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Abstract 

The matrizant of the two-body problem is developed 
in terms of elements that are free from singularities 
for zero eccentricities and zero- and ninety--<legree in­
clinations. Retrograde equinoctial elements eliminate 
the singularity for inclinations near 180 degrees, with 
only minor changes in the eXpressions for the matri­
zant. The "single-averaged" variation-of-parameters 
equations for these elements are developed for third­
body, oblateness, and drag effects. Higher order 
terms are included in the expansions for the third-body 
and oblateness potential. A computer program that 
uses these equations to predict orbital evolution is de­
scribed. Numerical results are given for a near­
circular orbit. 

Introduction 

This paper discusses the formulation and applica­
tiov. of the variation-of-parameters equations for the 
equinoctial orbit elements. The equinoctial elements 
were the subject of a previous investigation that showed 
that the partial derivatives of position and velocity with 
respect to the elements, the Lagrange brackets, the 
Poisson brackets, and the partial derivatives of the ele­
ments with respect to position and velocity are all free 
from singularities for zero eccentricities and zero- and 

ninety-degree inclinations. (l) Vlh.ile we previously em.­
phasized the application of the equinoctial orbit elements 
to general perturbation expansions of the variations in 
the rectangular coordinates, the present work concen­
trates on special perturbation techniques for the 
variation-of-parameters equations. Consideration is 
further restricted to the "sing! e-averaged" variation­
of-parameters equations in which the disturbing function 
is averaged over the orbital period of the:, s~tellite to 

eliminate the short period terms. (2) Tbe single­
averaged classical orbit element variation-of­
parameters equation is widely used in mission analy-

sis (a, 4• 5• 6 ) and in selenodesy, (7, B) where long-term 
orbit prediction is required at an economical cost. 

The classical orbit element variation-of-parruneters 
equation has apparent singularities for small eccentric­
ities and small inclinations, but this has not limited its 
application. Only the singularities in the variational 
equations for n, w, and M are significant because the 

0 

singularities in the equations for e and i are removed by 
the appearance of powers of e or sin i in the partial de-

rivatives of the potential function. (9) 

If consideration is restricted to the single-averaged 
variation-of-parameters equations, the question of singu­
larities requires further attention bec:cwse the averaging 
procedure eliminates certain singularities. For example, 
consider the perturbing potential of the satellite due to a 
third body. This potential, which is used to model the 
influence of the earth on a lunar orbiter or the influence 
of the sun on a planetary orbiter, can be expressed by 

where 

and 

µ3 = gravitational constant of third body 

R3 "' distance from central body to third body 

r = distance from central body to the satellite 

P = nth order Legendre polynomial 
n 

¢ "' angle between the r and n3 vectors 

(1) 

3 3 3 
For artificial satellite problems, only F2, F 3 , and F 4 

are of interest. To eliminate the short-period effects, 

the quantities F3, F3, and F4
3 are avc1·agcd over the 

2 3 _3 -3 -3 
orbital period of the satellite to give F2 , F , and F . 

-3 -3 _3 3 4 
Inspection of the F 2, r3, and F 4 terms shows that the 

partial derivatives of F! and F! with respect to the clas­

sical elements do not cause any singularities when the 
-3 eccentricity is small. However, the F 3 term does cause 

a singularity in the expressions for wand ir for small 
0 

eccentricities. For small inclinil.ti.ons, thete is a singu­
larity in the expressions for wand ft. This singularity 
i.s abs,;,nt if it is assumed thn.t the third body moves in the 
equatorial plane of the central body. 

For the oblateness perturbations in J2 , J3 , and J 4, 

inspection of the single-averaged equations(4) indicates 
that the terms in J 2 and J 4 do not cause any singularities 

for either small eccentricities or small inclinations. 
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The term in J3 does cause singularities for small eccen­

tricities (in the expression forw) and for small incliM.­
tions (in the expressions for Q and w). The term in J 

3 
does not cause any singularities for inclinations of 90 
degrees in the expressions for the time derivatives of the 
classical elements. However, the set of elements that 
is introduced in the classical literature to resolve the 

small eccentricity, small inclination problem(lOJ i.s sin­
gular for orbits with inclinations of 90 degrees. If a 
more complete expression for the potential is used, 
there will be additional singularities. 

Based on the preceding paragraphs, we can conclude 
that there will be singularities in the single-averaged 
classical orbit element variation-of-parameters equa­
tions. These singular cases include perturbations of 
practical importance in mission analysis and selenodesy. 
The singularities will cause rapid oscillations in some of 
the orbit elements when the orbit is near a singular 

case, '{fi} These rapid oscillations are very undesirable 
in special perturbations procedures where the error at 
the end of one step contributes to the error at the end of 
the next step. The single-aver::i.ged equinoctial orbit ele­
ment variation-of-parameters equations derived in this 
paper Will not have these singularities. However, this is 
not the only advantage of the equinoctial orbit elements. 
The numerical integration of the single-averaged variation­
of-parameters equations for the equinoctial elements will 
not require the evaluation of trignometric functions at 
every step. This should prove advantageous from a com­
putational point of view for all orbits, regardless of their 
eccentricity or inclination. Note that the simplified struc­
ture of the equinoctial variation-of-parameters equations 

has been used previously<9) to aid in the study of the sec­
ular perturbations in planetary theory. 

The next section of the paper provides the two-body 
results (including the components of the matrizant) re­
quired for the equinoctial variation-of-parameters equa­
tions. The following sections provide the variation-of­
parameters equations for third-body perturbations, 
oblateness perturbations, and drag perturbations. While 
the variation-of-parameters equations, as given, are 
nonsingular for zero eccentricity and for inclinations 
equal to or greater than zero degrees and less th,in 180 
degrees, the 180-degree inclination remains a problem. 
For inclinations near 180 degrees, an alternative set of 
elements (called the ''retrograde equinoctial orbit ele­
ments") is required; this set of elements is described in 
the paper. 

Finally, applications to current problems in mission 
analysis are co!'sidered. The Interplanetary Monitoring 
Platform-II (fMP-U) satellite mission conditions (perigee 
height of 35 Earth radii and apogee height of 39 Earth 
radii) will be used to demonstrate third-body effects. 
The Atmosphere Explorer (AE) satellite mission condi­
tions (initial apogee height of 4000 km and perigee heights 
ranging from 120 to 150 km) will be used to demonstrate 
the combined effects of atmospheric drag and oblateness. 
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Other possible applications include long-term artifi­
cial satellite geodesy where near-circular or low inclina­
tion (or near-polar) or-bits are sometimes included in the 
data base. 

Two-Booy Preliminaries 

To model the effects of both conservative and non­
conservative forces, the variation-of-parameters equa­
tions are written, 

{2) 

where 

aa = orbit element (a = 1, ..• , 6) 

(aa' a11 ) = Poisson bracket 

R = perturbing potential due to the conservative 
forces 

it = velocity 

Q = perturbing acceleration for the nonconserva-
tive forces 

For the present application, the perturbing potential R 
will include the third-bOdy and oblateness effects, and 
the perturbing acceleration Q will include the drag ef­
efcts. Consideration Qf Equation (2) shows that the fol­
lowing two-body formulas are required: 

a. A transformation from classical elements to 
equinoctial elements 

b. A transformaltion from position and velocity 
to equinoctiar elements 

c. A transformru:ion from the equinoctial elements 
to position anrl velocity 

d. Poisson brackets for the equinoctial elements 

e. Partial derivatives of the equinoctial elements 
with respect to velocity 

Formulas a and b are the basic definitions of the equi­
noctial elements, Formula c is required for aac/i;Jx 
and is also used in the numerical averaging procedure 
that is employed for the atmospheric drag perturbations. 
Because both direct and retrograde equinoctial elements 
are considered, two sets of formulas will be required. 
However, the fonctional dependence of the retrograde 
expressions on the retrograde elements is identical 
(with the exception of a few plus and minus signs) to the 
functional dependence of the direct expressions on the 
direct elements. Thus, the use of the direct and retro­
grade elements defined in this paper to compute orbits 
with inclinations O ,; i " 180 has a definite advantage over 

alternate approaches(ll) in which nonsymmetrical sets 
of orbit clements are used to span the space 0 ~ i ~ 180 
degrees. 
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Transformation from Classical Elements to Equinoctial 
Elements 

The direct equinoctial elements are given by 

a =a 

h = e sin ('-I+ n) 

k = e cos (w + fl) 
(3) 

A = M +w + n 
0 0 

p = tan (i/2) sin n 
q = tan (i/2) cos !1 

where a, e, t, M , w, and n are the classical orbit ele-
o 

ments. The elements hand k are the components (in the 
orbital frame) of the eccentricity vector that points toward 
the perigee and has the magnitude e. Elements p and q 
are required in the rotation matrix between the inertial 
frame and the orbital frame. The element ;\ is the mean 

0 

longitude in the classical literature. The retrograde equi­
noctial elements are given by 

a =a 

h = e sin (w - n) 
r 

A 1 
w = 2 2 

1 + p + q 
(

2p ) 
-2q 

(l - p2 - l) I 

(7) 

Equations (5), (6), and (7) require some comment. If 
I= +l, the p and q elements defined in Equation (3) must 

I\ I\ A 
be used in Equations (5), (6), and (7). The f, g, and w 
unit vectors computed with I= +1 have the meaning indi­
cated in Figure 1. If I= -1, the retrograde p and q de­
fined in Equation (4) must be used in Equations (5), (6), 
and (7), The 1', t and~ unit vectors computed with 
I= -1 have the meaning indicated in Figure 2. This no­
tation will reduce the repetl tion of almost identical for­
mulas in the remainder of the paper, 

Transformation from Position and Velocity to Equinoctial 
Elements 

This paragraph gives the formulas required to com­
pute the equinoctial elements from the position and veloc­
ity. The semi-major axis is 

( 
1 li°l2 )-1 

a= rx1 --µ (8) 

k 
r 

= e cos (w- n) (4) The eccentricity vector is given by 

Aor =M +w-n 
0 

Pr = cot (i/2) sin n 

qr = cot (i/2) cos n 

The quantities h and k are the components of the eccen-r r 
tricity vector relative to the retrograde orbital frame. 
The elements p and q are required in the rotation ma-

r r 
trix between the inertial frame and the retrograde orbital 
frame. 

The orbital coordinate frames can be defined in terms 
of the classical orbital elements; this is done in Figure 1 
for the direct case and in Figure 2 for the retrograde 
case. In Figures 1 and 2, unit vector~ is the normal to 
the orbit plane. For the direct case the f lilld ~ unit vec-,, 
tors are in the orbital plane. The direction of the f unit 
vector depends on the classical orbit elements n and i. 
The unit vector ~ completes the right-handed triad of 
/;!;,.A A - A A /I 
I, g, and w. For the retrograde case, the f•, g•, and w 
unit vectors comprise the right-handed triad. l\Iathe­
matically, the unit vectors can be expressed in terms of 
the equinoctial elements by 

A 1 
f = 2 2 

1 + p + q 

A 1 
g:- 2 2 

1 + p + q 

(6) 
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_ X (Xxt) x~ 
e = -~ -lxJ µ 

(9) 

The unit vector normal to the orbital plane is given by 

Unit vector t has the exact same meaning in Equation i1r.) 
as in Equation (7). These relationships lead to 

A w 
X 

(11) 

(12) 

In Equations (11) and (1:::), lt 1 = -'"l, the p and q (defined 
in Equation (3)) result. If I= -1, the retrograde p and q 
(defined in Equation (4)) result. The unit vectors f and Ag 

I\ A • 
(or f* and g*) may now be computed using Equations (5) 
and (6). The equinoctial orbital elements h and k are 
computed u_s!ng the formulas 

h = e · i (13) 

k= e• f (14) 

If I was set equal to -1 fn Equations (5) and (6), t* and g* 
were computed and Equations (13) and (14) give h and 
k : r 

r 
- A h = e • g* r 
- A k = e • f* r 

(15) 

(16) 



The only remaining element to be computed is the mean 
longitude, A. We ffrst compute the position coordinates 
x1 and Y 1 relative to the orbital frame f, g, ~ by 

X =X• f 
1 

- A y = X • g 
l 

Then we compute 
2 

(1 - k /J) X - hkµ Y 
cos F = k + l l V 2 2 

a 1-h -k 

sin F = h + ( 1 - h 2 tl) y - hk /1 X 1 

V 2 2 
a 1-h -k 

where the auxiliary variable pis 

{3a 1 

1+V1-h2 -k2 

The mean longitude ;\ is given by 

A= F - k sin F + h cos F 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

For the retrograde case, the quantities r'*, ~*, h , and 
/\ A r 

k should replace f, g, h, and k in Equations ( 17) through 
r 

(22). The result of Equation (22) Is the retrograde mean 
longitude defined in Equation ( 4). The derivation of Equa­
tions (19), (20), and (22) is explained in the next para­
graph. 

Transformation from Equinoctial Elements to Position 
and Velocity 

The key to this formulation is the use of the longi­
tudes A, F, and L, deiined by 

=M+w+Q 

1'' =E+w+n (23) 

L =v+w+Q 

where M, E, and v are the classical anomalies. Ele­
mentary manipulations show that Kepler's equation can 
be written in terms of the eccentric longitude F 

'A = F + h cos F - k sin F (24) 

Once Kepler's equation has been solved, the position and 
velocity vectors can be expressed as 

- A /\ 
X = X1 f + Y lg (25) 

and 

2 
• na r, 2 ] 
xl =-r- lhk (3 cos F - (1 - h /3) sin F (29) 

2 
, nar 2 ] Y1 = -r-L(l - k /3) cos F - hk/3 sin F (30) 

where the auxiliary equation 

L = 1 - k cos F - h sin F 
a 

(31) 

is necessary for the velocity coordinates. The coordi­
nates can also be expressed in terms of the true longi­
tude by 

Xl = r cos L 

• -na 
xl = V 2 2 (h + sin L) 

1 - h - k 

(32) 

(33) 

(34) 

(35) 

2 2 
r = a(l - h - k )/(1 + k cos L + h sin L) (36) 

Equations (32) through (36) will be used in the numerical 
averaging procedure for the atmospheric drag. Also, the 
right-hand side of Equation (32) can be set equal to the 
right-hand side of Equation (2 7 ). This relation and one 
Involving Equations (33) and (28) can be solved simul­
taneously to give Equations (19) and (20). 

For the retrograde case, the longitudes are defined 
by 

'A.* = M + w- Q 

F* = E + w- 0 

L* = V + w- Q 

(37) 

A /\ 
and the quantities i\.*, :F•, L*, f*, g*, h , and k replace 

r r 
the direct variables in Equations (24) through (36). 

Poisson Brackets 

In the present application, the Poisson brackets must 
be given in tei;ms of the equinoctial elements. The re­
sults are obtained by direct substitution into the previous 

results by Broucke and Cefola ( l) and are listed in Table 1. 

Partial Derivatives of the Equinoctial Elements with 
..!... • A • • /\ 
X=X-f+Y g 

1 1 
(26) Reej_Eect to Velocity 

In these equations the unit vectors f and~ are computed 
using Equations (5) and (6). The coordinates X , Y , 
. . 1 1 
x1 , and Y 1 relative to the equinoctial frame are given by 

xl "' a [< 1 - h 2 J3) cos F + hk/3 sin F - k] 

Y l "' a [< l - k 2 J3 ) sin F + hk/3 cos J<' - h] 

(27) 

(28) 
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The partial derivatives aa/a3f, ap/a x, and 8q/a3t are 
obtained directly as functions of the equinoctial elements 

by using the results of Broucke and Cefola. (l) However, 
the expressions for ah/&if, okla't and 811 /ai~ in terms of 

0 

the classical orbit etemimts are not so easily translated 
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into the equinoctial elements. To compute these quan­
tities, we have to use the relationship 

aa()I 6 ax 

ax~ - I: <aa• a{3>~ 
{J=l /3 

(38} 

which requires the Poisson brackets from Table 1 and the 
partial derivatives of the position vector. For ax/ah and 
8x/8k, we n.eed the partial derivatives of x1 and Y1, 
which are 

axl [ hk/33 a J 
~= -a (71. - F) l -/3 + 1 + r sin F (sin F - h,B) 

aYl [ kh_e3 a ] 
~ = a (A - F) l -{3 - l + r cos F (k/3 - cos F) 

(39) 

: 1 = a [<x- F) ~+ k: ~;)+~ sin F (cos F - km] 

NJ.th these results, the position partials can be specified, 
aa shown in Table 2, Substitution of the results of Tab­
les 1 and 2 into Equation (38) gives the desired results, 
which are listed in Table 3, 

Third-Body Potential 

This section gives the single-averaged perturbing 
potential due to a third body in terms of the equinoctial 
orbit elements. The first two terms in the expansion 
(Equation (1)) are given. The partial derivatives of the 
potential and the resulting variation-of-parameters equa­
tions are also given. 

Substitution of the expressions for the Legendre poly­
nomials in Equation (1) gives 

(40) 

and 

F: = (a: r (5 cos 
3 

: - 3 cos ¢,) (41) 

In Kaufman <4) the procedure is to el-.-press cos 1/J as a 
function of the true anomaly of the satellite and then 
average the potential over one orbit. In the present de­
velopment, we proceed in a similar manner except we 

6/\A . L:,AA 
use the f, g, w coo rd mate frame instead of the .P, Q, R 
frame and the true longitude instead of the true anomaly. 
Thus 

cos IJ! = <\ cos L + /31 sin L (42) 

where L is the true longitude defined in Equation (23) and 
A A 

C¥1 = f • R3 

P = ~ • ft (43) 
1 3 

A A 
'Yl = w • Rq 
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where ~ is the unit vector from the central body to the 
3 

perturbing body. For the retrograde elements, we use 
tho f*, g•, ◊ coordinate frame (Figure 2) with 

cos ¢ = Q' cos L* + (3 sin L* 
r r 

(44) 

where L* is the retrograde true longitude defined in Equa­
tion (37) and 

I\ I\ 
OI == f* • R 

r 3 

{3r == g* • il3 (45) 

'Y==~-fi r 3 

Substitution of Equation (42) into Equations (40) and (41) 
gives 

3 /, 2 2) ] + 3 oi ,e1 sin 2L + 2 \Q' l - /3 1 cos 2L 

(46) 

and 

[ 
3 3 

3 1 (r )3 5 0'1 S{31 
F3 = 2 RS - 4- cos 3L --4- sin 3L 

15 2 15 2 , . 
+ 2 Q'l /31 cos L sin 2L + z a1 (3 1 sm L sin 2L (47) 

+ - a - 3a cos L + -/3 - 3/3 Sill L ( 15 3 ) " (15 3 ) • 1 
4 1 1 4 l 1 

The substitution of Equation (44) into Equation (40) and 
(41) produces the exact same result except a , f3 , a.nd 

3 3 r r 
L* replace cY1, 131, and L, Next, F 2 a.nd F 3 are aver-

aged over the period of the orbit according to 

-3 1 f 2 1T 3 
F = - F d;>., 111 = '.' 3 

n 21r O n 
(48) 

which results in 

2 j~ ~ [ ] -3 1 a 3 2 l 2 3 2 2 
F :::- f-\ - et -+-/3 -1 1 + - (h + k ) 

2 2 \R3/ 2 1 :2 1 2 

15 /, 2 ..2)/i 2 2\ l + 15 a1 131 hk + °"i \l -1\ \k - h J 

(49) 

and 

~ )3{ ~a 5 a 5 2 2 2 
F =- - - /3 h [3a (5h - 9k - 2) 

3 4 R3 8 l 1 



where these results have been computed using the defi­
nite integrals given in Table 4. For the retrograde case, 
tb.e quantities O! , fJ , h. , k , L*, and,\.* reptace a 1, 

r r r r 
131• h, k, L, and )dn Equations (48), (49), and (50) and 

tn Table 4, Note that o-1 and 131 depend only on the equi­

noctial elements p and' q, so that the quantities ¥3 and 
3 2 

F' are functions of a, h, k, p, and q. For the variation 
a s 

of parameters equations, the partial derivatives of .F 
3 2 

and F 3 are required; the next portion of this section 

ls devoted to their computation. 

-3 h Partial derivatives of the F with respect to a, , and 
n - 3 

k reciuire no special comment. To differentiate the F 
n 

with respect to p and q, it is necessary to evaluate 
aa/ap, a{3/ap, aa/aq, and a{3/aq. From Equations (43) 
and (45): • 

"' 8a 8f " ap=ap. R3 

I\ 
&a ar 
_;_ 

aq 
{51) 

A /\ 
Tbe derivatives off and g are evaluated most simply by 
using the results in Table 3: 

ag 2 ~ 
-. = 2 2qfI 
ap l+p +q 

(52) 

~~= 22 2 [P~-~]r 
q l+p +q 

SU.bstitution of Equation (52) into (51) with the definitions 
from (43} and (45) results in 

8 -2 
~ = 2 2 (qfJ I+ Y) 
&p 1 + p + q 

80! _ 2 p /3 I 
aq- 2 2 

1 + p + q 

_ag_ 2qal 
ap - 2 2 

l + p + q 

(53) 

...M- -2 (pa -1') I 
aq - 2 2 

1 + p + q 

Equation (53) could be used to compute the partial 

derivatives a.F3 /ap and 8F3 /aq. However, the variation-
n n 

of-parameters equations can be simplified by substituting 
-3 -3 Equation (53) directly. We also note that F 2 and F 3 do 

not depend on X. First, we assume a disturbing function 

6 

R that is a function of a, h, k, a, andp and write 

an '" an aa + an !{!_ 
ap Ba BP a/3 8p 

and 

an= 8R ~+SR B/3 
aq aa aq PJ{] Bq 

Then 

8R an aR ( 1 aa aa) 
P BP + q aq = 8a \P BP + 4 aq 

+ an ( M+ q ea) 
~ p 8P Bq 

(54} 

(55) 

(56) 

Substitution of Equation (53) into (56) gives the identity 

p-+q-= 2 2 p--Iq-8R 8R -21' ( aR aR) 
&P 8q l + p + q 80' 8/3 

(57) 

SUbstitution of Table 1 and Equation (57) into Equation (2) 
(with Qin Equation (2) set equal to zero) results in tile 
third-body variation-of-parameters equations given in 
Table 5. In the expressions for dp/dt and dq/dt we have 
used the identity 

(58) 

Equation (58) ls a consequence of the fact that motion of 
the third body in the osculating orbit plane of the satellite 
does not perturb the satellite orbit plane. Specifically, 
it can be shown that Equation (58) holds for the quantities 
-3 -3 o F2 and F3 given ln Equations (49) and (5 ). The partials 

-3 -3 d of F 2 and F 3 are given in Tables 6 an 7. 

For the retrograde case, I= -1 and h , k , p , q , 
/\ 11 r " r/\ r r 
f*, g•, a , fJ , and 'Y replace b, k, p, q, f, g, a, /3, 

r r r 
and 'Y.in Equations (51) through (58) and in Tables 4 
through 7; 

Oblateness Potential 

This section gives the single-averaged perturbing 
potential due to oblateness effects. The basic results 
are obtained by direct transformations of previous re-

(12) - -suits. The terms F 20 and F 30 in the oblateness 

potential can be obtained as functions of the equinoctial 
elements defined by Equation (3) by elementary manipu­
lations. Partial derivatives of F 20 and F 30 with respect 

to the equinoctial elements are straightforward. The 
variation-of-parameters equations for oblateness (J2 and 

J3)are given in Tables 8 and 9. Additional results have 

been obtained for the oblateness perturbation. (la) 



Atmospheric Dqg 

To complete modeling of the forces that control the 
long-term behavior of artificial satellite orbits, atmos­
pheric drag must be considered. Since drag is a non­
conservative force, a potential function does not exist 
and the Gaussian form of the variatlon-of-parameters 
equations is used: 

(59} 

where the quantitles a , ~. and Q were defined previous-o: 
ly. Note that the partial derivatives aac/atfor the equi-

noctial elements are given in Table 3. For atmospheric 
drag, the perturbing acceleration is given by 

where 

-C Ap 
- • D 1..:..1.:.. Q.c -- X:IX 

2Dl 

. CD = aerodynamic drag coefficient 

A = cross-sectional area of the satellite 

p = density 
m = mass of satellite 

(60) 

Substitution of the results from Table 3 and Equation (60) 
into Equation (59) eventually results in 

dh {CDA1 .:,.. - = - --· p I x I (h + sin L) 
dt m 

~
C A) dk D .:.,.. 

-== - -- p j X l (k + cos L) 
dt m 

CA 
+...R_pli'!(k sin L - h cos L) 

Ill 

(61) 

(62) 

(63) 

(64) 

[ V1 - h2 _ k2 1 ] 
1 + k cos L + h sin L - l + j1 _ h 2 _ k 2 

dq_ 0 
dt -

(65) 

(66) 

where n is the mean motion. Note that dp/dt and dq/dt 
are zero because the drag acceleration model given in 
Equation (60) has no component in the direction of the~ 
unit vector. Because A does not appear in the right-hand 
sides of the averaged variational equations, we do not 
consider it further. The elements a, h, imd k .do change 
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in a secular fashion, and these changes should be consld .. 
ered. The Gaussian-quadrature approach is used to 
average the right-hand sides of Equations (61), (62), and 
(63). First, we obtain exPresslons for da/dL, dh/dL, 
and dk/dL (where L is the true longitude). We then com­
pute the changes in the elements over one orbit (for 

1+1rda . 
example, e:.a = dL dL). The resulting expressions 

7f 

are divided by the period of the orbit to obtain the aver­
age rates: 

(67) 

(68) 

( 2 2)3/i ,. .. 
-k. = -CDA 1 - h - k P i¾'l(k + cos I,) 

2,rm z dL 
-,r (1 + k cos L < h SUI L) 

(69) 

In Equations (67) through (69}, the density is to be con­
sidered a function or the true longitude. In practice, the 
detlBity is a function of position computed from the orbit 
elements and the true longitude, using Equations (32), 
(33), and (36), 

For the retrograde case, h , k , and L* replace h, 
r r 

k, and L in Equations (67), (68), and (69). The position 
is still computed using Equations (32 ), (33), and (36), 
but the reader should recall the remark following Equa­
tion (37). 

Numerical studies 

The Earth Satellite Mission Analysis Program 
(ESMAP) was developed to demonstrate the practical 
applicaJion of the ana.lytical results given in this paper. 
This program integrates numerically the variation-of­
parameters equations for the equinoctial elements. 
Perturbations included are third-body, oblateness, and 
drag, 

The numerical studies currently in progress have 
two goats: 

1. To verify numerically the correctness of the 
analytical results• 

2. To determine lirnits in the applicability of this 
formulation to mission analysis problems 

Several test cases have been specified to assist in 
reaching the above goals. 

*A small experimental program has been made for the 
case of a satellite perturbed by the sun, The results 
have been compared with classical variation of param­
eter Integrations, and an agreement of 10 digits ob-

tained. (l4) 



Case 1 

A low altitude near-circular orbit is being used to 
validate the oblateness modeling. The initial conditions 
are 

a = 7086. 85 km 

e = .001 

M = 0° 

n = o0 

1 
0 0 0 u 

= 20 , 40 , 60 , and 80 

w = 00 

This case has been studied in detail in the literature. ( 15} 
The ES~IAP results are given in Figures 3 and 4. 

Case 2 

An Interplanetary Monitoring Platform-a (IlvIP-G) 
orbit is being used to validate the third-body modeling. 
The initial conditions are: 

a = 94,820. 03 km 

e = .8940664 

M = 00 

n = 103. 62458° 

1 = 83. 864809° 

w = -157. 19876° 

Both lunar and solar perturbations are important for 
this case. The Goddard Trajectory Determination Sub­
system (GTDS) program is being used to genera,te refer­
ence trajectories. 

The IMP-H satellite mission conditions (perigee 
height of 35 Earth radii and apogee height of 39 Earth 
radii) will also be used to demonstrate third-body effects. 
Not.e that this near-circular mission will require the in-

clusion of the second-term F~ in the third-body potential. 

, The Atmospheric Explorer (AE) satellite mission 
conditions (initial apogee height of 4000 km and perigee 
heights ranging from 120 to 150 km) will be used to dem­
onstrate the combined effects of atmospheric drag and 
oblateness. 

Conclusions 

Uphofi6) notes two problem areas in the study of the 
long-term orbit evolution of an artificial satellite: 

1. The lack of high-order terms in the expansion 
of the third-body disturbing function 

2. The lack of high-ordel' nonsphericlty effects 

Loren and Llu<12> provide these analytical results in 

8 

terms of the classical orbit elements (a, e, !, M , w, 
0 

and fl), However, some of the high-order terms contain 
singulo.rities associated with small eccentricities and 
inclinations. The equinoctial orbit elements (Equation (3)) 
resolve these problems. The results for the third-body 
perturbing potential are developed in detail (Equations (49) 
and (50)). The second term in this expansion, which 
causes slngularities ln the variation-of-parameters equa­
tions for the classical orbit elements, does not cause 
singularities in the variational equations for the equi­
noctial elements. Detailed results are given for the. 
oblateness potential ( Tables 8 and 9) and for the per­
turbing acceleration·due to atmospheric drag (Equa-
tfotts (6 7), (68) and (69)). 

The retrograde equinoctial elements are introduced 
(Equation (4)) to resolve problems associated with in­
clinations near or equal to 180 degrees. It is shown that 
the variational equations describing the direct and retro­
grade equinoctial elements have the same form except 
for plus and minus signs. Thus duplication of function­
ally similar computer routines can be avoided. 

Finally, the status of the numerical studies currently 
in progress i.s given. The primary emphasis is on mis­
sion analysis applications. 
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Figure 1. Equinoctial Coordinate Frame 

Figure 2, Retrograde Equinoctial Coordinate Frame 
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Table 1. Po las on Brack eta of Equinoctial Elements•,** 

(a, ;\0 ) -2a s 1 

( Ao• h) -h s4 

{Ao• k) -k s4 

(>,o,p) = -p s5 

(Ao• q) - q B5 

(h, k) - Bl 83 

* Ji,ux!liary val"iables: 

1/na2 

2 2 
1 + p + q 

83 = V 1 - b2 - k2 

s 4 = s 1 s 3 /(l+s3) 

s5 ,. s1 s2 / (2s3) 

1n, )I) -kp a5 

(h,q) -kq s 5 

(k,p) hp ~5 

(k,q} hq a 5 

(p,q) 
1 

- 2 s2 55 I 

**Note: If I= +1, the elements have the meaning of 
Equation (3). If I= -1, the elements have the meaning 
of J!;quat!on (4). 

....,,. 
Sx 
7Fa 

a-; 
ah 

....,,. 
fJx 
~ 

.,.:,,. 
QX 

~ 
0 -0 X 

op 

a-: 
8q 

Table 2. Partial Derivatives of Position 

• 1 ..... 3 ..... 
(x - 2 

X t) 
a 

oX1 I\ 
oY1 I\ 

oh 
f + ~ 

g 

fJXl OYl I\ A 
= ~ 

f + a"k g 

_;:,. 
X /n 

2 
l 

" /\ /\1 = 2 2 
q (Y l f - X l g) I - X l w 

1 + p +q 

2 
[ /\ I\ "] 

2 2 
p (Xl g - y 1 f) + y 1 w I 

1 + p +q 

Table 3. Partia1 Derivatives of the Equinoctial Elements With Respect to Velocity 

oh 
.:... 

8·x 

.£.!L 
-""' ox 

k 
~ 

ox 

_§_g_ 
.'..:!o. ox 

..:.... 
1...£ 

2 
n a 

-2 
2 

na 

1 
+ 

2.J 2 2 
na Vl - h - k 

2 2 I\ 
l + p +g, Y1 w 

2 na2 V1 - h2 - k2 

2 2 " (1 + E + g ) I X1 w 

2 nal - h - k 2v 2 2 
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k ( I q Y l - p X1) /\ 
+ w 

na2 J1-h2 -k2 

h(IqY1 -pX1) /\ 
IV 

na2 V1-h2 -k2 



1 
~ 

l 
21T 

1 
r;;:-

1 
:a 7r 

1 
iir'" 

....!_ 
271' 

l 
vr"" 

1 
27r 

....!_ 
21T 

'Notes: 

Table 4. Int.egra1s 

f" 2 
( ;) d;I. ~ l + :! (h2 + k2) 

2 

lo2rr (;/ sln 2L d).. 5 hk 

£271" 
2 s (lc:2 _ h2) 

(;) cos 2L d),. 2 

Lz,,. (!) 3 cos 3L d>. = 35 k (3h2 - k2f 
8 

lo2" 3 
l§.h (h2 - 3k2) (;) s\n 3L d" ~ 8 

12" (;)3 cos L siD 2L d>. = §. h (5hl! - 9k2 - 2) 
8 

f" (;)3 sin L sin 2L d>. ~ .2 k 
& 

(Sk" - 9h2 - 2) 

L2" 3 
§. h 1:! (h2 + k2) -1] (;) sin L d;I. 
2 4 

f" (;) 
3 

cos L d>. = .2. k 
2 

11 
4 

(h2 + k2) -l l 

1. The q,uantlt!cs Land ;>. are defined ID Equation (23), 

2. The q,uantlt!es h and k are dellned In Equation {3). 

3. These Integrals have the exact same form If L•, ;>.•, 
hr' and\. replace L, :>., h, at1d k. 

Table 6, 
3 

Partla.1 Derivath•es of F 2 

ei 3 
! -3 2 

8a a F2 

-3 
BF2 - ! (:3r [ 

2 2 
h - 5 al pl k] Th"" (a - 4 p + 1) 

2 l 1 

-3 

(~J 
8F2 ! ( 2· 2 

k - 5 (tl P1 h] eT 2 ( /Jl - 4 etl + l) 

BF 3 
l (;J2 [ 

2 2 
(tl - 5 PL hk:] 

2 
8 c,1 ~ - {h - 4k - l) 

:ii 

er 3 
:! 

(:J2 ( (k2 - 4h2 - l) p1 - s a 1 hk 1 2 

"P1 2 

Table 5. Third Body Variation of Parameters Equations 

£! 
dt 

dh 
dt 

dk 
dt 

d).. 
0 

., 

., 

dt"' 

~ 
dt 

24 
dt 

0 

1 
[ 

2 2 an 
2 J 2 2 (1 - h - k ) ak 

nal-h -k 

-1 
[ 

2 2 ~ 
2 V 2 2 

(1 - h - k ) 
8h 

na ~ - h - k 

.:!.. 
na na2 { l + ✓ 1 - h2 - k2 ) 

)' 2 2 
1 (l+p +q) 

2 V 2 2 2nal-h -k 

y 2 2 
1 (l+p +q) oR r 

8CI. 
1 

- k y 1 (p 
aR oR) l i!}CJ. - I q 

iJ/Jl 1 

bY 1 (p ..fil! clR ) ] t)CJ. -Iq 
o{Jl 1 

i'1 

2✓ 2 2 na l -h - k 
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Table 7. Partial Derivatives of F! 
-3;: 3 -3 

8F3 8a a F3 

8F:/8h :; _lL (~JI+ /31 lo:2 (15h2 - 9k2 - 2) + r:,2 (h2 + 5k2 - ZJ] 1 . 1 
4 

3 
~l (12h2 2 3 d' - 45(? -., I -- + 3k - 4) + -hka (25 

4 4 1 1 1 

-3;, aF3 uk 
5 
4 

( .!... )3 J ...!§_ 
R3 l 8 

I .8~ (15k2 Q! 

1 
2 2 

- 9h - 2) + '\ 
2 2 

(k + 5h - 2>/ 

3 
(ll (12k2 2 3 2 

- 45 er.2 - ,, l -- + 3h - 4) + 4 bk pl (25 .B 1 4 1 

+ ( ;.)' { '! h•1 01 (5k2 - 9k2 - 2\ + ': k0! (5k2 

+ 1; k•: (15h2 + k2 - 6) - ! k (3h2 + 3k 2 - 4) l 
5 
4 

Table 8. J2 Variation of Parameters Equations 

2 r. 2 2 2 2 2] 3µRe J2 k ll-6 (p +q )+ 3 (p +q) 

5 2 22 2 22 
2na (1-h -k ) (l+p +q ) 

2 [ 2 2 2 22] dk 3µ Re J2 h 1-6 (p +q ) + 3 (p +q) 

at "'- 5 2 2 2 2 2 2 
2na (1-h -k ) (l+p +q ) 

2 2 2 
3µ. R J2 q (1-p -q ) 

dp ,,,_ _,.""e _______ _ 
dt 5 2 2 2 2 2 

2na (1-h -k ) (l+p +q ) 

2 2 2 
~ _ 3µ. Re J2 p (1-p -q ) 

dt - 5 2 2 2 2 2 
2na (1-b -k ) (l+p +q l 

I 

12 

2 2 2 
h l (Sh - 9k . - 2) 

Table 9, J 3 Variation of Parameters EquatloI15 

3 
dh • 3µ Re J3 1 I [ 2 2 2 2 2] 
dt : - 6 2 2 3 2 :! 3 2 l - 3 {p + q ► • (p • q ) 

2na (I - h - k ) (1 • p + q ) 

2 2 l (l-p -q ) 

dk 2 2 2 22 3µ R3 J J l ' 
dt : - 6 2 2 3 2 2 3 2 [1 - 30, + q ) + (p + q ) ] 

2na (1 - .h - k ) (l + p • q ) 

[Q, - k (kq + lbpl + 4h (hq-Ikp)] +h (IJ-q-kp) [ 1-13 <i+/) • c/+q2)2] 

(l-p2 -i)] 

Sµ R3 J (l - p2 -i){ (q(kq+lhp) - 3p {lhq-kp))} 
dq e 3 k-S 2 2 2 
dt ~ 6 2 2 3 (l•p •q I 

4na (1 - h - k J , 
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