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ANALYTICAL AND EXPERIMENTAL INVESTIGATION OF
CIRCULATION CONTROL BY MEANS OF
A TURBULENT COANDA JET

By E. S. Levinsky and T. T. Yeh
Air Vehicle Corporation

SUMMARY

An analytical and experimental investigation of circulation control on a
circular cylinder by means of tangential blowing (Coanda effect) is presented.
The analytical method developed has also been used to estimate the blowing
coefficients required for achieving potential flow on airfoils with flaps.

The analysis is presented for conditions for which the flow in the bound-
ary layer ahead of the jet exit is turbulent. The turbulent boundary layer and
the jet layer on the upper surface, and the turbulent boundary layer on the
lower surface are computed by a multi-strip integral method. The region of
integration is between the corresponding transition and separation points on
each surface. Longitudinal curvature effects, which give rise to a radial
pressure gradient across the jet layer and to an additional adverse tangential
pressure gradient just upstream of the separation point, are included in the
jet layer analysis in an approximate manner. The longitudinal curvature
effect is found to have a pronounced influence on the separation of the jet layer.

The method has been programmed in FORTRAN IV, Values of the cal-
culated surface pressure distribution, location of the separated region, and
values of induced circulation and lift have been compared with wind tunnel
test data. Significant parameters in the analysis effecting jet separation are
the ratios of the maximum jet velocity in the fully merged jet layer just
downstream of the jet exit to the average velocity in the jet slot, to the free
stream velocity, and to the maximum jet velocity at the separation point. For
the range of cases considered, the ratios of the jet slot thickness to the cylinder
radius and to the boundary layer thickness were found to have only a negligible
effect on jet separation, except for their influence on the ratio of the maximum
jet velocity to the average jet velocity inside the slot,

In general, the analyses and the test data showed reasonable agreement
with regard to pressure distribution, boundary- and jet-layer separation, and
induced circulation and lift. However, the predicted value of CH for a given

lift coefficient was found to depend upon the ratio of the maximum jet velocity
to the average jet velocity inside the slot, which was established empirically.
Further improvement of the method, especially in regard to determining the
shape of the initial jet profile and to evaluating the jet growth and velocity
decay ahead of the separation point should result in better overall agreement
and remove some of the empirical relations contained in the theory.



INTRODUCTION

Considerable research has been carried out in the past dealing with
lift augmentation through circulation control by means of tangential blowing
over an airfoil with a rounded trailing edge, e.g., references 1 through 3.
The purpose of the present study is to develop an analytical method for pre-
dicting the circulation and lift induced by tangential blowing over a circular
cylinder under conditions for which the boundary layer ahead of the jet exit
is turbulent. Although the present method is directly applicable only to
airfoils of cylindrical cross section, e.g., as proposed for circulation con-
trolled rotors (refs. 1 and 2), the tangential blowing lift generating mechan-
ism, which is due to the Coanda effect, will also occur on other airfoils with
blunt trailing edges, e.g., a modified elliptical section (ref. 3). It is also
demonstrated that the method can serve as a basis for predicting the lifting
characteristics of STOL aircraft employing tangential blowing circulation con-
trol on wings and flaps with sharp trailing edges (leading and trailing edge

blowing).

The physical explanation of the Coanda jet mechanism is well known.
Thus, for either static or forward speed conditions, should the tangential
jet try to separate from the curved surface, a small vortex would be formed
between the inner boundary of the jet and the wall which would reduce the
static pressure at the wall below that at the outer surface of the jet and
cause the jet to bend along the surface. For an attached jet, the radial
pressure difference is balanced by centrifugal force. Due to viscosity, the
jet gradually loses momentum and the local radii of curvature of the stream-
lines increase with angular distance 0 from the jet exit. Both effects con-
tribute to a gradual decrease in the radial pressure difference across the
jet and to an additional adverse pressure gradient along the surface. It is
this self-induced adverse pressure gradient 8p/80 which eventually causes
the jet to separate. The angle through which the jet is able to adhere to the
surface is known to depend upon a number of parameters including the
excess momentum in the jet layer (C in coefficient form), the nature of

the jet layer (laminar or turbulent), the incidence angle of the jet exit with
respect to the free stream direction ee , and Reynolds number.

Considerable test data are available for turbulent Coanda jets under
both static and forward speed conditions, e.g., Fekete (ref. 4), Newman
(ref. 5), and references 1 through 3. Additional wind tunnel data under
forward speed conditions are presented in the present report. Data for
laminar flow conditions are less readily available, but have been obtained
under static conditions by testing in oil (ref. 6).

A complete theoretical analysis of the Coanda jet effect, even for
laminar flow conditions, has, to our knowledge, not been carried out.
Thus, Glauert (ref. 7) treated the flow of a jet along a straight surface
(termed '""wall jet'') under static external conditions and for both laminar
and turbulent flow. However, because of the plane wall, the pressure in
the jet was constant everywhere and no separation occurred. Bloom and
Steiger (ref. 8) extended the laminar jet theory to conditions with external



flow, but did not include any self-induced pressure gradient effects. The
laminar solution of Parks and Petersen (ref. 9), although entitled '"Coanda
Type Flow,'" is actually identical to the laminar wall-jet solution of Glauert.
The laminar jet solutions by Wygnanski and Champagne (ref. 10) include
effects of self-induced pressure gradients and are valid for surfaces on which
the radius of curvature increases with 0 in a manner such that the velocity
profiles remain similar. Wei and Levinsky (ref. 6) treated the laminar jet
over a cylinder under static outside flow conditions by a second-order
boundary-layer theory which included the normal momentum equation and
allowed for a pressure difference across the jet layer. To the order of the
terms retained, the drop in wall shear and rise in surface pressure agreed

with test results up to 0 < 45°, but were found to be much less than observed
experimentally for larger 6. :

On the other hand, methods developed to date for a turbulent wall jet
are all semi-empirical in that assumptions are required for the form of the
turbulent shear stress, for the shape of the velocity profile, and for the
separation criterion, e.g., Glauert (ref. 7), Gartshore and Newman (ref, 11)
Kind (ref. 12), and Guitton (ref. 13).

Glauert developed separate solutions for the outer and inner portions
of the wall jet under static outside flow conditions. The outer portion,
beyond the maximum velocity point Vy» Was assumed similar to a free

jet with a constant eddy viscosity e¢ across the region, whereas the inner
region was taken similar to a wall boundary layer with the shear at the
wall T(0) given by the Blasius formula

1/4
T(0) = 0.0235 uz (l—-) = ep 2u
uy

The above equation implies that u ~y1/7 in order that T be non zero at
the wall. Solutions obtained for the outer and inner regions both contained
undetermined constants which were determined by matching at the maxi-
mum velocity position. Although the Glauert results agree well with
experimental data, no curvature effects are included and hence no separa-
tion is predicted by this analysis.

Gartshore and Newman treat the turbulent wall jet with (or without)
outside flow by a multi-strip integral method in which the jet layer is
divided into four regions. The velocity profile in the inner two regions
(below vy = ym) is taken of the form

a/u_ = (v/v )"

where u s Ym? and n are unknown functions of the polar angle 6. The

velocity profile in the outer regions is taken of the form



<2
y-v
u = u, +(um-u1) exp [—an(-TE) :}

where u,y is the outside potential flow velocity and L is a fourth unknown

function of 6. Four ordinary differential equations are obtained which
are readily integrated for the four unknown functions, provided, however,
that expressions are available for the turbulent shear stress at the surface
and at the boundary of each strip. Although the method of Gartshore and
Newman does lead to a prediction of flow separation, when n = 1/2, such
separation is due to adverse pressure gradient effects in the outside poten-
tial flow. Curvature effects, which can induce an additional adverse pres-
sure gradient into the jet layer, are not included in their formulation,
because of the neglect of the radial momentum equation. The procedure to
be followed for the Coanda jet layer in the current paper is essentially an
extension of the multi-strip integral method of Gartshore and Newman to
include curvature and induced pressure gradient effects. We note also that
Gartshore (ref. 14) has investigated limitations of the above method due to
thick boundary layers upstream of the blowing slot,

Kind (ref. 12) used a single expression due originally to Spalding
(ref. 15) which contains two unknown parameters for the velocity profile
across the entire wall jet. The two differential equations needed to solve
for the wall jet development are supplied by an equation for the conserva-
tion of angular momentum and by an entrainment equation, Empirical
corrections are included for the effects of curvature on entrainment and on
the mean pressure inside the layer. Kind also used an empirical criterion
based on local pressure gradient to determine the separation point and
thereby obtained good agreement with test results. It was decided to base
the present formulation upon the procedure of Gartshore and Newman
rather than that of Kind, because the former method was judged to be some-
what less dependent upon empirical correlations and could be more readily
generalized to include curvature and induced pressure gradient effects.

Guitton (ref. 13) treated the turbulent jet flow over surfaces for
which the radius of curvature was either proportional to the jet layer thick-
ness or constant by perturbation methods wherein the plane jet flow is the
zeroth order approximation and the expansion parameter is proportional to
the ratio of the jet thickness to the radius of curvature. In the former case
self-preserving similarity type solutions were obtained, somewhat in
analogy with the results of reference 10 for laminar flow. In the case of a
constant radius surface, assuming zero shear at the wall and constant
angular momentum leads to expressions for the decay of the maximum
velocity and the growth of the jet thickness which depend upon a single
unknown constant which is determined empirically. Guitton notes that the
perturbation method becomes invalid when the expansion parameter
exceeds 0.07. Comparison with the test data of reference 4 for the maxi-
mum jet velocity and thickness shows fair agreement for small values of
the expansion parameter, up to 6 ~45°. No evidence of separation at
larger angles of 0 is predicted.

4



We note that none of the methods discussed so far is able to predict
the rapid rise in surface pressure which occurs ahead of the jet separation
point (e.g., figurel2). Failure of these methods was noted by Kind (ref. 16),
who further pointed out that the rise in surface pressure could be predicted
by determining the local radius of curvature of the jet streamlines and then
integrating the equations of motion normal to the streamlines. Kind obtained
the streamline radii of curvature and velocities from experimental data

(ref. 4), and agreement with measured surface pressures was shown to be
excellent.

Because of the expected strong coupling between the surface pressure
distribution and separation of the Coanda jet, it appears that any method for
calculating lift due to tangential blowing must be able to predict the surface
pressure distribution with reasonable accuracy. The method to be presented
in the present paper approximates the pressure distribution over the cylinder
by assuming that the streamline radius of curvature is constant up to a dis-
tance of several jet thicknesses ahead of the separation point. Over this
region the static pressure distribution outside of the jet layer is assumed to
be given by potential flow theory with circulation. The static pressure on
the surface is somewhat less than that outside of the jet layer because of
centrifugal force effects. For a distance of several jet thicknesses ahead of
the separation point the pressure difference across the jet layer is assumed
to decrease linearly reaching zero at the separation point. Thus, the addi-
tional suction on the surface of the cylinder due to jet curvature is assumed
to vanish at the separation point. This is in accordance with test data
showing zero static pressure increase across the jet layer at separation
(ref. 16). Turbulent shear values inside the jet layer will be based on the
expressions of Gartshore and Newman (ref. 11), and alternatively, on wall
jet measurements by Goradia and Colwell (ref. 23), neither of which include
longitudinal curvature effects.

The overall flow model used in the present method, including the
equations for the laminar boundary layer, turbulent boundary layer, and
Coanda jet regions, is presented in the next section. Succeeding sections
present sample calculations and comparisons with new and existing test
data., A description of the wind tunnel model, test conditions and cor-
rections; and a listing of the computer program are found in the Appendices.

LIST OF SYMBOLS

A ,B , ..., F coefficients for curvature effects defined in
c. C. C: .
i i i Appendix C
A, B, ..., F, coefficients defined in Appendix G
aj coefficients in eqs. (35) and (36)
A ,B , ..., F coefficients for induced pressure effects defined
Py B P; in Appendix C
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aspect ratio

cylinder span (exposed length of semispan model
equals b/Z)

drag coefficient

overall lift coefficient

two-dimensional 1ift coefficient

local pressure coefficient normalized by q,

normalized pressure coefficient across jet layer,
eq. (45

jet momentum coefficient [eq. (40)]
denominator in eq. (36)

functions of 7 defined in ref. 22
shape factor 6*/6*

empirical factor in eq. (34)

definite integrals defined in Appendix C

length in jet velocity profile, eq. (9)

[n/4 in 2] 1/2 4,

number of thicknesses Y T L 2ahead of the

separation point at which a linear adverse tan-
gential pressure gradient is imposed; also,
numerator in eq. (36)

exponent in jet velocity profile, eq. (9)

pressure

pressure difference across i'th jet layer zone,
eqs. (22) and (23)

total velocity inside boundary layer; also,
dynamic pressure

cylinder radius



Re

Ree*

b

H

)

AB

g%

local streamline radius of curvature
radial distance from center of cylinder
Reynolds number R Vm/v

momentum thickness Reynolds number ule*/v
jet slot exit thickness

tangential velocity component inside boundary
layer

average velocity inside jet slot exit

average jet velocity when expanded isentropically
to free stream static pressure, eq. (41)

radial velocity component inside boundary layer
remote free stream velocity
distance along cylinder surface

normal distance from surface

induced circulation

r/4w V_R

turbulent boundary-layer thickness
turbulent displacement thickness

laminar displacement thickness

eddy viscosity; also, downwash angle at cylinder

normalized boundary-layer thickness in eqs. (35)
and (36)

polar angle measured clockwise from top of
cylinder

angular distance from forward stagnation point

turbulent momentum thickness
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Subscripts

e

m/2
sep

stag

jet exit incidence angle

iaminar mome

viscosity

kinematic viscosity

effective turbulent viscosity

mass density

shear

jet exit value

n
—
-
.
.

summation index i

summation index j =1, 2,

... also,

average value at jet slot exit

lower

laminar

at maximum velocity point Yy, inside jet layer

profile

at height of ym/Z inside jet layer

separation

forward stagnation point
turbulent

upper

at height + 1L inside jet layer
gat vy J _

wall value

potential theory value taken at surface

remote free stream value



THEORY

Flow Model

We shall consider the two-dimensional incompressible flow past a
circular cylinder with circulation generated by tangential blowing. The
flow past such a cylinder may be described by the model shown in figure 1.
The flow outside the viscous regions (boundary and jet layers and separated
wake) is taken as a potential flow with circulation I for which the inviscid
velocity at the surface ay (8) is

P
u, =2Vm(cose+1") (1)

where i"\ = I‘/41r VmR s V00 is the remote free stream velocity, and R

is the cylinder radius.

The viscous flow is split at the forward stagnation point into upper
and lower surface boundary layers. The boundary layer along the lower
surface is taken as laminar up to the lower transition point. The boundary
layer is assumed to be fully turbulent between the transition point and the
lower separation point (see figure 1). The surface pressure coefficient at
the lower separation point is assumed to be given by potential flow theory.
Thus, from equation (1),

°y (esepL) =1-4 [cos (esepL) + ?:}2 (2)

Similarly, the upper surface boundary layer is assumed laminar up to the
upper transition point, and turbulent from the transition point to the jet
exit slot. At the jet exit ee the boundary layer is assumed to merge with

the jet flow, and the resultant Coanda jet is taken as turbulent between the
jet exit and the upper separation point. The surface pressure at the upper
separation point c (9 ) is again assumed given by potential theory.

Pl s€p.y

The wake region 6 =06=0 is taken to be at constant pressure
Sep; sepp,
in accordance with previous experimental data (refs. 1, 2, 4, 16), and as
indicated by the present test results (see Appendix B). Thus, we require

c 0 ) = c 3] ) (3)
P\ sePy P sepy;
Equation (3) is used in the present formulation to determine the
point esep for a given value of T'. Thus, from

U



equations (2) and (3) we obtain

. [1 5 (%sep, )]1/2 P

sepyy = co 5 r (4)

~
In the present method I' is considered given. The values of

esepL and Cp (esepL) are found by integrating the boundary layer equa-
tions along the lower surface of the cylinder from the forward stagnation
point until the point at which the boundary layer separates. Conditions in
the turbulent boundary layer just ahead of the jet exit are found by integra-
ting the boundary-layer equations along the upper surface of the cylinder.
Properties in the jet layer downstream of the jet exit are found by integra-
ting the Coanda jet equations up to the upper separation point. Starting
conditions for the Coanda jet equation are dependent upon the boundary-
layer properties ahead of the jet exit slot and upon the thickness and the
momentum of the jet issuing from the slot. The problem is to determine
that particular value of jet momentum (or slot thickness) for which the
Coanda jet layer just separates at the required position esep . In general,

U

this must be found a posteriori by trying several values of jet momentum.

Coanda Jet Equations

We consider first the equations of momentum and continuity for a two-
dimensional, incompressible, turbulent flow in cylindrical coordinates
(r, 8). For a steady mean flow over a cylinder of radius R, retention
of terms of 0(1) and 0(6) in the tangential and normal momentum equa-
tions gives (see ref. 17):

pu du , pvr Ou , puv _ 1 08p 27  r 8T
R 86 T R 9ar ' R R36 T R TR & (5)
2
vop vl _pq (6)
q or qr 96 R
v 1 du v
Ly =223 0
or T T8 T T (7)

Here u and v are tangential and radial components, respectively, of the
resultant velocity q; p is the density; p is the local static pressure; is
the local streamline radius of curvature, and T 1is the total shear stress
defined as

T =H%" p(u'v'> (8)

10



All unprimed quantities are time averaged values and primed quantities
represent instantaneous values. The brackets < ? indicate a time aver-
age. All viscous terms in the normal momentum equation, equation (6),
have been omitted, since they are assumed of higher order. '

Equations (5) to (8) will be solved for the velocity distribution in the
Coanda jet layer using multi-strip integral methods. Thus, following
reference 11, we assume a four-parameter velocity profile of the form

u=u (Y/Ym)n , y <y

vy (9)
u = u, + (um-ul) exp |- InZ(—L—)

Y2 Ym

where y=r-R and u, is the local free stream velocity which is assumed
given by equation (1), The four unknown parameters U 0, Yoo and L

are unknown functions of 8 and are to be determined.

The wall-jet layer is divided into four strips or zones as shown in
figure 2. By first eliminating v from equation (5) through use of equa-
tion (7), and by substituting for u through equation (9), integration of the
tangential momentum equation across each of the strips is readily carried
out and may be shown to yield a system of four quasi-linear ordinary dif-
ferential equations of the form

du du dy
1 m dL m dn
A tB g tC gt b tE gt TE
V3 v,
v uv v B(RE) dLll
= - = 4y - 5% T 9 g4y  (10)
i i

i=1, 2, 3, 4.

Following the convention of Gartshore and Newman, the subscripts 1, 2, 3,

and 4 were chosen to correspond to integration across the strips 0 -+ Y

Y > Vm *t L, Ym = and ym/Z > Vo respectively. Here dx = Rd6,

and V3 and Vi represent the lower and upper integration limits for
U

the i'th strip.

11



i

by Gartshore and Newman, since all inviscid longitudinal-curvature and self-
induced pressure-gradient effects are included in the two terms on the right
hand side of equation (10). The coefficients Fi contain differences of the

The coefficients Ai , B, ... Ei are identical to those given previously

order R6— from the values given by Gartshore and Newman, due to the influ-

ence of longitudinal curvature on the viscous terms in equation (5). For com-
pleteness, the coefficients have been listed in Appendix C.

Shear stress relations. — We note that the coefficients Fi include values

of the shear stress T, on the surface of the cyliner, T at the maximum
velocity point, T/ 2 at one-half the height of the maximum velocity point, and

T at a height Yt L. For laminar flow, the shear stress at these locations
may be expressed in terms of the viscosity p and the velocity gradient, and
hence the system of equations (8) through (10) form a closed set. For turbu-
lent flow, on the other hand, the shear stress as given by equation (8) is
dependent upon the mean value of the product of the instantaneous velocities
and cannot be expressed in terms of the velocity gradient. Hence, closure of
the system of equations must be accomplished by supplying auxiliary relations
for the tuibulent shear values.

Two sets of relations have been used in the present paper for approxi-
mating the turbulent shear stresses. The first set is based largely on expres-
sions given in reference 11. The second set utilizes new expressions for TS

and 7., based on measurements given in reference 23.

According to reference 11, the wall shear is given by a modified
Ludwig-Tillman law of the form

- 1/6 (11n-1)/6
T Ym " n .l
7 = 0'0128( v m) [(n+1) Znr 1 | (1)

PYn

The shear stress at the height ym/Z from the surface is given by the
expression

5 " 2 -1
Tm{ 2 ou _ “m °m ou _ 2 n R
z " Vt\5y " Re 9y - on 1 ey /2

PYm Ym/Z Ym/Z Ym/Z (n+1) o

(12)
frm m
where Re = ———— was assumed constant and equal to 50 for the
Ym/Z Vi

midpoint of the inner jet layer in accordance with previous boundary-layer
measurements.

12



For the maximum velocity point Glauert (ref. 7) assumed that the

shear stress 'rm = 0, because (—g—;) = 0. Newman, however,

Ym
(ref. 5) points out that Tm Will not be zero even though the velocity gradi-
ent vanishes at this point, because the jet layer is asymmetrical about Yen'

Gartshore and Newman related T to the shear T at the height

Ym*? L
Ymt L. through the expression

2

T T TYm+L [0.15+0.30 (ym/]_,) ] (13)
Harris (ref. 19) expressed T in terms of the wall shear through the
relation

Uy VA
T = -7 1 - — (14)
m o u
m
Both of the above equations for LI, vield a negative value for Tm? since,
as will be shown below, T < 0.
Ymt L

The shear 'T‘Y +1, at the mid velocity point in the outer jet layer
m
may be written
2
T /pu2=[v 8—2:] u.z=--1—u1 [nZ (15)
ym+L m t 8y'ym+L m u Rer_l_L

where equation (9) has been used to evaluate the velocity gradient at Ym* L.
Uy - U

The Reynolds number Rey 4L C _mTl) L. was approximated equal to 50

m t

for several of the sample calculations. Equations (11), (12), (13), and (15)
constituted the first set of shear stress relations.

For the second set of shear stress relations, alternate expressions
were used for T, and T from reference 23 [egs. (9) and (10) of ref. 23] .

In addition, the Reynolds number Re was approximated as
Ym+ L

' du/ox)°
Re =35 {1l + 295 "%—x
Yrn+L du/dy

as discussed in reference 11.

13



None of the above expressions for the turbulent shear have been modified
for effects of longitudinal curvature. Based on boundary-layer measure-
ments, Tetervin (ref. 17) approximated the decrease in wall shear with
longitudinal curvature by the polynomial expression

2

3f0" 6f 6
1 - 0.338 X 10 (?)+ 0.0438 X 10 (R—)

R=w . (16)
05-§-so.mm

However, since use of eiuahon (16) by Tetervin failed to predict the
observed behavior of 9* with x/R (ref. 17), it was decided to use the

unmodified expressions for wall shear in the present study.

Curvature and induced pressure gradient terms.— The two integrals
on the right hand side of equation (10) represent effects of curvature and
induced pressure gradient, respectively, and vanish for the case of a flat
surface for which R = w, It is these two terms which distinguish the flat
wall jet from a Coanda jet flow over a curved surface, and lead to earlier
separation for the latter.

In order to evaluate the curvature term [first term on the right hand
side of equation (10)], it is convenient to first obtain v from the equation of
continuity, equation (7). This gives, to lowest order in y/R

viy) = g-%—

o

Substituting for u from equation (9) gives, when y <y

y_u ntl |du_ /dx dy_ /dx
v:-mm(_y__) ml{77 o ml T (pxoLl) dnl gy
Ym u m

n+l m Y
and, when y 2 Yen

Ym%m /dx dym/dx dn/dx du

V= - - n - - oY) o=
n+1 w Y n+1 m’° dx

' 2
dy. y-y y-y
m dL
- (um-ul)dym/dx+ (um—ul) I= +( T m) dx]exp —( Lm) in?2

-[L(d%n/dx-dul/dx)+(%n—ul)dLde]51 exP[_gﬂnz]dg
o]

14 (18)



Making use of equations (9), (17), and (18), the curvature term may be
expressed in the form

Vi
u du du dy
uv _ 1 m dL m dn
S‘ R 4y = Aci ax T Bci ax T Cci ax t D(:i ax T Eci ax Fci
£
L i=1,2,...,4 (19)

where the subscripts i refer to the same integration zones as for equa-
tion (10). In performing the integration, it was assumed that the integrals
across the strip Yyt L= yso were small compared to the total integrals.

Hence, the coefficients Ac = AC , etc. This assumption is believed con-
2 3
sistent with the assumptions to be made in evaluating the induced pressure
terms, viz., that the static pressure has reached the outside potential
value at y = Ve t L.. The coefficients AC s BC , etc, are given in
i i
Appendix C.

The induced pressure gradient term is evaluated by use of the normal
momentum equation. Equation (6) may be simplified by assuming that the
radial velocity component is much less than the tangential component of
velocity over the major portion of the jet layer for which the jet remains
thin. This assumption should remain valid until the jet begins to thicken
prior to separation. Thus, we approximate equation (6) by

2
8p _ pu_
or R (20)
(yv_+L) N
for 6 =0<0 S <
e sep R

Here we have replaced the local streamline radius of curvature by R.
The thickness ¥y, T L varies with 8, and N refers to the number of thick-

nesses y__ + L ahead of the separation point for which the simplified normal
momentum equation will be used.

Using equation (20) and assuming that the static pressure py + L at
m

the height Yt L. equals the outside static pressure pl, the static pres-

sure along the boundaries of the various zones in the jet layer becomes
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T
n

P) - APy - AP,

o
Pm/2 = P17~ 8Py - APy
(21)
Pm Py - ApZ
Pm+L = P1
Y. V.
iy , iy uz
where Api = S. (E_re dy = S‘ %—dy (22)
ys Y;
'L 'L

The pressure differences Api are readily evaluated through use of

equation (9), giving

A P Ym
P; " Za+DR
ap, = &L (0.06ul +0.26 u u_ +0.68 u_*)
(23)
Ap3 = Ap‘2

2 i
A :pum Y 1—(1)2.n+1
P4 " @Zo+DR || "2

du
The integrand Q-EZ—& +u
8 x 1 dx

term may be readily evaluated by direct differentiation of equations (21).
Using average values for p across each zone gives for i =1

in the induced pressure gradient
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9x 1 dx ox 9x 4
+ Bpm 2 + 8pm Ym
0 9x 4
Ap Ap
_ d 1 4
“Vma';z[4 t AP, t 5 ] (24)
Similarly, for i =2 and i= 3,
vy +L
'mifc;_.p ilil_d—m(iﬂ__‘_ uil:l)d _—__EL(A ) (25)
(ax P GV S\ \ox "PH1ax/%Y 2 dx \°P2
Ym Ym
whereas, for i =4,
Ym
du,’ vy Ap
op_ 1 = . m d_ %
§ (Bx teuy Fx/dy z dax |AP2t 3 (26)
Ym/Z

After carrying out the indicated differentiation through use of equa-~
tions (23), the results may be grouped in the form

Vi
U, du du du dy

ap/p 1 _ 1 m dL m
S\ (ax Ty dx)dY—Api dx+Bpi dx +Cp.ldx+Dpi dx
Vi

dn
+ E e F (27)
p; ax P;
i=1, 2, 4

where the coefficients Ap s Bp , etc., are again given in Appendix C.

i i

The assumption of a thin jet layer breaks down near the separation
point, as pointed out earlier, and the approximate form of the normal
momentum equation given by equation (20) would not be expected to hold
when the jet thickens. When the jet approaches the separation point the
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streamline radii of curvature R in the full normal momentum equation,
equation (6), tend to become very large as the jet straightens (see fig. 1).
It is in this region that the radial pressure difference P, - p, across the

jet drops rapidly to zero due to the loss in centrifugal force. This may be
seen from the experimental pressure distributions, e.g., figures 10 to 14.

Because of the failure of equation (20) near the separation point, the
induced pressure gradient term in equation (20) has been approximated by
the linear expression

1

y
U du APp.
.B_BLE.i. u ._1 dy =(Y 1
ax iU

: R e
¥, 1 dx i R(esep 9)9= ) (ym+ L)N
L sep R
(y,+L) (28)
for the region 6 -————— N < 06=90 .
sep R sep

Equation (28) implies a linear decrease in the induced static pressure
(y,t D

sep R

The additional pressure gradient thereby imposed,

difference within the jet layer from its value Api at 6=6 N

to zeroat 6 =0 .
sep

which will be on the order of

5 :
0 [(t/R) pu / (Y, + L) NJe:e (y,,+ D) N

sep R

will increase the tendency of the jet layer to separate., Here u. is the

average jet velocity at the exit which is of thickness t. In order for the
linear induced pressure gradient approximation to be valid, the jet
momentum required for separation at esep should prove relatively insen-

sitive to N,

In accordance with the above approximation, the coefficients in
equation (27) are taken as

A =B = ... = E =0 29
P; P; Py =)
AD.
and F = (y. - v. ) L —— (y_+I1)N (30)
P; by |t Ng_g  _m T
sep R
(vt 1)
for the interval 0 - ————N< 66 .
sep R sep
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Starting conditions.— Equations (10} constitute a set of four parabolic
differential equations with dependent variables u 1, Vo and n, and

independent variable x = R 8. Initial conditions are required at the jet
exit © = Ge.

By assuming an average velocity U’j for the jet at the exit of thick-

ness t, conservation of momentum gives

Ym @
2 % _
uj(uj—ul)t-ul 0" = S‘u(u—ul)dy+5‘ u(u—ul) dy (31)
o y
m

The terms on the left hand side of equation (31) represent the net excess
momentum in the jet and boundary layer at 6 = Oe . The terms on the right

hand side represent the excess momentum in the fully merged jet layer with
a velocity profile of the form given by equation (9). Transition to the jet
layer velocity profile is assumed to occur in a negligible distance. Sub-
stituting equation (9) into equation (31) and carrying out the indicated inte-
gration then gives for the height Yin

u * u
e )
Ym t u
- < L (32)
e Em/“i_“l/“J‘J+ TN SRR (SN
u. {2n+1 n+1 u. a. Jlu. u. u.
j Tm{% %)% Ve i
A second initial condition was obtained by taking the ratio
- 1/2
! = ——— =
L/yo |7z L)y, =6 (33)

which is in accordance with the measurements of Fekete (ref. 4) and the
calculations of Glauert (ref. 7) for zero outside flow conditions. The sen-
sitivity of the resulting Coanda jet development and separation to variations
in the initial value of L'/y remains to be determined under conditions of
forward speed. m

The third initial condition is supplied by the starting value of the
exponent n(ee ). Values for n(@e) are expected to lie in the range
1/7< n(ee) < 1/5. The results of the calculations may be shown to be

insensitive to the value used for n(ee) , since n(0) has been found to
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rapidly adjust to the same value downstream of ee over the above range
of n(Ge) (see figs. 6 and 7).

The fourth initial condition is the value w (ee)/uj . Use of the con-
servation of mass equation for determining um(ee)/ u, has been ruled out

because of the entrainment of mass from the outside flow into the jet layer
just downstream of the exit. Data by Fekete show that the maximum jet
velocity w (Be) is somewhat less than the average velocity u., and that

the ratio um(ee)/ uJ. decreases with decreasing t/R. Dunham (ref. 1)

also notes a significant influence of the parameter t/R on the effective jet
momentum. From considerations of viscous mixing, it appears that
um(ee )/ U’j should vary inversely with the ratio 6/t, where 6 is the

boundary layer thickness ahead of the slot, On the other hand, the parame-

ter which will be shown to have the major influence on the Coanda jet separa-
tion is the ratio um(Ge) /l:t1 (Ge), or equivalently, um(ee) VOO. In order for

the jet moment coefficient C to be nearly independent of t for the same

. 1/2 .
value of um(ee)/vm , we require um(ee)/ujpvt . Hence, it
seems reasonable to assume the variation

u_ (6 ) 1/2
m e’ _ o fe V7
o K(a) =1 (34)

where the parameter K is to be found from experimental data.

Equations (32), (33), (34), together with an assumption for n(Ge),

constituted the usual set of starting conditions. An alternate set of starting
conditions was also used which did not involve the empirical constant K.
The alternate starting conditions (0= Ge) consisted of taking ymzL =t,

obtaining um/u- from equation (32), and again assuming the initial value
for n . We note that the alternate starting conditions seem preferable,
since they do not contain the constant K. However, the ratio um/ U’j may

2
no longer vary with tl/ , Since equation (34) is no longer used, and C
will therefore be somewhat dependent upon t/R.

We remark that considerable uncertainty exists with respect to the
initial values for the jet velocity parameters and, in fact, with regard to
1.:he adequacy of equation (9) in representing the jet velocity profile for thin
jets (refs.14,23). Measurements of the jet velocity profile near the exit would
be of substantial aid in determining the starting jet parameters. On the
other hand, a calculation of the initial mixing between the jet and the
external flow by finite-difference methods, as reviewed in reference 20
could also serve to eliminate some of the empiricism in the starting ,
parameters.
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Separation condition.— The Coanda jet is assumed to separate when
the exponent n for the inner velocity profile exceeds 1/2 with
dn/d 6 > 0. This separation condition, which was also used in reference 11,
is based on an analogy with turbulent boundary-layer theory which, on the
basis of the standard mixing length hypothesis, may be shown to yield zero
shear stress at the wall when n = 1/2 (ref. 21). The condition n = 1/2. is

equivalent to a value of the shape factor of the inner profile

_— r* / * —_ -—
Hm =6 /8 =2n+1 =2
We note that expressions for wall shear from equation (11} or from
equation (9} of reference 23 do not vanish when n = 1/2. These equations may
be regarded as approximate when n~ 1/2.

Boundary-Layer Theory

As discussed previously, a boundary-layer calculation is carri_ed out
along the lower surface to determine the lower surface separation point for a
given T. A boundary-layer calculation is also performed along the upper
surface between the forward stagnation point and jet exit in order to evaluate
the boundary-layer thicknesses 6 and 0% just ahead of the exit for initializing

the Coanda jet calculation.

Laminar boundary layer.— The laminar boundary-layer calculation is

. -1, A .
initiated at the forward stagnation point 0 = cos ~ (-I') and continued

stag
along both the upper and lower su*le'faces until the momentum thickness
Juy1®
Reynolds number Ree* = ——%— = 300. Standard series expansion

methods are used to calculate the laminar boundary-layer properties (e. g.,
ref. 22), and result in the expressions

* -1/2 -1/2 |, 2 3
& _(Rvm) [ du, /de (n-£) AB+(n-f)a, A0 +(n-f,) a, AB +. ..
R Y Vo e . AB+a A62+a Aol 4 ...
stag 1 2
lim n—+ o
(35)
and
o -1/2 -1/2
&_ =(Rvm) dul/de N(A0) 6
R v A estag D(A6) lim -
where
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AB ) AO
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£ 4t
2 2 4 ot . 4
+a [fl—g(fi) dn]AO L g £ fzdn]AG
(o] (o]
@
215 C g pan|aet s
tea o= 11 6 97
O
and > 3

4
D = a0°+2a,A0 +(a12'+2a2)A9 -

Here, following the method in reference 22, u has been expanded in the
series

dul , , ;
= ' ! 1 '
bl ) fi(n) AB+a, i (nAe +[a2f2 (n)+alf11(ﬂ)]ée + ..
stag &
where
1/2
AR Ve fdu/de /
n (—)
R v Vm )
eSta.g
d(J+1)u1/de(J+l)
% TG+ du, /36 : i=1, 2,
1 &)
stag

and the f functions are given in Table VI.1 of reference 22. The deriva-

tives d(J +1) U‘l/d O(J +1) are readily evaluated from equation (1), and

A© represents the angular distance from the forward stagnation point,
- ”~

viz., A0 = 0 - cos 1 (-T) . For the upper surface A8 = 0, whereas

on the lower surface AB6 =< 0.

The range of convergence of the laminar boundary-layer expansion
is unknown, although the series expansion for the outer flow uy (6) is
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readily found to be accurate to within 10% for -w/2 < A8 <w/2, when
retaining terms up to and including a, . Extension of the range of validity

would require evaluation of additional odd-subscripted f functions beyond
fl » which has to our knowledge not been carried out.

Turbulent boundary layer.— The multi-strip integral representation
of the turbulent boundary-layer equations is readily obtained from equa-
tions (10) by setting u o =uy and L =0, [Curvature and induced pres-

sure gradient terms will be neglected in the boundary-layer approximation
in accordance with the usual ordering procedures.]| This gives, with Ym
replaced by §,

T du

dé dn _ o 1
Dhax tEBi&x -5 - A+ B) 53 (37)
du
dé dn _  "m/2 1
Dy ax tEsax -5 - B+ By 3% (38)

where the coefficients are given in Appendix C.

The unknowns in the turbulent boundary layer are the thickness 6
and the exponent n. Initial conditions for & and n are supplied by

equating the turbulent and laminar momentum and displacement thicl... .sses
at the transition points, viz.,

* *
it_ B (6 ) n _ 612
R \R/n+l1l = R
(39)
% *
et 0

t _[.® n _ 4
R " \R (n+1) (2n+1) ~ R
transition

*
where 61 /R and ef /R are given by equations (35) and (36). The

turbulent boundary-layer equations are integrated along the upper surface
until 6 = Be and along the lower surface up to the lower separation point

at which n = 1/ 2.
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NUMERICAL SOLUTION AND SAMPLE CALCULATIONS

The system of equations described in the previous section repre-
senting the boundary and Coanda jet layers has been programmed for
solution on the CDC 3600 digital computer in the FORTRAN 1V language.
The laminar boundary-layer properties are obtained algebraically, whereas
the turbulent boundary and jet layers are obtained using a Runge-Kutta
marching procedure. A listing of the computer programs and
sample input and output are given in Appendix D.

.25, and 0.50,

A
Results of sample calculations for values I’ 0
= 105 and 8 _ = 0°

and based on the Reynolds number Re =R Vm/v
are presented below.

The laminar boundary-layer development according to equations (35)
and (36) has been plotted in figure 3 for both ypper and lower surfaces of
the cylinder. Only minor differences due to T are noted for 6*/R and

9*/R, except for the location of the calculated transition point.

The turbulent boundary-layer development along the lower surface
of the cylinder is shown in figure 4. Of special interest are the calculated
separation points (n = 1/2) at the values esep = 1359 1429 and 150°

L
~
for I = 0, 0.25, and 0.50, respectively, The turbulent boundary-layer
development and corresponding separation points along the upper surface,
without blowing, are shown in figure 5. Also indicated are the required
upper-surface separation points esep for satisfying the separation condi-
U

tion of equations (3) and (4). Tangential blowing is required along the upper
surface to attain the required separation locations when I" > 0.

The development of the Coanda jet layer over the upper surface is
shown in figures 6 through 9 for T = 0.50. The required value of esep
U

is 97.5° for this value of ? The significant parameters in the theory for
determining the jet strength are the ratios um(ee)/ uy (Oe) [ or equivalently,

w (Ge)/ Vm] and t/R, and will be used in the following comparisons. These

parameters may be used to evaluate the jet momentum coefficient C
defined herein as

o - (5] (32 (o

which has been found to correlate the experimental data. Here the
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ratio uj/V00 is given in terms of um(ee)/Voo, K, and t/& through equa-

tion (34), and uj is the velocity attained by the jet when expanded isen-
@
tropically to the remote free stream pressure. For incompressible flow,
Bernoulli's law gives
1/2

uJ. a 2 a 2
5] j t 1
w oo} @ e
e

We consider first the effect of l:Lrn(Oe)/V00 on the Coanda jet layer

development for t/R = 0.01 and with curvature and induced pressure
gradient terms omitted (fig. 6). In this case, although the tendency of the
jet to separate is clearly delayed by increasing the jet velocity ratio
um(Ge)/ Vs the results are seen to be physically unrealistic in that no

separation occurs at © = 97.59 for any value of u_ (6 )/V .
sepyy m' e ©
On the other hand, with the curvature and induced pressure gradient
terms included, separation is found to occur at 6 = 97.5° when
um(ee)/voo(z 4.4 . The results in figure 7 are for the values

N =5 and K = 1. This increased tendency of the jet to separate, at
the larger values of um(ee)/Vm, in contrast to the results in figure 6,

is due to the additional pressure rise imposed ahead of the separation point,
(y +L)N
m

- ————— < <
sep R _e_esep’

as discussed previously,

i.e., when 0 due to loss of centrifugal force

The change An resulting from this additional pressure rise may be
estimated by solving equations (10) for dn/dx with i = 1 and 4, and then

isolating the contribution resulting from the induced pressure gradient term.
The result is

dn _ " Y (P4~ D]/Z) 8/9 x (p/p+u12/2)

= - (42)
dx D4£E1 E4D1

Evaluating the coefficients from Appendix C gives

dn _ (2™-1)
dx =~ 2fn?2

(2n+1) (n+1) t/R > dxp (43)
(ay,/ 95)
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P,-p
where : =(EI£)__1__0_2 =~ 2 is the normalized pressure coefficient for
p 1/2 p uj

the difference in pressure across the jet layer. Taking an average value
for the exponent n == 0,40, using equation (34) to calculate um(ee)/ uj s

and evaluating u at © gives
m sepyy
2
{u_(6)) -~
An = 0'28(%)rum 5 Ac, (44)
K lm( sepU)

Equation (44) clearly shows that the rise in the exponent n required for
separation (An = 0.2 to 0.3 for separation) is independent of the addi-
tional adverse pressure gradient al'}_e'ad of the separation point, but depends
on the pressure rise coefficient Acp against which the jet layer must act.

We note that equation (44) is dependent upon the square of the ratio
of the maximum jet velocity at the exit um(ee) to the maximum jet velocity

at the separation point u and that An is therefore highly depend-

m Ogep)
ent upon the decay rate of w with 06 . The higher the decay rate, the

larger the value of An and the stronger the tendency of the Coanda jet
layer to separate.

We note also that equation (44) is independent of the jet thickness

ratio t/R , although this result depends on the use of equation (34) which
is empirical. The factor K in equation (44) is also empirical, and relates
w (Oe) to the average velocity inside the jet slot u.j through equation (34).

Since equation (44) is independent of N, as well as of t/R » We expect
that the separation positions found as a function of um(ee)/ V_ in figure 7

should be nearly independent of the parameters N and t/R. This is

shown to be the case in figures 8 and 9, wherein N and t/R are varied

over the range 3 < N = 10 and 0.005 <t/R < 0.015, respectively.

Effects of the parameter K , which relate u_ (0 )/V to u./V and
m' e © j ®

hence to Cu’ will be discussed in the following section.

The variat:on of n with 0, using the alternate starting conditions
and the second set of shear relations, is shown in figures 10 and 11 for
’1"\‘ = 0.29 and 0.5 respectively. The calculations were performed for
t/R =0.015 and N = 5, The empirical factor K does not occur when
the alternate starting conditions are used, as mentioned previously.
However, some variation in the value of C required for separation

with t/R is to be expected when using the alternate starting conditions.
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EVALUATION OF THEORY AND

COMPARISON WITH TEST DATA

The methods presented in the previous sections have been evaluated by
comparing with wind tunnel test data of tangential blowing over a cylinder
obtained during the course of the current study. Model descriptions and test
conditions are presented in Appendix B.

Pressure Data

The variation of local pressure coefficient c¢_ around the cylinder for

zero tangential blowing is shown in figure 12 as a function of Reynolds num-
ber. Also included are the corresponding drag coefficients CD . Both

pressure and drag data clearly show a rapid change from laminar to turbu-

lent separation when Re = 1.8 X 10°. All testing with tangential blowing was
therefore carried out at Reynolds numbers exceeding this value. Also shown
in figure 10 is the potential theory pressure distribution according to equa-
tion (1) with T = 0. Agreement between potential theory and the turbulent
data is surprisingly good on the windward surfaces, although the experimen-
tal data show a consistently more positive peak pressure coefficient (by

A cp =0, 3) and a more positive pressure over the unseparated portion of

the leeward surfaces (by Ac_ =< 0.5). This discrepancy, which may be in

part due to boundary-layer displacement effects and in part due to the large
wake region, will be shown to decrease with increasing tangential blowing.
As indicated in figure 12, the calculated values of ese compare well with

the data, although the calculated pressure coefficient c (ese ) in the wake

is more negative than the test results by Ac_= 0.5, due to the effects
discussed above. P

Test results on the effect of tangential blowing on pressure distribution
with ee = 00 are shown in figures 13 through 16 for several values of the
A

momentum coefficient C,,. The indicated values of I", which were,found by
fitting equation (1) to the data outside of the separated region, are I =0. 06,
0.29, 0.29, and 0.59 for values of Cl~'~ = 0.05, 0.28, 0.25 and 0, 66, respec-
tively. Figures 13 and 14 are for a slot thickness t/R = 0.0057, whereas
figures 15 and 16 are for a slot thickness t/R = 0.015, The pressure dis-
tributions in figures 14 and 15 are found to be remarkably similar, although
the thickness ratios vary by a factor of nearly 3, thus indicating the validity
of Cp. as a correlating parameter for the experimental data.

The data show progressively improved agreement with potential theory
as Cl~’~ increases. It is of note that the surface pressure in the jet layer is

more negative than the potential theory values outside the jet layer due to
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centrifugal force effects, as previously assumed in the theory. The pressure
difference across the jet layer Py - P, Wwas given in coefficient form in
equation (43) as

P, -p
~ R 1 o
c (8) ={)})|——=]=2 (45)

where the value 2 corresponds to a jet of constant thickness t and
velocity u.. Equation (45) may be expressed in terms of the usual pressure

coefficient Cp as

Pl—pO u. t P4
A Z — = —J (—)c =~ 2 C 46
Cp -‘%pV2 (Vm)-R P B o)
<«

The variation of Acp with ® may be predicted by the theory, and

calculated results for t/R = 0.0l are presented in figures 14 through 16 for

T = 0.25 and 0.59. Although the theory does not predict some of the irregu-
larities in Ac_ observed in the measurements, both theory and test data

exceed the value 2C over the major length of attached flow and then drop

rapidly to zero just aﬁead of the separation point. This leads to the addi-
tional tendency of the jet to separate as assumed in the analysis.

The region over which Ac, is assumed to linearly decreaseto zero
is also shown in the figures. The experimental data in figure 14 show a
much more severe adverse pressure gradient and somewhat larger value of
esep than predicted by the theory. This may have been due in part to the
U
narrow slot size (t/R = 0.0057) used for the test.

On the other hand, agreement between the theory and test results in
figures 15 and 16 is somewhat closer in regard to the pressure distribution
ahead of the separation point and in regard to predicted values of esep

U
and c . Additional comparisons between test results and theory are
sep
clearly required to evaluate the accuracy of the theoretical model and the
effects of such parameters as N, K, Re, etc. on pressure distribution
and separation.

The effect of 6 on pressure distribution and on T for the same
value of CI_L is shown in figure 17. Increasing 0, from 0° to 20° is seen

to result in an increase in T° from O. 59 to 0. 67 at C}‘L = 0. 66.

In general, increasing 6, beyond 20° did not result in any increase in
circulation or lift at constant Cp , as will be shown in the following para-

graph dealing with the force data.
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Force Data

The force data in the form Cg versus C _ have been plotted in

figure 18 for O = 0° for values of t/R =0.0057, 0.010, and 0.015. The

experimental data, which were obtained on a semispan model of exposed
aspect ratio equal to 4, were corrected to correspond to two-dimensional

values as explained in Appendix B. Using the basic initial conditions, the
theoretical value of C,, for a given um(e )/V00 depends on the value of

the parameter K, witli'L1 K=0.7 appearineg to give the best fit with the

data. Also shown in figure 18 are theoretical results using the alternate

initial conditions and shear laws for t/R = 0.015 and 0.010. The latter method

appears to somewhat underestimate the required C_ value for the present
experimental data. B

In addition, figure 18 shows two-dimensional experimental data by
Cheeseman and by Jones and Buckingham from reference 1. These data
appear to correlate well with the corrected three-dimensional model data
obtained from the current test program. All data show a rather abrupt
decrease in slope C.Q versus C for values of Cﬂz 5. This result may be

V)
due to sonic effects in the jet, since values of total to static pressure equal
to 1.8 were required for the largest C  values plotted. Current test data

for values of the jet pressure ratio exceeding 1.85 gave much lower values

of CJZ at higher Cp's, and have not been plotted.

The effect of 6, on C, at constant C is shown in figure 19,
Although Cp_ generally increases with increasing ee for ee < 20°,
a maximum Cp_ is reached near eezZOO, and C!Z is found to decrease
for Ge somewhat beyond this value. Corresponding theoretical calcula-

tions of the effect of ee on C

. have as yet not been carried out.

Velocity Profile Data

The wall jet layer calculations have also been compared with velocity
profile survey data taken inside a wall jet over a flat surface with an out-
side flow of adverse pressure gradient (ref. 23). The comparison was
made for the test case corresponding to an initial value uj/ ul(O) = 1.62.

As indicated in figure 20, the assumed starting profile, which was given by
equation (9), did not match the velocity minimum in the outer region of the
wall jet. As shown also in figure 20, the predicted decay in u - was

somewhat less than measured, possibly due to the velocity minimum in the
starting profile. The more rapid experimental decay in w could also

account for the larger experimental values of C_ required for producing

”\
a given I . This is in accordance with the previous discussion relating
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equation (44) wherein it was shown that the higher the decay rate of w_

with 6,
separate.
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CONCLUSIONS AND RECOMMENDATIONS

A theory and computer program have been developed for predicting the
circulation and lift induced by tangential blowing over a circular cylinder
under conditions of turbulent separation. The theory has been evaluated by
comparison with test data of pressure distribution, separation position, and
induced circulation (or lift) for several values of the ratio of the jet-slot
thickness to cylinder radius and jet velocity to free stream velocity. The
induced pressure difference across the jet layer due to centrifugal force
effects has been included in the theory, and was found to have a pronounced
effect on the jet separation.

The predicted value of C required to achieve a given lift coefficient
was found to be highly dependent upon the ratio of the maximum velocity u
in the fully developed jet layer profile just docwnstream of the exit Ge to the

average jet velocity inside the slot uj. This ratio was estimated from equa-

tion (34) by either of two methods, one of which involved an empirical con-
stant K and was found to give good agreement with pressure and force data
with K = 0.7. The aiternative method, which did not invoive any empirical
constant, underpredicted the blowing requirements for achieving a given CL.
An improved analytic procedure for determining u (Ge)/ U‘j and a more

general velocity profile employing a velocity minimum appear necessary in
order to obtain improved agreement.

The tendency of the jet layer to separate was also found to be highly
dependent upon the maximum velocity w in the jet layer at the separation

point Osep as indicated by equation (44). Measurements of the initial

U
Coanda jet velocity profile and of the decay in maximum velocity from the
jet exit to the separation indicate a somewhat faster decay rate in w than

predicted by the theory. This faster decay rate may be due to the velocity
minimum in the initial jet velocity profile, and if generally true, could
explain the lower C}L values predicted by the theory. Additional velocity

profile data are required to verify this effect.

Air Vehicle Corporation
San Diego, California
February 29, 1972
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APPENDIX A
TANGENTIAL BLOWING BLC ON AN AIRFOIL

The method developed for estimating the jet momentum coefficient C

required to achieve a given nondimensional circulation ? on a circular cyl-
inder may be applied, with only minor modification, to tangential blowing over
an airfoil with a flap. In the case of an airfoil, the outside pressure distribu-
tion may be again assumed given by potential theory after the critical value

of C has been reached. Because of the sharp trailing edge, the critical C(J-

valueHis taken as that value of the jet momentum coefficient which moves the
jet layer separation point to the trailing edge. Thus, the upper flow is
assumed decoupled from that on the lower surface. Curvature effects, which
cause an additional pressure rise Ap , are included in the calculation over
the rounded flap knee. The corresponding change in the exponent n is again
given by equation (44) where R now refers to the radius of the flap knee.
The pressure rise Ap 1is assumed to occur linearly over a distance of five
jet layer thicknesses just beyond the end of the flap knee, in much the same
manner as assured at the separation point with the circular cylinder.

Calculations were made for the flapped airfoil of reference 24 with
flap deflection angles of 20° and 60°. The corresponding upper surface
measured velocity U‘l/ VvV, versus normalized distance s/c from the stag-

nation point are shown in figure 21 along with the locations of the jet exit and
flap knee regions. The potential theory velocity distributions were very
close to the measured distributions shown in figure 21 at the critical C

values of 0.027 and 0,067. The second peak in u;, near the leading edge

1
with 6, = 600 was due to a nose flap deflection in this case. By carrvying out
£ P y ying

calculations with successively increasing amounts of blowing, the variations
n versus s/c shown in figures 22 and 23 were obtained. The alternate
initial conditions and shear relations were used for the computations. Cal-
culated values of C needed to move the separation point to the trailing edge

v
are seen to be C|J.~ 0.018 and Cpfv 0.047 for éf = 20° and 60°, respec-

tively. A graphical comparison between theory and experiment is given in
figure 24, wherein it is again evident that the theory underpredicts the
amount of blowing required for attached flow. Results from a previous inves-
tigation (ref. 25) on another flapped airfoil are also included in figure 24 for
comparison.
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APPENDIX B
WIND TUNNEL TEST PROGRAM

A supporting wind-tunnel program was carried out with the aid of the
NASA Technical Monitor (Mr. Victor Corsiglia) in the 7 X 10 ft. low speed
wind tunnel at the U.S. Army Aeronautical Research Laboratory, Ames
Research Center, Purpose of the test program was to provide pressure
and force data with tangential blowing to help evaluate the analytical pro-
cedures developed herein.

Model Geometry

A semispan model consisting of 2 circular cylinder mounted vertically
in the tunnel and attached to a balance beneath the tunnel floor was tested.
The general arrangement was as shown in figure 25, and consisted of an
outer cylinder of 6-inch diameter with an inner pipe of 2. 5-inch diameter.
The height (exposed semispan) of the cylinder above a circular boundary-
layer splitter plate was 24.8 in. Compressed air was supplied through
the inner pipe and entered the plenum region between the concentric cyl-
inders through a large number of 0.l-in. diameter holes (approximately
300 in number). The holes were drilled through the side of the inner pipe
opposite the jet slot (see fig. 25), and were spaced to provide flow uni-
formity in the plenum region.

The jet exit slot in the outer cylinder was 24-in. long. The jet slot
thickness t could be varied from 0. 015 in. to 0. 045 in. by sliding the
slot leading edge circumferentially as shown in figure 25. The slot geome-
try was contoured so that the jet incidence angle to the surface of the
cylinder would not exceed 10° with the largest slot opening.

Total head tubes were mounted at three spanwise stations along the
slot to measure the average total pressure at the jet exit and to check total
pressure uniformity. Static pressure taps were spaced circumferentially
at intervals of approximately 10° around the outer cylinder at a spanwise
station of 6 in., (25% of the semispan) from the inboard end of the slot.

Test Procedures and Conditions

Data without blowing were run at nominal q wvalues from 5 psf to
75 psf whereas data with blowing were run at nominal q values of 25 psf
and 50 psf. For each slot thickness t = 0.015, 0.030, and 0.045 and for
a given jet total pressure the slot incidence Ge was varied from approxi-

mately 0° to 30° by rotating the tunnel floor.
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Data Reduction and Corrections

Two component (side force and drag) force data were obtained from
the mechanical scale system, whereas pressure data were obtained from
Scanivalve digital readouts for each run. Only a limited amount of the
experimental data has been presented in the present report.

The jet velocity at the exit was found by measuring the ratio of the jet
total pressure to the static pressure at the slot exit (25% span location).
This procedure was favored over the use of available flow meter data, which
together with a knowledge of the slot thickness will yield the average jet
velocity over the entire span, The latter approach was not used, because it
was judged to be more sensitive to inaccuracies in jet slot thickness and did
not give the local jet velocity at the 25% semispan location for correlating
with the pressure and force data.

Because of the finite aspect ratio (AR = 8 based on full lift carryover
at the splitter plate) a downwash angle ¢, which increased with increas-
ing CL , was produced by the trailing vortices, The experimental

pressure distribution data plotted in figures 13 through 17 were shifted
by the amount

1.25 CL

(0]
AO === —TrTR__57'3

for comparison with the theoretical results to correct for this effect.

The average lift coefficient across the cylinder CL’ as measured
by the balance, was converted to a two-dimensional lift coefficient Cl at

the 25%-semispan station (corresponding to the location of the pressure
data), for comparison with the two-dimensional theoretical results. Using
the Kutta-Joukowski law

pVool"b A
C£= > =4wT
(1/2 pV_,)2RDb

where I is the yalue at the 25%-semispan position. The empirical rela-
tion CL =~ 10.5 T was found from the experimental data giving
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APPENDIX C

COEFFICIENTS, COANDA JET THEORY

Integration of the tangential momentum equation across each of four
strips (see fig. 2) of the jet layer results in a system of guasi linear ordi-
nary differential equations of the form given by equation 10. The coefficients
for each strip are as follows:

Al =-ulym
B. = “m Ym
1 = @ZarD (n+ )
C1 = 0
nu
D, = - o
1 Zn+ 1) (nt 1)

=
!

Su?y 1 i 2
1 moUE 4 1)° (2n + )%

T Yy T Yy T T
o _(14 m m m<m+_g
1 p R/ p 2R\ p P

H
1

5 ]
A, = (u_-u)L(3K -2K,-3) -0 KL
B, = ——LH—I—+L2K—£<—1)+U. L K
2 = W) 2 2" 2 p b Ky
K
) 2 1 1
Cp = (upy-uyg) (Kz'_z—)+u1(“m'u1) (Kp - 3)

(u_ - u.)
_ m 1
D, " T+ D) “m

\¥]
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Here, we have used

1
K. = g exp (- tm2 £°)d¢e = 0.8101

1
o
1
2
K, = g‘ gexp(— 24n 2§ )dg = 0.6805

©

- 1/2
and . =[:u—nz] L

Numerical values of the integrals K_ and K, used in reference 11 have

3
been obtained and the results incorporated into the coefficients.

Evaluation of the curvature terms in equations (10) results in an
expression of the form given by equations (19), where the coefficients are
as follows:

A, =C_ =F_ =0
1 €1 1
Yz
BC = _ m mz
1 2R (n+1)
y_u 2
D = m m

€1 2R (n+1)?

37



1N

38

2
3Ym “m

2

€1 4R (n+1)°

L2 1
AC3 = - R ul (—2-— K5)+ (um ul)(41n2 - K6)
L {%1Ym Y (0 - 1) Ky
Bc3"'ﬁ'[n+1 + Liuy Ky + o+ 1 + LK (u
_ L 2 3
Cc3 B R[“l(“m‘ul)(unz K5)+ (- \Temz -
- Ll nn - -
Dc3 T R)otrl "'m [u1+(um—ul) Kl] (o, -up) oy +le
+ (um—ul) u, K, + (um—ul) KZ]}
L m’m
E = = u, +K;(u_-u ]
cy R (n+ 1)2 [1 1Y "' m 1
F =0
€3
C, =F, =0
4 4
2 . -(l)2n+2
_ m "m 2
R(n+1)2 2
2 1 2n+ 2
Ym %m 112
R (n+ l)2 2



2 2 1-2n+2 3 1 2n+2

a 1 {5 = = n2
E . 'm "m 2 2 2
- B Zn+2
Cy R(n+1)2 2 n+1l 1_(1) n+
2
1 £
- 2 - 1
where KS —S S exp(— §1!n2)d§1d§ = K1 - dIin3
o o

1 3 >
and K6 = Sexp(- §21n2) S exp (— glzan) dgl d§ = g-;?zEerf 1nz]

o o

The induced pressure gradient term in equation (10) may be expressed in
the form of equations (27), where the coefficients are as follows:
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p,.  Ym\Tp 2 2
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APPENDIX D

COMPUTER PROGRAMS

Two computer programs entitled TURBUL and COANDA have been
developed for calculating the boundary-layer and jet-layer characteristics,
respectively. Each program utilizes format-free inlist features, so that
initial data may be punched in a specified, but very flexible, manner.

Program TURBUL

Program TURBUL calculates the laminar and turbulent boundary
layers on the lower and upper surfaces of the cylinder, and must be used
first to supply starting data for Program COANDA. Major subroutines of
Program TURBUL are: (i) LAMINAR, (ii) TURBLRU, (iii) TURBLRL,
(iv) DY2Z2DX02, and (v) RKLDEQ, and have been listed on pages 46 through

52. Subroutine LAMINAR calculates the laminar 'hnn-nﬂn-rxr 'Iaxrpr charac-

teristics and transition points on both lower and upper surfaces Subrou-
tines TURBLRU and TURBLRL calculate the turbulent boundary-layer
characteristics on the upper and lower surfaces, respectively, up to the
separation points, and indicate conditions at the jet exit and the desired
upper-surface separation point. Subroutine DY2DXO02 solves the two
simultaneous differential equations of the turbulent boundary-layer theory,
equations (37) and (38), utilizing the Runge-Kutta-Gill method contained in
subroutine RKLDEQ,

Recognized symbols and default values for the various input parame-
ters are listed in Table I.

Program COANDA

Program COANDA calculates the jet layer development from the
position of the jet exit to either the desired separation point or to the angu-
lar position at which n = 1/2. Major subroutines of Program COANDA are
(i) DY4DX09, (ii) RKLDEQ, (iii) NWMATINV, (iv) XYPLOT, (v) RANGE,
and (M) AMPEF, and have been listed on pages 53 through 68. Subroutine
DY4DX09 solves the four simultaneous jet layer differential equations,
equations (10), utilizing the Runge-Kutta-Gill method, subroutine RKLDEQ.
Matrix inversion is accomplished by subroutine NWMATINV. The remain-
ing three subroutines are used for plotting purposes.

Recognized symbols and default values for the various input parame-
ters to Program COANDA are listed in Table II.
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Figure 3. -Calculated laminar boundary-layer characteristics.
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Figure 6. -Calculated Coanda jet layer separation without curvature

and induced pressure gradient terms included.
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Figure 7. -Calculated Coanda jet layer separation including curvature
and induced pressure gradient terms, N=5, K-=1.
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Figure 8. -Effect of N on Coanda jet layer development and separation,
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Q- ALTERNATE INITIAL
CONDITIONS AND SHEAR
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& o

EXPERIMENTAL
DATA BY JONES AND
BUCKINGHAM (FIG. 9
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BY CHEESEMAN (FIG. 11a
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Figure 18.-Comparison of predicted and measured two-dimensional
lift coefficient, 6e=00.
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Figure 19. ~-Effect of jet exit angle Be on measured two-dimensional
lift coefficient.
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PRESENT CALCULATIONS

©®© MEASURED (FROM REF. 24)

B MEASURED (REF. 25)

O.OBF O]
©
0.06 CALCULATED FOR
AIRFOIL OF REF,. 24
Cy 0.04 o
©
0.02- O]
o | | | | | |
(o) 10 20 30 40 50 60
FLAP ANGLE ~ DEG.
Figure 24. -Blowing coefficient required to move separation point

aft to trailing edge.
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