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ABSTRACT

The existence of a solution defined for all t and possessing

a type of boundedness property is established for the ?erturbed non-

linear system ¥ = f(t,y) + F(t,y). The unperturbed system

% = f(t,x) has a dichotomy in which some solutions exists and are

well behaved as t increases to ® and some solution exists and
are well behaved as t decreases to -w, A similar study is made
for a perturbed nonlinear differential equation defined on a half
line, say R+, and the existence of a family of solutions with
special boundednesslproperties is established. Finally; the ideas
are- applied to the study of integral manifolds., Examples are

given,



1. INTRODUCTION

The following iéra stuay of the system
(1) ¥ = £(t,y) + F(t,¥),
which is regarded as a perturbation of the nonlinear system
(2) : X = £(t,x).

We impose hypotheses on'(2) which guarantee the existence of a
bounded solution (or a family of bounded solutions) and prove that,
under conditions on the perturbation terms, such solutions are also
present in (1). Results of this type have been obtained by May [11]
and Harbertson and Struble [8] for nonlinear systems and Coppel [ 3],
Hallum [ 6], [7] and Hale [4], [5] for perturbations of linear
systems. The preéent work removes certain hypotheses from the past
results and introduces function spaces which allow new types of be-
havior to be studied.

Theorem 1 concerns the case when (1) and (2) are defined
for all 't and give the existence of particular solutions defined
on R. Theorem 2 covers the case when the systems are defined on
some half line t > d and concern the presence of special solutions
on this interval. Theorem 3 extends the above ideas to integral

manifolds. Examples are discussed.



2. NOTATION AND GENERAL SETTING

~

Let p and q be nonnegative integers with p + g =m> 0,

let I be an interval of the type I = {t>a} (a may be -«),

“let Dl(t), D2(t) be continuous nonsingular p X p and q X g

matrices respectively on I and for o > 0 define

o] = ((t,%) in I xR% |D (t)x] <o},
b a2 = ((¢,%x) in I xR% D (t)% < o)
1 2 - ’ - 2 —_ .

We assume ‘that (2) may be written in the form
| .

X

1 = £1(t,x)),
(3)

X

fg(t:xg);

. . . g .
where for some o > o, f is a continuous function on Q into

1 1
Rp, 5 is a continuous function on Qg into Rq, where fl and
f2 have continuous partial derivatives in Xy and X5
respectively and fl(t,o) = 0, £,(t,0) = 0. For (T,al in Qi,
(T,az) in Qg we denote the solutions of (3) such that

xl(T) = al,~x2(1) = a, by xl(t,r,al), x2(t,1,32). We assume that
for some 0<y<o and (T,al) in QI; (T,a2) in Q;; xl(t,T,al)
exists for t >t and x,(%,7,8,) exists for a<t < T,

. .. y/ .
For convenience wvhen a 1is in R we will use norm



la] = max {la;]) where i=1,2,...,2, a, is the ith component of-
i
a. Then for a. in RP, a, = R a = col(a,,a,)
°. 1 J 2 2 l’ 2
|al = max (| aq|, lagl}. Let BI be the continuous functions y on

I into RP with |Dl(t)y(t)| <7y and B; be the continuous func-
tions y on I into R% with |D2(t)y(t)| SY.‘

ox.
We denote the matrix gaﬁ (t,7,2,). by o, (%, T,8,), 1 =12,
i
and assume that Fl and F2 are continuous functions on

Y 2 mo
Q' = {(t,.Xl,Xz) in ITXR: |Dl(t’)xll 5 Y} ng(t)Xgl S Y}
into Rp and Rq respectively.

3, SYSTEMS DEFINED ON R

In this section we consider the case when I = R, We note
the unperturbed system (3) has a solution_ in BI X BZ, viz.

X, = 0, x, = 0. We seek hypotheses on the perturbed system

2

:.Y'l = fl(t:yl) + Fl(t:yl:yg),
() '

Yo

fg(t, Yz) + Fg(t: Yqis yg) )

Y

which guarantee the existence of a solution (yl, y2) in BI X B,

Theorem 1, Assume that we have



©)

.
[ 1D (80, (, 5,y ())F, (s, ¥, (), 75(s)) | as < 7,

-00

00

{ |D2(t)®2(t‘, S) Y2(S))F2(S’ yl(S),ye(S)H ds S Y)

for all t in R and (yl,yg) in BIXB;. There is a solution
(yl(t),yg(t)) of (4) defined for.all t and (yl,yz) is in

Y T
Bl X B2.

Proof: For each positive integer k, let B, Dbe the set of func-

k
tions (yl, y2) where yl and y2 map [-k k] c'ontinuously into

R’ and R? respectively. For y = (yl,yg) in B, let

|3] = max {szp |D, (B)y, (8], sup I, ()3, ()],

T

1 X Bg is a closed convex

then (Bk’ | 1) 4is a Banach space and B

subset. (The functions in BI X Bg are here restricted to [-k,k].)
On BI X Bg we define the transformation T by Ty = u vwhere
t :
u (t) = fk¢l(t,S,yl(S))Fl(S,yl(S),yg(S))dS,
(6) X

ue(t) = —{ <I>2(t, s;.y2(s))F2(s,yl(s),yz(s))ds,

for -k <t <k. It is an easy exercise to check that Schauder's

fixed point applies so there is a function ¥y in BI X B;

defined for -k <t <k with Ty = y. We have



t
T8 = Fy (631 (8),7,(0) + ] 1y (8 907 (5,3, (2), () as,
t
T(8) = Tty (8,7, (00) + [ plt, )75,y (), vyl s,
where
afi _
H1<t; S) = - FX— (t,xi(t) s,yi(s))¢>i(t, S,yi(S)),

i= 1,2. ‘Here we have used the well known ([3], page 22) theory of

the variational equation. Also
. t a :
fl(t, yl(t)) = {k d—S. [fl(t; Xl(t’: s,yl(s)))]ds,
t
= {k Hy(t,8)(§,(s) - £,(s,y,(s))1as;

and a similar expression holds for f2(t,y2(t)). For i = 1,2

W (8) = 7,8 - £,(t,y,(8) - T, (6¥,(8),5,(0),

we obtain
t
wi(t) = {kHl(t,s)wl(s)ds,
(7 .

. wg(t) = £ He(t,s)wg(s)ds,

and



which implies ‘wl(t) = 0, w2(t) = 0. Consequently 7y = (yl,yg) is

y

a solution of (), -k <t <k in B

y
X B2.

Let {y(t,k)};_l be a sequence of fixed points of T on

'BI.X B; (restricted to [-k,k]). The following statements show

. . . Y Y ©
there is a function y in B X B; and a subsequence {Y(t,nk)]k=l
such that
(8) lim y(t,n) = y(t),

| k 5o

and the limit‘is‘uniform on compact t intervals,

TEere is a subsequence {y(t’nlk)} converging uniformly on
[-1,1] since the original sequence is uniformly bounded and each
fuhction satisfies (4) on this interval. Similarly, there is a
subsequence {y(t’n2k)};=l of the sequéhce {y(t’nlk)};=l con-
verging uniformly on [-2,2]. In this way we obtain a chain of
subsequences [Y(t’njk)};:l converging uniform;y on [-],j]. Put
y(t,nk) = y(t,nkk) to obtain (8). Since each y(t,nk) is a solution
of (4) so is .

May [11] gives a similar theorem when Dl(t) =1, De(t) = I
however he requires the additional hypothesis of a Lipschitz condition
in z on ©(t,s,z)F(s,z). The essential difference in the proofs is
that we define T using a finite limit k and use functions on
intervals [-k,k]. The proof that the fixed point y satisfies (L)
reduces to the fact (7) implies W),V = 0, an easy observation when

k 1is finite.



Hallum [6], [7] and Hartman and Onuchic [9] introduce the .
matrix D(t) = g(t)I in studies of a perturbed linear.sys£em on a
half line., Here g(t) is a continuous nonnegative functions.

Condition (5) is restrictive on the linear parts in x of

the f,,f, functions. Suppose, for example, f,(t,x;) = Al(t)xl

o+ h(t,xl) where h(t,xl) = o(|xl|) uniformly in t as x, —O.

1
Let X,(t) be a fundamental matrix of solutions for X = A (1) x'l,

then since o(t,s,0) is a solution of % = fx(t,o)z, z(1) = I,

we see (L) implies, in particular,

t
J |Dl(t)Xl(t)X:-Ll(S)El(s,o,o)‘ ds < 7.

. t
(Theory concerning systems with hypotheses [ [X(t)X—l(s)lds_f K
oo -

is given by Coppel [3].) If, in addition, Al(t) =0 we see
Fl(s,0,0) must be integrable,

As an example take p =1, q = O and consider the system

<

(9) ¥ = a(®)y - .Zlbimygi*l + F(t,5),
. i=

where a(t) is a’continuous function on R to be further restricted

later, the bi(t), i=1,2,..., are continuous nonnegative functions

. 2i+l
on R, the series . bi(t)y o converges to a continuous function
s
with continuous partial derivative in y given by L b,(t)y )
2 .
and the function F is continuous on R and will be further

specified later. We take as the unperturbed system,

o



%(t) = a(t)x - 5 bi(t)x2i+l,
R i=1

then the variation equation is
. 2i
z = [a(t) - & bi(t)x (t)]z.

Consequently,

t
[ a(s)ds

lo(t,7,7)] < e )

Case 1. Suppose a(t) = -1 (or any negative constant),

Then for D(t) = 1 we have that if there is a ¢ > 0 such that for

continuous functions y(t) with |y(t)] <o

t
f e_(t-s)lF(s,y(s))Idslf o

=00

then (9) has a solution y* defined for all t with |y*(t)] < o.

. . oy 2i+l " "
We notice here the nonlinearities 2 bi(t)y are "harmless".
This observation shows the nonlinear theory allows much larger bounds
for some systems than the corresponding linear perturbation theory
gives (Coppél [3], page 137). It is interesting to note that for
a(t) as given in Coppel [3], page T3, the above conclusions also

hold. In this case the basic linear system is not exponentially

stable,



Case 2, Sometimes the form of the linear term dictates the

D(t) .function. Suppose a(t) is given by

[
gt ts-l,
t +1
a(t) = <
-1
t+2 "L<t,

Then it is easy to see there is a k >0 so that for

- 00

t
D(t) = k/(’| t] +2), [ p(t)e(t,s,y(s))ds is bounded, say by M,

for all 't and continuous functions y. If there isa o > 0.
S0 y in B; implies |F(%,y(t)] < o/M then (8) has a solution:
¥y* defined for all t with |y*(t)] 2 o(Jt| + 2)/k. Other

choices for &(t) will give decreasing D{(t) functions as t - =,

Case 3. The form of the perturbation term may dictate a

D(t) function. Suppose a(t) = -1 and F(t,y) = h(t)k(t,y) where

Then



10

t )
f e-(t-slh(s)ds =

=00 .~

Ill‘l most instances the solﬁtions of (3) 'and consequently
®1,<I>2 ar:a not known precisely. However, as in the example ébove, it
© may be possible to obtain information which implies the hypothesis
of Theorem 1. Consider the following situation in which, for con-
venience, we assﬁme g = 0, and suppress the subscript 1 notation.

Suppose D(t) is given and there are positive numbers o,K, a set

Q C Rp and a continuous real valued function A on R such that:

() for s in R, |1 < |D-1(s)|0, x(t,s,r) lies
in @ for t > s; _
(b) u[ fx(f, x(t))] < A(t) for all continuous functions
»x from R to
t t
(¢) D(t) [ exp [ M(u)du ds <K.

- 00 S

We notice that for y in B°, |y(s)| < |D-1(s)|0, hence



11
x(t,s,y(s)) isin Q@ for t > s. By a well known result.(Coppel
[3], page 58) condition (b) implies

t
lo(t,s,v(s))]| < exp [ u(f [u,x(y,s,y(s))])ay;
s ‘
hence condition (c) together with a boundedness assumption on F

will imply inequality (5) in Theorem 1.

L, SYSTEMS DEFINED ON A HALF LINE

In this section we consider the case «a firite. We note
the unperturbed system may have a family of bounded solutions on
t > a. We seek hypotheses on the'perturbed system (4) which

guarantees the existence of a family of solutions in B;Ir X BQY.

Theorem 2, Assume that we have

t . |
[ 1Dy (8)0, (%, 5,3 (8))F (5,71 (s),¥,(s)) | ds < 7/2,
04

(20)

{ ng(t)Qe(t, S,Y2(S))F2(S,yl(s);Y2(s))| ds <,

-
1

for some A>0 and |a)] <4 a; in RP we have

for all © in R and (yl,ya) in B, X Bg. Further assume thet

(11) D ()%, (t, 02| < v/2.



- r———pe—

12

in RP there is a solution (yl(t),yg(t))

T
1

Then for |a,| <4, a,

of (4) defined for t > q, (yl,y2) is in B

Y -
X B, and yl(oz) = a,.

Proof: For each positive integer k > o, let B, Dbe the set of

k

" functions (yl,yg) where vy and y, map [, k] continuousiy'

into R® and RY respectively., On BI X Bg restricted to [q,k]

we define the transformation T by Ty = u where

t
xl(t,ogal) + [ ®l(t,s,yl(s))Fl(s,yl(s),yé(s))ds,
.. a

w8
ok
ug(t) = '{ ®2(t,S;YQ(S))FE(Sle(S),YQ(S))ds,

|

for a <t <k. As before such a transformation has a fixed point

" which is a solution of (4). The family of such fixed points

(@ <k< ) has a convergent subfamily which converges to a func-
tion (yl,ye) satisfying the conclusions of the theorem.

Suppose that, in addition to line 2 of inequality (10), we
have a system such thet

. |
(12) [ Ip(¥)e, (¢, 5,y,(s))] as < ¥¥
(04 .

for all Yy, in BI. Then appropriate boundedness conditions on Fl

will give line 1 of inequality (10). Inequality (12) for Dl(t) =1

gives a type of exponential stability to x(t,ai,al) if
1) = Al(t)xl. -Coppel [3], page 68, proves that thére is a
constant N such that

fl(t,x



15

1
= (t-a)
le(t)x"l(a)i < Ne' , a+1l<t.

[N

In this case inéquality (11) is not an added restriction but merely

~ defines notation., Corresponding theorems are given for general

D(t) by modifying Hallum [6], page 255-6. Brauer [1], gives a

theorem in the direction for nonlinear functions fl(t,x which

1)
could again be modified to include D(t).

5. INTEGRAL MANIFOIDS

In this section we consider the system

|

De
]

h(e,t,z) + H(8,t,y,z,€),

f(t,y) + F(6,t,y,%,€),

e
[

(13)

N.
]

eg(z) + eG(9,t,y,z,¢€),

where (6,y,2z) is in R x " x R® and where hypotheses will be
introduced to insure the existenée, for small €, of an integral
manifold of solutions. The form of the system and the hypotheses
given are motivated by previous work by Hale [h], [5] and Harbertson
and Struble [8]. Such problems arise in the "method of averaging”
introduced by Kryloff and Bogoliubov [10] (see also [2]) and studieq
extensively by many. .

The ideas introduced in the previous sections of this paper

are applied to the study of (13). A treatment of such a system



1k

without the D matrix has been given in [8]; however our treatment
improves the allowable bounds for the perturbation. In addition,

the form of the "0 eguation has been changed to allow a larger class
of examples., Such an example is given at the end of this section.

It is possible to ﬁresent this theory for the case where f
is split into two functions, f = coiumn(fl,f2) as was done in the
preceding sections. Correspoﬁdingly the g function (i.e., the =z
equation) can also be split into two pieces, one which is well
behaved as t — o, the other well behaved as t — - (see [8]). 1In
order to present thése ideas without unnecessary clutter we will not
meke thesg decompositions of the ¥ 'and z equations. It will be
clear howtthe hypotheses must be altered to obtain & corresponding
"theofy with the dichotomies present in the ¥ and 2z equations.
Let D(t) and E(t) be contindous nonsingular m X'm

and n X n matrices respectively on R and for o = (01,02) in

R x " we define

2% = {((%,7, z) in Rl+m+n: ID(t)Y| < ) IE(t)ZI < 02]:
Qi = {(t,y) in ARl+m2 In(t)y) < oy},
0 = ((t,2) in R |E(Y)7] < o),

and consider the following hypotheses. Let ¢ in R+ X R+ and

eo > 0 be given.
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L 2

(1) n is a continuous function from R~ X Qg into R”.

Hy F and G are continuous functions from Rz

r?, "

o .
'0,€

X Q" x[0,¢] 1ntq

and ' R" respectively. f is continuous on Qi, has a con-

tinuwous derivative in y and f(t,Q) = 0, g 1is continuous on R"

and has continuous derivatives in z. There is an o = (wl,wé,...,a%Q

.

in R such that h, H, F and G have period ws in Gi.
H, F, and G vanish for € =0 and |hl <C;, |H <C, on their

domains.

(2) The solutions of ¥ = £(t,y), y(1) = a, (t,a) in Qi,
are denoted by y(t,7,a) and we assume for some O < ci

’ *
y(t,7,a) exists for t > T when (1,2) is in Qg . We denote by

<a,

o(t,7,a) the matrix gg .

(3) The solution of z = g(z), z(0) = b, b in R", is
denoted by z(t,b) and we assume z(t,b) exists for t > 0. Ve

denote by A(t,b) the matrix %% .

(4) There is an N > O such that on its domain
In(e,t,z) - h(e*,t,2%)| < nN(|z-2* + |6-6%]).

. There is a continuous function £(t,€) on R X [O,eo] decreasing

to‘ 0O as € -0 such that on its domain

|H(6,t,y,2,€) - H(6%,t,¥%, 2%, €)]

< #(t,€)(Jo-6% + |y-y¥| + |z-2¥).
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There is a continuous function vo(e) on [0,e], VO(O) =0 and

a.continuous function A(t,s) for s <t such that on its domain

|o(t, s, y)F(0,s,y,2,€) - 0(t,s,y*)F(6%, 5,77, 2%, €)|

<v (e at,s)(Je-6* + |y-y*| + |z-2%]).

There 1s a continuous function B(t, s), s <t, such that on its

domain
| A(e(t-8),2)G(0,s,y,2,€) - Ale(t-s),z¥)G(6%,s,y¥,z%,¢)|
< 8(t,s) (Je-6* + |y-y¥| + |z-2%).
(5) There are positive constants M, K;, K, and
€ (0 < €, < eo) such that
t Tt N
{wA(t, s) exp £ L(y, el).du d§ <Ky,
t t
J 8(t,s)exp [ Ly, € )du ds < K, t in R,
-0 s
where L(u,€) = (2M+1)£(u, €) + (M+1)N.
. 7 . .
For 0 < T < o"{, 0<71,< Opy T = (‘rl, 72) we define S
2+1

to be all v = (vl, v,) where vl(e, t) is continuous from R
into R with |D(t)vl(6,t)l < 1y, vhere v,(6,t) is continuous

2+1 n .
from R into R with |E(t)v,(6,t)] < v, and where v,,v,
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have period ® in 6 and satisfy Lipschitz conditions in 6 with
constant M. For v in s¥ we define H'(0,t,¢€)
= 1(6,t,v,(6,t), v,(6,t),¢) and F,G similarily. We assume for

some 7Y the following conditions hold:
(6) There are continuous functions vq(€),v,(€) on [0,e,1,
vl(o) = v5(0) = 0 so that : _ .
K v
[ In(v)e(t,s,vy(6(s),8)F (6(s),s,€)|ds < v, (e),
-0

t
e [ |E(t)Me(t-5), v, (8(s),5))G"(6(s),s,€)|ds < vy(e)

-0
for'all v in SY and continuous functions 6 from R into Rm.

(7) For any continuous function 6 from R into R° and

v in 87 1let

. .
Py, (8) = J 0(t,5,v (6(s),8))F (6(s),s,€)as

t v
qev(t) = [ Me(t-8), v, (6(s),5))G (6(s),s,¢€)ds.

Fpr any € in [O,el], fixed we assume

| P (8) - 2, (¥, g, (%) - gy (£

are o(]t-t*]) wuniformly for v in §' and 6 continuous from

R into R-.
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Theorem 3. Assume that conditions (1) - (7) are satisfied. For ¢
sufficiently small there are functions (vl(e,t), v,(6,t) in sT
such that y = vl(e,t), z = vg(e,t) is an integral manifold of (13).

T

Proof: For v in S let gv(t,r,eo) be the solution of

(1) 6 h(9,t,v2(€,t)5 + H'(8,1,¢€), 6(7) = 6,.

The right'side of the equation is Lipschitz in 6 with constant

L(t,e) and is bounded by C., + C,. A routine use of Gronwall's

1

inequality gives

(15) le¥(¢,7,0,) - &7(t, 7,00 <

-
\

T
(IGO - 93] + (ql + C2)IT-T*|)eXp i L(u,el)du

for 7>t and 0<e<ce Let k be a positive integer and let

lo

B, be the functions (Vl(e,t), Vé(e,t)) mapping r? [-k, k]

k

. . m _n . . . T
continuously into (R s R ) with period w in 6. Then S
restricted to [-k,k] 1is a closed convex subset of By. For v
in 87 define Tv(6,t) = (wy(6,t), wy(6,%)) by

t
w,(8,%) = fk?(t,s,vl(gv(s,t,e),s)Fv(gv(s,t,e),s,e)ds

t | :
e [ Me(t-5), v,(£7(s,t,0),9)G (¢ (s,t,6),s,¢)ds
-k .

w2(9,t)
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for 6 in R‘e, -k <t <k. Tv exists by (6) since D,E are
nonsingilar. Since the right side of (14) has period w in 6
we note gv(s,t,6+a9 = gv(s,t,e) + w; consequently Tv has period
o in 8, For e sufficiently small V1(€)<S Ty vg(e) <7,

and hence ID(t)wl(e,t)I.S T |E(t)w2(6,t)|_§ T,. We have

| Wl(e) t) = W'l(e*) t*) l

t
<v (e) I alt,s)[am1]] £ (s,t,0) - eV (s, t*,0%)] as
-k '

and a similar equation for we(e,t). By (15) and condition (5) we
have the family TS’ is equicontinuous in (6,t) and for t = t%
sbove for € sufficiently small |w, (6,t) - w,(6,t)] <Me-0%|,
i=12, Note the condition on € is independent of k. .
Schauder's fixed point implies there is a fixed point of T. Let
v be such a point and 7,0 be fixed. A repetition of the
érgument in Theorem 1 shéws e(t) = gv(t,w,eo), v(t) = vl(gv(t,r,eo),t),
z(t) = vg(gv(t,T,eo),t) is a solution of (13).

For each poéitive k 1let vk be a fixed point of T and
let Gk(t,T,GO), yk(t,T,Go), zk(t,T,Go) be the corresponding
solutions of (13). If Z is the set of positive integers,
{vk(e,t): k in 2} is uniformly bounded and equicontinuous (by
condition (7) on ﬁz X [-1,1]) so there is a Z, CZ so that
(vk(e,t): k in Zl} converges uniformly on r? x [-1,1]. In this

way we obtain a decreasing sequence Zj = [kjl’kj2""} such that
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{vk(e,t): k -in Zj} converges uniformly on rY x [-3,3]. Let

k. = k

. ' o k .
;= Ky 1= 1,200, Z* = {k;};_;, then (v(6,t); k in 2%}

converges uniformly on sets of the form Rz X C, C compact in R.
Let v(8,t) be the limit function. The corresponding sequence
Gk,yk,z also converges uniformly on compact sets in R; thus the

limit functions are solutions of (13). Consequently
y = v,(6,1), z = vy(6,1)

is an integral manifold of (13).

The usual form for the 6 equation in (13) is 6 = 1 +
H(e,t,y,z;e) where 7 is a constant. We include an example
which may occur naturally (séy by using Newton's equations) in a
mathématical model and show how these equations can be reduced to
the form {13) featuring an h term in the 6 equation which is

not constant. Consider a weakly coupled nonlinear system

1]

X + Bx5

. 2 .
-ex + € X(t,%,%,¥)

]

¥ = a(t)y + b(t,y) + Fy(t,%,%y)

where the ¥ equation for € = 0 was described in section 3, B
is a positive number and F,X are continuous on Rh. For € =0
the first equation can be solved in terms of elliptic functions
sn, dn and cn with modulus 1/~Jé. Let x = pcné,

. 2
X = -p ~fé sn 8 dn 6, then equation above takes the form
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é = \/—ﬁ p - €Hl(e,t,Y)p)’
y = a(t)y + b(t,y) + €Fl(9;t,y1 p),
~N
. 2 2 2
p =.-€p sn 6 dn 6 - € Gl(e)t}y’p)'
Let
hx
2
T =-%R é sn s dnes ds,
| - -
v(6,2) = z [ (sn"s dan"s - Y)ds
0

where LK is the real period of the elliptic functions, then under’

‘the coordinate transformation given in the method of averaging

([5], Chapters 14-17), p = z + ev(6,z) . the differential equations

“

become

D
]

VB z + eiy(6,t,7,2,¢€),

t<h
]

a(t)y + b(t;Y) + €F2(9;t:Y:Z:t),

Ne
1

2
-eyz + € G(6,t,y,2,¢€).

Relatively mild hypotheses on X, Fl give the required smocthness

conditions on H,, F,, G, etc.
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6. CONCLUSION

The use of the D(t) ﬁatrices in forming the underlying
function spaces a) allows the asymptotic character of the solutions
of the unperturbed system to be applied.to the perturbed systems
.as in Case 2 of the example in section 3 and b) allows special time
dependence of the perturbation to be taken into account as in Case 3
of the section 5 example. In.comparison to the version of Theorem 1

given by May [11] our method of proof results in an improvement of

the allowable size of the perturbation; however, our proof does not

reveai any periodic or almost periodic charaéter and does not gi&é
unique so%utions

N; Lipéchifz-conaitions were used in section L, thus no
' study was made of the differences y(t,ogal - y(t,oga;). (Here
y(t,ogal) ié a solution furnished by tﬁg conclusion of Theofem 2
with yl(ogogal) = al.) If such conditions are imposed then
asymptotic estimates of these differences can be made. Harbertson
and Struble [8), (Theorem 2) and Hale Eh], (Lemma 2.3) give such
estimates for integral manifolds. Even if Lipschitz conditions
are imposed, our method of proof gives slightly larger bounds for
the size of the perturbation at the expense of uniqueness.,

We remark here that the hypotheses'on the
Av(e) (t-8),v)a(8,s,y, z) Vterm in Harbertson and Struble [8],
page 271, can include v(€) as a multiplier on the left. This

will allow a larger class of examples,

— — o =8 g - D T pe——
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