme 1s approximately optimal.
We will also show that using ;{(t) = ;g(t) = 0 gives us

3

the same performance up to g~ terms as that obtained by

using the optimal g{(t) and ;g(t). We then turn to a
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discussion of‘the advantages of the proposed design and
the prade-offg:between the various choices.of control

strategy. The practical implications of our proposed

strategy are also explored.

5.1 Analysis of the System Performance
To investigate the performance of the system using
our control scheme, we look at the cost incurred..  For any

=2

fixed Z,(t) and E,(t), it can be shown that the cost 1s
given by (see Appendix D)

[V
1]

brlKy (60) (Bgyy+E) F] o) +Kp (8, (Lgpp*Ep0%30) )
+ { tr(K A +K A,)dt
Q
¥ { Ver(k, By RIUBY KMok 282252 BaakaMyy
O )
+2e(§1A12M21+K2A21P17)
+ E15) ¢ E, 5lat | : (5.1.1)

Followlng the technique used in Chapter 4, we can

expand J in a power series in €.

7= 3000 4eg (1) 4 25(2) | g(e?) (5.1.2)
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The calculations in Appendices B and C show that in

addition to @ll the analysis below will be done along the

optimal traaectory, ¥ has been omltted)

06y = 540 ¢p)

- = 2Pt = 2P = 0 (5.1.3)

vwe also havé_'
§§)<t) =2Ve) = 0 (5.1.4)
w0 = 20 = o (5.1.5)

Thus, the optimal cost up to linear terms in € 1s given by

PO 0.

=trik, (¢ )(7‘011 X10%10) 8o (Fo) (292 X502 507
T
+,£ trlK) A, +Eoh,) de
O '
| (0) -1 (0)
* tr[KJ.Bll R7B{ K M33 +KaBooRy BooKolyy
v+2e (KlAleé8)+K2A21M§g))]dt - (5.1.6)

As a preliminary remark, we observe that since the

zeroth order terms do not depend on :1(t) and 2(t),

7000, (1)

+eJ is independent of il(t) and E,(t). Further

discussion on the dependence of J on g,(t) and Z,(t) will
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be given latef in the chapter.
Let us now compare the optimal cost up to linear terms
in € 1in our scheme to that given by complete centralizaﬁion.

To this ehd, we treat our coupled systems as a big unit

and define
1j§[(t) = [x](t) x3(¢)]
_f521(t) A,,(t)
B(t) =|B11(V) o |
9 By, ()]
I ]
c(t) = Cip (D 0
L..Q' —C-2>2(t)d
u2(th
-
z(t) = z) (t)]
z5(t))]
A(E) = A (0)
Ao ()
Qz(t{
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The composite system can be represented by the

following set. of equationss . . oo o

£(t) = A(£)x(£) + B(t)u(t) + A(t)
X
x(t) = x = | '° | (5.1.7)
%20
z(t) = C(t)x(t) + a(t) - - (5.1.8)

The white noise processes A(t) and 9(t) are zero mean

with covariances

M) e
) = | "
0 A8
9, (v) o |
a(t) =
0 9,

i(to) ls assumed to be a Gaussian random vector and has

statistics

%
. _ = . %10
E{x(t )} = x 3

220

Eniq L
. _+ . |*011 =012

covix(t );x(t )} =1L =

=021 =022



| - fgy(e) 0
Define Q(t) = % ]
L0 Qy(t)
e e o s

R,(t) O

R(t) = | ° =
L 8 EZ(tL
B T

. 0

Fo= |t =

9 F,

- The cost functional can then be expressed as

3= B{x'(T)Fx(T) + [T (x'(£)(£)x(t)+u’ (£)R(t)u(t))dt}
‘ ! _
e} .

i T
| K, () K, (t)
Define  K(t) S T

ESI2E P
(1. (t) £ (t)
1(5) I L1 ]

| =

-

L21(8)  Ly,(%)

K(t) and Z(t) satisfy the usual Riccati differential equations
for the control and flltering problems respectively.
It can be shown that by using the Separation Theorem,

the optimal cost is given by [10], [11]
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3 o= trlK(e ) (B +X,X0 1 + [T trlK(e)A(E) dt
! K(t)A
o

+ [Terlr(6)B(6)R™(6)BIOKE)E(E) Tat
t
o : (5.1.9)

We can again expand this optimal cost incurred by
using complete centralization in a power serles 1in €.

Up to linear terms in €, the result is given by [5]

J(0)+eJ(1)-tr[K(0)(t ) (L )+K(O)(t ) (L

011+x10 10 Looo

+x20 X3g) ¥ thr[K(°)<t)A (t>+K(°)(t)A (t)Jdt
O

* [ trlK;y By )R B Ky ] 11

2

x(0) -1a, (0) (0)
Koo BooRo BhoKs5 L, 50 1dt

+ etr[K(l)(t )X +K(l)(t )X

X20% 10 X10% 20

It can be shown that the cost (see Appendix D)

3000 g1 J(O)+EJ(1)‘ ~ (5.1.11)

What this says 1is that even 1if we allow the mathematically

optimal design of complete centralization, the improvement

over our scheme 1is of the order of 52. Of course, since

] (5.1.10)
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we are constraining our physical controls to be a function

only of the individual system measurements respectively, the

“controls generated bynééﬁblete centralization are not
admissible. However, né matter what the optimél physical
controls .for our problem are, they can certainly not'give
a lower cost than the one obtained by using complete

centralization. In other words, our system will;perform:

optimally at 1east up to linear terms in €. Since the

coupling 1s weak (e small), terms in quadratic and higher

orders of € do not contribute much to the overall system

behavior. We may therefore conclude that our approach gives

an: _approximately optimal-design. This vindicates our

claim that our'complete control strategy is acceptable as
far as the mathematical c&st'criterion is concerned.

A moment's reflection tells us that the.fesults
we have obtained are very reasonable. We have seen in

Chapter 4 that EZ;(t) and E,(t) are both of the order of
e2. Hence, we should expect that their effects on the
system performance will also be of the order_of 52, and
so the dptimal'cost up to linear termé,in € will be
independent of-gl(t) and Z,(t). |

| . Another way to intérpret thé result of eduation

(5.1.11) is to gb back to our original stochastic problem.

Recall that in the formulation of the stochastic problem



C.v

-59-
in Chapter 2, we have used quadratic terms in 5l(t) and

ig(t) in the cost functional. 1In the proposed model, we

'haﬁe/replaced the coupling terms EAJZ(t)£2(t) and

eg2l(t)§l(t) by the zero mean, Gaussian white noise
processes gi(t) ahd-gz(t). What we have implicitly

done is that we have modeled the éffects of coupling

terms on the systems to be zero on the averége. Now since
the coupling terms eA;,(t)x,(t) and eA,,(t)x;(t) influence
x3(t) and x,(t) in a linear fashion, their effects on |
Quadnatic cost functions will be of the order of €2. Thus
the overall cost will not be affected up to linear terms
in é onlthe average 1f we replaée the cdupling terms by
things with zero mean. Sﬁppdse we now addpt the complete
centralization scheme and apply the Separation Theorem
directly 'to our model represented by equations (2.2.1)

and (2.2.2). As we have argued, the resulting cost will
be the same up to linear terms in € as the one obtailned

if we have not adopted the model, and used the complete

centralization policy to begin with. Notice, however,

that applying centralized control policy to our model

results in exactly the same physical controls as those
given in ouf proposed strategy becaﬁse the two systems are
now decoupled. These arguments indicate, thérefore, that
equation (5.l.li) should héld. Our intuition 1lndeed agrees

well with the analytical results.
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5.2 The Dependence of J on % (t) and Z,(t)

$(0), 3(1)

We remarked earlier in this chapter that J' = '+eJ
does not depend on E,(t) and E,(t). It can be shown
that if = (t) and 52(t) are of the order of éz, i.e.,
§§O)(t) = ﬁ(l)(t) "(O>(t) "(1)(t) =0, then only EASY
and the higher order terms of the cost will depend on
E;(t) and E,5(t) (see Appendix E). In other words, any
E,(t) and E,(t) which go to zero as e would up to e3
terms be thé”same as the optimal cost obtained when
() aﬁd‘gg(t) are used. Thus, for most purpdses we
may assume thét the two systems are uncoupled. Only when
we want to improve the performance'of the system beyond
the fourth tefms in e that we have to solve the two-point
boundary value problem to find g{(t) and g;(t). This
does not mean, of course, that the formulation and
solution of the deterministic problem is a waste of time,
because the calculations in Appendix E are based on the
optimal'solution, Only by linvestigating the prdperties
of the optimal solution can we make such a statement
concerning the cholce éf gl(t) and 52(t).

Thié result has important implications in studylng
the trédeoffs between the choice of control schemes and

wlll be further discussed in the next section. It also

leads up to the remark given in Chapter 3 concerning the
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choice of the additional term to be introduced in the cost
functional. If instead of adding the term

fT tr[gl(t)gi(t)+§2(t)§é(t)]dt to the cost functional, we
t

‘0 _ :
add a term of the form [T tr{(Z,(t)-D; (£) 1[E, (t)-D, (t) ]!
t
° _

+ [22(t)-gé(ﬁ)j[;z—gz(t)]'}dt where gl(p) and D,(t) are
symmetric matrices formed from linear combinations of the
components of M(t), which are zero up to first order in ¢
and go to zero as 62. An entirely analogous calculation
to those given in Appendix A shows that the optimal

pseudo-controls are then of the form

2#(t) = T T,(t)dlaglo (S3(t)-2D¥(t))[T4() - T S3(t)
* 3 u® |
(5.2.1)

=%(t) = % T,(t)diaglo (S%(t)-2DA(t))|T)(t) - %§5(t)
* % DE(t) (5.2.2)

where 23(t) and T, (t) ére orthogonal matrices which
diagonalize'§{(t)—22{(t) and §§(t)—29§(t) respectively.
Sincé these pseudo~controls are of the order of 52, we

see that they-also have all the "correct'" properties noted
in our development, and they yvield a cost which is the

same as the one we have obtained in the maln development
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3

up to €~ terms. The philosophy behind this choice of the

additional term is that we want to track matrices, which

may have been omitted in our approximate model, by the
pseudo~controls. For-.example, we may take Ql(t) to be
e2a 2(t)m22(t)£i2(t) because wé have replaced eA;,(t)x,(t)
by,gl(t). Clearly, such a choice 1is justifiable. It

is neither supefior norinferior.to the one we used in the
main.develdpment. Whether one adds a term to the cost
functional to minimiée-the noise intensities or to track

some system states will be a decision left to the

discretion of the designer.

5.3 Optimal vs. Suboptimal
In this section, we turn to the question of the
application of our proposed control strategy. What are

the significant advantages obtained by using the proposed

design as opposed tOAQSing complete centralization? The
first thoughit that comes to one's mind is, of cdurSe, the
tremendous reduction in the communication between the twd
systems. Indeed, thls has been our orilginal motivation in
seeking other cbntrol schemes than complete centralization.
Enough has been said in the pfevious pages on the technigal
and economic reasons for desiring'this reduction, and this
péint will not be further belaboured here.‘

The second point that we wish to stress here 1is that

1n the completely centralized scheme, the state estimates
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are generated on line by a (n1+n2) dimensional Kalman
filter, while in our proposed scheme, the state estimates
are gehéraﬁéd on line b& tWorKalﬁan filters, one of

dimension n1 and the other ns. When n, and n2'are large,

1
1t Is much easier to integrate two vector differential

equations with dimension n, and n., respectively, than to
_ 1

2
integrate a single vector‘differential equation, but with
dimension (n1+n2). It is thus computationaliy advantageous
to ﬁse the proposed désign in generating the state
estimates and hence the physical controls.

of course,'one can think of many more advantages of
wquing with the uncoupled sysﬁems, though the above glives
only two impoftant ones. These consliderations lead to the
question of tradeoffs between various choices of control
strategles. There is no universal answer to such a question.
The choice depends cruclally on the problem at hand and
the objectives-of the designer. 1If computation time and
communication facllities are not a problem, as in systems
of very low dimension, then absolute optimality.méy be
tﬁe primary goai‘and-we may want to adopt complete
centralization. However, if the dimension of'the systems
is large, and there are constraints on the avallable
facilities, one may want té adopt the control scheme

proposed here. The tradeoff lies precisely in whether we
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want to get optimal performance beyond linear terms in ¢,

regardless of the ilncreased expenditure and technical

. diffiéhlties ihvélved, or we want a simple and efficient
system, and are willing to accept approximate optimal
performance és satisfactory. Such a declsion is ultimately
a test of thé designer's experiehce and enginéering

judgement which no mathematical analysis can replace.
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CHAPTER 6 - CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

In the preceding chapters, we have considered the
stochastic control of two weékly coupléd lineaf systems
using quadratic performance indices. Each system 1is
equipped with its own controller who has access onlv to
the nolsy measurements made on the output of his system.
The physical control inbut to each system 18 constrained
to be a function only of the measurements carried out on
that system, in order to reduce the required amount of
communicatioh between the systems. Instead of trying to
solve for the optimal physical controls directly, we
model the weak coupling as additional "fake" thte plant
noises. This completely decouples the two systems and the
Separation Theorem is applied to each system individually
to obtain simple, though somewhat suboptimai physical
controls. | '

The need to completeiy specify the "fake" white
plant noise processes prompts us to seek a systematic
method for finding the covariances of these white noises.
A deterministic matrix optimal contrdl problem 1is
formulated using the white noise covariances as contrbl
varlables. Necessafy conditions satisfied 5y the optimal
covarlances are derived using the matrix minimum principle.
These involve the solution of three two-point boundary
value problems. However, if the-coupling between the

systems 1s small enough, the white nolse covariances can
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be chosen to be simply zero. In this situation, we need
only to analyze the uncoupled systems. |

We thén compare the propdsed contréi scheme to the
mathematically optimal one of complete centralization.

We show that the proposedfstrategy is approximately
optimal. The practical advantages of using the design over
that of complete centralization are given and the tradeoffs
.between the various choices Qf control scheme discussed.

In the course of thé research reported here, a number
of related problems have appeared. They represent
interesting areas for future research.

1. We have shown in this thesis that if the coupling
between the systems 1s weak enough, i.e., if quadratic
and higher order termS-in € can be neglected, our proposed
scheme 1s both hathematically optimal as well as
computationally efficient. If ¢ is not small enough so
that second order effects are still important, we must
investigate how these are compared to the truly optimal
design, before we can study the tradeoffs between the varilous
control schemes. This important question will be
complicéted to examlne becéuse of the messy equations
involved. - |

2. 1In [5],4Chong has suggested another scheme of
controlling weakly coupled linear stochastic systems by
using partial(centralization and cooperation between two

controllers with different information sets. This scheme
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is also a subbptimal one. 'It would be 1nteres£ing to relate
his method to our design and compare the gystem perforhance
in both cases. ;A study of the tradeoffs between these two
schemes are just as important from a practical'viewpoint
as the study of tradeoffs given in this thesis.

3. The approach of using white noises to approximate
colored nolse processes has also been used in filtering
problems [10]. However, in most of these cases, the
cova;iances of the white noises are obtained by trilal-and-
error. It seemsithat in some cases, it may be possible
to formuléte.an optimization problem in the choice of the
covariances in a manner suggested in this thesis. What is
" a suitable choice for the cost functional and how much loss
in accuracy is.incurred in the approximation represent
interésting theoretical as wéll as practical questions for
future research.

i, . The power and practical significance of
perturbation analysis does not seem to be very much dppreciated
in optimal control literature, though it has been widely
used 1n stability theory. An important theoretical
reseafchvtopic would be to study the control of weakly
nonlinear systéms using the perturbational approach. In
the deterministié case, applicatioﬁ of the approadh to the
Hamilton-Jacobl eQuation seems to be frultful. 1In the general
stochastic setting, it becomes a much moré complex buf

vastly challenging question.
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APPENDIX A - PROOF OF THEOREM IN SECTION 4.1

Using the definitions and notations in section N l the
acalar Hamiltonian function H for the deterministic problem

posed in seotion 3.1 1s given by

Ho= tr[Q M +(A M + M A" +B O B)P+(A L
+I,A1~L.C1 070C, . 1
5189175 %,9 Sk
-1 o
t A +E)S) 1+ (ALt Ephl5=E,C8 057, LA+ 2,) 55
:':!':::1 . -
t O EgtE :2] _ | | (A1)

Let

183

L(6) = NICEINL(8), E5(t) = NI(£IN,(E)

Using the matrix minimum principle, the necessary conditions

for optimallty are, after a lot of manipulations

(1) diee) = 2 *.=v£*<t>m*<t>+m*<t)§*'<c>
+B¥(£)0(t)B¥*' (£) !
ME(to) = M(t) (A.2)

(2) Br(e) = - Q) = _Rerpx(o)-pr(o)A*(0)-Q(8);

. LA I
P¥(T) = F (A.3)
- y . oH - .
(3 By*) = 3| - aynpe)

+E¥(8)A], (£)=E8(E)C] (t)e{l(t)gll(t)gi(t)

+ A (t)+_*(t)'z*(t ) = (A. L)

—Oll
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(1) §,*(t) = - L1 R AJ,(6)SE(E)-S¥(£IA | (t)

+S¥(£)EX(e)r () -
+ L) () Z3(E)SH(E)I-PES(£)F(6)T, (E)

~I) (£)EF(E)PE(E)

* PE ()M (0)D, ()4PE, ()M (0T, (1)
+PE L (£)MEL(E)T, ()

+ A (ML (6)T) (£)+0, (£)MES(5)PYL(E)
o (B)HE3(0)ER5 ()

+ gi(t)g§§(t)ggg(t)+gl(t)ﬂg§(t)g§3(t);

§3(T) = 0 (A.5)
e At R
wher§ r, () = Ci,(t)eg (£)c,,(t)
(5) _i_g(t) = %}‘.Si_l . = &ég(t)ig*‘fég(t)ﬁég(t)

“IE(6)Ch ()85 (6)C,,(6)25(t)

1
+ Ae(t)+:2;

L¥(t (h.0)

LE(t5) = Ly
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Skt - 9H
(6) 8%(1) = - 51

4 ) —'Aég(t?§§(t>_§5(t)&22(t)
+SE(OIER(EIT, ()T, ()25 (1)53(8)

- PR, (E)EECe)I (e M5 (£)E(L)RE, (£)
+RE, (EIME (£)T,(E)
+ PR (EIMEL(E)T, (L) +PR S (£IMES(E)IT, (E)
+PE, (EIMEL(E) T, (E)
+ I (e)my) (0)P}, (£)+T, (t)M 3 (E)RR,(E)
4T (t)M* (t)P*q(t)+F (t)_gu(t)Pﬁu(t)

S*(T)
' (A7)
where r,(t) = ¢} (t)e (t)922(t)

oy o o BH | . \
(7) 0 = MWyl N¥(t)[S}(t)+s% (t)]+u§§(t)§§ (£IN¥(t)
| - - (A.8)
On multiplying throughout by ﬂf‘(ﬁ), we get
0=z (t)[S*(t)+S*‘(t)+u,*(t)] | - ~(A.9)
(8) 0 = | < NE(t)[SE(E)+SET(£)]
| CHINBONS (DS (A.10)

On multiplying throughout by Qg'(t), we get.

0= Z% (t)[S*(t)+S*'(t)+ﬂ~*(t)] | | | (A.11)
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Taking the transpose of (A.9), we get

ugi'(t>)é‘:-_’1"(t)*'_s,f(t)é{'(t)+§i'(t)§_{"(t)=g‘

Since both g{(t) and S¥(t) are symmetric, we get, on

comparing with equation (A.9),
=T ] 3 = * =¥
23(£)SE(t) = SH(L)EH(E)
Thus, we can rewrite eduation (A.9) as

WEAZ(E)HEY (£)S(E)+S(E)ZR(E) = 0

L e

On .completing the square, we have
- 1 2 1 2
n* * —3 *

On taking the square root, We have .

o 1
SH(t) = F(549(£))° - T 8%(t)

(A.12)

(A.13)

(A.18)

(A.15)

(A.16).

Since we cannot make any a priori statements about the

definitions of §f(t),_in general (A.16) has many admissible

soiutions. We will now demonstrate that one of these

minimizes the Hamiltonian and is therefore the optimal

control we seek.
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Let T,(t) be the orthogonal matrix which diagonalizes
the symmetric matrix §i(t) [12]. Then Ql(t) also

diagonalizes §i2(ﬁ). So,
[atag o(s}(£))1% = T " (£)s45 ()T, (8) ¢A.17)

On taking the square root and using the properties of

functions of a matrix, we get

1 1

(laiag o(s8(6))1%)% = 1,7 (63 1532(6)2%1, (0) (A.18)

(A.16) can now be written as

1
E4(t) = §T,(t) {[dtag o(33(£))1%)°T, " (£)= 7SF(t) (A.19)

(A.19) still has many admissible solutions, but we now

claim that the SOIution

E¥(t) = %gi(t) d1ag|o(§§(t))lglf(t)- %§{(t) | (A.20)

minimizes the Hamiltonian. To see thls, we flrst note that

we need only to conslder the behavior of the terms

Er[E5(E)S¥' (£)+23(L)EY (£)] = tr(;*(t)§§(t)+g*2(t)]
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Since Zl(t) simultaneouély diagonalizes g{(t)’and §f(t),

these two terms are, by (A.19), just

er[E2(6)38(e)+242(6)]

1
= tr (F[(dlag’o(s2(t ) -dtag o(S#(t)] diag o(SF(E)N)

1
+ tr {%f;[.(ciiag2 0(_S_i(t)))2—diag o(§§(t))]2} ' (A.21)

There are three cases to consider. If 3¥(t) is
positive semidéfinite, then the only positive semidefinite

solution for gf(t) is, from (A.19),
E¥(t) = 0 |  (A.22)

Ir Q{(t) is negative semidefinite, then taking the negative

square roots in (A.lg),

will minimize the terms given in (A.21). If §i(t)'is
" indefinite, taking the square roots in (A.19) such that the

resulting diagonal matrix 1is positive semidefinite, i.e.,

g]*_(t) = lzl(t)diaglo(gf(t)) |21|(tj_ %_g{(t) (A.24)
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will again minimize the terms in (A.21). But equations (A.22)
to (A.24) together say that the solution of gg(t) given in
(A.20) 1s the admissible solution which minimizes the
Hamiltonian H for any S}(t). Hence it is the desired
optimal contfol.

An entirely analogous development shows that

= i 1 s

- ¥* = * — % -
_2(t) ETz(t) diaglo(sz(t))lTé(t) Esz(t) (A.25)

where T,(t) is the orthogonal matrix which diagonaiizes
S%(t), is the desired optimal control.
Equations (A.2) to (A.7) and (A.20), (A.25) are

Jjust the results which comprise the theorem.
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APPENDIX B - ANALYSIS OF THE UNCOUPLED CASE

‘We have seen in section 4.1 that i{(t) lies in the
1

"raﬁge" of 0 to - 5 S¥(t) depending on whether S}(t)
is positive seﬁidefinite, indefinite; or negative semidefinite.
Since the solution of gi(t) =0 chpletely decouples the
eQuationS, it is the easiest to analyze. However, since we
do not know the definitions of S*(t) before we.have'completel?
solved the two point boundary value problems, we do not know
that by analyzing only the case of ~*(t) = 0, which corresponds
to S*(t) > 0, will give us all the properties of the
optimal solution. If we also analyze the case of ~*(t)
- % S#(t), which corresponds to S¥(t) < 0, we would have
obtained the solution properties both for'thevmaxihum and
_the minimum E#(t). Intultively, we feel that we would
then bé_in a position to state ali the qualitatiVe'properties
of the optimal solutions. It will turn out thaﬁ'by analyzing
the maximum SOIutiqn i*(t) = -_%§§(t), we éan alfeady make
a lot Qf statements about‘the system behavior. Thus, we
will always examine the case of E¥(t) = - %g{(t) first. If
it proves.necéssary to analyze the other cases, we will then
proceed to do so.

We now turn‘to the business at hand, i.e., to examine

the situation in which the systems were ﬁncoupled to start

with.
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If € = 0, then

“lp1 k. 0 B, RIBI.K 0

812780 R B %y 8118y Bk
. o 8278y 85 B oK, 0 BN Bk,
A 0 AL 0{ee; 0

8 0 o} 0 A, ,-L,Ch.05%C

(B.1)

We have the following equations:

fa5(6) = Ayq (6)My3(6)4My (£)A1, (£)=E; ()€1 (6)07H(£)C 4 (£)My5(E)

33(t)¢; 1(t)e1 (L)cy (e, (8)
+5}wgn(wgl<mgufw§ﬁt)
+ 4, ()

M33(%) = Loy
= ! ! -1

(B.2)

A, (£)+3, (t)

El(to.) = E—Oll ' (B.3)

[AR3)

= . 1 _

Raomt%508 Yoo
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8,(t) = —gil(t)§l(t)—§l(t)gll(t)+§1(t);l(t)£1(t)
fgl(t)gl(t)gl(t)
3(t)

+§3l(t)Mél(t)Ll(t)

—233(t);1(t)11(t)—51(t);l(t)g3

+232(t)M§2(t)§1(t)+g33(t)mé3<t)gl(t}_

| Py (£)U3, ()1 (v)
+T) (£)M] 5 ()P (BN (£)MS L (E)B, 5 (L)
RANCINCI) SNED

+I) () Mpa(£) By 5(t) .
$,(T) =0 - (B.5)

All quantities are evaluated along the optimal trajectory.
"% has been omitted for simplicity.
On writing out the equatiohs for the components of

the costate P(t), we have

Bap(6) = =K (£)By ) (6)RTH(6)BY 1 (6B, (£)=[A] (5)
_gil(t)g—l—l(t)gn(t)Zl_l(t.).]23'1(‘\:)
“P4 (8 LAy (8)-By ) ()R] (6)BY, (8)K) (6]
| +K, (£)B,  (£)RTH(E)B,; (£)K, ()

Po(T) =0 (B.6)
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. PP ' -1 '
and Py, (t)=-[A, " (£)-K, (£)B,, (£)R, " (£)B,, ' (£) 1R, (E)

11
. ._l '
_-Ell(t)[ﬁll(t)-gll(t)ﬂl (t)§11 ﬂt)ﬁl(t)]

-1 i
-[Q1(§)+§1(t)§11(t)ﬂl (t)Bll'(t)El(t)]
gll(T) = F; (B.7)
Recalling that
El(t)=-ﬁllP(t)gl(t)"gl(t)ﬁll(t)ﬂ.
-1
51(T) =F
we see that P (8) = Kl(t) is a solution to equation

(B.7). Since the equation is linear, it is the unique

solution. ‘ |

Substituting gll(t) = El(t) into (B.6), we get

s = ' ' -1 . :
Pop(0)=-[A);"()=Cy 1" (£)0, 7 (£)Cy 4 (£) 2, (£) IP5, ()
) ‘ Lo -] Sy

P31 (T) =0 , , (B.8)

We see that Pg,(t)=0. 'Similarly we can prove that
:32(t)=g3u(t)=213(t)=R23(t)=gu3(t)=g. Equation (B.5) is

reduced to
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§1‘t)=‘511"t)§1‘t)'§;(t)511‘t)+§1(t)§1(t)ﬁl(?)

+, (6)E) (£)8, (6)
“R33 ()2 ()13 (6) =) (E) T (£)By3(£) 4R ()M 57 (6)T) (6)
+L (8)M35" (£)R35(8)

$,(T) =0 | - (B.9)

Purthermore, M33(t) is symmetric. Using equations (B.2)

to (B.4), and (B.9), we obtain

f33(6)=E (8) =Ry (£) [My3()-E; (£)]
| MG (6) =Ly (£) 1A " (8)
Ep (63, (8)87 T ()8, | (8) T, 4 (6) -5 ()]
-EM33(t>-21(£>1911'(t)9{l<t>911<t>§1<t>

1 : :
t 5 §l(t) | (B.10)

Let Ma (t)- Ql(t)=ﬁz(t)

Then
2

- ' -y 1 -1 y
My (6)=[A1) (£)E; (£)€) " (£)077(E)C; 3 (£) Iy (t)
M () (A5 (1)
. -1 1

My (t,) = O - (B.1D)
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S = ' |. -1 '
§,(8)=-TAy, ' (£)=Cyy 1 (8)0TH(E)C, L (6D (£) 1S, (8)

| o |
=8, (6) A5 (£) =L, (£)€, 1 " ()07 (£)C, 1 (1))

' M ' -1 .
+R33 (00U (£)C; (8D 077 (8)C; 4 (¢)
1 -1 ~

+C11 " (£)877 ()€1 ()Mo (£)Poo(8)

§_1(T) =0
equations are linear, it is the unique solution,
we see that
21(0) = 0
.M33(t) = 1,(%)
Similarly, we can‘prove
E,(t) =0

Myy(e) = Zy(¢)

(B.12)

‘Mo (t) = 0 and S;(t) = 0 1s a solution. Again, since the

Thus
(B.13)

(B.1h)

(B.15)

(B.16)

Since §1(t) and §2(t)-are themselves equal to -zero,

equations (B.13) and (B.15) represent the only solution for

1(t) and E5(t). In this case, we have no ambiguities.
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APPENDIX C -~ FIRST AND SECOND ORDER PROPERTIES OF
' THE OPTIMAL SOLUTION

The,EQUAtions‘df interest are:
. _ | o -1 :
M33(t)-[ﬂll(t)-§l(t)Qll(t)Qi.(t)gll(t)]m33(t)

1 ' -1
My (E)[A; 4 1 (8)=Cpy " (£)8, 7 (£)Cy, (B)E, ()]

+e[Ag H(E) My (£)HM 5 (£)A) 5" (1) ]
\ -1
féﬂtﬂh1<ﬂﬁl<“9uﬁ”§ﬁt“ﬁﬁﬁ)

M33(tg)=Eyyy (€.1)

) ' ' -1
24 (80 =Ry (6)2) (£)+57 (DA, " (£)=L; (£)C1 1" (£)07H(£)Cy 1 (E)Z, ()

1
+4, (£)- 58, (¢)

L(tg) = Lony - (c.2)

8 (t)=-Ay " (£)8, (£)=8, (£)Ay (£)+5, (£)Z, (£)I, (£)
fgl(t);l(t)si(§)-233(t)§1(t)gl(t)
-Ll(t)zi(t>233(t5+23l(t>M31'(t>£1(t>
AP, (E)M, (6D (6)+P o (8) Mg (6D (1)
#B 4 ()Mt (6D (6)4D (6)M 5" ()R 5(8)
fﬁlkt)ﬂz3'(t)323(t)*£1(t)ﬂ33'(t)533(t)
L (6)M " (6)Py (k)

5,(T) = 0 | (.3)
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We use the perturbation approach'and expand the equations
in prersigf €. The relations for the zeroth order terms
ére the same as those obtained in Appendix B. Hence

(0) (py _ 5 (O)
Maz (8 = 50 (E) (c.B

5,y = o (c.5)

The first order terms satisfy the following equations

M3§1)(t)=[A11<t)z(°)(t)C H(e)er(erey  (6) My S (6
{0 Tay " (8- " (8) ey (t)gll(t)§1(0’<t>3

(1)(t ) = 0 | _ (C.6l)

s (1), 4_ ' (0) . (l)

1, (1)
- 38, (%)

(1),, + _ -
Zy (to) =0 o | o (C.?)
1, (6)E (0)(t)s (O)(t) -p (O)(t)z (1)(t)F ()
-T (t)): (l)(t)P (0)(t)+P (O)(t)M (1)(12)_[ (t)
+1 (£)M, (1)(t)P (0)(t)+P (1)(c)m £ eyr ()

+£i(t>M1§°) (t)P, (1)<t)+p (l)(t)M 9" (e)r, (6)
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+0, (60N, (0)'(t)p (l)(t)+ (1>(c) 350) (t)F (t)
+P~(t)Mu(0) (£)By4(8) -

_1(1)(T) =0 (c.8)

where we have used the results of Appendix B and Eq. (C.4)

and (C.5). Since

o100 (8)=0a,, (0)-2, (O o)y (o7 (B) e () MO0 (6)

+M3§O)(t)[A22(t) ~Cop' (81057 (t)022(t)§2(°)(t)]
3§0)(t =0 | (€.9)
we have 3ﬁ°)(t) =0 | o (c.10)

Similarly, we can show that
M £ e)=m, 80 (632w, 80 ()=, (0)(t) =1, 30 (0)=0 (c.11)
Now P (l)(t)—-[A 1 (8)-K, (£)B; (t)R_l(t)Bll'(t)]P (Dey
-p (ﬁ)(t)[All(t) 20 (tygy Tt (ee (6))
b (P (0B (RTHE)IB, (6K, (8) |

(1)(T) =0 . (C.12)

and

B (1) ' -1 . (1)
Pi1 (t)—~[All (t)-K. (t)B (t)g1 (t)B (t)]P (t)

- P ern, (t)-gll<t>5;1(t)gll'(t>51<t>1
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Hence glil)(t) =0 - (C.14)

This in turn implies that

Thus Eq. (C.8) is reduced to

8§, P (ey=-ay, " (0)-cp (et eey ()5 O (e 1s, (o)
5, (1 (0) .
-5, P eertag (6)-2, O cere, )7 ()e (8))
+P (O)(t)[M (1)(t)-2(1)(t)]C LTeeTtE)C 5 (8)
+c11'(t)e Loy, (00§ (6)-5, P ()72, ()

s, = 0o ~(C.16)

Simultaneous solutions for Egs. (C.6), (C.7), and (C.16)

give :
(1) _ 5y (1) - '
Ma3™ (E) = Z07(t) = 0 | o (c,17)
We can similarly provelthat
nu§1)<t)e§2(1)(t) =0 (C.19)

5, ¢6) =0 (C.20)
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Hence EN (C.21)

{e]

(D gy
5, )

o | (C.22)

Since §i(q)(t)=§1(1)(t)=§2$0)(t)=§2(l)(t)=g, we have,
as in Appendix B,
=, (O(g) - 5, Do) - 5, = 5, W5y = 0
as the unique optimal solutions for the zeroth and. first
order terms. _The second order terms satisfy the following
relations

. (2) i (0),. Vieyp-l . (2)
M33 (t)=[A,,(t)-2," "7 (t)Cy, (t)g1 (t)gll(t)]&33 (t)

(2) t JEPR IR _1 - - (O)
335 (6 LAy 1 (8)=Cy 1 (6077 (£)Cy ()57 7 (%))

) (1) (l) 1
+A12(t}&23, (t)+1g32 ()5 (t)

(2) _ , ‘ ’
Mgl (tg) = 0 (€.23)

d (2) T - (O) ' -1 (2)
I, (t)-[&ll(g)-gl (£)Cy4 (t)_e__l}(t)gll(t)]g1 (t)
(2) 1 1 -1 ) (O) -
+§1,(tngu_wy@ll(wgl(wguxwgl (t)]
1, (2)
—35 (©)

(2) 3
I 7t =0 (C.24)
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$(2) e 1 (0) )+ v1e (2) .+
§,9 (0y=-ay, " (0)-¢, (e etcere,, (015, (O (6) 38, P o)
(2) T €CO)pinm rreva=lionm ey

-85 S (6 [Ag 4 (8)=E; () Cy ' (£) @] (6)Cy 1 (8)]

+2, 8006 [m, (2)(t)—§ ey, (t)O Ltyey, (8)

N (2) () (418,40
Cy1'()8; (t)Cll(t)[M (62, “7(£) IR 5377 (%)

(2)(6yu (O (eyg, (0]
4pa1 Y (00 T (ee () e () gy, (8)

'(t)g‘l(t>c (ym {0 (t)P1§2)(t)'t

A <1> (1) '(8) 6" '
N LN S ST el COT A CS

+1, ' (6071 (6)e,; ()M, 1) (8B, 3 (1)
+P ‘1)<t>m i ee, (e)er e, (8)
(oert (1) (o yp (1)

(£)0,7(£)Cy 4 ()M 377 (£)By 37" (¢)

§1(2)(T) =0 -~ (c.25)

o ;f‘we:analyzg thevfgneing_terms.in,the.edhation~»;~* e
(e.25), we seeAthat a lot of'tbem are nonzero. For exemple,
P (2)(t) is honzero, and depends,‘in a very complicated way ,
on the various other components of the matrix P(t) _ _
Therefore, we see that 81(2)(t) is nonzero, and so E (2)(t5
is nonzero. Furthermore, 3§2)(t) is not equal to I (2)(t).
Similarly, §2(2)(t),v§2(2)(t) are nonzero and Mu(z)(t)

is not equal to'§2(2)(t). We conclude that the optimal
pseudo-controls wiil affect the'states in quadretic and

higher orders in €.
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APPENDIX D - PROOF OF THE APPROXIMATE OPTIMALITY OF
, THE PROPOSED DESIGN

Consider. .-

QJ‘Q‘.

[ l(t)K (t)x (t)]+x (t)K (t)x (t)+x (t)K (t)x (t)

+x1 (6)K; (8)%, (£)=0 (D.1)

Using equations (2.1.1), (2.2.1), 'and (2.2.3) we obtain

jor

- Selxg (6)K, (6) % (6) 14x) (6)K, (£)B; ()R (6)B), (£)K, (£)x, (&)

Q..

~

-x17 (£)K, (DB, (£)R; (t)Eil(t)Ei(t)il(t5
-x] (6K, (6B (6)RTH(6)BI L (6)xq, (£)
'#azé(t)gi2(t)5l(t)5l(£)tzi(t)gl(t)512(t)52(t)
AL (DK (8) %9 (6)+xd (£)K; (€)X, (£)

=0 (D.2)
Adding equation (D.2) to (2.1.5) we get

3, = E{Ei(T)Elil(T)+,{T‘ %f[ii(ﬁ)ﬁl(t)ll(t):

0

rexs (8)A],(8)K; (£)x) (6)+ex] (£)K) (E)A] 5(£)x, (1)
+0xy (8)-x5 (6) 1Ky (£)By ) (0)RTH(£)BY, (6)K, (£) [x, ()

~£11(t)]+li(t)gl(t)£1(t)+£i(t)ﬁl(t)Ll(t)dt}
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= Rle (5K (650 % (504 [Ty (0)
e]

A

‘- e 1 rENY . ~ :
- = %7 (81K (6B, (E)R T (£)B] 4 (£)K, (£) (%, (£)-x,,(£)]

+ eii(t)gl(t)ﬁlz(t)ié(t)+e§é(t)giz(t)§l(t)51(t)dt}

+

T
[7 erlg (04 (6) Tas
o

Using the definition of the Mij

(t)'é, we obtain

ey
"

N urtgl(to)<§01l+glbgio>1+,éTtr[51<tagl<t)Jat
’ . (o]

+

T ' ~1,. . ". .
{ ek, (8)By (£)R; ™ (£) By, (£)K, (£)M34(t)
o - :

T+

2K, (£)A; 5 ()M, (£)]at

Similarly J2 can be shown to be

o
[\

2 = PrEy(8,) (Zgpp*tXyoX5,) 1+ {Ttr[ﬁz(t)ﬁz<t)]dt
0

+

T . - l 1] .
{ tr[K,(t)By, (LIRS (E)BL, (£)K, (£)M,, (£)
o .

o+

26K (£) A5y (£)My (£) Jdt

(D.3)

(D.4)

(D.5)
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Since J= SRR JTerlE; (£)E](£)+2,(£)EL(E) Jdt we obtain
£
¢]

equation (5.1.1).

Now, using (5.1.9) and expanding

(O (gyser, P (t)+0(e,t) 1=1,2; j=1,2.

(t)=£ ij

iy 13

(£)=k, {0 (ey+e, P (o) v0(e,0)

K13 =1J

,where lim _QLéEl =0 unjformly in t, it can be shown that
e+Q
‘the optimal cost up to linear terms in € is given by [5]

3" e " Wagrr (Ve ) 2 %) +K, 500 (6,) (2

011 lO %10 2p22
‘ . 20 20):|
t ) .
o)
+K2§°)<t)8 (t)n‘l(t)s' L (£)K, (0)(t)z (0>(t)]dt
+ ITtr[K (0 (eyn, (v)
o
+K2é0)(t)A (t)]dt+€tr[K (1)(to)x O iO+K2§l)(t )xlo 50]
(D. 6)
where K. {9) (0)(t), (1)(t) (1)(t), (0)(t),

-11

(0)(t) satisfy the following equations



= (1)
Ko7 (%)

« (0)
by (e
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At (0) (0)
“ag, 0k 40 o)k (O (a0

(0) -1 , (0)

+K1, (t)gll(t)gl(t)@ll(t)g11 (£)-Q, (t)
. (0) - -

N (0) (0)
“Apo(8)Kpn " T (8)-Kon "  (£) A5, (%)

(0) -1 . (0)
oo Bop(B)RyT(E)BL, (£)K,57 7 (£) -, ()

(0) -
Kyy '(T) = F, (D.8)

' (0) -1 . (1)
—A1, (E)+K; 77 (6)B; (£)R; T (£)B], (£)JK, 577 (8)

1
v (D) oyt -1 ' (0)
AR 5T B [=A, 5 (8)+B,, (E)R, T (£)B,(E)K, 57 " (L) ]

A (0) (¢ (0)
“A51 (O)Ko (0 =Ky ) T (E)A,) 5 (1)

ST =0 (0.9
[-at (£)+K. {0 (tym. . ()RIE(6)B2 . () 1K, 1) (¢)
—22 =22 =22 -2 f22 21

(1) -1 . (0)
oy T (E)D-A (648, (E)R ") B, (£)K; 5 77 (2) )]

' (0) (0)

(1) my -
Koy ' (T) = 0 (D.10)

(0) (0)

= Ay (02 " (6)+L) ) " (E)A], (¢)

(0) ¢y -1 (0)
~L3p (E)C11 ()77 (£)C, 5 (6)Z) 17/ (£)+A(t)

(0) _ :
Ly (60) = L4594 (D.11)
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i

0o (8)I, (0)(t)+2 (0)(t)Aéz(t)
-L (O)(t)c 356851 (6)C,, ()L, (0)(t)+A (t)

(0)(t )=z, (D.12)

From Appéndix B, we see that the zeroth order terms

in L,(t) and I,(t) satisfy the equations

£, 0r=a, (022, (O )4z, (O 0)ag, (1)

« (0) 1 -1 (0) .
“Z-l (t)gll(t)gl (t)gll(t)gl (_t)+Al(t)

(0) =
.gl (to) =1

2011 (D.13)

. (0) ' -1 (0),, .
~§2 (t)g22(t)92 (t)gzz(t)g2 (t)+52(t)

(0) =
Ly 7 (ts) = Lo (D.14)

On comparing equations (D.T7), (D.8), (D.11) and (D.12)

-to (2.2.5), (2.2.6), (D.13) and (D.14), we see that

(O)('C) = E—l(t) (D.lS)

(0) L ‘

(0) - 5 (0) ' .
Ly (8) = ;00 (8) , | (D.17)

5,50 (0) = £,%(x) | (D.18)
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RecallingAthat

\/ 5*(0)+65*(l)§tr[§1(t0)(§011+ilogio)f£2(to)(§022

+226£éo)]+ {T trlK,) (8) A (£)+K,(£) A5 (t) 1at

o .
T, -1, (0)
* { trik;By3Ry "BiaKy a3
o
C m=lo, ¢ (0) (0)
KB oRp Bkt~ 26 (K, Ay oMoy

' (0)
*RohoyMyp ) Jdt

and that _
w (0) - (0), .
. .
0, 6) = 2,00 x)

we see, o6n comparing equations (D.6) and (D.19), that

*(0), .*¥(1)

* # ‘
J (0)+eJ (1) looks different from J +ed

so far as the former contains the term

(1) = =y (1) = =
L SERRINS P TS I CLRESTES TR

‘while the latter contains instead the terms

T oy (0) (0)
{ tri2e(X,A) My " +KAH My 5 7D 1dE

(o]

(D.19)

(D.20)

(D.21)

only in



N
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In the following, we shall show that these two terms are
in fact equal. To this end, we consider the equations .

for M,,(t) and M,,(t).

My o (6)=0A1 3 (6)=By 1 (£)RTT (DB (£)K, (£) MM, ,(t)
#M 5 (£) [Ay5 (£) =By, (6)R5T(E)BY, (£)K,(E) ]
be Ay 5 (8)My, (8341 ()BT (6)B] ) (8)K) (£)H3, (6)
+emll(t)Aél(t)+mlu(t)52(t)522(t)551(t>§§2(t)

Mya(t) = X1o%5g (D.22)

My (8)=[8,5(6)-B,,(£)B; (B} (6K, (6) My (£)
| +ﬂ21(t)[ﬂll(t)—§11(t)R (t)B (t)K (t)]’
el (63U 3 ()48, ()R T(E)B Y, (£) K, (£)M, (£)
Felyp (A1, ()43 (6)K, (£)By, (£)R] L(6)By (1)

M1 (E6) = XpoXig (D.23)

Since Mlﬁo)(t);m (0)(t)¢M (0)(t) (O)(t) =0, the zeroth

order terms satisfy
(0) ' (0)
(t)= [All(t) Bll(t)Rl (t)B] 1 (B)K, (8) 1My (t)
My $0) (6) [, (8)-By o (£)R51(£)BY, (80K, () ]

M (O)(t Y = X (D.24)

=12 10 20



-

-96-
+M (0)(t)[All(t)-Bll(t)Rl (t)B (t)-}-{-l(t)]'

(0)(t )=%00%1 0 - (0.25)

Let the transition matrices Xi(t,to), Xz(t,to), gl(t,to)

and $,(t,t_ ) be defined as follows:

: o 35 e (5t )
by (0,602 (8)-By (ORTH(0B] (0K (811 (8,6,);

¥ (t ,t.) = L | | o (D.25)

By (6500205 (8) =By, ()RS (£)B,(6)K, (£)1,(5,8,)5

£t ) =1 ) (D.27)

b4 )
o’ o =

¥5(t

3 v (O) -1, \pt | ‘ .

gl(to’to) =1 : (D.28)

8,(t,t,)= [-A], (4K, (O)(t)B (t)a (t)B‘ 1 () 1o (e,e )5

906,60 =1 ; o (D.29)

With above definition and using the matrix variation

of constants formula, '

m (00 (by=y. (Bt )% g

M5 et ) | (D.30)_-

2
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M, (0)(t) 0,8 )E 0% (W (E,t,) o (D.31)

Then thr[2e(§l(t)A (£)M, (O)(t)+K (6)8,, (001,897 (£)) 74t

o

T
= 2¢ triK (t)A (t)w (t, t )X, XY ¥I(t, t )
{ =1 =20=10-1

0

+§2(t)A (t)W (t,t )xlo 20W2(t t ) ldt (D.32)

Furthermore, applying the matrix variation of

constants formula to equations (D.9) and.(D.lo), we get

k{1 (6) = fT¢ (t,0)[A],(0)K, (O)(o)
k30008, () 103 (E,0da0 (D.33)

(1)(t) ='ITQQ(t,o)fgél(o)§2éo)(o)

t .
+§11(0>(o)ﬂla(O)]gi(t,o)do C (D.3W)

Thus etr[K ;1)(t )x x!. +K (l)(t ) X

X50%10 X0 éo]

= etr ([To,(t,,0)[A); (DK, (O)(o)
t
(o]

+K1§0)(°)ﬁ12(°)]gi(to’O)d°izo§io

O

+K (O)(O)A 1(o)]e5(t,,0)dox, oX5,} (D.35)
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Using the definitions given in equations (D.26) to (D.29)

and the fact that

K () = & 107(e)

K, (t) = K500 (6)
we see that ¥ (t,t) = gé(to,ti | - (D.36)
¥o(t,t5) = 21(t,,t) | o (D.37)

Rewriting equation (D.35) in terms of'Kl(t), K,(t),

1l(t,to),-and'w (t,t ) we get

'etr[K (l)(t )x X! +K (1)(t )X

X20%10"221 =10 ZO]

—a[Ttriw'(t )AL (E)K, (8D ¥, (¢t )xzo X0
£
0

* ¥ (0, 50)Ky () Ay (0¥ (8,0) EpoR]

+¥5(E,8)A1,(8)K, (£) ¥, (E,¢ )x10 X0

+Xé(t,t0)§2(t)A (6)¥ (6,50)%, Fpobdt  (D.38)

_
%10%20
.Using the fact that

tr(A) = tr(A")

tr(AB) =‘tr(§§)
we can write eqﬁation (D.38) in the form

' +K (1 )(t ) X

l)
etrlKy 37 (£ ) X50X{*Kyy

10 20

- 2€[Ttr[5l(t)A (£)¥,(t,t )%

v1(t,t )
Lo

20 lO

+K,(E)A,, (t)w (t, £ 0)X10X50Y ¥5(t,t,) ldt (D.39)
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On comparing'equations (D.32 and‘(D.39) we see that

t

-[Ttr[2e'(§_(t)A (£)1,$0 (6)+k <t>A21<t)M “”(t))]dt
0 ' :

| —etr[K (1)(t )XpnXd 4K (l)(t )x

X20%10 =10 20]

and hence

FHOLFHD L H0), H D)
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APPENDIX E - CALCULATION ON THE DEPENDENCE OF

3 ON 2,(t) AND E,(t)

'Recall'equatiOn’(S.lll)'givés'thé cost

3= tr[K (t )(E )+K (t )(Z

L5145 0% ZyootXp0%50) ]

+ JTor[K (6) A, (6)+K,(£) A, () Jat
t :
0
+ [Terly (628 (81RTT ()84 1(t>51<t)n33(t>,
0
+K,(£)B,5 (£)RGT(£)BY, (£)K, (£)M,, (£)
+2e(K (t)Al2(t)M2l(t)+K (t)A21(t)M12(t))Jdt

+ thr[ L(B)E](£)4E,(£) 2 (8) Jat . ED
tg ‘
The term due to the initial conditions and the integral
involving A,(t) and A,(t) are independent of the choice
£ E,(t) and-Ez(t). Hence we need only consider the
effect of Z,(t) and E,(t) on the last two integrals.

Suppose_ggq)(t) -z - =0 (¢) - ~(1)(t)

‘the choice of E,(t) and E,(t) will affect Z,(t) and I,(t)

"only in quadratic and higher order terms in the power
series expansion in €.

CénSider the equation (C.23) for M (2)(t) 'It depends

only on Z(O)(t) and so M3§2)(t) is independent of gl(t).
Pursuing this argument further by analyzing higher order _-

(4)

terms, we see that M33

(t) will depend on §§2)(t) and
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hence on El(t)‘ Similarly we can show that (u>(t),
(3)(t), and M (3)(t), but not the lower order ones, are
dependent on the cﬁoice of El(t) and 52(t). From equation
(E.1) we see immediately that J( ) and higher order terms
but notthe lower order ones, will depend on :1(t) and .
5,(6), provided {0ty = 26y = {0ty = 2P ey = 0.






