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PREFACE

This report was prepared by Memphis State University under a cooperative
agreement with Marshall Space Flight Center, Marshall Space Flight Center,
Alabama. The purpose of the agreement was to collect and evaluate as many
matrix solution and inversion subroutines as could be reasonably obtained. The
technical monitor for the agreement was John E. Key of the Analytical Mechanics

Division, Astronautics Laboratory.




COMPUTER PROGRAMS FOR THE SOLUTION OF SYSTEMS

OF LINEAR ALGEBRAIC EQUATIONS

SUMMARY

Forty-seven FORTRAN subprograms for the solution of
systems of linear algebraic equations are catalogued.
Complete descriptions of their use are provided as is a
listing of each. Both in-core schemes and those requiring
auxiliary data storage devices are considered. The in-
core methods include thosevwhich require the full coefficient
matrix in core and those which take advantage of banding or
sparceness.

All subprograms are tested and evaluated experimentally
on the basis of execution time and accuracy. A symmetric,
positive definite, banded test matrix is used in each case.

Matrix inversion is found to be an inefficient technique,
even if multiple right-hand side constant vectors are to be
solved. 1In such cases, either Gauss elimina@ion with
multiple constant vectors treated simultaneously, or
decomposition with the retention of the upper and lower

triangular matrices, is recommended. Double precision

- —arithmetic—is—suggested—as -a-means—of-reducing-roundoff errors, — — _
and should always be employed when permitted by the computer's

core capacity.



On the basis of results obtained with the single test
system of equations, specific subprograms are recommended
for each cagetory of problem. These are: SOLVIT, the
combination of FACTOR and LU, and WUGEL for in-core, non-

banded systems; SIMULT, for in-core, non-banded, sparce systems; DPINV
and MIV if an inverse is required; CHOLES, the combination of DECOM and
SOLV, and BANSLYV for in-core, banded systems; and either DISPL or BANSOL

for large systems requiring out-of-core storage.



I. INTRODUCTION

1.1 General

Many methods of analysis and design in various disciplines
of engineering require the solution of systems of linear
algebraic equations. In particular, the finite element
method can require the solution of extremely large numbers
of equations. Until relatively recently, however, the scope
of such methods was limited by the excessive time required
to solve the equations manually. With the advent of the
digital computer, such problems can now be handled routinely
in most cases.

In this report, a collection of FORTRAN subroutines for
the solution of simultaneous equations has been assembled,
tested, and evaluated. Most of these subroutines can be
easily used for small as well as large sets of equations,
but the emphasis has been on their performance with large
systems. 1In Section 2., instructions for the use of these
subprograms are given, and listings are provided.

A presentation of some of the basic concepts and common

solution methods can be found in Appendix A.

1.2 Test Matrix and Procedures

"In order for the accuracy of a solution technique to be

determined, it is necessary to solve a set of equations whose




exact solution is known. Many such systems exist, and
their properties are well documented (1), (2),(3). The one
selected for use in the present study is given in matrix

form as follows:

2 -1/ X, o
B X 5 &
- 2 -/ )(3 G

-1 2 -1 . .
-t X, /
L — L A L _
The solutions are xi =1i for i=1, ..., n where n is

the number of unknowns. The coefficient matrix is tri-
diagonal, all elements being zero with the exception of the
diagonal elements and those adjacent to the main diagonal.
All diagonal elements have a value of 2 with the exception
of the last, which has a value of 1. The off-diagonal elements
are all -1. The constant vector contains all zeros except
for the nth element which is 1.

Since this study is oriented toward systems of equations
arising from physical situations, the system represented by
Eq. (1.1) 1is desirable for several reasons. The coefficient

matrix is symmetric, banded, and positive definite, properties



frequently encountered in physical problems. In fact, this
system is the set of equilibrium equations obtained from the
stiffness analysis of a series of n -1 springs of unit
stiffness, fixed at one end with a unit load applied at the
other. Other, more restrictive matrices could also be used
in order to fully test the capabilities of the subroutines
included herein, but such an evaluation is beyond the scope
of this report.

No attempt has been made to compare methods on any but
an experimental basis, even though it is known that some
techniques are less efficient than others (i.e., Gauss-Jordan
elimination involves more operations than Gauss elimination).
The execution time and accuracy can also be influenced by
the way an algorithm is programmed.

To compare the accuracy obtained with different sub-
programs when solving the same system of equations, two

error measures were used. These are given by
72

Fetlser

and
v = max ,e,';,

where e, is the difference between the exact and computed

values of xi. The error measure f estimates the overall

71naccur5&y of the solution, and m is simply the largest

error in any of the unknowns.



For a comparison of execution times, machine language
subroutines which initialize and read the computer's
internal clock were furnished by the Computing Center at
Memphis State University. Although the operating system is
such that execution times vary slightly with the status of
the system at the time that a program is run, a relative
measure, adequate for comparison purposes, can be obtained.

The basic test procedure, insofar as the programming is
concerned, was to (1) generate the test matrix and constant
vector, (2) initialize the internal clock, (3) execute the
solution subroutine, (4) read the internal clock, (5) compute
the error measures, and (6) print the results. In the case
of inversion subroutines, the execution time was the total
time required to invert the coefficient matrix and obtain a
solution vector. The error measures were computed with
respect to the solution vector and not the inverse matrix.
The procedure was necessarily modified somewhat for those
methods requiring auxiliary data storage devices. A typical
test program with its output is given in Appendix B.

The computing facilities used in the evaluation of these
subroutines consist of an XDS Sigma 9 with 128K words of

core storage, one word consisting of 32 bits.



IX. SUBROUTINE DESCRIPTIONS AND LISTINGS

In the descriptions that follow, an attempt is made to
give a potential user of these subroutines complete infor-
mation on their implementation. No evaluation or comparison
is made in this section; this part of the report functions
solely as a user's manual.

In most cases, the subroutines are in the same form
as the author found them, and no attempt was made to improve
them. Where changes were made to a previously publiéhed
version, these changes are documented in the description.

All subroutines described are accompanied by a listing
with the exception of BANSLV. At the time of this writing,
Permission to print the listing had not been received from
the publisher of its source. A listing can be found in
Reference 4, however.

With three exceptions, those subroutines designated as in-core and non-
banded are those which require the full coefficient matrix in core. Subroutines
SIMULT, SOLV 3, and SOLVE 2 are designed for sparce matrices and require
only the nonzero coefficients in core. Subroutine SOLVE 3 accounts for
symmetry and requires only the upper triangular portion of the coefficient
matrix. Those termed in-core and banded account for the banded nature of the

coefficient matrix and require only the coefficients within the band to be stored

in core. In most cases only the upper or lower half-band of symmetric matrices



is required. The term half-band as used here is actually the semi-band width
which includes the diagonal coefficient. The two out-of-core subroutines given
use auxiliary data storage files, and require only a portion of the coefficient

matrix to be in core at any given time,



2.1 In-core, Non-banded Equation Solvers




SIMEQ

Source: John M. McCormick and Mario G. Salvadori, Numerical

Methods in FORTRAN, (c) 1964, p. 205. Used with

permission of Prentice-Hall, Inc., Englewood Cliffs,

New Jersey.

Method: Gauss elimination (See appendix A).

Usage:
DIMENSION A(n,n),Y(n),X(n)
CALL SIMEQ (A,Y,X,N)
where

A = coefficient matrix

Y = constant vector

X = solution vector

n = maximum permissible number of equations

N = number of equations to be solved

The original value of A is destroyed.

10



The array sizes in the DIMENSION statement in SIMEQ
must conform to the following:

DIMENSION A(n,n),Y(n),X(n)

Comment: The original version is a program. Only those
changes necessary to convert it to a subroutine

were made.

11



10

20

12

SUBROUTINE SIMEQG (As Ys X» N)
DIMENSION AL1005,100)0Y(305),X(10C
DOUBLE PRECISION AaXxsY

Mo N = ]

00 10 I=i,M

L= I + 1

00 40 J = LuN

IF (A(JUsl)) 654046

DO B Kal,N

AldaK) & A(JsK) = AlLTIKI*A(JsTI1/7AL1T41)
YiJ) = Y(d) = Y(I)®A(JdsI)/ZA(101)
CONTINUE

X{N) B Y{N)/ZAININ)

DO 30 1 = 1M

K anNa]

L= K + 1

D0 20 J=LuN

YIK) & Y(K) = X(J:/#A(KsJ)

- RIK) = Y{KI/ALKIK)

RETURN
END



SIMEQ3

Method: Gauss elimination (see Appendix A).

Usage:
DIMENSION A(n,n + 1),C(n)
CALL SIMEQ3 (aA,N,C)
where

A = coefficient matrix augmented by the constant

vector attached as an additional column
C = solution vector
n = maximum permissible number of equations
N = number of equations to be solved

The original value of A is retained.
The array sizes in the DIMENSION statement in SIMEQ3
must conform to the following:
DIMENSION A(n,n + 1),B(n,n + 1),C(n)
o ~“Tn—the~event~A~is-singularT“an_error,me§§§9§_i§wp£i§§§§;__n_‘__hﬁm_

The output device designation is specified in the statement

INTEGER OUT/108/

13



SUBRUUTINE SIMES3(ASNIC)
ODIMENSION A(1CU,1CLIB(100s101),C1100]
INTEGER CuTrs108/
TOL=5sQE=(Q8
KA=N+]
DU 5 I=N
00 5 Jal,yKaA
5 Btlsdls0el
Ké=g
K3={
DO 10 I=1uN
D0 |10 uml,KA
MOVE MATRIX TO WORKING AREA
10 Bllsdl=Ailasd)
20 IF(ABS(BIKIIK3))=»TOL)30,150,10C
30 IF(K2aN)40,4Cs30C
4y DO 50 .I=1,KA
D=8(K3,1)
BIK3sI1)=28(K2s1)
BliK2s1)ap
50 CONTINUE
K2msKeg+1l
_ G0 TO 290
100 Ki=K3
K3=sK3+l
KEaK3+1
IF(K3=N)12C,12052C0
i20 DO 130 I=K3,KA
BiKis11mB(KlaT)1/B8(K1s,KL)
13C COUNTINUE
DO 14C I=K3u,N
DC 140 J=sK3,Ka
Btlod)=Bilad)l=B(I,K1)2B(K1,sJ)
14C CONTINGE
GO TC 2¢
2u0 CINIZBINJN+1)/BININ)
K3aNm=i
210 Kli=K3+1
D=0
DO 2280 I=K1luN
220 D=D+b (K3, 112CL])
CIK3I)=B(K3sKA )=l
K3=K3=]
IFIK31350,35C,210
300 TOL=TOL/13
IF(TOL=1+lE™301320,31C,310
310 K2=K3+1
GO TO 20

329 WRITE( CUT»321)

321 FORMAT(//23H NG SOLUTION FROM SIMEQ//)

14



35C RETURN
END

15



WUGEL

Source: Written by T. S. Wu, Department of Civil Engineer-

ing, Memphis State University

Method: Gauss elimination (see Appendix A)

Usage:
DIMENSION A(n,n + r)
CALL WUGEL (A,N,M)
where

A = coefficient matrix augmented by the constant

vectors attached as additional columns
n = maximum éermissible number of equations
r = haximum rermissible number of constant vectors
N = number of equations to be solved
M = N plus the number of constant vectors to be solved

The original value of A is destroyed, and the solution

vectors replace the corresponding constant vectors.

[

16



The DIMENSION statement in WUGEL must conform to the

following:

DIMENSION A(n,n + r)

17
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SUBROUTINE WUGEL(AsINIM)
OIMENSION A(10C,101)
NManN=]

DO 100 K=1,N

Kl=K+1

DO 1085 Jexism
AlK)JI=A(RKIJ)Z7AIKIK)

IF (K1=p) 110,1005100
OC 10T I=KisN

DO 100 JsKinM

Atlydisatisdim=a{lsK)®alKoJd)

CONTINUE

DC 115 L=i,NM
KeMs|

KéanNw=L

DO 115 I=i,K2

All,Mi=ailoM)ma(lsKI2sa({KsM)

RETURN
END



Method:

Usage:

GAUSEL

DIMENSION A(n,n + 1)

CALL GAUSEL (A,ND)

where

A = the augmented coefficient matrix.

Gauss elimination (see Appendix A).

The constant

vector is attached as an additional column with

its algebraic sign reversed.

the matrix equation

AX

That is, for

the augmented matrix takes the form

~

a a

11 712

a

19



n = maximum permissible number of equations.

ND = number of equations to be solved

The original value of A is destroyed, and the solution
vector is returned in the last column of A.

The array size in the DIMENSION statement in GAUSEL must
conform to the following:

DIMENSION A(n,n + 1)

20



n &

SUBROUTINE GAUSEL(AJND)
DIMENSION A(100,101)
NiaND+i

Q1 I=1,ND

IF11=1)2,2,3

Ma]m]l

D04 Kmi,pM

R=AL1sX)

D04 JUmKsNi
AllsJd)=aRra(Kod) + Allsd)
DEA(I,1)

00idJdalsNi
All)dimAllsd)/ (=D}
NE2aND=}

005 I=i,nNg

LaNDs=]

M=l+]l

J05 J=MsND

AlLONL)= a(LoaNL)+A(LsJIBA(JINL)
RETURN

END

21



SIMEQ2

Source: George C. Marshall Space Flight Center

Computation Laboratory Programmer Procedures Manual

Method: Method of rotations (see Reference 5).

Usage:
DIMENSION A (m),X(n)
3 .
CALL SIMEQ2 (A,X,N,1IE)
where

A = coefficient matrix augmentéd by the constant
vector attached as an additional column. This
augmented matrix must be stored in one-dimensional

array, row by row.
X = solution vector
n = maximum permissible number of equations
m = maximum permissible number of elements in A

m=n(n + 1)

22



N = number of equations to be solved

1IE

a singularity indicator

IE

0 if A is non-singular
IE # 0 if A is singular

The original value of A is destroyed.

Note: This subroutine calls subroutine SIM.

23



SUBROUTINE SIMEQ2({AsXsNsIE)
DIMENSION AlL)aX(1)
NNSsN®N

MManN+l

NlisNs}

DO 1 K=1i,nN1i1

DU 1 J=K,Nil
IzK+MMay
LeJ+mris(K=1)+1
TEMP=A(L)
AlL)=A(])
AlL)=TEMP
NMiaN11amM

L=0

50 3 KepMmaikMmismh
L=l+]

X{L)=A(K)

I=N

D0 4 Ks2,N

D0 & J=luNN
LaJ+tiMa (K=l
Isl+il

All)YsA({L)
MIaMaMMeN-]
NNMaNN+]

1=0

00 8 KaNnNMs MMM
I=]+1

AlK)IaxX{1)
NMNM®N® M

CALL SIM (AsNa2JELMM)
L=0

DO 2 IaNNsNy=N
L=l+l

x{L)=A(l)

RETURN

END



SUBROUTINE SIrMtAstisIEIMM)
DIMENSION A(NJsMM)

IEaQ

NNEN=]

DC & K=lynNN

AMAX3Te0Q

00 2 IeKuN

SIGN=A(IJK)
ABPIVEABS(SIGN)

IF (ABPIv=sAMAX 12,2301
AMAX®ABPIY

ClveSIGN

IMAXa]

CONTINUE

IF (AMAX)3,3s4

IE=y
RETURN

IF (IMAX=K)5,7,5

DU 6 usKsMM
AMAX=A(IMAXs )
AlIMAXy)dJd)imAa (KIS
AlKsJ)mAMAX

CONTINUE

KKsK+1

D0 8 IsKKsN
AMAX=A(I)X)/D1IV

D0 8 J=KKJMM
Allsd)mAa(lsJ)marAXea(Kyd)
CONTINUE

JJEN

DO 12 J=iyN
AlINsJIBALJJIMMI /A (Jda Jd)
KKansy

IF (KK113,1351¢C

DU 11 IsJsnNN
AlKKsMM)IBA{KKsMM)IsA (NS J)H*AIKKY JJ)
KK=KK=1

JsJdsl

RETURN

END

25



FACTOR and LU

Source: Numerical Algorithms: Origins and Applications,
by B. W. Arden and K. N. Astill, Copyright 1970
by Addison-Wesley Publishing Company. Used with
permission of the publishers.

Method: pecomposition (see Appendix A).

Usage:

DIMENSION A(n,n),B(n,r),L(n)
DETER = FACTOR(N,A,L)
CALL LU(A,L,N,B,M)

where

26

A = coefficient matrix

B = matrix of right-hand side constants (consisting

of one or more constant vectors)
L = working storage

n = maximum permissible number of equations

.
s



r = maximum permissible number of constant vectors

DETER = determinant of A

N number of equations to be solved

M number of constant vectors to be solved

. FACTOR is a function subprogram which decomposes A
into upper and lower triangular matrices. The value of the
function is the determinant of A. Subroutine LU solves for
a given set of constant vectors and may be called repeatedly
for different sets of constant vectors.

The constant vectors are replaced by the corresponding
solution vectors.

The array sizes in the DIMENSION statements in FACTOR

and LU must conform to the following:
In FACTOR: DIMENSION A(n,n),P(n)

In LU: DIMENSION A(n,n),P(n),B(n,r),T(n)

27
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i4
i
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FUNCTIGN FACTORI{NJIAIP)
DIMENSIUON A(10Cs100),P(1GO)
REAL MAX

INTEGER PJPKJPI

DU 10 I=1,N

PlLlr=1

NiaNel

DELTA=L

00 11 K=isN1

PK = P(K)

MAX2AZS(AIPKIK))

DU ié [=KuN

PI=P(I)
IF(ABS(A{PIK)IsLToMAX) GO TO 12
MAX=ABS({A(PIIK))

PK=]

DELTAemDELTA

CONTINUE

IF(MAX+GTsC) GG TO 13

FACTOR =

RETURN -
PlaP(K)

PIK)3P(PK)

PIPK)=P]

Ki=K+1

DO 14 I=xKlJN

PI=P(1)
A(PlsK)=a(PIlsKI/ZAIPKSK)

00 14 u=K1iuN
ALPIIJI2A(FIsJimA(PIIKI®AIPK,J)
DELTA = CELTA®A(PKIK)

FACTOR = DELTA*A(PIN)IJIN)
RETURN

END




ic.

ie

il

SUBROUTINE LULAJPaNIBIM)
DIMENSION ALLCC,100)P 1100 BI100sD9)2TILGO)
INTEGER PsH

DO 11 KeluM
Tiili=BiP(1)aK)

00 1C I=zuN

M=P (1)

TiI)=B{MHsK)

ILim = [=}

DO 10 J=i,ILIM
T(IlaT(li=alH)d)aTLU)
TINI®T(N)/ZAIFRINTIN)
BINsKISTIN])

D0 11 I=s2sN

IC = N+l=m]

MaP (1)

[Pla]lC+]

DO 12 JelPlaN
TIIC)=2TIIC)mAlmMad) 2T ()
THICI=T(iC1/7AalmMs1IC)
B(ICsK)=T{IC)

RETURN

EnD

29



GAUSS

Source: Applied Numerical Methods for Digital Computation
with FORTRAN, by M. L. James, G. M. Smith, and J. C.
Wolford. Copyright 1967, by International Text-
book Company. Used with permission of Intext
Educational Publishers.
Method: Gauss elimination with partial pivoting (see
Appendix A).
Usage:
DIMENSION A(n,n + 1), X(n)
CALL GAUSS (A,X,N)
where

30

A = coefficient matrix augmented by the constant

vector attached as an additional column.

X = solution vector

n = maximum permissible number of equations

N = number of equations to be solved



The original value of A is destroyed.
The array sizes in the DIMENSION statment in GAUSS
must conform to the following:

DIMENSION A(n,n + 1), X(n)

Comment: The original version is a program. Only those
changes necessary to convert it to a subroutine

waere made.
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SUBROUTINE GAUSS(AsXIN)

REFERENCE = APPLIED NUMERICAL METHCDS FOR DIGITAL

COMPUTATIONs BY JAMES, SMITHs AND
WOFFORD »

SOLUTION OF SIMULTANEODUS EGUATIONS BY
GAUSSIAN ELIMINATION

DIMENSION A110C,»101)0X(100)
MmaN+1

LaNal

DC 12 K=isl

JJBK

BIG=mABSIA{KIKI)

KPlakK+]l

SEARCH FOR LARGEST POSSIBLE PIVOT ELEMENT

DO 7 I=KF1laN
AB=ABS(ALTINIK))
IF(BIG=AB)64747
6 plG=AB
JJei
7 CONTINUE

DECISION UN NECESSITY OF ROW INTERCHANGE
IF(JJ=K)E,1C,8
Ruw INTERCHANGE
8 00 9 JsKum
TEMP=A(JUsJ)
AldJsdJd)ImA(K,J)
Y AlKsJI=TEMF
CALCULATION OF ELEMENTS OF NEw MATRIX
10 DO 11 I=KP1lsN
GUOT=A{1,XK)/AIKsK)
DO 11 JakKPFisM
31 Allad)=AtlsJ)=GUOT*A(IKSJ)
DS 12 I=KPIN
12 AlI K)=Q0
BACK=SUBSTITUTICN

XI{N)ISA(NsM)/AININ)



i3
14

CO 1% NN=isL

SUM=Q

I=NaNN

IPisI+g

DS 13 umlPluN
SUMaSUM+A I J)aX(J)
X(IV®{A(I,)MI=SUM)/ZA(Is1)
RETURN

END
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sSource:

Method:

Usage:

where

34

SOLVIT
George C. Marshall Space Flight Center Computation
Laboratory Programmer Procedures Manual

Decomposition with partial pivoting, iterative
improvement, and initial scaling of each row (see
Appendix A). Summations are performed in double

precision arithmetic.

DIMENSION A(n,n),B(n),X(n),wW(n,n + 5)

CALL SOLVIT(A,N,M,B,X,ACC,MAXIT,IT,IN,W)

A = coefficient matrix

B = constant vector

X = solution vector

W = working storage

n = maximum permissible number of equations

N = number of equations to be solved



M = value of n in the DIMENSION statement in the

calling program
ACC = desired accuracy (see note)

MAXIT = maximum number of iterations desired. If
MAXIT is specified as zero, no iterative

improvement will be performed.

IT = a singularity and convergence indicator. IT is
returned as -1 if A is singular, as O if
convergence is not achieved within the number
of iterations specified (i.e., MAXIT), and as
the number of iterations required if convergence

is achieved.

IN

1 for the first entry

IN

2 for subsequent entries with different

constant vectors.

The original value of A is destroyed, but the upper and
lower triangular matrices into which A is decomposed are

retained for use in solving for additional constant vectors.

Notes:
1. Some insight into the selection of a value for

ACC may be gained from the following discussion.
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After obtaining a solution vector xo, a residual
vecto; is computed, and a solution vector xr

is obtained using the residual vector as a
right-hand side constant vector. If the largest
element in X is less than or equal to the
product of ACC and the largest value in the

solution vector X convergence has been achieved.

0’
Using the test matrix given in Section 1 ,

an accuracy of better than eight significant
digits was achieved with MAXIT = 2 iterations and
ACC = 0.001, but IT was returned as 0 (no
convergence). When MAXIT was specified as 3,
with ACC = 0.001, IT was returned with a value

of 3 (convergence in 3 iterations).

This subroutine calls subroutine SIMEQA.
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SUBROUTINE SOLVIT(AMNIMIBIX,ACCONMAXITHLITHINIW)

A INPUT mMATRIXs SGUARE
N NCe UF RCWS OF A
M NCe OF ROWS OF THE ARRAY IN wHICH MATRIX A IS STORED
B VEZTCR OF CONSTANTS (RIGHT HAND SICE)
X THE SOLUTION VECTOR
AC OESIRED ACCURACY
MAXIT MAXIMUM NOeo OF ITERATIONS (10 IS MCRE THAN ENCUGH)
17 FLAG SET ==4 IF A IS SINGULAR
=0 IF CONVERGENCE IS NOT ACHIEVED
a NOe OF ITERATICNS TO (ONVERGE
IN =] FOR FIRST ENTRY
ag FOR SUBSEQUENT ENTRIES WITH NEw 3
W WORKING STORAGEs N#(N+S5S) WORDS
DIMENSION WINJM) v
IF (IN s£0¢ L1)CALL SIMEGQGALAINIMIACCOMAXITLITHINIKILL1)
i WILaN+L pWILaN®2)aWILN*3 A l1N+8) W 1N+5))
CALL SIMEGB(Bax)
RETURN

END



SUBROUTINE SIMEQA(AAINNIMMIEPSIMAXITIIT)INSIAIBIFACTIITOFIYs2)
DOUBLE PRECISION SUM
DIMENSION AINNINNISB(1)0Z 040 Y1) 5AAIMMIMY)SFACTIL)LITOPIY)
GO TO 4Gy
ENTRY SIMEGB(8HBsX)
DIMENSION BBI(41ax(1)
GC TO (193,250)41IN
180 N=NN
Nif=N=]
NP=N+]
00 1235 1I=isN
D0 110 d=1aN
Allsdl=Aaailsd)
110 CONTINUE
120 CUNTINUE
c NURMALIZE EACH ROw
DO 150 l=iJsn
IFLALTISL1)eLE®Ce) K=
IFCA(IS1)sLESDs) GO TC 1000
K2ALCGEIA(L,1))
19¢0 DU 130 J=gun
IFCACILJIeLESDs) GC TO 130
K=MAXTS (K, ALOGtA(TSJ) )
130 COUNTINUE
FACT(I)m=2exn({=K)
DO 14C J=iaN
Allod)=A(I, ) #FACTI(I)
AR(TIogImA{INY)
140 CONTINUE
150 CUNTINUE
C GauSsiaN ELIMINATION WITH PARTIAL FIVOTING
DO 220 mM=1,nm
TOP= ABS(aiMsim))
IriaxXan
MP=sM+]
00 160 l=MP,N
IF (TOP sGE ABS(A(TsMI)) G0 TO 168
TOP= ABS{Aa(IsM))
ImAaX=s]
160 CONTINUE
IF (TGP +GTe GCe) GO TO 173
IT.-l
GO TO 4Ug
17¢ ITOPIMI=IMAX
IF (ImAX +LEs M} GO TG 190
DU 180 I=i,N
TEMP®=A(M, 1)
AlMal)l=AiIMAXSI])
ALIMAX, I )=TEMP
TEMP=AA(MsI)

c
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()

AAIMsI)=AA(IMAXST)
AACIMAXS 1 )=TEMP

180 CUNTINJE

15C mMPeM+i
00 210 I=MPuN
EM=A(l,M)I/ZA(MIM)
AllsMi=ER
IF (EM «EGe 0O¢) GO TO 210C
00 2CC J=mMPJN
Atlodlsallsd)lmaliMsd)*EM

200  CONTINUE

210 CONTINUE

220 CONTINUE

ITCPRIN) =N
IF (A(NJIN) «NEe¢ $s) GO TC 25C
ITani

G0 TC 403
AT THIS POINT A=({L+I)»U WITH L AND U LUWER AND UPPER
TRIANGULAR MATRICESS
PRCCESS RIGHMT HAND SICE
E5¢  ITMAX=MAXIT
1TsC
DO 2860 I=1,N
Bil)=Ba3(1)*FACTI{I)
x(1)=¢ :
CONTINUE :
OG 270 I=1uN
IMax=ITOP(I1)
IF (IMAX «EQs I) GO TC 265
TEMP=B(I)
BlI)=B(IMmaX)
BIIMAX)=2TEMP
265 Zili=B(1)
BE(I1=e3(])
273 CONTINUE
CCmMPUTE Z» WHERE L*Z=B8
280 00 300 I=2usN
Kmlal
SUM=C
DU 29C J=isK
SUrMaSuUM+A(Iadi*Z2(d)
29C CONTINUE
261)=2(1)1=SUM
300 CONTINUE _
SOLVE FCR Xs WHERE UxXx=2
DO 330 K=1.0N
I=NP =g
SUmMsQe ’ o ‘ ' S
IF (K ¢EQ@e 1) GO TO 320
IP=l+1

o
o
C



DO 31C J=IPusN
SUMeSUM+A(Isd)xY(J)
310 CONTINUE
320 Y(Il)s(Z(Il)eSUMI/ZA{ILI)
330 CONTINUE
ITERATIVE IMPROVEMENT
DU 340 I=isnN
X{I)sX(lrevYtI)
340 CONTINUE
IF (ITMAX oNEe Q) GO TO 345
IT=0 :
GO TO 400
345 [T=1T+1
ITHAX=ITmAX=1
IF (IT oGTe 11 GO TO 360
TOP= ABSiIX(1))
DU 350 Il=gsN
IF ( ABS(&UI})) +GTe TOP) TOPe ASS(X(I))
350 CONTINUE
TEmMP=2TOP®EPS
360 TOP=s aBS(Y(L1))
CO 37C I=2,N
IF ( ABS{Y(I)) sGTe TOP) TOP= ABS(Y(I))
370 CONTINUE
TEST FOR CONVERGENCE
IF (TOP «iLEs TEMP) GO TO 400
DC 39C I=luN
SUMale
DO 380 JslunN
SUM=SUMTAAl I JdieXx(J)
380 CONTINUE
2(1)1=8B(])=Sum
390 CONTINUE
GO TO 28¢
@) RETURN
END
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SMEQ1

Source: Synthesis of Dynamic Systems Using FORMA (FORTRAN
Matrix Analysis), a report prepared for NASA under
MSFC Contract NAS8-25922 by Martin Marietta Corp-
oration, May 1971.
Method: Gauss elimination with partial pivoting (see Appendix
A) »
Usage:
DIMENSION A(n,n),B(n),Z(n)
CALL SMEQ1l(A,B,Z,N, KR, NERROR)
where

A = coefficient matrix
B = constant vector

Z = solution vector

n = maximum permissible number of equations

N = number of equations to be solved

41



NERROR

an error indicator. NERROR is returned with
a value of zero if A is non-singular and
with a non-zero value if A is singular.

In the latter case, the numerical value

of NERROR is an aid in locating the point

in the subroutine from which control is

returned.

The original value of A is destroyed.

Comments:

42

Several minor changes were made to the original

version of SMEQ1l:

l.

The calls to subroutines PAGEHD and ZZBOMB

were deleted.

Calls to ZZBOMB were replaced by RETURN

statements.

The variable NERROR, originally an argument
of subroutine ZZBOMB, was added to the

argument list of SMEQl.

These changes were made for the purpose of

obtaining a "stand-alone" equation solver not

requiring any supporting subroutines.
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SUBROUTINE SMEG1 (AsBsZsNsKRINERROR)
DIMENSION AIKR,1)sB1L1)02¢(1)
DATA TOL/1¢E=15/

SOLUTION OF LINEAK SIMULTANEQOUS ALGEBRAIC EQUATIONS, AxZ = B

GAUSS ELIMINATION METHCDes FORWARD SOLUTION TRANSFORMS ORIGINAL SYSTEM
INTO TRIANGULAR FORMs BACK SOLUTION THEN GIVES RESULT:

LARGEST PIVUTAL CIVISOR IS USED TO AVOID DIVISION BY SMALL NUMBERS
THE ROWS ARE INTERCHANGED WHMEN NECESSARY TO ACCOMPLISH THISe

IF NO PIVOT CAN BE FOUND EXCEEDING 1+E=15, THE MATRIX IS CONSIDERED
SINGULAR AND THE PROGRAM STOPPED:

CODED BY CARL BODLEY. AUGUST 1968

MODIFIED FOR CONTRACT NAS8=25922, MAY 1971,

SUBROUTINE ARGUMENTS

A = INPUT SGUARE MATRIX OF COEFFICIENTSY SIZE(NJN)e #DESTROYED»
5 e INFUT RIGHT HAND SIDE VECTORs SIZE(N)e *DESTROYEC*
2 = QUTHFUT RESULT VECTORs SIZE(N)
N = INPUT NUMBER OF EQUATIONS.
KR = INPUT ROW DIMENSION OF A IN CALLING PROGRAM.

IF (N «GTs 1) GO TC 5

NERRGR =& |

IF (ABS{A{L1,1)) +LEs TOL) RETURN

NERROK=(

2i1) = Bl1)/ZAt1a41)

RETURN

FORKWARD SCLUTION
5 D0 25 L=1sN
AMAX = TOL
0O 10 I=L4N
IF (ABS{A{IsL)) oLTe ABS(AMAX)) GC TO 10
AMAX = Atl,L)
IMaxX = [
10 CONTINUE
NERRUR = 2
IF (ABStAMAX) «LEs TOL) RETURN
OU 19 JelaN
SAVE = A{Imaxsd)
ALIMAX)J) = AlLsJ)
195 AllLsd) ® SAVE/ZAMAX
SAYE = B(IMAX)
BlIMAX) = BilL)
(L) = SavE/ZAmaXx
IF (L «EGs N) GO TO 40
LP1 = L + i
DU 2% (=LPIsN
D0 20 JelPluiiN
¢ AlI,d) = atlad) = AlIsL)»A(LLJ)
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25 BII) = B(I) = a(I,L)*B(L)

BACK SOLUTIUNS
40 Z(N) = BIN)
NML = N = ]
DO 435 L=lsNML
Il = nN&sas L
ZiIl) = B(I)
D0 45 Kml,nNMl
J = K + 1
45 Z(I1) & Z(I) = A(I,J)aZ(J)

NERROR=0

RETURN
END

44



DPSIM

Source: George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Method: Double precision Gauss elimination with partial

pivoting (see Appendix A).

Usage:
. DOUBLE PRECISION A(n,n + 1),DET
CALL, DPSIM(A,N, DET)
where

A = coefficient matrix augmented by the constant

vector added as an additional column
n = maximum permissible number of equations
DET = determinant of A
N = number of equations to be solved

The original value of A is destroyed, and the solutions

are returned in the last row of A in reverse order: —Xﬁlﬁﬁgiﬁw—
[

=X

Mg = Xy1e - - Py T X

45



The array size in the DOUBLE PRECISION statement in
DPSIM must conform to the following:
DOUBLE PRECISION A(n,n + 1),DET,SIGN,AMAX,

ABP1IV, DIV, SS



iy

il
ie

1o

SUBROUTINE UPSIMi{asN,CET)
DOUBLE PRECISICN A(10C,101))CETsSIGNsIAMNAXIARPIVIDIV,SS
MMan+i
§5=1+000
PET=21+0D¢C
NNanN® ]
DO 8 Ke=l,NN
AMAX=0+CDY
O 2 I=Ku,N
SIGN=A(IsK)
ABPIVEDABS{ISIGN)

IF (ABPlv=sAMAX 12,241
AMAX=ABP]IV
DIVaSIGN

Imax=l

CONTINUE

IF (AMAX 1323046
DET=0e000
RETURN

IF (IMAX=K)507,5

DS 6 J=KsMM
AMAX=A(IMAX) W)
AlIMAX)J)=A(KsJ)
AlKsdJdl=zAMmAX
CUNTINUE
§S=eSS
KKaK+1

DO & I=KKJN
AMAXSA(I,)K)/DIV
DO & J=KKsMM
Allodisa{lsJ)lsamaXsA(xK,J)
CONTINUE

DO 9 I=i,i
DET=CET*A(1,1)
DET=DET*SS

JJ=N

DO 12 J=14N

AN IJIsA(JJdaMMYI/ZAldUrJdU)
KKeN#J

IF (KK)J13,13510

D3 11 I=JsnNN
AlKKsMM)sa (KK MM ) oA (NS JIRA(KKIJJ)
KK=KK=]
Jd=ddel
RETURN

END
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SHORT

Usage:
DIMENSION A(n,n + 1)
CALL SHORT(A,N)
where

A = coefficient matrix augmented by the constant

vector attached as an additional column
n = maximum permissible number of equations
N = number of equations to be solved

The original value of A is destroyed, and the solution
vector is returned in the last column of A.

The array size in the DIMENSION statement in SHORT must
conform to the following:

DIMENSION A(n,n + 1)
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SUBROUTINE SHORT(AMN)
DIMENSION AL1CG2101)

DO 2 l=luN

DO 2 JmluN

ReA{lau*li/zZAa(L,1)

DO 1 K=2uN

AlKeal, J*l)®A(K)J+1)=R%A(K,]I)
AINpJ+l )R

RETURN

END
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SOLVE1

Source: Applied Numerical Methods for Digital Computation

with FORTRAN, by M. L. James, G. M. Smith, and
J. C. Wolford. Copyright 1967, by International
Textbook Company. Used with permission of Intext

Educational Publishers.

Method: Gauss-Jordan elimination (see Appendix A). Zero

divisors are avoided by row interchanges.

Usage:
DIMENSION A(n,n + 1)
CALL SOLVEl (N,A)
where

50

A = coefficient matrix augmented by the constant

vector attached as an additional column

n = maximum permissible number of equations

2
b

number of equations to be solved



The original value of A is destroyed, and the solution
vector is returned in the first column of A.
The array sizes in the DIMENSION statement in SOLVEl
must tonform to the following:
DIMENSION A(n,n + 1),B(n,n)
In the event A is singular, output is produced. 1If
the output device designation is anything other than 3,
the statement
WRITE (3,10)

must be modified accordingly.

Comment: The original version is a program. Only those
changes necessary to convert it to a subroutine

were made.
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ONOOO0OO0O0O0O00

SUBROUTINE SCLVELI(NsA)
SOLUTION OF SIMULTANEOUS EQUATICNS BY GAUSS = JORDAN ELIMINATICN

ZERQ DIAGONAL ELEMENTS ARE PERMITTED.
THE ORIGINAL ELEMENTS CF As THE AUGMENTED mMATRIX» ARE LOST.
THE SOLUTIGNS 4RE STCRED IN THME FIRST COL OF THE AUGMENTED MATRIXs

DIMENSION AL20C,1040,B11000400)
M = N + 1
IFCALI,L)Y)) 11,6011
K = Maj
0C 9 I=z,K
IFLALTLSL))Y 748,7
7 0O 8 Jmium
TEMP = Allsd)
AlIsd) = Allad)
8 allsuw) = TEMP
GO TO 11
9 CONTINUE
WRITE(3,130 )
1C FORMATI(////7 19K NO UNIGUE SCLUTICN)
GO TO i8 ’
il DO 12 J=gsm
DU 12 I=&sN
i2 Bil=lsdmi) = A(l,Jd)=Allad)®allsll/ZAll,l)
DO 13 J=2uMm
15 B(NsJ=1] = A({l,01/7A(121)
M= M=l
DO i4 JmiuM
PO 14 I=iuN
i4 Aailsd) = Bilsd)
IFim=1) 5,18,5
18 RETURN
EnND

[ 3 )
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WUIGT

Source: Written by T. S. Wu, Department of Civil Engineer-

ing, Memphis State University

Method: Gauss-Jordan elimination (see Appendix A)

Usage:
DIMENSION A(n,n + r)
CALL WUIGJ(A,N,NSOIL,DETA)
where

’

A = coefficient matrix augmented by the constant

vectors =ttached as additional columns
n = maximum permissible number of equations
r = maximum permissible number of constant vectors

N = number of equations to be solved

NSOL

number of constant vectors to be solved. 1If

NSOL is specified as zero, the inverse of A

is computed and returned as A.

DETA = determinant of A
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The original value of A is destroyed, and the solution
vectors replace the corresponding constant vectors.

The DIMENSION statement in WUIGJ must conform to the
following:

DIMENSION A(n,n + r)
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éc

50
40

29

O
7¢

10

SUGRCUTINE WwUIGJLasNsNSOLSDETA)
DIMENSION A(10C,105)
CETA=1.

NoOLEN+NSTL

PO 10 K=iuN
IFLAIK,K)IEDLTFUIEDS
DETA=0

RETURN
DETA=DETAXA(KIK]

D0 40 J=1,NCOL
IFIJ=K)5Cs40,50

AlKsd) = A(KIJIZAIKIK)
CUNTINUE

AlKsK) & 1a/AIKIK)

D0 10 I=1l.N

IF(I=K) 6Cs1026C

DU 70 J =laNCOL
IF(J%K ) BL,T7048G

Allsd) = A(Isd)=AlTlIKI®AIKSJ)
CONTINUVE
AlToKIzsaA{I,K)*A(KsK])
CONTINUE

RETURN

END
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WUGJIN

Source: Written by T. S. Wu, Department of Civil Engineer-

ing, Memphis State University

Method: Gauss-Jordan elimination (see Appendix A)

Usage:
DIMENSION A(n,n + r)
CALL WUGJN (A,N,M)
where

A = coefficient matrix augmented by the constant

vectors attached as additional columns
n = maximum permissible number of equations
r = maximum permissible number of constant vectors
N = number of equations to be solved
M = number of constant vectors to be solved

The original value of A is destroyed, and the solution

vectors replace the corresponding constant vectors.

56



The DIMENSION statement in WUGJN must conform to the

following:

DIMENSION A(n,n + r)
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105

il
120
130
100

58

CaLL WUGJINTAWLOGL,101)
SUBROUTINE WUGBUNLAINIM)
DIMENSION A{30C,101)

D0 100 K=iusN

KimgKel

DO 105 Je=KlaM
AlKJJImA{KIJI/ATKIK)

IF {Kl=¢M) 110,110,100
DO 100 I=siasnN

IF (K=]1) 120,1CCs120

DO 130 JsxKluM
ALIsJiea(lodimAllsKI®AIKIJ)
CONTINUE

RETURN

END




SLVE

Source: Numerical and Matrix Methods in Structural Mechanics
by P. C. Wang. Copyright (¢) .1966 by John Wiley
& Sons, Inc. Reprinted by permission.

Method: Gauss-Jordan elimination (see Appendix A). To
prevent division by zero or very small numbers,
subsequent equations are added to the current one
until the divisor becomes larger than some pre-
assigned value.

Usage:

DIMENSION A(n,n), U(n)
CALL SIVE(A,U,NM, EPS)
where

A = coefficient matrix

(o}
i

Constant vector on entry
U = solution vector upon return

n = maximum permissible number of equations
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NM = number of equations to be solved

EPS = smallest acceptable value for a divisor in

the elimination process

The original value of A is destroyed.
The DIMENSION statement in SLVE must conform to the
following:

DIMENSION A(n,n), U(n)
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SUBROUTINE SLVE(AsUJNMIEPS)

C .
C REFERENCE = NUMERICAL AND MATRIX METHQOS IN STRUCTURAL
c MECHANICSs BY Pes Ce¢ WANG
c

DIMENSION A{100,100140U(100)

DU 9015 I=21,NM

Kel

IF(I=NM)S02108C07,9021
o
c TEST TO SEE WHETHER DIAGONAL ELEMENT IS ZERD
c

9021 IF(ABS(A(IJI)=EPS))90C6,900609007
C

C ADD SUBSEQUENT EQUATIONS TO THE CURRENT ONE
C

9uie KmsKel
CIDGREIVIDGRIVE @
D0 9023 JsisNM

9023 All,J)mal{lsd)i+AliKsJ)
G0 TO 9d@21

8007 DIveA(l,1)

JiI)wyu(I)/DIV

c

C DIVIDE ALL THE ELEMENTS OF I=TH EGe BY A(I,I)

C

DO 9009 JelasNM
9009 AllsJdi=A(lsd)/DIV

REDUCE THE I=TH ELEMENT CF THE CTHER EGQGUATIONS
TO ZEROQ»

o000

DO 5015 MpM=lsNM
DELT=A(MMLI)
IF(ABSIDELT)=EPS) 9015,9C15,9016
9016 IF(MM=I1)9010,9015,5¢C10
9C10 UlmMmMm)IsyUiMm)=U(T)1#DELT
DO 9011 Jmwl,NM
3011 AIMMaJIsAIMMIJIeAlT)J) #DELT
9015 CONTINUE
RETURN
END




GASSIM

Source: George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Method: Gauss-Jordan elimination with partial pivoting

(see Appendix A)

Usage:
DIMENSION A(n,n),B{(n,r)
CALIL GASSIM(A,N,NN,DET,B)
where

A = coefficient matrix

B = matrix of right-hand side constants

n = maximum permissible number of equations

r = maximum permissible number of right-hand side

constant vectors

N = number of equations to be solved
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NN = number of constant vectors to be solved
DET = determinant of A

The solution vectors are returned in the B érray,
replacing the corresponding constant vectors.

The original value of A is destroyed.

The DIMENSION statement in GASSIM must conform to the
following:

DIMENSION A(n,n),B(n,r)
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SUBROUTINE GASSIMIAININNIDET,B)
DIMENSION A(100,120),B(100s5)
EQUIVALENCE (DsID}SI(ENIE)

DATA 1G/ 250065C500/

DET=1. o

DU 2 K=al,N

IFF (KeEGQ@eN) GO TC 3

TEST=2ABS (A(KsK))

KPlmK+]

- LeK ;

D0 4 T=KPiuN o
IF (TEST+GE«ABS(A(IWK))) GO TC & ... .
TEST=ABS{A(IJK)) a
L=l '

4 CONTINUE
IF (LeE@eK) GO TC 3
DQ 5 JaKsN -

TEMP=A(LJJ)
AlLad)aA(Ksd)

5 AlKsJ)2TEMP
00 15 Jel,NN
TEMPsbE(LaoJ)

BlladimB(KsJ)

15 B(KyJ)=TEMP
DET = «DET

3 DET=DET#A(KIK)

AlKsKIale/A(KIK)

IF (KeEQeN) GO TO 15
DC 6 J=KP1i4N
AlK)JIBAIK) JIRA(KIK)

é CONTINUE

19 DU 16 JmisNN

16 BlKsJ)=BIKIJ)#*AIKIK)

DO 7 I=1,N

IF (IsEQeK) GO TO 7

FAC=A(lsKk)

DO 8 JakKPLlsN

Ema(lsy)

DeEaFAC*AlKsJ)

IF (IABS(IE)=IABS{ID)sGT+1IG) C=0»
Alls)di=D

8 CUNTINUE
DO 18& J=i,NN

18 BtlsdiasB(loJ)wFACHBIKsJ)

7 CONTINUE
2 CONTINUE
RETURN
Caxannpnapnrnnrsnxnnnnrxasn AST CARD IN SUBROUTINE®» ¥ 282X 2t xsxfpanaxiyny
END
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GJR

Source: University of Alabama at Huntsville Research

Institute

Method: Gauss-Jordan elimination with partial pivoting

(See appendix A)

Usage:
-DIMENSION A(n,n + r), JC(1)
CALL GJR(A,NC,NR,N, L, NN, JC)

where

A = the coefficient matrix augmented by the constant

vectors attached as additional columns

JG&= an error indicator. If JC(l) is returned with
a value of N, the number of equations to be solved,
a solution is obtained,

If JC(1l) is returned as anything else, the

matrix is singular, no solution is obtained, and~ —— — ---
control is returned to statement NN in the

calling program.
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n = maximum permissible number of equations

r = maximum permissible number of constant vectors

NC = value of n + r in the DIMENSION statement in
the calling program

NR = the value of n in the DIMENSION statement in
the calling program

N = number of equations to be solved

L = N plus the number of constant vectors to be

solved

NN = statement number of the statement in the
calling program to which return .is to be made

in the event of a singularity.

The original value of A is destroyed, .and the solution

vectors replace the corresponding constant vectors.
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SUBROUTINE GJR(AINCINRINILINNSJC)
DIMENSION A(NRSNCI»JCl1)

[ EZ ¥ R F W AN RE LRSI N RN FES 'Y NS K

SEARCH FOR PIVOT ROW
DU 91 I=i,N
M= ]
IF(I.EQsN) GO TO 60
XIil .
00 30 Js]I,N
IF{XesGTeABS(AIJNI))) GO TO 30
X=ABS(AlJUN]))
KaJ
CONTINUE
IF(KsEQesI IGO0 TO 60

INTERCHANGE ROW I AND ROW K

DO 50 JsmMsL
XsA(lsJ)
AlI)JI=mA(KyL J)
AlKy)J)mX

TEST FOR SINGULARITY
IF(ABSIA(ISI) 1 2GT01GO TO 72
MATRIX IS SINGULAR

JC(lls]Im}
RETURN NN
X=A({ls1)

AlIsll=la

NORMALIZATION OF THE I=sH ROW

DO B8C JsMal
AtIsdl=A(lsd)/X

TEST OVERFLOW SWITCHe IF ONy
RETURN NEGATIVE VALUE OF I IN JCI(1)

CALL OVERFL(IFL)
IFUIFL+EGe2) GO TO 15C
CONTINUE

REDUCTICN OF ALL REMAINING ROWS

00 91 K=isN
IFIKsEGeI) GG TO 91
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rzA(KsT)

A(KyI)=Qo

DO 90 us=p,L
AlKsJImA(KsJ)SxXBA(Tsd)

TEST OVERFLOW SWITCHsIF ONs
RETURN NEGATIVE VALUE OF I IN JC(1)

CALL OVERFLIIFL)
IF(IFLsEQel) GO TO 150
CONTINUE

CUNTINUE

JCU1)=N

RETURN

END



SIMULT

Source: Writteh by J. E. Key, George C. Marshall Space

.Flight Center

Method: Gauss-Jordan elimination (see Appendix A). The
technique used to select the pivotal elements

minimizes the number of non-zero elements generated.

Usage:
COMMQN/PARAM/NAA

COMMON/A/A (n,m)
COMMON/ICC/ICC(n),ICOL(n,m), PLOAD(n)
COMMON/INDEX/NU, NELE, NNOD, NA, NI , NLNOD,

NUDIS,NUP2, KK, NNN
COMMON/ZTEST/2TEST

DOUBLE PRECISION A,PLOAD

CALL SIMULT

where

A = matrix containing the non-zero elements of the _ _

coefficient matrix. Each row is compacted to
the left:; the remaining elements (if any) in

the row are zeros.
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n = maximum permissible number of equations

m = maximum permissible number of elements in any

row of the compacted coefficient matrix

ICC = a vector giving the number of non-zero coefficients

in each row of A

ICOL = a matrix giving the position of each non-
zero element in the coefficient matrix.
For example, if ICOL(6,4) has a value of 7,
the element occupying row 6 and column 7
in the full matrix is non-zero. The second
subscript of ICOL means that the element
being referenced is the fourth non-zero

coefficient in the row.
PLOAD = constant vector
NU = number of equations to be solved
ZTEST = a small number used to test for ill-
conditioning

NAA = value of m in the COMMON statements in the
calling program. Arrays A and ICOL will
possibly expand during the solution, but there
is no way to predict the maximum row dimension

in advance. This will be a function of the



pivotal elements selected. If NAA has been
specified with too small a number, an error
message will be printed. The only guide to
the selection of NAA that can be given here
is to make it at least-as‘large as the

initial number of elements in any row of the

compacted coefficient matrix.

‘The original value of A is destroyed, and the solution
vector is returned in the first column of A.

This subroutine requires subroutine RITE, which is called
in the event A is singular, and it produces output. The
output device designation is specified in both SIMULT and
RITE in the statement

INTEGER OUT/108/

The array sizes in the COMMON and DIMENSION statements
in SIMULT must conform to the following:

COMMON/A/A (n,m)
COMMON/ICC/ICC(n),ICOL(n,m), PLOAD(n)

DIMENSION IRC(n)

Comment: The only variable in the labeled COMMON block
"INDEX" that is used in SIMULT is NU, the number of
equations to be solved. The user may wish to
T 777 7 Temove the other variables from this statement in

both the calling program and in SIMULT.
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SUBROUTINE SIMULT

NAA = MAXIMUM NUMBER OF CCLUMNS IN EQUATION SJOLVER.

NU = NUMBER OF RCOWS IN SYSTEM CF EGUATIONS TO BE SOJOLVED:
PuCAD = CONSTANT VECTOR OF EQUATIONS TO BE SOLVEDs

A 3 MATRIX CONTAINING NON=ZERG COEFFs GF SYSTEM.

ICC = NUMBER OF NON=ZERO COEFFs IN ANY QIVEN ROW OF A
I1C0L = RECORDS POSITICN OF NONSZERQO COEFFes IN SYSTEMo
AlIsl) = SOLUTION VECTOR KETURNED IN FIRST COLe GF A
COMMON/PARAM/ NAA

DOUBLE PRECISION CsXsA,)PLOAD

INTEGER PIVROWLPIVCOLJIOPROW

COMMON/ZA/ A(50,10)

COMMON/ZICC/ ICC(B0)2ICOL(50,10),PLOADISO)
COMMON/ZINDEX/NUINELESNNODINAINIANLNODINUDISINUP2) KKaNNN
COMMON/ZTEST/ZTEST

DIMENSION IRC(2000)

INTEGER OUT/108/

INITIALIZE ROw ENTRY COUNTER

99

D0 99 I=21,NU
IRC(I}=C

COUNT ROW AND COLUMN ENTRIES

JELE={

0O 101 I=1,NU

DO 102 Je=lisNAA
IC=ICoLI(1,J)
IF{ICEQe0)IGO TO 10i
JELE=JELE+L

ICCII ey
IRCLICI=IRCIIC)+1
CONTINUE

CONTINUE

JEOL=0

JELIM=Q

DO 800 I=1,NU
IF{ICC(I)eGTeuCOL) JCOL=ICC(I)
CONTINUE

DO 66 LKJ=lsNU

SELECT ROW WITH MINIMUM ENTRIES

103

IK=1C00U0

DO 103 I=1,NV
IF(ICCII)sGEeIKeOR«ICC(I)eLEC) GO TO 103
PIVROw=1] '

IK=sICC(1I,

CONTINUE

SELECT SMALLEST AVAILABLE COLUMN FROM PIVROW

72

IK=210300C

IC=sJICC(PIVROW)

00 104 1=1,1C

II=ICOL(PIVROW,I)
IF(IRCIII)oGE+IKsORCIRC(ITII«LECQ) GO TO 104




c

c

o

. . IX=sICOL(OPROWs.JKOP) __ _ _ _ _ _

104

PIVCOL = I
IKsIRC(II)
Y]
CONTINUE

NORMALIZE PIVROW

XsA(PIVROW,IY)

IC=ICC(PIVROW)

0C B Js=i,IC
A{PIVROWsJ)=A(PIVROWs J)/X
ALPIVROW,IY)®1:0
PLOAD(PIVROW)®PLOAD (PIVROW) /X

SELECT ROWS THAT CAN BE OPERATED ON

DO 106 I=1,NU

IF(IsEQ'PIVROWsANDs IRC(PIVCOL)+EQ1)G0 TO 107
IF(I+EQePIVROW) GO TO 106

IC=ABS(ICC(I))

00 105 J=i1,IC

IF(ICOLII,J)=PIVCOL)L05,0775106

IF YOU CAN GET TO THIS POINT OPROW CONTAINS PIVOTAL ELEMENT

77

79

OPROW = 1

JKOP®1

JKPIwi

CmaA(OPROWIJ)

X=*PLOAD(PIVROW)#C+PLOAD (OPROW)

PLOAD (OPROW) =X

coNT INUE

IF(ICOL(PIVROWSJKPI)IEQeO) GO TO 106

IF LICOL (OPROWJ JKOP)+EGsO) GO TO 80
IF(ICOL(PIVROWs JKPI)=ICOL{OPROWsJKOP))80,81,82

OPROW DOES NOT CONTAIN THIS ELEMENTe ADD ELEMENT TO OPROWs

80

85
90

ICC(I)=ICC(T)*d

IF(ICC(I)sLEQO) ICC(I)=ICC(I)=2
I1=ABS(ICCI(I)

IF(I1+@TeJCOL) JCOL=II
IF(Il+LE«NAA) GO TO 85
WRITE(QUT,400)1ITI

STOP

JKLeJKOP+1

CONTINUE

IXs]=]

A(OPROWsII)=A(OPROWsIX)
ICOL(OPROW,I1)=ICOL(OPROWSIX)
Ils]IX

IF(ITeGEsJKLIGO TO 90
XesA(PIVROWsJKPI)»C
A{OPROWJ JKOP ) =X

ICOL(OPROWs JKOP)=ICCLI(PIVROW,JKPI)
IRCUIX)sIRC(IX)+1

GO TO 83
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PIVROW AND OPROW CONTAIN THIS ELEMENTe SHIFT BOTH AND
OPERATE ON OPROWs
81 IX=sICOL(OPROW)JKOP)
IF(IXEQ.PIVCOLIGO TO 11
XsA(PIVROWs JKPI)#C+A(CPROWJ JKOP)
A(OPROWs JKOP ) =X
TEST OPROW TO SEE WHMAT WAS ELIMINATED
ATEST=ABS(X)=ZTEST
IF(ATEST«GTe«0Q.)G0 TO 83
11 IRC(IX)I®IRC(IX )=}
JELIMaJELIM+Y
ICCIOPROW)=ICC(OPROWI=1
IF-LICC(OPROW) ) 140,1410142
141 CONTINUE

IB=}
DO 10 MmisNV
IT=ICC(M)

IF(II+GT«IB)IIB=I]
10 CONTINUE

IB=1B8+1
WRITE(QUT#999)LKJsPIVROWIPIVCOL,)OPROW

999 FORMAT('1 MATRIX SINGULAR'»//»' NOs CYCLES COMPLETED=!
1,15,' PIVROWs',15,' PIVCOL='I5,' OPROw=a'lS5)
WRITE(QUT,801)(M)IRCIMISICC(M)aMuLisNU)

804 FORMAT('0 COLo/ROW NOssNOs COLs ENTRIESINOes ROW ENTRIES'

1/7(6(17,215)))

WRITE(OUTs6)

CALL RITE(1sNUsIBY NAAs AL ICOLY
WRITE(OUT,200)

CALL RITE(2sNUSIBY NAA»A,ICOL)

& FORMAT('YL COEFFICIENT MATRIX')

200 FORMAT('L COLUMN IDENTIFICATION')
sTOP

140 CONTINUE
ICC(OPROWISICC(OPROW)+2

142 IX=mABS(ICC(OPROW))
DO 131 NK=JKOP,IX
ALI)NK)waA(IsNK+1)

131 ICOL(ILNK)=ICOL(IaNKe+1)
IXmIX+l
A{I,IX)=0o
ICOL(I,IX)=0
JKPImJKPI+1
G0 TO 79

83 JKPIaJUKPI+i :

PIVROW DOES NOT CONTAIN THIS ELEMENTe SHIFT OPROW AND CONTINUES

B2 JKOPmJKOP+1
GO TO 7%

108 CONTINUE

106 CONTINUE
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C

107 CONTINUE
ELIMINATES PIVROW AND PIVCOL FROM BEING CONSIDERED AGAINSs

ICC(PIVROW)==ICCIPIVROW!
IRC(PIVCOL)w=IRCIPIVCOL)

66 CONTINUE
UNSCRAMBLE AND STORE SOLUTION IN FIRST COLUMN OF As
DO 350 I=isNU
I1=ICOL(Is1)
ALI1,1)8PLOAD(T)

350 CONTINUE |

400 FORMAT('OIIw (,I4,' THIS IS GREATER THAN VALUE OF NAA ')
RETURN |
END
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SUBROUTINE RITE(IDUMsNRsNC, MCsA,ICOL)

DOUBLE PRECISION A

DIMENSION A(50,10 1,IC0OLI50,80 )
INTEGER OQUT/108/

IPRINT=12

IF(IDUMNEsL1)IPRINT=30
IPReIPRINT=Y

D0 35 K®wi,NCsIPRINT

MAX=K+IPR

IF(MAXeGT eNCIMAXENC

IF(KsNEsL IWRITE(OUTS103)
IF(IDUMsEQeL) GO TO 45
WRITEIQUT,101) (lsIlmKoMAX])

DO 20 J=i,NR

WRITE(QUT,104)Js (ICALIJIT) s InKIMAX)
G0 TO 35

WRITE(OUT,102) (I,IwKsMAX)

DO 40 JmisNR

WRITE(OUTL105) Jol(AlJsT)oImKyMAX)
CONTINUE

RETURN

FORMAT(6Xs3014)

FORMAT(6Xs12110)

FORMAT (Y1)

FORMAT(!' ',15,3014%)

FORMATI(!' ',15,12G10:+3)

END



SOLVE3

Source: The Finite. Element Method in Engineering Science,

by 0. C. Zienkiewicz. Copyright 1971 McGraw-Hill
Puinshing Company Limited. Used with permission

of McGraw-Hill Book Company.

Method: Double precision Gauss elimination (see Appendix A)

Usage:
COMMON /A/ A(n,h + 1),R(n)
COMMON NEQ, ITEM(n,h + 1)
DOUBLE PREGISION A,R
CALL SOLVE3
where

A = upper triangular portion of the symmetric coefficient matrix
stored as a compacted rectangular array. -All of the zero
elements in a given row are shifted to the right side of the

row.

n = maximum permissible number of equations

R = maximum permissible number of non-zero elements in any row
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)
i

constant vector on entry

x
Il

solution vector upon return
NEQ = number of equations to be solved

ITEM = a "pointer" matrix which gives the location
(in terms of the full n x n coefficient
matrix) of the non-zero elements. Eor example,
if ITEM(6,4) has a value of 7, the element
occupying row 6 and column 7 in the full
matrix is non-zero. The second subscript
of ITEM simply means that the element being
referenced is the fourth non-zero coefficient

in the row.

Each row of ITEM is searched until a zero
element is encountered. Therefore, the
(w + 1)st column of ITEM}where w is the

actual minimum number of non-zero elements in any row,

must consist of zeros. Note that ITEM must containh + 1

columns, -even if the excess-columns contain zeros.

The original value of A is destroyed.

The array sizes in the COMMON and DIMENSION statements

in SOLVE3 must conform to the following:
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COMMON /A/ A(n,h + 1),R(n)
COMMON NEQ,ITEM(n,h + 1)

DIMENSION IMET (n)

If h + 1 has a value of anything other than 4, the
statement
NT = 4
must be modified accordingly.
‘In the event of an input error, SOLVE3 produces output.
The output device designation is‘specified in the statement
INTEGER OUT/108/
Note: Several changes were made to the original version of
this subroﬁtihe:.

1. The name was changed from SOLVE to SOLVE3.

2. Variables not used in this subroutine were

removed from the COMMON statements.
3. A DIMENSION statement was added.

4. The output device designation was changed from

a constant to a variable.

5. A conversion to double precision arithmetic
was made by the addition of the statement

-~ .- - - DOUBLE PRECISION A,R,TEMP - - - - — -
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SUBROUTINE SOLVES3
SOLVES SPARSE MATRIX

COMMON/A/ A(3500,4),R(3500)
COMMON NEGs ITEM(3500s4)
DIMENSION IMET(3500)

DOUBLE PRECISION AsRyTEMP
NT =i

INTEGER QUT/108/

IF NEQ NEGATIVE SKIP
FORMATION OF FuULlL ITEM MATRIX

IF(NEQeLT«0) QO TO 360

OTHERWISE WORK THROUGH
EQUATIONS AND FILL ITEM AS NEEDED

D0 220 M=1,NT
IMET(MI=ITEM(1,M)

D0 340 N=2,NEQ

DO 280 M=1,NT
IFIIMET(M)=N+1)225,280,225

DO 240 Le=i,NT

IFCITEMINSL)) 230,260,230
IFCITEMINSL)=IMET(M) 240,280,240
CONTINUE

WRITE(OUT,100)N

FORMAT(43H ALLOWABLE SPACE EXCEEDED IN EGUATION TABLEsI#)
STOP ;
ITEMINIL)®IMET (M)

CONTINUE

DO 320 M=i,NT -
IMET(M)SITEM(NSM)

CONTINUE

NEQ=TABS(NEQ)

NEQMeNEQGs=]

LOOP ON EQUATIONS
00 520 I=i,NEQGM

MODIFY RMS VECTOR
RITI®R(I)/A(Is8)

LOOP ON ROW TO BE ELIMINATED

DO 460 Mm=2,NT
IN=ITEM(Lsm)
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365

370
380
400

405
410

420

440
460
480

800U
Sac

540
560

IF(IN)365,480,365
SEEK APPROPRIATE ROWS

DO 380 N=1sNT
IA=ITEM(INSN)
IF(1A)370,4004370
IMET(IA) =N
CONTINUE

CONTINUE
TEMP=A(IsM)/A(141)

LOOP ON COLUMN TO BE ELIMINATED

DC 420 N=1gNT
IA=ITEM(IJN)
IF(IA)405,440,405
IF(IA®IN)&20,410,410
IMeIMET(IA)

MODIFY TERM QOF MATRIX

AUINIIM)=A(INIIM)mTEMPRA(INN)
CONTINVE

MOCIFY LCAD VECTOR

RUINI=R{IN)=R(TI)#AITISM)
CONTINUVE
CONTINUE

RESET ROW FCOR BACK=SUBSTITUTION

DO 500 M=2sNT
AL M) =ALI MI/ZA(101)
CONTINUE

CONTINUE
R{NEG)=R(NEQ)/A(NEGs 1)

BACKsSUBSTITUTE

DC 56C IB=1,NEQM
I=NEU=IB

DU 340 M=2,NT
JEITEM(INM)

IF{J) 540,560,540
R{I)sR(I)aA(I)M)®R(Y)
CONTINUE
TRETURN
END
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SOLVE2

Source: 'The Finite Element Method in Engineering Science,

by O. C. Zienkiewicz. Copyright 1971. McGraw-
Hill Publishing Company Limited. Used with

permission of McGraw-Hill Book Company.

Method: Gauss-Seidel iteration with over-relaxation (See

Appendix A).

Usage :
COMMON/.CONTR/TITLE (20) ,NP, NE, NDF, NCN,
NLD, NMAT, NEQ, LI, NT4

COMMON CORD(100,2),NOP(200,4),IMAT(200),
ORT(25,2),NBC(25),NFIX(25),R(n),
A(n,b),ITEM(n,b+l),DIS(n)

CALL SOLVE2

where

NEQ = number of equations to be solved

w
Il

constant vector on entry

R = solution vector upon return
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A = the full coerficient matrix stored as a compacted rectangular
array. All of the zero elements in a given row are shifted
to the right side of the row. The diagonal terms in the full
matrix are the first elements in each row of the compacted
matrix, followed by the remaining terms in their original

order.
n = maximum permissible number of equations

ITEM = a "pointer" matrix which gives the location
(in the full n x n coefficient matrix)
of the non-zero elements. For example,
if ITEM(6,4) has a value of 7, the element.
occupying row 6 and -column 7 in the full
matrix is non-zero. The second subscript
of ITEM simply means that the element being
referenced is the fourth non-zero coefficient
in the row.
b = maximum permissible humber of non-zero elements in any
row
The array sizes in the COMMON statement in SOLVE2 must
conform to the following:
_ COMMON CORD(100,2),NOP.(200,4)., IMAT(200).- - - -
ORTP(25,2) ,NBC(25),NFIX (25),R(n),

A(n,b),ITEM(n,b + 1),DIS(n)
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If b+l is anything other than 20, the statement
NT = 20
must be modified accordingly.
The original value of A is retained, but ITEM is modified.
Output is produced by this subroutine. The output
device designation is specified in the statement
INTEGER OUT/108/
Each row of the pointer matrix ITEM is searched until
a zero element is encountered. Therefore, the (b+l)st
column of ITEM must consist of zeros, where b is the actual
number of non-zero elements in any row.
A tolerance and over~relaxation factor are built into
subroutine SOLVE2. These may be varied by modifying the
statements

TOLER .1E-6

RELAX

1.8
accordingly.

The maximum number of iterations is given in the state-
ment

NCYC = 15000

Comments: Several minor changes were made to the original

version of this subroutine:

1. The name was changed from SOLVE to SOLVE2.
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2. The statement

NCYC = NEQ/2

was changed to

NCYC = 15000

3. The statement

DIS(N) =

DIS (N)+RLAX*DX

was changed to

DIS(N) =

DIS (N)+RELAX*DX

(this was a typographical error in the

original version).

4, The statement

TOLER =

.1E-3

was changed to

TOLER =

The user may wish

.1E-6

to streamline this subroutine

somewhat by deleting the extraneous entries from

the COMMON statements.
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SUBRUUTINE SOLVER

SUBROUTINE FOR ITERATIVE SCLUTION OF EQUATIONS

INTEGER QUT/108/

COMMON/CONTR/TITLE(20)aNPINESNBINDFINCNINLDINMATONER 4LIINTS
COMMON CCRDIU100s2)sNOP (200,41, IMAT(20C),0RTI25,2)sNBC(2S)aNFIX(2S)

-

NT=20

TOLER=«lE=6
RELAX=1+8

sR(2CC1,A(200520)51ITEM(200,2010018(230C)

BUILT IN RELAXATION AND TOLERANCE

NEGATIVE NEG SKIPS SETTING UP
OF INITIAL DATA

IFINEGsLTsC) GO TO 310

DO 300 N=1,NEQ
DO 250 M=i,NT

IF(ITEM(NIM) eNE«Q)

ITEMINIL)=iqa]l
8C TO 260
CONTINGE
CONTINUE
CONTINUE
NEG=aIABSINEG)

NCYC=135300

GO TO 250

ITEMIN,L) CONTAINS COUNT OF
NUMBER OF OFF DIAGONAL TERMS

SET MAX NO OF CYCLES

IFINCYCeLTe25) NCYCm25

00 320 N=1,NEQ

UNKNOWNS ARE SET TO ZERO

IFCAINIL)oNEsQe)AINILImLe/AINIL)

DIS(N}I=y

o0 800 NC=1aNCYC
SuMads
SJUMOsls

00 450 N=1,NEG
FXER(N)
NUM2ITEM(Ns L)

LOOP CN CYCLES

THEN ON EQUATIONS



(s NaNaNel

OO0 0

330

450

ic

DO 330 M=2sNUM
L=ITEM(NIMY
FXaFXesA{INIMI®DIS(L)

FX IS TOTAL UNSBALANCE OF RHS
OX Is THE CHANGE

DX=A(NsLI®FX=DISI(N)
DISIN)=DISIN)+RELAX%DX

SUM AND SUMD ARE CONVERGENCE
PARAMETERS

SUMasUM+ABS (DX)
SUMD=SUMD+ABSIDISINY)

CONTINUE
SKIP QUT OF LOOP IF CONVERGED
ND=NC
IF(SUMeLT+SUMD*TOLER) GO TO 550
CONTINUE

MOVE FINAL RESULTS TO R

; DO 60C N=1,NEQ

RINI=DISIN)
PRINT LAST VALUE OF SuUM ETC

WRITE(QUTL10IND)SUMSSUMD

FORMAT(1&8M0 LAST CYCLE NQOe=, 110

i, / lérM (SNwSNel)/SN = LJEL10.3
gs 7 18H SN = JE10:+3)
RETURN

END
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GSEID

Applied Numerical Analysis, by C. F. Gerald,

copyright 1970, by Addison-Wesley Publishing Company.

Source:
Used with permission of the publishers.
Method: Gauss-Seidel iteration (see Appendix A).
Usage:
DIMENSION A(n,n + 1),X(n)
CALI GSEID(N,MAX,A,X,TOL, INDEX)
where

88

A = coefficient matrix augmented by the constant

vector attached as an additional column

X = trial solution vector on entry

X = solution vector upon return

n = maximum permissible number of equations

N = number of equations to be solved

MAX = maximum number of iteratims to be performed



The

The

Comment:

70

TOL = a convergence cri%erion, If the difference
between the value of each unknown and its
value in the previous cycle is less than TOL,

convergence is considered to have been- achieved.

INDEX = a convergence indicator. INDEX is returned
with a value of 2 if convergence has been

achieved and as 1 if it has not.

original value of A is retained.
array sizes in GSEID must conform to the following:

DIMENSION A(n,n + 1),X(n)

The original version is a program. Statements
necessary to convert it to a subroutine were

added.
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SUBROUTINE GSEID(nNIMAXIASXsTOLIINDEX)

N = NO+ OF EQUATIONS

pax = LIMIT TO ITERATIONS

TOL = TCLERANCE

INCEX IS RETURNED AS i1 IF NO CONVERGENCE
ODIMENSION A(100G,101)0X(1C0)

INDEX=¢
NPl=inel

DO 30 I=i,Mmax

90

UDIFFals

00 20 JsiaN
SAVE=X{dJ)
X{Jd)IBA(JINPL)

0-21 K=i,N
IF(J=sK)igzsei1s 28
X{J)sX(JI=A(JsK)I*X(K)
CUNTINUE
XtJdlsx{JI/ZA(dad)
IF(DIFF=ABS(X{(J)»SAVE) 12325, 20
DIFF=ABS(X(J)=SaVE)
CONTINUE
IF(TOL=DIFF 130,440,540
CONTINUE
INDEX=1
RETURN
END



2.2 In-core, Non-banded Inversion Subroutines
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AINVER

Method: Gauss-Jordan elimination (see Appendix A).

Usage:
DIMENSION A (m,m)
CALL AINVER(A,N,N1)
where

92

A = matrix to be inverted

m = maximum permissible order of A plus one

N = order of matrix to be inverted

Nl = value of m in the DIMENSION statement in the

calling program

The original value of A is destroyed, and the inverse

is returned in A.



i0

40

SUBRCUTINE AINVER(AINING]
UIMENSICH AINLIsNL)
INTEGER P

PeN+l

AtisF)izie

00 &« I=2,N

A(IJP)“O.

DU #0 K=isnN

DO 3 J=iuN
AlPIJIBALL,Jdri)/Z7ALL01L)
DO 10 I=2uwn

DO 10 J=1isN

AtlI=ijydr=atlouri)=allslinA(Pyd)

DO &0 JemiunN
AINIJIBSAIPIJI)
RETURN

END
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BINVER

Method: Gauss-Jordan elimihation (see Appendix A)

Usage:
DIMENSION A(n,n + 1),B(n + 1,n),C(n,n)
CALL BINVER(C,A,B,N,N1)
where

C = matrix to be inverted

B = inverse of C

A = working storage

n = maximum permissible order of C
N = order 6f matrix to be inverted

N = value of n in the DIMENSION statement in the

calling program
Nl =N+1

The original value of matrix C is retained.
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SUBRCOUTINE BINVERICsAIBINSIRL)
DIMENSICH AININI)IIBINLINISCIMIN)

MATRIX A HAS UIMENSIONS OF N X (in+i)os

MATRIX & (THE INVERTED MATRIX) MAS DIMENSIONS OF (HN+41) X N
THE CORIGINAL VvALUE OF MaTRIX C IS RETAINED

Ni IS N o+ i

OU 15 I=isN

00 1% J=iuN

Allsd) = Ctladl

K =2 N +« |

AllsK) = 1

D0 130 MC=gsN

AlmMmCuak) = $

D8 13 L=1lsN

DO 11 JC=1uN

BIKoJC) = AlLlsJCrlI/A(L01)

DO lg [=1sN

DU 12 Jd=1sN

B(lad) = A(Isd4i) = A(Is3)%B{KsJ)
00 13 [=1,N

U0 13 JsiaN
Allsw) = BlLITisJ]
Btlsd) = B(I+i,J)
DO 20 I=isN

00 20 J=1sN
Cltlod) = BIlIsd)
RETURN

END



MATIN1

Method: Gauss-Jordan elimination (see Appendix A)

Usage:
DIMENSION A(n,m)
CALL MATIN1(A,N)
where

matrix to be inverted

>
Il

n = maximum permissible order of A
m = 2n

N

order of matrix to be inverted

The original value of A is destroyed, and the inverse
is returned in A.

The array size in the DIMENSION statement in MATIN1
must conform to the following:

DIMENSION A(n,m)
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iv

SUBROUTINE MATINLULAMN)
CIMENSIUN A(C10C2200)

KL = N « 1

KN = 2aN

DO i IZ = 1,N

IX = 12 + N

00 1 JZ2 = KlsKN

AlIZsd2) = Qs

IF(IXAEGedZ) ALIZsJZ) = Lo
DO 2 12 = 14N

KZ = IZ

IFIA(IZsI2Z)EG0r) GO TO 6
IF(ABSTAIIZIIZ))eLTes000L) GC TC 6
g0 To &

00 3 JZ = 1sKn

AlTIZadl) = ALIZswl) + ALKZ+1,42)
KZ = KZ + |

GO TO. 4

CONTINVE

DO S IZ2 =3 1sN

Dlv = allz2,12)

DO 9 uZ2 = Ja+KN

AlLlZ,d2) = AL12,021/D1Y

D0 7 K = 1,N

IF(KsEGs12)Y GG TC 7

XMULT =& alKs12)

DO 8 L = 1ls4KN

AlKIL) 7 A(KIL) & XMULT»A1IZ.L)
CONTINUE

CONTINJE

CONTINUE

DO 10 1Z = 14N

DO 10 JZ = iuiN

Kg » JZ + N

Al1Zs02) = A(l1ZaK2)

RETURN

END
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MATIN4

Method: Gauss-Jordan elimination (see Appendix A)

Usage:
DIMENSION ARRAY(n,n)
CALL MATIN4 (ARRAY,N)
where

ARRAY = matrix to be inverted

n = maximum permissible order of ARRAY

N = order of matrix to be inverted

N = value of n in the DIMENSION statement in the

calling program

The original value of A is destroyed, and the inverse is

returned in A.
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SUBROLTINKE MATIN4 (ARKAYSNI
ODIMENSICON ARKAY(NJN)

DU 604& I=1l,N

STURE = ArRRAY!(I,I)

ARRAY (a2l =13

D0 601 J=l4N .
ARRAY(1s4) = ARKRAY(INJ)/STORE
DO 604 K=isN
IFIK=11658s604,0602

STURE = ALRRAY(K,I!
ARKAY(KaI) = $og

DO &U3 J=isN

ARRAY(KaU)ARRAY (KsJ)=STORE®XARRAY (I, J)

CONTINUE
RETURN
END
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MIV

Source: Numerical and Matrix Methods in Structural Mechanics,
by P. C. Wang. Copyright (c) 1966 by John Wiley
& Sons, Inc. Reprinted by permission.

Method: Gauss-Jordan elimination. To prevent division by
zero Oor a very small number, subsequent equations
are added to the current one until the divisor
becomes larger than some preassigned value.

Usage:

DIMENSION A(n,n), U(n,n)
COMMON A,U
CALL MIV (NM)

where

100

A = matrix to be inverted
U = inverse of A

maximum permissible order of A

(=]
I

NM = order of matrix being inverted



The array sizes in the DIMENSION statement in MIV
must conform to the following:
DIMENSION A(n,n), U(n,n)

The original value of A is destroyed, and the inverse

is stored in both A and U.

Comment: The user may wish to remove U from the DIMENSION
statement in the calling program, and from the

COMMON statements in both MIV and the calling

~ program.
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MATRIX INVERSION BY GSAUSSwJURDAN METHMOD.

SUBROUTINE MIvVimm)

CIMENSION A(L1TC100)2U01005100)
CUimON A4 U

20 90C1 I=1,NM

CO 90C1 J=1sNmM

Utlsdi=lo

IF(IeEGedl UtIspdi=iel
CONTINUE

EPSeUsTULIC0L

JU 3315 i=1sNM

K=]

IF(I=Nm)SvELls9007,9C021
IF(atis1)=EPS)9C0D,500649G07
IF(=Allsl1=EPS)S0u6,9006,9007
K=K+l

00 9023 J=1,nNM
Uillodiasu(lodl+uiKaJ)
Allsd)i=ailsdrl+aiKsd)

33 TO sC¢e1l

DIvesAa(lsl)

D0 90CY J=1s,nNM
Ulladl=U(l,Jd)/LIV
allsdl=a(lsd)/Oly

00 39915 mMiM=lasnNnM

SELT=aA(M™s 1)
IF{ABSIDELTI=EPS)B015,90C15,39C16
IF(mMM=115v104,9015,901¢0C

D0 H01i J=lisNM

JiMmou )= (MiMad)sy( Tsd) #DELT
AlMMsdi=alMMad)aal I,Jd)#0ELT
CONTINUE

D3 9033 I=1,Nn

DU 9v33 Jd=l.,0M

AllsdlautlLg)

RETURN
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INVT

Source: George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Method: Gauss~Jordan elimination Qith full pivoting (see Appendix A)

Usage:
DIMENSION A(n,n)
CALL INVT(A,N,M,DETER)
where

A = matrix to be inverted

n = maximum permissible order of A
N = order of matrix being inverted
M = 0 for inversion

M = number of constant vectors if a direct solution

of the system is desired.

DETER = determinant of A. If DETER is returned

as zero, A is singular.
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The original value of A is destroyed, and the inverse
is returned in A.

The array sizes in the DIMENSION statement in INVT
must conform to the following:

DIMENSION A(n,n),IPIV(n),INDEX(n,2)

104



OO0 00

SUBROUTINE INVT(AJNIMIDETER)
MATRIX INVERSICN AND SIMULTANEQUS EQUATIONS SOLVER

A®INPUT MATRIX FOR INVERISON OR AUGUMENTED MATRIX FOR SIMEs EQSe

NwQRDER OF COEFFICIENT MATRIX

M=0 FOR INVERISON ONLY

MsNUMBER OF CONSTANT VECTORS
DETER=DETERMINANT OF CQEFFICIENT MATRIX
DIMENSIGON AL1004101)0IRIVILIO0YSINDEXI100s2)
DETER=14¢

SIGN=N

TOL=G0«Q

D0 10 I=1,N

DO 10 U=miuN
TOLsTOL+ABS(A(INU))
TOL®(TOL*1eE=7 )/ (SIGN*SIGN)
SIGN=1.0

DO 20 J=1sN

IPIviJ)eD

NN=N+ M~

D0 182 K=i,N

AMAX=CeQ

D0 76 I=i,N

IF (IPIV(I)=1)50,76,50
DO 75 J=miuN

IF (IPIV(J)=1)55,75,250
IF (AMAX=ABS{A(I,J)))60,75275
IR=]

ICmy

AMAX=ABS{A(Isd))
CONTINUVE

CONTINUE
IPIVIIC)=IPIVIIC)+1

IF (IR=«IC)90,115,90
SIGN==SIGN

DO 11C L=1sNN
AMAX=A(IRIL)
ACIRILY=ALICSL)
AlLICsL)maMAX
INDEX(Ks1)=IR
INDEX(KJ2)=1IC
AMAX=A(ICs1IC)
DETER=DETER®AMAX

IF (DETER)140,255,140
A(ICsIC)I=1 40

D00 150 L=i,NN
ACICILI=alICsL)I/7AMAX

D0 181 L=isN

IF (L=]C)ié5,181,165
AMAXSA(L,IC)
AlL)IC)=m0eQ
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175
175
177
178
179
180
131
182
135
1350
195
230
2d%
gio
22ad
2es
230
€35
240
245
2s5¢
éss
260
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DO 180 Isi,nNN
AlLsI)=AlLs])=A(IC,1I)2AMAX
IF (IsN)1786,1785180 .
IF (ABS(A(L,I))=TOL)ILT79,179,180
AlLsI =040
CONTINUE
CONTINUE
CONTINUE
09 235 IsluN
LENe+ls]
IReINDEX(LJL)
IC=INDEX(Ls2)
IF (IRes]C)121Cs235,210
DU 230 Ke=iuN
AMAX=A (K IR)
AlK)IR)I=®BA(K)IC)
A{Ks IC)IsaMAX
CONTINUE
CETER=SIGN*DETER
RETURN
Mmwi
RETURN
END



INVERT

Source: George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Method: Gauss elimination with partial pivoting (see

Appendix A).

Usage H
DIMENSION A(n,n), TEMP(m)
CALIL INVERT(A,N, ERROR, TEMP)
where

A = matrix to be inverted

TEMP = working storage

n = maximum permissible order of A

m = 2n

N = order of matrix to be inverted

N = value of n in the DIMENSION statement. in the

calling program.
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ERROR = an error indicator. If A is singular,

ERROR is returned with a non-zero value.

The original value of A is destroyed, and the inverse
is returned in A.

In the event A is singular, a message to that effect
is printed. The output device designation is specified in
the statement

INTEGER OUT/108/
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SUBROUTINE INVERT (AsNJERRORSTEMP)
INTEGER GUTs108/
DIMENSION AINsMNIOTENMPIL)
INTEGER IROWJSERRCR
TOL=e5+2En8
ERROR=(
LaN+}
N2=N+N
MeN+ ]
CO 16 I=i,N
KaN+]

16 TEMPIK)=]
D0 9 [JUK=i,N

MaMe] -
AMAX=ABS(A(LlsL))
IROW=1
IF(MsEQsL) GC TC 3
DO 2 I=1,nm '
IF(AMAX®ABSIALLS2))) 14142

1 AMAX=ABS(A(IsL))
IROW=]

2 CONTINUJE

3  IF(AMAX) l4,14,4

4 Tale0/A(IROWIL)
D0 & ImgyN

5 TEMP(Iwl)sA({IRCWsI )T
DO & J=l,N

6 A{IROW,IUI®A(1sd)
PO 7 I=2,N

DG 15 JmEsN
ELEmA(ls,1)4TEMP(Jm1)
AllslyJei)mal(ly)J)eELE
CK=(ABSIA(I)J))/ABS(ELEY})
IF(CKei+D) 18,17,19
18 CK=1+0=K
80 TO 21
9 CKalK=s1sQ
21 IF(CK=TOL) 17,17415
17 AlImlyJei =040
13 CONTINUE

7 AlJaloNizsapa(],1)%T
DO 8 Je=gunN

3 A{Nsuml)=sTEMNP(Jal)
AINsJNI=T
IRON=IROW*N

K=TEMP ( IROW)
TEMP(IROW)=TEMPI(L)
00 12 I=&,N
JaN+1

12 TEMPluel)=TEMP(J)
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13
a3
1V350

i+

$0V

110

TEMP(NE =K

FianNel

DO 13 I=i,M

IKOw =N+l
KaTEMP(IROW)
[FIKsEGl) GO TO 13
KURD=K+N
TEGP(IRCwWI=TEMP (KORD)
TEMP(KERD ) =K

D0 10 J=isN
TEMP{J)I=A{Js])
AldsllimA(JaK)
AlJsKI=TEMP(J)

G0 TO i1

CONTINUE

RETURN
WwRITEIQUT,100)
ERROR=4

FORMAT (//720Xs42H MATRIX IS SINGULARS
GO TO 1000

EnD

NO INVERSE UBTAINABLE///)



Source:

Method:

Usage H

where

INVTIT
George C. Marshall Space Flight Center Computation
Laboratory Programmer Procedures Manual

Decomposition with partial pivoting, iterative
improvement, and initial scaling of each row

(see Appendix A).

DIMENSION A(n,n),B(n,n),W(n,n+6)

CALL INVTIT (A,N,M,B,MAXIT,W)

A = matrix fo be inverted

B = inverse of A

W = working storage

n = maximum permissible order of A
N = order of matrix being inverted

M = value of n in the DIMENSION statement in the

calling program
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MAXIT = maximum number of iterations. If MAXIT = O,
no iterative improvement will be performed.

If A is singular, MAXIT is returned as -1.

This subroutiné calls subroutine SIMEQA.

The original value of A is destroyed.
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SUBROUTINE INVTITIAINIMIBIMAXITaW)
A INPUT MATRIX, SQUARE
N NUMBER OF ROWS IN MATRICES A AND Bs (B IS THE INVERSE MATRIX)
M NUMBER QOF ROWS OF THE ARRAYS WHERE MATRICES A AnND B ARE STORED
3 ARRAY WHERE THE INVERSE OF MATRIX A IS TO BE STORED
MAXIT MAXIMUM NUMBER OF ITERATIONS TO BE ATTEMPTED.
PROGRAM SETS MAXITmm]l IF MATRIX IS SINGULAR
W WORKING STORAGEs Nx(Ne+&) WORDS
OIMENSION W(NsMIsBIMsM)
CALL SIMEUA{AINIMILIEmBIMAXITHITHINIWILs2)aH{1aN*2))
c WILoN*3) oW ldaN+R )R {LatN+Stan(lanN+8))
IN=]
DO 110 J=isN
DU 10C I=LsN
W{lsl)=wQos
100 CONTINUE
Wldallmls
CALL SIMEGB(WsB(1,d))
IF (IT oLTe 0) GO TO 120
IN=2
110 CONTINJUE
G0 TO 130
122 mMAXIT=ai
130 RETURN
END

OO0
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163
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SUBRUUTING SIMEGA(AAINNIMMIEPSIMAXITSITHINS &L BIFACTHITOPIYSZ)
DOUBLE PRECISICON Sum
DIMENSION A(NNSNNIZB(I1)2Z({1 oY L) s AAIME MMY)FACTIL}HITORPLL)
GJ TO &lC
ENTRY SIMEGB(BBaX)
DIMENSION BBUL)ax(1)
GU TC (1CCse5C)1sIN
NaNN
Nit=N=l
NPEN*+1
DU 13 I=iJN
DU 110 J=isN
Allsdlieaail,d)
CONTINUE
CONTINUE

NCRMALIZE EACH KOCw
DO 130 I=1.WN
IFLALLIs1)eLE«Ce) R={
IF{A(I 1 )1sLEeDe) GO TC 100C
K=ALOG(Aallsl))
DO 130 J=cdanN
IFtAlIsd)elLESDe) GC T3 130
KamaXZ (KsALOGIAlTsd)))
CONTINUE
FACT(l1=22eax(=K)
00 148 J=iaN
Allod)lenatlsJIRFACTI(])
AA(lsul=allnd)
CONTINUE
CONTINUE

GAUSSIAN ELIMINATION WITH PARTIAaw PIVOTING.
CC 20 M=linNm
TUPm AES{A(MsM))
IMAaX=mM
MP=Mel
CU 163 I=MPsN
IF (TUP +GE« ABstA(IsMm))) *GC TOC 160
TOP= ABS{A(TIMI])
Irax=l
CUNTINGE
IF (TGF «3Te« Ce) GO TO 170
IT=n1
GO TO 4COC
iTCP(M)IminAX
iF (IMmax +LEs M) GO TO 1850
DO 1%L I=5isN
TerP=A(Ms )
AlMmsl)zA(IMAXSI)
A(IMAX,)I)STEMP
TEMP=AA(rJT)
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00O

2us
eis
g2
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W
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AalMsTI=AALIMAXY )
AA(IMAXs T 1=sTEMP
CONTINUE

piPem+l

DO 210 I1=rPsN
EMsAllsMIZAIMIM)
AlI M)I=2EM

If (EM sEGe 04)
DG 208 J=0iPaN
AllsdleAtlsdimaimyJ)nENM
CCNTINUE

GO TO 2i¢

CONTINULE

CONTINUE

ITOPINI =N

IF (A(NJN) oNEe @) GO TO E5C

[T=sl
GU TO 4CC
AT TrlS POINT A=(L+1)xy
TRIANGULAR MATRICES.
PRCCESS RIGHMT HAND SIDE
ITHaX=MAXIT
1T=0
DO 26C I=i4N
Bl(Il)=2BI1)1aFACTI(])
X(I)=C
CONTINUE
DC 27C le=isN
1MAx=21TGFR(I)
IF (IMaX sEGe I)
TEMP=B(])
BlLI)=BIIMAX)
BilmAaX)=TEmpP
Zilrae(l)
gB(lleBtl]
CONTINUE
CCMPUTE 24
CU 3ul I=2,N
Ksl=l
Suma0
DC 29¢ JelsK
SursSUMTALI JIR2(J)
CONTINUE
Zi11=22t1)=Sunm
CONTINUE
SCLVYE FOR X,
GO 33C K=isN
I=NP =K
SuMsUs
IF (K
IP=l+i

GO TU 265

AMERE (#Z=8

WHERE U#*X=Z

GC TO 32¢

EGe 1)

WITH L AND U LOWER AND UPPER

115



C

DU 310 Jd=iPuN
suMesSUM+ailaodlay(d)
31C CUNTINUE
325 Y(l)=(z{[)=SUmI/ZAa(Is1)
330 CONTINUE
ITERATIVE IMPROVEMENT
DU 340 I=i4N
X(I)y=Xtl)i+Y(])
340 CONTINUE
IF (ITmAX +NEe Q1) GO TO 345
IT=¢
, 40 TO 40¢
345 1T=lT+l
ITMAR=ITmAX=1
IF {IT oGTe 1) GO TO 360
TOFe ABS{X(1))
DU 350 I=2,N
IF  ABSIX(I)) oGTs TOP) TOP= ABSI(X(I))
35C¢ CUNTINUE
TEMP=TUP*EPS
360 TOP= ABSt(YI(1))
DC 37¢ I=2,N
IF ( A3S(Y(I)) «GTe TOP) TOR= aBS(Y(I}))
3706 CONTINUE
TEST FCR CONVERGENCE
IF (TOP siLEs TEMP) GO TO 4CC
D0 350 I=isN
SuUmala
DO 38C J=isN
SUMaSUM+AAl T aXx(d)
380 CONTINUE
2{I)=bsl])=sSUM

390  CONTInUE

GU TO e8y
40U RETURN
END
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MATIN3

Source: Written by W. T. Segui, Department of Civil Engineer-

ing, Memphis State University

Method: Partitioning (See Reference 6 ).

Usage:
DIMENSION A(n,n)
CALL MATIN3(A,NO)
where

matrix to be inverted

>
I

n = maximum permissible order of A
NO = order of matrix to be inverted

The original value of A is destroyed, and the inverse
ié returned in A.

The array sizes in the DIMENSION statement in MATIN3
"must conform to the following: ~—~ — - - T -

DIMENSION A(n,n),C(n),D(n),B3(n,n)
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SUBRUUTINE MATINI(ASND)
DIMENSION A(1QGs10010C1100),0(01C01,831100410C
Alis,l) = 1s/allis])
N1 = NG = 1
D0 6 Meiinl
Nos Mo+
00 10 I=isM
ClI) = S
00 Ol
E & T
DO 1 i=1.M
DO 3 Jd=i,n
CeI) = A(ladi»aldsnN) + CUI)
DIV = AINsSJ)Y=*A(dsI)Y + BT
E = Arnal )l I) + E
F o= A(NJNY & E
AlNsaN) = 1o/F
00 @« 1I=14M
AlToN) = wlewC({I)I2AINSN)
4 AlNsI) = =lexalnNaNI*D(])
DO 5 I=1.mM
DU B J=1.mM
5 83(I,4) =2 C(IlixalNsJ)
o0 & I=1.M
DO 6 JsiiM
6 Allsd) = atlsrgd = B3{1sd)
RETURN
END

-,
o @

- oW
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INV1

Source: Synthesis of Dynamic Systems Using FORMA (FORTRAN
Matrix Analysis), a report prepared for NASA
under MSFC Contract NAS8-25922 by Martin Marietta
Corporation, May 1971.

Method: Bordering (see Reference 7 ).

Usage:

DIMENSION A(n,n),%Z(n,n)
CALL INV1(A,Z,N,KR,NERROR)
where

A = matrix to be inverted

Z = inverse of A

n = maximum permissible order of A
- N = order of matrix being inverted

KR = value of n in the DIMENSION statement in the

calling program
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NERROR = an error indicator. NERROR is returned
with a value of zero if A is non-singular
and with a non-zero value if A is singular,
In the latter case; the numerical value
of NERROR is an aid in locating the point
in the subroutine from which control is

returned.

The original value of A is retained. Matrices A and 2
may share the same core locations, but in this case the
original value of A is lost.

The array sizes in the DIMENSION statement in INV1
must conform to the following:

DIMENSION A(1),Z(1),IX(n),B(n),G(n),DETR(n)

If n is anything other than 150, the statement

IF(N.GT. 150)RETURN
must be modified accordingly.

This subroutine produces output. Input/output device
designations are specified in the statement

DATA NIT,NOT/105,108/
(Note that the input device designation is superfluous, since

no input is required).

Comments: Several minor changes were made to the original
version of this subroutine:
1. The calls to subroutines PAGEHD and ZZBOMB

were deleted.
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2., Calls to ZZBOMB were replaced by RETURN

statements.

3. The variable NERROR, originally an
argument of ZZBOMB, was added to the argument

list of INVI.

These changes were made for the purpose of
obtaining a "stand-alone" subroutine not requiring

any supporting  subroutines.
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SUBROUTINE INVI {A»2aNiKRsNERRCR)
DIMENSION A(l)s 20205 IX(150), BLi50)s GULIB0), DETR!ILIBO)
DATA NITANOT/Z105,108/

3

MATRIX INVERSION (asasl = Z). ECRUDERING METHID
TrmE OETERMINANT RATIO DET(I+1) /7 DET(I) 1S PRINTEDs DET(I) IS THE
SDETERNIMANT GF THE FIRST 1 BY I SUBeMATRIX CF A
ThE INVERSION CHECK Z#4 1S CaLCULATED AND PRINTED.
MATRICES AsZ MAY SHARE SAME CUURE LOCATICNSs (Zxa CHECK I3 INVALID)
THE maxXimyim SIZE 1S
N = 150
CCDED BY EUB DILLCNe FEBRUARY 1965
nCOIFIE0 FOUR CONTRACT NAS8=235922, MAY 1371«

SUBRUUTINE ARGUMENTS
A = INPUT MATRIX TC BE INVERTECe SIZE(NsNI»
Z = YUTPUT RESULT MATRIXe SIZE(NsN).
N = INPUT SI2E OF MATRICES AsZs MAX=150¢
KR = INPUT RCOW DIMENSION OF AsZ IN TaALLING PRCGRAM:

el eNaNo NN a NN AR O N AN AN AN AN S ol o!

€200 FURMAT (// 10X,4Ct17X21H(s1201H)))
2dul FURMAT (// LGX,45HSUBRCUTINE INvi nAS CALCULATEC THE DATA BELOW

* 7/7710X, 44HTHE DETERMIMANT RATICS DET(I+1 /_OET(I) ARE
4 // (13Xs1CEL1+43))
20Uz FORMAT 1///710%,37HTHE (Azasijata) INVERSION CRECK GIVES
* /771CXi25HTHE DIAGONAL ELEMENTS ARE // (13X210F11+48))
2533 FURMAT (// 10Xs35HTHE MAXIMUN CFFapIAGUNAL ELEMENT IS
x E11e3, 2X, &HAT I3, 1Hs I3, 1H) )
~
NERRCR=1
IF (N «GTe 180) RETURN
C
GO 16C I=g,nN
16y IX(I) =1
C INVERT FIRST NON®ZEKD ELESMENT IN FIRST CCLUMN
DC 18C I=isnN
130 IF (A(]) siNEs $s) GG TO 220,
NERRCR=2
RETURN
c

C START INVERSICN WITH RUW I
220 DETRIL) = a(l)

Z(1) = 1¢ 7/ A(I)

iF [N +EGs 1) RETURN
C

IX(tI) = 3

Ixti) = [

C ZURDERING LOOPS
DO &30 L=gsN
K = L
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o

C

(@)

bl =z L e
50 & = U
MIXL = KR » (IX(iL) = 1)
LL = Ix(L) « MIXL
DU 450 I=14L1
MIXI = KR * (IXI1) = 1)
LI = IX(L) + MIXI

BLI) & C»
GtI) = Cs
00 440 J=isL1

MIXJ 3 KR * (IX{J) = 1]
Id = IX(I) +» MIXJ
Jbo= IX(J) + mMIxL
Bil) = g(l) = Z(1Jd)s ACJL)
JI =2 IX(J) + ™MIXI
Ld = IX(L) + MIxJ
440 GILI) = GUI) = AtLd)» Z(JI)
450 S = § + aillie B :
AL = A(LL)I+ S
IF (ATLL) ¢EGe Q«) GO TO 450
AlLBak = a88 (AL /7 aAlLL))
GG TO 49¢
450 ALBAK = 4GS (AL}
430 IF (ALBAR «GEs +JE=5) GO TO 55C

INTERCHANGE ROWS AND CULUMNS

K = K + 1

IF (K +GTs N) GO TO 540
Ix L = IXxtL)

IXtL) = IX(K)

IX{KI = [X L

30 TO 25¢C

540 IF (ALBAR oGEs +1E=%) GO TO 55¢C

RETURN
530 2tLL)= 1+ / AL
DETR(L) = AL
D0 370 I=21,L1
IL = IX(I) + mixL
LI = IX{(L) ¢ Kk » (IXx(]) = 1)
ZvIL) = 81y » 2(LL)
ZiLI) = @{l)y = ZiLL)
DO 570 JEiall
e~ ld.m IXIIi + KR = (1
370 ZULId)= Z(Id)is G(LJ) =»
53C COUNTINUE

i

JOIMPUTE INVERSION CHECK Z=xas
XUFF = Gel

NERROR=3
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(@]

710
720

PRINT THE DETERMINANT RATIO ANT INVERSICN CHECKS

124

D3 7eC I=i,sN

DU 710 J=1is4N

X = Qe¢Q

KJia & KR * (u=i)
DO 703 K=1lu4N

IK = 1 + XR*{Kal)

Kd 2 K + KJA
X = X + Z{IK} #»

A(KdJ)

IF (1 eNEe J) GO TOU 705

Gil) = X

GO TGO 71§

IF (ABS(X) oLTo
XCFF = X

IOFF = |

JOFF = J
COnTINUE
CONTINUE

WRITE (NOT,20U00)
WRITE (NQT,20011
WRITE INOT,2002)
WRITE (NQOT,2003)
NERROR=0

RETURN

END

ABS(XOFF)) GC TC 7i¢

{JCo JC=1,10C)
(DETR(IV, I=1aN)
{ G (I)s I=24Ni
XOFF2I0FF,JCFF



INV1A

Source: :Synthesis of Dynamic Systems Using FORMA (FORTRAN

Matrix Analysis), a report prepared for NASA under

MSFC Contract NAS8-25922 by Martin Marietta Corp-

oration, May 1971.

Method: Bordering with iterative improvement (see Reference 7 ).

Usage:
DIMENSION A(n,n),Z(n,n),WORK(n,n)
CALL INV1A(A,Z,N,KR,WORK, NERROR)
where

A = matrix to be inverted

inverse of A

N
il

n = maximum permissible order of A

WORK = working storage

N = order of matrix being inverted
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KR = value of n in the DIMENSION statement in the

calling program

NERROR = an error indicator. NERROR is returned
with a value of zero if A is non-singular
and with a non-zero value if A is singular.
In the latter case, the numerical value of
NERROR is an aid in locating the point
in the subroutine from which control is

returned.

The original value of A is retained.
The array sizes in the DIMENSION statement in INVIA
must conform to the following:
DIMENSION A(1l),z(1l),WORK(1l),G(n),IX(n),
COL(n),B(n),DETR(n)
If n is anything other than 120, the statement
IF(N.GT. 120)RETURN
must be modified accordingly.
This subroutine produces output. Input/output device
designations are specified in the statement
DATA NIT,NOT/105,108/
(Note that the input device designation is superfluous, since

no input is required).

Comments: Several minor changes were made to the original

version of this subroutine:

126




l.’ The calls to subroutines PAGEHD and ZZBOMB

were deleted.

2. Calls to ZZBOMB were replaced by RETURN

statements.

3. The variable NERROR, originally an
argument of ZZBOMB, was added to the argument

list of INV1A.

These changes %ere made for the purpose of
obtainihg a "stand-alone" subroutine not requiring

any supporting subroutines.
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SUBROU
DIMENS
*

DATA N

AATRIX I
AETHOD e
GNLY 2)0
THE DETERK
15 PRINTE
CF A
THE FINAL
THE MAXIM
N = i
COCED oY
MODIFIED

s NN N e N AN N N AN ANME AN AN AN ol o oI S G &1

esyuu FORMAT

2l31 FOURMAT
»
»

20Uz FCRMAT
F'3

EUl3 FORMAT
*»

E0UT7 FCRMAT
»
»

2505 FORMAT
»

IF (N
NERROR

C INITIAWL 1
0d 5 1
iXtI)
D0 10C
L0 IF (AL

ut

RETURN
i5 DETR(1

128

SUBRUOU
A z [
Z =z {
N =z ]
KR a [
ACRK = ]

TINE INVIA (A)2ZINIKRIWORKINERROR)

ION A(1)0Z11)0WORKI(1)G(1E2C)SIX(2200,C00L112C)15B(220)0
PETR{120)

ITanCT/1C5,108/

VERSION (Axxmi =2 2)0 ITERATIVE IMPRIVEMENT USING BCKRDERING

THIS PROGRAM USES 3 NaN SPACES, WHERE SUBRCOUTINE INvV1 USES

MInaNT RATIO DET(I+1) / DET(I)s (FKRDOM THE FIRST INVERSIUON)
De DETHtLI) IS THME DETERMINANT OF THE FIRET I BY I SUBMATRIX

InNVERSICN CHECK 224 IS CALCULATED AXD PRINTEDS
U SIZE IS
o]
508 DILLCNe FEBRUARY 1965,
FOR CONTRACUT NASS=Z2539¢2s MAY 1971

TINE ARGUMENTS

NPUT MATRIX TO BE INVERTED» SIZE(lisN) s

UTPUT RESULT MATRIXe SIZE(NaMN)s ‘

NPUT SIZE QF MATRICES A,Z,nwOKKs MAX=120C

NPUT ROw DIMENSION OF ALZiwORK IN CALLING PROGRAMe
NPUT WORKSPACE MATRIXs SIZE(NJIN)

(/77 1CX21GCUI7XoiH(5I251H1))
{//7 L0UXs46HSUBROUTINE INV1A HAS CALCULATED THE DATA BELOW
///710Xs44HTHE DETERMINANT RATIOS DET!(I+1) /7 DET(I) ARE
/7 (13X21C0E11¢3)) '
(//7/710Xs37HTHE (Axx=]1)x(A) INVERSION CHECK GIVES
//7/1CXs25HTHE DIAGONAL ELEMENTS ARE // (13X,10F114¢8))
(/7 L1CX035KHTHE MAXIMUM OFF=UIAGONAL ELEMENT IS
E11¢3, 2X, 4HAT ( I3, 1Hs 135 1H) )
(// 10Xs39HINVERSION IMPRCVEMENT LDOES NOT CONVERGE /
1UXs20HTRHE FINAL DELTA IS (E17+8,1H) /
10Xs 25HNUMBER OF ITERATIONS IS (12s1H))
(/777 10Xs20HTHE FINAL DELTA IS (E17+8)1H) /
10X, 25MNUMBER OF ITERATIUNS IS (I2s1M))

NERRQOR=1
+GTe 120) RETURN

=3

NYERSICN (STATEMENTS FROM INV1) s
BZ 4N
s 1
I=1,N
I} sNEe ¢e) GO TC 15
NERROR®=2

-

) = All)




20

e

3

3
4

“

&

5

v

5
V]

5

[$ I o)

2(1) = 1o / A{(])

IF (N <«EGs 1) RETURN

IX(I) = 1

IX(1) = ]

QU 6% L=2sN

K = L

LWl s L = 3

S = Qs

MIXL = KR » (IX(L) = 1)

LL s IX{L) + mIXL

DO 30 l=1,L1

MIXI = KR » (Ix(l) = 1)

Ll = IXiL) ¢+ MIXI

B(I) = G

G{I) = O+

D0 25 uJu=i,il

MIXd =2 KR » (IX(J) = 1)

IJ = Ix(I) + MIxd

J o= IX(J) + MIXL

B(I) = B(I) » Z2Z(IJ)» A(JL)
JI = IXx(J) ¢ iIXI

Ld 8 Ix(L) + MIXJ

GlLI) = Gil) = afLd)e Z(JID
S = S + A(LINV* B(D)

AL = A(LL)+ S

IF (AILL) +EGe Cs}) GO TC 35
ALBAR = aBS (AL / A{LL))

GO TO «C

ALBAR = ABS (AL) .
IF (ALBAR +GEs +1Ew6) GO TOC 55
K 3 K + 1

IF (K «GTe N) GC TC #5

IX L o= IX{k)

IX(L) = [X(K)

IXiK) = IXx L

G0 TS g¢

IF (ALSAR +3Es +iE=8) GO TC S5

RETURN

ZiLile Lo / AL

DETRIL) = AL

DC 60 I=i,L1

L =2 Ix{(Il) » MEXL

LI o IXIL) « KR » (IX(I) = 1)

CZtIud= BlI) & ZiLb)

Z{LIl=s Gl » Z(LLy T T
00 6C Jeilsll

IJ = IX(I) « KR » (IxtJ) = 1)

ZiIlygie Zild) + S0J) * Z1IL)

CONTINUE

NERROR=3
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aon

a0

PRINT THE DETERMINANT RATICUS
WRITE (NOT,20¢0) (JCo» JC=21,1C)
ARITE (NQOT,2001) (DETR(I)s TI=14N)

INVERSION IMPROVEMENT LOCPs
E = 1¢8+8
DO &4C5 -L1lJ=1,10
MULTIPLY (21%(A)s
Md = G
DO 1885 J=1usN
DO 130 I=i4N
Ik = ]
CoL I = §»
DC 125 K=1sN
Kd 8 K + iy
COL I = COL I + ZUIK) » aiKJ)
IK = [x + KR
i3 CUNTINJE
Id = 1 + ridJ
WORK(IG) = COL I
130 CONTINUE
Md & MJd + KR
13% CONTINUE
INVERT (Zx»A)
Do 295 I=gsN
2u5 IX(I) = |
DU 210 I=isN
210 IF (WORK{I) sNEs Cs) GC TO 21E
NERRCOR=4&
RETURN
215 DRTRIL)
WORK(D)
IXtl) = 1
Ixt1) = |
DU 265 L=dsnN
K = L
Ll = L = |
2evu § = U
MIXL 2 KR » (Ix{L) = 1)
L = IXiL) + MIXL
DO 23C I=1,L1
MIXI = KR » (Ix{I) = 1)
LI = Ix(L) + mIxI
BiIl) = (o
GlI)y = Co
DG 2éb J=iasli
MIXJd = KR * {IxiJg) = 1)
I = Ixii} + mixd
JL o= [X(J) + MIXL

WORKI({T)
ls / WCORKIID)
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[

geb
23¢

238
2490

260
gs8

BiI) = B11l) = WORK(IJ)I® WURKI(JL)

JI = IXta) + MIXI

Ld 3 IXIL) + MIXJ

G(I) = G(l) » WORKILJI® WERKIUT)

S = $ ¢+ wORK(LI)= B(I)

AL 3 WORKI(LL)+ S

IF (WORK(LL) sEGes Oe) GO TO 235

ALBAR = ABS (AL / WORKI(LL))

GU TU Z4¢

ALBAR = ABS (AL

1F (ALBAK +GE« o21E=6) GO TC 2ES5

K = K + 1

IF (K +GTe N) GO TO 245

IX L = IX(L)

IX(L) = IX(KI

IX(K}) = [X L

GU T3 gcc

IF (ALBAR +3Es +1iE=X) GO TO 2565
NERRCOR=5

RETURN

WORK(LLI= 1 / AL

DETRIL) = AL

DU 260 I=1.,L1

IL = Ix(I) + MIXL

LI = IXIL) « KR & (IX(I) = 1)

WORK(IL)= B(I) » WORKI(LL)

WORKI(WIl= G(I) » WORKI(LL)

OC 260 Jeiluil

IJd = IXtI1 + K- = (IX(J4) = 1)

WORK(IJ)= WORKi1IJi+ GUJ) & wORK({IL)

CONTIMNUE-

MULTIPLY ((Z#A)=xel)x(2) AND TEST CONVERGENCE S

DEL [y = 2o

Mo = O

OC 385 J=i,N
QU 33C I=iuN
IK a1

CoL I = ¢

DO 323 K=iJ.N

KJd 2 K + iid

COL I = COL I + WORKI(IRK) & Z(KJ)
IK = 1K + KR

CONTINUE

coLtiry = Col I

CONTINUE

AMAX = U

DO 360 I=1,N

CIF _(AIMAX_sGEs AES (COLEINII. GO _TC-360- — - - = - — — — — — — = — -

Ig =1 + mJ
DEL I = auS ((LOLIIY = ZUIJY)Y ~/ COLULIN)
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(el ]

AMAX = ABS (CQOL(I))
360 CONTINUE '
IF (DEL IJ #GEe DEL I) GO TO 375
DEL [u = DEL I
37% D0 38C I=tuN
g =21 + MJ
2U1J) = oLl
380 CONTINUE
MJd B2 MJ + KR
3335 CONTINUE
O = DEL IJ
IF (D oLE+ 1+E=7) GO TO #15
IF (D «Gke €1 GO TO 410
E =0
405 CONTINUE
GO TO 4i5%

4.0 WRITE (NCTs2007) EsLIJ
GO TO 4E¢ :
.5 WwRITE (NQT,2008) Dol

CALCULATE AND PRINT THE INVERSION CHECK Z*ave
420 XUFF = Q043 :
DO 44C I=sluN
DU 43% J=1uN
X =2 U0
KJA B KR & (J=si)
DG 425 K=1{4N
IK 2 [ + KR*{(K=1l)
KJd 3 K + KJA
425 X = X + ZiIK) » A(KJ)
IF (1 oNEs J) GO TO 430
GitIl) = X :
30 TO 435
430 IF (ABS(X) «LTe ABSIXOFF)) &GC TC 435
XOFF = X
IUFF = 1
JOFF = :J
435 CUNTINJE
440 CONTINUE

ARITE (NCT,28Ce) (G (I)s I=1.N)
WRITE (NCTL2C03) XOFFJsI0FFsJCOFF
RETURN

enb
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INV2

Source: Synthesis of Dynamic Systems Using FORMA (FORTRAN
Matrix Analysis), a report prepared for NASA under
MSFC Contract NAS8-25922 by Martin Marietta Corp-
oration, May 1971.
Method: Rank annihilation (see Reference. 2 ).
Usage:
DIMENSION A(n,n),Z(n,n)
CALL INV2(A,Z,N,KR,NERROR)
where
A = matrix to be inverted
Z = inverse of A

n = maximum permissible order of A

N

order of matrix being inverted

— KR_= value of n-in -the_DIMENSION statement -in the - -

calling program
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NERROR = an error indicator. NERROR is returned
with a value of zero if A is non-singular
and with a non-zero value if A is singular.
In the latter case, the numerical value of
NERROR is an aid 'in locating the point in
the subroutine from which control is

returned.

The original value of A is retained.
The array sizes in the DIMENSION statement in INV2 must
conform to the following:
DIMENSION A(KR,1l),Z(KR,1),W(n),U(n),Iv(n),
IRE(n),BIN(n)
If n is anything other than 150, the statement
IF(N. GT. 150) RETURN
must be modified accordingly.
This subroutine produces output. Input/output device
designations are specified in the statement
DATA NIT,NOT/105,108/
(Note that the input device designation is superfluous, since

no input is required).

Comments: Several minor changes were made to the original
version of this subroutine:
1. The callg to subroutines PAGEHD and ZZBOMB
were deleted.
2. Calls to ZZBOMB were replaced by RETURN
statements.
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3. The variable NERROR, originally an
argument of ZZBOMB, was added to the argument

list of INV2.

These changes were made for the purpose of
obtaining a "stand-alone" subroutine not requiring

any supporting subroutines.

135



SUBROUTINE INVE(A»ZoNIKRINERRCR)

UIMENSIUN A(KR,1)IZIKRILIsw150),U(1501,1IVI150),
+ IREL15C)IsBIN(1ED)

CATA NIT,nOT/Z105,108/

MATRIX INVERSION {as»ml = Z2)s RANK ANNIHILATION METHOD
ALGURITR=M FORMULATED BY CARL BOLLEYS
THE INVERSICON CHECK Z*A IS CALCULATED AND FRINTED.
THE MAXIMUM SIZE IS
N = 15
COCED BY CARL BOULEYes JANUARY 1967,
MCODIFIEC FOR CCNTRACT NASB=ZE9z2, MAY 1971

SUBROUTINE ARGUMENTS
A = INPUT MATRIX TO BE INVERTEDe SIZEININ)S
Z = JQUTPUT RESULT MATRIXe SIZE{KoN)o
N om INPUT SIZE COF MATRICES As2+ MAX®L.5Cs
KR = INPUT RCw DIMENSION CF A,2 IN CALLING PROGRAMS

NnOoOoOoOoOOOCOOO0cO0OCOnmnmn

2uvs FIARMAT (/7 iCXs1G(7XalRmlal2s1m)))
duul FURMAT(// 10XseSHSUBROUTINE Inv2 HMAS CALCULATED THE DATa BELCwH )
202¢e FORMAT(//7/7L0X%Xs37HTHE (Ax=w1)%#(A) INVERSICON THECK GIVES

» //7/710X%X,25HTHE DIACGONAL ELEMENTS ARE // (13X010F11¢8))
2503 FURMATI(// 10Xs35HTHE MAXIMUM CFFeUIASONAL ELEMENT IS
» E1163, 22X, 4mAT (13,115 1351H) )
C
NERROR=1
IFINOGT»15C) RETURN
NEKROR=2
IFINGEGoLeANCoA(151)9EQeCeC) RETURN
IF(NCEQGov1oaNDsA(1s1)sNESTeT) GC TO 98
C
C GENERATE INITIAL RCwW INDICES.
1T=1
GC TOU SC
3i IT=2
9¢ DU 5 I=1l.N '
IRE(I)=1 :
5 Ivili=]
C
¢ CONDITICN A FOR mAXIMUM DIACCNAL ELEMENTS
NMlsN=]

D0 & L=1l,nMl
SMAX=0e0

DU 8 JeluwN
LA=IRE(J)

I=0L

K=LA
IF{IT«EGs2) =LA
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IF(ABSIAIKsTI))IILEsSMAX) GO TC 8
JMAX=2u
SMAX=2ABS(A(KSTIN)
8 CONTINUE
LS=EIRE(L)
IRE(L)=IRE(JMAX)
6 IRE({JMAX)=LS
DG 7 L=i,N
LAzIRE({L)
BIN(LI=A(LASL)
IF(ITeEGs2) BIN(L)=AlLILA)
7 IF(BINIL)SEQsCeQ) BINI(L)®=1sD

GENERATE INITIAL Z ‘AND ABARs
D0 10 L=14sN
LA=IRE (L)
I=L
K®LA
IFLITIEGeE ) I=LA
IFCITIEG 2 IK®L
DU 15 J=1,N
MeJ
Mi=iA
IFLITeEGec I MmLA
IFIITIEQe2)IMimy

16 Z(MaM1)=0e0
ZiI,K) )= eC/BINIL)

10 AtK)li=A(Ks I eBINIL)

INVERSION LUOPs USES KCOW OF ABAR WITH MAXIMUM S

DC 35 L=1uN
SMAX=0eC
DO 23 JsiLsN
LA=IV(J)
‘§3140
DD 26 K=isN

26 S=S+AILAIKIRZIKILA)
IF(ABSIS)«LEsSMAX) GO TO 23
LMAX = J
SMAX = ABS(S)

23 CONTINUE
IF ' SMAXeGTsLsCE=35) GO TO 62

NERRQRk=3

IF(ITsEQe2) RETURN
GO TQ 63
6C LS=sIvIL)
IVIL)=IVILMAX)
IVILMAX)=LS
L T e
DO 25 I=isN
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a0

o0

(g g

Wi{l)=Cel
DO 25 J=isN
25 Wil)law(I)eaiLA)JIRZtJST)
S=le0+W(LA)
DS 30 [=1i,N
30 Uil)=2(ls0ia)
00 35 I=1/N
Du 35 Jmi,N
38 ZUl,d)=2Z(l)J)swyll)ew(d)/S

RESTORE A

65 DU 40 L=1,N
LAsIRE(L)
I=_
K=2LA
IF(ITeeGs2)I20A
IF(ITsESeIK=L

40 ALK I )I=A(K,TY+BINIL)
IF(SMAXsLZe1+CE=«35) GO TC 91

COMPUTE INVERSION CHECK ZXxAs
XCFF=Ce0
DO 50 J=i1uN
DG &5 I=iuN
XsQs
DC 46 K=isN
46 XBX+Z(I,K)122(KsJ)
IF(IeNEeG) GO TC 47
Uil =x
GO TO 45
47 IFLABS{X)sLTeXCFF) GO TC 45
XOFF=X
ICFF=1
JOFF=J
45 CUNTINUE
50 CUNTINUE

HECK AND MAXIMUM CFF UIAGONAL

PRINT INVEXSION C
) (WCauC=1,10)
)
)
)

WRITE(NCT,20CC
WRITE(NOGT,20C1
WRITEI(NCT,ECCE
WRITE(NUTSECC3
NERROR=U
RETURN

95 Z(1,1)=ie¢0/7A00451)
NERROK=C
RETURN
EiND

(Gl{I)al=lun)
XCFFJ)I0FF,JOFF
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INV3

Source: Synthesis of Dynamic Systems Using FORMA (FORTRAN
Matrix Analysis), a report prepared for NASA under
MSFC Contract NAS8-25922 by Martin Marietta Corp-
oration, May 1971.
Method: Choleski decomposition (see Appendix A).
Usage:
DIMENSION A(n,n),Z(n,n)
CALL INV3(A,Z,N,KR,NERROR)
where

A = matrix to be inverted

Z = inverse of A

n = maximum permissible order of A
N =

order of matrix being inverted

KR = value of n in the DIMENSION statement in the

calling program
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NERROR = an error indicator. NERROR is returned
with a value of zero if A is nonFsingular
and with a non-zero value if A is singular.
In the latter case, the numerical value
of NERROR is én,aid in locating the point
in the subroutine from which control is

returned.

The original value of A is retained. Matrices A and Z.
may share the same core locations, but in this case the
original value of A is lost.

This subroutine calls subroutines DECOM1 and INV4.

The array sizes in the DIMENSION statement in INV3
must conform to the following:

DIMENSION A(KR,1),Z(KR,1),Wl(n),w2(n),DETR(n)

If n is anything other than 150, the error detection

statement
IF(N.GT. 150) RETURN
in INV3 must be modified accordingly.

Output is produced by INV3 and may be produced by DECOM1
in the event A is singular. In each of these two subroutines,
input/output device designations are specified in the statement

DATA NIT, NOT/105,108/
(Note that the input device designation is superfluous,

since no input is required).
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Comments: Several minor changes were made to subroutines

INV3,

l.

DECOM1, and INV4:
The calls to subroutines PAGEHD and ZZBOMB

were deleted.

Calls to ZZBOMB were replaced by RETURN

statements.

The variable NERROR, originally an argument
of ZZBOMB, was added to the argument lists

of INV3, DECOM1l, and INV4.

These changes were made for the purpose of making

INV3 independent of subroutines PAGEHD and ZZBOMB.
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SUBRUUTINE INV3I1AsZainsKRINERRDOR)
DIMENSICON A(KR:L)JZ(KRJI’)NI(;Ju);na(l“u)w“'TR(lbu)
CATA NITOWNGT/Z1CS,108/

MATRIX INVERSION (Asxxal = Z)s METHCS USES TRIaNGULAR CECOMPOSITION
AND. TRIANGULAR INVERSIONe MATRIX A SHCULD 65 SYMMETKRIC, PUSITIVE
DEFINITE« UPPER mALF OF MATRIX & IS USED TG CalCuLaTE Ze FULL
MATRICES AsZ2Z ARE USED FOR INVERSION CHECK
THE OETERMINANT RATIO DET(I+1)/DET(I) 1S PRINTEDs TET(I) IS ThE
CETERMINANT OF THE FIKST I BY I SUEB=MATRIX OF A
THE INVERSICN CHECK Z#A IS CALCULATED ANL FPRINTEDS
MATRICES As2Z MAY SHARE SAME CORE LOCZATIONSs (Z»a CHECK IS INVALID)»
CALLS FORMA SUBRCUTINES DCCOM1,INVéE
THE MAXIMUM SIZE IS

N=150
CCLED BY CaRL.BODLEYs MARCH 1569
MODIFIED FLRk CONTRACT NASB=Z2BESGZE, MAY 1971

SUBRCUTINE AKGUMENTS
A4 = INPUT MATRIX TC BE INVERTEDs SIZEI(NIN)
Z 2 QUTPUT RESULT MATRIXs SIZE(NsN)
N =z INPUT $1ZE OF MATRICES As2s MAXz1500
Kk = INPUT RCwW DIMENSION OF AsZ IN CALLING PRIOGRAM

oMo nNnoOocoOnn

2000 FORMATI(// 10Xs1G(7Xs1H (5 12,51H)))
2001 FURMAT(// 10Xs45MSUBROUTINE INV3 HAS CALCULATED THE DATA BELOW

* //7/710Xs 4 HTHE DETERMINANT RATIOS UET(I+1) /7 DET(I) ARE
» /7 (13X,1CE1143)) .
2UCE FORMATI///71CXaE7HTHE lAw»xal}x(A) INVERSION CHECK GIVES
* /7710X%325HTHE DIAGONAL ELEMENTS ARE /7 (13Xs10F11e81)
BLu3 FORMATI/7 10Xs38RTHE mMAXIMUM CFFeDIAGONAL ELEMENT IS
» Eli1e302X,4mAT ( 13,14y 13, 1H) )
[
NERROR=1
IFINSGETeiS50)VRETURN
-

NERRUR=C
CALL DCOMi(AF¥2,NiKRINERRCR)
DU 5 1=1,N
5 DETR(II=Zils1)1x21141)
CALL INV&GU(ZrZsnNsKRINERRQOR)
DO 40 L=14N
DO 20 I=L,N
20 WilIl=z2(ias1)
00 30 I=isN
WE(I)=\.'\.
DU 390 K=iL4N
3C welll=w2(]) + Z(IsK}I®W1IK)
D3 40 K=1,»N
4C Z(RKsui=nE(K)
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< CALCULATE INVERSICN CHECK ZaAs
XCFF=0s0
DG 12C [=iuN
DO 110 Jd=isN
Xa2ieT
DU 108 K=1u4N

105 XeX+Z(IsK)I*A(KsJ)

IF(IeNEsJ) GC TC 108
Willi=x
Go TC 110

108 IF(ABS(K)+LT+ABS(XOFF)) GJ TC 110

XOFF=X

ICFF=1]

JCFF=U
i10 CUNTINUE
120 CUNTINUE

a0

WRITE(NDTs2008) (JCsJC=1410)

ARITE(NOT,2CCL ) (OETR(I)I=14N)

WRITEINOT,2C02)(wWl(I)sI=10N)

WRITE(NGT»2003) XCFF,ICFFLUCFF

RETURN
END

PRINT THE CETERMINANT RATICS AND INVERSICN CHECKS
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SUBROUTINE DCOMI(AIZINIKRINERROR)
DIMENSICON A(KRIIIJZIKRIL)

CATA EPS/LeE=35/

DATA NIT,NOT/1C5,108/

CECOUMPCSE mATRIX (A) TO FORM UPPER TRIANGULAR MATRIX (Z) SUCH THAT
A = Z(TrRANS)#Ze CHOLESKI SGUARE ROCT ™METHOD

MATRIX (A) SHCULD BE REALs SQUANESs SYMMETRITCs PCSITIVE DEFINITE
UPPER HALF UF MATRIX (A} IS USEC

MATRICES (A} anC (2Z) MAY SHaRE SAME COGRE LOCATIONS

Co0eD 8Y Ru wWOMLENe CCTOBER 197C.

MODIFIED FOR CONTRACT NAS8=25922, MaY 1971

SUBRUUTINE ARGUMENTS
A = INPUT MATRIX TO BE CECCMPOSECs SIZE (NoN)s
Z = QUTPLT MATRIXe SIZE(NANIs
N-= INPUT SIZE CF MATRICES 4sZe
KR = INPUT ROW DIMENSION CF AsZ IN CALLING PROGRAM»

3001 FURMAT(BHM1II = 13)

NERROR=
IFCA(L,)3)sLTeEFPS) RETURN
ZV31,1)eSERT(AILNLT)
IFINSEGeLIRETURN

CC § ¢=gsN
Zlladlmailadl/Z2iiag)

w

NERROK = £
B0 30 I=z,nN
Imim]=)
IPl=]l+1
2(l,1l1aa(las])
DU 10 K=1is1ImM1
iV Z2UIs1)=Z(1al)=Z(KaTl)nn2
IF(ZUIAT)eLTeEPS)IGO TO 998
NERROR=Q
ZUI,1)=8GRTI(Z(121))
IF(IsEWsNI GC TO 40
DO 3C JU=iP1,N
2iIsJd)i=Allsd)
DU 20 K=3i,1IMm1
20 Z(I,JdizsZilad)sZ( Kyl )a2Z(Kad)
3C Z2tlad)i=sZ(]lad) /211,51

¢ DO 50 I=sz,N
IMim]l=y
DO 50 Ju=31,1IM1
80 Z{I,J)ieCel
RETURN
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298 WRITEINGT,3001) 1
END -
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OGO aOoOOe o

Ci

o3

mATRIX INVEXSICN
UPFER
MATRICES
GO0 BY Ri

- -

C

Y
"

[ AV SV 2
O 3

3¢

SUBRUUTINEG InValbhsZiNiKRINERRCR )

ULMENS TN
GATA SPS/1+E=35/

TRIANGULAR
ArZa
WOoHLENS

DIFlEL

udQuuTI NE AKSUMENTS
INPUT

Hll”(.l

INFUT SIZE GF

= INFUT

FADWISEEL i
CONTINUE
CC 3¢ =ZN
irmlel=1

CU 3V d=1,1mM1
FARWISRE O
RETURN

END
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KCw DIMENSICN COF
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DPMNVT

Source: George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Method: Double precision Gauss elimination with partial

pivoting (see Appendix A)

Usage:
DIMENSION A(n,n),TEMP(m)
DOUBLE PRECISION A, TEMP
CALI. DPMNVT (A, N,ERROR, TEMP)
where

A = matrix to be inverted
TEMP = working storage

n = maximum permissible order of A

e M= 2T e e e e I

N = order of matrix to be inverted

147



N = the value of n in the DIMENSION statement in

the calling program

ERROR = an error indicator. 1If A is singular,

ERROR is returned with a non-zero value.

The original value of A is destroyed, and the inverse
is returned in A.

In the event A is singular, a message to that effect
is printed. The output device designation is specified in
the statement

INTEGER OUT/108/
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SUSRCUTINE UPIMMNVT (AsNIERKRCHITEMP)
CUUBLE PRICISION asTEMPsAMAX:T
CLIMENSION AlNa), TEMPILL)
INTEGER SUT/Z1CE/
INTEGER [rTwWsERKUR
ERRSRED
LEN+]
NESNTN
mENe i
Vo 46 I3i)N
KN+l
16 TEMPIK) =]
DU 5 1JK=isN
mE el
AMAX2ASS (AL, 1))
IRCwu=1
IFIMesEGei ) GC TC 3
OC 2 I=1l,m
IF(AMAXRSAES(ATISL) ) 10102
1 ACAX=2ABStatIsi
IRCw=1
CONTINUE
IFLaMAX) =,14,4
TelelUU/ZA IRSHIL
DO 5 l=2,xN
3 TEMPLI=al)=Aa(IRGwa 12T
D0 & Jd=l.N
) ALIRCwWIJIALLS )
DU 7 I=mZsN
00 15 J=2,N
1 Allelsumil=allsdimAllsl)oTERP(G=])
7 All=sisnt=aa(lsitaT
DO & Jd=zan
AlN)JI=1)=2TEMF(Je]1)
AliNgiieT
IRYvi=IKQOW*N
KaTEMF(Ix0h)
TEMPIIRGWI=TENME(L)
OC 12 I=&un
JaNe]
12 TEMP (U=l ) =TEMP(J)
g TemP{i{nNg) =K
M=ENed
00 13 I=si1uM
IROW =n+I
i1 KETEMPOIRSW) _
IF(KsEQe]l) GO TU 13
KOGRO=K+N
TEMPUIRONI=TEMFIKERED)
TEMPIKORD 1=K

+ W

[0

[+ §
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CO 1V Jd=isN
TEMPlLI=aidal)
AldallzAatygsK)

ie AldsR)I=TEMF LI
Ggu TU 1

i CUNTINLUVE
1000 RETURN
14 WRITE (CuT.100)

EXROR=4

GO TC 146¢0 . _ .
L1Uv  FORMAT (//7e20xsszd MATRIX IS SINGULARs NO INVERSE CBTAINABLE///)

END
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DPINV

Source: Reference 8

Method: Double precision Gauss-Jordan elimination with

full pivoting (see Appendix A).

Usage:
DOUBLE PRECISION A(n,n)
INTEGER ORDER
LOGICAL SING
CALL DPINV(A,ORDER, SING)
where

A = matrix to be inverted

maximum permissible order of A

3
Il

ORDER = order of matrix to be inverted

SING = a logical variable which is returned as .TRUE.

if the matrix is singular and .FALSE. if

the matrix is non-singular
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The array sizes in the DOUBLE PRECISION statement in
DPINV must conform to the following:
DOUBLE PRECISION A(n,n),B(n),C(n),PIVOT,Z
The original value of A is destroyed, and the inverse

is returned in A.
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oSN SN AN SN AN AN R SN NGNS N SN @

SUSRCUTING DPINVIAIDORDERISING)
THE AXGUMENTS ARE a8 FOLLOWS

A 18 THE MATRIX T3 BE InvERTEDe a I3 COCUELE
FRECISIONS THE INVERSE UF 4 18 RZTURNID 1w
A
SKRUER 18 AN INTEGER VARIAEBLE. T~E CROER GF TrE
MAT%IX TC BE INVERTEDS
S[rid 15 A CLCGICAL VARIABLE. whEN THE =JOUTINE
RETURNS SING IS «FALSEs IF ThRE mATRIX WAS
NOW®SINGULARS AND oTRUEe IF THE MATRIX wWaAS
SINGULARe IF SING IS «TRUEes THE MATRIX &
CONTARINS GARBAGES
INTESZR URVDER
JOUBLE PRECISICN AlL1C0210C),B(108)2C11C0)sPIVETS2Z
Ne{KUEK
LOGICAL §ING
INTEGER IF{LCS)2IGHIOD
WO I KEisN
DETERmMINATICN CF PIVOT ELENMENT
FIviT=C
20 100 I=KsN
UU &UO b)zKer
IF(UABS{A(TsGI 1 =TASSIPIVAT)I) 100,18C-101
i1 PIveT=a(l,4)
{PIKI=]
I(KI=d
100 CONTInUE
IFIPIVUTIL0E,850001C2
1o IPK=IPI(K)
IdK=IG{K)
EXCHANGE OF THE PIVOTAL ROW wITH TnE <T-a ROW
IF(IPKeK ) g00s»295,2300
coe DO 28Ul omlsN
22A(1PK, &)
ALIPKIG)I=A(KSI )
251 AtKeJdYal
259 CONTINUE
EXCHANGE CF THE PIVOTAL CCLUMN WITH ThE XKT# COLUMN
IFLIGK=K133Cs359,300
320 DU 301 I=1,N
Z=all, 13x)
Y Y B USSR YV O« NS e -
2 AllsR)=2
399 CSONTImJE

JORUAN ELImMINATION STEP
UG 4C0 J=i1,N
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n

&<

4l
430

4U5
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IFtJaK)I4s3,4C20403
3(Jl=is/PIVOT
Citdi=1a

GG TG (s
BllJl=eh(KyJ)/PIVCT
Cldl=AlgaK)
AlKsJISUe

AlJsK)Im3o

OC 4C8 I=1,N

0 408 J=14N
Allodimail,dl+CtII¥BLY)
CONTINUE

REORCERING THE MATRIX
K=N

PO 300 KouM=1luN
iPKaIP(K)

Iuk=1IGtK)
IF{IPK=K)I5014502,5501
00 503 I=314N.
Z=Alls1PK)
allsIPKI=a(IsK)
AlI)K)=2
IF{IGK=K15C42500,504%
80 506 J=1uN
L3AIGK, Q)
AlIGK,JImATKS )
AlKaJd)=2

Kegal

SING = +FALSES
RETURN

SING = «TRUES

KETURN

END




Source:

Method:

Usage:

where

DPINVT

George C. Marshall Space Flight Center Computation

Laboratory Programmer Procedures Manual

Double-precision Gauss-Jordan elimination with

full pivoting. (See Appendix A).

DIMENSION A(n,n)

DOUBLE PRECISION A

CALL DPINVT (A,N,M, DETER)

A = matrix to be inverted

n = maximum permissible order of A

N = order of matrix being inverted

M = 0 for inversion

M = number of constant vectors if a direct solution

of the system is desired.
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DETER = determinant of A. If DETER is returned as

zero, theh A is singular.

The original value of A is destroyed, and the inverse
is returred in A.

The arx~ay sizes in the DIMENSION statement -in DPINVT
must conform to the following:

DIMENSION A(n,n),IPIV(n),INDEX(n,2)
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OO0 n

SUBROUTINE DPINVTIAINIMIDETER)
MATRIX INVERSION aAND SIMULTANEOUS EQUATICHS SOLVER
ASINPUT MATRIX FOR INVERISON CR AUGUMENTED MATRIX FOR SIME« EGSe
N=ORDER CF COEFFICIENT MATRIX
Mm=C FOR INVERISCN ONLY
MaNUMBER OF CONSTANT VECTORS
CETER=DETERMINANT OF COEFFICIENT MATRIX
UIMENSICN A(L0C,1CCIaIPIVILIAC)I,INDEXI10022)
DOUBLE PRECISICON 4,DETER)AMAX

5 DETER=1+UDC

i4 SIGN=1.+%

i85 DO 20 UmiLsN

20 [Plviyr=y

£5 NNmjN+M

30 DU 182 K=isN

35 AMAX30eILE

G DU 76 I3isN

g [F (IPIVII)I=1)8(0,76,5C

U DU 785 UsiusN

1 IF (IPIV(J)1=1)5%,75,25C

25 IF (AMAX=TABStA(I,Jd) 1160475478

60 Inrs]

65 Il=sy

70 AmAX=lagS{a(ladl

75 CONTINUE

76 CINTINUE

du IPIviIC)=iPIvVIIC)I+d

5 IF (1R=I{180,115,80

50 Slun=eslGN

9% LU 110 L=1laNN

160 AMAX=A(IRIL)

105 AvIRsLI=A{ICAL)

1:C AllICiL)=AMAX

1i5 INCEX(Ksi)=IR

12v INDERIK,ZI=]IC

185 AMAX=&1IL,10)

130 DETER=UETER#*AMAX

235 IF (UETER)1400E58,5148

14C AlICoICI=140

148 CU 150 L=i,aN ,

150 altltsur=ailCscizamax

158 00 183 L=i4N

160 IF (L=IC)i65,18.5165

1635 AMAX=A(LJIC)

17¢ AlLLIC)=0e D0

2175 D0 180 d=i.NN . . O L L B

176 Aallsll=A(Ls11=a{ICs])2pMAX

130 CUONTINuE

183 CONTINUE

182 CUNTINUE
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JCOU GO G o

none
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(k¥

[AVEN AVIR A VIR A VIR A OO A VI A V]
i ¥ F Wb

U 235 I=l.n
LaN+les]

IR=INDEX (L)
IC=[INCEXILLE)

IF (IR=ICIE1sse354210
CU 23C K=1usN
AMAX=AIK, IR
AR IRI=AIKLIC)
wlK,ICI=amAK
CunTinle
DETER=SIGA®DETER
RETUXKN
pi=al
RETURN

EiNG
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SYMVRT

Usage:
DIMENSION A(n,n)
CALL SYMVRT(A,N,ISING)
where

matrix to be inverted

W
il

n = maximum permissible order of A

N order of matrix to be inverted

ISING = an error indicator. If A is non-singular,
ISING is returned with a value of zero. If
A is singular, ISING is returned with a
value equal to the row number of the diagonal

element which is zero.

The original value of A is destroyed and the inverse
is returned in A.

The array siées in-the DIMENSION statement in-SYMVRT
must conform to the following:

DIMENSION A(n,n),B(n),T(n)
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SUBROULTINGE SYMVRTLAINSISING)
SYMETRIC INVERSICM SUBRCUTIAE
CIMENSICON A(lavlﬁvb)lb(l Q1 TLIGT)

iv

i

ib
i7

26

IFiNeEgs ] GC 7O 1€
1A=

I1SInG=¢

CC 18 i0=1.1x
T(ID)I=1.

Iomis]isg}
IOPi=]1{+:
IFCILMEIN LU, 14018
0O 11 G=10.1IX

00 1l K=i41I0Mm1

ATIDs s I12ALIDIGI®AIKIITD)I#AIKIGIHTIK)

IFLALIC,ID)Y1IG,12415
ISinG=1D
G TU 3¢
TLID)==14

AUIDIID) = AaEBSLACICL,ID))

ATIDsIDI=S5GRT (A{IDSID)
IFLIDPI=IX)1les1601C

00 17 J=1CFPls1X
AllIDowizallosdiZAallo. 1D
ALIDAIL)=A(ICIICI*T(ID)
CONTINUE
ACIXsiXI=AaIXoIX)I2T(IX)
IAml=iXxs]

DU 24 I=1,1XM1

ii=]+}

oC 20 Jd=1l1l,1IX
Alladl=Aacl,arzatlsD
Aallol=Ttir/7at1,1
ALIXsIXI=TIIX)IZACIXSIX)
Co 23 i=2,1IXx

K=]+1

Imi=zl=)

DG 23 L=is1Mmi
IF(K=Ix)zis2is2s

DO 8¢ J=KLIX

AlLoul=Aatinad)=pallsats2atlls I

Alsl)==ailo)xA(Is])
55 27 1=ls41iX

gll)i=Cs

00 29 K=1,1IX
u(I)=u(1)+A(I:K)4~24T(K
viel+l

IF(mM=lXx1c6,286432

20 27 Jd=mslX

AlJdail=Us

LG 27 KeualX

160

1#T(I0)

)

)



35

vl
1iv
3¢

AldallzsatdallratisK)apaldan)=T(K)

OO 28 I=1,1IX
Alll,l)=B11)

DO 35 U = 14N

D0 35 I = iJN
Atdsl) = A{lsd)

Ge TO 1¢C:

CONTINUE

ALLlol) = 1e/alis1)
RETURN

EnC
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SOLEQ

Source: The Finite Element Method in Engineering Science,

by 0. C. Zienkiewicz. Copyright 1971. McGraw-Hill
Publishing Company Limited. Used with permission

of McGraw-Hill Book Company.

Method: Gauss elimination (see Appendix A).

Usage:
DIMENSION SK(n,h), Rl(n)
CALL SOLEQ (SK,R1,NSZF)
where

SK = upper half-band of coefficient matrix stored

as a rectangular array

R1 = constant vector on entry

Rl = solution vector upon return
n = maximum permissible number of equations
h = maximum permissible half-band width

NSZF = number of equations to be solved
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The array sizes in the DIMENSION statement in SOLEQ

must conform to the following:

DIMENSION SK(n,h), Rl (n)

If n is anything other than 50, the statement

NBAND = 50

must be modified accordingly.

The original value of SK is destroyed.

Comments:

164

Several minor changes were made to the original

version of this subroutine:
1. The name was changed from SOLVE to SOLEQ.

2. The COMMON statements were replaced by a
DIMENSION statement, and subroutine arguments

were added.




[ B A

aon

(o NN SN B

a0

2ec
279
-3-19

25¢
35U

SubrRuuwilne SCLEGIEKIRIINEZFR)

SPECIFICATIC STATErENTS

CIMENSION SKIEC0sBTIIRLI200)
NOSANUSSU

REDUCE MATRIX

LU 3vd n=1aNSZF

I=iN
LG 290C L=Z2sNBAND
I=]+i

IFISKINIL) ) €40s29Ca240
C=SKINILI/ZEKINGL

J=0
DG 270 K=LJiNBAND
J=J+l

IFISKINSIK)) E6Cac70426C
SKiIod)=SK(ls)mC28KINIK)
ConTINUE

SKINsL =L

RiI(I)=ki (] )=sCxri(N)
COUNTINUE
RLINIERLI(NI/ZSKINSL)

BACK=S,BESTITLTICON

NBNSZF

NaNeal

IFIN) 5005800436C

L=N

OC 40U K=ZsnNpAND

LeL+i

IF(SKiINIKY) 37C,4000370
RAINI=RIIN)=SSKINSKI#RI(L)
COnTINGE

60 TU 354
RETURN
END
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SYMSOL

Source: International Journal for Numerical Methods in

Engineering, "An Equation Solver of Very Large

Capacity" by Gilles Cantin. Copyright (C) 1971

by John Wiley & Sons, Ltd. Reprinted by permission.

Method: Gauss elimination (see Appendix A). 2ll com-

putations are done in double precision.

Usage:
DIMENSION A(n,h),B(n),C(h)
DOUBLE PRECISION A,B,C
CALL SYMSOL (A,B,C,NN,MM)
where

A = upper half-band of the coefficient matrix

stored as a rectangular array
n = maximum permissible number of equations
h = maximum permissible half-band width

B = constant vector on entry
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B = solution vector upon return

O
1}

working space needed in the subroutine

NN = value of n in the DIMENSION statement in the

calling program
NN = number of equations to be solved

MM = value of h in the DIMENSION statement of the

calling program
MM = half-band width of the system to be solved

The original value of A is destroyed.
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SUBRIUTINEG SYMECLIAJBICaNN i)
IMPLICIT RcaL»28laeak,0m2)
SIrienNSIUN AlNNIMMIIBINNTLC M)

A IS5 TmE CUEFFICIENT =ATRIX
5 IS5 THE RIGHT MAND MEMBER
C 15 A wURKING SPACE ~NEECED N
NN Is THE TOTAL NUMBER CF EGSUATI
i1 18 THE rALF«BANDWIDTH CF TwE
N=T
NEN+L

ReECUTE N TH EGUATION

. KRIGHT SIDE Y DIAGONAL

{r

Le LiviD
EIN)ZBiN)I/ZAINGL)

2+ U{mit(K FUR LAST EQUATICGHN

IF{N®NN) 150,300,150

THE SUARKCSUTIAE
Cihg
SYsSTEM

ot
ELEMENT

3s CIVIDE N TrM EGUATION BY CIAGONAL ELIHENT

CC 280 K=zamm
CiK)=A{NK)
AlNIKI=AINIK)I/ZAINSL)

#e RECUCE REMAINING EGUATICONS

2bu L=ZsMm
ith=i
NN=L) Z265s240,24C

z

n T nw G

-~

{

K= s

C O o~ -
Q:
(&

C
4+
-

isdt=ailrd)l=CiiI2A(N K
Ilez (I )=ClL)Y®rB(N)
SNTINVE

TG 109

Oy
CC ~—~ B C:

Balm SUBSTITUTICON

NEhel

o~
¥

K FOR FIRST EGUATICN

iv Ont

s

IFINT 350,500,350




2¢ CALCULATE UNKNOWNS BIN)

(g N @]

350 D0 «4UT K=gsmnM

LeiNeK=]

IFINN®L) 400,370,370
37C-BINI=BIN)=A(NIK)&#BIL)
43¢ CUNTINUE

GO TC 3¢C<
5300 RETURN

END
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Source:

Method:

Usage:

where

170

TRIMSS
Army Computation Center, Redstone Arsenal,
Huntsville, Alabama

Gauss elimination with partial pivoting (see
Appendix A). All computations are performed in

double precision.

DIMENSION A(n,b+1)

DOUBLE PRECISION A,D

CALL TRIMSS (A,N,NLD,NRD,NED,D,R,E)

A = the full band of the coefficient matrix,
stored as a rectangular array, augmented by
the constant vector (attached as an additional

column).
n = maximum permissible number of eqtations
b = maximum permissible band width

N = number of equations to be solved




NLD

= maximum number of band elements left of the.

diagonal term in any row

= maximum number of band elements right of the

diagonal term in any row

= NLD + NRD + 1

determinant of A

rank of A

an erxor indicator

0.0 if a solution is obtained

1.0 if A is singular and no solution attempted

2.0 if a solution was attempted and A was

found to be ill-conditioned or singular.

The solution vector is returned in the first column of A.

The original value of A is destroyed.

The array size in the DIMENSION statement in TRIMSS

must conform to the following:

DIMENSION A(n,b+1)
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SUBROUTINE TRIMSSTAININDINLDINMRDI)NEDIDIRIE)
CATEGORY
- MATHEMATICAL
PuRPCSE _
SCGLVE BAND MATRIX SIMULTANECUS EQUATIONS
DESCRIPTIZN
THIS SUBROUTINE wWILL SOLVE At &% X N SYSTEM OF SIMuLTANEQUS
EGUATIONS WHCSE COEFFICIENMT MATRIX 1S OF THE BAND FORM.

{le€e IT ™AS ELEMENTS OUnLY aBOJT THE Maln JTAGONAL anND
ZEROES ELSEWHERE)s ONLY THE BAND ELEMENTS NEED BE
STCRELU IN CRDER TO SOLVE THE SYSTEM QOF EGUATIONSs THIS
TECHNIGUE CF STORING ONLY THE BaND ELEMENTS ENABLES

INE TO SCLVE LARGE SYSTImS OF SIMULTANEQUS EGUATICONS IN
RELATIVELY FEw (CORE STORAGE LOCAaTICNS THIS TECHNIGUE
MAY 4LS0 BE USED TO SOLVE SYSTaMS OF SINULTANEQUS EQUATICNS
WwITH NO 2Z2ERDO ELEMENTS. BUT I THIS CASts THERE WOULD BE
NC SAVINGS IN CORE LOCATICNSS THE TECHMNIQUE USED TO FIND
THE SIMULTANECUS SCLUTIONS IS CAusSIAN SLIMINATIONS
MOCIFLIED TU TAKE ADVANTAGE QOF TmE REDUCED MATRIX. THE
ROUTINE ALS0 USES PARTIAL PIVUTING TO REDUCE ROUNDOFF ERRCR.
INPUT
Iy A FIRST LOCATIUN CF COEFFICIENT MATRIXIIsESs AlU103)
THE BAND ELEMENTS Im £al= RIW MUST BE LEFT
JUSTIFIED AND £XTENT TC THE RIGHT M PLACES
(M2MINININLD+NKC+1) o I I3 ANY PARTICULAR ROW
THERE ARE ONLY K BAND cLEMENTS AND K IS LESS
THAN M THEN THE M=K SIGHT HMOST ELEMENTS OF THaT
ROw wWILL BE SET TO 2ERCs THE ROw wHOSE LEFT
MOST COLUMN IN THE Fuli BLCWN MATRIX CCONTAINS
A NUN~ZERQ ELEMENT rusST BE T~E FIRST RCwW OF THE
REDUCED MATRIX ANC ETCe THE COLUMN TO THE
IMNEDIATE RIGHT OF THE RECDUCED MATRIX (FCRMEC &S
ABCGVE) MUST CONTaIn THE RIGHT HAND SIDE CF TeE
EGUATICON SET IN GUESTICNS IT SHOULD NCOW BE
OBVIQUS THAT AN N X N+l FULL BLOWN SYSTEM wOULD
BE REDUCED BY THE ABOVE mETHSD TO AN N X M+l
SYSTEM.
e N NUMBER CF SImULTANECUS EQUATIONS TO BE SCLVEDS
ICR VARIABLE DIMENSICN 1nTEGER MUST BE EGUaL TO
' ROw DIMENSION UF- A IN CALLING PROGKAM
4  NLOU MAXIMUM NUMBER COF NON-ZERU ELEMENTS TO THE LEFT
UF PRINCIPAL CIAGONAL I ANY ROW OF SYSTEM T3
BE OETERMINED
MAXIMUM NUMBER OF NOWN#ZERD ELEMENTS TQ THE RIGHT
OF PRINCIPAL DIAGCNAL IN ANY ROW OF SYSTEM TOQ
BE CETERMINEDS
&6 NED NEC=MINININLD+NRD+{)
CuTrRuUT
i A THE FIRST CCLUMN CF A CCNTAINS THE SOLUTION
VECTOR

o
A
<
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(@]

N G

CONTAINS DETERMINANT OF 4o

e U
3 K CONTAINS RANK LF Ao
4 E=0ss SOLUTIIN QeKs E=1e, A SINQULARS
£=2+y SOLUTION ATTEMRTEC, SUT A ILL CONCITIONED
Uk SINGULARs IN THIS CASE SOLUTIONS SmOULD BE
CHECKED TO ASSURE vaALILITY:
REMARKS

UNE UF THE AREAS IN WNIZrR THIS ROUTINE  SHOULD BE VALUABLE

15 Trm4aT OF SOLUTION OF ELLIPTIC SOUNDARY VALUE PRUBLEMS
ReFERENTE

ARNY GUUD TEXT ON NUMERICAL anNALYSIS

SCME TEXTS ON ELLIPTIC BOUNDARY VALUE PROBLEMS.
CUNTACT

CHIEF, THECRETICAL PROBLEMS SECTION

SCIENTIFIC DIGITAL PROGRAMMING BRANCH

ARMY CUMPUTATICON CENTER

SUBRUUTINE TRIMSS(AININLDINRDINECI D) RIED
DIMENSION AL3BC0s4)

CUUBLE PRECISICN AsDoYsuas
DCUsLe PxECISICN 4sDsYshssS
X1l = 1o

Li = 1

ER20

K= Qe

o=l

NolsNED+1

MaNLD

NilaNe]

DU L Isisnmi
[FCIeGTe{N=NLD) IM=Mal

NN +prw]l

DC 2 Il=1,nN
IFLASSIALLILZL1))eGEABS(AITITI+121))130 TC 2
oz=y

00 3 Jd=1l.kD1

Y=a(ls,Jdl

AltIsdl=zaLllelsd)
AllIlIrlsd)=2Y

CONTINUE

DaDsA{Isi)

IFLAlILi) +EGe Co) GO TO 10

30 TO (35,131,101

iF (ABSLAZS((X1aalIsl))/X2)sle) oLTe 1eEw?7) E = 2
X1 = Al(l,1

R = R +« s

Li = 2

DO & Js2,nNDi o B
Atlsdleallsg 1/ Allsl)d
Kei+d
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NiN= L

Jue i I1I=KJ,NN

WEA(ILs1)

DU & umisinkED
AllIsc)zatllscel)sallsdrlng,
Allilsainuil=alllsneD)
ACIIoNED)I=0o

U=0ak(iNI L)

IS{AINSLIWEQeD )G T2 10
IF{ACS{AEBSIIXisA(NILI)I/XL)®lojsiTeleEa7)E=20
K = R + 15

AiINJLIZAININDL)IZAINIL)

K=Nil

NNBZ

IS (NNe LT e ED I nENED

<

S I=2g, NN
S=2S+aldsil®*ai{k, )
JEJ+L
AlK)L)=AiIRK)NDL) =S
NinEndNel
KEKw]l
[F(KeNESCIGT TL &
RETU&:""

E=1.
R TURRN
EinND




BANSLV

Source: Introduction to the Finite Element Method, by
C. S. Desai and J. F. Abel, Van Nostrand Reinhold
Company, 1972
Method: Gauss elimination with decomposition (see Appendix A).
Usage:
DIMENSION AK(n,h),R(n)
DOUBLE PRECISION AK,R
CALL BANSLV(1l,AK,R,NEQ, IBAND, NDIM,MDIM)
CALL BANSLV(2,AK,R,NEQ, IBAND,NDIM, MDIM)
where

AK = upper half-band of coefficient matrix stored

in a rectangular array

n = maximum permissible number of equations
h =dﬁaximuﬁ~befﬁi§sibie half-band width i
R = constant vector on entry
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R = solution vector upon return
NEQ = number of equations to be solved

IBAND = half-band width of the system to be solved

NDIM = value of n in the DIMENSION statement in
the calling program
MDIM =

value of h in the DIMENSION statement

in the calling program

The first call triangularizes the coefficient matrix AK;
the second solves for the right-hand side constant vector.
If other right-hand sides are to be solved, BANSLV is again
called using the value 2 for the first argument (the
triangularized coefficient matrix will have been retained).

At the time of this writing, permission to print the program listing had

not been received from the publisher.




Source:

Method:

Usage:

where

DECOM and SOLV
Written by J. R. Admire, George C. Marshall Space
Flight Center.

Cholesky decomposition (see Appendix A). 2all

computations are done in double precision.

COMMON/A/ A(n,h), Q(n)

DOUBLE PRECISION A,Q

CALL DECOM (N,NB)

CALL SOLV (N,NB)

A = upper half-band of the coefficient matrix

stored as a rectangular array
n = maximum permissible number of equations
h = maximum permissible half-band width

Q = constant vector on entry iﬂt6<SOLV_
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Q = solution vector upon return from SOLV
N = number of equations to be solved
NB = half-band width of the system to be solved

Subroutine DECOM decomposes A into an upper triangular
matrix, and SOLV uses this to obtain a solution vector
for a given constant vector. SOLV may be called repeatedly
if solutions corresponding to several constant vectors are
desired.

The original value of A is destroyed, but the upper
traingular matrix will be retained after SOLV has been executed.

The array sizes in the COMMON statements in both DECOM

and SOLV must conform to the following:

COMMON/A/ A (n,h),Q(n)
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C th C

i, & B

[ o

+ €

SUBROUT e DECCHMININE)
DOUBLE PRECISIUN AsG
COMMUN/ZA/Z A{EUUIET)YIJN28210
DUUBLE PRECISION 3UMsC1,CEHC3
DU 40 I=)iiN

KF=alw]

JMAXSI+nEa]

IFLJMax «GTe W) JMAX=N
CC 4¢ u=liJMAaX

Jd=Jel+]

SuM=AlLisdd)

KS=Jehas+i

IFIKS oiTe 1) KS=1
IFIKS «3Ts KF) GG TO 15
UG 1V RanE,KF

IK=]l=sk+]

JK=JoK+]

Ci=z=palK, 1K

CezAlKsdK)
SumeSumsuxle
IF(L>013C,8043C
CONTINUGE

C3=IS5URTEUM)
All,du)=(C3

Go Td 40

All,de)s8yim/C3

CONT IRUE

RETURN

EinD
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Tie
[ 8

n:
P

U
1"
41

SUBROLTInE STLVINING)
UouBLE PRECISICN AsG
COushe FReECISION SUMaC1aC20C3
COMMUN/RA/Z A{2LCLB31a0Q(12C0)
DU 24 IsiuN

SuM=al )
Ko=lanNgel
ITriz]l=]

IFIKS «LLTs 1) KS=
IF(KS +GTs IM) G0 TU €0
00 10 K=2KS,IM

IKs[{*K+1l

Ci=atlr,; ik

gesqGiK)

Sun=dUm=LiaC2
C3i=all, i

S(l)=asyumros

I=N+l

Do 41 [l=1,N

i=lal

IP=1+1

JAX=IeNG=1

SumMmeiu{l)

IF(dmax «uTe N} UMAX=EN
IFUIFP oGTe gMax) 50 TO 40
DU 3v S=irsumbaX
Jiz=Jel+i

Ci=A(lsull

£e=gid)

SumsSum=li+C2Z
C3=alllln

GLI)r=5ur/23

RZTURN

ENU

1
i
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Source:

Method:

Usage :

where

CHOLES

1969 Vanderbilt University short course on matrix

and finite element methods.

Cholesky decomposition (see Appendix A).

DIMENSION A (m)

CALL CHOLES (A,N,MM, IB,NT)

A = lower half-band of coefficient matrix, stored

in a one-dimensioned array, followed by the

constant vector
m = maximum permissible number of elements in A
N = number of equations to be solved

MM = half-band width

IB number of constant vectors to be solved

minus one
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NT = 1 if both decomposition and substitution are

desired

NT # 1 if only substitution is desired (on the

second or later entry)

Upon return, the solution vector occupies the space
used by the constant vector on entry.

The original value of A is destroyed.

The total number of elements in A is given by

m = MM-MM/2 + MM/2 + (N-MM)MM + N.
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-

iv3

o4
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W5

71

BROUTLHE CrOLESTAINIMNMIIBANT)

Tmis subrUUTInNE SILVES A SYSTEM CF
; SY METRICAL AND BAnJE
UTINE wWAS PRESENTED
URSES ON MATRIX AND FInE

TENT maTrRIX 1
ARRKAYe Tri3% K
THELR ERLHT C
Tre ARGUHENTS AacE AS FOLLOWS!

O W

A =
NoE NUMBLRK UF EGUATICNS

e HALF®=BAND wIDTR + DIaGOMAL ELEMENT

Ia= NUm3in OF CONSTAKNT VECTCRE = 1

NT= L IF CECUOMPUSITION AND SUESTITUTION DESIRED

GT 1 IF SJUBSTITUTION CONLY
CIMENSIUN ALl
MuCapirisl
NSEmULsM/
NN TeND
IFINTeGTsl) GO TL 31
LS 20 J=14N
IF (u=mlD) 1s1s8
Iu'=.|-'a'1b’i3
LRIl S=n ) 2imUD +NS
GG 7O 7
In=1
LN+ ({J=1li*J/E
IF (usnN+=Ul) 103,10355105

1 e
IR™

.

30 TS 1G4«
L ISR Id T
51'0'

JIFJH]
Je=dti
IF(Ja) =,4%,3
Lo 6 Kerlnadl

Ti=AlL)
iz2S1+TiwnZ

2L+l

Tizall)

Ti=8GrTIT.=S1)

AtLLI=T:

IFGU=NY 19,2020

¢
0U 18 1l=4g.ii5
Suri=Ce
IF(I=MUD) 6&s88,71
Inz=l=mui

ub = EN G e A G BANG - o~ o

Go T o

Iin=1
LisiNe (il )]/
IFlULl) 18,1588

COEIFFICIERT ™ATRIX + CONETANT VE

(&)

-i<

COEFFIC=
IN A LINERAR
DURING
{69,
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8 IFUIN=U1)23,53,18

53 DO 17 K=lihsJi
LMELtKay
SUM=SUMtALLLI*ATLM)

17 Le=llL+l

8 AalLULI=stAalLLIsSUMI/ZALL)
20 CUNTINUE

3i NR=lg+l

- N3=Niel
CU 6% K=iink
AlNB)=aliNE) /7601
Lo 6u I=z2,N
IF(l=uld) clsfiic
EE IN=lsiin
KSsIN&#NULDENE

[X¥]

MS=mul

a¢ TC &7
21 IN=C

hE-L DL DY

KS=pmoel/¢
27 SuM=ye
oC &1 J=i.mG
JrRElive g
L=JR+KS
JREJR+NDS L
©l1 SuirsSurl+al(L)*A{ JR]
IU=[+KS
5C AlJR*I)=(A(JRrI)=SUM)I/ZALID)
&5 NO=No+N
NB=NM+N
DG 7% K=iJsNR
AUNBI=ZAINE)/ZAINM)
DU BC IlI=2sN
Ienw i+l
IF(I=MUl) 41s431,98
vElr (et ) warUD+NS
Gu TS #e
wi [u=I+tl=jiinise
4 IF(I=Neir) «3,435,4E
45 rig=ll=1
G0 TO 78
43 MI=mMUD
76 SuM=ale
00 81 Jdmlum%
JrR=l+y
IF(UR=MUEC) S8,S8,99
95 Lal+(JdrRamm) #MUC+NS
GO TU &Z
95 LRI+l IRk=3 IR/
Te JRENE=NtJR

[N
(84
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E1 SUMmSUM*A{LI®AIJR)
JRENE=NT ]
30 AlJRI=(AIURISUMIZACID)
75 No=NB+i
RETURN
END
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SOLBAN

Source: Written by J. E. Key, George C. Marshall Space

Flight Center

_Method: Symmetric decomposition (see Appendix A). All

computations are done in double precision.

Usage:
COMMON/A/ A(n,h), Q(n)
DOUBLE PRECISION A,Q
CALL SOILBAN (NU,NB)
where

A = upper half-band of the coefficient matrix

stored as a rectangular array

n = maximum permissible number of equations

h = maximum permissible half-band width

Q = constant vector on entry

Q = solution vector upon return
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NU = number of equations to be solved

NB = half-band width of the system to be solved

The original value of A is destroyed.

The array sizes in the COMMON statement in SOLBAN must

conform to the following:

COMMON/A/ A(n,h), Q(n)
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SUBRCUTINE SCLBANINUIEW)
COMMON/ZArs AL2CCsEC1aQ(200)
COUBLE PRECISICN AsGuaCl,8uMaSUB
INTEGER Hs Mls 8BW 20

¢
DG & I=i,nv
DC 6 J=ls8w
Supnals
S5ymMels
mislel
mEBwsi
IFtHLIsLEsn) H=pl
IFlLGeEGel) GO TC 10
IFtHsLESC) GC TC 17
C UCmPWTE CFF DI1AQGICNAL TERMS
PG 11 mM=luH
Kalap
| TNEJPN
| Czme+l

IF(CesGTesdr G5 TO 31
IFtNeGTeZw) GC TU 11
SUMESUMTA(K QYA (KINIBAIK, 1)
31 CONTINUE
17 Altlsdl={Al{lsd)ls8SUMIZALITILL)
‘ Ge TS e
| ¢ LutvPUTE CIAGICONAL TERMS
| LG COUNTINUE
| IF{HeLEST) GG T¢ 16
DU 13 mMel,H
Ke]wp
N2J*+M
Ci=AlKsN}
SUmeSUM+LisCirA{KS1)
{=laKkK+:
suBeSUp Uik I2A(K,T)
¢3 CONTINUE
& allsil=ailallagum
GtIV=Gi11)=5uB
€ CONTINUE
« CONTINUVE
LU 12 I1I=iaNy
I=nNUs1Il+i
SUM=G.
MisfIlIsl
REE T LN
IFtHlsLEsHIHBH]
IF{mMelLTo1) GQC TC 15
DU 14 K=iun
J=I+K
NNLISL B YN
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[aVER SIN o

SumsSUMra it laddl oL y)
COMTINGE
Gel)=G(li/7allsi)wEUM
ConTinue

RETURIN

END
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Source:

Method:

Usage:

where

DISPL
Written by T. J. Chung, University of Alabama at
Huntsville Research Institute

Symmetric decomposition (see Appendix A). Aall

computations are done in double precision.

DOUBLE PRECISION FORCT
DIMENSION FORCT (n)

INTEGER TA,TB

REWIND TB

CALL DISPL(N, IHB, FORCT,TA,TB)

FORCT = solution vector

n = maximum permissible number of equations

TA = number assigned to a sequential tape or disk
file to be used as a scratch file
TB = number assigned to the sequential tape or

disk file in which the lower half-band of the
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coefficient matrix and the constant vector are
stored. These coefficients are stored by rows,
the first row consisting of the first diagonal
element and a right-hand side constant. The
second row will contain two coefficients from
the lower half-band and a right-hand side
Eonstant the third will contain three lower
half—band coeff1c1ents and a rlght hand side
constant. This pattern will continue until -
the number of lower half-band coefficients is
the same as the half-band width. The number of
coefficients per row will then be the same

for the remaining equations.
N = number of equations to be solved
IHB = half-band width of the system to be solved

The array sizes in the DIMENSION statement in DISPL
must conform to the following:
XK (h,h),FORCT (n)
where h is the maximum permissible half-band width.
If h is anything other than 50, the statements

DO 80 1 =1,50

DO 80 J 1,50

must be modified accordingly.
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O o0

(&)

Cy YOy

CisK Ta

SUBRUUTINE CISPLINIIHEJFCRCTLTANTE)

GAUSSTANeCHULESKY SCLUTION TECHMNIGUE 1S5 USED

THIS METHCD WURKS FOR PCSITIVE=DEFINITE MATR

THE LUWER rMalLF=28aND AND FORCE VECTCR mMUST bE
FOWS ON CISK TR

I A SCRATCH FILE

ANIMUM OF A MALF BAND SGUARE BLCCK UF CCt
JIRED Im CCRE STORAGE AT ANY GIVEN TibZos

XK AKE £ACH EGual TO THE MAXIMUM RALF EBaAN
SNSILN §F FORCT IS THE MAXIMUM NUMBER OF

THE FORCE VECTCR (FCRCT) IS REPLACED BY THE
R (¢ Ees THE FORCE VECTOR IS OESTROYED

CEFINITION OF ARGUMENTS =

N = pMUMBER OF EQUATIONS

Ik = HALF=BEAND WIDTH (INCLUDING DIAG

ORCE VECTOR (INITIALLY)
DISPLACEMENT VECOTGOR wHEN THIS
MAS BEEN EXECUTED

FORCT

INTEGER CRUEZR4TALTB
SIMENSIUON XK(SCsBC),FORCT(L12C0C)
JUUSLE MNECISICN XKJFORCT,SU8,S5UM
KEWIND Ta
CETERMINE THE NUMBER CF BLOCKS CF COEFFICIE
in CCRE

URDER=N

AlHE=[HB

LURDER=UROER

uhb.f(=AwNuLR/AlHu
MOLUCK=UROER/INMB

ABLOCTK=NELECIK

TFIBLULKe 3T eacLOCK) NBLCCK=m:BLOTK*L

FACTOR AnU FORWASD SUBSTITUTICN COF STIFFRESS
auSEMBLED In A HALF EBAND SGUARE BLGCK AT a T

5O sy I=31450
Uy &G J=1+50

IZES CNLYo

ITORED BY

FEICIENTS IS
THE DIMENSICNS
D WICTHs THE
EQUATICONS

DISPLACE

CNAL TERM)
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0O 0

C Ci OO

Y Oy

e R el 4l

30 XK{Iad)=lo

M o= IMg
G £ mNN=luonBLCOCK
M=

IF(NNsEQeNBLOCK IMMaN=[NBLTCK=1 ) #IMHB
IF(RNeLE«2)GD TC 9

UHANGE CF xR SUBSCKIPTS FOR THE THIRD AND/CH

DO 2 I=c,
oU 2 J=édal

2 XK(Isd)z2xK(laMm]leJ)
g CU & I=1l,mnm
IFINNeNEsL) GO TO 101
READITB I (XKITau)ad2lal)aFCRITHD)
Go TOU iGe
1ol CTONTINUE

REAY FRUM UiSK iX<{Iad)ad=1:M) AND FURCTI(I)

READ(TB I (XxKULso)admiaM)sFCGRCTILL
102 CONTINUE
DU & dJdsil,ri
SUB=U
SumaCe
IFINNCEG«3)GTC TC 7
IF(NNeGE21G0 TO #
7 LF{lEGeUIGD TG 2C
IF(JeGTeliGT TC &

-
X
mn
-
(¢85
r
s
(@}
A

UFF=DIaGUNAL FACTCK FOR THE FI

Ji=jel

iF(JieEGe0IEC TC 21

DU éé KR=isul
ce Sul = SUM + XK{I KI#XKIJsaK)sXKIKIK)
i AK(UIod) = (XK{1sJ)=SUMI/XK(Usd)

z

U TS @&
CIAGOGNAL FALTUR FOR THE FIRST BLCCKs

¢l li=]
IF(IGeELSIGL TG 23
Cu ¢4 Ke=ls11
SUinBSUMTXRIIaKIBAR (I {sXK)BXK{KaK)
Eh SJB=5ULETAxKII,n)#FORIT K
3 XXK{lsd) = XKilsJ) = Sum
FURCTII) = FUKRCT(I1=SLE
GU TU 8
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[N @]

(@

N o e

)

-

FFReUlAGONAL FACTOR FUR BLOCKS CTHER THAN THE FIRSTS

5

CIAGONAL FAaCTOR FCk BLCCKS OTHER TrHAN THE F

IFt eEGem) GO TL 10

II=1+J

Iu=l+s

IF(IJemeGTel) Idz=lesgem
IF{IIoMeGT o001 ]=m

Jil=zus]

IFGJLLIsEG0)IGE TGO 12

DU 11 k=i,Jil

IK=1+K

KizlK

MJK2Fsg+K

IFIMIKeGTs I+l eANDoled oLEWM) FMiK=]+x
IFII+K2rieGTo 0 IRz
IF(I+K&raGT e GIKIm] +KmM

SUM = SUM + XK1 KIsXKITJIMUKI#XKIRI2IK)

A(Isd) = (XK{Iadi=SUMI/ZXK{TIdNIT)
G TO e

[
)

(92}

—‘
-

0 Mammel

ta.

i
2

G 13 K=i,mid

IK=]+K

Kl=IK

IFIIRKeGTom) IKsI+KsM

IF(KIvETe) Kl=nm

SUIM 2 SUM ¢+ XKIIKIAAK(TIK) 2 XK {IKsRT
Sub = SUZ ¢ XK(IsKIRFORCTIUIIK)
XK(Jad) = XKUIsd) = SUM

FORCTU(I) = FORCTU(I) = SUS
ConNTInve

WRITE(TA ) (XK{I,U)adelaMm)sFORCTII)
CONTINUE

CONTINUE

EACK SUBSTITUTICM STARTS

REWIND Tx
BACKSFALE Ta

T A Y

0O 5¢ mnin=1,ixBLECK
IFINNGGT ol Jintiesm
0o 2e i=2iitM
Mizririel+l
Suii=Ce
REACITAIIXKIMI, U ad=1aM) ) FORCTUIMT)
IF (N EGenBLUCKeANDT«EGeM) GO TC 39
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[N al

a0 o [aR e ¢

(gl e

CYCi O3 Co Cu

TS REAC FROm THE BCTTOM UPe

BACKSFAlE Ta
EACKSPACE TA

37 CONTINUE
IF(NMsLTonELCCRIGC TO 33

FIRST BLOCK (TRIANGULAR) REARNRANGED

Ii=s]=:

IFLI egGel) GG TG 33

DI s34 u=ziuml

JiileMegelall
S XKimlirmedei) = XK(MIsIMml)
35 IFINNeGTe1) GO TC 36

«
-

LSPLACEMENTS FCR TrE LAST BLOCTKS

=1=1
IFLIT«EG+ZIB0 T¢ BSC
00 81 K=i,101

31 SuM = SUM + XK(MI+Ksm=K ) *FCRITI(MI+K)

Ge Tu Be

LIisSPLACEmMENTS FCOR BLCCKS OTHER THAN
3 Il = Mmoo+ 1 = 1
IF{T1sGTarelsCRINAVGTeE)
3i DU 8% K=1,11
Fik=Ml+K
IFIMKeGT o) mIKEpKaM
55 Suit = SulM o+ xR (MK M=K ) AFCRCT (MK)
FURCTIMII=(FORCTI(MIN/XKIMIs) ) =8UM
S5 wRITE(TS)FORCT (™I

[1=p=1

NOW ThE DISPLACE™ENTS ARE STCRED CN
CROER wHIln wWILL BE READ AND STCORED
CRUER PRUFERLY RESTCREDe

RewlnNe TB
Y 56 l=iun
JEN=]4+1

D6 READ(TBIFSORIT (U
RTURN

END
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BANSOL

Source: Analysis of Axisymmetric Solids, by E.‘L. Wilson,

Computer Programming Series, University of

California, 1967.

Method: Gauss elimination (see Appendix A).

Usage:
COMMON/BANARG/MM, NUMBLK,B(n) ,A(m,p),NN, IT,JT
DOUBLE PRECISION A,B |
CALL BANSOL
where

MM = half-band width of the system being solved

NUMBLK = number of blocks of coefficients which

constitute the upper half-band

solution vector

w
n

A a block of coefficients ofrﬁhenﬁépéf_Hélf—band o

NN = depth of each block (i.e., the number of rows

in each block)
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n = the product of NUMBLK and NN (or larger)

twice the block depth NN (or larger)

=
1l

the larger of MM and NUMBLK

e
I

IT = number éssigned to a sequential tape or disk

file to be used as a scratch file

JT = number assigned to the sequential tape or
disk file in which the upper half-band and

constant vector are written.

The upper half-band and constant vector mﬁst be written
on file JT in blocks. The depth of each block must be at
least as large as the half-band width, but no larger than
half the first dimension of A (i.e., A is actually an array
containing two of these blocks of coefficients). Each block '
has the same depth, which will possibly necessitate
generation of dummy zero elements to completely fill the
last block. Each row of a block consists of a right-hand
side constant followed by a row of A coefficients, the number
of which equals the half-band width.

The second dimension of A must be equal to or greater
than the half-band width and equal to or greater than the
number of blocks. The dimension of the B array must be equal
to or greater than the product the block depth and the number

of blocks.
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The COMMON statement in BANSOL must conform to the
following:

COMMON/BANARG/MM, NUMBIX,B(n) ,A(m,p),NN,IT,JT
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37%

400

475

500

&4l

IF (NUMBLK=NB) 375,4C0,375 _
WRITE (IT)(BIN)IG(LAINIMIsM=2,MNM) pgNELl NN
G0 TO 100

BACK=SUBSTITUTION

DGO 430 M=1l,NN
NaNN+l=pM

DU 4&5 K=gzsnrn

LaN+K=]
BINI=BIN)=AINIK)*EIL)
NMENTNN

BINMI=BIN]
AINMsNBI=BIN)

NBeNB=1l . _
IF (NB) 475,50(,475
BACKSFACE IT

RKEAD (ITH(BINISILAINIM)IaMEZ,MiM)sNmloNN)
BACKSPACE IT

GC TO 40C

ORDER UNKNDWNS IN B ARRAY

K=C

DO 600 NE=L1INUMBLK
D0 600 N=1sNN

NE =[N +NN

KaK+1
EIKI=A(NMING)
RETURN

EnND
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IIT. DISCUSSION

3.1 Non-banded Methods

This discussion of the results obtained from the
solution of the test system given in Section I applies only
to those results, and should not be extrapolated to necessarily
include other types of systems.

All of the in-core, non-banded subprograms were employed
to solve a 100th order system of the type given in Eq. (1l.1).
The results are summarized in Tables 1 and 2. The execution
times given in all tables are approximate, and those times
lesé than one second are listed as one second. The two error measures
tabulated are those discussed in Section 1 of this report. The comment,

"no solution' means that the subroutine was still executing after a total

job time of five minutes and was terminated.

Superior accuracy was achieved when either double
precision arithmetic or iterative improvement was used. 1In
most instances the accuracy obtained with the direct solvers
was independent of the solution method used. Exceptions
were subroutines INVT, which uses Gauss-Jordan elimination
with full pivoting, and INV2, which uses the method of rank
annihilation . A large time penalty is paid for this above-

average accuracy, however. 1In general, the use of double
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Table 1.

In-core, Non-banded Equation Solvers
(Single Precision Except as Noted)

Subprogram Egecution Error Maximum
Name Time, secC. Measure Error Comments
SIMEQ 1 0.00968 0.137
SIMEQ3 14 0.00968 0.137
WUGEL 16 0.00968 0.137
GAUSEL 11 0.00968 0.137
SIMEQ?2 17 0.00968 0.137
FACTOR, LU 14 0.00968 0.137
GAUSS 12 0.00968 0.137
SOLVIT 3 0.00970 0.137 No iterative
improvement,
ACC = 0.001
3 0.0000170 0.000229 1l iteration
5 0.0 0.0 2 iterations
SMEQ1 20 0.00968 0.137
DPSIM 19 0.255x10 11 0.356x10 10 Double precision
SHORT 19 0.00968 0.137 |
SOLVE1l 31 0.00969 0.137
WUIGT 48 0.00968 0.137
WUGJIN 25 0.00968 0.137
SLVE 34 0.00968 0.137
GASSIM 31 0.00968 0.137
GJR 42 0.00968 0.137
- SIMULT 1 0. 159x10” '3 0.174x107 "2 Double precision
SOLV 3 o 0.00968 0.137 T
SOLV 2 25 0.00588 0.00583 2199 Gauss-Seidel
iterations
GSEID 103 5.51 84.1 200 Gauss-
Seidel itera-
tions




In-core,

Table 2.

Non-banded Matrix Inversion Subroutines

(Single Precision Except as Noted)

Subprogram E*ecution Error Maximum
Name Time, secC. Measure Error Comments
AINVER 57 0.00968 0.137
BINVER 103 0.00968 0.137
MATIN1 69 0.00968 0.137
MATIN4 45 0.00968 0.137
MIV 25 0.00968 0.137
INVT 197 0.0000549 0.000900
INVERT 85 —— — 50 equations
177 —-—— ——— 70 equations
300+ —— —— 100 equations,
no solution
INVTIT 63 0.00970 0.137 No iterative
improvement
117 0.0000170 0.000229 1 iteration
262 0.0 0.0 2 iterations
MATIN3 38 0.00968 0.137
INV1 110 0.00968 0.137
INVIA 48 ——— -—— 50 equations
154 - -——— 70 equations
300+ —-—— -— 100 equations,
no solution
INV2 121 0.000334 0.00455
INV3 71 0.0176 0.254
DPMNVT 58 0.255x10” 11 0.356x1071° Double precision
DPINV 47 0.687x10™ %3 0.101x107 %! Double precision
DPINVT 79 0.270x10"13 0.423x10" 12 Double precision
SYMVRT 24 -0.0177 0.254
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precision arithmetic appears to be the easiest way to gain
accuracy without excessive execution times, but computer core
storage requirements are roughly doubled. Two inversion
subroutines which use Choleski decomposition, INV3 and
SYMVRT, yielded results with somewhat less than average
accuracy. .

As expected, the Gauss eliﬁination schemes are somewhat
faster than the Gauss—Jordan.elimination solvers. Subroutine
DPINV, a double precision matrix inversion subroutine, is
surprisingly fast in view of the fact that it uses Gauss-
Jordan elimination with full pivoting. |

The execution times for subroutines SIMEQ and.SOLVIT are
misleading and need some elaboration. In each of these
subroutines, a provision is made for the possibility of a
zero multiplier when rows of the coefficient matrix are
modified. When such a situaﬁion exists, the modification
of that row is omitted, since there is no change in those
coefficients. In a large matrix wi;h a narrow band, such
as thé test matrix, this amounts to a large reduction in
the computations. This is discussed in more detail in Appendix

A.

Subroutine SIMULT and SOLVE 3, designed specifically for sparce matrices
proved to be very efficient for the test matrix, which contained relatively few non-

zero terms,

Some of the inversion subroutines, as well as the
equation solver SIMEQ3, retain the original value of the
coefficient matrix. This feature is of dubious vaiue, however,
since it requires twice as much core storage. If required,
the same results can be achieved by storing thrcoefficient

matrix in an additional array before entry into the subroutine.
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Subroutine SOLVE 2 and GSEID were the only Gauss-Seidel iteration

. procedure tested. In the test of GSEID, an initial trial solution vector con-
taining all zeros was used. After 200 iterations, no usable solutions had been
found, but the procedure did appear to be slowly converging. The performance
of SOLVE 2, designed for sparce matrices, was much better, but still not
comparable to direct equation solvers. In a large system with a narrow band
of nonzero coefficients, the effects of changing the value of one unknown takes
a long time to reach the other unknowns. It is felt that this, at least in part,
accounts for the poor showing of these two subroutines.,

[

3.2 Banded Solvers

The results of tests of those equation solvers which recognize the banded
nature of the coefficient matrix are tabulated in Table 3. Unlike the non-banded
subroutines, these were difficult to compare with regard to execution times.
Some require in-core storage of the full band of coefficients, whereas some
require only the half-band.

Wﬁere possible, the bandwidth of the test matrix was artificially
increased by including zeros within the band. This was done in order to get
execution times large enough for comparison, but some of the subroutines
would not accept this type of coefficient matrix.

As can be observed from the error indicators tabulated, single
precision accuracy for 200 or more equations is unacceptable. In all cases
tested, satisfactory results were obtained when double precision arithmetic

was used.
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3.3 Out-of-core Solvers

Only two subroutines utilizing auxiliary data storage
devices were tested, and the results are given below in

Table 4. Programs which effectively utilize temporary tape

Table 4

Out-of-core Equation Solvers

Subprogram Execution Error Maximum Block
Name Time, sec Measure Error Size
-10 -9
DISPL 95 0.177x10 0.360x10 2
BANSOL 29 0.177x10"19 | 0.360x10™2 2

or disk storage files are relatively scarce. Most efficient
large scale structural analyéis programs use techniques
which mesh the solution procedure with the generation of

the coefficients, and it is difficult to extract a stand-
alone equation solver from them.

Both subroutines DISPL and BANSOL bring the coefficients
of the half-band into core in blocks, or segments. DISPL
uses the lower half-band and BANSOL the upper. The term
"block size" in Table 4 refers to tﬁe number of rows of
coefficients in the block. In these particular cases, it
also coincides with the half-band width. The minimum

block size in each case is h X h, where h is the half-band

width.
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The accuracy achieved was identical in both cases, but
BANSOL was considerably faster than DISPL. The primary reason
for this' is that DISPIL requires only one block of coefficients
in core at one time, whereas BANSOL requires two. As a
consequencé, there is considerably less shifting of data in
and out of core with BANSOL. ‘With either subroutine, the
block size is limited only by the core capacity of the
computer. Using the maximum possible block size, of course,

will result in maximum efficiency.
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IV. RECOMMENDATIONS

Although the primary purpose of this report is to
ddcument and catalogue subroutines, some recommendations
can be made on the basis of their performance with the
test system given in Section 1.

On the basis of the test results obtained in this study,
Gauss—-Seidel iteration has little to recommend it. The
extremely slow convergence exhibited renders it impractical
for large systems of equations. A reevaluation may be
necessary, however, if systems different from the test
system are to be solved.

In general, inversion methods are not recommended
unless the inverse matrix is needed for its own sake.
Multiple constant vectors can be treated more efficiently by
solving them simultaneously. If a decomposition method is
used, they can be efficiently handled separately. For this
reason, and based upon their performance in the tests, sub-
programs SOLVIT (decomposition)‘with iterative improvement,
FACTOR and IU (decomposition) and WUGEL (Gauss elimination
with multiple constant vectors permitted) are recommended in-
core, non-banded procedures. In addition, function subprogram
FACTOR computes the determinant of the coefficient matrix.

If an inverse matrix is desired, subroutines DPINV and MIV

are recommended.
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For symmetric banded systems, those subroutines which
require only the half-band of coefficients should be used.
Subroutine CHOLES requires less core storage than any of
the others of this type, but the arrangement of the
coefficients may not be the most convenient one. Unless the
core storage requirements make CHOLES attractive, the ﬁore-
cohvenient subroutines BANSLV and the combination of DECOM
and SOLV are suggested. Both solvers use decomposition and
prbvide for sdlutioh of more than one constant vector.

For very large systems, either'DISPL or BANSOL may be
used to advantage. DISPL requires less core, but BANSOL is
faster, so the selection should be made on that basis.

In all cases, whether banded; non-banded, iﬁ-core, or
out-of-core, double precision’érithmetic should be employed

if the core storage capacity permits it.
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APPENDIX A

METHODS OF SOLUTION

A.l Genefal

Aithougﬁ there exisf man? methods for the.solution of
systems'of 1ineaf aléébraic equationé, there are ohly a féQ
. basic ﬁethods with many variétiohs. Among the direct methods,
the method of Gauss is probébly.the most ffequently encouhfered:
As will be pointed out iater{-this.technique is a dorivative
of a ﬁore fundamental mothod, that of decomposition. Gauss-—
Seidel iteration is the most common iterativé method in use,
and consequenﬁly)it will be the only one considered in this
appendix.

Only the more commohly used methods will bé discussed.
Some of the lesser known or infrequently used procedures are
not included, but can be found in the references indicated
in the subroutine descriptions in Part 2 of this report.
There is no attempt to provide rigorous mathematical
formulations in what follows. The intent is to furnish a
review of the basic techniques of equation solving, or in
the case of unfamiliar methods, a concise explanation.
More exhaustive treatments can be found in a number of

excellent textbooks (2),(5),(7), (9), (10).
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A system of n linear algebraic equations

R X, + QuXg + =+ + apnX, = &
Qg X, + RopXq #+ ¢ F QanX, = b,

‘ : (A.1)
RpX, T QuaXy + - + QanX, = b,

where the x's are unknowns, and the a's and b's are constants,

may be written in matrix form as

- - — -1 o ey
QI( a,2 o a/r) )<1 é31
Qpp Qo + - = Ay, X2 b,
. = ‘ (A.2)
Ay Apy - canq Xn £94

or

AN
X
>

(a.3)

- where A is called the coefficient matrix, X the solution
vector, and B the right-hand side or constant vector. For
a given coefficient matrix, the problem consists of determining

the solution vector corresponding to a given constarnt vector.
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Equation (A.3) may also be written in the form

X =A"8B (A.4)

where A-l is the inverse of A. Some techniques depend
upon determining the inverse matrix and premultiplying the
constant vector by it to obtain a solution vector, whereas
other methods seek the solution directly, bypassing the

computation of the inverse.

A.2 Gauss Elimination

The objective in Gauss elimination is to transform the
equations from their form in Egqg. (A.l) to an equivalent

system which has the form

a X / ¢
w Xyt QaXe F v F QuX, = b
7 ’
O * aqq )<7 + 7 a?t? )</) = b?
7 X /
O + O o o Q,, X, = bn
The matrix representation is

B ’ ’ 1 1 B / ]

a.” a,.z ¢ 1741 K, bl

4 / 4

O Ay . - - Qg X2 b,

. o = . (A.5)
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Once this transformation has been achieved, the last

equation can be solved directly for Xn' since it is the only

unknown in that equation. Equation (n-1), consisting of zero terms to

the' left of the next-to-last unknown, can then be solved for this unknown.
The entire solution vector can thus be obtained in a backward sweep through
this upper triangular system. This back-substitution algorithm can be

expressed by the equation

. o,
x. == (6 - 2> au K‘<> (2.6)

;. .
“e k=Crt

if the summation is taken as zero when i = n. This is bn' /ann' . The con-
vention used throughout this appendix with regard to summation is as follows:
if the'upper limit is not equal to or greater than the lower limit, the sum is

taken as zero.

It will always be possible to reduce the system to the
form of Eq. (A.5) provided A is nonsingular (i.e., its
determinant is not zero).

We begin by solving for x, in the first equation and

1

substituting the solution into the remaining equations.

From the first equation,

)(, = [él — <aiq ,‘(,2 F Q./g )(3 ot Q//) ’<n>] (a.7)

A, - - -
The second equation becomes
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g,
or o3 a
21 27
Q - — Qa, ‘> X <jCl - Cll%:>‘K
<f 27 a, 2 4 23 . 3
257y,
F < - 7 (jCLQn - =X flvn:> Xa é’? -
/"y ai’
or
Ropy Ky + gz Xz + F QAgp X,

In other words, subtracting a21/a11 times the first equation

from the second will eliminate the unknown xl from the second

equation. Similarly, when Eq. (A.7) is substituted into any

of the remaining equations, the effect is to subtract

ail/all times the first equation from equation i, eliminating

x, from that equation. In this manner, the entire system

1l
can be reduced to the form
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- T ] ~ 7
a// Q’/Q (LIS ’ [2'1/7 )(/ b/
/ / /
C) a,lz,z a,:)a ¢ « afzﬂ K? b2
’ / 2 /
O  Qz @z -t A X3 = b3
' / / / b/
& Ryg Qpsz - Qoan Xn g
where
Q;
aLJ, = O.LJ. - < a,;
. au .
and
7 .
2 = . -— </
CL,(-

The next step is to eliminate X, from each equation after

the second to obtain-the equivalent system

— —_— - — —_— —_

@, Q,, a/g‘)’ - Ry, X, b,
-~ 4 / ’
C’ Q11 st . e ¢ QQ/) '(:2 b'z

- ' o /7 i/
O o asg & o« as,, X 5 c— 63

7”7 7" 4

e o Amoan|| X, b
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where

by / a&:z /-
[42- . = a.- K - _— af.j‘
“ "J 2P

and

.‘
0\\
|
£
o

!

Next, the third unknown is eliminated from each
equation after the third, the fourth unknown is eliminated
from each equation after the fourth, etc., until the system
is reduced to the upper triangular form of Eq. (A.5).

In general, at the kth stage of elimination the kth
unknown is eliminated from all equations that follow the
kth. There will be a total of n-1 stages, since the nth
unknown will not be eliminated. Dispensing with the primes
and letting the equals sign be a replacement or substitution

operator, we can express the forward elimination procedure as

Cliy

‘¢ = N Q] — . a— N Ao8

., ;; K (A.8)
Lk .

and

2353

be = b, - =X b, (A.9)
Clkk
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These relationships give the new values of the coefficients
of each of the equations following the kth equation, as
obtained during the kth stage of elimination. In practice,

division of the kth row of A and B by a is usually done at

kk
the beginning of each stage, so that the final form of the

system is

/ / / ] - ] B / ]
/ Q/,:, Q,:; - - &, Xy é)/
’ ’ y
& / 259 . s, X o P
/ - ’
&) & / ¢ Q:g,] )(5 5‘3
o O c - / X, b,

With this modification, the complete -forward elimination

algorithm is given by

2 Y Sy S
T Ayt @y Q,; For [ = Kol «om )y
é)L" = 6,; - Q‘—k b/‘(

and the backward sweep By

n
X = bc, - z Q_LK )(K
K:=0Cr1
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If the coefficient matrix A is banded -- that is, if
the nonzéro coefficients are all within a narrow band about
the principle diagonal -- then a substantial savings in
computational effort can be effected by a simple modification
of the above algorithm. If A is banded, then beginning
with some equation after the kth, the coefficient of X will
be zero for all of the remaining equations. The coefficients
in those equations will be unaltered, and therefore the
elimination for that stage can be terminated. Even if the
coefficient matrix is not banded, a zero CHEN will allow the
ith equation to be skipped, and a check for this possibility
is worth incorporating into a computer program.

If several sets of equations differing only in their
constant vectors are to be solved, they can be solved at
the same time. The forward elimination will be the same with
respect to A regardless of whether it is performed once or

many times. In Eq. (A.9), the aik/ multiplier will be

%kk
the same each time the system is solved for a different B,
so all of the B vectors can be handled at once. The back-
substitution procedure of Eq. (A.6) can then be applied
to all of the B vectors simultaneously to produce the
corresponding solution vectors.

Examination of Egs. (A.8) and (A.9) reveals that if,
at any stage k of the elimination, one of the diagonal

coefficients a is zero, an indeterminant situation will

kk
exist. The difficulty can be circumvented by searching the
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equations following the kth for one with a nonzero coefficient
in the kth column of A, This equation is then interchanged

with the kth equation so that the a term is now nonzero.

kk

The CIRN term that is used is called the pivot element,

or simply the pivot, and the row containing this element is

the pivot row. If a nonzero pivot element cannot be found,
then the matrix A is singular, and a solution is unattainable
by any means.

If the diagonal coefficient is not zero but very small,
computational difficulties may arise. The division may
produce a number whose magnitude exceeds the capacity of the
computer, or roundoff errors may be introduced. One way to
minimize these possibilities is to search the column of A
below the term being eliminated and choose the row with the
largest element in that column as the pivot row. This

strategy is known as partial pivoting, or partial positioning.

If the search for the largest possible pivot extends to the
entire submatrix below the diagonal position of the kth

unknown, the process is called full pivoting. In this procedure

both columns and rows must be interchanged. This will change
the order of the unknowns, necessitating a rearrangement of
the solution vector.

A.3 Gauss-Jordan Elimination

In this variation of Gauss elimination, whenever an

unknown is eliminated, it is eliminated from all equations

221




other than the pivot equation, not just those following

the pivot equation. After the second stage of elimination,

for example, the system will have the form

B , , =~ _-, = [~ , 7
/ O Q’l% -t Q—//; ')Q, bl
[ Y Y X 4 &%
- ’ ’ /
© O Azz . Az | [ Kz | - 63

/ rd ./
O O CLVIS oo a'n/) X,, b,,

After the forward sweep is finished, the system of equations

is reduced to the form

/o o - - O X, &
c / Cc - & X o b5
c O e X 3 = b
c © o - - / X, L

and no backward substitution is required, since the trans-

formed B vector is now equal to the solution vector X.
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The Gauss-Jordan elimination scheme is frequently used
to compute the inverse of a matrix. It was previously
pointed out that multiple constant vectors can be solved
simultaneously to obtain several solution vectors. If
n constant vectors are selected such that they form the columns

of an nth order unit matrix I, where

there will also be n solution vectors which will form an
nth order matrix C, where each column of C is a solution
vector corresponding to the constant vector contained in
the same column of I. If the system AC = I is solved for C,
then C, by definition, will be the inverse of A. If no row
or column interchanges have been made (i.e., the diagonal
elements are used as pivots), the matrix of solution.vectors

C is the inverse with no row or column rearrangements necessary.

A.4 Decomposition
If the coefficient matrix A and all of its upper left
principle submatrices are nonsingular, A may be expressed as

the product of a lower triangular and an upper triangular matrix:
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If A is decomposed into lower and upper triangular matrices

L and U, the system AX

where

Since L is triangular, the system (A.1l) can be easily
solved for C by beginning with the first unknown and pro-

ceeding sequentially to the last.

LC = 6

UX = C

B may be written as LUX = B or

The procedure is exactly

the reverse of that for the solution of an upper triangular

system as given in Eqg.

c

(&

=

——

'y

&

(A.6) and can be expressed as

-t A
Cé«; - Z Loy S >
K:t }

if the summation term is taken as zero when i = 1.

Once the vector C has been computed, the solution vector X

can be found from Eq.

(A.12).

matrix, the solution aléorithm is
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< C - } ('
. P -~ N

K= irf

Since U is an upper triangular

g;()

(A.10)

(A.11)

(A.12)



An examination of the system (A.10) shows that there

are a total of n2

2 .
only n equations.

+ n undetermined { and u coefficients and

In order that the elements of L and U

may be obtained, n of them must be specified in advance.

The usual technique is to put 1's on the principal diagonal

of either 1. or U.

L, © O
Loy Aze o
L Ay £, Z - Ao

Expanding the above, we obtain the following

If we let the uii = 1, the system becomes

/ (’{‘/ 7 L-II 1
Co e g,
C O /

/{,II - / = [('/I
’gi/ u/’?. = Q”Z
L,y = Run
-’era' ‘ / = a’ll

a’ i al‘Z al!"
(l,',,— (L.Z,,.,_ - Q-2,1
(lrl[ a"'"z [L 11

equations:
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L, = a,

/é”’” U, F j,),z </ F CL,/,,Z

“Zm”4a + fmZ“@? *""f/ém‘/ = L

Matrices L and U cannot be computed independently; if
the first column of L is computed first, the first roQ of U
can theﬁ be obtained. Next the second column of I, is found,
then the second row of U, and so forth. The expressions for

elements of these two matrices are

KK

A~
1

k-1
K ac:l( - Z ‘/giﬂ’) L’(m;( #Of o = /() c i )/)
m =1
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k-1

: - 1 X , ' , .
I (ak.i 2 A “’"J> for J =kel, -

mz={f

/@" = ['CJ:/ g<.k

Lka = O For J < k

When the diagonal elements of U are specified as unity as
has been done here, the decomposition process is called the
Crout reduction. When the diagonal elements of I are
assigned a value of one, the decomposition is known as the
Doolittle method. The algorithm for terms of L and U in

this case is

/ekK:/ [cv’ j‘(:/);a:)’/)
o
ot . = e, . - M oz
K, kJ 4 /€/<"'7 (//’77‘/' /C—I" J /() Cey 1
m =/

I

1

J’-—

y / )
Ky i oy - ”(/km u’”j For J Ty, KA

/

vJ

[l

The pattern hei : is to compute the first row of I, then

the first row of U, the second row of L, the second row of

U, etc. Once A is decomposed into an upper triangular and
a lower triangular matrix, regardless of the technique used,
the solution vector is obtained by solving Egs. (A.1ll) and

(A.12).
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As in the case of Gauss elimination, several constant

vectors may be handled at the same time. If the columns of

an nth order unit matrix are treated as constant vectors,

the inverse of A may be found by decomposition.

or as X = a1 I,

If we

write the system as AX = I, then A"1 =
(LU)—l =1 ly"l. 1f L and U are known, their inverses may

be easily found. Using a 3 x 3 upper triangular matrix

for illustration and denoting elements of the inverse

matrix by g, we can express the relationship UU_l =1 as

A, o, U, i _(j,‘ 9. 49, 3_ W o | =
O tlyy, Uapg Q21 Y22 Yoz = C / O
- © Uz, Y31 Y32 Y33 o o
| - | — -
Expanding this, we obtain
“d,q, + U, G, F U 95, /
Uy G + U,y Q, ” U3 Gz, = O
u,, Q3  F g 9as L3 Giz O
2z Yo “3 Yz = O
oz G2z 2z 9z, /
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“17 23 F+ “o3 G330 = O
H339;, = O
sz Gz = O
“i3 933 =

It will be observed that the inverse of an upper triangular

matrix is also an upper triangular matrix. The pattern that

emerges is

/ : . _
gl;g., = - . ﬁor‘ o = ,7‘) . o8 ) / (Ac 13)
o .
ce
J
/ ( S
. . z — it L. . A.l4
J¢, . Z K g«_, > ( )
«C .
K=_#r¢ .

for i = n-1,...,1 and j = n,...,i+l.

In a similar fashion, the algorithm for obtaining
elements of the inverse of a lower triangular matrix (which

is itself lower triangular) can be deduced as

/ -
9&.«,:"—7—— [OKL_/) )7
Al
-1
) - . |
99 ) Vi < Z/e““ 9KJ>
(. /({/

for j=1,...,i-1 and i = 2,...,n.
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A.5 Decomposition of Symmetric Matrices

If A satisfies the criteria for decomposition set forth
in the previous discussion and in addition is symmetric,
it may be decomposed into the product of a lower triangular
matrix, a diagonal matrix, and an upper triangular matrix,
where the upper triangular matrix is the transpose of the
lower triangular matrix. In matrix notation, the equivalent
system is LDLT = A. Furthermore, both the lower and upper

triangular matrices will have 1l's on their principal diagonals:

— [_ . - — —

/O C o, O O A SR £,

fe/_,’ / ot O O d?'/l « " ’C} o / e ./g/, 7
'(/’I /6,‘ 2 L4 / O O ¢ * dr,/’ o C\) * ‘ /

L ~ i N

A, Qg --- @y

ClZI 5121 o Cz?ﬂ

(Lr'h arl’l SO 2 39
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Incorporating D into L we hav~

o £, ., PRI (JM O

- -

Expanding,
o, ;i 7,
d, R, = &,

2

.

C#/’én/ = Qa,,

@, L,

‘H

gy, Clyg -

(:L,q/ C‘L"’,L "
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by accounting for the symmetry of A, we can compute the

elements of D and L from

, 2
do 7 @y - Ao,
<,
/ !
/e‘f;/'; = ——- a - S '/€£_r‘ /@ - dff Fer
S rey
and
) \ o _
/(CJ | O 7[0 ¢ <J

To obtain the solution vector X, we first write the system

AX = B in the form LDLTX = B which becomes
L C = B (A-15)
where
T A
DL X = & (A.16)

As before, the final solution is obtained in two stages:

Eg. (A.15) is solved for C, followed by the solution of

Eg. (A.16) for X.
Taking into account the unit Qii' the procedure for

solution of the lower triangular system (A.15) is

Y
k=
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Since DLT is upper triangular, the previously given algorithm
for the solution of upper triangular systems can be used.
If the elements of DLT are termed gij' they may be

determined from the relations

9.. * d-;é. and

)

1€q)

il
Al
s

“"J f()(’ L.- < J’

The solution of Eq. (A.16) for X is then given by

- 2
Xe o= "9'/;(6-: - /{ij ’<f<>
/ %
= <C=L - 7dii ‘Zka Xk >
ce KzCry

It is perhaps worth mentioning at this point that the
most general form of the decomposition technique is embodied
in the equation LDU = A. 1In this equation, A is any square
matrix whose upper left Principal submatrices are non-
singular. The matrix L is lower triangular, D is diagonal,
and U is upper triangular. 1In the Crout variation, the
diagonal matrix D does not appear explicitly and is in-

corporated into L. The Doolittle method combines D with U.
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The Choleski square root method, to be discussed next,
incorporates D into both the upper and the lower triangular
matrices. Even Gauss elimination is a modification of theA
decomposition technique. Since AX = B reduces to UX = B',

and the product of the matrix operators used to obtain U

is a lower triangular matrix, the reduction to upper triangular

form can be expressed as IA = U and A = " lu. This is

equivalent to A = LDU with D included in U.

A.6 Choleski Decomposition

If, in addition to having the prerequisites for triangular

decomposition, the coefficient matrix A is symmetric and
positive definite, it will admit to a decomposition of the
form A = LLT or UTU. If we use the latter form, the

decomposition is represented by

o, o - O Ch, g - - od &, G,
Ly Uy, oo Uy C O U, 5@4 Clw1‘
- — — ——d . N
Expanding,
7 .
A a,,
L’(/I (_,/,q = [‘llq
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7]

L’{/Q ("411 = Cll’)

? ?
U, + U, = gy
g U,y + Uyy Uy, = a '
“,, of, = a,,;

2 A 2 2
U, £ Uy, F < F+ d,, = Q,,

If we omit the computations for the redundant symmetric

elements, the elements of U can be found as follows:

I
i o]y - 7 e for C:d, o, n
ny
: it :
ug :_ii (Qg - ;ZfQLLQj> fer Cxdyyn
o - I ST ancl  § = é,r/)..,)/)

As before, if the summation limits are such that the upper

limit is less than the lower, the sum is taken as zero.
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Once A has been decomposed, the solution may be found
from AX = UTUX = B and X = (Uty) !B = v t@wT) 1B = v?!
(U_l)TB. The inverse of U can easily be found with the
procedure of Egs. (A.1l3) and (A.14). Alternately, the more
general approach of solving Egs. (A.1ll) and (A.12) may be

taken.

A.7 Gauss-Seidel Iteration

The basic idea behind iterative methods in general is
to guess a solution, try it out, then adjust it. 1In the
basic iterative method for systems of. linear algebraic
equations, usually attributed to Jacobi, each equation is
solved for one of the unknowns by using the trial values for
all of the remaining ﬁnknowns. The determination of an
improved value of x; may thus be obtained from the ith

equation as

1
| / : N
X, # = (bg_ - Z ayy )(J> (A.17)
) a(-(_ J':/
CJ'#L>

During each cycle, n new solutions are obtained by using
the n solutions from the previous cycle (the x's on the right-
hand side of Eq. (A.17)). 1If the most recently computed
Xj’ where j< i, is used in computing X, the procedure is

termed Seidel or Gauss-Seidel iteration.
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There are several convergence conditions which the

coefficient matrix A must satisfy. There is one useful

all-encompassing criterion, however. If A is symmetric

and positive definite, the Gauss-Seidel method will converge

for any initial value of X. 1In some cases, however,

convergence may be so slow as to render the method impractical

(11).
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Appendix B

Test Computer Program
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10.

" Fox; L.: "An Introduction to Numerical Linear Algebra.’
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