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I. INTRODUCTION AND OUTLINE OF RESEARCH

>l.1v Problem Statement

Control of linear dynamical systems has been the subject of wide
investigation as evidenéed by the numeroué'publications in this
area [1,2,7,8,9,24]. The optimum control law is well known to be a
linear function of the complete state vectdr, where the control gains
are Aetermined from the unique positive definite solution of a matrix
Riccati equation. In actual practice, however, the entire stéte Qector
is rarely -available for measurement. A control utilizing the obtimal
feedback gains may still be implemented, however, if an estimate of the
total state vector is obtained through implementation of a state
observ;f. In addition, feédback control techniques have bgen &eveloéed
for cases in which the control is constrained to be ; linear function
of the measurable outputs [1,2,7,8].

The problem investigated in this réport may be described as
follows. Given the lineér deterministic, continuous dynamical system

described by the equation:

+ Bu - (1.1)

(1.2)

é=

1A

l:
where

is an n dimensional state vector
is an m dimensional measurement vector
is an 'r dimensional control vector .

is an mxn dimensional plant matrix

is an rxn dimension input control matrix

=TI S - ]

is an nxm dimension measurement matrix
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It is desired to construct a full state feedback control law to

regulate the dynamical system described by Egqs. 1.1, 1.2. It is assumed
that exact knowledge of matrices A aﬁd B is not availaﬁle, although

the parameters are known to lie within closed bounds. In addition, the
number of output measurements is, in general, less than the dimension

of the state of the system.

1;2 Background

The proﬁlem of limited state feedback control may be classified
.as’ elther fixed gain feedback or dynamical feedback control. Non-
ﬂynamical'feedback control, while simpler to implement, suffers limita- -
fions since many inherehtly unstable systeﬁs may not easily ﬁg sfabilized;
The more general class of controllers are those which have dynamics.
In these controllers, the compensator output may be directly utilizedv
as the control, or the output of the dynamical controllei may be com-~
bihed,in some approériate_manner with the measurable éystem output
to form the required control sigﬁal.

Early investigation in the area of deterministic control of systems’
with limited accessible states may be attributed to Luenberger [15,16].
Although his primary emphasi; was more in terms of state estimation,
he did formulate a dynamical system whose structure plays an integral
role.in the design undertaken in this report. In Luenberger's work,
it was shbwn that given a system descfibed by Egqs. 1.1, 1.2 and complete
knowledge of the system parameters, the state vector g_méy be constructed
egactly with a stable linear s&stem of order n-m which was termed a
minimal order state ébserver. The basi; motivation in the development
of this minimal order state observer is the notion that since there are

“m" independent measurements available, it should be‘possible to



construct the entire n dimensional state vector-of the sysfém»by
generating only n-m additional quantities and combining them appropriately
with the “"m" already existing outputs. Luenberger also demonstrated
that‘a stable linear observer‘does not effect the stability of fhe closed
’loop system. However, the question of design in the presénde of‘paré-
meter uncertaintylwas left unanswered.

Dellon and.Sarachik [3] studied the &eterministié.feedback optimal
control problem with the standard quadratic cost function, from the
stﬁndpoint of using a minimal order state observer in the feedbackfloop
to reconstruct ;he state vecfor . Their-analysis was generaliéed to

'fime—varying systems, but did not considér the effect of parameter
uncertainty in the design. They demonstrate that the resulting feedback .
control system is aéyﬁptotiéally.stable even when the plant is originally
unstable. Dellon and Sarachik's main conﬁribution is ;he formulation

of a tf;ﬁsfofﬁation which provides an alterﬁate, more tractable Aesign
approach to the structure of state observers and/or dynamic compensators.
This transformation has been used extensively in additional research
relating to observer design [13,14,25].

Neumann[4] investigated the effects upon the. cost functional when
an observer is used in a quadratic optimal control design for éystems
with limited accessible states. Similar to the previous authors, the
'systems considered are deterministic and do not.account for parameter
uncertainties. Neumann derives an expression for the increase in cost
as a function of the initial condition error which exists between state
observer output and some linear transformation of the true system state.

He concludes that if no information is available about the initial condi-

tions of some of the states of the system then perhaps it is more
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advan;agéOus,to use aAsub-optimal control [1) with feedback of those
states whiCh are measurable than a system and observe: using the optimal
feedback law.

Sgrma and J#yaraj [5] also studiéd the problem of thé effect upon
the cost functional when a compatible'dynamical observer is employed’

- ta constrﬁct the‘eétimates of the inaccessible states. They extended
the analysis performed in [4] to finite time optimai céntrol systems.'
An expression is.detefmined for the increase in cost as a function of
" the initial condition error. The authors demonstrate that under the
condition of non-zero initial condition error, the smallest increase
in cost in Elosed loop feedback control is'achieved when the feedback
control gain is obtained from the solution to the siandard quadratic
optiﬁAI control problem, assuming full state feedback.

Neumann [6] further investigated the utilization of &ynamical
controllers in limited state feedback control by considering:the
Luenberger aesign as a particular form of dynamical compensator. His
analysis focuses on linear, time-invarient systems with camplete_pafa—
meter knowledge. The author has preserved the original Luenberger [15] -

form of the observer equations, and has not taken advantage of the observer
. canonical transformation derived in [3]. Neumann demonst;ates in ﬁhe
analysis that in the computation of observer (controller) dynamics and
feedback control gains, the feedback gain will in general differ'from

the optimal gain computed from the full state optimal control problem.

The derived equaﬁions also show that the separation principlé in linear
optimal c;ntrol design does not apply in this problem fo;mulation, as

compared to the case in which an nth order controller (observer), or

Kalman filter, is used. Thus, although it is possible to obtain as



small an estimation error as desired by taking the magnitude.of the
eigenvalues of the dynamic controller (observer) large enough negative,
" a vanishing small increase in cost will not in general reSult for this
specifically controlled regulator, unless fhe order of the dynamic
compensator is equal to that of the controlled system. The approach
does exhibit one weakness in that’ there generally results more ﬁn—
knowns then.algebraic equations available for solution. Also, as in
the case of previous authors, the questlon of design in the presence
of'system'uncertainties was left unanswered.

This survey has thus far focused primarily on the derivation of
dynamical controllers, particularly of the structure of the Luenberger
observer, for limited state feedbaek control systems. Recent studies
by Levine and Athans ‘[7] have directed attention‘to the development
of feedback control algorithms for time—varying multi-variable systems.
Utilizing the minimum principle and assuming knowledge of the inltlal
state statistics, an algorithm is derived which recursively estimates
improved values of the flxed feedback gain>parameters. A proof is also
preeented which guarantees monotonic‘convergence of fhe.everall cost
functional. It is stressed that since the solution is in gemeral non-
unique, a decrease in cost does not necessarily imply convergence to
the optimum set of parameters.

An altefnate approach to the work described in [7] was undertaken
by Levine and Athans [8], constraining their design to linear, timef;in‘
varient systems. The design technique once again results in a set of
matrix equations (in this case, algebraic) which must be solved
recursively to determine the required feedback parameteré. It is

shown that if the output matrix H is non-singular, implying that all
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states are measurable, then the control algoritim derived by this method

is identical to the Kalman optimal controller. In both [7,8] the analysis
assumes gomple;e knowledge of all parameters.

" Kosut [2] considered a broader class of fixed feedback controllers,
limiping his analysis to linear, time-invarient deterministic systems.
He classifies the feedbéckAcontrol 1a§s as subject to either single

'Eoﬁﬁrol strﬁctﬁféhédﬁétgéiﬂfé:-;here the control vecfor u is constrained
th'be a linear combination of one set of measurable states, or multiple
control structure constaints, where each element of thé control vector,
nj, is a time#invarient, linear combinétion of different sets of measur~
able states. It may be noted that the approach taken by [2] yields
results similar to‘I7,8] but with much less computational work. As in
all the analysis previously discussed, [2] ignores the realistic problem
of design in the presence of parameter unéertainties.

Athans and Johnson [9,10] extended the work of [8] assuming that
the feedba;k controllsignal is determined as thg output of a reduced
order dynamical coméensator. In their analysis, the gains of the
dynamic compensator are designated as free design pafameters. Fpllowihg

" an optimization procedure analogous to [8], they derive a recursive
algorithm for solution of the compensator design parameters.. While
the authors claim that the controller determined by this method may be
of dynamic order less tﬁan the minimal order state observer, it is not
totally clear how the designer selects the order of this feedback
controller.

To review the previous paragraphs, the fundamental problem of
control of linear dynamical systems when subject to limited accessible

states has been introduced. The approaches taken by several researchers
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to'implemeﬂt dynamical bontrollérs, particulérly of the,structure‘of a.
Luenbefger observer to control linear plants, has been discussed. It was
also shoﬁn that [6], in.particular, structured the problem similar to
the research prOposéd in-;hié inVéstigation. However, as in all studies
discussed in this background survey, the important question of observer/
controller design in the presence of system parameter ignérange was
largely left unanswered. In a complementary vein the invesfigation
undertaken in this report represents a natural extension of the work
discussed in [8,9]). The fqrmulation of the c?ntrol préblem as a mini-
max design permité a model of the effects of parameter uncertainty to
play an integral role in the resulting design aigorithm. Thus,iﬁ is
belie&ed that the approach takeﬁ iﬁ-this report provides #dditional
insight into the désign of state observers (dyhamic’compensators)~

-and represents a contribution to the theory of limited state feedback

control. .

‘1-5 Oqtline of the Report

Cﬁapter 2 is a presentation of the development of the equations
which describe the structure of an observer. The development is
constrained to time-invarient systems, but includes the effects of
uncertainties. |

Chapter 3 presents the important contributions of thié report.
The optimal control problem is formulated, accounting for thé uncertainty
in the system design parameters. Because a constrained optimal control
is prespecified, elimination of the initial condition state vector
is required. The analysis clearly presents a method for eliminating
this dependence at the expense of additional terms in the cost

functional. The development is explained at each step such that the



final equations may be obtained without loss of continuity. EBecause
some of the equations in the development are both long aﬁd cumber some,
"the reader is referred to the appendices in the thesis where the
particular equation is written in completeness.

The results of Chaptér 3 are utilized in Chapter 4 to develop
e;pressioné for bounds on closed loop stability. These bounds are
expressed.as norms on the allowable variations in the A and B matrices

The‘theoreticai developments of the previous chapters are applied

to an example in Chapter 5, and a discussion of the pertinent develop-

ments of this research project and itsimplications are provided in Chapter

6.,



II. BACKGROUND IN OBSERVER THEORY

The primary objective of this chapter is to review the important
aspécts in tﬁe development of minimal order state observers. This devel-
is essential to iﬁs utilization in the optimal'control formulation of
Chapter 3. | .

The discussion 1is presented in two parts. The first section pre-
sents the observer developmént assuming complete knowledge of the system
parametexrs. Also discussed is the implementation of a state -observer
in the standard optimal regulator control problem. - The second part
develops the overall system-observer equations when parameter uncertain-
vties are present. We are also made agére of their effects on stability.of

the closed loop dynamical system.

2.1 Minimal Order State Observers For Time~Invarient Systems
The system under inves;igaﬁion is an n—dimensional, completely
observable structure described by:
x=Ax +Bu . ' (2;1)_

with m independent outputs

y = Hx (2.2)
This system may be observed by an n-m dimensional system -

4=Fz+Dy+Cu @.3)
such that the output z is related to true §.byf

z=Tx+¢g o p (2.4)

It may easily be shown that the differential equation in terms of the

error g is expressed as:
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£ = Fe B : (2.5)
Since 5 = z -Tx, if the initial condition on the observer oﬁtput z(0) is
gxactiy equal to Tx(0), tﬁen for all t>0 the relationship z = Tx is
valid, Aand it is possible to reconstruct the true state x from the

output signals y, z. Letting:

=~1}
{=]

A

we see that if

[ -]
1
L

exists, then X may be expressed as:

x=Ly+Lz-Le (2.6)
whexe

i -1

i (Ll’ LZ) (2f7)

Eq. 2.7 implies that the rows of T are linearly independent of the rows

of H. 1If we let -

x=Ly+1Lz2 - (2.8)
then Eq. 2.6 becomes
X = é —in (2.9)

Thus we see that if £(0) = 0 then _1'::_ = x for t>0. Otherwise, assuming
F has all stable roots _13 approaches x asymptotically.

In order for this dynamic system to be an estimator for the state
_{,4 it is shown by Luenberger [15] that the following conditions are both

necessary and sufficient:

TA - FT = DH (2.10)
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¢G=T8 , | o (2.11)

Furthermore, since it is required that Eq. 2.7 be valid, it may be deter~
mined from Eq. 2.10 that: ‘

TA = (D, F) (ﬁ)

or
D= TZLl_ : (2.12)
P = tZLz , (2.13)
I=1LH+LT - - (2.13a)

Thus, the structure of the state observer is detergined in tefms of the

transformation T and the parameters of the system to be observed.
Additional insight into the structure of observers is credited to

Dellon. and Sarachik [3], who introduced a transformation on state x

which placed the system into an observer canonical form. If we recall

" that the measurement matrix was assumed to be of rank m; then the »

system“described by Eq. 2.1 may always be4transformed-such that é is

partitioned as:

H= (4 :H)
where ﬁl is of rank m and ﬁz are the remaining columns. Introducing the
linear transformation:
~=1 -~1 -
By g |
0 I '

it may easily be shown that the new output matrix is:
H=(I 0) (2.15)
The importancebof this transformation 1s that it allows one to insure

that Eq. 2.7 exists if we assign:

m £
= (K nIm) n-m (2.16)
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By partitioning Eq. 2.13 appropriately, one can show that the
dynamics of the state observer may be expressed as:

F =4, +K,

The dual of Wonham's [26] result on controllability may then be invoked
in [3] to state that if the pair (A22, A12) is completely observable, then

the observers gain K may be adjusted to arbitrarily position the '"n-m"

eigenvalues of F.

2.2  Application of Observers in Optimél Control
A fundamental use of observers is in the design of feedback con-
trollers for the linear regulator problem, where some of the states
are inaccessible to measurement. It therefore becomes necessary to
construct an observer té supply estimates of the unavailable étates.
The standard optimal regulator control problem is described as

follows. Determine a controlu which minimizes

min I = I (g? Qﬂ.+.E?RE) dt - (2.18)
u

- 0

(g

sybject tp'Eq. 2.1. Q is assumed positive semi-definite and R positive

definite, The solution for controlu is well known to be:

u=-R"B'Pg o C(2.19)
where P1 is the unique positive definite splutién to the matrig Riccati
equation:

AT, + 2. A - P BRIBTP. + Q=0 (2.20)

1 1 1 1

Since Q, by assumption, is not totally accessible ﬁb‘measurement, the
optimal control cannot be implemented. 'If a minimal order state observer

is constructed, then one may obtain an approximation to the optimal

control as: N -1.T ~
u=-R"B Plg ) : (2.21)
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where

q=9+Lye | (2.22)
Then substituting into Eq. 2.1, we see that the approximafioﬁ to the
'Optfmal control 1 éxpressed as: ‘

= —-R—lBTPl_g - R‘ln-Tﬁleeth o (2.23)
Thus, if the initial condition errorlié non-zero, an increase in-cost

generally results [14] over that obtained when only the optimal control

is dmplemented.

2.3 -Stability Properties of Closed Loop System
To determine the effect of an observer on the stability.ptoperties
of a closed loop system, it is desired to control the system Eq. 2.1 by
the contfolllaw.of Eq. 2.19. Since the true state q is not available,
we can express the dynamical Eq. 2.1 with cOntrol.Eq. 2.19 as:
d=Ag+B(-RBR)
= A - @RTBP) (LY + Ly2)

- (A—_BR'IBTPILlu)g fBR'lsTrle_z_ T (2.26)

The observer equation may likewise be expressed as:

. -1.T
£ = Fz + DHg + G(-R "B P,)(L;y + L,2)
S— ¢ -1.T
=Fz + (DH -TBR "B'P,L H)g -TBR "B'P)L,z

_ ~1.T ~1.T
=T(A-BRB'P )Lz + T(A-BR B P,)L Hg (2.25)

In matrix notation these equations may be expressed as:

-1.T <1.T '
4 A-BR'B'P.L H -BR™'B'P)L, a
= . - (2.26)

. <1 T <1 T
z T(A-BR" B'P)L,H  T(A-BR™BP,)L,

The stability properties of this closed loop system become apparent when
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the following coordinate transformation isvapplied:

q I Of |gq
€ -T1I z

(2.27)

This transformation, when applied to Eq. 2.26, yields the following

representation for the closed loop dynamics:

-1.T '
y BRTBPL, q -
1 0 TAL ' "_t-_:_ o (2.28)

g a-3r"1pTp

Tere

2
It is reédily apéaregt that the stability properties'of this closed
'100p dynamical system are gbverned by the eiggnvélues of A--BR-IBTPl
~and TALZ. If the system to be controlled is assumed controllable, then
-1.T

there exists a matrix Pl such that the closed loop systém A-BR "B Pl

~ 1is stable. In addition, one would always design the pbserver-F=TAL2 to
contain stable roots.
In summéry, then, the closed loop stability properties ére unaltered

when an observer is implemented. It merely adds dynamics of its own to
the closed loop.
2.4 Minimal Order Oﬁservers With Parameter Uncertainty Present

When the system described by Eq. 2.1 contains uncertaihty in the>

{A,B} matrices, the system equations may be ekpressed as:

q = (A0 + 6A)g + (B0 + 6B)u o (2.29)
¥ = Hy
where AO’ BO, Ho are nominal values and SA, 6B represent the uncertainty.

Our objective is to investigate the effects of this inherent error
upon the state estimate.i. Basing our design on the nominal system

parameters and the observer design parameter K, we may express
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g4=1Ly+1Llz
or '
X . .
1 = LLZ + L2£
Substituting for y and z from Egs. 2.2; 2.3 and utilizing the relationships

in Eqs. 2.10, 2.13a, we obtain anvexpression for the differential"

equation representing ﬁ_as:

9=AQ +Bgu + LzF_g + L H,(Ag + Bu) - (2.31)

Substituting for the true state q from eq. 2.22, Eq. 2.31 becomes:
§_= Aoﬁ + Bog_+ (LzF - AOLZ) €+ LlHO (6Aq + 6Bu)
(2.32)
.As our interest lies in determining the existence of any steadystate
error, define:
@=3_§ (2.33)
Then a differential équaﬁion in terms of this errer may be expressed as: .

6q = Aq + Bog -Aog - Bol_l_ - (LZF-AOLZ)E —LIHD(GAS.{ 6Bu) -

(2.34)
and substituting §f q - 6q yields:
64 = Ay8q - (L,F-AjL,)e + L,T (8Aq + Bu) | (2.35)
or by making the substitution:
L2F - A0L2_= - L1H0A0L2
we obtain as the differential equation for state error as '
63 = Ay8q + LHpA Lye + LT (6Ag + 8Bu) (2.36)

In a similar fashion, the equation which represents the inherent
observer initial condition error may be shown to be expressed as:
&€ = Fe -T(8Aq + 6Bu) ’ - (2.37)

Then the overall dynamical system equations may be expressed as:
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sq] [ap LmeaL] [ea] [umea L,té8 1 [q)
= |+ (2.38)
el o TAL, € ~T6A ~T88 | |e

It is apéérent that state s_and control u act as forcing functions
. as long as uncertainty in matrices A and/or B exist. It is of interest
to know what effect this error has on the steady state operation of
the overall system, and in p‘articular', its effect on the system performance
when a closed loop control is required.
Assume that in the open .loop the input u is designated as.a étep
of gain u. Then as t+», both € and 8q approach zero, and thus we

obtain from egs. 2;37,_2.36;'

Fe -T(6Aq + 6Bu) = 0 (2.39)
Aydq + LlHoAOFZE + L,T(8Aq + 6Bu) = 0 o (2.40)
Since'Ao is assumed a stable matrix and the observer eigenvalues are

-1

by design stable,‘A0 .amd'l?-1 exist, Hence:

£ T Fflr(sA_q + 6Bu) ' (2.41)
= a1 -1
89 = Ay LiFpAglaeeg — Ay LT(84g + 6By (2.42)

Substituting Eq. 2.41 into Eq. 2.42 yields:
' 1

_ -l -
Qgss = -A " (L,H.A L. F

0 1 OVO 2 4 L2) T (SAq + 6Bu)

and since from Eq. 2.1
S = Ay B
we obtain

1

_ -1 - Cenoal
6q_, = -Ay (L HALF ~ +L,) T (8B-8A"A"B)u (2.43)

170702
It is apparent that so long as uncertainty exists in either matrices

A and/or B, the effect on design is transmitted as a steady state error

in the estimate of true state g.
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- The effect on the open loop‘performance.when unceftainty exists
in the system is ﬁot extremelf difficult to analyze. Ash [13] designed
a~sub;optima1 observer whiéh 1s capable of reducing the effects of
errors suéh as described by Eq. 2.43. However, serious problems may
occur when it is desired to regulate the system with a feedback control
basedvon estimate ﬁ; Under these circumstances, disturbances resulting
from paramécer uncertainties are no longer guaranteed to be bounded
as in the previously discussed open loép situation.

The closed 1oop,d§nam1cs may:be developed in a manner similar to

Section 2.3. Letting the optimal control be determined from Eq. 2.19,
. the expression for the differential equatjon in state q becomes:
d= (A-BRBIP L H)q - BRBP Lz

00 0’1710 172 (2.44)'

-1.T
oP1l1Hp)d - 8BRBGP L,z

Since éhe observer design is based'on the nominal parameters,'the

+ (A - 6BR 1BY

differential equation for output z remains as Eq. 2.25. The closed

loop dynamics now become:

g ~1.T -1.T 1T :
q Ag~BoRBGP L Hy + 6A-6BR™ B(P L Hy .(13_0 + 8B)R™ BGP L, |[1
g7 ~1_T -1.T

z T(Ay-BR™ BgP) )L Hy T(A,-BR ByP)L, ||z

- (2.45)

Utilizing the transformation Eq. 2.27, we obtain:

11 fa-Br18TP, + (6A-6BR7IBLP.) - (ﬁ +5B)R 1BIp

4 00 1 01 0 0712 1
LT ~1_T ~1.T

& ~T(8A~6BRB'P, ) TA(L, + TSBR™ B(P L,

(2.46)
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From Eq. 2.46, it is difficult to make any concrete statement regarde
ing the stébility of the close& loop system. This 1s due to the uncertain-
ties existing in each of the four partitions of Eq. 2.46. It should be
pointed out that [13] discussed the stability of the closed loop system
under Eoﬁditions of parameter ignorance. However, the uncertainfy
terms were incorrectly included in a bounded disturbance vector and did
not actually appear in the stability analysis.

The problem of stability and closed'loqp observer performance under
conditiﬁna of parameter uncertainty have been the prime source of
motivation for this investigétion. Unlike previous studies, the effects
due .to parameter uncertainty become an integral part of the design
procedure. This study aims at control of linear, uncertain systems

using the theory of Luenberger type observers in the development of a

dynamical controller.



IT11. MIN-MAX DESIGN OF OPTIMAL OBSERVER/CONTROLLER

3.1 Problem Formulation
| The primary objective of this formulation is to develop a minimal
ordér dynahical cont:oller, specifically of the Luenberger structure,

_ to regulate an n-dﬁmensional completely observablellinear system; _The
regulation control is defined to be some iinear function of the observer
‘output ﬁf. As will be shown in the analysis which follows, a minimax
control design [28] will be utilized to yield a set of algebraic matrix
- equations which; when solved recursively, provide both‘a set of time-
invarient feedback gains J and the free observer design. parameters K.

A diagram of the system under 1nvestigation is shown in Figﬁre 3.1.

=0 'y ) R
i}? I: SYSTEM —= OBSERVER a
+ _ . '

Figure 3.1 Feedback Gain Matrix & State Observer

1 From this point on in the analysis, we assume that the system is in the
observer canonic form.
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3.2 Parameter Disturbance Formulation
Assuming the existence of parameter ignorance in the A and B
‘matrices, the system equations have been.shown in Eqs. 2.29, 2.37 to

be:

q-= Aog + Bo_g + (6Aq + 6Bu) (3.1)
& = Fe - T(SAq + 6Bu) | (3.2)

It has been shown in the analysis of Chapter 2 that little may be
achieved by treating the parameter uncertainty explicity. As a éonsequence,
the design procedure is modified such that the uncertainty terms are treated

as disturbance vectors y. Accordingly, define:

6111 = 6Aq + 6Bu | (3.3)
G,Y, = ~T(6Aq + SBu) | : S 3.8)
such that the state equations become
. q= Ay + Bog_+ G111 , . (3.5)
E_Q Fe + G,y, : (3.6)

Since u = u + ue, we may set u = 0 as in the regulator problem and

obtain:
q A.0 0 q Bo G1 0 11
= + u, + A (3.7)
el o Fl e of] T Jo ¢ |y T

. Define g? as the augmented vector (g?, E?). Then

& =Duw+B

obf + él (3.8)

where D, B_ and G are approximately defined partition matrices.

0
Since Eq. 3.8 includes the distrubance component Gy, it is necessary to

utilize this term in the control design proposed in this investigation.
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A convenient means of accounting for the disturbance_l_ié to formulate
‘the cohtrol problem as worst case or minimax design [28] as to be shown

in the following section.

3.3 Cost Functional Formulation

As in any optimal control problem, it is ﬁecessary to formulate
a méaningful cost functional. The detailed system diagram shown in
Figure 3.2 provides insight into the selection of the cost functional
to be utilized.

Because the regulation control,problem.is considered; it is necessary
to piace constraints on both the state q and the cont¥ol-gfv(herein
designated as u). In addition, it is reasonable fo place some constraints
. on.the observer @esign parameters, in order .that these gains remain bounded.
In the approach taken by Athans and Johnson [9] quadratic weighting is
placed é; the dynamic compensator design paramegers. However , becéuse
the dynamic compeﬁsator to be developed is specifically of the strucfure
of a Luenberger observer, it may easily be shown that the.gains
: {D.F.Gb,Li}l are uniquely related through a single design matrix K.

Thus; by constraining any one of the four observer parameters, the
remaining three are implicitly constrained. With the above assumptions
in mind, let the following cost functional be defined:
. . .
min max I[J,K;Y] = % J (_qTQI_q + ETi.zQZLzE + ng_g
J,K y t .
0 —_— (3.9)

+ XTLIQyLIX + frrqzrg - yyy) dt

1 L2 is not a function of any design parameters.
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'Essentially, we aesire to achieve some trade-off between ;tate éétimation

and control. The first component of the cost functional with positive
definite weighting Q1 requires that g be regulated as close to zero as
possible. The second term, however, weights the degree.to which estimate

q tracks true étate_g, since g, é_ére related through Eq. 2.22. It

should be made clear that because the systém design is ﬁerformed in the
observer canonic.spacé, only the last "n-m" coméonents of’g:i influence -

the ovetéll cost. ﬁénce, this component places a penalty on state estimation,
attempting to keep the inﬁerent error (due to paraﬁeter-uncertainties

and incorrect'initigl conditions) minimal..

The qugdratic weighting on control ‘u actually places a penalty on
the elements of J since the control has been constrained to be a function
" of ﬁ,

It E;s previously been stated that constraining any one of the four
observer gains implicitly ;oﬁstrains the remaining three. To generalize
the analysis, quaﬂratic yeighting has been placé& ;n both the.partition
Ly of estimate‘i and on the observer feedback Fz. .Thg justification
for this generalization is as follows.

Both quadratic terms pPlace a constraint on the éositioning of the
obgerver poles. . As shown in Appendix A of [29], however, the constraint
Lbz is quadfatic in gain K while constraints on any of thé :emaiﬁing three
observer design parameters result in terms fourth order in K. It appears
reasonable to determine whether any desigﬁ trade-off exists through
variation of weights Qy’ Qz‘ Hence, the analysis is formulated utilizing
both observer parameteré in the cost functional, Eq. 3.9.

The final component, y, acts as a disturbance vebtor_to account for

any parameter uncertainties in the system. This disturbance, to be
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determined by maximizing Eq. 3.9 with respect to y, will be shown to act
upon the system from a worst case design point of view. 1In light of the

above assumptions, the design approach to be taken is as follows:

Determiné a function y = y* which maximizes functionmal Eq. 3.9,
subject to a constrained feedback control u = ii. Having determined
y* (shown to be obtained from the solution to a steady state algebraic
Riccati equation, which is a function of J,K), determine a parameter

set {J,K}, assuming such a set exists, which minimizes the overall

~cost I[J,K;Y*].

‘Once the optimization yields a set '{Jﬁx*;lf} , the stability of the

closed loop system may be examined utilizing the optiﬁum gains in a manner

-to be discussed in Chapter 4.

3.4 Solution For Disturbance y
The resulting equations which are necessary to compute the parameters

{J,K} are determined by first expanding each component of the cost

T

functional, Eq. 3.9. In terms of (g?, €) = 9?, one obtains the following

augmented weight Q as a function of gains {J,k}.

1 K is one component of the transformation T = (K:I)
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T .. : T _ .1.

[Ql'+JRJ+Qy- I,
B —QyLZT - (in) Qy _ '
+ (Lz'r) 074 (L,T) ('erLz'r)TQz (TAyL,)
igT-hw, e N 2'1') Q, (TALL,T) w
T.T, A T ‘
LZJ RI + . ngsz
T.T
'( L ) Q (TA L2T) - +L2J RJL2 (3.10)
- AT (raL,) |
Substituting into the cost functional we have:
t
‘min. max I[J, Ky} =-—- I (mQ_ui lTY_y_) dt . (3.11)
J,K Y ¢
oA

" To determine the form of the disturbance y, define a Hamiltonian,

Ha’ as follows:

H =AT£ +1L= A [Dm + B + Ql ] +-—-(m Qm - I.Yl) (3.12)
Since the feedback control u has been specified . as u = Jﬁ; substitute
this control into Eq. 3.12 after modifying u to a more appropriate form.
As one vﬂshes to determine the gains {J,K}; where K is a partition of

observer transformation T, define a matrix P as:
n m n-m
J 0} gl 0 © ‘
Pe = . . , . (3.13)
0 T{ n-m{0 K I :

The matrix P includes in one augmented form, all the neceséary gains

to be determined. Thus the control may be expressed as:
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’ . _ J O I L2 q o :
u=Jq=J(q+ ngl_ = [T 0] . = IlPIZQ_ (3.14)
. ‘ o T{ (0 O el : .

Inserting this control into the Hamiltonian, Ha becomes:

T (8 .28 o o a1 ,TA T,
Ha = A I(D +'BOIIPIZ)2'+ Gyl +-§-(g Q - ¥y Yy)

and extremising Ha with respect to disturbance y yields:

y = v 1igh ' ' (3.15)
By defining a costate A = Sw, it may easily be shown [29] that matrix S
is obtained from ﬁhe solution to the following equation:

LPL) + Q + SGY 1GTs = -§ - (3.16)

(ﬁ#ﬁIPI)Ts+s(’f)+§01

071 2

' and if too, one obtains a steady state algebraic matrix equation:

A ~ 'r _EA . - - - —1»\'1‘ _ .
@ + BOIIPIZ) S+ S+ BOIIPIZ) +Q+SGY "Gs=20 (3.1?)

Eq. 3.17 reveals that in order to obtain an explicit éet of vaiues,for
Riccati gain S, it is necessary to have comélete knowledge of the elements
of P, which have yet to be determined. This is a well known characteristic
" of the minimax design technique. In the optimization design procedure to-
follow, the variation in S, resulting from variations in maﬁrix P, is
accounted for'by‘obtaining an explicit relation for variation in S, &ue to

P, to first order.

3.5. Modification of Cost Functional

Having formulated an approach to determine the worst case disturbance
vector y, we are in a position to proceed with tﬁe minimization of I(P,Yy)

‘with respect of P. Inserting Eq3.15 into Eq. 3.11, the functional becomes:

win 1(P,y) = 5 J W (Q-s6Y 16Ts)w dt (3.18)
t

P 0
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At this stage, it is advantagéous to modify all terms ova to an appropriate

augmented matrix form. Utilizing a set of partitibn matrices.definedhin

Appendix B of [29], the overall weighting function may be shown to bé

expressed as:

o T, TS T,T PO ¥ T T- | °T
Q QA + E.P RPE + E,P RPE L -L2 1P RPE1 + L2

T T
1 1 1L9 1P RPE L

2

K S X I
Bl 2Qy 2EoPE, -

T T. T, T,T" 5 T T T T T T
BN B P, + BP0 B P E)

£f
+Q L232P34 +E,P Qy

+ E PTETG t PA PE, + E PTET6 E.PA EX
¥ EA PELQ ESPA) 2“1. 3Q,E4PA By
where-

12 -
QA=Q1+O}'+L2Q22

‘and E, , E,, E, and AL are constant partition matrices-defined in [29].

10 Bps By By

3.6 Modification of Augmented State Equation

- (3.19)

(3.20)

State equation 3.7 must be partitioned in a fashioﬁ_similar to that

utilized in determining 6. Setting u = Jﬁ_we have:

q A, +8J3  BJL] [gq}]
= 0 0 02 l + GY 1GTSw
€

0 TALL, |

joe

Since the component "GY l.T "

matrix, it is necessary omnly to concentrate on the first component .

define the following partition matrices:

(3.21)

is already expressed as a (2n-m)x(2n-m)

Accofdingly,
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Ao + BOJ BOJL2

0 ,TAOLZ

>

+

-}

o

o
[}

and thus the overall closed loop 'state equation may be expressed as: .

&= &+ 8pC + v 1ETs)0 (3.22)
It is well known that the solution to Eq. 3.22 is:

A 4 hpe 4 aylaT I\
© . (A + BPC + GY G S)t wieg) = e wlty)

-

where:
w=o(t) v (t)) ' ' (3.23)

and o(t) is the transition matrix satisfying

$(t) = (A + BPC + GY 16Ts) &(c) (3.24)

Having obtained a closed form expression for state w the cost functional

becomes:
min I(P,y) = > J L) o7 (8 - siviETs] o) b (e (3.25)
P
t
0

3.7 1Ipitial Condition Transformation

In order to operate on the cost functional expressed by Eq. 3.25, it
is necessary to eliminate the dependence, upon the cost I(P,l), of the
initidl condition vector g(to). One such approach, similar to that taken
in [7,8] is to assume that the initial state gﬁto) is a random variable,
uniformly distributed on a unit shere with zero mean and known covariance

1) Then, from the constraint equations for an observer, the imitial

0.0

state gﬁto)l becomes:

2(0) = Tq(0) + £(0)

1 Let to = 0 from hereon.



Since the designer is free to choose the iﬁitial conditionfvector z(O), set

z(0) as:
2(0) = T*E[q(0)] = O
Then the initial error between state and compensator output is:
|

£(0) = -1q(0)

and the initial condition error covariance is found as:

@e” = T(q(0g(@” " = W1 l (3.26a)
The cross terms £(0)g(0)” and g(0)e(@)T are found to be|
i
5
(@ = -1 4 g(®T = -,
and
HORONERTA S - (3.26b)

Thus the overall initial condition cpvariance métrix Xo is found to be:

T
: Ub, ) -WOT .27
0 T
-TWO | TWOT

In its present form, the covariance matrix Xo is not vefy useful. It would
be advantageous, however, if XD is in strictly diagonal form, the reasoning
behind this éssumption becoming clear in the folléwing'section. To obtain
such an expression, define a transformation M such that
¥(0) = M'w(0)
where
v©OvOT = 1" w(Ou© MMM =V

_ and we require that V0 be a diagonal matrix. Thus, we must seek out a
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transformation such that the diagonality of V0 is assured. To obtain such

a transformation, proceed as follows:

Pre -and post multiply Xo by HI and Hl respectively, where

I T
H. =
1 o 1
thus:
1 o] |w, w1l I: T W0
Hix Hi - 0 . 0 = 0.
0 T 1| |-w, Tl lo 1} 0 o
0 0 ,
Hence, the transformation M=H1 so that one has
1. TT : 1 I -TT
M= N : M- = ’ )
0 I ’ 0 1] (3.28)

To implement the transformation we must obtain matrix M in terms of the

gain matrix P. Consider M-T and partition as follows:

r [t o0 0 o J 0 0 o0 :
M = - : = 1 -EPE
0 1 0 I 0 T I o0 24 ‘(3.29a)
-1 T
and M = (I-E,PE,)" (3.29b)

With explicit expressions Aetermined for'M'—1 in terms of the augmented

gain matrix P, the cost functional becomes:

min I(P,y) = > lw v'(0) (1-E,PE) To™ (t) [Q - SGY 18] o(e)(I-E,PE,)v(0) dt
j | (3.30)

A convenient means of eliminating the dependence of the cost I(P,I) upon>

the initial conditions 18 to minimize the expected value bf I(P,y). Note

that the initial condition covariance matrix XO has been diagonalized through



the transformation Eq..3.28. Taking expectatjons of Eq. 3.30 yields:

oo

E[I(P, )] = 1(P,y) = % ™ j (1-E,PE,) 0" (e) [Q - sGv'¢Ts)

0

Q(t)(I—EZPE4)VO de (3.31)

The function I(Plx) is a real function where P contains 2nx(q+n-m) variables.
However, the values we wish to determine are {J,K}, since the remaining
‘elements are either zero or one. Thus the actual number of elements to
be computed is:

n ‘@ n-m

J 0 0] q :

P= . = qxn + [(n-m) x m]
0. XK I} n-m
There does exist an additional complication, however. The fact that

Ricéati gain S, which determines the extremum in disturbance, is a function
of P, implies that a variation in i(P,l) with respect to P results in a

variation in 5. The functional dependence of S upon P is accounte& for by

determining an expression which relates the dependence of S to that of P.

3.8 Computation of ai(p,I)/aP

A necéssaty condition that there exists a P* which minimizes i(P,I) is:

~

MED 2o | (3.32)
P=p*
Let the closedtloop plant matrix be expressed as:
A° = A + BPC + GY 1cTs (3.33)
If we allow a small perturbation in P such that PP + e§P, then this
implies that S»§ + €8S. Replacing Q by Eq. 3.19, substituting for the

transition matrix in Eq. 3.31, and finally perturbing the cost functiomal

by the above variations yields:
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[

I(P + €6P,S + €8S) = =TR J [1-E, (P + sGP)EalT
: ol

N

A% + e(BSEC + ey 16Tss)) e
[0, + EX(P + e6P)TR(P + €6P)E, - EL(P + e6P)TR(P + e6P)E. I
QT E 1”5 . 172
AT T, Ta T_T Ts, .
~Ly2) (8 + eOP)R( 4eP)E, + D)8 (2 + PR + esPIE) T,

- s T T _TATA
+ QyLZEZ(P + €6P)E, + E, (P + ¢6F) E,L,Q,

T, I T2TA =
+ E4(P + €6P) EZLZQyLZEZ(P + e&P)E4

+ EZ(P + eGP)TAg(P + eGP)TE§62E3(P + eSP)A (P + ecf)E4
+E P+ eGP)rA:(g + e6P)E;Q_E, (P + c6PIAE,

+ EZAz(p ;'é‘&l;)'rniazr:;(? + edP’)A.L(P + €SP)E,

+EA(P + ;GP)TE§QZE3(P + cSP)A E;

| A =] a o n A A -IATG
~(s + €65)CY 16T (s + ess)JelA + E(BOEC + GY "G O8)]t

[1-E,(P + eSP)E, IV, dt : (3.34)

Equation 3.34 reveals some complexities which must be circumvented before
proceeding with the analysis. It will first be necessary to obtain an-

appropriate representation for the term

1

A% + e(BsPE + GY 16T6s) ]t

el

-In addition, the variation in 8S must be determined as a function of 6éP.

Appendices D and E of [29] present first order approximations to handle
both of the above difficulties.

Substitution into Eq. 3.34 of the results derived in Appendices D,

E of [29] yilelds an expression which is too involved and cumbersome for
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- this report. Rather, the mechanics of the optimization procedure are
merely outlined, contihﬁally refefring the reader to [29]vfor a éoﬁbrehensive
exp}anation of the details.

The modified Eq. 3.34 (due to insertion of D. E) must be expanded in
;rdet_to disregérd terms of order € > 1; Tﬁis operation 15 shown iﬁ
detail in Appendices F and G qf [29]7 The resulting equaéidn, a set
of;integral expressions linear in perturbatioh 8P, is given by Eﬁ. 3;48
in [29].

The following section presents a lemma which manifests the reasoning -

for the approach taken in this report. .

3.9 Simplifying the Gradient of the Cost Functional
The motivation for formulating the problem in the manner described
is to take advantage of the following lemma proposed by Kleinman [27]:

‘Lemma: Let I(P,I) be a trace function. If 6ne can express:

I(P + e6P,y)-1(P,y) = eTR[N(P)&P]}
Then as ¢+ 0
a1 (p,¥) /2P = N'(P) | | (3.37)
To obtain an expression in the form of Eq. 3.37 we make use of the

following properties of trace matrices-

1. TR[XYZ) = TR [ZXY],= TR [¥ZX]

TR[X]

2. TR [X]
Because of the length of Eq. 3.48 in [29] it is more feasible to

consider each term individually. To preserve the continuity of this report,
the expansion of Eq. 3.48 is shown in Appendix I. Each term has been
manipulated in such fashion that the Lemma of Section 3.9 may be directly

1 Recall that the variation in cost is with respect to certain defined
elements of P; i.e. P[J,K].
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applied. Collecting all terms from Appendix I, the finai expression for
the gradient, NT(P), is shown in Appendix :J.
By considering the infinite time case, the integral expressions of

Appendix J may be reﬁlaced by algebraic matrix equivalencies.

3.10 Addition;l'Simplification of Gradient

In its present form, the equations of Appendix J in [29] are not
~extremetly useful. By applying integral properties which relate to the
1nteréhénge of order of integration, the equations may be reformulated
into A more afpealing-format. Once again, because of length considerations,
the reader is referred to Section 3.10 of [29] for the details. We
merely express'the resulting algorithm as the following set of equations:

-

2T AT T T, S T - ~ T 3 T
B x¥C -E2 (I—EZPEQ)V0E4 + RPElWEl - RPElW(ElLZ) - RPEILZYEl

A S s T s T T TeTa T
+RPE LY (E) L)) + (QL,E,) YE, + (EpL,Q L,E,PE, IVE,

T T T~ T T~ e T
+(ALP E3QZE3PALPE4)VE4 + (E3QZE3PALPE4)W(ALPE&)
‘ (3.38)
rESR TR Y EAD + G Epn DY P
T_T_ T T,,.T Ta T T, _
+(ALP E3QZE3PALE3)'{'E4 + (E3QZE3PALE2)W(E2AL) =0
subject to: .
o oT . T _ .
AY + YA | + (I—EZPEA)VO(I—EZPEa) =0 (3.39)
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(A + BPC) "X + x(A + BEC) + Q, + ETPTRPEI' .
T, Tz ~T T To FT T
~E;P RPE1L2 - LyE;P'RPE, + L,E P RPE L,
, T,T T;Ts  TT oTa - |
+QyL2E2PE4 + BPE)L,Q + B PE,L)QL,EPE, (.40)
T TH T

+E P ALP E;Q,E,PA PE, + E, Tp ALP E3Q E4PAE,

- +E ALPTE§6 E PALPE + E ALP E Q2E3PALE§ + x@Y_léTx =0

As explained in [29],.the Xx,¥ are Ricé#ti and Lyapunov type matrices, .
being that they are ;he solutions to Egs. 3;52, 3.53 of [29], respectively.
Note that if pafémeter ignorance is non-existent, and no disturbances are
.present, Y-1+0.‘énd the quadratic term x in Eq. 3.38 drpps out,

B .ﬁquatibns 3.38-3.40 may be solved recursively to obtéin the desired
galn P*, Iq adaition té P, the recursive equations also provide‘a positive
definite symmetric x matrix. This function is utilized in Chépter 4 to
derive a stability bound on closed loop performance.

The discussion which follows presents the required recursive algorithm.
Note that from Eq. 3.40 an apprbximation has been made such that the quadratic
term in x is represented at the nth iteration.while_the linear term in x is
at the ntlst iteration. This approximation is justified as ‘it simplifies

, the computatioﬁal algorithm by reducing Eq. 3.40 to a linear equation in

terms of Xp41*
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3.11 Recursive Algorithm to Compute Parameter P*

T AT T T
W) B ¥un® ~ EXann B Ppn B VR, E, * RP B Y Ey

~ ~ T
- RP L EYon (Byly)

. T - AT, A BT

. 2w pBp P REGEILY (L) 4 (QL,E)) ¥ 1h By
+(E L )¥ . EX + (ATPT E'Q E.P )Y E|
v 2B n+184) Y41 By Ay o1 3% B3P AL P By Yo B

T, Tz \T
HEQESP AP B Yort ArlPuinnBe) (B30 BqP y ArP i Ba) Yo (BaAL)

T TpT

- o
+
(£5Q,E, n+1ALE )Vn+1 AP B AR, 3Q EgP ALE) Yoy

T T
HER, B A B Y (BAD) = 0

~ —1 AT T
2) @ + BP 1c + 6y 16Ty DL AL A O Be . C + 6y ¢ Xn41) .

+ (I-E o+l 4)V (I- “EP 1 4)

a A AT TR - T, Tz
3) @+ BP C) x 43 + X4p(At BP C) +Q, + E;P RP E

s

~

T.T T~
-E; P.ﬁr E L (P E L,) RP E, + (PE 2) RP E L,
+Qy ,E,P E, + (L E,P Ea) Qy + (L ,PLE,) QyL E,P E,
+(EPAPE)QEPAPE + (E,P APE)Q EPAEL

3 nAL n4 z 3 nAL n4 3 nAL né4 z 3 nAL 2
+(E.P AE)TQ EP AP E, + (EP AE)QEPAE.

3 nAL 2’ *z°3 nAL néa 3 nAL 2 z 3 nAL 2

ao=1aT
+an¥' G X, = 0

(3.41)

(3.42)

(3.43)
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Select P such that A + BP, C is stable and Xo is positive definite.

0’ Xo 0
Compute X from (3).
"Substitute xl,into (1), (2). Solve simultaneous non-linear equations

v

for P 1°

1’

This completes one iterationm. ‘Repeat until some prespecified criterion

convergence is satisfied.



1Iv. CLOSED LOOP STABILITY CONSIDERATIONS

4.1 Introduction

Formulation of the problem investigated in this report in terms
of a minimax control design accounts to some degree for the parameter
uncertainty effects inherent in the closed loop system. It has been'
pointed oui that in addition ﬁo the solqtion for matrix P,_fhe recursive
optimizatiqn ﬁrocedure also computes a positive definite symmetric
~ (20-m) x(20-m) matrix gain, designated as .X. This chapter presents an
approach toward the determination of bounds on allowable parameter

variati&ns to insure stability of the closed loop system.‘

4.2 Lyapunov Function Formulation

| Assume that the design procedure converges to a solution P*, X*,

If the variation in output matrix H is zero, as aésumed in this analysis,
the closed loop synamics are:

q AgtByJ* + 6A + 6BJ* (By+ SB)I*L, q|? _
g _~T*(SA+ 6BJ*)  T*AgL, ~T* SBJAL €

- In an attempt to determine the allowable variations oﬁ‘GA, 8B to insure

stability, begin by defining partition matrices as follows:

I from here-on we drop the asterisk qotdtion on {J,K}

38
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n n-m
a (u 0]n
SA = _ (4.2a)
: | 0 0} n-m :
9 n-m
~ -|8B. O] nm o '
6B = ' : ~ (4.2b)
| 0 0§ n-m .

Utilizinguthese partition matrices it méy Be shown that the system matrix
"of Eq. 4.1 can be expressed as:
w = [(A+ BPC) + (I-E,PE;) (A + 6BPO)] w _ (4.3)

- and we observe that the nominal and uncértain terms have been separated.

In order to formulate a stability criterion, define a function:

V@ =ke xw o 4.4)
This function is positive definite since X, the solu;ion to Eq. 3.63 is
based on-an assumed stable (nominal) closed loop system and positive
definite weighting matrix QA’
Taking the derivative of Eq. 4.5 yields:
V(@ =%u [@A+ 80T x + x (& + BRC)
+ ((-EpPEy) sD)T x + x ((-EpPE)SR) (4.5)

+ ((1-EoPE,)6BPC)T x + x ((I-EoPE,)$RPT)Ju

From Eq. 3.63 we have:
a + BPC)T x + x (A + BPC) = [Q + xGv~26Tx]

Substituting Eq. 4.6 into Eq. 4.5 and removing the negative sign
6(9) becomes |
V() = -4’ [ Q+ xev1cTx
- ((1-E,PE,)6A)T X - X ((I-E,PE,)6A) | (4.7)

~((1-E,PE,)6BPC)T X - X ((I-E,PE,) 68PC)]uw
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" Conditions on allowable variations in 8A, 8B to insure that V(w)
is'negative definite must be investigated. Replacing a by Eq. 3.19,

assume that Eq. 4.7 can be expressed as follows:!
V(@ = ' {[Q; + EJPTRRE, - EJPTRPE;L, - LYETPTRPE,
-+ LIEJPTRPE L, + XGY 167X - ((1-EyPE,) 6K)™x
- X((I-EyPE,) §A)]
+ [L1Q,L, + &, + Q,L,E,PE, + EXPTETL Q
2% TG F QLR PR, 2°2%y

ToTeTrTH TAT T To
+ E4P E,L QyLZE PE4 + E4P A P°E Q E3PALPE4]

ToT\ TpTpIn T TeT
E4P ALP E Q E PALE + EZALP 3Q E PALPE4

+ EpAP e E,pPaE] - ((I-E;PE)6ERE) Tx (4.8)

=X( (I‘EZPE4) 'GBPC) ] } w

One approach to determine stability bounds is to derive tﬁe allowable
variations in the norms of 6;, 6B. In this light, let the augmented vector
w be defined on a normal space [12] as:

Hall = [wel®
and &efine a matrix Z such that
Hzl] = sup ||zu]]
ol =1
so that

lz|] = A {272}

T""As there are essentially five weighting coefficients which determine
the resulting bound, several alternative combinations are possible.
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A { } indicates the maximum eigenvalue of a real, symmetric and positive

semi-definite matrix. Based on Eq. 4.8, V(w) is assumed negative definite,

and hence the gsystem is asymptotically stable, if the following conditions

are satisfied: ,

- T, T2 T.TA » "TwToln “

Q1 + ElP RPEl - ElP RPElLZ - L2E1P RPEl

min & S ToTa a ~1AT
+ LEJPRPE) + xGY ™ G x

[|8A]| < \ - (4.9)
2] x| |

[ ‘

A‘T‘ A - ~ A T TATA

T TrTA ToT,TpTTh '
+ EJPTE)LyQ L E)PE, + E PTATPTESQ,EqPA PE,

T,T,T,T.TA ' T.T.TA
~ +E,P"A{P E3Q,E3PA E) + E A P E;Q E3PAIPE,

o T T, TA T
| + E,ATPTEIQ, B PA B

l1e]] <

(4.10)

2[kIF- Ilect]

where the norm of (I-EZPEQ) i8 unity since

‘ 0
1 -2,PE,ll=

-T I

We remark that the above bounds are based on an arbitrary separation of the
weighting functions of Eq. 4.6. It is conceivable that rearrangement of

" the weights may result in more or less conservative bounds.



V. APPLICATION OF THE DESIGN TECHNIQUE
5.1 Introduction
The design algorithm expressed by Eqs.3.41-3.43 is applied to a
system described by the following equations. Note that the sjstem is

assumed to already be in the observer canonical form.

e

1 = 811 X9 Y a12 xp _

= 851 X3 + 8 xp + bu

'\g‘-

y = x |
Since the system has a single output, we require an observer design
‘with one pole. From Eq. 2.7

u]~t 1 0] 10 1 0

s
-

n

=
=

]

()
N

"

T R 'S R P ' | T -k 1

5.2 Objectives of The Simulation
The primary objectivé of the simulation study is to obtain some
measure of both the versatility and flexibility of the design algorithm.
Such questions ﬁnder consideration are as follows: |
1. ﬁhat degree of freeddm does the designer have in optimally
positioning the eigenvalues of the closed loop dynamical éysteﬁ?
2. What flexibility exists in positioning the observer/compensator
eigenvalues?
3. What gain is achieved by modeling system parameter uncertainties

as extremum disturbance vectors?

42
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The simulation results presented in the following section provide partial

_answers to theése questions. A series of plots, depiéting variation in
eigenvalue positioning with respect to the various weighting functions in
Eq. 3.9 are presented. In addition, it is shown that a closed bounded

region of initial conditions PO exists for which convergence to a unique

minimum occurs.

5.3 Discussion of Simulation Results
5.3.1 Eigenvalue Placement}
Figures 5.1 - 5.3 display the pole migration of the overall dynémical
" 8ystem subject tb variations. in weigﬁts Ql and R. Subject to observability,
controllability comnstraints these graphs demonstrate that the eigenvalues
of A+BJ may arbitrarily be positioned. HOWevér, the data presented in
Tables 5.1 - S.4 also indicate that excessively long convergence times
are required. As an example, for q;; = 5x103 (Table 5.1), 15 hinutes

CPU time was required to position the root from

ic ic
Ag = 123/2 ;. Ao = -2
to ‘
Ag <7.60 * j 0.533 Ao = - 10.127

Yet the bound € = 9.5 x 1077 and the costis still decreasing. In
theory, then, the algorithm permits arbitrary placement of closed loop
eigenvalues, providing the required computation time is available.

The convergence time for those data points whose functional value

Ln+1 < 10719 yas generally less than 4 minutes. Data points for which con-
vergence was not achieved in this time period are so.indicated. Henée,
19 in the

if date run "7" in Fig. 5.3 would have converged to Lo+ S 10

alloted computation period, its true position would be approximately
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kg = =8, % J3.25.

The following two graphs, Figs. 5.4, 5.5, provide insight into the pole
migration when Qy and Q, are varied. In both caSeé, the closed loop system
poles become more oscillatory as the observer éain is penalized more heavily
thru Qy’ Qz. Migration of the observer pole to the right as Qy, Q; is
increased verifies that for variation in cost i(P,I) to remain relatively
invarient, an increase in the observer penalities implies a decrease in
[{x||. Since, for this example, Ay = 2(1+k), it is apparent that -as|[k|(+1.0
- (k negative) the pole moves toward the érigin. It may also be observed
that pole positioning in both graphs is relatively equivélent. However,
8ince Qz penalizes the observer gain to fourth ordef, less weighting Q,

(for Qz > 1.0) isArequired for approximately equivalent polebplacement.

The final penalty function relating to eigenvalue positioning is shown

in Fig."5.6. It was hypothesized that an increase in weight Q2 requires
the inherent obserfer-error g to decay more rapidly. In the simulation
studies performed, Qo was varied from 10’2 to 103, The resulting variation
in Ao, though much smaller than anticipated, is shown in the figure.,

Some preliminary conclusions may be arrived at bgsed on the simulation
results discussed. It is apparent that the designer has more control over
the. placement of system.poles than observer eigenvalues. It should be recalled,
~ however, thét since both observer and feedﬁack gains are computed simul-
taneously, the separation principle [24] applied by previoué authors ([13, 1]
is not fully applicable. This restriction in design is due to the high
degree of coupling which exists between the state equation and initial'

condition error equation (Eqs. 3-1, 3-2) when u = Jg.
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- 5.3.2 Uniqpeness of The Minimum

It has been previously mentioned that whether or not a unique minimum
exists is a question of considerable design importance, The simulation
studies provide evidence that a unique minimum does indeed exist. Figure
5.7 displays a number of initial parameter guesses, PO’ to initiéte the
optimization procedure. For the penalty weights given in Table 5.7, the
optimum P=P* is clearly shown in the figure. Observe that initial
conditions 1-8, 12-14 as indicated in Table 5.7, all converge to P*.
These points (at least for control gain Jo) form a closedlregion around
. P%,. A sampling of initial cohditions, Py, outside this region (9-11 for
example) however, fﬁil to converge to P*. In fact, these points fail to
convergé to -any location.

Thus, it is concluded that there exists a closed, bounded region RO
of initial conditions P0 such that convergence to a unique P=P¥* exists.

For all-?d outside Ro, convergence to any P # P* does not exist.

5.3.3 . Effects of Disturbance

The primary objective of the investigation was to determine wheﬁher
any significant gain in design is acheived by modeling existing system
parameter uncertainties as extremum distrurbance vectors. Simulation results,
shown in Fig. 5.8, display‘the effects of added disturbance gain G (Eq. 3.8)
to the optimization computation. In this example the penalty Y was set to
unity and the disturbancé was varied utilizing &. The results indicate
that for convergence to a unique solution P¥ to occur, the optimization pro-
cedure may tolerate only extremely small magnitudes of G (see Table 5.8).
For those cases in which convergence did occur, a slight stabiliziné effect

in the closed loop pole positioning is observable. However, increased
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disturbancé drives. the observer/controller pole to the'right. For
| disturbance gains 6 > Gmax’ where Gmax is &etermined experiméntally,
divergence occurs. Table 5.8 indicates the allowable range of é to
insure convergence. Also presentéd is the estimated range of al;owable
:parameter variations as determined from Eqs. 4.9, 4.10. Little sigﬁifiéant
difference is observed between the disturbance free cases and thosgsimuia-
tions for which disturbance was included, Since the weights Qy, Q, are
relatively small in comparison to-Ql, Qz.and‘R, it is not unreasonable

that the resulting bound ||6B|| is computed to be approximately zero.
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VI. CONCLUSIONS -AND RECOMMENDATIONS

6.1 Conclusions

A new algorithm has been developed for limited state feedback control
system design. The recursive camputation procedure presented in this
report simultaneously compute; a full state time~invarient feedback control
law and the dynamics of a minimal 6rder state observér. In constrast to
previous work, this investigation has attempted to extend existing design
techniques to account for system parameter ignorances.

Chapter II presents the background necessary to férmuléte a design
approach. It was also shown that in circumstances where the effects of
parametei.uncertainties cannot be ignored, it is not possible to draw
any accurate conclusions regarding the stability properties of the closed
loop dynamical system. |

Chapter III presents the major development of this investigation. To
account for the.possible parameter ignorances inherent in the system, the
problem-is formulated as a minimax control design. The-theoretical develop-
ment is shown to resuit in a set of algebraic matrix equations. A recursive
compytation procedure is prOposed.to obtain a solution to the resulting matrix
equations.

The results of Chapter III are utilized in Chapter IV to deri&e a region
of guaranteed asymﬁtotic stability for the overall closed loop dynamical
performance. The derived bounds are shown to be limits on the allowable

variation in the norms of matrices {A, B}.
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To obtain some measure of the merits of the desigﬁ, the theoretical
‘results were applied to a problem diséussed in Chapter V. Several pre-
liminafy conclusions were drawn from the‘cémputer simulation studies, the
major result being that the roots of the closed looé dynamical system,

Ao + BOJ, may bé arbitrarily positioned through adjustment of the penalty
functions in the original optimal control cost functional. Such freedom
of pole placement in ovserver désign is not nearly as evident. In general,
the dynamics of the observer‘(compensator) root locations appear dependent
on the placement of the closed loop system poles, one explanation for this
being the high degree of coupling in the state and observer equétions,

A third major result demonstrated in the simulation studies is the
fact that a unique minimm exists. It was observed that initial conditions
P0 whichvdid not result in convergence to the optimal solution did not

converge to any solution. Thus it was concluded that a closed bounded

region R0 of initial conditions P0 exist such that convergence to a unique

P = P* occurs.

The major objective of this study was to determine whether any
advantage was gained by modeling the parameter uncertainty inherent in the .
system by extremum disturbances. Simulation results provide evidence that
very little uncertainty may be tolerated before divergence occurs in the
recursive. computation algorithm. For those magnitudes of uncertainty for
which convergence did result, some slight stabilizing effect in the closed
loop pole placement was observed. The dynamics of the observer, however,
showed a shift to the right. Finally, the stability bound derived in -

Chapter IV yields extremely conservative estimates of regions of allowable

parameter variation,



65

The fact that the 1atter‘resu1ts suggest relatively little gain by
ﬁodeling'uncertainties as extremum disturbances does not place severe
restrictions on the resulting design algorithm. Rather the results in-
dicate that alternate gethods of solutions to Eqs. 3.38-3,40 sﬁould be
investigated in the expectation of permitting higher disturbance levels.

. This recommendation is deferred to the following section.

6.2 Recommendations
The treatment presented in this report is by no means complete.
Based on both the simulation resuits of Chapter V and the theoretical
results of the previous chapters, several areas of investigations are
suggested for possiblg research studies:
a) The recursive.algorithm described by Egs. 3.41;3.43 has been
shown to converge monotonically to the optimﬁm set of feedback and
com;énsator parameters P*, However, the convergence times we?e
shown to be excessively long. Techniques should be invegtigated
such that convergence times may be significantly reduced.
b) The addition of disturbance gain into the algorithﬁic solution
has been demonstrated that only small magnitudes of disturbance are
tolerable for convergence to result. It 1s suggested that alternate
methods of solution to Eqs. 3.41-3.43 be investigated to determime
whether the disturbance magnitude may be increased. One possible
approach is to solve the entire set of non-linear equations, Egqs. 3.41-
3.43, simultaneously as:

(gxn)+(n)x(n-m)

+(n+m)x (n+mt+l)
minL_,. = = J £_(P,x)
n+l 2 =1 i
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' en+-1
When L 7 < €n1r 580 Sh42 T T2

and repeat the iterative process
until the desired value of Ln+j is achieved.

¢) Simulation of a more complex example, such as a 3rd or &4th order
system, shbuld provide further insight into the applicability of the
_design!technique. One primary consideration should'be to consider
the design of multiple observers.

d) The design technique proposed in tﬁis investigation has ﬁeen
limited to linear, time-invarient, deterministic systems. It is
suggested that the design be extended to account for random distur—
bances including state and measuremént noises. Due to the nature

of the state equation formulation, random measurement noise would
generally be modeled as a Gauss-Markov process which leads to an
argumentation in the state equations. However, this should not
present any additional complexities other than a redefinition of the

compatibility portion matrices.
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