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ABSTRACT

. An analysis is presented of the laminar, axisymmetric flow in a
nozzle, including both axial and radial variations of the pressure. The
system of equations derived is believed to contain all of the terms neces-
sary for describing the flow through a relatively sharp throat (i. e., one
for which the longitudinal radius of curvature of the throat is' comparable

to, or less than, the transverse radius).

A finite-difference approximation of these equations is described,
together with a computer program for finding numerical solutions. An
instability has been found in the starting solution; a series of attempts to

eliminate this instability is described.
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I. INTRODUCTION

Many of the auxiliary propulsion devices used for satellite atti-
tude control and station-keeping require low thrust, typically on the
order of millipounds or less. The nozzles used in these devices conse-
quently are small in scale and use low reservoir pressures. Both of
these factors tend to make the molecular mean free path significant com-
pared to the nozzle dimensions, and thus the effect of ‘viscosity is felt all
through the flow. When this is the case, the conventional inviscid design

relations no longer apply.

In an earlier contract (NASw-1668), a theoretical study was made,
which produced a computer program capable of calculating the entire
flow field, given only the nozzle geometry and certain properties of the
pr0pe11aﬁ1t§1’ 2)Catlculations made during that theoretical study suggested
that there might be a range of Reynolds numbers and nozzle expansion
angles for which no supersonic flow would be possible. Instead, the effect
of viscous shear was predicted to be strong enough to suppress supersonic

flow.

Experiments carried out on a follow-on phase of the original con-

(3,4)

~ that it is found in precisely the Reynolds number range where it had

tract showed that this remarkable phenomenon does in fact occur, and

been predicted. This fundamental discovery provided the explanation for
a variety of phenomena which had previously been considered anomalous

in the testing of microthrust rockets.

In the experimental phase, the flow field was surveyed by an
electron-beam fluorescence probe. This instrument made it possible to
measure the distributions of temperature and density in the flow. Hence
the complete pressure distribution could be inferred, .using the equation
of state. Examination of the measured pressures made it possible to
evaluate the accuracy of one of the key assumptions of the analysis,
namely the neglect of radial pressure gradients. (In the theoretical model,

the pressure had been taken to depend only on axial position in the nozzle,




i.e., to be constant over the cross-section at that position.) The results
showed that a radial pressure variation on the order of 15 to 20 percent
could occur, at stations some 10 to 20 throat radii downstream of the
throat. It seemed probable that these gradients were caused, in large
part, by the very sharp throat used (longitudinal radius of curvature equal
to 0.5 of the transverse radius). In an effort to evaluate this effect further,
the Langley Research Center awarded the present contract, whose main
objective was to modify the previous computer program, so as to accom-

modate radial pressure gradients.

In Section II below, a general discussion is presented of the orders
of magnitude of the new terms, which are required to account for the
radial pressure gradient. The final equations chosen are given, along
with certain conservation laws that must be enforced, and the initial and

boundary conditions required.

The numerical methods which were applied to this set of equations
are described in Section III. The finite-difference forms used are pre-
sented, and the sequence of steps used in the related computer program

is discussed.

The computer program has been applied to the calculation of the
flow for one particular case. These trial calculations revealed the exist-
ence of an instability in the numerical method, for which no satisfactory
method of suppression was found. Consequently, the program in its
present form cannot be used for direct calculations of nozzle flow fields.
Despite this fact, it was nevertheless felt advisable to present in this
report the final status of the program, the steps which led up to it, and
a brief description of the efforts that were made to overcome the insta-
bility.




II. ANALYSIS

This section contains the derivation of the set of equations that were

used to describe the flow field.

A, General Equations

In order to treat both two-dimensional and axisymmetric nozzle flows,

the following coordinate system is used:

The coordinate ¥ 1is the cylindrical radius in the axisymmetric case, or
the transverse coordinate in the two-dimensional case, For the low
Reynolds numbers considered here, the Navier-Stokes equations can be

used. In their full generality, they are:
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Radial Momentum:
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Here ’t’ denotes the pres_sui‘e, /0 the density, /“ the viscosity,
‘A the static enthalpy, T  the temperature, and # the thermal
conductivity. The symbol Ha » used below, denotes the total enthalpy

in the reservoir. The parameter & is one for axisymmetric flow, and
zero for two-dimensional flow. (The numbers appearing above the various

terms are for identification purposes in the analysis below.)

B. Present Approximation

The main area of interest in the present study is concerned with low
Reynolds numbers and sharp throats. The Reynolds numbers, however, are
not so low as to suppress expansion to supersonic conditions. Thus, judging
from the results of the previous work(l’z). the Reynolds number
B = /00 ﬁ—l:‘: Tx /rlo must be on the order of 1000 or greater. In the
vicinity of a sharp throat, the flow undergoes a very rapid acceleration, and
this tends to thin the boundary 1éyer, even at these low Reynolds numbers.

For purposes of the present.study, the boundary-layer thickness near the



throat can be assumed to be on the order of 5 to 10 percent of the transverse

nozzle radius Yy .

The magnitudes of the axial and radial pressure gradients must be
considered next. It can be shown (by using one-dimensional channel-flow
theory, and expanding around the throat conditions) that the axial pressure
gradient at the throat is inversely proportional to the geometric mean of the

longitudinal and transverse radii:

2o (A

The radial pressure gradients, on the other hand, are governed by the

centrifugal acceleration at the throat:

), - o (4=

or

Here W yx denotes the centerline velocity at the throat. Note that the

ratio of radial to axial pressure gradients varies as the square root of the

b/ or =' o \/_n‘—/rr> | 5
Y/se . |

This is consistent with the experiments of Cuffel et al

radius ratio:

(5)

, who found these

two pressure gradients to be about equal for ﬁ/r* = 0. 625,

The axial and radial velocity components have the orders:

a_:O(LC*\) )‘V'=O(‘9v'vc(.*>

The length scale for significant axial gradients is on the order of the trans-

verse radius, while radial gradients occur usually across the boundary-layer



thickness 5 . Thus

20(%) 2 -0f3)

If these order-of-magnitude estimates are now applied to the
momentum and energy equations (all terms of the continuity equation can
be retained without adding to the complexity of the problem), the results
can be written in the following form, where the terms that have been dropped
are identified by the numbers appearing in Eqs. '}-4 : (Here
_B = /"‘ W Y //V»*), and where the relative orders of magnitude of the

various terms are shown.
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Radial Momentum:
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The terms that have been retained here are the same as those retained by
Cheng et al (6) in their study of low Reynolds number external flows at high
Mach number. In that work, as well as the present one, the terms which

are kept are not all required to be uniformly of the same order. Some of

the terms retained are expected to be numerically negligible in certain regions

[

of the flow.

Throughout this development, only I/F,k and '/8* have been
assumed small. The quantity “:, need not be small, although it will be
so in niany applications. Provided .5* is large enough, the limit -%v—bo
simply reinforces the ordering used above. Howevef. as shown in our pre-
vious work (1-4) » if 3* is not large enough, the limit 't% —=> O will
suppress supersonic flow, and the equations presented above may not be

valid .

Finally, it should be noted that this ordering was specifically chosen
for the throat region. At larger area ratios, the estimate used for QP/W
will no longer apply, and this term will likely not contribute, numerically,
in the proportion suggested above. The equations presented above include
all the terms required in the region of large radial pressure gradient and
reduce to those used previously (1-4) 4 regions where this effect is un-
important. Thus, using the same terminology as Cheng et a1 (6) » these

can be called the '"composite' equations for low Reynolds number nozzle flow.

C. Dimensionless Forms

The next step in preparing these equations for numerical evaluation is
to choose convenient reference quantities for making the variables dimension-
less. It is also convenient to make the radial scale uniform by defining a

new independent radial variable:



(10)

The composite equations of motion take the form:

Continuity:
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The viscosity coefficient /-4- has been taken to vary as the «) power of

the static enthalpy, and also the Prandtl number }9\, has been introduced:

gl o R A

D. Conservation Relations

Some useful relations can be derived by integrating the equations of
motion across the channel, to yield expressions for the axial rate of change

of the total mass, momentum, and energy flux.

Continuity:
- Integration of the continuity equation leads to

R w/2w 5 € =)
j pur € dr = ) (16)
. s A 20 2 E€=0 .
where WA is the total mass flow (lbm/sec, for example), and W0

is the total mass flow per unit width of the two-dimensional channel.
Momentum:

In order to express this relation in full generality, it is useful to

(7)

start from the complete Navier-Stokes equation

10
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Integration of Eq. (17) gives, after a little algebra
g R € ¢ ,
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The quantity on the left is the axial rate of change of the thrust = ,» while

(19)

=,

the two terms on the right are the shear and normal-stress influences on this
rate of change. To see this, consider the momentum theorem applied to the

fluid enclosed within the dotted control surface

The momentum theorem says that Fe. = 4>-E' » where F.; is the sum of
the £ = components of all the forces exerted on the fluid inside the control
surface, and ¢% is the net flux of the 2 - component of momentum out

of the control surface. But FE = Ev - N . where F:w is the sum of

11



the Z — component of all the forces exerted by the walls on the fluid, and
A is the integrated normal stress exerted on the fluid over the exit-plane
face of the control surface. The quantity %,, , in turn, is equal and
opposite to the thrust F , i.e., to the sum of the Z- component of all the
forces exerted by the fluid on the walls. Thus, as in Eq. 19

R R
HE 4>z_+r\J 2% jo P A L 22 (20)
(In the two-dimensional case, F is the thrust per unit width of the nozzle.)
In the present approximation, these become

AF €/ % b e’
l — —
- __5 =R {/M. 5 . + (21)

where
_ €] (R 2y o(r} (22)
F = 2w fo (’P‘*‘/“’)

1,2
If AP is independent of ¥* , these reduce to the previous result ( )-
Energy:

In this case also, it is useful to start from the full Navier-Stokes

equation

pTe B L 2 (hE)- 2 E) 4w

where the dissipation function 4> is given for axisymmetric flow by (see

Ref. 7 , Eqgs. 2,40, 3,34, 3.37):

z z R z
<]S =/" {?(ew +eee +€g'g'erveao -cfreé'é—eeaeaa > +er%§

where
(24)
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To derive an expression for the variation of the total enthalpy; Eq. 23 is

multiplied by ¢ and integrated from © to L& ; next, Eq. 17 is

12




multiplied by viL and integrated from © to R ; and finally, the radial

momentum equation

D 2 2 Voo
PR = L 2(m)+F () - 2 e

where
= ' _ Z A
Tre= "B r B = %43:7‘?‘}4 "3 2=

= - A 4y &
96 = )63*'/&3 33w T3 v 39}

is multiplied by YV~ , and integrated from O to /R . These results are

then combined, and after some algebra, they lead to the result

2 R €, € oT : ]
a/-zfo/uHr Ar = 2 [k-a-;; +ultpy +V Tpe FeR o 27)

+ jfrea% (/e %—>A\r 4—J;gr62-% (M-‘Z'&% +v’£‘r2) Ay

where
=1+ i(u}w}"') (28)

The first three terms on the right represent the loss of total enthalpy by heat
transfer and sliding friction at the wall, while the two integral terms give the
net loss (or gain), across an element of length A2 and radius < » due to
axial heat conduction and to the work done by the normal components of the
shear stress tensor on the faces of the element. This equation is a different
expression of the result given in Ref. 7 , Eq. 3.21 . In the present approxi-
mation, the integral terms are neglected. Thus the adiabatic-wall bouﬁdary

condition is found by setting the first term on the right of Eq. 27 equal to zero,

In the dimensionless variables introduced above, these equations

become:

13



Mass:
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Momentum:
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The relation connecting rates of change of pressure to area change,
heat conduction, and shear along a streamtube plays a key role in any study
of nozzle flow. In our previous work {15 2), the form of this relation peculiar
to the slender-channel equations was derived, and was used to guide passage

of the solution through a saddle-point singularity that arose in that analysis.

14




In the present study, the streamtube relation appropriate to the full Navier-
Stokes equations has been derived, and then specialized for the particular
approximation used here. The details of the derivation are presented in

Appendix A. The result is:

2 e 2 (L 2rv
4+ écoOE.-\_/'_'
r A

| ' 9?:-22- 1 p &
+CO19{-5—2— “"réE;(Y' TY?)}

. Oty  2tvz , 2p Iav- v-] i
sSvn B y —— ¢ € ) = -=
+ { PR 22 r

—%i#ﬁ(wﬁkg—};p%(@%’ +4>} (33)

and where & 1is the local flow inclination angle
-~ Y o
O = Fhnm e | (35)

The quantity in brackets on the left-hand side of Eq.33, is the directional
derivative of the pressure in the streamline direction. The first term on
the right is the effect of area change, and contains the usual factor of

M‘L/('_MZ) . The remaining terms on the right contain the effects of

shear, heat conduction, and heat generation by the frictional conversion of
directed to thermal kinetic energy.

In the dimensionless coordinate system, and with the present approxi-

mation to the viscous terms, this relation becomes

15
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Under some circumstances, the terms involving -52; (\//(,C) can be
difficult to evaluate numerically. When this is the case, it is advantageous
to employ a modified version of the streamtube equation, in which the
troublesome terms are expressed in terms of other quantities which are
easy to evaluate. The key expression that is used is the equation for the

rate of change of flow inclination angle along a streamline. Details of the

16




derivation of this equation and its use in the streamtube equation are given

in Appendix B. The net result is the equation

(1-m*) 5601959_3 +.$w9§?i = b’gstcoOQ {9—%(:—\':) +-§-

R

_ suPe 2 +w9_9_2 (37)
22 or

- L2 T 2 2T
f {rsr (rk§?>+92 (kaa + d)}

In the dimensionless variables, this becomes

/
: ; -G 78 P
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ax Uw \
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& 2F
T 2
. continued next page....
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"This equation is referred to in the discussion below as the modified stream-

tube equation.

E. Boundary Conditions

Along the nozzle walls, the velocity component tangent to the wall is

taken to be determined by the slip boundary condition

2~ o
e = w g S QT duwr (39)
“ PV2 m 2n
where ol denotes the velocity accommodation coefficient, M ’P ’
and T  the viscosity, pressure, and temperature, @ the universal gas

constant, ’)’7’( the molecular weight, Y1 the coordinate normal to the sur-

face, and w3z  the tarigential velocity component:

" At the wall, U = wfam B » 80 w3 becomes

W = u'/case

18



The derivative vt /DV\ » expressed in terms of &L , U, z ,

and g , becomes

2ur
2N

2, U ' oV Iu \ T, OV
= - (Cos B 2= — P B[l . Swme 2.
on (QP 22 * 27

If these equations are now written in terms of the dimensionless variables,

the result is

W+
L A% ™Y  cos8y @w% _3__(,{+U_/2_\_/
s 8, o Y Y1 BPw, 28 " 2V
. o Y
- U;VS*‘-M‘GW CﬁQ;’ 5(— - Q—‘w 5‘“"\2‘9\,\/ 5;: E (40)

This can be compared with Eq. (3-21) of the final report on the previous
program (Ref. 1 ), where the factor of cJ% ©,, on the left-hand side

was taken equal to unity.

If the wall temperature is prescribed, the thermal boundary

condition becomes:

_ g -ol 2y | T
T_TW = T _7_1_9:021‘ ﬁ_ ..9_.

M G P2

_ 2-tr [ RT 2% “ { w‘Q,QT o ar—g
T e— ) = - — ST, 2
Ar Z M o 2erD) P 2r v oz

where ({4 denotes the thermal accommodation coefficient. This can be

written, in terms of the dimensionless variables, as:

PR~ o i 20
© - N Chilol iy j gL S 2 O L, s B (e
N> @W & ote V V-1 2 (vr) BPTw o8, oM il W ax

For the case of an adiabatic wall, the thermal boundary condition is that

which produces no change in the axial flux of total enthalpy. This condition
is found from Eq.27 » using the present approximations for the shear

components:

19
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In terms of the dimensionless variables, and using the relation \/w :q:/’. %,

this becomes:

I 20 thf( L E?\ A g A
(43)

+ 2o a2 Lague 2l - =0

3 Al 2%

F. Initial Conditions

2 2V %_é\/”

In order to start the calculation, profiles of velocity and temperature
in the reservoir must be specified. Several versions have been used in the
present study. One version is based on the solution for slow viscous flow in
a converging cone, studied by Ackerberg(s)' » Oka (9). and others. Their
solution, which includes radial pressure gradient, has the following form,

far upstream of the apex of the cone:

oo 3h (cratd —cia®y )
(%) ((-c‘m-&w)"<l+£m9\&)

®=1 V=T ) ¥ = —*/Jrrex?

(44)

1.#‘-
o= l__g. 4y | 3¢css l
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where T = \q-w » and Q denotes distance measured from the

apex of the cone:

A second set of initial conditions was used, in some of the calculations

for the axisymmetric case. This set was found by substituting in Eqs. 11-14

the expansions:

(aixm) =& Lo 00 wWixm) =S M
vz N vz Y
(45)
T (
poy = 1+ & T oy = g4 & B
N=3 U—w ~N=4 Vw

The leading terms in this solution (see Appendix C for details) are

0003&7\ - w?BB'w

| - cnld By,

a?.("'.t\ = Ly (0)

CTafm) =

(v-)) B [ - m"'ﬁw (o)

ZA "bm"ﬁ, (I- G&SS ‘ﬂ‘w)

2-3coxB,, +cwz?b,
21

L, (0) =

2¥T, u&(a>{ 200° 8, .2 Ly

T
3w

{1+ *4"0:4")7" (/-ap’éw)

(46)
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G. Nozzle Geometry

The nozzle geometry used was the same as that of the previous

contract, with the exception that a cylindrical inlet section was added:

(;nlef

R(2)

The coordinates are given by

Z:‘ V?»\(d
x £ — . Tw = J w =9
Yk Ve

2 a2
S {x<x, L. T, = - = (l- ces 4,,)
Vic ° SN i

w Vi/ry
r3 v .
= X, 4+ B
Vi i

Tp = xtamd 41+ R <|- cos —w~9‘+m-9\)

T, = Aot
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X 2 rz\sau)\ﬁ;_ :
T = xm-&,_.*-t-g—f?'(hws@,_ -SM«'Q,‘_'('M'&,_)

T = Tt (47)

where
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III. NUMERICAL EVALUATIONS

There are many approaches that can be used for solving the equations
of motion derived in Section I. These include analytical approximations,
integral methods, and finite-difference calculations. The last of these approaches
was used in the present work, since the previous study (1) had shown that a
relatively simple and efficient numerical method was available. The sub-
sections that follow contain the finite-difference approximation used, some
details of the method of solution, and the results of our attempts to make

calculations with the computer program.

A, Finite-Difference Equations

If the equation of state, F="D(), is used to eliminate the density in
favor of the préssure and temperature, then the solution is expressed in
terms of the four dependent variables P, & , ©,and V . For this
there are four equations: the streamtube relation, the energy and axial
momentum equations, and the radial momentum equation. As before, a
rectangular grid is introduced, with index K counting axial distance,

and index [/  the radial distance:
X=X+ KAX o= (L=DAn

The interval AVL ~ has been taken as 0.01, so that [. ranges from 1 to
101.

The finite-difference representations of the differential equations were .
written using the Crank-Nicholson implicit scheme (see Ref. 10 ). Because
the differential equations are nonlinear, there are many options that can be
followed. The choices made have generally followed those which were found
to give satisfactory results in the previous program.

Streamtub_e Relation:

L L L= - - L+ [y L+t L~
(/—ﬂz)gmé P,(+\ _Pp< - s‘N\Q -—’/Lq-w cos o . PZ+| "?‘.ﬂ +P)< -PL‘ } = eKL )
- Ax T 4 An
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where the notation E’: means F(H/_\V) LAn) ; where M = ‘3—: = i—

A= % =T @

and where

Y P M e b v
RE - €”5{§<%)+%(_é5}

X-'\\ R T

8 (G B A ) o

—§<?—i'v£§ M)*“(_) @2@)] (49)

. PR vy — .\
CEY Y G55 )]

The overbar denotes quantities evaluated halfway across the step, i.e.:

- -] /
= = ( K*\ . q“w = Tw K \ ) T\l = Tw
; (<+ 1) Ax (k+%)Ax

when terms in R“,& contain quantities at K + 1 that are being solved for
(e. g., P:«,T in P ), they are found either by extrapolation, or are taken

from a previous iteration.
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Axial Momentum:

- [ —_ - ) -
YL [b—( L+ - “K " ﬁ LC;(LH"‘ b(,: : + (IKle - (/tklll' -
o) A x T, 4An
L L - - -
- &o y\[ I+ pz _ w/ PKLH -P,‘L ' ~+ Pg:.H - Pu<:ul 1
cH —
2/ o _AX q‘w 4A'yL
,.l.) . [ - -
.0 { BIANNNS SRl ) i
3T, 489
LH L+ +1 L4
+ e (L( -4 )(@xn ,“, ) ((I;n - KH ( _ )
o, g (ew)*®
Ll L1 L= 50
+ V\ (/(K - ZOZ-K + (’(K + CZ-;:,’ - Z‘[K.H + LCK+I ;} (50)
2 (an)"
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Energy:
— L L ’
NP | = Ousr - O ~ L L1 L -
3[‘1 2en O W Ok - Ok + Qs - Oen
DX T, 4 dn_ =
o M - « _pt —_ Ll L- -
.-:- _K_;_ [(X: Pevt - P +:-v—\/_ = - "_,_ P,‘_t‘“ "PK-:\'
fe"e ox T 4Am
5% (of'.ef .ol - ok :
b — - e T Chedn ™, = DU SNl | Iy -
BB Tw 48w i é\L & o X@":' - Q)
4 (aw\™¥
@L'H‘ZGL +@L-[ L+ ¢ ,__\’
+ 'v( < %3 < + @g-ﬂ 'Z@'«‘ + @K“
- A Ay
Lt L~ L+t -
*1&\’([(@« - Uy )(b(m: -fou '> a (v‘L‘H_\/L—t 2
- + = _r "Ik
4 (Any* 3 2 Am )
4 Ve VT L v
T3 Taew +3<7k> 1 e
Radial Momentum:
— L L —_— L+ L~ -
YL-E- [(Z— \/Kt———-—*‘ Ve + \i/ Vie - Vie - "'\/'LI:"‘ '"\/K:-c'
3 Ax T, 48 -
+ - L -
= _ - T_\___ PKL - PKL '+P~<+\“ "Pm:q‘
. z U’w 445’L
B” [ W v wvat - Viat, Py 7w (38
+ O <  ~Vik  *NVk+t = VK# A.Y\y_-’,<9,@3*f JEV W o>
BT 46 3V mI) T3 375 Loy
w A 3 © '™
- 4_6.\2- + %»L V‘t“‘ ZVKL + \/p:-‘ +\/|<L4+\' ~ ZVK:I "’Vki!-.
-]
i 2 (A)™
—_ —_ -1 — - . + L-
- 9_,,9 2T (24 W Tw 24 WS w U(l::" ‘(Izl:| I-a-:: l"u‘ '
SR CAL 3w a;c) * d\x) t 73 =
3 ' 2hw Av
- — - ! - N -
L X fary Wo forr | YW [0\ /oa
5, \ o 3 v~ A 3;) (;:) - (52)
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The boundary conditions are written as:

Velocity:
,
2 -y ( 10{ wt
- ot (o ol /oo
ol K, V @ ) '(/TK +(/t14,+1 —(/ch-rl
ﬂ/&-‘-l = 10} .
_B PK+\ U—wl <+ 2 AYL
jol oo 101 101
4 \/|¢ - \/K . LZ‘I“"/ -OCIQ
A\\ AX
101 1ol
-2 V, - -
_ vv\/ Sian .9‘\’ < <=1
A x . (53)

Here P , 0. , and 'e", are all evaluated at the end of the step. The

thermal boundary condition, for a prescribed wall temperature, is

_2=& [xY ra4 <@,°|\) w
/44( @ ("kvu) = xXr v-! &(Y*H\ N —
>
) Pu' ! Vw) K+ o 9‘:/
10 100 10
' Cxet — @K+l + CEE Ktoo @:1’ - @vol l
AT A%
while for an adiabatic flow:
.0\ 100 1ol 100 o 100 /0! 100
- @K + Ok - @,“l V 1] LTK - L +Wes -a&ﬂ
. )
T . 289 2484
' 101 100
101 104
4 .9 ’ (1.’0’ Wicy 1< z2q/ alol \/K ~Vie
- = w K 3
v 0l Y, 10f 4 - .
tof Ve = V-~ 10}
vagu 2 4(VE)T = o (55)
Ax
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B. Method of Solution

In the present work, there is a set of four equations to be solved,
which are very similar to those treated in the previous work (11), In that
work, only two equations (the energy and axial momentum equations) had to
be solved by a finite-difference procedure. Following the solution of that
pair, the continuity equation was used to determine the radial velocity, and
an integrated form of either the streamtube equation or the continuity equation

was then used to find the pressure.

In the present work, the energy and axial momentum equations are
changed only slightly. However, the radial momentum equation must be
solved numerically for the radial velocity, and then the streamtube equation

must be solved numerically for the pressure distribution across the channel.

Ideally, one could solve all four of these equations simultaneously.
However, a great savings in algebraic complexity can be had by solving the
equations one at a time, using, for the values of the other three dependent
variables, either the values most recently computed, or an extrapolation
from the results at the previous station. After all four equations have been
solved in this way, the whole process is repeated, and the iterations continue
until some preassigned measure of convergence is satisfied. This process
has been used in many comparable numerical studies of viscous flows -

see, for example, the thesis of Novack (11).

A slight variation of this process was used in the present work: the
energy and axial momentum equations were first solved as a pair, and then
the radial momentum and streamtube equations were solved, one at a time.
This was done so that the basic programming of the previous work (11),

which the first two equations were solved simultaneously, could be used.

The energy and axial momentum equations are written as:
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1. (A
IR L L L [
a-ll al‘l. {,C 19“

L L~
K+ b/-z_ (1;4" CH Cl?— a{ﬁ#l
— . . L4 -+ b[_ b L IR - c [ L ‘l.~|
all au_ K+ 3} 2T @K+' 2 CZL @/C+I
- (56)
A,
_ ) L = 21 3) 0 ) /00
L
A

The matrix coefficients are given in Appendix D. The solution then proceeds

exactly as on pages 22-25 of Ref. 1, with the exception that the boundary
conditions are slightly different. In particular:

2 - . Ay
M,.=/+'E~ZV'WSM\9 cos 8, — '
]

w w AY

{
n, = & {/+2mm9wme an i -

(57)

ror \ WA
ol -F:' C#‘S#w [67< )

For an adiabatic wall,

<

oy = i fl () R (e ) - Bt
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rErowl () o™, e/ &’ (v - '°°)

Ax
(58)
TR’ 101 101 g 01y >
raRo, @ B (e - ) - € 2 ()
When heat transfer is allowed, these are replaced by:

My =0 Mo = |+ 2 _i0, st sad,

* 4%

101 100 prd Fay 101

M= O -G ~ % @W»«»( Y AT, wSB, g, I &
(59)

2-ol+ /7Y 2Y ( 101 )w+'/-.,
T r-1 () K '
Ky =

B P,(,,',o' T, ket e, &n
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Next, the radial momentum equation is solved. It is first written

in thé form

L+ i
L L (N L= L
- Alé \/K-H + BK \/[<+| - CK‘H = 'D'< ) L= 2) 3) e 100 (60)
\ 1ol / 101
with boundary conditions Vigar = O » Viewe = Ty ety . The
<
coefficients ,4,: ’ B,i" ’ C& and . D,: » which are given in

Appendix D, all involve known quantities, some of which (such as /5 » for
instance) may be at station <+ [ . These average quantities are always

evaluated using the data from the most recently completed phase.

The solution of this equation is found in the usual way (Ref. jg), by

applying the recursion formula

L L, L+t [
\/K+I = E \/K + F ) L-')z) '“)/00 (61)

+1
Substitution of this, with L replaced by [ -] , into Eq. 60 s
followed by comparison with Eq. 6] itself, gives the recursion relations:
EL A: ' FL _ DI: + e ’:L-' _
S ogk-cter T grocrert W

The boundary condition on the axis is enforced by taking g' =F 'z o0

J
and these equations are then used recursively to find E" and F:'L for
1ol
L ranging from 2 to 100. The wall value V., is then assigned

from the wall boundary condition, and Eq. 61 is then used to calculate
the values of \/ for L = /90 downto L =2,

The solution of the streamtube equation can be accomplished explicitly,

by recognizing that the left-hand side of Eq. 48 is just the directed deriva-

tive along a streamline. - i.e., it can be written as
AP RHS
- (63)

os (1-m%) ets &

where S derotes distance along a streamline, and RHS stands for the

right-hand side of Eq. 48,

32




A computer program for performing the numerical steps described
above has been written, and is listed in Appendix E. In its present form,
it will only do a calculation for a specific mass flow. If it had been able to
run stably, it would have been expanded to incorporate the necessary logic
for iterating on the mass flow, and for crossing the saddle-point where the
local value of /- mM* goes through zero. However, as pointed out in the
section below, this program contains a very serious instability, which it

has not been possible to overcome.

C. Results

The computer program described in the section above was run a

number of times, for an axisymmetric, adiabatic-wall case, with the values:

-9’.—. -30° , z' 0.5 , '9:,_ = +ZO°
B =1r230 , A =0.12 (64)

y=14 | R =07  w=075 Ay = &K =10

The calculations were started at Xp= -5, 3 ; a step size AX O | was
used. (The input values of X, and X+ were 4£0.3 , so thata value of
AX =0,0( would have been used in the interval —0. 2 € x£ +0.3, if the
calculation had gone that far.) These values were chosen to match a calcu-
lation that had been done with the previous program, and had been compared

3,4).
with experiment by Rothe ( )

From the outset, these runs displayed a characteristic instability.
The radial pressure distribution, which is perfectly smooth at the initial
station, would begin to show small departures from a monotonic behavior.
These would be reflected in an even larger variation in 9?/2(_ » which in
turn would cause oscillations in \/ » through the radial momentum equation.
These oscillations in |/ would then be fed into the streamtube equation,
where they would cause even greater oscillations in F . The amplification
factor in this sequence was always greater than one - no way was found to
fully suppress this amplification, and the result was always that the calcu-

lation would be terminated, after a few steps, when one or more variables
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exceeded the overflow capacity of the IBM 370/165 computer used for the
calculations. A typical result is shown in Figure 1. The smooth profile
used as a starting condition at X =X, = —5.3 has already developed a
small oscillation at the end of the first step, and after three steps it has

grown beyond any reasonable bound.

Ideally, this research program should have been interrupted as soon
as the severity of the unstability became clear, and a major re-direction of
effort made, to thoroughly understand the problem. Unfortunately, the
duration and funding level were insufficient to allow this approach. Instead,
a series of ad hoc variations in the computer program was made, in an
attempt to suppress the oscillation. Approximately 120 separate runs were
made in this effort. Some of these were partially successful, but none of
them was completely so. In view of this fact, there does not seem to be any
merit in presenting detailed results for each attempt. Instead, a brief
sketch of some of the major efforts is given in the following paragraphs, in
the hope that they may provide some guidance for any future attempts to

overcome the problem.

Algebraic Rearrangement - Certain forms of the streamtube equation contain

terms which are inversely proportional to the square of the axial Mach

number /\/I'z. Since this quantity is very small in the reservoir, it mékes
the associated terms quite large. Several rearrangements of the terms in
this equation were used, in order to avoid taking small differences of large

numbers.

Filtering - There are many techniques for numerically smoothing an
oscillatory solution. To test the applicability of such a technique, several
runs were made in which the pressure at any radial station was taken to be

the average of the values just calculated at the stations above and below it.

Wall Pressure Boundary Condition - During some early runs, the wall

pressure was found by extrapolation from the two points nearest the wall.
To gain greater accuracy, a finite-difference approximation of the streamtube

relation at the wall was written, and used as a boundary condition.

Variations in the Order of Calculation - In all runs, the values of ¢ and @

are calculated first. In several, the order of calculating £ and \/ was

reversed.
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Revision of the V -Equation - There is a group of terms in the V/ -equation,

involving velocity components and their derivatives, which is an expression
for the divergence of the velocity field. This quantity is small in the nearly
incompressible flow conditions upstream of the throat, and it was suspected
that errors might be entering because of imperfect cancellation of the various
velocity gradients. Thus a new form of the \/ -equation was derived, dif-
ferenced, programmed, and run, in which these terms were replaced by the

equivalent gradients of the density field.
Use of the W -Equation - The quantity W/ , defined by
/
W= V- N0 (L

is very small. In the leading terms of the asymptotic solution far upstream,

it is identically zero, and the calculations made during the previous program
always showed it to be small. Furthermore, it responds to the axial pressure
gradient as well as to the radial one. Thus it was thought that this equation
would be less susceptible to the instability. This was indeed found to be true -

the oscillation did build up more slowly, but it was still fatal.

Original Continuity Equation - The streamtube equation, which is derived

from the continuity, energy, and axial momentum equations, is fairly
complicated, although it has the virtue of showing clearly the contribution of
various terms to the pressure gradient. It was hoped that a simpler equation
might afford less opportunity for the instability to build up, and accordingly

the streamtube equation was replaced by
2 2 / =
- (DWV\/) + T 3¢ (DYL(I) + 2Ty DU =0
This equation was also programmed and run, but did not improve the situation.

Use of W =0 - Several runs were made in which the radial momentum

equation was bypassed altogether, and the radial velocity calculated from the

approximation V =T L . One of these runs went as far as X = - 2.5

before instability, This shows that the instability involves a coupling between
V and P,

New Streamtube Equation - By working in coordinates along, and normal to

the streamlines, it is possible to derive the form of the streamtube equation
given in Eq.37 . Its use has not eliminated the problem, but it has been

retained in the form of the program presented here, since it yields results
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which are somewhat easier to interpret physically.

Smoothing of \/ Near the Centerline - Much of the instability comes from

calculating the streamline direction \//w » where both V and (L are
very small. It was found that instabilities near the centerline could be
removed by fairing VV in such a way that the quantit-y \//xu'.' » for

O & £0.05 was set equal to its calculated value at NN =0.05. A
wide variety of comparable fairing formulas was used to fair \/ near the

wall, all without success.

2
Elimination of ‘&'(V/‘I\ - Small errors in V' and (L (both of which
are themselves quite small) produce large errors in the term 52; (V/(I) .

By suitable algebraic manipulation, this term can be replaced in favor of
3"’/a,< and 3"’/3& » which in turn can be approximated by their values
at the previous iteration. This version of the streamtube equation is the

one given in this report.

Fairing of the Pressure Profile - After the P -profile has been calculated,

it can then be faired by a polynomial. Many such polynomials were used (up

to a quartic) with various constraints on the fitting points. Some of these
showed promise: in one calculation, fitting of a single cubic in ¥ produced

a stable result down to X = -2.7. However, it was found that the V/ -profile
resulting from this fairing of the. F -profile was physically unacceptable

(too large negative, especially near the wall).

Iterations on Pressure Gradient - In the previous work (1, 2). where

97/2\« was zero, the axial pressure gradient was found by iterating on it
until mass conservation was satisfied. An attempt was made to do the same
type of iteration in this program, where 100 streamtubes must all be

satisfied simultaneously. The runs made with this technique were not successful.

The situation can be summarized by stating that a relatively large
number of fixes has been tried, some of which were partially successful.
(In particular, the instability near the axis, which was present at the time the
calculations for Fig. 1 were made, has been completely removed.) However,
none of the approaches used was capable of removing the instability near the

wall.
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Iv. CONCLUDING REMARKS

The study reported above was initiated with the aim of predicting
the radial pressure variations that exist at low Reynolds numbers in nozzles
with very sharp throats. A composite set of equations was chosen, which
appear to contain all of the terms necessary for describing these effects.
The particular computational efforts exerted to evaluate these equations

encountered a severe instability, which it was not possible to overcome.

It is tempting to speculate on what may have caused the instability,
and on what other approaches might have proven effective. However, the
evidence gathered does not afford a safe basis for such speculation. It is
clear that some form of unstable feedback between the /~ and V' calculations
is responsible for the problem, but it is not possible to say how this feedback
is affected by such factors as the difference scheme used, the step size, the
sequence of performing the iterations, and the choice of terms retained. The
present studies have shown that further progress on the problem of radial
pressure variations in low Reynolds number nozzle flows must await the

development of a deeper understanding of the roles played by these factors.
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APPENDIX A

DERIVATION OF THE STREAMTUBE EQUATION

To derive Eq. (33), derivatives of the density are first replaced in

favor of derivatives of the pressure and static enthalpy

_aA:_{_{;ﬁk__?’_%ﬁj

o2 Y- w 2% 4 8%

This expression is substituted into the continuity equation. In the resulting

(A-1)

expression, the energy and axial momentum equations (Eq. 23 and 17) are

then used to replace 244z and 3'&/3_& in favor of 23)/2_?; . The result,

after a little rearrangement, is

SR S N,
[L-N2h w5 82+ A7)

T roov
(A-2)
= ¢y o (TTn)
“ ;| 2 5T 2 T
- — - = “.. - =0
£ rar(kgv>+2%(k5% *ij

If the radial pressure gradient is neglected, this reduces to Eq. (3-32) of the

previous work(l),

In the present generalization, we would expect that the total Mach
number, and not just its axial component, would appear as the factor multi-
plying the pressure gradient, To obtain this form, it is necessary to use the
" radial momentum equation, This is done by first noting the identity: (see

next page).
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- 22 a* v ov
(A-3)
= }_—- _"_Lf Z———z'aj—"’* ié& +U-?j-
cos® ™ o~ 0P [§ % 3 o

e e

The pressure derivatives appearing in the last term of this expression are
then replaced using the momentum equations (17 and 25). After considerable

rearrangement, the form shown in Eq. (33) is obtained.

41



APPENDIX B

DERIVATIVE OF THE MODIFIED STREAMTUBE EQUATION

The derivation of the modified streamtube equation begins with a
derivation of the expression for the rate of change of the flow inclination angle

along a streamline. In an inviscid flow, this guantity responds only to the

pressure gradient normal to a streamline:
29 o2

The momentum equations are now used to replace the pressure gradients. The

result is:

2 - =7 _ X oT 2
SIY\Q%—uﬂﬁa——é —wsé\gg +ly:ar(f’trz)}

3 oz r

+f(,¢" {w9£<%> 4W8§, (%)S

The last term on the right-hand side can be recognized as the rate of change

of & in the streamline direction.

If this equation is now used to eliminate;—i( V"/u.) from Eq. (33), the
result is Eq. (37).
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APPENDIX C

DERIVATION OF THE INITIAL CONDITIONS

If the expansions shown in Eq. (45) are substituted into the full
equations of motion, the first few of the set of ordinary differential equations

to be solved are (for the axisymmetric case):

Continuity:
=0
/
MW;) - U5 v;,’=o (C-1)
Axial] Momentum:.
/
N/ (v-1) By R Po) -
(MUEL) + —— BT A= (-2
Radial Momentum:
-\ _/ 4 ’ 4 V4 /o 7'0‘,,,' AV
B VO e - AT

These can be looked upon as three equations for U, \/, and Tl‘a' . If the
) )

relation\/L= Wq.w/ (L,is now used in Eq. (C-3), the result can be integrated once,

to give
-2 K = ¥ BT / .’ A
= "_:;‘ 3 + 0, (VL L + 2 7.) (C-4)
where K is a constant of integration. This result is now used to eliminate

73 from Eq. (C-2), giving a result that can be integrated once as

il +3% KT+ T (e = comst =0 (C-5)
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where the constant has been set equal to zero, by the boundary condition on

the axis. The constant can be evaluated, by lettin -Y)-» o in (C-5), as
Yy g

s
K= -% dto) - 222 (C-6)
30,

next, Eq. (C-5) is integrated, using an integrating factor, and the resulting

constant is evaluated by conditions on the axis, The result is the first of

eqs. (46). The quantity o is then found directly from (C-4). Finally,

the value of (IL(O) is found from the condition that the total mass flow be

conserved. In particular, this requires that

|
_L L, (n) M = A

(C-7)
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APPENDIX D

MATRIX-COEFFICIENT EXPRESSIONS

The matrix coefficients é,ppearing in Eq. (56) are:

. WP W (e o (TEETE) oW }
Q = — = _ + + - + x>
u T T, 447 BT," (4om T 8 (an)” % (awy
Wb AT om (e - )
Y BEr T & ()~
(7Y W . -
azLu = ——_= ~ (“r: , —(/C,: ’)
BT, 26
. WP (T (e o (W-Tw7)
a.-‘_?_‘-' - — + + — - + EY
T T, 4dv BE: B ifPM T  4(6m) 2 (a0
—_ - W
L nP (7) "
AH = - + — ' W
T B, (av)
b = O
L
AZ: =0
- -
L _ P &, (7) "
= T & BEFR ()
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- where

L = / L+t - et o~
GRADP = Fes —PKL - WL_“' e - PKL '+pK+I ~ P
Ax T 4,Ay(
L - L+t L=t _ L#l L=
QGQAW = (-:{ ﬁ(‘H - l<‘- . \:/ P,( -—P“ + P+ "9{9‘-:.
L+ L \*™ L L) L=l L =
VDIsSS - _?_ EVYL (\/" -V ) - € ‘\/K Vi =Vi + é<\/l<.> %
4 (bvO* " 289 "1
The coefficients appearing in the radial momentum equation are:
L P W (T")"J RIS
Ao = M {22 (2S5
| 5 - av (P 0.
= B o LD fedan2fy ac e 2
T oax  BR)S (3T \ow 3w 2o
-_— - =W ———
ot VLPW (T) nu<9@>+_e__§_}_i
AT T 3 = (o 3 3
K Fa%, Brr (3 T\ bw,
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APPENDIX E

COMPUTER PROGRAM LIST ING

FINITE-DIFFERENCE SOLUTION FOR LOW REYNULDS NUMBER
NOZZLE FLOW INCLUDING RADIAL PRESSURE GRADIENT
IMPLICIT REAL*8 (A-H,0-1)
COMMON A, ALPHU,ALPHT,ACsA11,A12,A21,A22,AN1,AN2,ABDAT ,ARDAZ 4 AKL,
* AINT s AINTM]L ANEW
COMMGON B BKL,B11,B21,R22,80TT0OM,B12
COMMON CPKUsCFBOTCS2TWaCoCKL W C114C12,C21,L22
COMMON DELX yDELETA.DELXSyDPDXWoDVUy DUy DT, DDU,, DDT » DV 4 DKL y DENDIM,
* D1+D2+DALIDA2,DTBRyUPBRyDDVyDUXRRDUBRJOUDUBR,DTXBR,DPLAST
COMMON EM11,EM12,EM21,EM22, ERF,EP
COMMON FNL4FN2
COMMUN GAMMA,G4BGMLyGDXsG136G24G39G44G535646T7+63,463,610,611,G612,
* Gl13,614,G154G16,G17,G18,G19,G20,GKANP
COMMON HFLUXsHTR HDELX
COMMON OMEGA,03,04,05,0HMPH
- COMMON PRGPI3yPGRT PGl yPG2yPHW+PART1,PART2,P(
CUOMMON QGRADP,QUW11,Q612,00214+QQ22+Q11+Q12,Q21,Q22
COMMON R1,RADDEGsRTPB2yR12yRT2GM14RISTLyRIST24RTZ8LZT RM,RMTL RMT2,
% RMT
COMMON SA14+SCLl,SH29SW34SH44SySG2sSIGMAN,SIGBARSSCALLySHWLRT ,SW2K
COMMON THETALSTHETAZ2 2y TW24TCFTOP, THETAW,THETAP ,TANTHP , TANBAR,TOP,
* TCF 9 THW s TUHW yTLHW  TCL,T51,4T799,TERR
COMMON UCFTOPyUCF yUHWyUUHRKyULHWUCL 4US1 4y U99yUERR
COMMON VDISS yVWAKM1 VEE,VHW, VUHW, VLHW,V51,VERR
COMMON W
COMMON XPRINT ¢ X0 9 X1 9 X2 3 XMAXy XTWL s XTW2 9 XPLAST o X ¢ XSQ ¢ XHWeXDRG4XEF
COMMON Y1,Y29Y3,Y4,Y5,Y6,Y7,Y8,Y10
COMMON Z192292542 7928921049211 o212 921342154223 413141324233,517134,
* 2135424292439 24192R1yZR2¢ZR34IR4 4IRS ¢IRA G IRTWIREyIRI 4 IR,
* IMy, ZR114ZR1242ZR13,ZR 14
COMMON IBCYyIETAPRWIXyIXTHWSITER I yITERU
COMMON KoKXoKI
COMMON L ,LC
CUMMON NUsNUEPS
COMMON ETA(101),UC10192)19V(101,42)4PL10192),T{101,42),¥V{1D1,2},
% EL1L1(121),E12(101),E22(101),E21{(1031),FL1(121),F2(101)
CALL INPUT
CALL INIT
CALL START
5 VWKMI=V(1C1l,1)
DO & L=1,101
CLI(L)=2.0D0%U(L,2)-U{L,1)
E12(L)=2.0D0%V{L,2)-V(L,1)
E2L{L)=2.0D0%P{L,2)-P{L,1)
E22(L)=2.0D0%T{L42)-T{L, 1)
UiL,1)=u(L ., 2)
T{LsY1)=T(L,2)
VILy1)=V(L,2)
PlLy1)=P(L+2)
UtL+2)=E11(L)
VILy2)=E12(L)
PlLs2)=F211(L)
4 T(Ly2)=E22(L)
ITER=1 49

C
C
C
C
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21

22

23

41

42

14

415

GO TO (21422,23,23), IX
IF(X.LT.X1) GO TO 23

IX=2

KI=KI*12

DELX=DELX/10.0D0
241=234%DELX

GO TO 23
[F(MOD(KI,10).NE.O) GO TO 23
IF (X.LT.X2) GO TO 23
IX=3

KI=KI/10

DELX=DELXS

l41=134%DELX

KI=KI+1

SW2K=S IGMAW *%2
X=XC+DFLOAT (KI)*DELX
KX=KX+]

HDELX=0.5D0*DEL X
XHW=X-HDELX

GO TO (41442414) [ XTHW
IF(X.LE.XTW1l) GO TO 14

[ XTHW=2

IF(X.GT.XTW2) GC TO 43
THETAW=03+04*%DCGS (OS5 *(X-XTW1))
GO 10 14

IXTHW=3

THETAW=TW2

CALL GEOM( XHK)
SIGBAR=SIGMAW
TANBAR=TANTHP
CALCULATION OF U AND T
E11(1)=1.0Nn0

£12(11=0

E21(1)=0

E22(1)=1.0D0C

F1(1)=0

F2(1)=0

UCL=U(1,2)

Us1=U(51,2)

U99=U(99,2)

TCL=T(1,2)

T51=T(51,2)

T99=T(99,2)

V51=V(51,2)
Y1=235%S1GBAR%*?
Y2=2.0D0*Y1

¥Y3=4,0D0%Y]

Y4=8,0D0%Y1

Y5=234%SIGBAR
Y6=7241%SIGBAR

Y7=Y1%PR

Y8=4,0D0%Y7
Y10=B%PRASTGRAR*%2

DU 6 L=2,100
PHW=0.5D0*(P(L,1)4P(Ly2))
UHW=0.5D0C*(U{Ly1)+U(Ly2)})
VHW=0.5D0*(VILy1)+V{L+2))
THW=0.5D0%(T(L,1)#T(Ls2))
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TUHW=0.5D0%(T(L+1,1)}+T(L+1+2))

TLHW=0.5D0%(T(L-141)4T(L-1,2))

UUHW=0,.5D0%(U{L+1,1)+U(L*+1,+2))

ULHW=0,.5D0*(U(L-1,1)+U(L-1,y2))

VUHW=0.5D0% (V{L+1,1)+V(L+1,+2))

VLHW=0.5D0%(V(L~-1,1)4V(L-1,2))

W=VHW-ET A{L)*UHW*TANBAR
 GL=PHWXETA(L)

G2=WxG1

G3=YS#THW

G4=THW& %7232

G5=733%*THW

G6=0OMEGA*ETA(L)

GT=T(L+1l,1)-T(L-1,1)

C8=G6%G7

G9=4.0D0%ETA(L)

G10=G9*THW

Gli=U(L+1,1)-U(lL-1,1)

G12=TH W% %*OMEGA

Gl3=ETA(L)*G12

G14=DELETAXTHW

G15=2. DDOXETA{L)

G16=G15%THW

G17=DELX*%THW

G18=G1l*UHwn

G19=DELX *W

G20=Y6%*THHW

GRADP=(P (L s2)-P{Ls1))/DELX-FETA(L)*T ANBARX(P(L+]1,1)
* “P{L=-1,1)4P(L+1,2)-P(L=-142))/Y5

QGRADP=UHWR (P (L 42 )-P(Ls1))/DELX#W*(P(L+141)-P{L-1,1)+P(L +1,2)
* -P{L=-1+2))/Y5
VDISS=8.000%PRAETA(L ) *( { (VUHW=VLHW)/Z33)*%2
#+EPX{ - VHW *{ VUHW ~ViLHW )/ (ETA(LYI*ZL33)

* +(VHW/ETA(L) ) %%2))/3.2D0

A11=-G2/G3+G4*{ GS*EP+GB+G1l0)/Y4

AL2=G6%G4*Gl1l /Y4

A21=G13%G1l1/Y?2

A22==G2/6G3+G4*x{Gla*EP+G8+Gl6)/ YR

Bl1=G18/G17+G13/Y1

B12=0

321=0

B22=6G18/G1L7+G13/Y7

C11=G2/0G3-G4%*( G5 *EP+GB~-G10) /Y4

Cl2=-A12

C21=-A21

C22=62/G3-G4*%(Gl4%EP+G8-G16) /YR
DI=Gl*(Y5%UlL,Ll)*UHW-G19%G11)/G2C—-ZT*ETA(L)*GRADP /%
% +G12%{DELETA%GLI*EP+GIS*{UIL$L 1) =2.CDCRUILy1)+U(L=141)))/Y3
D2=Gl*(YSEUHW*T (L4, 1)-G1l9%GT)/G20+4Z T*ETA(L)*QGRADP/GAMMA
* +G12%(DELETAXGT*EP+GLIS*(T(L+1,1)=2.0D0%T(L,1)+T(L-141)))/Y8
¥ +G12%VDISS/Y10

QQll= B22-C21*E12(L-1)-C22%E22(L-1)
QQ12=-B12+C11*E12(L~-1)+C12%E22(L~-1)
QQ21=-B821+4C21%*E11(L-1)+C22%E21{L-1)

QQ22= 311-Cl1*E11(L-1)-Cl2%E21(L~-1)
DENOM=QQ11%QQ22-QQ21*QQ12

Q11=QQ11/DENOM

Ql2=QQ12/DENOM
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Q21=QQ21/DENOM
Q22=QQ22/DENOM
PART1=C11%F1(L-1)4C12%F2(L-1)+D1
PART2=C21%F1(L-1)+C22%F2(L~1)+D2
ELL(L)=Q11%A11+Q12%A21
EL2(L)=Q11%A124Q12%A22
E21{L)=Q21%A11+Q22%A21
E22(L1=Q21%A12+Q22%A22
FLIL) =Q11%PART1+Q12#PART2
6 F2(L) =Q21%PART1+Q22%PART2
CALL GEOM(X)
SW2=SIGMAWE%2
TOP=DCOS(THETAP)%T(101 o1)*%0HMPH
BOTTOM=CFBOT#P{101,2 ) %S IGMAW
UCF=TOP*UCFTUP/BOTTOM
TCF=(TOP*TCFTOP) /(BOTTOM* (DCOS(THETAP) ) %%2)
EMI1=E11(100)-1.0N0~2.0D0/UCF+2.0D0*DCOS(THETAP)*DSIN(THETAP)
% *SIGMAWXDELETA/DELX
EM12=E12(100)
FNL1=U(101 41 )% (1 .00042.0D0%S IGMAW*DCOS (THETAP ) #DSIN(THETAP ) *DELETA
% /DELX)-U(L10041)+2.000%V(101,1) ¥ {TANTHP-(DELETA*STGMAW* (DS IN(
% THETAP))#%2)/DELX)~2.0DOXTANTHP#V( 100, 1) 2. CD0%*DELE TA%XVWKML
% *SIGMAW®(DSIN{THETAP)#%2)/DELX=F1(1C0)
GO TO (403,7),IRC
403 EM21=E21(1C0)
EM22=E22(10C)-1.0D0-2.0D0/TCF+2.000%S IGMAWXDELET A%DCOS (THETAP ) %
%* DSIN(THETAP) /DELX
FN2=T{1C1,1)%#(1.0D0+2.0NC%S IGMAWSDELETA%DSIN{ THETAP ) #DCOS( THETAP)
*  /DELX)-T(100,1)=2.0DCK*THETAW/TCF=F21100)
GO TO 8
T EM21=F21(1G0)-(2.0DO*SIGMAW*DELETA%DSIN(THETAP ) %DCOS{THE TAP) /DELX
% =2,0D0/UCFI#U(101 1 )%PR¥(2.0D0+4,CDC* (TANTHP*%2) /3,000
¥  —8.,0D0%S IGMAW*TANTHP#*DELETA/ (3. 0DO*DELX) )
EM22=E22(1G0)-1.0D0
FN2=T{101s1)=T{ 100,1)4PR*{2.0D0+4. OD0 ( TANTHP*%2)/3.,000 ) %U(101,1)*
£ (U(101,1)-U(100,1))+8,0D0*PR*STGMAWKTANTHP *DELE TA*
% (U(101+1)%%2) /(3 ,000%DELX) +4 .CDO%PRE¥TANTHP U (131, 1)%(V (151, 1)
% =V(100+1)1)1/3.0D00¢4.CDC¥PR*SIGMAWRU(1GL L) *DELETA*(V(101,1)
$  —VWKM1)/DELX-8.0D0%PRANELETA®( V{101, 1)%%2)/3,0D0-F 2(100)
8 DENOM=EMIL*EM22-EML2%EM2]
U(101,2)=(EM22%FN1-EM1 2%FN2 ) /DENOM
T(101,2)=( EML1*FN2-EM21%FN1)/DENCM
N0 9 I=1,100 .
U(101-1,2)=E11{101-1)%U(102-1,2)+EL20101=T11%T(102-1,2)+F1(101-1)
G T(10L-1,2)=E21(10L-T1)%U(1N2-T,2)+F22(101-1)*T(102-1,2)1+F2(1C1-1)

AINT=4,CDO%*P(242)%ETA(2)%U(242)/T(24+2)

D0 10 L=3,10¢C

SCALE=4-2%MCD(L,2)
1C AINT=AINT+SCALE*P(L,2V*ETA(L)*U(L+2)/T(L42)
~ AINT=(AINT+P(10142)%U(1C142)/7T(101,2))%213

ANEW=AINT *SW2

CALCULATION OF V

IR11 = 3,0DO*B*SIGBAR%%*2

IR12 = 4,0DD0*SIGBAR

E11(1)=0

F1(1)=0

DO 404 L=2,100
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PHW=0.5D0%(P(L,1)+P(L,2))

UHW=0.5D0%(U(Ls1)+U(L,2))

VHR=0,5D0%{V{L,1)+#VIL,2))

THW=0.5D0%(T(Ly1)+T(L,y2))

W = VHW-ETA(L)*UHW*TANBAR

Gl2=THW%%*DMEGA

DTBR=AT(L+1 41)-T(L-141)+T(L+1,2)-T(L-1+2))/234

AKL=~ETA(L ) *PHW*W/(THW*ZR12)+GL12*(ETA(L)*OMEGA*XDT AR/ THW+LEP

* +2.0D0%ETA(L)/1.0D-02)/2R11

BKL=ETA(L) *PHWHUHW*DELETA/ ({THW*DELX)+G12*{DMEGA*DTBR*DELETAXFP/THW

*+2,0DO*EP*DELETA/ETA(L)+4. ODO*ETA(L)/1.2D~-02)/2R11

CKL=ETA(L)*PHW*W/ (ZR12*THW)-G12%{ETA(L)*OMEGA*DTBR/THW+EP
* =2.0D0%ETA(L)/1.0D-D2)/ZR11

DV=VI(L+l,1)-V(L-1,1)
DPBR=(P(L+1,41)-P(L-1,1)¢P(L+1,2)-P(L-1,2))/234
DDOV=V(L+1,1)-2,0D0%V(Ly1)+V{L=-1,y1)
DUXBR=(U(L,2)-U(Ly1))/DELX

DUBR = (U{L+1y1)-UlL=141)+U(L#1,2)-UlL=142))/134
DOUBR=(U(L+]141)-2.0D0*%U(Ly1)+U(L-1,1)+U(L+1,2)-2.0D0%UlL 42)

* +U(L-1,2))1/242

404

4C5

71

63
61

DIXBR=(T{L2)-T{Lsl))/DELX

DKL=ETA{L) *PHWR (UHW V(L 1) *DELETA/DELX=WEOV/ZRI2)/THW-ZR13%ETA(L)
*¥DPBR#*DELETA/STGBAR+GL2*(DVA{ETA(L ) *XOMEGA*®DTRR/THWH+EP )
—EPXVI{L,1)*0OMEGAXDTBREDELETA/ THW=2 . 000 %EP*V (L, 1) #*DELFTA/ETA(L)
+2 ., 0DC*ETA(L) *DDV/DFLETA-OMEGA*DTBR*DELETA% (2. 3D0%ETA(L)*S IGBAR
*DUXBR+T ANBAR*DUBR¥ETA(L ) #%2 )/ THW+SIGBAR®ETA(L)*(U(L+1,2)
—UlL=192)=U(L4141)+ULL=1 1))/ (2.0R0%DELX)-ETA{L)*T ANBAR¥DUAR
*DELETA-TANBAR #DDUBR*DELETARETA(L ) *22+3, ODOXETAL L) *STGBARXOMEGA
*DTXBR*DUBR*DELETA/THW)/ ZR11

DENOM = BKL-CKL*E11{L-1)

ELLLL)=AKL/DENOM

F1(L) =(DKL+CKL%¥FL1{L-1))/DENOCM

VIi101,2)=TANTHP*UY(101,2) '

DO 405 1=1,100

VI101-142)=E1L10101=-1)%V(102-1,2)+F1(1D1-1)

DO 71 L=246

VIL92) = (ETALLIRULy2)%V(T742))/(6.,0D-0C2%U(1742))

CONTINUE

CALCULATION OF P

DO 63 L=1,101

4 3 3 3 o o

F2{L)=P(L,2)

PRF = ZB/(ZT7*B*SIGBAR*%2)

L =1

UHW = (U(Ll,1)+U(1,2))/2.0D0
PHW = (P(L,1)+P(L,2))/2.C0D0

THW=Co5D0% (TULs1)1+T(Ls2))
AC=DSQRT(THW) /RT2GM1

IM = UHW/AC

DVON = (V{2,2)4#V(2,1))/2.0D=-02

D2UNN2 = (U(3,2)=2.000%U(2,2)+U(142)+U(3,1)-2,0D0%0(2,L)1+U(1,1))
* /2.0D-04 ,

D2TON2 = (T(3,2)=2.0D0%T(2,2)4T{142)+T(3,1)=-2.0D0%T(2,1)+T(1l,1))
% /2.0D-04

RHS = (GAMMA%PHW®IM%%2%( 1,0D0O+EP)*DVDN/ (SIGBAR*UHW)

% +PRF%X{D2UDN2=-{ UHW/THW) %X{D2TON2/PR+ 8. 0DO*NDVDN*%2/3,000))) /
* (1.0D0-2M%%2)

P(142) = P(1,1)+RHS*DELX

DO 501 £=2,100
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THW (T(L,1)4T(L,2))/2.00D0

PHW = (PIL,1)+4P(L,2))/2.0D0
UHW = (U(L,1)+U(L,2))/2.00D0
VHW = (VILy1)4V(L,2))/2.000

AC=DSQRT(THW)/RT2GM1
IM = UHW/AC
RM = VHW/AC

™ DSQRT ( ZM*%2 $RM%=%x2 )

Q = TMxAC

CS = UHW/Q

SN = VHW/Q

DVUN = (VIL41,2)/7U(L+1,42)-VIL-1,2)/7U(L~1+2})
* +VIL+1, 1) /0(L 1, 1)-V(L-141)/U(L-1,1})/4.0D-02

GAMMAX PHWH TM*x %2 %C S (DVUN+EPXVHW/ (UHWXETA(L)))/SIGRAR
DIDN = (T{L+12)-T{L-1,2)4T(L+1,41)-T(L-141))/4.0D-02
= (U(L+1,2)-U(L~-1,2)4U(L+1,1)-U(L-1+1))/74.0D=-02
= AVIL#L42)=VIL=192) VL4141 )} ~VIL=141))/4.CD=-22
D2TDN2 = (T{L+1,2)-2.000%T(Ly2)+T(L-1,2)
* +T{L+1,1)-2.CD0%T(Lsy1)+T(L-141))/2.0D=-04
D2UDN2 = (UIL#1,2)-2.000%UlLy2)+U(L-1+2)
hd +UlL+1,1)-2.0D0%U(Ly1)+U(L-141))/2.0D-04
PB= (OMEGA*DTDN*DUDN/THW+D2UDN2 +EP*DUDN/ ETA(L ) )/CS
DPDX=(P(L,2)-P{Lsy1))/DELX
DPDN={P(L+1,1)-P(L-1ly1)4F2(L+1)-F2(L-1))1/4.0D-02
PC=—DPDX*SN%x%2 /CS+DPDN* (SN+SN*¥2 *ETA(L)*TANRAR/CS)/SIGRAR

PF = (OMEGAXDTON**2/ THW+EP*DTDN/ETA{L)+D2TDN2) /PR

PH = 2.0D0%DUDN%*%2 +8 ,0DO0* (DVDN*%2—EP *VHA*DVDN/ETA(L)
¥  +EP®(VHW/ETA(L))%%*2)/3.0D0

PI = Q#(PF + PH)/THW

PJ = PREXTHW®X(MEGA®* (PB  ~PI)

RHS = PA + Py +PC

DN DX (SN=ETA{L)*XTANBARXC S}/ (SIGBAR*(CS)

ETAL ETA{L)-DNDX*DELX

IET=ETAL/DELETA

L1 = 1ET + 1

IF (L1.GT.1C0) L1=100

IF (L1.LT,.1) L1=1

501 P{Ls2) = (ETA(LI1#L)—ETAL)I*P(LL,1)/DELETA + (FTAI-ETA{LYI))*P({L1+1

* 211 /DELETA + RHS*CELX*DSQRT(1.0D0C+DNDX%%2)/{(L.0D3=-TM%e%x2)%*(S)
L= 101

PHW

(PLLy1)4P(L42))/2.0C0

THW = (T(L1)+T(L,2))/2.0DD
UHW = (UlL,1)+U(L,2)1)/2.00D0
VHW = (VIL,1)+V{(L,2))}72.000
AC=DSQRT{THW) /RT2GM1

M = UHW/AC

RM = VHW/AC

TM = DSQRT{ZM**2+RM*%2)

Q = TM=AC

CS = UHW/Q

SN = VHW/Q

DVUN = (TANTHP-V(100,2)/U(1CO,2)+TANTHP-V{10C,11/U(100,1))/72.C60-02
PA = GAMMA%XPHW*TMx%x2 %CS* (DVUN+EPRVHW/ {UHWXETA(L)))/STGBAR
DTIDN=(T{101,2}=T{1C0,2)+T(10141)-T{10C,1))/2.0D-C2
DUDN=(U(101,2)-U(1G2,2)+U{1C1,1)-U(100,1))/2.0D-02
ODVON=(V(101+2)-V{100,2)4V{(101,1)-V(1C0,1))/2.0D-02
D2TDN2=(T(101+2)-2.0D00%T(100,2)+7(93,2)
* +T(10191)-2.0D0*T (100, 1)14T(99,1))/2.0D~-04
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D2UDN2=(U(101,2)-2.CDO*U( 10C,2) +U(99,2)

£ +U(L101,1)1=-2,000%U(100,1)+U(99,1))/2.0N-04
PB= (OMEGA*DTDN%DUDN/THW+D2UDN2+EP*DUDN/ETA(L))/CS
DPDX={P(Ly2)=-P{L,1))/DELX
DPON=(P(101,1)-P(100,1)1+F2(1011-F2(100)1/2.00-02
PC=-NPDX*SN%%2/CS+DPDN& { SN+ SN*%2%ETA(L) *TANBAR/CS)/SIGBAR

PF = (OMEGA*DTDN**2/THW+EP*DTON/ETA(L })+D2TNN2) /PR

PH = 2.0D0*DUDN*%248 ,0DO* (DVDN*%2~EPXVHW*DVON/ETA(L)
* +EPX(VHW/ETA(L ) )*%2)/3,0D0

PI = Q%(PF + PH)/THW

PJ = PRF*THW**(UMEGA* (PR -Pl)

RHS = PA + PJ +PC
P(101v2)=P(101,1)+RHS*DELX/((l.ODO—TM**Z)*CS)

5C3 UERR=DSQRT (L IUCL-U(142))%%x24{US51-U{51,2))1%%2+(U99-U(99,21}}*%*2)
* /73.0D0)
TERR=DSQARTI((TOL-T{1 42} )1 %%x24{T51-T(5] 21 )1%%x2+(199-T{99,2) )%%2)
% /3.0D0)
VERR=DSQRT{(VS1-VI(5]1,2)}%%2)
ERR=DSQRT(L(UERR/UL L g1} ) %%24 (TERR/T(1 4113424 (VERR/VISY 1) 15%%2)
* /3.0D0)
304 ITER=ITER+1
1TP=1TER-]
410 WRITE (6,200) ITPXySIGMAW,,SIGBAR y TANTHP , TANBAR,DPDX W, ANEW, 1 TERU,
* PERRLJUERRyTERRy VERP,ERR
DO 407 L=1,101
E11€(L)=vI{L,2)/0(Ls2)
407 WRITE (642010 ETALL) yUTL92)sTILs2)9P{L+2)4VILy2),ELL(L)
IFUITER-3)14,41404106
416 IF(X.GE.,XMAX) GO TQ 13
GO 10 S
13 STOP
200 FURMATI{1H] 43X, THITER = 1245Xy4HX = 4 1PF13.6y5Xy9HSIGMAN = ,
1IPE13.695XyFHSIGBAR = 41PEL3.69//4XsFHTANTHP = 41 PEL3.645X,
GHTANBAR = ,1PE13.6¢5X,BHNPDXAH = L1PEL13.695Xe THANEW =
1PE13.6+3X4,8HITERU 2120 /773X4THPERR = L1PEL13.5¢5Xy THUERR =
IPEL13.695Xy THYERR 2 1PEL13.695XyTHVERR = 21PEL13ah 95X
6HERR = ’1PE13.6,
J73XsBHETA 99X 96 HUIL 02) 914X s6HT (L e2) 914X+ HHPI{L,2),
14X 6HVIL s2)414Xs 3HV/ 1)
201 FGCGRMATY (FT7.245F20.8)
END

W u

# 3 3 o F o3

55




SUBROUTINE GEOM (YY)

IMPLICIT REAL*8 (A-H,0-1)

COMMON Ay ALPHU,ALPHT yACsA119A12,A21,A229AN14AN2,ABDAL ,ABDAZAKL,
* AINTLAINTM] ,ANEW

COMMON B,BKL,811,B21,822,R0TTOM,B12

CUOMMON CPKU,CFBOT,CS2TWyCyCKL 4C114C12,4C21,4C22

COMMON DELXyDELETAZNDELXS»DPCXWyDVUs U, DT, DDUDDT DV 9 DKL o DENDM,
* D1+D2yDAL1+DA24DTBRHyDPBRyDDVyDUXBR,DUBR yDDUBRyDTXBR,DPLAST

COMMON EM11,EM12,EM21,EM22, ERR,CP

COMMON FN1,FN2

COMMON GAMMA,G4BGM1 3 CD X9 61962903464 4G540G649GT3G8,69,610,611,612,
¥ Gl13,614,615+4G16+9G17,G18+,619yG2C,GRADP

COMMON HFLUXHTR,HDELX

COMMON DOMEGA,03404,05,0HMPH

COMMON PRSPI3PGRTyPCLyPG2yPHW,PART 1, PART2,P(

COMMON QGRADP,QQ11,QQ12,QQG21,Q022,Q11,Q12,121 4222

COMMON R1yRADCEG)RTPB2yR12yRT2GML,RISTL RIST2,RTZ8ZT4RM,RMT] ,RMT2,
* RMT

COMMON SAL,SClySW24SN3sSW4454SG24SIGMAKSIGRARWSCALF+SWLRY (SH2K

COMMON THETAL«THETA2 4TW2, TCFTOP, THETAW, THETAP ,TANTHP , TANBAR, TGP,
* TCF s THW s TUHW s TLHWSTCL ,751,T99,TERR

COMMON UCFTOPyUCF sUHWyUUHW ULHW,, UCL yUS1 4U99 yUERR

COMMON VDISS ¢y VWKML 3 VEE, VHIW, VUHW, VLHYW . V51 4 VERR

CUOMMON W

COMMON XPRINT X0 9eX19pX29 XMAX g XTWL y XTW2 g XPLAST o X 9 XSQ o XHWy XIRGyXEF

COMMON Y1,)Y2+9Y3,Y4,Y5,Y6,Y7,Y8,Y10

COMMON 214722925427y I8y210421V1 42129713 421592239231923247233¢134,
* 135926292439 24147ZR147R243ZRB9yIR43IRS4yIREGIRTHIRBH LRI IR1T,
* "My IR1142IR12,4ZR1341IR14

COMMON IBCIETAPRIXyIXTHW,ITER,yI 4 ITERU

COMMON KoeKX oK1

COMMON LoLC

CUMMON NUyNUEPS

COMMON CTA{(101),U(10142)9VI101+2),P{101,2},T(10142),VV(1D1,2),
* E11(101),E12(101),E22(101)4E21(101),FY(10L),F2(101)

IF {(Y.GCT.R1S8T1) GO TO 1

SIGMAW=Y%Z1+710

THE TAP=THETAL

GU TO 3
1 IF{Y.GELRLIST2) GO TO 2

C=DSQART(R12-Y*%2)

SIGMAW=Z11-C

THETAP=DATAN(Y/C)

GO TO 3
2 SIGMAW=Y®Z2+4712

THETAP=THETAR
3 TANTHP=DTAN(THETAP)

RE TURN

END
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SUBROUT INE INIT

IMPLICIT REAL%*8 (A-H,0-27)

COMMON A, ALPHU, ALPHT,AC4,A11,A12,A21,A224AN]1 ANZ,ABDAL,ABDAZ,,AKL,
* AINT 4 ATNTM1, ANEW

COMMON B3 ,BKL,B11,B21,822,B0TTOM, 812

COMMON CPKU,CFBOTCS2TW,C4CKL,C11,C12,C21,C22

COMMON DELX DELETAyDELXSyDPDXWsOVUDUDToDDUsDNT 4DV DKL y DENDM,
* D14D2¢yDA1sCA2+DTBRyDPBR DDV DUXBRDUBR,DDUBR, DTX3R, DPL AST
COMMON EM11,EM12,EM21,EM22,ERRLEP

COMMON FN1 ,FN2

COMMON GAMMA ,G4BGM]1 yGDX 961362963 4G4 965966467 568,69,610,G11+612,
* Gl134G14,615,G16,617,618,619,G20,GRADP

COMMON HFLUX sHTR,HDELX

C OMMON OMEGA,03,04,05,0HMPH

COMMON PRyPI3,PCGRTPGL1yPG24PHW,PART],PART2,PG

COMMON QGRADP,QGL114+4QCL12,GG21,QQ22,4,Q11,W12,Q21,222

COMMON R1,RADDEGRTPB24R124RT2GM1 4R1ST1,R1IST24RTZIBZT7,RM,RMT]1 4RMT2,
* RMT

COMMON SAL »ySCLlySW2 ySH33SW4 S ySG2+STCMAWSIGBARySCALE,SHLRT,ShW2K
COMMON THETALyTHETA2 s TW2,,TCFTOP,THETAW, THETAP, TANTHP,TANBAR,TOP,
* TCFoTHWsTUHWTLHW,TCL 4 T51,199, TERK

COMMON UCFTOPsUCF yUHWyUUHWyULHW UCL yU51 4U99,UERR

COMMON VDISSyVWKM1 ,VEE s VHW,y VUHW s VLHWs V514 VERR

CUMMON W

COMMON XPRINT 9 XQ X1 g X2 o XMAX ¢ XTWl o XTW2 oXPLAST 9 Xy XSQ 9 XHAWy XORGy XFF
COMMON YlvY2yY31Y49Y5,ngY?,YBleO

COMMON Z1 922425027428 421049 21) 9212921342159 2234731923241334234,
* 23592424243 924) ¢ZR13ZR243ZR34ZR4G 4IRSy IROyIRTyIRB 9 LRI yIR1T,
% 1My, IR1142ZR1242ZR134ZKR 14 :

COMMON IBCyIETAPRWIX g IXTHW, ITER, 1, ITERU

COMMON K ,KX,4KI

COMMON L,LC

COMMON NU.NUEPS

COMMON FTA(L101)U(10L42)sVI101+42)+sP(1C1,42),T(101,23,VVI1ID1,2),
* EL1(101)4F12{(101),E22{101),E21€1D1),F1(101),F2(10D1)
IF(XTHW1.GE.XTW2) GO TO 1
U3=(1.0D0+TW2)%0,5D0
O04=(1.000-TW2 )*0.5D0
05=3.14159265D0/({ XTW2-XThl)
RADDEG=57.2957795D0
RTPB2=1.2533141370C
X1=X1-1,9D-05
X2=X2-1.0D-05

XPLAST=XO0

R12=R1%%*2
THETAL1=THETA1/RADDEG
THETA2=THETA2/RADDEG
DELETA=1.0D-02
L1=DTAN(THETAL)
L2=DTAN(THETA2)
L5=DCOS(THETA L)
L7=GAMMA-] ,0DO
18=2.,0N0%GAMMA
RT2GML=DSQRT (2.0D0/27)
G4BGM1=4,CDOXGAMMA/27
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RLSTL1=R1*DSIN(THETAL)
R1ST2=R1*DSIN(THETA2)
216=1,0D0+R1*(1.0D0~-25)-Z1*%R1ST1
Z11=1.000+R1
212=1.0D0+R1%(1.0D0-DCOS(THETA2) ) =2 2%R1ST2
DELXS=DF LX

Z13=DELETA/3.0DC
RTZ827=DSOQRT(28/27)
115=RT2827%15/8
223=DELETA/12.0D0
SAL=((2.0D0-ALPHU)}*RTPB2) /ALP HU
SC1={(2.0D0—-ALPHT)*RTPB2 %281/ (ALPHT *PR* (GAMMA+1.0D0) )
CPKU=SA1%215

UCFTOP=KTZBZT*SAL
CFBOT=R*DELETA
TCFTOP=RTZBZT7*SC1
OHMPH=0MEGA+0.5C0

231=1,0D-04

232=0MEGA-1.0D0

233=2,0D-02

234=4,0D-02

235=8%731

242=2.0D0%231
143=233/(3.0DC*Z7)

ZR5=2 ,0DO*PR*DELETA
ZR6=0MEGA/ { PR¥4 ,ODO*CELET A%%2)
ZR7=PRADELETA%%2

ZR8=2.0D0/ (3.CDO¥DELETA*%2)
ZR9=4,0D0/ (3.0DO*DELETA)
ZR10=0MEGA/{Z33%%2)

ZR13=77/18

ZR14=0,5D0*DELETA

60 TO (243),NUEPS

EP=0

GO TO 4

EP=1.0D0

CONT INUE

RE TURN

END
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c

HSWN

SUBRDUT INE INPUT
IMPLICIT REAL%8 (A-H,0-17)
COMMON ALJALPHU,JALPHT 4AC,A11,A124A21,A22+AN1 AN2,ABDAT1,ABDA2,AKL,
% AINT s AINTM] , ANEW

CGMMON B ,8BKL,811,821,822,80TT(OM,B12

COMMON CPKU,CFBOTCS2TW4C+CKL9C114C124C214C22

COMMON DELXyDELETA,ZDELXSyDPUXWyDVUDUGDTZDDULODT IV DKL 9 DENDHM,
* D1,02,0A1,DA2,DTBR,DPBR,DDV,DUXBR,DUBRDDUBRyDTXBR, DPLAST
COMMON EM11,EM12,EM214EM22,ERR,EP

CCMMON N1 ,4FN2

COMMON GAMMA 4G4 BGML s GDX9G19G29G3 9G4 465966 956T79G846996G1D, 611,612,
* G139G1l44G159G164G174C184G194G2D,GRADP

COMMON HFLUXsHTR,HDELX

COMMON OMEGA,03,04,05,0HMPH

COMMON PR4PI3yPGRT,,PGLyPG2yPHW,PART1,PART2,PG

COMMON QGRADP,QQ11,QGLl2,Q8G21,QQ22,011,Q12,Q021,Q022

COMMON R1,RADDEGIRTPB2,yR12sRT2GM]1 yRISTL1 sRISTZ yRTZBZT 4RM,2MT1 ,RMT2,
* RMT

COMMON SAL ¢ySCl ySW24SW33SW4+SsSG2ySIGMAW+SIGBAR,SCALE,SWLRT,,SWZ2K
COMMON THETAL,THETA2 yTHW2,TCFTOP ,THETAW, THETAP , TANTHP , TANBAR, TNIP,
* TCR o THWyTUHWyTLHWsTCL4T51, 799, TERR

COMMON UCFTOP JUCF yUHWyUUHK ULHW UCL 4 US1 yU99,UERK

COMMON VDISS yVWKM1 ,VEEyVHRy VUHW s VLHW,, V51,4 VERR

COMMON W

COMMON XPRINT yXO 9 XLy X29 XMAX 9 XTW1 o XTW2 ¢ XPLAST 3 X o XSQA 9y XHUW,y XORGXEF
COMMON Y1,Y23Y3,Y4,Y5,Y6,YT,Y8,Y10

COMMON 21422425427 42892Z100211 5212421343215+ 2234y2314232+2334734,
% L354742+2439241 9IR19ZR24yIRIyIRG 4IRS yZREGIRT yIRBZIRG ZIRLID,
* My ZR1142R124ZR134IR14

COMMON TOC,TETAPRyIXyIXTHW,ITER,I,ITERU

CUOMMODN LyLC :

CUOMMON NUyNUEPS -
COMMON ETA(LOL) o UC10192)sVI1C142)4P{10T 42} sTL1I01492)4¥VI1INT,421),
* E11(1CL)E12(101)4E22(101),E21(101),F1(101),F2(101)
READ(5,1C0) IBCLIETAPR,,NU

NU = 041 FOR TWG-DIMENSIONALy AXISYMMETRIC FLTW, RESPFCTIVELY
READ(541Cl) RL1,THETALlyTHETA2,TW 2y GAMMA, OMEGA, PRy By Ay XPRINT,

* DELX g XOyX19X29 XMAX,ALPHUSALPHT s XT Wl 4 XTW2

IF (THETAL.GT 0.0} THETA1l=-THETAL

NUEPS = NU + 1

WRITE( b, 20C)

WRITE(6,201)

WRITE(69202)RT1 sy THETALy THETAZ o TWZ2 y GAMMA, OMESGA, PRy By Ay XPRINT,

%* DELXyXCaX19X29 XMAXyALPHUJALPHT g XT Wl 4 XTW2

GC TO (14,2),1I8C

WRITE(6,203)

GO 10 3

WRITE(6,205)

GO TO {(4+5)y NUEPS

WRITE (6,206)

60O TO 6

ARITE (64207)

CONT INUE

RETURN
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100
1C1
2CC
201

FORMAT (1914)

FURMAT (5E14.8)

FORMAT (1 H1)

FORMAT (13X y2HRL 916X e 6HTHFETAL g 14X 6 HTHET A2, 15X 3 3HTW2, 16Xy SHGAMMA,
/11Xy SHOMEGA 9 17Xy 2HPR 4 18Xy 1HB 19X o1 HA 417X y6HXPRINT/ 12X,
GHDELX 9 17Xy 2HXO 318X, 2HX 19 18X 9 2HX 24 17Xy 4HXMAX/ 11X, 5HALPHU,
15X s SHALPHT 316X y4HXTHW] 916X 44 HXTW2/ )

FORMAT (1P 5E20.6)

FORMAT (//1X422H HEAT TRANSFER ALLOWED//)

FORMAT(//1X,20H ADIABATIC WALL CASE//)

FORMAT (//1X,2CHTWO-DIMENSIONAL CASE//)

FORMAT (//1X,17HAXISYMMETRIC CASE//)

END
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SUBROUTINE START

IMPLICIT REAL*8 (A-H,0-2)

CUMMON A ALPHUWALPHT yACyA11,A12+A214A229ANL,AN2+ABDAL,AHBDAZ, AKL,
* AINTLAINTM1,ANEW

CCMMON B,BKL,B11,B21,B22,B80TTOM,B12

COMMON CPKUCFBUTCS2TWeCsCKLC11,C124C21,C22

COMMON DELXyDELETA,DELXS,DPDXWyDVUDUDT yDDULDDT 9DV DKL y DENIIM,
* D14D2,0A14CA24DTBRyDPBR,DLV,y DUXBR, DUBR4DDUBR,DTX3AR,DPLAST
COMMON EML14,EML2 EM21+EM22,ERRHEP

COMMGN FN1,y,FN2 , :

C OMMON GAMMA,GéEGMl,GDX.G[,GZ,GB,G4.G§.06,67,68.69,010,011,612,
* G13,6144G15,G164G617,G18,G19,G20,GRANDP

COMMON HFLUX4HTR,HDELX

COMMON OMEGA 403 3044054 CHMPH

COMMON PR 4PI3,PGRT,PG14yPG2,4PHH,PART1+PART2,PG

COMMON QGRADP,Q011,Q2Q12,Q0021,Q022,Q11,312,221+Q22

COMMON RY1sRAODDEGRTPB24R12,RT2GML ¢ RISTL,RIST24RTZ8ZTRMyRMT1,RMT2,
* RMT

C OMMON SAl’SCIySWZ,SWBySW4,S,SGZ'SIGMAW9SIGBAR0SCALE'SWLRT,SWZK
COMMON THETAL1yTHETAZ yTW2 »TCFTOPTHETAW, THET AP, T ANTHP , TANBAR, TOIP,
* TCF sy THW y TUHWy TLHW s TCL + 751,739, TERR

COMMON UCFTNOP ¢UCF yUHWUUHRK yULHW yUCL U519 U994 UERR

COMMON VDISS)VWKML 3 VEE ¢y VH Iy VUHW,VLHW V51 4 VERR

COMMON «

COMMON XPRINT ¢XC pX1 o X2 9 XMAX o XTW 19 XTW2y XPLASTy Xy XS0y XHWy XORG 4 XEF
COMMON YleY2eY3,4Y4,Y5,4Y64YT,5Y8,Y1C

COMMON 7192242592 74284210921 1921292134241542234231423242334234,
* 23590624263 4761 yZRL ¢ ZR2 1IR3 4ZIR4y IRS4IRG W IR Ty IRBWIRY$IR1D,
* LMy IR1142ZR1242ZR134R14 :

COMMON IBC,TETAPR,y IXy IXTHW, ITER,1,ITERY

COMMON K KX, KT

COMMON L,LC

COMMON NUy NUEPS

COMMON ETA(101) sU{1D21492)4VILOL142)4PlLlCLs2),T(10192),VVI131,2),
* EIT(101)oFE12(1C11.F22(101),E21CL0LY,FLC1DL)F2Z(LCT)
DELX=DELXS

L4)1=734%DELX

CALL GEOM (X0)

SW2=SIGMAWX%2

SW3=SIGMAW%XSW?

SWe=S IGMAW*SK3

X=X0

K=1

KX=1

KI=0

IX=1

[F(X1eGELX2)IX=4

IR1=(3,0D0%A) /(2.0D0%((1.0G00-15)%%2)%(1.0D0+2.500%75))

IR2=(4 ODO*GAMMA XA /(B*Z 7% ((1.0N0-Z5)%%2)% (1., 0NC+2.,0D0%725))
CS2TwW=2,0D0%(25%%2)~1.,0DD

CS3TW = 725%%3

Z16=(2 . 0DD#®AXZ 1 %%2)}/{2,0D0-3.0D0C*25+LS3TW)

P13=32 ., 0D0*GAMMA%XA/ (3.,0DO%*x2T7T%B%*71)

XORG=-210/11

U31=8.0D0%CPKU*XA/SW3
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IU=4.,0D0%A/ SwW2

XEF=X=-XORG

DO 2 L=1,101

ETA(L)=DFLOAT(L-1)/100.0D0

UlLe2)=ZUx(1.0DC-ETA(L)**2) +U31

VIL2)=21%ETA(L)*U(Ly2) ,

PUL32) =1.00D0=-PI3*(XEF/(SIGMAWNXDSQRTIXFEF*X2¢SW2*ETA(L )*%2)) ) *%3
2 T{Le2)=1.0DO

X=X0-DELX

CALL GEOMIX)

SH2=SIGMAW*%2

SW3=S5W2 %S IGMAW

LU=4,0D0%A/SW2

U31=8.3D0O*CPKU*A/SW3

XEF=X-X{ORG

DO 4 L=1,1C1

UlLy 1 1=ZU%(1.0D0-ETA(L I=%2)+U31

VILsl)=21*ETA(L)I*U(L,1)

PULy1)=1.0D0-PI3%(XEF/(SIGMAWERDSORTIXEF**24+SW2XETA(L )%%7)) ) *%3
4 T(Ly1)=1.0D0O

X=X0

HFLUX=A

HTR=0

THETAW=1.0D0

IXTHW=1

IF(XTWl.GEXTW2)IXTHW=3

LC=0

2C1 FORMAT(1X,F7.2,3F20.8)
RETURN
END
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