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ANALYSIS OF THE INJECTION OF A HEATED, TURBULENT JET INTO A MOVING

MAINSTREAM, WITH EMPHASIS ON A THERMAL DISCHARGE IN A WATERWAY

by

James F. Campbell
(ABSTRACT)

An experimental end theoretical investigation has been undertsken
to study the trajectory and growth of thermal effluents having a range
of discharge velocities and temperatures. The discharge of a turbulent
effluent into a waterway was mathematically modeled as a submérged Jet
injection process by using an integral method which accounts for
natural fluid mechanisms such as turbulence, entrainment, buoyé.ncy, and
heat transfer. The anelytical results are supported by experimental
data and demonstrate the usefulness of the theory for estimating the
location and size of the effluent with respect to the discharge point.
The capability of predicting jet flow properties, as well as two- and
three-dimensional jet paths, was enhanced by obteining the jet cross-
sectional area during the solution of the conservation equations (a
number of previous studies assume a specific growth for the area).
Realistic estimates of temperature in the effluent were acquired by
accounting for heat losses in the jet flow due to forced convection and

to entrainment of free-stream fluid into the jet.
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V. NOMENCLATURE

Latin Symbols

A cross—sectional area of jet control volume

Ay area of jet orifice (m d?/h)

A cross-sectional area of water-channel flow

a vertical distance of injection port from water-

channel floor (see Fig. 18)

B approximate cylindrical area of jet control volume
(m a As)

b width of turbulent mixing zone

C effective jet circumference, JimA

CD drag coefficient

Cp ' pressure coefficient

c rate of spread of jJet fiow

cp specific heat at constant pressure of Jet fluid

D drag force on jet flow due to blockage of free-stream
flow

a >effective Jjet diameter, /KK7F '

di _ diemeter of jet orifice

ds differential length of jet control volume

as elemental area

do elemental volume

E entrained mass flow per unit length of Jet

E* entrainment coefficient

Cxi
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xii

unit vector normal to elemental area d8

unit vectors in natural coordinate system

unit vectors in cartesian coordinate system

buoyancy force

centrifﬁgal force

pressure force

Froude number of jet flow at injection point,
2V§/[dig( P = P3)/0, ]

body force acting on elemental volume 4o

gravity

nondimensional width of jet control volume, h/di

water depth of main flow at injection station
(see Fig. 56)

width of jJet control volume

average film heat-transfer coefficient

constant in expression for €, see Eq. (L40)

thermal conductivity of jet fluid

horizontal distance of inJection port from flow
straightener, see Fig. 18

mass of jet fluid in control volume

free-stream mass entrained into control volume

mass flow rate of injectant

mass flow rate of water-channel flow

Nusselt number based on effective jet diameter

(hda/x)



xiidi

Pr Prandtl number

p local static pressure around perimeter of Jet cross
gsection

Ps free-stream static pressure

5 average static pressure in Jjet flow

Q rate of heat flow from jet control volume

q average dynamic pressure of jet flow, pV2/2

3R average dynamic pressure of free-stream flow,
omvi/e

R radius of curvature of jet trajectory

Red Reynolds number based on effective jet diameter,

see Eq. (55)

Red Reynolds number of jet flow at injection point,
, i
Vidi/vi
ReL Reynolds number based on horizontal distance L,
v _L/v,
-
r position vector from injection point to a point on the

Jet trajectory, see Fig. 57

S frontal area of jet control volume

s,n,t netural coordinate system attached to jet trajectory,
see Fig. 5T

T average tempersture of jet fluid, see Eq. (L)

T, average temperature of free-stream fluid

t time, see Egs. (1) and (9)

U velocity, see Eq. (39)



Greek Symbols

a,B,y

As

AT

1732

xiv

direction cosines cos (o) and cos (B),

respectively
5 1/2

effective velocity ratio, [(ini)/(pwVi)]

average velocity of jet flow, see Eq. (L)

average free-stream velocity

velocity vector

local free-stream velocity at edge of boundary layer, see
Fig. 56

local free-stream velocity, see Eq. (A-3)

width of water channel, see Fig. 56

cartesian (inertial) coordinate system, see Fig. 2

point above injection surface where laminar jet flow

is assumed to begin its turbulent growth

inclination of Jet axis with respect to the x,y, ahd
Z axes, respsctively, see Fig. 57

boundary-layer thickness

infinitesimal length of Jet control voiume»
temperature difference, T - T

virtual kinematic (eddy) viscosity

constants in expression for Nu_, see Eg. (54)

ds
engular orientation of p, see Fig. 8
velocity parameter in expression for Kl’ See

Eq. (L5)



Xv

Y kinematic viscosity

o) average density of jet fluid, see Eq. (4)

P average density of free-stream fluid

T _ shear stress in s-direction acting on jet flow
% surface stress tensor

T, torsion of jet trajectory, see Eq. (B-9)

Subscripts

i conditions at point of jet injection

max maximum

min minimum

2 local value of Jet flow property

s,n,t condition in s,n,t directions

o condition associated with the free-stream flow

1,2 jet flow conditions in control volume before and after

entrainment



VI. INTRODUCTION

One of the most basic processes in fluid mechanics is the mixing
that occurs during the interaction of two intersecting streams of
fluid. A large portion of interaction processes exists where one
stream of fluid has a much smaller mass (or volume) flow than the
other stream, such as the case of a plume issuing from a smoke stack
or a fluid injecting into a boundary layer on a vehicle traveling at
hypersonic speeds. This class of interaction problems can be cate-
gorized as fluid, or jet, injection Processes, and are usually asso-
ciated with a nearby solid boundary or surface,and are complicated
by the fact that in their natural state they are almost invariably
turbulent.

An example of a fluid injection process of current interest is
where a heated water effluent is discharged into a river, reservoir,
or estuary, the water being initially heated during the course o}
some industrial process., For example, the generation of electricity
accounts for gpproximately TO percent of the waste heat discharged
daily into waterways in the na.tion.1 In order to satisfy the nations'
demand for electricity in 1980, almost 250 billion gallons of water per
day will be required for cooling, of which sbout 200 billioﬁ gallons
will be from fresh water sources. This will comprise 1/5 of all fresh
water run-off in the country. A schematic diasgram is presented in
Fig. 1 (Aronsone) to illustrate how fuel in an electric power plant

becomes electrical energy and how water from g nearby river or reservoir
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becomes heated. The steam used to turn the turbines and hence to
generate electricity must be condensed in order to be re-used.. Cooling
vater drawn from a nearby water source circulates through the condenser
withdrawing heat from the steam, and in its warmed-up state is then
returned to the water source. The increase in cooling water tempera-
ture above the ambient temperature is typically 10° to 25°F, depending
of course on the volume flow of water through the condenser and the
amount of heat extracted. This process of heat disposal, called the
"once-through" cooling method, is the most widely used technique
because it is the easiest to build and the cheapest to operate
(Woodson3). At present about 90 to 95 percent of steam-electric cooling
water is put back into the waterway using this once-through method;
the remaining percentage of water is treated in cooling towers and/or
ponds before discharge.

In an attempt to control the growth of this problem, water
quality standards have been legislated which set tempersture limits
(above the ambient temperature) on the various types of water bodies
accepting heated water. All of these standards apply to that region
of the receiving water outside of the "mixing zone", where the heated
effluent mixes with the ambient water. The fact that the definition
of the mixing zone varies not only from state to state, but often
between different locations within the same state, adds to the ambiguous
nature of the problem.

A great deal of information has been generated concerning the

effects of heat on aquatic life (Refs. 4 to 6), however it has only



been in recent years that serious research attention has been turned to
the fluid physiecs involved with modeling the heated discharge. Many

of the previous studies directed towards the physical understanding of
the calefaction of waterways have been more concerned with the far-field
effects of the thermal discharge. Examples of this are the works by

T

Edinger and Geyer' who consider the overall heat balance of bodies of
water having excess heat addition, and Mahgary8 who attempts to examine
the diffusion of water temperature assuming & two-dimensional mixing
model, but neglects to consider momentum transport. Since it is
desirable fo observe the time history of & heated effluent (or thermsl
plume) from the point of discharge to the point of final thermal mixing
with the ambient fluid, it is therefore necessary to consider the near-
field effects. In their general reviews of research needs, Tichenor9
and Parkerlo stressed the importance of considering the momentum jet as
the method of modeling the discharge in the near field. This is
certainly the more pragmetic approach to the physical understanding of
the problem, particularly if the definition of a thermsal mixing zone is
desired in order to minimize impsct on the local water eﬂvironment.
Accordingly, the present study was initiated to investigate the
pertinent fluid mechanics and heat-transfer aspects of heated, turbulent
effluents dischafging into a moving water environment. Emphasis has
been given to determining the effects of the ambient flow variables and
effluent discharge properties on the three~dimensional path, or tra-~
Jjectory, of the thermal plume and to exemining how the flow properties

of and heat loss from the plume very along the path. In a realistic



situation, the heated effluent would be discharged into an irregular
velocity field typical of most river flows, however, in order to pro-
vide a starting point for the present theoreticel analysis, the
effluent is considered as a submerged jet flow injecting into a moving
water system having a spatially dependent velocity field. The general
development of the theoretical model is contained in Chapter VIII, with
details contained in the Appendices in Chapters XIV and XV. The theory
is compared with other analytical models in Chapter X, as well as with
experimental data acquired from & number of investigations. Experimen-
tal tests were conducted for the lateral, verticsl, and oblidue jet
injection into a water chamnnel, the Jet having a range of injection
velocities and temperatures. Results of the tests are described in
Chapters IX andXIII and are presented to verify the mejor assumptions
of the mathematical model. Results are represented by propérly non-
dimensioﬁalized parsmeters to make the analysis applicable to any

situation.



VII. REVIEW OF LITERATURE

Since the question of siting thermal discharges on a moving water-
way will largely be settled on the basis of localized effects near the
outfall, it is important for us to understand the fluid mechanics of the
Jet injection process. Margason's bibliographyll on previous experi-
mental investigations of incompressible jets injecting into a cross
flow provides a starting point for the discussion. The complex inter-
action that takes place after a fluid is injected into a moving stream
results in a three-dimensional flow field, even though the Jet may be
fbllowing a two-dimensional path. This, of course, complicates the job
of the experimentalists. Gordierle, MargasonlS, and Platten and
Kefferlh, concentrated their efforts on measuring the jet's trajectory
for a wide range of injection angles (ai) and velocities (Vi/Vw), the
trajectory being one of the easiest jet properties to measure (see

7

Fig. 2). Jordinsonls, Keffer and Bainesl6, Ramseyl , and Kamotani and
Greber18 measured details of the interaction process and revesled the
very complex flow field that exists due to the pressures and shear
stresses in and aroﬁnd the jet flow. Very good descriptions of how
the jet flow distorts and develops under the influence of the free-

stream flow and body forces are given by Keffer and Bainesl6, Ramseyl7,

Abramovichl9, and Kefferzo.
The most detailed measurements of the flow field appear to be those

of Keffer and Bainesl6, and Kamotani and Greberls. In particular,

Kemotani and Greber examine the structure of the rotational velocity



field which results'becaﬁse of the shearing action between the free-
stream flow and the edge of the Jjet flow. The rotational velocity
field, usually interpreted to be a pair of counter-rotating vortices,
is ‘an interesting as well as important facet of the injection process;
it affects the path of the Jet as well as the mechanisms that govern
entrainment. Both Refs. 16 and 18 reduced their data so a measure of
mass flux in the jet could be obtained, which in turn resulted in
estimates of the rate that free-stream fluid is entrained into the Jet
structure. In addition to investigating the characteristics of the

iT

velocity field, Ramsey and Kamotani and Greber18 measured the
temperature field resulting from the injection of a heéted Jet.

It is important to note the limiting conditions of a Jet injected
at an arbitrary engle into a cross flow. If the angle between the jet
axis and the direction of the free-stream velocity (o) goes to zero for
a given Vi/Vw, the condition exists of a Jet in a co-flowing stream.

If the jet velocity becomes very large (Vi/V°° + ®) for a given a, the
situation approaches that of a free jet. An indication 6f the magnitude
of entrainment for a jet in a co-flowing stream and for a free jet has
been provided by Mortongl, and Ricou & Spaldingzz, respectively.

In reviewing some of the theoretical methods availsble for modeling
an injection process, it should Se emphasized that a method is desired
here which &llows the thermal effluent to be followed from its point
of discharge to some point downstream where complete thermal mixing

takes place. At a minimum, the method should be able to estimate the

three-~dimensional (3-D) path of the thermal plume, show how the plume



size varies as it procedes downstream, and include basic heat-transfer
mechanisms which allow‘the plume temperature to be predicted. The most
advanced method would result in a complete and detailed description of
the flow field resulting from an injection into a moving stream. This
could be done by sblving the full three-dimensional, turbulent, Navier
Stokes equations in an Eulerian framework, which requires the specifica-
tion of the eddy viscosity field.

In order to avold the complexities inherent with this approach,
many studies have tried to theoretically model the gross features of
the injection process by describing the fluid motion of the jet from
the point of discharge in a Lagrengian framework. This procedure allows
an estimate of Jet properties to be obtained if the appropriate forces
acting on the Jet flow are accounted for. Since the jet path is the most
obvious of the Jet properties, it is natural that early attempts were
concerned oniy with obtaining estimates of the trajectory. Abramovichl%
for example, obtained the trajectory of a Jjet which had a circular
cross-section at the injection point by baelancing the centrifugal
and blockage forces perpendicular to the trajectory. His basic argument
wvas that the blockage effect of the jet flow on the free-stream flow
could be epproximated by essuming that the jet flow acts as a "solig"
body inclined at some angle to the free stream. He accounted for the
deformation of the Jet's cross-section by assuming the shape to be ellipti-
cai end by specifying a growth rate for the cross-sectional areas, which
is necessary if only one force equation is used to obtain a solution

for the trajectory. One of the serious drawbacks of this method is the



assumption that the component of jet momentum perpendicular to the
direction of the free-stream flow remains constant. This assumption
vwas relaxed by Schetz and Billi323.

Two other forces acting perpendiculaf to the jet trajectory and
vhich help govern the development of the jet flow are: (1) buoyancy
force resulting from a difference in density between the Jet and free-
stream fluids, and (2) entrainment force resulting because of the free-
stream fluid that is drawn into the jet structure. Theoretical
trajectories were obtained by ReillyZh end Campbell and Schetze5 using
procedures similar to those described above, but also accounting for
the entrainment phenomenon; Campbell and Schetz, in addition, included
the buoyancy forece in their model.

Since all of these previous works utilized an assumed ares growth
besed on experimental data obtained in the proximity of the injection
point, they are not suitable for providing realistic trajectory
information further downstreem. This deficiency can be avoided if,
instead of assuming an area growth rate, a momentum conservation
equation in the direction of the jet path is used; this equation is used
in additionvto the conservation equation perpendicular to the trajectory.

Wooler et. al.26 and Hoult et. al.27’28

used this procedure, SOlving.
force equations normal and parallel to the jet path simultaneously

to obtain a soluﬁion for the trajectory. An added advantage of using
these two force equations is that, if all of the appropriate forces are

accounted for, the solution procedure allows the jet flow properties to

be estimated. The theoretical studies discussed up to this point,
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however, do not include all cf the necessary forces. This is illus~-
trated in Teble I which presents a summary of the capebilities of a
number of theoretical investigations. In particulsasr, the shear stresses
that exist in the flow field due to differences between the Jet.and
free-stream velocities are not represented in most theoreticel efforts.
The shear force normal to the trajectory is usually combined with the
force due to the pressure distribution around the jet flow to form the
blockage force (mentioned previously). The shear force parallel to the
Jet path must be accounted for in a force balance on the Jet flow,

29 and Campbeli and Schetz3o.

which was done by Hirst
The theories discussed thus far have been concerned with predict~’
ing the flow characteristics of a jet following & two-dimensional (2-D)
path. This type of path occurs when the radius-of-curvature vectors
associated with the trajectory lie in one plane, the trajectory of
course being a curve in that plane. If the injection and free-streeam
velocity vectors shown in Fig. 2 ere considered to form an "injection
plene", then a two-dimensional trajectory will elways result when this
plane is oriented vertically, i.e. aligned with the gravity vector.
Wheﬁ the injection plsne is rolled away from the vertical, a three-
dimensional trajectory may occur depending on the buoyancy of the jet
flow. If the buoyancy force is absent, or is small with respect to the
Jjet momentum, then a two-dimensional path will result. A larger
buocyancy force, however, will cause the Jet to bend out of the injec-

tion plane, and the result will be & three-dimensional trajectory.

The radius-of-curvature vectors associated with this type of trajectory



TABLE I. - CAPABILITIES OF PREVIOUS THEORIES USING INTEGRAL TECHNIQUES

Forces parallel and perpendicular
to Jet trajectory

Investigators Arbitrary {Arbitrary |Blockage|Entrainment| Buoyancy| Viscous| Jet Flow 3-D
Injection {Injection Shear | Properties{Trajectory
Velocity | Angle p AV T
Abramovich™® X X X |
. 23
Schetz and Billig X X X
Rej.llygl+ X X X
Campbell and Schetz25 X X X X
Wooler et. al.26 X X X
27
Hoult and Fay X X X
28
Hoult and Weil X X X
1 .. 29 #
Hirst X X X X X X X X
Campbell and Schetz30 X X X X X X X X
Present X X X X X X X X X

# No 3-D trajectory results given

1T
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do not lie in one plane. Since a jet with a two—dimenaional trajectory
is a special case of the jet with the more general three-dimensional
trajectory, it is desirsble to have & theory that can estimate the more
general situation. At present, the only theoretical method which
appears capable of predicting Jjet flows with three-dimensional tra-
Jectories is that of Hirst, although no results of this kind were
presented in his report (Ref. 29).

In view of the preceding comments, the purpose of the théoretical
portion of the present investigation is to develop an integral method
which accounts for natural fluid mechanisms such as turbulence,
entrainment, buoyancy, and heat transfer in the conservation equations
governing the jet flow. In particuler, it is desirable to have a
theory that: (1) utilizes the momentum conservation equation along the
jet path, in addition to that perpendicular to the path, in order to
evoid any assumption regarding the growth of the Jet's cfoss-sectional
area as was done in Refs. 19, 23-25; (2) accounts for a shear force in
the momentum equation along the jet trajectory, which was not included
in the works in Refs. 26-28, in order to provide improved predictions
of two-dimensional jet trajectofies, and to allow estimates of Jet
flow properties, such as velocity, cross-sectional area, and momentum,
to be made; (3) obtains a third momentum conservation equation for the
jet flow which, when solved simultaneously with the other two momentum
equations, allows three~dimensional jet paths to be calculated, thus
extending the theories reported in Refs. 29 and 30; (4) provides

estimates of the temperature of the Jet fluid by examining several heat
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trensfer mechanisms that can account for the heat loss from the jet
flow; and (5) is easily adapted to account for free-stream flows with
either a nonuniform velocity field Or a nonuniform temperature field.
The purpose of the experimental portion of the present study is to
provide information for a submerged jet injected laterally, vertically,
and obliquely into a water channel in order to support the theoretical
effort, as well as to extend the experimental results of previous
investigations. It is desirable to examine the effects of changing
injection velocity for the different injection orientations, and to
provide test results at higher injection velocities than those reported
in Refs. 12 to 20. In addition, the effects of increasing injectant
temperature oh the injection processes should be ascertained, and
measurements of jet temperature decay made to compare with the results

of Refs. 17 and 18.



VIII. THEORETICAL DEVELOPMENT

This chapter is concerned with the development of a theory which
approximates the fluid mechanical process that occurs when a submerged,
turbulent jet of circular cross-section is injected into an effectively
infinite free-stream flow. The mathematical model should allow the
jet to penetraté into the cross flow, to bend over and spread under
the influence of natural fluidic forces, and the Jet's velocity vector
to approach the free-stream velocity vector at some point downstream
from the jJet exit; This capability is obtained by considering a
section of jet fluid as a control volume similar to the approach used
by Reillyzh. This is illustrated in Figure 2 which depicts the
trajectory of a jet injecting into & free-stream flow having a velocity
V;, taken to be spatially but not time dependent. The origin of the
cartesian (x,y,z)»axis system is &t the injection point, while the
natural (s,n,t) axis system moves and rotates as it follows the path
of the jet axis which is traced out by the jet velocity V. The s-axis
is located along the trajectory, while the n-axis is oriented perpen-
dicular to the trajecﬁory in the direction of the radius of curvature
of the trajectory;vthe t-axis is perpendicular to both the s- and n-
axes. A complete discussion of the natural coordinate system is given
in Appendix B. The equations expressing conservation of mass and
momentum in the direction of the natural axes are derived in the

following sections.

14
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Figure 2.~ Cartesian and natural coordinate systems.
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Continuity

The following integral expression equates the net influx of mass

into the control volume to the rate of increase in mass in the control

%fffpldo=-f[pﬁ-élqu (1)

where 46 and 40 represent the elemental surface ares and volume,

volume:

respectively. It is assumed that the flow process is steady (in the
mean), fully turbulent, and incompressible. The fact that we assume
incompressibility does not imply that the flow process is one of

constant density. Equation (1) thus becomes,

<> ->
J;&v * eyds =0 (2)

Carrying out the oi:erations suggested by this equation leads to the
mass flows through the surfaces .of the control volume (@,@, and
(3) in Fig. 2).

It is noted that 48 = dA for surfaces @ and @, which
represent a cross-section of the jet flow; i.e. areas that are
perpendicular to the trajectory.A Since mass flow is a continuous,
single-valued function of position slong the trajectory, a Taylor
expansion can be performed to obtain the mass flow through surface @
as a function of the mass flow through surface @. The difference

between mass flows through @ and @ represents the mass flow through
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the sloping face (:), vhich defines the amount of free-stream fluid
mass (per unit of jet length) that is entrained (E), or drawn, into

the control volume. This can be written as,

= &
E=as j Pp Vg dh (3)

The two most common profiles used in the literature to describe ‘
the velocity variation at a given cross-section in the jet flow are
the Gaussian and Top-hat. The Gaussian representation is particularly
useful for providing estimates of flow properties on the Jet's
centerline and was used in the development of Hirst29. In using the
‘Gaussian profiles, however, the assumption is made that the jet flow
is circular, i.e. axisymmetric, which is valid for free-jet flows and
for co-flowing Jjet flows, but is of questionable use for a jet
injecting into a cross flow, where the jet cross-section is not
circularl6. In addition, the theoretical results obtained by using e
Gaussian velocity profile are only applicable in the region where the
Jet flow has become fully developed.

Top~hat profiles represent the average jet flow properties end
have been used in a number of theoretical studiesl9’23’2h’26’28. By
using the average floﬁ properties in the conservation equations, it is
not necessary to place restrictions on the symmetry of, or to assume
similarity in, the Jet flow. This means that the governing equations

can be used to describe the Jjet flow in the region where the jet is

fully developed; or in the region where the jet is only partially



18

developed and a potential core still exists. Accordingly, the present

study uses the averaged jet flow properties defined as follo&s:

ol M [
(L)

/o /G O
which state that at a given location along the trajectory the Jet's
local velocity, density, and temper&ture values are integrated over

the jet cross-sectional area. This permits the conservation of mass

in the Jet, equation (3),to be expressed in differential form as,

ds

Mortonzl, Reilly2h, and Wooler et. al.26 obtained continuity equations
of this form.

In recent years it has been recognized that inclusion of the
entrainment process in & jet injection analysis is important not only
because of its influence on jet momentum, and hence trajectory, but
also because this process allows for the mixing of jet and free-stream
scalar properties such as temperature and salinity. The fact that
entrainment occurs when there is relative motion between two flow
fields has been used by different researchers to justify'relating
entrainment to the appropriate velocities normal and parallel to the
jet axis. This type of representation of the entrainment function (E)
results in a variety of empirical "constants" which must be adjusted

in order to obtain suitable agreement with experimental data. Exsmples
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or' several attempts to approximete E 1in this fashion are seen in the
works of Kamotani & Greberla, Wooler et. al.26, and Hoult et.al.27’28
The model of entrainment presented by Wooler et. al. uses three
constants, one of which is obtained by satisfying the Ricou-Spalding
measurem.énts22 for an isothermal free-jet. Experimental frajectory
data, rather than mass flux information, were used as the criterion
for indirectly adjusting the other two constants. Experimental mass
flow data are presented by Kamotani & Greber to support the constants
used in their model of the entrainment function.

Because of the complex helical streamline pattern (usuelly
interpreted as a pair of counter-rotating vortices) evident in the
lee side of the Jjet, it is believed that the entrainment functiop
cannot be 'split into two totally independent parts as assumed in the
above description. One attempt to account for the free-stream fluid
entrained into the jet as a result of the helical circulation pattern

has been reported by Platten & Keffer3l. Their entrainment model was

extended by Hirst29 to account for local bucyancy in the jet flow.
In consideration of the complicated nature of analytically

Predicting the entrainment function and the desire to keep empirical

constants to a minimum, the present study defines this jet property

by using the experimental date for an air jet obtained by Keffer &

Bainesl6. Equation (6) represents

E =

Qlx

O E*(V = V) (6)
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the entrainment parameter in functional form, vhere the entrainment
coefficient (E*) was obteined from measurements of mass flux along the
Jet axisls. In order to use this formulation for E, V must always be
equal to or greater than V,+ The entrainment coefficient is presented
in Figure 3 for three injection velocities and, as noted,:is a

function of both injection velocity and distance along the trajectory.
An empifical expression was obtained here to represent E* in the
present mathematical model and is shown compared with‘@he experimental
data., It is assumed that this function can be used af larger values

of VR and s/d, than those shown in the figure.

{
It should be noted thet the empirical expression for E# implies
that as -s + 0, E* (and hence E) + 0. This is an unsettling
possibility because, near s = 0, the jet flow in this type of injec-
tion process might be expected to resemble that of s free Jet, having
similar entrainment rates. Keffer & Ba;lnes16 observed that as s + 0
E* was of the same order as that found by Mor‘con21 for simple jet flows.
This is further substantiated if we consider the work of Ricou & '

Spalding22 who measured entrainment for axisymmetric turbulent free-

Jets, The formula they suggested as best representing their data is,

\'i

S
TN 0.32 ] (1)

This can be differentiated with respect to s to get the entrsinment

in the free jet. Putting the results in the same form used by
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Experiment (Keffer and Bainesl0)

2.0 VR
O 4
O 6
A 8
1.6
O
1.2 - o Simple jet flows
. | & Morton?!
E o/ /& — ~ ~ Ricou and Spalding22
8- A
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Figure 3.- Entrainment coefficient as a function of position
along axis of isothermal air Jet; ui = 9009,
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Morton we get,
E = 0.08 C;p,V, (8)

Thus the constant 0.08 compares favorably with Morton's value of 0.116.
It is assumed in the present study that E¥ = 0,08 until the
empirical expression presented in Figure 3 predicts a greater value,
which is then used. This is reasonable in view of the fact that an
increase in VR decreases E¥ so that as VR + », E¥ ghould approach

the free-Jet value.

Congervation of Momentum

The following integral expression equates the rate of increase of
momentum in the control volume to the sum of forces acting on the

control volume plus the net influx of momentum into the control volume:

%t—fffpﬁdo= ff/?b do+[/§-ZNd6 -[fV(pﬁeENdé)

(9)

where the surface stress tensor (?) is taeken to contain both shear
-

and pressure terms and fb = body force per unit volume. Since we

have assumed a time independent flow process, the term on the left-

hand side of the equation is zero; hence,

[[f?bdo+ff¥°ZNd6-ffi’i(pﬁo'e*Ndé)=o (10)
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where the equation will be shown to yield expressions for momentum in
the direction of the natural coordinates.

Assuming the body forces are independent of the integrsl over do,

¥ 40 =7 do=f A ' (11)
b U—b O-b ds

where, as a first approximation, the volume is assumed to be equal to

we write

Ads, which neglects the rate of change of A with 8., Since the
components of ; , and later V;, are desired in the s, n, and t

directions, we can use a vector identify to obtain,

> > > > > > + o+ >
£= (fb . es)es +'(fb . en)en + (fb . et)et (12)
and
> > > > > > > ->
Vo = (Vg mede  + (V=g de + (V « e e (13)
> -
where Vw = Ywex.

There are two body forces considered to be acting on the jet
flow. The first force is due to the buoyant condition which results
from a difference in density between the jet and free stream fluids.

This force acts in the y direction and is given by,

> > ->
Fp = Fpe, = alo, = pley (14)
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The second force results from centrifugal effects associated with the
Jet having mass and following & curved path. This force acts in the
direction of the radius of curvature of the trajectory and is

exprescsed as,

¢ m V2
e

(15)

5m+

The total body force on the control volume (?b) is the vector sum of
the buoyancy and centrifugal forces and is substituted into Eq. (12)
to obtain,
> > > .+ -+ > -+ -+ + >
= . + e + <+ .
£, Fb(ey es)es [Fb(ey en) Fc]en Fb(ey et)et (16)
The pressure portion of the shear-stress tensor term in Eq. (10)

can be written in component form as,

#pzN d§ = -

Pzgs as (a7)

-

Po®s

-
+ gpget as -
where Py represents the locel pressure on the respective surfaces

indicated by the integration.

n-Momentum

The n-momentum equation is obtained by taking the n components



25

of the various vector quantities in the momentum integral equation
(10). The term representing the body forces, for example, is extract-

ed from Eq. (16) as,

£, = [Fb(g& . Zﬁ) +F ] Ads (18)
n

while the pressure force is obteined from Eq. (17) to be,
F = p, 48 (19)

This pressure force is combined with the shear stfess integrated over
surface (:) to obtain the total drag force (Dn) on the Jet flow due to
blockage of the free stream flow. It is noted that for many injection
situations the centrifugal force is in the opposite direction from
the drag force, the drag force being in the positive n direction.
Because of the complexity of the interaction between the jet and
free-stream flows, the force resulting from the blockage effect is
postulated to be the drag on an equivalent "solid" cylindrical jet
shape inclined at an angle to the free-stream flow (after Abramovichl9).

This can be expressed as,

D, =Cpa, 5, (20)
n n

where the dynamic pressure of the free-stream flow perpendicular to

the Jet axis is given by
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% =3 Pl (21)
n 1

Employing the definition V_ = V&(Zx . gﬁ) results in
n

+> + D
Qb = qyley ve )
n

(22)
The reference area for calculating the drag force is the frontal area

of the control volume (the surface facing the free-stream direction):
S =has (23)

where h is the local width of the jet measured in the t direction.
Incorporating the expressions for q, eand Sn into Eq. (20) allows

n
the drag force to be finally expressed as,

D, =Cpay(e +e)%n as (2k)

The third term in Eq. (10) accounts for the net influx of
momentum into the control volume, which for the n direction, is due
solely to the flux across the slanted surface of the cylinder. It
is represented by the rate at which mass enters the sides of the
control volume, see equation (3), multiplied by the free-stream vel-

ocity component in the n~direction. Thus,
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v +- - = _a_ = , e
J'sV(QQV ey dd) = an s ffprg‘ dAf ds = V_ K ds (25)

n

Equations (18), (2k4), and (25) are combined to yield the conservation

of momentum in the n-direction:

2
E‘A_Y—= ‘ - > .
R elp, D)(c-:y

-+
e

-5
e
n

A+ CpanE )P +EVE - 3)  (26)

n
where the mass of the control volume is teken to be m = pAds. The
expressions for the dot products in terms of the cartesian
coordinates as the dependent variables and the distance along the
trajectory as the independent variable are given in Appendix B.

Substituting the appropriate definitions ﬁhe n-momentum equation

becomes,
pAV® %y > [a%% ° a°x
R = g,A(pw - PR 5 + CD qth (——2—) +EV_ R ~5 (27)
ds n ds

ds

where the radius of curvature (R) of the trajectory is defined in
Appendix B. Previous studies investigating the 2-D injection

problem (usually vertical injection) proceed to put this equation

into a form with the slope of tﬁe trajectory, or the angular orien-
tation, as the dependent vériable. Since the vertical and latersl
injection problems will be treated here as special cases of the more
general 3-D injection situation, it is desirable not to specialize the

equations in that way. The reader will see in Appendix C how this
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equation is nondimensionalized and put into the form used in obtain-

ing a numerical solution on the computer. The direction cosines of the

Jet velocity vector (i.e. gs) were chosen as the dependent variables
for several reasons, one of which is that the order of the governing
eqns. is reduced bonne. In addition, the algebra is thereby kept to
a mensgeeble level.

It is gppropriate to mention that at this stage oflthe develop~
ment, the approach used in a number of previous studieslg’z}'z5 heas
been to assume the area growth of the Jjet along the trajectory, the
rate of growth being based on dats measurements where s/di < 10. This
was done in lieu of solving the s-momentum equation. The area growth
can be obtained by assigning a certain shape for the jet cross—
section (e.g., circular or elliptical) and by allowing the jet width
to grow at & specified rate. Schetz and Billigg3 used the expression
for mass flow in the jet, that is, the continuity equation, to
eliminate velocity in the n-momentum equation, the resulting
expression then being integrated to obtain a solution for the Jet
trajectory. Typical résults obtained by this procedure are presented
in Fig. 4 for a jet with an elliptical cross-sectional shape and are
compared with experimental data acquired from the photographs in
Ref. 25.

Comparison of the assumed ;ross-sectional areas with the values
obtained from experiments shows that the two are in reasonable
aegreement in the proximity of the jet exit, but that the values

diverge as the Jet proceeds downstream, (It is noted that the
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Figure 4.- Experimental and theoretical Jet flow properties; VR = 18.2,
Ti/Tw = 1.0, a, = 900,
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investigators who made the urea-growth assumption were predominantly
interested in the jet's trajectory in the proximity of the injection
point.) the measured areas indicating a much more rapid rate of jJet
growth than the assumed values. This trend is reflected in the tra-
Jectory information where good agreement between the predicted and
experimental trejectories is noted in the initial region after jet
injection, but poorer agreement occurs farther downstream. Another
effect of assuming area growth is seen in the erroneous trends for the
theoretical jet velocity, illustrated in the figure by the velocity
deficit curve. As noted, the jJet velocity begins to increase st

some point along the trajectory. The reader is aware, of course,

that as long as the jet Injection velocity is greater than the free-
stream velocity, the jet velocity will decrease continuously along the
trajectory and evéntually epproach the free-stream velocity value for
downstream.

From these remaxks it is obvious that an alternative approach
should be considered such that the Jet cross-sectional area is
permitted to be an unknown in the governing equations. In order to
do this it is necessary to have another equation to solve along with
the continuity and n-momentum equations. The equation expressing
congervation of momentum along the trajectory satisfies this need. By
using this additionel momentum e@uation, g more natural description
of the jet flow properties is obtained as illustrated in Figure 4.

Although the area assumptiqh is to be discarded, it is still

necessary to provide information concerning the width of the jet in
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order to calculete drag and shear stress terms in the governing
19

equations. One epproach is to follow Abramovich and assume the
growth of the jet width elong the trajectory using en empirical
expression based on limited experimental data. Another approach is
to specify a shape for the Jet cross section, and use this with the
computed area to calculate the Jet width. This latter approach is
more appealing because it is eaéier to jJjustify its use on the basis of
aveilable experimental data. Keffer and Bainesl6,for example, have
shown that a Jet initially having a circular cross-section transforms
to a "kidney" shape as the jJet penetrates into the cross flow. This
shape remains approximately the same with increase in s as
illustrated in Fig. 5.

Prior attempts by researchers et approximating the jet cross-
section have been limited to the elliptical shape, where the circle is

a degenerate case, Hirsh29

s for example, spproximated the Jjet cross
section as a circle, which was a useful assumption in his development
because then he assumed the jet flow to be exisymmetric. It would
appear that the ellipse would be a more suitable approximation,
particularly near the injection point where the jet flow is deformed
by the large pressure and shear stress fields. An ellipse with a
major-to-minor axis ratio of 5:1 was employed in Ref. 19, and later in
Refs. 23-25, while Ref. 26 assumed s 4:1 ellipse. The approximation
used in Ref. 26 had the added advantage of accounting for the change

from the circular shape at the jet exit to the L:1 ellipse at a

specified point elong the trajectory.
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Figure 5.- Cross-sectional pressure contours of a jet injected nor-
mally into a cross flow, Vi/V, = 2.2 (after Abramovichl9);
80lid and deshed lines represent lines of constant total
end static pressure, respectively, and the shaded areas
indicate the potential core region.
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For the present study, the Jot crose-nection ghape in arsumed 1o
be elliptical with a ratio of major-to-minor axes of % to 1, the major
axis being the jet width. It is also assumed that at the injection
point (s = 0) the elliptical area is equal to that of a circle with
diameter di' The chénge of Jet width, h, along the trajectory is

accounted for by the expression,

20 A

(28)

The change in h with distence along the trajectory was calculated
with the present theory and is shown in Fig. 6 compared to experi-
mental data obtained from Kamotani and Greberle. The data points

from Ref. 18 were obtained from contours of constant velocity normal to
a8 Jet cross section, where the velocity excess had decreased to 10%

of the maximum excess. The theory predicts the trend of increase in
h/di with increase in s/di, although the predicted values are higher
than the measured values at large s/di. The small effect of VR on
h/di near the injJection point is reflected by the theory. The

9

empirical expression used by Abramovichl in his theory is shown for

comparison.
The velue of CD associated with the 5:1 elliptical shape is

n
taken to be 1.6 in keeping with the equivalent "solid" body argument

and is assumed to be independent of the Reynolds number of the flow
over the ellipse (Red). Wooler et. al.26 used a value of 1.8 in their

analysis, while Abramovichl9 used 3.0, a value which was pointed out by
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Figure 6.- Variation of Jet width with distance along trajectory for a range of injection
velocities; a, = 900, Ti/Tm = 1.0.
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Schetz and Billig23 as being totally unrealistic. An indication of
how sensitive the theory is to the choice of cross-section shape and
blockage coefficient can be seen in Figure 7 where experimental and
theoretical trajectory results are compared for VR = 4.0. The effect

of changing ellipse-axis ratio is presented in part (a) where Cp = 1.6
n

is used in the theoretical calculations, while the effect of varying
Cp for a specific ellipse-axis ratio (5:1) is shown in part (b).
Asnnoted, increasing either ellipse~axis ratio or blockage coefficient
results in progressively lower theoretical trajectories. The>trends
discussed here for the case of VR = 4.0 are typical of other injection
velocities. The fact that the theoretical results obtained with

Cp = 1.8 (Fig. 7($)) are in better agreement with the experimental

n

trajectories than the results obtained with C_ = 1.6 is misleading.

D
n

It will be demonstrated later (Fig. 47) that the theory estimates
mess flows in the Jet that are too low, so that if this disparity
wasg corrected the resultS'obtained.with CD =1.6 would show improved
agreement with the experiment. :
é-momentum

The s;momentum equﬁtion is obtained by taking the s~components of
the various vector quentities in Eq. (10). The resulting expression
represents & balance between the rate of chgnge of Jet momentum and

the forces on the jet due to changes in mean jet pressure, to buoyancy
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caused by density differences between the Jet and free-stream fluids,
to entrainment of ambient fluid into the jet, and tc shear stress
between the Jet and free-stream fluids.

In the s-direction the shear and pressure forces are not combined
as they were in the n-direction. The appropriate pressure force

acquired from Eq. (17) is,
F = - P, as + p, a§ - P, dé (29)

where the local pressures are integrated over the control surface to

get,

Aol eloRolo NI

A Taylor expension cen be performed to obtain the pressure and area at

surface (:) in terms of the appropriate variables at surface (:) ,» while
E<:> is taken to be the average of §<:> end f(:), and A<:> to be the
difference between A(:> and ﬁ[:) Substituting these expressions into
Eq. (30) ana neglecting terms having higher orders of ds, the pressure

force in the s-direction is found to be,
=R
F =A<Egs (31)

The force contribution of the surface stress tensor in the s=direction

. is approximated by,
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T, a8 = T a6

ThT ds (32)

where T, 1s the local shearing stress in the jet flow acting on the
slanted surface of the control volume. The integrated local shear
stress is represented by an average shear stress T, which is assumed
to act on a surface having the area T7h ds. Although the physical
problem is much more ecomplicated than is described here, this approach
will provide for a viscous force in the s-momentum equation, which has
not been done in most of the previous studies using integral technigues.
The contribution of the net influx of momentum into the control
volume to the force balance in the s-direction is obtained by performing

the operations suggested by the third term in equation (10) and is

found to be:
prﬁ ‘ ey dS) = %5- (pAV?) ds - E V(e +e) as (33)

The definition of averaged jet properties was used to derive this
equation and the momentum flux entering the sloping surface of the
control volume was represented by the rate that mass flows across the
surface multiplied by the free-stream velocity component in the
s-direction. Equations (31), (3%), and (33) are combined with the body
force term from Eq. (16) and thevdot product expressions from Appendix B

to obtain the s~momentum equation,
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apav®) Sy & 4B ax
e BA(P, = P) gg - A g - ™T + EV, = (3k)

To evaluate the static pressure gradient along the trajectory,
(85/88), the assumption is made that the free-stream static pressure
field around the jet perimeter imposes itself on the Jet flow. This
is the usual type of assumption made concerning other free turbulent
processes, such as Jet injection parallel to a mainstream (céaxial flow)
or jet injection into a reservoir (free jet flow). For the present case
where the Jet structure is considered es an elliptical cylinder inclined
at an angle to the free-stream flow, there are large variations in the
free-stream pressure field around the jet due to the blockage effect
that the jet has on the free-stream flow. Some idea of the static
pressure veriation around the perimeter of a Jet cross section, idea-
lized as a circular cylinder, can be obtained by observing the experi-
mental pressures in Fig. 8. An assumed pressure distribution to be
used in the theory is also presented. A& noted, the assumed pressures
on the front of the cylinder (0 < 6 < m/2) are in functional form and
were obtained from potential flow theory, while the pressures on the
back of the cylinder (m/2 < 6 < ) are assumed to be equal to the
free-stream pressure. Several researchers (e.g. Ramsey17 and Kamotani
and Greberl8) have approximated the pressure field around the Jet
by examining the potential flow over various cylindrical shapes.
Although the pressure field resulting from the turbulent jet injection

process is very complicated and does not lend itself to be categorized
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Figure 8.- Static pressure variation around the perimeter of a circular
¢ylinder.
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in this simple a fashion, the pressure variation in Fig. 8 is adequate
for use in the present mathematical model. The local surface pressure
(Cpqm + p_) is used in the expression

n

i
S p 46
- 0

p= (35)

[
0

to obtain the average static pressure acting on the cylinder. Per-
forming the integrations in Eq. (35) using the pressure distribution

shown in Fig. 8 we obtéin,

P=0D, -39 (36)

where it is recalled that q_ 1is the free-stream dynamic pressure
normal to the trajectory (seenEq. (22)). This equation implies that
the average static pressure on the jet cross section is 1ess then the
free-stream static pressure but approaches P, &s Qq_ approaches
zero. This occurs when V_ approaches zero and/or whzn the Jjet
becomes parallel to the free~stream flow (i.e.,‘a = 0). Assuming that
the average pressure imposes itself on the jet flow (i.e., the

pressure in the jet flow becomes 5), 5 can be differentiated with

respect to s to get:

gi dR d2x2 2 d2x d3x ‘ '
ds - %o REE( 2) tR =53 (37)
ds ds ds
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1t is noted that if the Jet traj)ectory is in either the vertical (x-y)
or lateral (x-z) plenes, the above expression for the pressure gradient

simplifies to,

- g, (sin a)(cos a) 2 (88
30

vhich is the form used by Campbell and Schetz™ .

One of the basic properties of a viscous fluid is that a velocity
gradient or discontinuity in the flow results in & frictional shear
stress. TFor the present case of a Jet injecting into & cross flow,
we envision the shear stress in the s-direction to be proportional
to the differences between the Jet velocity and the free-stream velocity
component tangent to the jet flow. These shear stress can be

approximated by,

T-_—p(\;»«e)%g O (39)

where U represents a velocity in the s-direction and %g- represents

the gradient of that velocity in the n-direction. The kinematic

viscosity (v) will be neglected for the bresent study since, for

turbulent mixing flows, it is small compared to the virtual (eddy)

viscosity, €. The method used to estimate the eddy viscosity for this
32

Jet injection process is based on Prandtl's hypothesis and is valid

only for free turbulent flows. The viscosity is represented by,
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€ = Klb(Umax ~U) (40)
where Kl is an empirical constant and b is the width of the mixing
zone. The minimum velocity is defined as the free-stream velocity
component tangent to the direction of the Jet fiow (V@ ), while the
maeximum velocity is defined as the mean jet velocity ii order to be
compatible with previous mean flow assumptions. This representation

is illustrated in Fig. 9.

The velocity gredient is approximated by,

- dx
au _ Ymax ~ Ymin - V-, 5 (41)
an b b
80 that the shear stress cen be written as,
2
dx
T = pK (V -V 3s) (k2)

Incorporating the pressure gradient term, Eq. (37), and the shear

stress term, Eq. (42), into equation (34) yields the final form of

the s-momentum equation:

2 2.2 2. .3
ﬁ%&U: gA(poo - p) ﬂq- qu RQ.R; i.l + R2 -d_x—d._.}.s.
s ds ds ds2 d52 ds3

dx . 12 dx
- TrhpKl(V -5 Vo) YEV, (43)
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Umax = V

Umin = Voo dX.
ds

Figure 9.~ Representation of velocities used to estimate shear stress
in s-direction,
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In order to obtain an estimate for the empirical constant Kl’ it
is necessary to rely on existing information related to less complex
turbulent flows than the transverse jet injection process considered in
the present study. The procedure used here is to estimate Ki at the
beginning of the injection by assuming that a two-dimensional free Jet
boundary exists between the Jet velocity and the free-stream velocity

component tengent to the jet flow. Schlichting's description of a

free-jet boundary is used to obtain the expression,

K, = 0.22131 (hb)

vhere c¢ is the rate of spread of the mixing zone and A is a velocity
parameter. Although ¢ might be expected to be a function of both s
and Vi/Vw, it is assumed to be a constant for the present étudy. The
value of ¢ 1s teken to be 0.32 which is more representative of the
rate of spread observed for the experimental data in Fig. 6 than is
Abramovich's value of 0,22,

The velociti