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STOCHASTIC DIFFERENTIAL EQUATIONS.

This is a preliminary study of possible: necessary and.
sufficient conditions to iInsure stationarity in the:solution:
process for a stochastic differenmtial equation.. It indirectly
sheds some light on ergodicity properties: and shows: that- the:
spectral density is generally imadequate: as: a: statistical.
measure of the selution. Further work: i'ss proceeding-on-a:z
more general theorem which gives necessary- ancl sufficient:

conditions in a form useful for applications:
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SECTION 1.

The following definitions and notation will be used
.cansistently throughoutiphis thesis.

(,7,u) will be:a. fixed (but otherwise arbitrary)
' probability space with. points w €.§,. a o-algebra 7 of
" subsets (probabilizable events), and a complete measure
4 such that p(&) = 1.

A random variable (r.w) x:==x(w) will be a finite

real-valued (or complex.valued) measurable function defined

on £, i.e., we require: that {w :x(w) < X} € 7 for all real

. numbers A. If x(w is: complex-valued, we require that

x(w) = u(w + iv(w where u and:v are real—Qalued r.v.'s.
Given a r.v. x(w, E(x) or: <x> denotes the integral

Ib x(w du(w if this. integral is defined.

Given a parameter set T. (which we usually take to be

the real numbers), a stochastic process (s.p.) or random

function (r.f.) on T is a real or complex-valued function
X:T x & —> R(C) such that for each fixed t €T the function
xt(“9 = X(t,w is a r.v. Very often in our notation we
will suppress the variable w and write X(t) for the r.f.
Notice that a s.p. has two convenient interpretations.

"First of all, a s.p. is-a family of r.v.'s indexed by T,
teT"”
emphasize the variable t and let-T = R, then a s.p. X is a

t.e., X = [x (:e.—»R] Oh-the other hand, if we
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collection of real-valued functions of a real variable
(indexed by ). These functions are called the sample
paths (realizations, trajectories) of the process. The:
measurability of X with respect to the variable w says
nothing about measurability with respect to the t, and in
general the sample paths may be very badly behaved. How-

ever, we will consider only measurable processes, i.e.,

functions X(t, @) which are measurable with respect to
the o-algebra o xJ where o/ is the family of Lebesgue
measurable subsets of the real line. Then all the sample:
paths will be measurable.

We let Lz(a) denote the Hilbert space of all square
integrable r.v.'s on £ making the usual identification. of:
'r.v.'s which are equal almost everywhere with respect to

the measure .

We say that a r.f., X(t,«) is second order if each
r.v. x,, t€T, is a member of L2(§£). Thus X is second
order if and only if fs_lx(t,w) 12du(a) < = for all t €T,

Note that a second order r.f. X induces a map into a

space of r.v.'s Y:T —> Lz(a) defined by (Y(t))(w =X(t, ).

The covariance function associated with the r.f. X iS"de;
fined by Fx(s,t) = E(X(s)X(1)). .

Once again let T = R and let X(t,«) be a second order
s.p. Let Y be defined as in the preceeding paragraph.

We say that X is continuous in the mean square sense at t

o

if %.i.m. X(t) = X(to). This is equivalent to saying. that.

"t
the function Y(t) is continuous at to relative to the
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standard topology on the reals and the norm.topology on

L2(s). Similarly, we say that X(t) is differentiable in

mean square at to if there is a r.v. (second order) r

such that 1l.i.m. X(t) - x(tQ)
t=t t-t

C 6]

= r; Thus X is differentiable

in mean square at t, if and only if Y(t) is differentiable
at t and moreover r ='%% (to).. This same analogy carries
over to integration (Riemann, Riemann-Stieltjes, Lebesgue-
type) in. mean square of X and the corresponding integration
of Y. Hence the study of. the mean square analytic properties
of a (second-order) s.p. X is equivalent to the study of the
corresponding properties- of. a- function Y:R —> Lz(n).

ThHroughout this thesis:  we-will deal with the concept

of wide-sense stationarity. Moreover, without loss of

generality we consider only zero-mean processes, and con-
sequently we: take as the: defining characteristic of a

stationary process X the existence of a correlation function

£ suchAthat.I;(s,t) = f(t-s). We define the spectral

- JeZ mitu 1

density function of the process-by ¢(u) f(t)dt.

lWe use this definition of correlation function in
accordance with Adomian [1]. Often in the literature the
correlation function is defined g(s-t) = E(X(s)X(t)) which
is the complex conjugate of our definition. We let

o) = J~e2ﬂitu

the process. whereas some authors.may have y(u) =

f(t)dt be the spectral density function of

Jem2Mtug(tyat

as the spectral density function. This of course will be
the complex conjugate of our spectral density function.
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Usually we consider only real processes, however if some
result takes on a much cleaner form in the complex case
we will note it. - |

Thg physical interpretation of stationafity is well
known (see Yaglom [li]). The following geometrical
interpretation may provide some insight however. Note that
a second-order process ;ith the feal line as the parameter
set is a map X:R —> L2(€D from the reals into a particular
Hilbert space. Hence the relationship E(X(8)X(t)) = £(t-s)

is merely a restriction on the behavior of the inner: pro-

ducts of points in Lz(:n which lie on the curve associated

with X. 1In particular, llX(t)|l2 = EX(t)X{t)) = £(t-t) = £(0):

for all t, and so the curve X must lie on a sphere of radius
~ £(0) centered at the origin. For stationary X,
E(X(s+7)X(t+7)) = E(X(s)X(t)) for all s, t, and T, and so
if we think of the inner product as determining an. angle:
between say the vectors X(s) and X(t), then this angle is
invariant under translations of the parameter set, e.g..
the angle between X(s) and X(t) is the same as the one
between X(0) and X(t-s). A circle in RZ centered at the
origin is an example of such a curve if the standard para-
meterization is taken: thus, consider the curve

x(t) = e; cost + e, sint where e; and e, are the standard
basis vectors for Rz. In general, we can replace: the unit.
.vectors by arbitrary orthogonal vectors in Lz(n) of equal
norm, call two such (distinct) vectors A and B. Then. the:

process defined by X(t) = A cost + B sint is really just
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a circie in Lz(c), and a simple calculation shows it is
stationary. One of the most powérful rgsults in the
general theory of stationary processes is that every
(continuous) stationary process is the limit of sums of
Processes of this special type. "

One is naturally interested in determining what sort
of transformations of stochastic.processes-preserve;siationy«
arity. For the moment, we interpret the term ''stochastic
transformation' in the loosest sense, namely we call any
rule which.associates one or more processes: with another-

Process a stochastic transformation (sutnxzn In this-

sense there are many s.t:'s which carry stationary pro--
cesses into stationary processes,.and we list here- just. a.
. few:
i) Let U:Lz(rn —_—> Lz(tn be any isometry.. Let
F(t) be a stationary process. Then the process
G(t) = U(f(t)) is stationary since E(G(s)G(t)) = E(F(3)F(t)) =
f(t-s). Let a be any complex number. Then the process
H(t) = aU(F(t)) is stationary since E(H(s)H(t)) = Ialzf(t—s).
ii) Let F(t) and G(t) be stationary processes such
that the smallest closed linear manifolds containing F and.

G respectively are orthogonal. Then F(t) + G(t) is a.

2For a more complete discussion of this term, see
Section 4. One also may wish to consider the possibility
of mapping a random function into a random sequence. In
his dissertation Adomian presented and discussed the
important example of a randomly sampled random function.
He also sets up conditions under which a stationary random
function is mapped in this manner into. a stationary random
sequence. :




stationary process since E([F(s)+G(s) ][F({t)+G(t)])

= f(t-s) + g(t-s) = u(t-s) where u = f+g. Note that in
general the sum of two stationary procesgeS'is-not'station-
ary. A necessary and sufficient condition that F(t) + G(t)
_be stationary is that E(G(s)F(t)) + E(F(s)G(t)) be a
functidn of t-s, and we see that this is a fairly strong
restriction. The fact tﬁat statibnary processes do not
form a linear manifold (in the space of all processes)
causes a certain amount of difficulty in determining what
s.t.'s preserve statipnarity.

iii) Let the stationary process F(t) be n times:

.h"rch_be3constants“

continuously differentiable and let Cq -
n (k)
Then the s.p. G(t) = I c, F (t) is stationary and
k=0
- = J oCk+i)
E(G(s)G(t)) = I CkC; (-1)” £ "(t-s). We note: that.
k, j=0

limits (in mean square) of stationary processes need not be
stationary, and so it is unusual that linear combinations.
of derivatives of stationary processes are stationary. As

. s
a rule, the function G(s) = Xo + f F(t)dt is not stationary
o)

even though F is, and so integral operators do not in general
preserve stationarity. Intuitively the solution to a
stochastic differential equation is representable in the
form of applying a stochastic integral operator to the

forcing function of the differential equation; thus we see

this operation will not often yield as a stationary solution..

We now seek to determine conditions under which stochastic
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SECTION 2 L

This section is devoted to the study of analytic ran-
dom functions and their application to stochastic dif- :
ferential equations. We recall that if X(t) is a second

order random function, then X(t) can be thought of as a

-
R

' map X: T —> Lz(n). Usually T will be the set of real num--

bers or some subset of the reals; more generally, T will be
a subset of a Euclidean space. There is already a general

theory of analytic maps from finite dimensional Euclidean.

T Y T Y e AN Y

spaces into Banach spaces, so we list here only the most:

relevant parts of this theory. ’ C

Definition: Let B be a real Banach space. Let.{ch]:;o.

-be a sequence of elements of B. Suppose there is a positive
real number r such that the series L chth converges for
all real numbers t satisfying |t| < r. Then the series

Zicntn is called a power series centered at O with coeffi-

cients in B.

Notice that since a power series converges absolutely (by
definition) in the space B and since B is complete, the
series does indeed convergefta an element of B for each
appropriate t. The absolute convergence of power seriles

allows us to rearrange the series however we Iike, and. the




rearranged series will still converge to the same limit.

Theorem 1. Suppose L antn and T bntn'are two power series

for |t| < r with coefficients i

a Banach space B. 1If

for all t € (-r,r), then a = bn for each n.

We will find this theorem on uniqueness of coefficients

especially useful. For a proof, *see Dieudonne [3]..

Definition. Suppose f is a function from'theereals;into*a

Banach space B. Suppose there are elementsn{c ® in B

n 'n=0.
such that f(t) = E(Cn/n.i)tn for |t] < r. Then f is: said:

to be analytic at O.

In accordance with this éefipitiony a second: order-random
function X(t) is analytic at O (in. the mean. square:sense)
when there are second order random variables*Xo,XI?.,.

such that X(t) = E(Xn/nr)tn for |t| < r.. Ifiwefinclhde fhe:
dependence on £ in our notation, we see that X(t,&w) =
E(Xn(uotn)/n! and so an analytic random function is-one

which has this special sort of separation. of variables.

We have the following theorem which relates analyti-~
city of a random function to the analyticity of its co-

variance function.

Theorem 2. A second order random function X(t) is analytic

and only if its covariance function I, (s, t) is analytic

LS los

every diagonal point (t,t). If this condition is

- a————
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satisfied, then Iy (s,t) is analytic at each (s,t).

More simply, a random function is analyfic if and only if
its covariance function is analytic. See Loeve [7] for a
proof of Theorem 2.

Returning to more general Banach space considera;ions,
we have the following very imporéant theorem, again from

Dieudonne.

Theorem 3. Suppose f:R —> B, B a Banach space, is analztié_

t 0. Let f(t) = Z(C /n!)t". Then f is infinitely differen-

tiable. Moreover, f(k)(t) z(C k/n!), fckyﬁtf is:
. n-o B+ ' ==

analytic, and £(0) o) - C -

Hence we see that the random variables eccurring in a power .
series expansion of a random function are related in a
simple way to the mean~square derivatives of the random
function.

Let us now turn our attentidn to the question of
forming a product of two elements each from a (perhaps
different) Banach space. We are motivated by ordinary
differential equations of the form x'(t) + a(t)x(t) = £(t)
but we would like to replace the functions involved in
the equation by second ordér stochastic processes. Then
we-would have an equation X'(t) + A(t)X(t) = F(t) where

X, A, and F are maps from the reals into the Banach. space:




LZ(G). There is a natural way of attaching meaning to the
formal product A(t)X(t), we can form the pointwise product
[AO)X(t) (W) = A(t, WX(t,w. In gener#l, this expression
no. longer defines a function into the space L2(G) since
A(t, wWX(t,w may not. be. square  integrable (with respect

to W) for each t. Consequently, some care is needed in
handing these- products: ‘ ¢

Consider  now the- general. case. of forming products in

Banach spaces.

Definition.. Let E and F be: two' (real) Banach spaces. A
map: P:E x E —> Elis:called a.product on the spaces E and
F if P is:. bilinear and. satisfies-the inequality

|PCe,£) ]| < |lell !I£l] for every e:€E and f €F.

We usually write ef’ for  the:product P(e,f). There are many. °
examples of products, and the one which we will find useful

is the following.

Let E be a Banach space, let F = L(E,E) be the space of
bounded linear operators on E. Note th;t F is a Banach
space. Define the product P:E xF —> E by P(x,f) = f(x).
It is elementary to verify that P defines a product in our
sense.

We prove now a few generalizations of well-known

theorems and see how they fit into our more general framework.
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Theorem 4. Suppose P:E xF —> E is a product. Let

A = Ea € E and B = Lb_ € F be two absolutely convergent

n
n
series. Define C = L a .b. =" % P(a _.,b.). Then
j=0 J J j=0 J J

EICn = AB = P(A,B).

1)

We can prove- this theorem:by slightly modifying the proof
for the case: E. = F* = R found:in Rudin [9] so we omit the

proof here. However, as an important corollary we have:

Let A:I —> L(E,E) and x:I.—>. E.be.two functions defined
an. I,  an open: interval_containing O. If A and X are both
analytic at: O,. then. the. map-f:I’—> E defined by

£t =-A(tii§(t)?‘isaanal&ticcatiOt

Proof. Let A(t) = ETA»n_tF‘" andcx(t) =-T xnt“. Let t,> O

be suchtthat-bath"A(tb) and&X(tt} converge absolutely. Then

- _ n m, _ n+m _
£(t) = A(t) (x(t)) = (ZAtH(ZX t7) = ZA X t =
n m: m,n
© R
z t pa Ak Then by Theorem 4, f(to) converges, and
k=0 j=0 ~J J : ’

so f£(t) converges absolutely for |t]| < t,. Hence f(t)
is analytic. | |

Keeping this concept of products in mind, we turn now
to the question of differential equations involving functions
from the reaIS‘intO*Banaéh'spaces;  Let I be an open interval
containing O and let U be an open set in the Banach space B.

Then. a. function f:I.xU —> BT 1s said.to be a time-dependent

e o
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vector field on U. A map a:I —> U 1is an integral curve

for £ if o is differentiable and satisfies the equation

a'(t) = £f(t,a(t)). £ is said to be Lipschitz at t € I

if -there is a constant K > O such_that [|£(t,x) - £(t,g)]| <

K||x~y|| for all x,y in U. £ is said to be uniformly |
“Lipschitz on I if there is a single constant K > O. such
that |[£(t,x) - £(t,y)] g'kﬂx-yﬂ for all x,y € U and all

t € I. . We let CP(I xU) denote the set of all functions-
from I xU into B which are p times continuously differen-
tiable. Let B (X)) = {y € B:“y—XOH < al. Now we can
state an existence theorem for certain differential.

equations in Banach spaces.

Theorem 5. Let I, U, and B be as above. Let X € U.. Let

o
a € (0,1) be a number such that B, (X,) ©U. Let

—

~f£:1 xU —> B be continuous, bounded by C, and satisfy.g:(

Lipschitz condition (with constant K) uniformly with

respect to I. If b < a/C and b < 1/K, then there is a

unique integral curve a: (-b,b) x Ba(xo) —> U such that

a(0) = X.. If £ €cP (1xv), so is a.

o
In par{iculér, we note that if f is continuously differentiable,
it is continuous and satisfies a uniform Lipschitz condition.
For a proof of Theorem 5, see Lang [6]. f

Let us see how to apply this theorem to stochastic:
differential equations. In-particular; consider the equation

X'(t) + A(t)X(t) = F(t), X(O) = Xq» where  A(1)' and: F(t)

-~
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are second order random functions and X, is a given second

(¢]
order random variable. Solving the above equation for
“X'(t), we-have X'(t) = F(t) - A(t)X(t), and so the vector
’ ~field (on L2(C)) associated with_this equq;ion~is given by
f(t,x) - F(t) - A(t)x. To insure that the formal product
A(t)x is well defined for every t €I and evér& X ELz(ﬁ),

we assume that there is a constant K > O such that

esse§pp|A(t,u:|< K for all t €I. We will show that for :
we &

each t, A(t) can be thought of as a bounded linear operator

on Lz(ﬂ), whereupon the formal product A(t)x will be a

product as defined earlier; in particular, A(t)x € LgQﬁ) ?
for every t € I and every x € Lz(ﬁ), and‘so\the function

f(t,x) is a well defined vector field on L2(ﬁ)m

Suppose then that ess sup ‘A(t,uﬂl < K. Consider the map
w

1 — L2, L2(®) defined by GTDX) (@) = ACt,wWx(w. "
We show first that for a fixed t €1, KYTS'EL(LZ(C), Lz(ﬁ)).
Thus we must show that if x €L2(G), then A(t)x must be a
square integrable random variable on §fi. We have

JIEEx )12 (Wdp(w = £A2(t,w)x2(w)du(w) <
&

B ‘ess sup |A2(t,d9| g‘xz(quu(uD < K2HxH2 < ®, Thus

Alt)x € Lz(c). For a fixed t, A(t) is clearly linear, and

moreover

|
1/2 o
wTExi= (| B0 (wap@) < a2 il

Hence A(t) is a bounded operator and [JA(t)]] < K. This
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K
X'(t) + A(E)X(t) = Z (/)X
k=0 k+1 j= -0 J

+- E ( JA X

.]1. But this
J k- J]

equals F(t), so by equating coefficients (Theorem 1), we

--have F, = X, + r (J)AJX jf‘or
j=0
X = Z ( )A b S
k+1 k J~0 J k—j

We are given XO, so this formula allows. us: to: determine-

each Xn by induction. Now we have to show that the: power
series for X(t) with these coefficients: converges (absolutely)
in some neighborhood of thejanigin; |

We observe that the:expnession:fbr'Xh\cxn"betputtin;a;

more convenient form. We claim that.

n-1 K

X =xX_ .+ ¥ f F , )
n o0 k=0 k"n "k

where X, is the coefficient of X0 in the original expression

for Xn (after successively substituting the previously.

kfn is the coefficient of Fk

in the original expression for Xn' xn and.kfn are defined

calculated Xj's, J £ n-1) and

inductively by the relations

= - I (Ma.x

X0~ L, *n+1 n-j
j=0 J7a J

f =0 for m < k:

£ = T, kfn+I . JE;(J)AJ k - J for n’>"k}
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Notice that the expressions for X, and kfn are combinations
of the. AJ.'s only; the initial condition XO and the forcing
function F(t) are not involved.in these coefficients.

Proof of claim: We use induction on n. The claim

clearly holds for n = 1. Suppose the claim holds for k < n

and examine the case k = n+l.

n-j-1
X, .= F - E ( JA X =F - Z (; ) z f F,. + x X
n+1 n j=0 J 3 n=j3 n: j=0 J [k -0 k"n-j "k n-j 0]
n n-j-1 n }
=F ~ L ;) _ - Z (A, x X, =
n §=0 k=0 JJ kn-j "k §=0 J g0
n n-j-1
~ Agx Mg+ Fy =L L "y A, f__. F,.
( Jfb( M5%n-57%0 * Fn j=07 k=0 G0 A3 kn-5 T
But - Z ())A n-j = *n+l’ so:all that remains is to show
j=0
n: np=j-1 n , n-
F -~ I L (A, £ _F. =- T ¢ F
n j=0 k=0 J k'n-j 'k k=0k n+l "k’

Fix an integer p such that O p < n. What is the coefficient
of Fp. in the left hand side of the above equation? Notice
that k = p only when j satisfies n-j-1 > .p, i.e.,

} < n-p-1. Thus we get an F_ for j = O,1,...,n-p-1 and k =p.

p.

Hence the complete contribution involving Fp is

n-p-1 ’
n
-F A, f .. But f =0 for p > k, so if > n-
we have f .= O. Since p > n-j for j > n-p, we have

P n-j

cepmon ¢
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-n_}f‘)-l (Ma, f .=-n—p_1 (Ma. £ .- ;' (Ma, ¢ =
j=o I3 p n-j j=0 J 3 pny j=n—pj J p n-j

= - % (Q)A. f .= _f . Hence F_- % !pg?JiQ)A. f- . F, =
=0 j’73 pn-j p n+l n j=0 k=0 J7 3k n-j "k
n

=k£6 kfn+1 Fk and the induction is. complete.

As a consequence of the above: relationships,. we: have:

n-X
’ n [} _— n t - =
X(t) = Z(t/nD)X = Z(t7/nl) [x X, + Elkfn F, ]
n k=0
n o n-1
=X, Z(x /nlYt + T(t/nl) €T . f F.). We will: now
o, n n k=g K 0Tk

place additional restrictions on A{t) so:that‘we:c;n“proves
. the above power series converge. ‘

Let A(t) = ZCAn/nL)tn” and suppose: there. is: some. con=-
stant K such that essu§up\|AnCu§l < K™ for- each m.. Then
each An(uD can be thought of as a bounded linear operator.
on Lz(t‘.), i.e., A€ L(Dz(ﬁ), 12(5)). Also ess sup’ lAGs, | <K' < =®
for some K' and for all s in some neighborhood of 0O, and so |
our original restriction on A(s, «w (allowing us to form f
products) is satisfied. We wish to show that A(s) =~Z(An{nl)sn
is an analytic map from I into the Banach space L(LZ(O), infﬂ).

First we need to calculate the norm of An considered as an

element of L(Lz(n), Lz(fD), and we have the-following- theorem.



Theorem 6. Let A:§fi'—> R-be a random variable such that

ess sup |A(w | < == Then the norm of A considered as an

~ element of. L(LZ'(C), L2’(n)) is ess sup A (w |.

Proof: Let ||A| denote the norm of the linear operator

generated by A. Then ||A] =-“swp1 llax||. Let x:©—> R
x|[=1.

!
t

be. such that |lxj| ==1. Then-

~ 1/2_

lAx]] = (é(mz'*(w)au(w)) (g:Az(w)xz(w)d ww)H %< (ess _sup A% (w

/2.

{ x2~(1u;)d’p(u‘))1 == ess;sup’ lACw.| Ixll = ess sup AW |.
Hence: ||Al| < ess sup: |A(w |.. We-show now that ||All > ess sup |A(wW].

Let e > O'be: given.. "Let K .==ess:sup |A(w | and define the

set D = {w:/A(w] >-K - €}. We:.may suppose without loss of

generality. that g(D) =-6>-0. Define x(wW = x(u96-1/2

where x(w) - 1L forr w.€.D and-x(w = O otherwise. Then

1/2° 1/2

= (] 67rap() V2 - (umyeTH1/2-
D:

Il = (& x2(Wdplw) 1,

R
{
'
v,
'

and Jax] = ([ A% (Wx*(Wap(w)?? = (67 [ A% (Wdp(V? >
£

D
> (‘IG-I(K-—ef)zu.(D))l/z“ = K-¢. Hence ||A]] > K-¢, and since ¢
is arbitrary, we see that [|A|l > K. Thus [JA]] = ess sup lA(w |-
QED

We: now see that: II(A'n/n‘I)tnwis a power series in

Lo, L2(m) since: Z(jayll [t)/n!) -
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I (ess sup |A (d) | le]"/n) <z ™ |t|®/n!) = Klth o o

Hence A(t) = Z(Antn/n!) is analytic in L(Lz(ﬂ)y LZ(G)).
t
Form the function y(t) = -f A(s)ds where integration takes

place in L(Lz(ﬁ), Lz(ﬁ)), and then consider the bounded
linear operator (for each t) exp y(t). This is an anaiytic
map, and simple algebra and an inductive prcof shows that

its power series has the coefficients X, defined. previously.

, Hence applying the corollary to Theorem 4, the function
A t - 2;
XO exp (~) A(s)ds) is an analytic map from I into LE(&)..
0
Now consider the expression:
pt t .
exp (- A(s)ds) f exp (fyA(s)ds) F(y)dy where the indicated.
0 0 0

integrations involving the exponentials take place in
L(Lz(ﬂ), Lz(ﬁ)) and the remaining integration takes place:
in Lz(ﬁ). Since F(y) is analytic (in LZ(C)),

g
exp () A(s)ds) F(y) is analytic (in Lz(ﬁ)) as before, and
0 N
t
consequently so is its integral f ; we apply once more
0]

t

the operator exp (-f A(s)ds), so the whole expression defines
0 .

an analytic function in Lz(n). Again an inductive proof

shows that the coefficients of this analytic map are

n-1
z
k=0

for X(t) converges (absolutely) in some neighborhood of O,

kfn Fk as previously defined. Hence our power series

.and analyticity is established. We summarize our results

with the following theorem.
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Theorem 7. Let F(t) and A(t) = I(A_(«)/n!)t" be analytic

second order random functions and let X, be a square

0
integrable random variable. Suppose there is a constant K

. . n
such that ess ,sup lAd(u)| < K" for every n. Then the

stochastic differential equation X'(t) + A(t)X(t) =

F(t), X(0) =:X

O,ha.s a unique analytic solution.

Note: that- the:extension of this theorem to higher

order  equations- is trivial. If we have the equation

Xﬁn)(t) +_aéfix(n-1)(t) +:+-+ oy ()X(t) = F(t) and the

coefficients-are-analytic and satisfy esggup |a§k)(0)l < K?
fdn*some;set:[xj}?;éiand every k, then we write the equation
in" a= vector: form- c

X'(t) = A(t)X(t) + G(t)

where.
.0 1 o .. 0
0} (0] 1l o . 0}
A(t) =
10} 0] 0 e e e 1
:Ob(t)'al(t) .. -an-l(tz
"0
and G(t) = .
F(t)

Note:that analyticity of the aj(t)'s implies that of
A(t) (as-a.bounded:linear operator on (Lz(ﬂ))n) and G(t)

is obviously analytic. Hence the same techniques of our
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theorem extend to this case and to the state. space equations
of stochastic control theory, in particular to the recent
work of Leon H. Sibul (dissertation).:L
Turning to the question of stationarity, we are interested
in finding necessary and sufficient conditions that aﬁ

analytic random function be stationary. We will. assume all

- —our -random functions satisfy < X(t) >-=0. -Suppose’ then

that X(t) = Z(Xn/nf)tn'is a real analytic. random function
with the (analytic) covariance function I'(s,t). Suppose
Ialso that X(t) is stationary. Then. there: is some:function
f:R —> R such that I'(s,t) = f£(t-s).. Note: that f(u) = f(-u).
Since I'(s,0) = f(-s), we see: that f is=analytic: (at-0),

so there are reatl numbers;cnwsuch.thai:fié)=wZKcB{nZ)sn.

Let us see how these constants: are-related. to: X(t). We have

I(s,t) =< X(s)X(t) > =< z:(s"‘xm/m:.) z:(t~‘.‘xn/n:.> =
m. n-. ’

-

n . .
I I NI ey e xix | >

n=Q j=0 J -y
w n . )
/oy n J.n=3 .
= 1 . . t <. . > B
nfb( /nl) jEB(J)S Xn-g XJ ut
® © n . .
f(s-t) = Z (cn(s-t)n/n!)= L (1/n!) Z (-l)n-Jcn(n)thn-J.
n=0 n=0 j=0 J

Since f(s-t) = I'(s,t), we have these two power series (in

two variables) representing the- same function, hence their

coefficients must be equal, thus (—l)n—Jcn:=< xn—j Xj>'

. . . _ (_3\N
Rewriting this last equation, we have < anm >=(-1) Cnam®

1Sibul. L. H., Application.of Linear Stochastic

Operator Theory, Pennsylvania. State University disser--
tation, 1968.

P

e e dte




On the other hand, suppose we have a zero mean analytic

random function X(t) = Z(Xntn/n.'.) such that-there.exist
R . (.30 .

constants {cn} satisfying < X X > (-1)"c,, . Then

the above equations show that X(t) is stationary. Thus we

have the following theorem.

‘Theorem 8. Let X(t) = E(Xn:cn/n.') be a: (zero mean) real

analytic random function. Then X(t) is:stationary if and

: : (1D
only if there are constants {cn} such that < X X > -7 -

It is clear that a set of! constants: {c‘n_} satisfying

the coendition of Theorem 8: cannot: be: completely '‘arbitrary.

In fact, we must have

i) egy,q= 05 ii) oy >0, and: iii).cy 0.

k+2. <

2k+1.

To see i), note that < X?(ksf»l?{b?: = (=12 Cors1= "Coks1 -

o — (1020, , _
and < X X0, 4 > = (1) Cop,q+ Since X(t) is real-valued,

we have -Cqo; 1= Cop.q> 1-8:) Copsl™ 0. This:iscto be-ex~ ’

pected since f(t) must be an even function. Also :

2 122K _ . 2 _
0§<X2k>~<X2kX2k> = (~1) C 4k C 4k and.0§<X2k+1>.
<X X > = (—l)2k+lc , hence 1i) .and iii) are

2k+1 "2k+1 4k+2" s )

"proved. By defining d = lcznl, we can write f(t) in the

form f(t) = T (--].)n(dn/(‘Zn)!)'c2n where.d > O.for all.n, hence
n=0

f(t) is representable by an even,. alternating power. series. ;

(Note that d = <\X2 >,
n n.




e
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Theorem 8 can be reformulated in the following way.

Theorem 9. Let X(t) = (Xt "/n!) be a (zero mean) real
analytic random function. Let A = {X Xo» X2,..1~X2n,...}
and B = {xl_,x3, S SRR I Then X(t)—;-ls stationary
if:andfonly if A is orthogonal to B and s L
1) <Xy Xo> = XXy Ko > k=0,...,n
1) <Xy X3 = <Xy oy 1 Xou > k=0,...,n
and.  1ii) <X, Xy> = -<X, _;X;> for all n > L.

\

Proof: Suppose X(t) is stationary. We show that ALB

2n

first:. <'X2nX2k+1-> = (-1) Cont2ks1™ can+k)+l= 0. Hence

A:L'B.. Also;
) _ (_1,2(n-k) _ -
D <Xy(p-k)Xex” = D C2n-2k+2k~ %20~ < ¥2n¥0”
. _ (_13y2(n-k)+1 _
2)" <Xy (n-k)+1 ¥2x+1” = D Con-2k+1+2k+1"
_ _ 2n+1 _
= “Conyz = DT TConi1417 <Xana¥s? ;
3) <X X,> = (-1)2" e, = ¢ <X, X.>, : :
2n-171" C2on 2n 2n"0 . ¢

so- the first half of the theorem is proved.
Suppose now the second half of the theorem holds.

Défine'{c } by the equations Comy1~ © m=0,1,..., and

02m <X2 XO> m=0,1, | . We will show that <Xn JXJ>

-=(-l)n—3cn for 0 < j < n and all n, whereupon Theorem 8
tells-us- that X(t) is stationary. Suppose first that n

isvodd:. If:j is:even, n-j is odd and Xn-j‘ B, hence
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<X .X.> = 0 since X.€ A. Thus <X .X.> = 0 = (~-1)™J
n-3%; ce X, us <Xp_,Xy 0= (1" ‘e

since n = 2m+1 for some m. If j is odd, n-j is even, so

‘ R < -0 = (~1)d :
X € A and X € B, hence Xn_ij>' 0 = (-1)" Yc,  as before

s

Now we show Theorem 8 is satisfied for even n. Let n = 2p.

First consider the case where j is odd, let j = 2q+1.

Then
<-mej_xj 2 =< X2,(p-=q)-—1X2q+l > = <X (p-1-9)+1 X2q+1 > =
= Xop=1)+1%17 T “Xgp 1%y 7 = <Ky Xp” =
o (e Zp=ad-1, . L qyB-]
= (=17 €op: (-1) .-

Now. suppose: j- isceven;.j.= 2q. Then

X, X D ==L X > = > =
<Xn"'.].x.l X2-(p—q)x2q <X2pXO €2p

=== ("‘1)2 (pLQ)02p= ('l)n-Jcn

as- was: to be shown. Hence X(t) is stationary. QED

We now have developed a technique for finding the power
series coefficients of solutions to stochastic differential
equations and we.also have theorems which tell us when a
given analytic stochastic process is stationary, so in
principie wé havé:thé'machinery to determine.conditions
under which a given equation will have stationary sélutions.

We present some examples to show how this may be doﬁe.

. Example 1. We know that the derivative of a stationary

random  function. is:stationary. When will the integral of
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a stationary (analytic) random function be stationary?
This question is equivalent to determining stationary
solutions to the differential equation X‘(tx) = F(t),
X(0) = Xy where F(t) is the given stationary (analytic)

random function and the random variable Xo is yet to be

specified. The soltuion to this equation is
t
X(t) = Xy + [ F(s)ds = X, + Fgt + F t2/2! +.-.

O 0 0 n

for n > 1.

(xnt“/n:)

i
Il 8
otﬂ

where X = F__,

We now apply Theorems 8 and 9 to this random function

to see what additional conditions we need to place on X5

to guarantee stationarity. Theorem 9 tells us that in

order for X(t) to be stationary, it is necessary that

<X, X > = (-1)" <Xﬁ>, i.e., we must have <F

2nXo0 2n+1%0” =

2 s - (_1)n+1<F2

n+l n>. Hence

_ _ (_1yh+l
N <X2(n+l)XO> = (1) <X

our first restriction on X0 is that it must satisfy the

. - (_q1yh+l 2
relations <F2n+1x0> = (-1) <F_>. Moreover, Theorem 9

requires that <XOX2n+1> = O for all n, hence our second

requirement is that <XOF2n> = 0 for all n. Since F(t)

is stationary, there are constants {fn} such that
. <F_ .F.> = (-l)n")'fn. Define constants {cn} ‘by the

S _ _ 2
relations Consl™ 0, Co~ <X

0 >, and Chio™ -fzn. We will

‘ = (-1)P3 i
show that <Xn-—jxj> (-1) Ch- ;

Case 1. Let n be odd, n = 2k+l1. We must show

<X

I

X.>
n-j Jj

<F

n-1%0" = <FgXg> = O For 21, <X .X>

O for all appropriate j. For j = 0, <X X.> =
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(-l)n-J-lf = 0 since

_qyn-J-1
-1) f 2k-1

= <Fpj-1Fj-1” = n-2-

the fn's with odd subscripts must be zero.

Case 2. Let n be even, n = 2k. For j = O, <an_ij>

<X Xo” = SFuaXe” T <ForaXg” T <Fok-1)+1%0”

k-1_

(-1)k 1o (1)2k1g

k.2 PN B
= DS <FL_ > = G, 2 (k-T)™

2k _ n . . _
(-1)""cy, = (-1) "¢ as required. For j > 1, ‘<anij> =

21(--3-1f -

<F N > 2k-2

n-j-1Fj-1" =

2k-j~1 2k~3,

2k:

(-1)

- 2k~-j = (-
fak-1) = D Cak-1)+2 - &1

= (-l)n-Jcn as required. Hence we see that necessary and.

sufficient conditions for X(t) to be stationary are that

n+l 2 - —
<Fn>’ and <‘F2.nx > = Q..

<F(t)> =0, <F X.> = (-1) o

2n+170

These last two conditions may be combined by requiring that.

_ n v — n, . —
<on(t)> = <x0 E(Fnt /nl) > = I(t /n.)<XOFn> =.

T(t20/(2n) 1) < X_F >+ T(t2™*1 /(2041 1) < X

of2 of2n+1” =

n+1l 2 2n+1

2n+1 <Fn> - -X(t

= I(t /(2n+1)!) (-1) /(2n+1)!) «x

n 2
x.(-l) <Fn>’

i.e., we require that the correlation function of F(t)

and XO be given by

<F(DX> = —T((-1)"t2M* 2041y 1) <:Fi>.




Example 2. We present here an éxample of .a differential
equation in which the coefficient function as well as the

forcing function. is random. Consider. the equation

X' (t) - Ae” X (t) = aB(e®™- 1)

X (0) B
where A is an essentially bounded r.v. Writing the equation

in the form. X'(t) + A(t)X(t) =-F(t), we:calculate that
n+1l

£(t) = ~Ke o m-m e nl sien, A =r(-A) Also
" we have F(t) =~AB(eﬁA- 1) = E,A +1Bt /n! so we have
n=iy.
) . Al S . A . .
Fo© O and. E = A B: for  nn>-1. We:have:a solution
o n=1"-

<‘, = X N o~ E: - ’ =

Xty anzt‘/ n.. where:-X, - xhth+ =@,k£n~Fk
i - n=1_

~xB+ = f &MB) =B(x+ z.f Ay - e

n k=1 k™n n. kzik»n n

where we: define Ch to. be. the:expression in the brackets.
Remember: that. both.x, and. K f. . are:polynomials in the

variables A "An-l’ and since the variables A, are

Q’ k
polynomials in. A (kk=~(-A)k+1),‘we:conc1ude that C_ is a

polynomial in the r.v.. A. Now if:X(t) is to be stationary,

we must have <XOX2> = -<X?>, and this- condition becomes
2_2

<AB™> = 0 and hence we know that‘any polynomial in A is

orthogonal to any polynomial. in B, Thus we have <xnxm> =

= <BC_BC > = <82CnCm> = 0 for n+m > 1 and consequently

Theorem 8 is satisfied. Thus the solution is statibnary
if and only if <A2B2> =-0. Note  that we did not actually

have to calculate the. solution.to make-this:-conclusion.
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Example 3. Consider the equation X"(t) + BX(t) = O,
X(0) = Xo, X'(0) = X1, where B is a random variable which
is positive a.s. This equation is a stochastic analog of

the harmonic oscillator equation. Suppose _X(f) = Z(Xn/n!)tn,

then X" (t) = E(Xm_z/n!)tn, so 0 = X"(t) + BX(t) =

= DX, /0t + B DX /00 tT = TAX, +BX )/n)tY, i.e.,

Xn+2= -an for all n. It is easy to see that the: coefficients

. . - (- - (_n\Dn
Xn are given by -the relations X2n_ ( B)nXO and X2n+1 (-B) Xl.
The closed form expression with these coefficients is

X(t) = Xy cos /B t +(X1//B)sinfB t.

To see when this random function will be stationary,

let us assume that the random variables B, X and X1 are

o
" all independent and <Xy = <X;> = 0. We apply Theorem 9,
so define A = [xo,xz,x4,...} and C = {xl,.xg,.xs,......}. Now

i = -R - p =
A and C are orthogonal since <X2nX2p+1> < ( B)"xo( B) X1>

= < (-B)™P> <x ><Xx.,> = 0. We check the last three

o) 1

conditions of the theorem: ) ‘

_ _ n-k _ k -
1) <XypoXer® = < CBTTXG-BYX >
& (-B)“xoxo> = <X, X
_ _ n~k _ k _
1) <Xy ye1¥oker” = S CBYTUX GBYX> =

n =
< (-B) x1x1> = <x2n+1x1>

.. _ _ 2 _ _ 2y _
1i1) <X, X > = < ( B)“xo> < ( B)“><xo>

(-1« B"><xg> )

Lt e anDand

. g e

¢ it vt




I—— oo s

.
! <
! A

Also < ¥ x> - < mUIESS cpylopntly o
2n-1"1 L
But: the-o expressions must be negatives 4 one anv
- a2
and so <B™ - <B" 1> < XI’//< Xg>. Let ¢« - <X§>/

1

then <B"™> =« ¢<B""*>, i.e., <B™ = c"

for every . The

characteristic function for B is <exp itB> =

£ it <™ /n! = TGte)™/n! = exp ite, so B = ¢ a.s.
since characteristic functions are unique. Thus if we

and X are independent and <X > = <X.,>=0,

assume B, X 0 1

o’ 1’
the solution is stationary if and.only if

2') a.s..

2,
Blw = <XI.>/<‘XO,

These three examples serve’ to.indicate a fairly

wide range of questions which the:techniques of this section

can answer. The first example provides us with a criterion
‘which we will use in section 3. to:characterize the general .
form of s:itationary solutions to the. equation. Example 2
shows that we may characterize conditions for the existence
of stationary solutions without haviﬁg to find the solution
itself. Example 3 says that a more general canonical form
of simple stationary processes (i.e. adding randomness in

the time functions of A cos t + Bwsin t) is not needed.
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SECTION 3

—— ———

In this section we use some of the £bols of random
harmonic analysis to develop further conditions guarahteeing
stationarity of solutions to certain stochastic differential
equations. We make extensive use of the harmonic decom-
position theorems concerning stationary processes to find
sufficient conditions to be placed on the initial yalues
of the eqﬁations. We then calculate the correlation
fu;é;ion of the resulting solutions. Moreover, we show
that under fairly general conditions we caﬂ get asymptotic
stationarity independent of the initial values. We begin
with the notion of an orthogonal random measure.

Let 8 denote the family of Borel subsets of the real
line and let & denote the subfamily of bounded Borel

subsets. Then a function §:d x & —> C is called an

orthogonal random measure if

i) &(a) € L2(® for each A € &
ii) E(§(A)) = O for each A € &
iii) E(E(AE(BY) =0 if A~ B=0, A,B € &
iv) the relation M(A) = E(lg(A)lz) defines a measure

on 4,

L1
i
|
]
1

The measure M is called the absolute measure associated with

&, If f:R —> C is a complex valued measurable function

b
such that f lf(x)lsz(k) < =, we can define the integral
a .
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- b
J £ &(dX) in a natural way (see Rozanov [8]).
a

We say that a second order r.f. 7n(t),is separable

if. the smallest closed linear manifold in Lz(ﬁ) containing

teg 1S separable, i.e., it contains a

countable dense subset. We remark that a continuous »r.f.

the r.v.'s in(t)}

¢

n(t) is necessarily separable, for let ¥ be a basis for
12(6) and let {tn}:=1 denote the set of rational numbers.
Then for.each n, there is a countable subset of ¥

(call it H = {h ]} ) such that n(tn) =g E(n(tn)hnm)h

nm m=1 m=1 nm

LétiH'='{an}:=1 be an orthonormal basis for the smallest
o -
closed:linear manifold containing L/Hn.‘ We claim that
n=1

@

for: every t, n(t) = L E(n(t)Ez)an. This equation obviously
n=1

holds-if: t is rational, so we suppose that t is irrational
and: € > 0. Since 7 is continuous, there is a tk such that , )

n(t) -—nctk)ﬁ < ¢/3. There is an N such that if n > N,

n
then n(t,) ~m§1E(n(tk)E;)amH < ¢3. Hence, for n> N ‘ g

n
in(t) —@ElE(n(t)am)am” < pn(t) - n(tk)ﬂ +
, n . 3 A n — n o
+ ity mf&E(ﬂ(tk)am)amu + hmfiE(n(tk)am)am—mflE(n(t)am)amH <

1 ' n * .
<. €/3.+-€/3 + dmzalE(n(tk)am) - E(n(t)am)]amu < ,
!

<2¢3 + dn(t) - n)f < e

Hénce- the -curve n(t) is contained in a separable manifold

and so 7(t) is separable.
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Rozanov proves that every sepzrable\stationary process
(with measurable correlation function) is representable in

.the form |

n(t) = [ 2™t an

—_—

where. £ is an orthogonal random measure. (§ is called

the spectral random measure associated with 7). This is one.

of the most powerful results in random harmonic analysis
and we will make extensive use of this theorem throughout.
the rest of the paper. Relevant discussions of these
integrals and decompositions are presentedAin‘Rozénov‘s
text [8] and in Irzhina's paper IS].

In particular, we are especially interested in: the-

equation

il

(1) X'(t) + aX(t) = F(t)

X(0) = X, | -
where a is an essentially bounded r.v., Xb E-szﬁﬂ, and’
F(t) is a stationary continuous r.f. We will also suppose

that a and F(t) are independent. As is well known, the

solution to the above equation can be expressed as

t
X(t) = Xge ta , et [ Y2 F(y)ay.
o 0

[
We write F(y) = f ezﬂiyxﬁ(dk) where £ is the spectral

random measure associated with the process F(y). . Assume
for the moment that the following calculations are valid and

t t - ) .
calculate I eyaF(y)dy = f eyaI ezﬂlyxg(dx)dy =
0 .

(0] -
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©

t o . .
= [ eY@MMAG can) = [ (et TN saniaea) £AN) .

- O -~ 00

Thus

1

X(t) = Xy P+ 7] (e ETMB)_yaniiia) gan)

Xoe'ta+ [ «ezvitx—e_taY2ﬂ1A+a)€(dk).,

(2) -

e Bx,- [ eaveria)] + [ (2™ R2mina) gan)

il

K(t,a,XO,F) + Y(t)

where K and Y are the respective summands from above.
We -show now that the random function Y(t) is a stationary

process.

E(Y(s)T(E)) =~ E(f(e™5X/2nix+a) £(dN)

[(e2™M /201 pra) £(dp)) =

EC[[(e2™ St /(a0 ta) (Fripgra)) £(AN)EER))

jfEG/(Zﬂik+a)(2ﬂip+a5)e2"i(sx-t“)E(é(dk)€zdu))

CJEQ/ |2miata |2)e2 ™A (576 (ay)

where G is the absolute spectral measure of F. As we

see E(Y(s)Y(t)) is a function -of t-s only, hence Y is
. !
stationary and its correlation function is ‘

i

10 .= JEQ1/|2mix+a |2)82™ A 6 (a0) .




It F(t) is a real process and a is a real valued r.v.,
the above equations reduce to the representation

X(t) = K(t) + Y(t) . where

[= -]

Y(t) = | (acos 2n)\t+2w)\sin2nxt/a2+4112)\2)u(d)\) +
0

+ [ (asin 27t - 2mAcos 2MAt /a4 4n2A2)v(dA)

o .

where F(t) = [ cos2mt u(dr) + [ sin2mxt v(d)) is the
0 0

/

spectral representation of F.l Also then E(Y(s)Y(t)) =
‘WJ

I Ei(l’/4rr2A2+a2)cos»ZnA(s—t)G(dA) and Y(t) is again stationary
0.

s

with correlation- function f (1) = f E(1/4ﬂ2)\2+a2)cos 2aXT7G(dN).
" ‘o

o

We: get

ta[

K(t) = e P [xafwlan /a’+ar®)®) + [@arvan/ a2+anr®x®)

-and so if a(w) > x> O'for.almost all w, we see that

%{xg K(t,w) = O a.e: and.then X(t) is asymptotically stationary

(independent of the initial conditions). See also Adomian's
discussign of a similar problem in his dissertatién.

We now need to investigate carefully the various
integrations involved in the above calculations. 1In particular,
the. problem may be phrased as follows: let I and J be
intervals, f:sz i —> C measurable on the product space

R xR X &, .£ a random orthogonal measure; 1) can we define

1see Doob [4] also.
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the integral ff(x,y,uﬂi(dx) in a consistent way?, 2) if
J

so,. when.can we: say that- the-interated integrals

I f(x,y, wé(dx)dy. and Jf f(x, y,u)dyg(dx) are equal? Let

IJ JI

us answer the first question. Let g:R x # —> C be a function

with the property that there exists a mutually disjoint

gsequence: of. bounded:Borei,sets-{Ak}2=1 and a sequence

o
{gk I g € LZ(®), such..that g(x,w = kZiC(Ak,x)gk(u9

where CIAkx) is: the characteristic function of the set
Ay .. Moreover we:will.require.that the families {gk} and

{@K%i)ﬂ be- independent.. Then .define fg(x,uﬂé(dx) =

Z'gk(ubé(A W.. We:get-
k=1 )
EC] Jg(x, o £Cax) |?) ) =E( l}{:‘lgjgk £ () TAED) =
n. n 2
@ 7 I Elg; &V ECE(A )V ETALY) ='k§3E(|gk| YM(A,)

= [ECle () |2 M0ax) = [llg o) 12M(ax),

I

S e
T

v e o— €

g

T O S AR BT

e

where M is the absolute spectral measure associated with §.

Now consider the set o of. all functions g(x,w = ZD(Ak,x)gk(a9

where {gk},is independent of. the' family. {£(A)} ad = all

Aea’

boundeq Borel sets. o is clearly a linear space, and if g €/

[g(x) €(dx) is defined. Define ”gH‘f (ﬂlg(x)[lzm(dx))l/z

then ”'”/ is a norm on . Complete # with respect to this

"

g 1o ety e
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norm and- denote the completed space S. If g €S and

le-g,ll /> 0, define [g(x)§(dx) as the limit in the mean

of the-random variables fgn(x)ﬁ(dx). Note that equation (3)
guarantees that this limit exists. Just as in the case

of. ordinary stochastic integrals with respect to orthogonal
random measures, we have that g(x) is integrable whenever

ﬂigixﬂ“zM(dx) < 'w:zand g is the limit of elements of . Note

that: if: g;h.€S; then E([g(x)£(dx) [h(y)£(dy)) =

==f§ov(g(x),h(x))M(dx) since the corresponding relation
holds: for elements . of /. Note also that if g(x) is continuous
in- meannsquare-and- independent of {E(A)}A€£P then g is
integrable:if:and:-only if f”g(x)“zM(dx) < o,

Consider: now. the question of interchanging the:order
of iterated:integrals. Suppoée we have a function
fiR?&‘ft——>xCTwhich is measurable, f(x,y,-) € 1?(6) for
each pair (x,y), and the nmatural map from R2 into Lz(ﬁ)

induced.by f  is-continuous. Suppose also that the family

. ' 3
[f(x,y)}(x’y)éﬁz of r.v.'s is independent of {&(A)JA ca
Let. I.and J be intervals. Then g(x) = {f(x,y)g(dy) exists

if: and.only if f“f(x,y)HzM(dy) < ®. We want to integrate

g(x) over the i%terval J, and llg(x)] = (‘I‘E(|f(x,y)|2)M(dy))1/2
: 1

so let us require that f satisfy the condition

/2

(4) «f EC|f(x,y) |2 u(dy)) 1 2%dx < .
I

[
J

Then the integra1'§f f(x,y)t(dy)dx exists. Now we want to
1

oz

s ey em

o
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insure that jj f(x,y)dx€(dy) exists, so we need to know
1J

that | (E(lf(x,y)lz))l/zdx < ®, Note that independence is

J

preserved under this integration, so all we need to check is

il

that E(Ih(y)lz)M(dy) < =« where h(y)
1

ECh () 12 = E J t(s, TG, yds at = [ E(t(s,T(E,y))ds dt,
JJ . JJ

f f(x,y)dx. But
J

!

so.we require that f satisfy

A(5) JJ[ E(E(s,y)T{t,y))ds dt M(dy) < =,
1JJ
Now if f satisfies (4) and (5), both the iterated integrals

exist. Consider now a subclass of function integrable with
respect to §. We say that g € U if g € & and there is a sub-
set H = H(g) C Lz(fo whose finite linear combinations are

dense in Lz(ﬁ) (call such a set linearly dense) with the

property that E(g(x)£(A)h) = E(g(x))E(£(A)h) for x € A,
Acd, he¢H(g). We sometimes write this relation as
E(g(x)£(dx)h) = E(g(x))E(£(dx)h). If g is a simple function,

then

E(Jg(x)€(dx)h) = E(Z g, §(A )h) = T E(g, )E(£(A D) =

J E(g(x))M (dx)

for h € H(g) where M, is the measure defined by Mh(A)=:E(€(A)E).

h
Hence if g ¢ U, we have E(f g(x)&(dx)h) = f E(g(x))Mh(dx) for
h. € H(g). |

Return now to the consideration of our function f. We

require now that the range of the function g:R —> . defined



by [g(x)](y,w = f£(x,y,w be contained in U. Then there
is a linearly dense subset H C<L?(ﬁ) such- that if h €H

then

n

I £(x,y)dxe(dydh) = [ (E([ £(x,y)dx))M (dy) =
1J J

I
: {f E(f(xwy))dxMh(dy) =-I{VE(f(x,y))Mh(dy)dx =
J ; J1. L

E(

= [ EC £(x,y) €@y)Mdx = E([[ £(x,y) £(dy)dxh) .
Jd I JI.

Since H is linearly dense and the: above.relation holds
for all h €H, we conclude that.

(6) ff £ (x, ) E(dy) dx =-£I‘fKX;y)dx*£(dy)
IJ J1:

under these conditions:.
To summarize these results; we:=have:the:following

theorem:

-

Theorem 10. Suppose f:R xR x& —> C. is measurable and

independent from the orthogonal random measure §. Let M

be the absolute measure associated with ¢. Let f(x,y,:)

be square integrable and continuous when considered as a -

mapping from R xR into_L?(C)n Sﬁppose_there is a.linearly

dense subset H of Lz(n) such that E(f(x,y)é&(dy)h) =

E(f(x,y))E(&(dy)h) for h €H. If for the intervals I and J

we have

(4) P EEGy) 12 My ) Y 2ax < o
J I

e T e
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(5) and [[[ ECe(x, )TTE, y)ds dt M(dy) < =
133

then ff f(x,y)€(dy)dx = ff f(x,y)dx ¢ (dy).
1J JI

In our calculations involving the differential equation

(1), the function f is defined by

f(x,y, ) = e2MIXY g8X _ 2mixy ja(wx

Suppose that K = esﬁusup:la(ubi and. a. is real. valued. Then

, relation (4) becomes

Lo /2 /2

: 2 1 t = gax 1
I ¢f EClfex,y) |“IMdy)) " “dx: = [ ([ E**)M(dy))
O -— P
® /208 2ax
[ w@@y))™ <[ B(e”**)ax.
0. G; .

But (f M(dy))l/z = [F@] < =, and’E(e?ax)»Sie?Kx sor

- D

t
f E(ezax)dx < « for t finite. Hence: (4) holds: Consider
0

now relation (5).

IEC£ (x, NTTE, 7)) | < E(|e?T8Ye28m2mityaty) o

< eK(s+t)

© t t
hence |[ [ [ E(f(s,y)T(t,y))ds dt M(dy) | <
-® 0 O [
: 2 Pt k(uev) .
< I|F(0) | J f e dudv < » for t < », Since a is

independent of F, f is independent of ¢ (being a Borel
measurable function). Hence the only additional requirement
we. place on a and F is that there exist a linearly dense-

set H for which
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E(e¥¢(dy)h) = E(eY*)E(&(dy)T),
for then we have
E(f(x,y) £(dy)R) = E(e2™¥YeY3¢(4y)F) =
- 2MXY (Y (ay)h) - 2™ H¥VE(eY?)E(£(dy)h)=
- B(e®M™XYY?)E(g(ay)B) = E(£(x,y))E(£(dy)R).

Note that if a is not random, then all these conditions are

trivially satisfied.

So now we can decompose the solution X(t) = K(t) + Y(t)
into the sum of a stationary Y(t) and (in general) non-
stationary K(t). Thus if we set K(t) = O and solve for X
we obtain a sufficient condition for stationarity.c In

.particular, if
(7) Xo = J (1/27ix+a) £(d))

then X(t) is stationary. Note that a new difficulty arises
in this expression. Namely, if a = b (in general, if
p{wa(w) = 0} > 0) and O is in the point spectrum of F, then
(7) is not defined. This does not contradict our exchange
of integrations however, but it does say that we cannot
split up the integral in equation (2).

The condition in (7) may actually be a necessary
condition for stationarity. Fér example, consider the
equation X'(t) + X(t) = £, £ €L2(®). F(t) = £, so £(S) =f

if 0€S and £(S) = O otherwise. Hence the condition is

—rwer
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Xy = J(1/2mi)+1)6(a)) = £ and the resulting solution is

X(t) = [(e®™ R 2mix41)e(dX) = £. Note that F(t) is

“analytic, so solving by power series we get X(t)==f-+(Xo-f)e-t,

i.e., X =

n (-1)n(XO— f), n> 1. Calculating the covariance

function of this process, we see that a sufficient condition

that X(t) be stationary .is that <f2> = <fX0> = <Xg>. We
show now that this is necessary. For if X(t) is stationary,
_ 2 _ 2 2.
<X0X2> = <x1>. But <XOX2> = <XO> <fXO> and <X1> =
<X2> - 2<fX, > + <f2> Also O = <X _X.> = <x2> ~ <fX i.e
(0) o) ’ o1 o) o’ ==
<X2> = <fX > and so we have
0 0O
- 2, _ 2, _
0 = <XOX2> + <X1> = 2<Xg> 3<on> + <£7> = .
2 2 2 . 2, _ 2
= 2<XO> - 3<X0> + <£7>, i.e., <> = <X0>.

Hence <Xg> = <fXO> = <f2> is a necessary and sufficient

condition that X(t) be stationary. But then <(X0-f)2> =

2, _ _
- <xg> - 2<fXg> + <f> = 0 and so £ = X,

Thus the condition
Xg= f(1/2nix+1)€(dx) is actually necessary. (Note that
we have incidentally proved that if a and b are r.v.'s,
then a + be ' is stationary if and only if b = 0).

Of course the condition on Xo expregsed by (7) is not
always necessary for stationarity. Consider the following
interesting example. Let X'(t) = F(t) and suppose that

F(t) is real valued and analytic and O is not in the spectrum

of F(t). Then the sufficient condition we get on XO is
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xoﬂ=--J5<1/2wx)v(dx)

==} e

where F(t) = [ cos 2mtiu(d)) + f‘sin 2gtx v(d)). Note
0o 0.

@

that E(XOF(t)) = —f (sin 27t)/27))M(d)X) in this case.
(0]

If we calculate the coefficients in the power series
expansion for F(t), we. get p

: -rw 2
E2h=:(-1)“jb(2nx) fu(dr)

F

2n+1” (-lpﬁokZ"X)2n+IV(dx)°

Hence in general-we_havee<Fi? =*I_(2ﬂk)2nM(dA). Thus
’ 04
applying the: result: off examplez1l, we:have-that a necessary

and sufficient condition.for-X(t) to:be-stationary is that

<F(t)xb>'=«-z((-1)n%?h*17(2h+1)!) <Fi> -

~TC =1 "2y (20e1) 1) [ (20 2PMan)

2n+1

Il

- JED @t/ (2n41) 12000 M(d)

il

-f(sin 2at)/2a )M (dN).

Thus we see that if X, is any initial condition for which

X(t) is stationary, then the:rprojection-of the r.v. Xo onto

the smallest closed linear manifold in Lz(c) containing

the process F(t) (call it 7) is the r.v. -] (v(dr)/2m0).
0

Hence in the case of analyticity, a. necessary and sufficient

condition. that X(t) be:stationary is: that-
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Xo= Y= (v(dx)/2m))
0

where Y is any r.v. orthogonal to 4.

In this section we have restricted ourselves to the
case of an equation with a constant (r.v.) coefficient.
This restriction was made purely to facilitate the various
computations made in.thefinterchanggzofforder:of.integrations.
Examining the more general case (time-varying coefficients)
" the author has been unable to extract a likely candidate
for the stationary part of the general. solution. Neverthe-
less, the idea ef using random harmonicc analysis:-especially
in conjunction with the analytic: method: of section 2.appears
valid, and progress in this direction:seemSzlikelyfin the

. future.

R T
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SECTION 4

In section 2 we presented a general method of determin-
ing. when stochastic differential equations with random
(analytic) coefficient processes, random (analytic) forcing

function, and random initial conditions have stationary

. solutions. 1In section 3 we presented a method of applying

random harmonic analysis to a simpler first order equation
and:-we -also presented an extension of integration techniques
adlowing us-to use these more powerful tools. In this
section we wish to relate our work to that done by:others
and. to also make a few remarks concerning the abstract
notion- of. stochastic transformations. We also indicate some
future. work.

First let us relate 6ur results to Adomian's [1]
results concerning stochastic Green's functions transforming
a~ given statistical measure of an input process to the
corresponding measure of the output process. Suppose we

have.a stationary r.f. F(t) with spectral representation‘

F(t)

= [ 2™ (qan).

We:.have defined the correlation function

f(t) = < F(s)F(s+t) > f e_zﬂitxM(dk)

where M is the absolute measure associated with £E. Now if

-
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M is absolutely continuous with respect to Lebesgue measure

on the line, we call the Radon-Nikodym derivative

m(x) = aM/d)

the spectral density of the process F, i.e., we have

£(t) =] e 2Tt ()an ,

and m(y) = [ 2™t (t)at

Now in. the equation. discussed.in section 3

x(t), + aX(t) =-F(t), X(0) = X0

with. the: r.v.. coefficient. a; wezcall.F(t) the input process
and X(t) the output process:. Moreover, applying ﬁhe results
of section 2 we know that we=can have a stationary F(t)

resulting in. a. stationary. X{(t). Now let

F(t) = [ 2™ % ¢(an)

]

and X(t) fﬁeghitxﬁ(dk)

be the spectral representations of F and X respectively.
Suppose also that F has the correlation function f and

spectral density function m.. We.calculated in section 2

the correlation function x for X given by

x(t) - [ EQ/|2ma+a|®)e 2™ 0 ()an.

Hence we immediately recognize.that.the spectral density of
X must be given by
n(0) = B/ |2mix+alSm(n).



Now the Green's function transforming the spectral density
of an input into the spectral density of the output. is a.

(perhaps generalized) function H(t,u) such that
n(t) = f H(t,u)m(u)du

whereupon we see that H is given by
(1) H(t,u) = 6(t-u)E(1/ |2miu+a|?) /

Note that this form of the Green's function is the- same- as

Adomian's [1] if the r.v. a is a constant, for then we:get.
2
H(t,u) = &(t-u) |Y(u)|

where Y(u) = 1/(2miu+a).
Similarly, the stochastic Green's functifon G(t,u). trans-

forming the correlation function f into. x by the relation-
x(t) = I G(t,u)f(u)du

can be expressed in terms of H by the relation

ff eZNi(Tu-ot) '

G(t,u) H(ag, 7)dodT

and so applying (1) we get

G(t,u) = I e2ﬂit(u-t)

E(L/|2mit+a|®)dr.

In both cases we see that these Green's functions are ex-—
pressed in terms of the statistics of the coefficient in
the stochastic . differential operator.

Let us make a few remarks concerning the idea of a-

stochastic transformation (s.t.), a concept due to Adomian

[1]. If X(t,w, t€T, w€R is a s.p., a stochastic trans-

[ U )




formation or stochastic operator T on X carries X into
another process Z = T[X], and T in general. depends on t
and @' € &' (where Q' may not be identical.to.&). Thus
T includes all deterministic transformations as a special
case and we usually deal with integral operators; differential
operators, partial differential operators, etc.
We wish now to,indicate a- general framework .in which
these ideas can be- precisely expressed.. In.general.there
" is a natural desire to distinguish betweeﬁ an operation of

the form

(2) X(t, o = [ H(t, WY, wWdu.

where the kernel H(t,u) is: a complex.valued. function and X

and Y are r.f.'s and an operation of’ the form-

(3) X(t,w = [ H(t,u, WY (u, Wdu.

where the kernel H also dépends on the stochastic variable

« The transformation expressed by.(2) in which the process
Y is mapped into the process X is often called:a. deterministic
transformation whereas (3) expresses an operation which
includes (2) and conforms more closely with our intuitive
notion of a stochastic transformation...Ihdeed_(B) is the

general form of a stochastic integral operator. Similarly

an equation of the form

(4) X(t,w - aY(t,w + bZ(t, W

where a and b are complex constants:- and X,Y, and Z are r.f.'s

is rightfully considered a deterdinistic mapping of the
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pair (Y,Z) into the process X. On the other hand, an

equation
(5) X(t,w = A(t, DY (t, w + B(t, WZ(t, w

mapping the pair (Y,Z) into X is a "truly stochastic"
operation. Also we need to consider maps of the form

Y. —> X defined by
(6) X(t,w = Y(E(t), w

where £f: T —> T indicates a re~-parameterization of the
time-variable. One wants to think of (6) as expressing

a:deterministic relationship whereas
(7) X(t,w = Y(£(t),p(wW)

where . £f:T —> T and @:f —> £ would again be "truly
1"t

stochastic'. Bharucha-Reid's [2] "random transformation

refers to a map ;
(8) T: & xR —> R

with the property that the function T(.,x) is a r.v. for

each x € R and such a random transformation may induce a

stochastic transformation defined by
(9) X(t,w = T{(wY(t, W)

carrying Y into X. One would call such a transformation
deterministic if the function T did not depend on the

first coordinate of its argument. The examples of trans-
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formations in the introduction.to this- thesis indicate more
different forms that a s.t. can take.

We propose- to examine- a- function-space - approach of
representing a r.f. as a measure on a fixed collection of
functions; then a change of measures on this function space
will be identified as a stochastic transformation. I&
particular, let X(t):pe.h real-valued: s.p. with parameter
set T = (a,b). Following the construction-outlined in
. Skorokhod [10], we let ® be the space of all functions
x:(a,b) —> R. If A is:a Borel set in.R and toﬁt(a,b),

w; let CtO(A) = {x:éi@:x(to),EiAJ,. A set.which is the

intersection of a finite: number- of setszof: the-form Ct (a)

0]

is a cylindrical set. We:let: F be: the-minimal o-algebra

" of subsets of ¢ generated by all.cylindrical sets. Now the

measure U determined on. F by the:relations-

k .
(10) w(n~ C, A)) = PX(t, W €A, i = 1,...,k}

n=1 n
for all k, ty,...,t, in (a,b) and. all Borel sets LSEREREY

is called the measure in the function space corresponding

to the process X(t). Kolmogorov's theorem guarantees us -

that (10) defines a unique measure. on F..

Conversely, suppose that we have a measure u defined on
F such'that u(® = 1. Then.we have a probability space
(8,7,P) where . = &, J = F, and  P-= y. and.so we can define a

process X(t), t € (a,b) by the relation-

X(t, @ = X(t,x) = x(t)
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We remark that X(t,-) is measurable, for let A be a Borel
set. Then {wX(t,w € A} = {x:x(t) € A} and this: is a
cylindrical set and so X(t,-) is measurable, i.e.,

X(t) is a s.p. Note also that the function space measure
corresponding to X is just u.

Hence every process on (a,b) is associated with a
measure on ¢ and conversely. Now let M be the set.ofjal1:
measures y on & such that u(P) = 1. Then any function
f:D —> M where D C M could be called a stochastic trans~—
formation. More generally, a function f:D —> M where:-
D C M" can be a stochastic transformation..

The above interpretation of a stochastic process- as:
a measure on an appropriate function space=doe5‘n6t.in
itself obviate any computational difficulties associated
with the analysis of s.p.'s. However, we can: now use- the:
full power of general measure theory to gain new insight.
For instance, the author is currently attempting to
prove theorems answering the.followang questions: Let F
be a stochastic transformation and let X(t) be a stationary
(in some sense) process. Suppose that Y = F(x) is stationary
(in the same sense). Let u and'v be the measures associated
with X and Y respectively. Let Mx be the manifold in
Lz(n) generated by X. Let Z = Z(t) be the process obtained
by projecting Y onto Mx and let n be the measure associated.
with Z. Is v << u? Is n << u? If v = Vo * Yy
Lebesgue decomposition of v with respect to u, does:

is: the

n = vl? If not, is 1 << v, or ui <K 711? Theorems along
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these lines would give information concerning stochastic
transformations which. carry stationary processes into
stationary processes. Also we naturally ask .what effect

on a measure associated with a s.p. is induced by a
stochastic differential operator on the process. Also using
our interpretation of s.t.'s in this way, perhaps we can
discover measure-theoreéic properties- of ''deterministic"
transformations (equations (2), (4),. (6)) that distinguish

- them from 'truly stochastic" transformations: ((3), (5), (7))
and thus allow us to give a more useful. and: precise inter-

pretation of these notions..
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