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FOREWORD

This report is a description of work performed

under Contract NAS1-10836, Study of Feedline

Dynamic Effecfs on Shuttle POGO Stability, by the Space
Division (SD) of North American Rockwell Corporation
(NR) for the National Aeronautics and Space Administra—‘
tion, Langley Rééearch Center, Hampton, Virginia,

during the period of 25 June 1971 to 2k Aprii 1972.

This work was conducted at NR/SD by 0. DiMaggio
and T. Nishimoto. Study Manager was R. H. Lassen of
NR/SD and the Technibal Monitor was L. D. Pinson of

NASA Langley Research Center.
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SUMMARY

The mathematical representation of a feedline is an important element'in;a
POGO analysis. The dynamic characteristics of a feedline have been determined
and the results presented in the form of transmission paraméters. These
transmission parameters include the effects of wall deformation, distributed
damping, convective acceleration termé and the bulk modulus of the liquid.
In ordef to reduce the characteristic equation associated with the system
equations to a polynomial, it is necessary to approximate the transcendental
terms appearing in the transmission parameters by éppropriate polynomial
. expressions. The traﬁsmission parameters have been approximated using both
power and product series expansions. The feedline transfer functions of a
Shuttle Orbiter feedline éonfiguration have been obtained using power and
product series approximations of 60th, 120th, 180th, and 2L40th order. Béde
plots using the above polynomial approximations have been obtained and the
results compared with the "exact' solution. The "exact" solution to the
feedline transfer function havé been obtained by using the transcendental terms

appearing in the transmission parameters.

The results show that the Shuttle Orbiter feedline may be modeled adequately
by using volynomial approximations for the transcendental functions appearing

in—the transmission—parameters.. The_power series_approach-has_been_shown_to

be preferable to the product series method.
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I. INTRODUCTION

In order to perfofm a POGO stability analysis on the'Shuttie Orbiter vehicle

an accurate model of the propellant feedline is required. The model of the
feedline must be made compatible with the stability program. The current
stability program at NR can handle up to 40 fourth order differential equations
with constant coefficients. It determines the characteristic polynomials
asgéciated with the stability equation and extracts the roots from these
polynomials. Experience has shown that the program gives good numerical
results for systems up to about 80th order. The transmission parameters for
an elemental section of a feedline have been obtained by solving the linearized
wave equation in the LaPlace domain. The transmission parameters include the
effect of the convective acceleration terms and distributed damping. The
"exact" transmission parameters have been used for obtaining results in the

frequency domain and are useful in checking the numerical accuracy of the

polynomial approximations required for inclusion into the stability program.

Bode plots of the feedline transfer functions have been obtained for a
simplified feedline and a Shuttle Orbiter feedline configuration, using both
a power series and product series approximation to the transmission parameters.

The results have been compared with the "exact" solution.

The stability of the system and the solution vector were determined using
both the power and product series approximations for the transmission

parameters and the results compared.

-1 -
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II. SYSTEM EQUATIONS

The POGO étabiiiﬁy eééationérdeal with the interaction of the elements of thé
propulsion system and the structural systém. 'Current Shutfle Orbiter designs
use bipropellant (LO5/LH,) rocket engines. For the present study only the LO,
system will be considered and the hydrogen system will be néglected. Although
experience gainedvin fhé S-II stage of the Apollo Saturn V launch vehicle
showed this approximation valid, it may or may not be true for the Shuttle

Orbiter.

Since the present study.is concerned primarily with mpdeling of the feedline
and not with demonstrating the stability of the-Shuttle, the hydrogen system
has been neglected. The stabi}ity analysis to be performed yill be meaningful‘
only in thétLit may.be used té compare fhe :esglts for different approximations
for the feédiines.' The stabiiity results theméelves are not necessarily
indicative of actﬁal PdGO tendencies. The sfstem equations for the POGO

~

stability analysis are given below:

520 _:L"_‘_ef‘j. WSA = \;\js - e A? X

™M
Xq = Xo+ Z¢;_(X'§)‘6—_L P‘t =AG) G + B (s) \(USA
T _ ——— e
-Ei = F‘(S) ‘)t = :& X; %j,'¥ EJQ Xo

H Piixs) Tass,
M

(i

G(S) o %;l'&f&),_ %Lﬂ'wz%%:
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In an attempt to account for the dynamic effects of the flow through the

bulkhead and the feedline, the effective thfust - Tess may contain terms

which include the pump inlet pressure Pg and the tank bottom pressure Pp.

The most common procedure is to draw a free body diagram_of the engine system

as shown in Figure 1,

| BA

Tess

e

// _,\ .e - Figure 1. Englne Free Body

Diagram
L

and obtain‘Tlff. as the resultant force on the system.

It should be noted that the factor 4 appearing With the effective thrust

results from assuming that the feedlines to each engine are identical. This

was the case for the four engine orbiter configuration used in this study.

SD 72-SH-0039
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IIT. FEEDLINE DYNAMICS

Feedline DYnamicézéoncerné:itself with wave propagation in the propellantlv
lines and the Aynamiq charaéteristics of the puhb. The aﬁproximaté wave
equations for the lines are developed in Appendix A. The solutions of these
equations havecbeen obtained and the results presented in the fbrm of trans-
mission parameéers. The effect of fhe convective acceleration terms and
distributed damping have been investigated using a simplified feedline and

the "exact" or.transcendental form of the transmission parameters. The
transmission parameters have béen approximaﬁed by polynomial expressions
using both the power series and product series approach;v The feedline transfer
functions for a simplified feedline and a Shuttle Orbiter configuratiop have
been detefmined‘dsing these polynomigl'apﬁroximationS'and the results compared

with the "exact' solution.

SD 72-SH-0039
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‘1., Transmission Parameters For a LinefSegmenﬁ ‘
The equations of motion of a compres;iblevliquid in an elastic pipe are
shown in Appendix A. The effect of distributed dampiﬁg'and the convective

acceleration terms have been included in analysis. .The results are presented

in terms of transmission parameters'and are given by the following equations:

P ] [Ae 8o (Ps

pala| Cer D) | (gats

where Pp, Pg, Up, Ugp. are the'preSSurezand fluid‘ve;oéity at the upstream
and downstream end, respectively, and A, B,‘C and_D>are>thevtransmission
parameters given by the fdllowing_éxpressibn: ‘

A(S) = exp. _&352

« o
0

25

By = exp [~ Ef

C.Ls) : -. CKP —‘%'SQ} _§_ : s_» SC?TC)(é—L)]
»D’CS) . '3’“?{-5:?§ |

a. Convective Acceleration Terms
The linearized‘equations of motion for a cdmpressible fluid in an

elastic pipe are given by the following equations:
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U 3P 4 Be QU 4 2P © o
Ix D X AL

_ 3 U + WUo BU 4+ { o P + C w =
oL X e 2%
where C = 5 Vo = damping parameter
D (|+986@\] 5)
Se = . equivalent bulk modulus
WU = - nominal i:_luid velocity

U P =  perturbed velocity and pressure

The effeét of the convective acceleration terms Uoé_P. and

SU X
Ue T can be determined from the transmission parameters A, B,
C and D given in the previous section. The effect of these terms is

~Ts

to introduce a lag term € in‘go the transmission parameters.

u £

The, effect of Mach No. 13 a.nd nondlmen51onal frequency";"‘ on phase

shift due. to the convective acceleration term is given in Figure 2.

b. Power Series Representationv
Neglecting the convective acceleration terms and the damping, the

transmission equation Afor" a segment of the feedline is given by:

P - f“'j'»-ckéiv rs'h 5_§ SP

\ a
Shb_l. hsz L:a.u
a

i

The simplest procedure for reducing the hyperboliec functions to

polynomials is to use a Taylor series.

ch £ = (sﬁ L.
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In ofder tb better understand the errors associated with using a
Taylor ééries, Bode plots of Ch -Sc—é have beén obtained using
polynomiaisﬁof different order and are shown in Fig. 3 - 8. 1t
becomes ciear fhat increasing the order of the polynomial approxima-
tion is not a very satisfactory method of expressing the hyperbolic
functions. The results indicate reasonably good approximations for
but inaccurate results for lafger values of the argument. It
should bé noted that wﬁen using this procedure some of the roots fail
to appear. If é single Taylor series.for the feedline were used, it
ﬁould be possiblé to intfoduce instabilities due to the inaccuracies
of the roots of polynomial approximation.' This problem can be
alleviated by using a segmented line and using terms no higher than

the fourth order.

The transmission equations for a segmented line without damping will

then be given by the following equations:

A. = | + L (;Ezg)q-*i 1&\(;§:K)q

A :2! | Q.
s A \ sA 3
B = = =&
A B Ay B [Ax B [Ax Bm
c D c, O, [|Ca ©a| |Cm Om

Product Series Representation
The hyperbblic sines and cosines may be expanded into product

series. (Ref. 3)
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chz = Tf [\‘-\- ez J

@-wﬂ)’rr"' '
shz =‘Z‘TT[\ + “fzt}'
mat | ' neT
Letting 2% = s(sto) -g
_ | — - _Hs(s+a) /g o
c.bZ B ChDS(HC)(—} ,:n; [‘ +Q2mt)”11‘ Z)

L.

,“'z. ..n-'l. (-8

= sh j\,s(s'ffc) (é)]_—_ sk ’ﬁ l:\ + §(S_K)(§)ﬂ

J—Z—%_E sh J—sgc_) ] (S+C) mu: l_‘_‘_ s(syc) /Q)z]

a M=) ME Tt

et

Letting e, = (2m+1) wa -
2 X
$ -1 (u)
" (;lm )TN\ &
nIT &
Pm = - 7

P

Sa = 5’1\—‘\1’(%)

we obtain the following matrix eqﬁation for the transmission equations
= exp. _Ue S_Q.}
. a. &G
C D

- 10 -
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where

SR ~ 2%.s se
B, = (S«\-C) c%,- T | v+ + —=

a—

. . | (.
It is clgar from looking at the damping terms Sm =(&.~\+I)T" Y
K c X
and ?M = Q'm"rr (“—a) that the damping coefficient is inversely propor-

tional to the mode number.

. One should, therefore, expect that the peaks which occur in the feed-
line transfer functions should be sharper at the higher frequencies.
This in fact, is what happens for this Shuttle Orbiter feedline

configuration (Figure L46).

Bode plots of the hyperbolic cosine have been obtained using from 2
to T roots and are shown in Figures 3 - 8. The product expansions
by their very nature maintain the roots exactly, but the error in

gain increases with increasing frequency.

- 11 -
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2. PFeedline Transfer Function For a. Stralght Llne With Single Compliance
Pump

The dynamic characteristics of a feedline are most readily summarized by

means of the feedline transfer function. This transfer function is usually

defined as the pump inlet pressure (Pg) divided by the tank bottom pressure

(Pp).

In order to investigate relative merits of lumped vs distributed

damping, use will be made of a simplified feedline shown in Figure Y.

% Straight Feedline Pump

Figure 9. Simplified Feedline

The relationship between Pg and the Pp are glven by the follow1ng equations:

where

Pz A R+ B S Wa
. , ﬁ\i}

%55 = G(3) = —‘;—
ACs) = Eexp- Yo, S’Q} chlm(x jl
B(S) = exp. { uodsﬂ}\/? sh[\/—s—(?c—)( )]
e = egqAUs

Using the above relationship, the feedline transfer function becomes:

where

R _eeie-d
Pe ch| sgsk)(ll)]J,N’s(—s,q(z sh[{serod)]

o= a
/-\gkh

{
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When using the Single7compliahce medel the following constants were used.

.92 = O
L
"_*Q-_,ooe

= C.A08
l;zoo ., (3048 ™)

“

;zo 000 ‘Nv (5‘07 SEC)

o

The transm1551on parameters prev1ously considered had the damplng distributed
along the line segment An alterna;e proce@ure is to lump the damplng at the
ends of elemental sectlons of the feedline. The pressure loss due to damping

in a section of the feedline is given by the following expression:

P = L (&

\I_\:5‘ = \-OG‘LNRW‘) - 0.8

The linear perturbation equations may be obtained by removing the steady state

terms. The resulting equations for the perturbed values of pressure and

velocity are given below:

AP = -cfou
fU,

TD (1+.866( %)

In order to compare lumped with distributed damping, Bode plots of the feedline
transfer function were obtained for an n-segmented line with lumped damping.

These results were compared with the "exact" solution using distributed

- 19 -
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damping. Two typical runs using lumped damping for n = 1 and 5 are shown in
Figures 11 and 12 and may be compared with the case of distributed damping
shown in Figure 10. The results are seen to be identical except for the peak

gains.

The effects of the length of elemental sections on the error have been shown
graphically for the peak gains at the first and fifth peaks in Figures 13 and

'14. A more informative curve may be obtained by plotting peak gains PS/P_t

o wh
“ma

vs nondimensional frequency © where 97 . This curve (Figure 15) shows

that in the frequency range of interest, the error is a.ccépté.ble provided e<i

It should be noted that ©=OC corresponds to distributed damping._

- 20 -
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3. Feedline Transfer Function of Straight Feedline with Double Compliance Pump
Prior to the analysis of the Shuttle Orbiter feediine, a simplified feed-
line consisting §f a straight 1200 in. (307h8 m) 1line with a double compliance
pump will be considered. ,Becéuse of the lack of bends in tﬁe line, the only-‘
damping is that aﬁe’to the shear stresses already considered when determining
the transmission paraméters. Current state of thé art is to obtain the dynamic
"pump characteristics experimentally in termslof the pump termination impedance
or the pump inlet pressure (PS) divided by the flow rate (ﬁs). For use in
this simplified line as well as the Shuttle Orbiter feedline, use will be made

of the pump termination impedance obtained from tests on the J-2 engine in lieu

of more precise information on the Shuttle engines.

The relationship between the pump inlet pressure (Ps) and the tank bottom

pressure (P ) are given by the following equations:
@
P = A(s)P__() Ag B@w
P2 )

S

where

- Ly ;fos | s
h(s) = l +QT"50 +(a“'5°)1—
‘ . S 23.s s*
(+ 35) 0+ 32~ @ry)

‘3 433 | £ = 3.4 W=,

Y. = .14s S = Aetum,

K = 358 sec. (SH4x10 IC) 5:1 M]ST K,

“' Mmse
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The feedline transfer function may now be obtained in terms of the feedline .

transmission parameters and the pump characteristics.

U s |
s exp {2

T R ) ]

a _
= — = 0.058
KA} .

where

i

1200 1y, (30.HE M)

i

20,000 - (507 S_Z‘L)

250 W (L6l m?)

1l

U
ac
A

ciL .

These numbers have been chosen so that they are representative of the Shuttle

Orbiter.

In order to evaluate the method of expanding the transmission parameters by
power and product series, it was necessary to,obﬁain an "exaét" Bode plot by
using the transcendental functions which appear in the transmission parameters.
These resﬁlts are shown in Figures 16 and lT;v The Bode plots using the power
and product series representation are shown in Figures 18 - 29 and Figures

30 - 41, respectively. Results have been obtained using polynomial apprbxima—
tions correct to the Uth, 8th, 12th, 16th, 20th, and 40th ordér in j%éL

The résults show that the power series approximations are in fairly good

agreement provided the nondimensional frequencygf€i<|where %% is the length

of the elemental segment. For frequencies above this value, the gains and to
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a larger extent the phase, begin to vary from the "exact" solution. The
product series solutions of the same order have about the same accuracy as the
poﬁer series results up to the 8th order. The higher order solutions, however,
are'hot as satisfactory. The gain curve tends to slope downward. This can be
explained by looking At the pfoduct series expansions of the hyperbolic cogine
curves given‘in Figures 3 ; 8. The product exﬁansion of the hyperbolic cosine
(as well aé the hyperbolic sine, not shown) have errors which increase the
gaiﬁ'at the higher fréquencies. Since these terms appear in the denominator
of the transfer function PS/PT they have the effect of reducing the gainvat

higher frequencies.
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IV. SHUTTLE ORBITER FEEDLINE

1. Modeling . -

'The Orbiter L0, System (Figures 42 - LL) has been modeled using power

series, product series and the "exact" transcendental equations for the

transmission parameters. In each of thesg'methods, the damping due to bends,
changes in cross-section, inlet losses, etc., were lumped at their respective
locations. The damping due to thesé causes is 1lumped at locations A through
I shown in Figure LS. Tﬁe losses due to a bend“in the line, entrance losses,

etc., as given by the following formula.
- | ' . 3
A F’ - = PQQ?lJ
X |
Removing the steady state terms, we obtain the following expression for the
losses due to the perturbed flow.

In terms of flow rate, this equation becomes

LP = RW
where R = Q-F%/lvuo
Po = steady state head loss

The losses which occur at sections A - I are given in Table 1. The feedline
may be conveniently subdivided into three main sections which have different
properties. Additional information required for determining the feedline
transfer function is summarized in Table 2.

The'daﬁpigg dué té tﬁe éﬁeaf éfresses distributed aloﬁg the line are luﬁned
at the ends of the elemental sections when using the power series. This

damping is handled directly when usihg the product series expansion.
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2. Numerical Results

Bode plots of the feedline transfer function héve béén obtainedvusing the
"exact" transcendental functions for the tfanSmission parameteré. The results
are given in Figures IS and‘MT. This has been used as a basis for comparing
thevnumerical results when using the poﬁer and p;oduct series expansions.
Results have been obtained for 60th, 120th, 180th, and 2LOth ordef expressions
for the orbiter feedline and are given in Figures 48 through 63. A
comparison chart showing the peak gains for each of these approximations is

shown in Table 3.

The NR stability program will allow the use of 60th order approximation to
the line. The higher order results show the improvement to be expectgd as
the order is increased. For the Shuttle Orbiter configuration, it is clear
that the power series representation is preferable to the product series
approximation for the transmission parameters. This is due in paft to having
to subdivide the line for the inclusion of lumped damping due to bgnds and

changes in the cross-section of the line.
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V. EIGENVALUES AND THE SOLUTION VECTOR

The stability equations have been reduéed to a system of linear'hqmogeneous
equations with constant coefficients. They are represented by the following
equatioh:

5 D) «9_ =0
where y represents a vector whose components are the dependent variables
appearing in the stability equation and.}(D)is a matrix whose elements f;j(D)

At
are polynomials ‘in the differential operator D. Letting r\j = Z2&

we obtain: 5_()\) 13 = o
For a non-trivial solution, it is required that lf()\) |.= 0. The order of the

characteristic equation l §(.\)| = 0 determines the number of arbitrary

constants in the solution.

The eigenvalues >\K of the ¢haracteristié équé.tion are obtained using a program

currently available at NR and has successfully been used for POGO stability

~studies. The analysis need only consider the case in which all the eigenvalues

are distinct. The system of equations f(D)'aF 0 can be reduced to a system of
linear differential equations with constanﬁ coefficients such as -CC% = AX
such that one could then obtain the eigenvectors associated with the matrix A.
For the purpose of the presént Apz\'oblem, it is more meaﬁingful to obtain the

solution vector y . for each of the characteristic values >\K obtained from

the solution of the characteristié equation. Léfting F()\g) be the adjoint of

f(AK) we then have: (Ref. L).

e
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£ FOY = av)
for A= >\K Awhere A(XK) = O
$(Ox) FOW) = o

The rank of F ()\K) is 1 so that the matrix F (/\K) has only one independent
column vector. It is clea.r then that the solutlon vector y is proportlone.l fo
any non;-null column of the ad,jolnt matrix F()\K). (For the case of multlple
degeneracy, the adjoint matrix is null. This case, however, is only of
academic interest for the POGO stability problem e,nd will not be considered) .
For the system of equa.tlons glven for the Shuttle stablllty a.na.ly51s, the
solution vector y can most easily be obtained by smply choosmg 'y,(/\K) T e
and directly solving for 431’ (/\K) where z\}L()\K) represents the remalnlng

dependent va.rlableS«P Pp, etec.

S ?

Performing the indicated operations one obtains:

{ T

P = .\———\?s) y ‘

= LR s 8 /15,5 Yl PR
T = 524- Sowus + Wt ( M .(‘ RA)
X, = 52 (T- P_«-,A) |

Xg- : Xo Zd,_(xg) %4.

W, = Ps/ce

B

]

%A + (:>|-\xo

Hes)= Ches) 3 € =150 (Loqcdn)
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where

RCS) B (et + 1) x10*s)
(i + 5.79%1678) (1 +1.9¢ x162 s +1.58404x16° 5*)

The gain and phase measurements obtained from flight data occur at the
characte'ristié' frequéncy of the system. Comparison of these'results with the

solution vector should give a check or'1' the accﬁracy of the POGO model.

The structural data used in the stability analysis is summarized below:

generalized mass : ‘MZ, =, 24 x 10° SLues (3.;).8"103 KGM)
natural frequency a .w‘ = 2.994 H=. |
damping ' f‘. = C.00S8

' modal displacement at gimbal - ¢'|A(x3) = l.oeqH
modal aisélacement at sump ) ¢“CXT) = "’«-57‘15
liquid Lo, level. h=300N. (7«€3~ M*)
modal pressure o Y= h ¢\(x'\')

The eigenvalues wefe'obﬁained by solving the system equations with the currently
availaﬁle stability program. Because of the size limitations of the progran,
power and product series approximations to the 60th order were utilized. The
stability analysis was performed uéing only one structural mode in which the
bulkhead was treated using a spring-mass'analogy. For a more acﬁurate stability
anaiysis, the bulkhead must be ﬁodeled using a multi dégree of freedom hydro-~

s

elastic model.

| For the'purpose_ of .the present study which is cpncerned primarily with numerical
methods in treating the propellant line, the simplified treatment of the bulk-
head was' deemed adequate. Itk shoulc_l be erﬁphésized the results will be applicable
| only in the f;'équency ba.ndt;ridth whefe the fe;edlir;e tra.nsf‘er‘ function obtained

from either the power or product series approximation is valid.
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The closed loop roots and the assqcia}gd solution vectors have been obtained
with and without the convective acceleratiqﬁ térms ahd_are giveﬁiianables L
and 6. The undamped natgrgl frequgngy and the §amping'are given ip Table 5.
The results indicqte the conve;ti&e acceleration terms were of pinorrimportapge.
Since énly oﬁe sfructurai mode ?as uéea.it shbu}d be emphasized that ohly_the
first root has significance. For this reason the solution vector has been

tabulated for only the first characteristic value.

In order to perform th¢ stability analysis using the product serigs_expapsion
for the transmission parémetep it was necessary to alter the model from_that
used to obtain the Bode plqﬁ shown in Figure 56 and 57. _The damping dueﬂto'the
bend at B (see Figure U45) was includééfwifﬁ.the entrance losses at A. This vas
done to reduce the_qumber Qf equation; in‘order to make the feedline model
acceptable to the stability prog:am.' The grder of the product serieszappfoxima-
tion, however, was kept at 60th ordér. Thé effect of this model change can be
seen by comparing the original Bode plot (Figure 56) with the amended one with

the bend damping lumped at the entrance given in Figures 64 and 65.

The largest effect appears to occur at the first mode where the,deqreasé(in

gain has £he effect of'incrgasing'the damping from 2.8 percent to 3.3 percent. .

Al£hough thg remaining results»are_not too meaningful,(éince only one structu;a;
mode was used in the analysis, the first five closed loop roots obtained_from'_

the power and product series methods are in substantial agreement. In order

to get agreement in a higher frequency range,'higher‘Order app}oximations'are

required.

The computer time required to obtain the closed loop roots was from 3-4 CPU

minutes when the feedline was modeled with either power or product series
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expansion. Bode plots of the feedline transfer function of the Shuttle Orbiter

configurations for each of the polynomial approximations utilizéd about 0.3

CPU minutes. The computations were pérfofmed;on an IBM Model 165 computer.
N . . ‘s{sﬁ

B

Nyquist diagrgms‘weré not presented because the numerical proce@ures used‘are
not meaningful beyond a given frequency. An instability at 100 Hz for example
‘would result in an instability in the Nyquist.diagra.m. It should be again
emphasized that the stability'resu_.lts are'only valid in the range where the

Bode plots of the approximate feedline transfer functions are in agreement

with the "exact" results.-
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VI. CONCLUSIONS AND RECOMMENDATIONS

The results of this study show that the Shuttle Orbiter feediine may be modeled
adequately by usipg po;ynomial approximations to .transcendental functiéns
appearing in.the transmission parameters. The.adequacy of the approximations
ﬁay be determined by a:comparisoﬁ of the Bode plots of the feedline transfer
function‘obtgiped from either thevpower or product series approximations with
the "exact" $olution obtained using the transcendental functions. For complex
feedline with multiple bends this study indicates the power series method is

to be preferred over the product series. This study has also shown that the

line . damping may be adequately approxlmated by 1umped damplng provided the

elemental sections are made suff1c1ently small When using the power series

method this is automatlcally accomplished by the requirement that the nondimen-

sional frequency ci:Q of the largest elemenfal section be less than ohe.

Procedures have been developéé for including the effect of the convective
acceleratipn terms in the féedline representation. It has been shown that

thé sole effect of this ;érm is to cause a phase shift Of”%f'%i£ in the feedline
transferlfunction. For the Shuttle Orbiter configuration this is quite small
and may be neglected. $his term, however, was included in the feedline transfer
function and the stabilgty analysis.

The Shuttle Orbiter_line was modeled using polynomial approximation of up to

the 2L40th order. Using the NR stability program the closed loop roots were

obtained using a 60th order polynomial approximation for the line.

- 95 -
SD 72-SH-0039

;—




SR ‘ Space Division
B g North American Rockwell

The system equations used for obtaining these results did not'inciudevthew
- hydrogen system and only one LO bulkhead mode was used in the anadysis., The
stability results therefore, as well as the solution vector, should only be

used for comparing the results of different numerical procedures.

The computer fime required to.obtain the“closed loop roots was from 3-4 CPU
minutes when the feedline was modeled with either power or product:series expan-
sion. Bode plots.of the feedllne transfers function of the Shuttle Orblter
configurations for each of the polynomlal approxlmatlons utillzed about 0.3

CPU‘mlnutes.

The orocedures developed in this study for oosaining the aoproximate andvthe
"exact"‘Bode plotS‘oé the feedline ﬁrsnsfer functions are completeiy'general,
although they were used for a speclflc feedline geometry. These procedures shouid
be automated in a dlgltal program so as to handle an arbitrary feedline w1th
branches, bends, pumps, etc., to obtaln the required dynamlc feedline character—
isties. The dynamic characteristies mey then be obteined using‘a Ta&lor series‘
approximation for the elemental sections and the'resuits checked uith-the "exact"
solution. Having modeled the feedline to the required'degree of accurscy
necessary one can then proceed to determine the closed ioop.roots and the
associated solution vector by incorporating the feedline model into the system

equations.
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APPENDIX A

 DETERMINATION OF TRANSMISSION PARAMETERS

The equations of motion of a éompressible fluid in an elastic pipe may
be obta.ined from the'following three equations:

1. Continuity Equation

s AV = [3€e v j (5.2 ds = o
ot (Et’) J;a, T 56('\’ ™)

2. Momentum Equation _ : .
L Jetdv =jch?v -+j,to£s
AL Ny v s

3. Equation of State o : o
= P -
e =p- (H _E_c)

where S is the surface of V,->-%0 is the component of <~ along the outward

normal to S a.nd‘%_ denotes differentiation with V held fixed.
: X

The differential form of the e@uat'ions of motion may be obtained by using

a tubular element as shown in Figure 66.

A :
—_ AX —

P )xd’

pA 4—(P+§Y" olx)(A-r%’-:‘(dx)
| Tdx _ :
X sedx  Fig. 66 Tubular Element
Since we are concerned with turbulent flow (NR = 107) the shear stress is
given by the following formula: . 2
' e .‘F«V .

T - &

where f 1s the Darcy Weisbach constant.
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Evaluating the integral equations (1) and (2) for the elemental volume

shown in Figure 66 results in the following differential equations:

5. Continuity Equation S : D :
2 (puw A 9 A) -
2 (¢ ) + 5x(eR) = o
6. Momentum Equation

. . . 2
ot X X 8
The pressure area relationship required to further reduce the above

equation depends on the end conditions for the pipe. The area of the.pipe

is given by:

..2- ‘
A"WR > R':'RO(.li'e‘v)
where €, is the hoop strain.

Case T

Pipe with end closed such that hoop'stréss is twice axial stress;
et 0-7)
a3 = PRAL dEt -
Case 1T S L
Pipe constrained from having axial motion

e = St o & (1-a?) PO (mu?)
: = E AEL
Case I1I '

Pipe with one end free such that

o= PR/t c - p D
' =y
- Et
U‘i: O o )
Using these three expressions-fér hooﬁ'strain one obtains the following
. A '
expression for
opP .
Case I DA = A(l-—ﬁ) —D
So A ET

Sp

--100 - ,
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Case IT JA _ AD
P Et
Case III YA 2y D
2P Et
Substituting the above into the continuity equation one obtains:
(7) W P L34 o L3P _ 4

Be X I X _ Ce I
(8) where _l_ - Vo L DA

Ce S A dp

For Case I which will be used in this study, one obtains for the effective

bulk modulus:
R (| -2\ D

The momentum equation becomes:

(10) Su 4 w 9OP 2u (1 l*l))P T
& Y 5t rAvser(er < ap °°

Combining equation (7) and (10) one obtains

du L duw Il ap Su*
4+ U + — 2 & = O
(11) ot X € Ix A D

Equations (7) and (11) constitute two nonlinear equations of motion which
govern the motion of compressible>turbulent flow in a fleXible pipe. There
are methods of handling nonlinear equations in the time domain,-such as the
method of characteristics, but we are here concerned only with linear methods
which may be used for POGO stability ahalysis. Linear perturbétion equations

may be obtained by removing the steady state terms.

"~

W= We + T ; P= Pt P
Substituting into equations (7) and (11) we obtain the following equations

for the perturbed values. (The'perturbed values‘a:'ﬁz have néw been redefined

as u and p).

- 101 -
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(12) U, dP g du L, dP _
x + @ebx +<Dt], -O
(13) 3w N S ' )
= We U 2 2P 4 cw = O
T t S T F 3x

S
where ¢ = '5 Lo

D (| +.866yF )

Taking the Laplace Transform of (12) é.nd'_(l3), one can arrive at the

following v expressions:

(1k) D*w [\ —(%)1] B ' g_‘* (—u—‘)( 2___5_15)— S g$.+c.~) ws=0
; X a a a*

S% _ ‘
e ] - e (we)(23te) - sGr0p. o
(16) - 5 a. -

€

Letting u = eRX  one obtai.ns}

WL %G9 GV - 1GEO
ali-&’]

Letting Ry and R2,'respective'1y, be the roots 'aséociated with positive

and negative signs in front of the radical, one obtains the following

expressions for the pressure P and the velocity U.
18) - R X R X
(18) CP= Ae™ + Aje

(19)

-
!

B' eR|x + BaeR‘lx
where o

A| - - (3 R\ _D_F l
B. S+ W R, <,

Ay, _ -8Ry » 2" |
. B:L _ S+uoR: °<2
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o\

Letting P. =P Ar X =0
Ua = U AT X =oO
Pa = P AT X=X
Ua = U AT X = A
one obtains: ' ‘
(20) - .
' | L SRl R [ o™ -e R.A7
Pa = — @ - o,@ PB - = E_. € ale
it R e< (“(s"“':.)
(21) o o
. & el TR o éﬁn,ﬂ "'?_"(
o Uy = S X2 gl P4|2€  _ i€ oaU
e VA , s+ gy po s =B

°<|—°<1

The results as they now stand are rather unwieldy and can be simplified
considerably by making use of the fact that L—O)_S << 1 and C_-_'_Q << 1.
o
) W
By neglecting second order terms in -5.2 and %_’g we obtain the following

simplified version of equations (20) and (21).

(20) PA _ A B | | Pe
P"-UA . - D (DG-UB

A= ex . uo QS‘I-C i u, shls A
P { ) Ch,{S(Si—C) Hz o s ,5+<. (st )( )
5 = .
exp §_ W 25+c).}_l STC ( ),Q
{ a ( A/ a J_s_ ShJS(C+S) @
C= exp Uy (;zs+c)12 T
‘ s Q=Y (AN XIS (s '
{ = (GRS (W 5(5*")(25}
D = exp. { uo(QSi'C X}{ h’S(SK)(X)" —_ li? E’.. SI"\‘/ S(s+c) (%)},
The above expressions may be further simplified by eliminating product
. LLQ cl . _uoc.sﬂ
terms 1n-a andz. . The exvonential term thereby re@uces to exp ( =< = )
The second expression in A and B behaves as -;f—" . % asw20 . For large values
a.
of G the expression — <( } and the product Uo. & can be neglected. The
po L2V Aa AW
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resulting simplified transmission parameters are:

A = exp {“57— Cp\[‘/?(;g)<,e)]
» = e (o LAY )S“USCT“) —f:J
o -t ) () =& ()]
- {'- e f 43 ch[Js(sm)(é)}

If one is ‘ihtefes‘ted in the fréquehcy range W | Hz and notes that for

PIJ"

(w]
Il

the Shuttle feedlines € = .1 rad/sec., the following approximations hold:

A(s)?.‘; exp -E:,éa_»:e } Ch[s_/q <‘+a£5:|
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APPENDIX B

MERMORPHIC FUNCTIONS

THE MITTAG - LEFFLER'S EXPANSION THEOREM

Consider a cla.sé of functions 5(2)' whose only'singularitiés in the
finite part of the plane are simple _po_les 815 8ps BFeeearcony where ]al |$
lazlg l‘a3l.. . Let by, bo, b3....'_...._ be the residges gt thesé poles and let
it be possible to choose a sequence of circles Cp (the radius of C, being Rp)
with cc_enter 0, not passing through any poles, such that lf(Z)I is bounded on Cp.
Then it can be shown- that[Refere’n.ce (1)] -

{@) = §(o) + E b..

Za.‘n CAn

INFINITE PRODUCT EXPANSTON

The expansion thegrem of integral functions into a product series
follows dire‘ctly from tﬁé Mittag-Leffler's Expansion Theorem. Let 5(2) be
‘ak.n iﬁtegral function with simple polés at ai, 8..c0s... and suppése that

§‘(zy§(z) is a function satisfying all the conditioﬁs of the Mittag-

Leffler Theorem. It can be shown that:

5@« 56 exp. {= 19} T (1-2)or

Applying the above theorem to the functions  SiNZ R COosS X, Sh E=3
z =z
( ’h"‘ﬂ' )
( 21\- )‘ 2)

and ch2 one obtains:

SINE = ("‘—
1\\

Cos?® = T(_(

AR}

LN )

z=T1 (|
) chz ’F{'
(27\—1) e
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The exponential terms are missing because (1) the roots appear in pairs

-] = IR . Q.
+ a., + a_ such that [} € {’\ %= | , and (2) 30 = 0 so that & ?(%))Z= 1.
-1 -"2" Nz 5@) '

Letting f(a) = A ch z + B2 sh Z the same situation arises. The roots

to this equation are given by the followin‘g formula: (Reference 2).

X= O 3 CoT :y;z-‘jgé-ﬁ}'
where 7 = X +54}

The roots of the above equation occur in palrs. Denoting these ‘roots

)
5(0)

by + y'., tyl, and noting that =.0, we obtain the following product

expansion for Ach Z + BZ sh Z

Ac’h_z} Bz shz =TT 2 |+ &

I
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APPENDIX C

PRODUCT SERIES EXPANSION OF THE FEEDLINE TRANSFER FUNCTION

The feedline transfer function for a straight feedline with a simple

compliance pump has already been obtained and is given by the following

expression: We 51
P | exp. LB

Pe c h [sCs¥<) X)_‘. \_", [sCs+<) (’Q) 5“\[5(5‘@(1)
Letting Z = \, S(S+c) ('() y LL“ e}

|
\='t = Chz +0z(sh2)

Because of the special nature of the roots of the feedline transfer function,

it may be expanded into a product series.

Ps
OFOOR

where cot y = r‘y

The solution of this transcendental equation for f"= .208 has been

obtained and a few roots are given below.

y, = 1.308
¥, = h.023
¥y = 6.898
y), = 9.883

A Bode plot of Ps/Pt has been obtalned using the first 20 roots of yn-
and is shown in Flgs. 67 and 68 This is a similar curve to that shown in

Fig. 10. Because of the plotting techniques used the peak gains should not

- 107 -
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be read off the curve shown in Fig. 64. Tt is clear though that the gain
drops down with increasing frequency in the product expansion. This is the
same phenomena that occurred in the more complex Shuttle Orhiter feedline

when product expansions of the transmission parameters were used. -

- 108 - |
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FREQUENCY RADIANS PER SECOND

Figure 68 Straight Line with Single Compliance Pump
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APPENDIX D
LIST OF SYMBOLS

Area of feedline
Diameter

Mass of vehicle

Pressure

Damping constant

Thrust

Transmission parameters

Pump termination impedance Pg/W
Reynolds number

Pump section pressure

Tank bottom pressure

Feedline transfer function

Effective thrust

Nominal flow velocity

Flow rate*

Acoustic velocity

Distributed damping constant fUqo/D
Darcy Weisbach constant
Acceleration of gravity

Height of liquid in LO7 tank

Length

Complex variable in Laplace transform
Generalized coordinate .
Displacement of engine gimbal point
Displacement of orbiter c. g.

Bulk modulus

Effective bulk modulus

Modal displacement

Mass density

Modal pressure

Characteristic value

Frequency

Nondimensional frequency

Generalized mass

*Ws is weight flow in-English units and mass flow in Metric System.

: D
we X oaug

ENGLISH SYSTEM
METRIC SYSTEM

This causes some constants to have different units in each system (e. g.,
damping R is sec/in.2 in English units and 1/meter sec in the Metric System).
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