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ABSTRACT

Téngentia_l mode, hon-linear wave motion in- a li_quid.propella_nt rocket
engine is s‘tu'died, uéihg a two phase d.etonation wave__es th-e.;'eaction model .
BecauSe the detonatioh wave is followed immediatei& by‘ exphnsion waves,
due to the side relief in the axial direction, it is a C-hapmanQJouguet wave.
The strength of this wave‘ which may be characterlzed by the pressure
~ ratio across the wave, as well as the wave speed and the local wave
| Mach_number, are related to design parameters such'las the contraction
ratio, chan._lbe‘_r speed of sound, chamber diameter;}prqpellantinjection
‘density,'an_d_i_v_elecity_, and theSpeeiﬁc heat ratto of the bhfned geSes. In
- addition, the d.i_s'tributioh.o'f flow properties along the_ Ainjeeter'_ face can
be computed. Numertcai calculations show favorable _cempeijison with
exper'i'm‘entel' find‘mgs. VF.‘ina.lly, the ef_fect_s of dr0p ;’s’iz‘e 'are discussed
and a simply_e.c'riter'ion is found te set the lower limxi‘t'-';of validity of this

"strong wave'' analysis.
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NOMENCLATURE

area

speed of sound

function of Mach number, M, defined-by Eq. (5

specific heat at constant pressure

diameter

oxidizer to fuel mass flow ratio (= nflo/_n'lf)
Spe.cific enthalpy

total enthalpy in the wave fixed coordinat.e system
thickness

lehgth and wave length

mass flow rate |
Mé.(:h number

- pressure

veldcity
heat release (= hd - hOS
mean radius of the annular chamber

gés constant

time -

temperature
velocity component in the axial direction

\}elocity component in the tangential direction
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-V - wave propagation Veloéity-

w
X axhl coordinate .
x;i detonation length
X, - jet break-up ,léngth
y " tangential coordinate (= R)
z parameter defined in Eq. 11
% o spéciﬁé heat ratio
| y+l
5 20-1)
r parameter = vy (’)’ ; 1)
o | spacial density
0 -f.a.ng'entiél cooi%iinate
1 ‘non—dir‘nensional tangential coordinate (= y/xg)
»_'7' period
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Subséripts |
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1 c@hdition behind the wave
b | b;eakup
¢ .Chﬁmber
er | critical
d d'r.bplet
fb : _ fgei
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star (*)
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‘1. INTRODUCTION

.Randomiy disitributéd sr‘nall ex_plosions, sometim.es described as
'_'pbpping"i, often oceur in liquid'zpropellant rocket mq’toré. Since the
energy 'Ileleased pér uﬂit volume near the injector plate ivsvhigh., these
small e'x§1osion's_ 'm.ay often be amplified through deténation-like pro-
cesses, and finally lead to ‘ste:ep front_éd and se}f _‘sﬁ‘s;tained ;;ressure
waves. ‘This phenomenon is édmetimes called}"rés(;né.nt combustion'?.
’I‘-hé _pressﬁfe wave reSembIes the detonation wave ,i’n_fundavlm‘éntal re-
spects; it prop.a'.g'at’es supers.:oniA'c'all'y in the cir’cﬁmf‘e:rential direction at
a hear_ly_ c'bnsf#t frequency, and the pressure ra't':ic‘i ‘a'cxfoss the wave front
has been recorded as high as th{rty. | |

The:m_at_i_njdbjéctiVe of recent résearch in non 41‘1_ri¢ar instability,
théo.retiéa,l' .é's _‘_W.ell as ekperimental (e.g. Refs. 2, 3, 4) is to under-

. .stand ,fhe céu'sg of the finite distufbances and th,e.i'r éubseqﬁent. é.mplifica-
tioﬁ.’ HoWeyér, should the amplification not be suécessfﬁlly subdued,_

it bécorﬁes:imﬁerative' that the Vengine deSigner knowthe ef,fe‘_(.:ts of vari-
ous .design'-pa'rameters on the final amplitude of thei \a}a?e. Then the
ai’ﬁplitude of the ‘detor_lati'on-like wave can at least be '<reduééd to a mini-
muni streggtﬁ‘_ in 'ﬂthe design Stage‘ ‘Hence, in this analysis, it is assumed
that the nor-linear wave is fully developed at its final strength, a two

phase detdnaticn wave; the details of its evolution are set aside.




By studying the steady st_ate problem, one can determine the weakening
and Strengthening effects of various design parameters on the wave

amplitude, and thus indicate the proper direction for a stable wave design.



II. PHYSICAL PICTURE OF ANALYTICAL MODEL

: -There'are several fécfs which have emerged Afro’x‘ﬁ experimental
studies of thé strong wave instability studied here (e.g. Ref. é); they
lead directly to basic assumptioﬁs for the analyticai modél to be des-
cribed. | |

First, it is known that the waves rotate at a constant angular veloc-
ity, and this is thus taken to be the case in the anal»ysis., A s_dme_what
subtle resu.llt_ Qf_this observation is the condition of _p'ei'iodicity in the
f1uid»pr0pert_ie'.'s‘. For exafnple, since the wave v:elo'cAi:ty_ d.oesvn't increase
or decr'ease,-_. the local pro’bertie's immediately in frtc'>'_n‘t ofv.'and behind the
wave are ngcha__inged with tim'e.-' In fact, at a give.n‘ point on the chamber
wéll, an ihrs_trv'u'me'nt would always measure the s'a_r-nke ﬁiétribution of pres-
.sﬁrie‘ ,(fo-r"e#ample) with time, between and acrosé eaéh succeeding wave.

 ' Néxt? 1t is observed that the rotating waves.a'ré ':stro'ng near the
injecfbr plate, but very weak near the nozzle, ah'd'}th_:at a wave doesn't
"wind uﬁ"bn- itéelf, that is that even though the strength of tﬁé Wave
vafiés in ..tl_vu._e éicial directibn, the wave angulér vellocijty is the same at
each axial 1oéation. This is not to say that the whole wave structure ié
in one Ilqlba'r.le‘, for it isn't; it simply means that the Weak and strong pﬁrts
' of the wax;é 'éa-cAh travel with the same angular veio’Cify, novmatter what

the wave shape may be. - This is also assumed in the'modei.



Finally, it is observed that the propellant mass flow rates are not
sigﬁificantly changed from théir équilibrium running vaiﬁes when the ro-
tating wave motion occurs, and this is also assumed in the model.

Ther geometry of the cofnbustion chamber under cén‘sideration is shown
schematically in Fig. 1. In order to avoid the complexity arising from
the radial variations in the governing equations, the anaiysis is limited |
to an annular chamber with a thin annulus. Howevei', in a cylindrical
chamber, because the wave travels tangentially at a constant angular
velocity, it is oniy near the periphery of the chamber 'that the wave is
strong enough tp sustain reac_t_ion, and only near the injéct_or plate that
significant am_o'unt's of propellant droplets exist. 'Hen'ce, there exists
an annulus in which the assumptions made in the present analysis are
clearly apprOXifnated. Just as in the familiaf equiiibrium rocket motor
performance" calculations, viscous forces are taken to be small com-
pared to pressufé forces and the heat transfered through the walls is
considered to be .small compared to the stagnation enﬁhalpy of the gases
in thé chambér; thus, it is assumed that the chamber walls ar;e‘frictionless
and adiabatic. Asa result,' between waves, the gas flow is isentropic,
and homoenergetic. | |

| A fully developed two phase detoﬁation wave (or wéves) , rotating ét
a constant veiocity, Vw(= RQ), in the negative # dir:e‘cti'oﬁ, is considered.
It is assumed that this wave front is planar and parallei to the axial direc-

tion. It extends an axial distance x , from the injecfor piate, where xq

d
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is the distance to which the érdpellants penetrfatebetweeh successive
wéves. Sincé all propeliarits_ ére consumed within -x q for x > x &’ ‘the
wave is a sho‘ck rather than a detonation wave. In féct, as will be seen,
the defonati_bn branches into two oblique shopks.at x =x & For simplic-
ity, the detonation is treated as a discontinuity, and all reaction is
aééumed to take: place and be completed inside the wavé. This assump-
tion is valid as long as the_ time for droplet breakup and combustion
béhind the shock part of the 'déton'ation wave, is vefy small compared
to the tim.'e‘ between waves.(o_r.from. another v_iewgoiin_t_ as long as the -
wave thif;knes_s is‘smalll' c_ompared to the c_ircum"fleitht“i-al 'distance between
wa’ves').‘_ I't}vis_ this 'conditic"m which sets a limit on_:vthev';na_'lysis, as will
be seen. |

Since _the wave propagates supersonically, the period of the wave
is.eﬂxtre'me'lr_y short (folr exémple the typical wave peri’od pf an 11 in.
QDv-chamb'er'_'i:s,- of the order of 470 psec). It can -_-bé.‘sfhowns’ 6 for
droplets of “m'c‘ider'ate size (for example 100 mic':r'o:n,_s_.'in diameter) which
are typifc_ﬁlly foﬁnd in pres"’é’nf déy rocket motor. éérhﬁh_stion chambers,
that in one wave periqd the 'ch'anges in droplet méSS;. jmom'entum, and
temperature va‘fé .s‘mal'll'cl:'c.)n'apared to their initial ‘vajlu.e's. | Hence, it may
be assumed that the droﬁlets are mechanically and thermally frozen at

their injected conditions in one wave period. In‘adéii"tion', the effects of

the.d‘rOple"t'sl c'm‘the gas motion can be shown to be riég"ligibles. Hence,



to good approximation, the two phases near the injeddr plate may be
considered as two ‘mdepeﬁdent systems, with phase change occurring
only within the detonation wave. |

Asa result of the side relief offered to the gases immediateiy behind
the detonation wave, in the axial direction, the detonation wave is assumed
to be a Chapman-Jouget wave. That is the velocity of the gases leaving
the Wave, relative‘t_o the wave, is sonic, so no more préssure pulses
can travel upstream to weaken the wéVe further.

Finally, it 1s assumed that the spray is dilute enough that droplet
 interactions may be ignored, that the gases follow the perfect gas law
aﬁd are calorically perfect (constant specific heats), and that the"energy
available through reaction is not chénged significantly_ by changing the
mode of reaction. The first two of these assumptions are made for
simpliéity; thé last is justifiable as long as the con‘cé_ntrations of the
various Species obtained at the end of wave reaction d(.)‘ not vary markedly
from the corresﬁonding values which the gaseous prdducts would have
in reg’ction taking place at the design condition. Certéinl&, as a first
approximation, this variation in species éonc'entrat_ions may .be neglécted
from the viewpoint that the propellant mixture rafid and"hé'nce .th'e basic
"ene‘rgy available is the ‘.same; only the mo,dév of reac':t'i"oﬁ is changed dufing
‘ transition from the design condition to the wave brun.n'm'g‘ condition. It
should be noted that the main effects of different fuelé and mixture ratios

are introduced through this energy of reaction.



The analytical model.‘describgd a.bov_e has emergéd as é result of
efforts made g_o simplify the calculat;nons, while still retaining and empha-
. Vsizing fhe eésential mechahisms.: At the nozzle end of the chamber, it

resembles a pure acogstic model, because the waves are very weak waves
which nﬁust travei theréfore at esséntially acoustic_velocities for the
mode :(_:o‘ns‘id_er.éd,‘ Athrough‘ gaséé which are essent'-ia.ll.s.r_ th éoﬁdiﬁons
correSpohding tb fﬁose in the equilibriufn runn'mg e_néihe‘. This, plus
the fact that all parté of Ehe wave travel at the same_'éngular‘vélocity,
explains_thg’ success of acoustic thepry in predicting 'wave‘lspée‘ds. At
== - the injec.tor end_of the chamber, _however, the str_.tictt'_x'x"e of the model
- haé no relationship whatsoever_to an acoustic m&dei. Here, the waves,
both detonations and shock waves are strong wavés ’wi__th préssure ratios
as 'ﬂigh as ,'thi"rty. _'i‘he prop'ertiés of the flow-figld through which the
waves trayél_‘ ér,e not e\ien closely approximated by the pr'Opertiés in the
' eqiiAilib.ri.ur'ri:-l‘f.ﬁnr_lihg enéine. Typically, the high p_rééguré and femperature
immédiafely -dofwnstream of the detonation wave atfé‘.;‘apidly decreased by
strong exp.an_éio:ns fi‘bm value's far above to value.sl_v:l‘._)e:10w- the equilibrium
running va.lue‘vs-,j Hence the waves travel through "éald", low pressure
T regibns; c.:'(:)nllpared to the design conditions; even tﬁd;igh the velocity of
the detonations is nearly the same as that of an 'acoﬁstic wave in an undis-
turbed combustion chamber, it is higﬁl—y supersonic _compa&ed to the
af:t'ual c_oovle::rfig‘a‘se‘s :tﬁrough which it passes. Typlcal 'presstire distri‘butions,

illustrating this point,"afé shown later.



III. ANALYSIS

, the problem, in view of the rotating wave‘ system, is basically unsteady
in-terms of a coordinate system fixed to the engine. This complexity can
be removed by ado‘pting a coordinate system fixed to thc waves and thus rotat-
ing at a constant tangential velocity, VW. Such a sysfe'm is illustrated in |
Fig. 2, where it is seen that in this case, the waves} are stationary and the
wall and dropiets are mov_ing at }a vclocity Vw' .The periodicity found in the
original fixed coordinate system is made manifest herc by the repetitive
nature of the flow picture; e.g., a wave is seen each ‘tim.e. a distance L
has been traversed in the y direction in Fig. 2, with 'exa_.ctly the same
_conditi_ons on either side of it as seen on the preceediog wave. Since no
frictional forces or wall heat transfer is considered, the motion of the wall
preseots no computational problems. Because the t_wo ohoses may be con-
sidered as se.parate systems, the governing equations for the gases can
be studied independently of the‘droplet motion. Finally, since radial vari-
ations are neglecfed, the conservation equations for the gases may be
fin_al_ly reduced in this system to conventional two dimensional steady state
equations.
| it is seen m .'Fig. 2, that the effects of the side reiié.f are accounted
'_for“ by an expansion fan which is centered at the triplev point. The strength} |
of the fan must be such as to bring the gas conditioné back from their

values immediately downstream of the detonation wave to the conditions



thoh exeistved immediately upstream of the detoration wave thus satisfy-
ing fhe periodic condition. The strength of the ooliqoe’ shocks must be
such that the pressure must be continuous across, aod the velooity vec-
tors must be parallel on either side of, the slip line (the line which
sep_arates the flow which goes through the detomtion wave Vfro_in tAhat which.
passes inst’eed vt:hrough the shock Waves at the trip-le. point). Downstream
of the weak Wave (characteristic) reflected at the’- intérisection of the last
wave of the expansmn fan with the wall the flow is parallel to the wall

in the reglon bounded by the wall and the slip hne

Governing qui‘ations and'- Method of Solution

As a result of the previously mentioned assumotione, it is easily
shown® that.the specific eritropy, and total relative en£ha1py which is
defined_as:‘ - |

1.2 2
H= h.+-§(u f—V -sz), o (1)

m.ust be constant along every streerollne in the gaseous ﬂow f1e1d between
A'iany' two coosecutlve waves (see Fig. 2). However smce the detonation
wavé .i’ts_eif is-one oimensional, there is no varlaﬁlon in the specific entropy
and total r-_eletiVe enthalpy normal to'the streaml'i'rie_é. Consequently,
between the waves, the gaseous flow field is iseni_:ropic and homoenergetic.
Furthermore’v ’m order to satisfy t.he periodic colx,id_it_i_on',‘ these two proper-

ties must reach the same values in front of the wave in each and every



cycle. Therefore, it is concluded that there should be no net change
of the specific entropy and fotal relative enthalpy of the gases acrosé
the detonation wave itself. This in no way violates Athe Second Law of
Thermodynamiés, since the entropy of fhe mixture of gases and drop-
lets does increase across the wave.

The mixture entering the wave consists of burned gases and unburned
propellaht droplets, while the flow leaving the wave consists only of burned

gases. The following non-dimensional quantities are defined:

1 : * _ o
P *=P,/P, o py*=ey/py
* ) * _ -
Q _‘Q/Cp TO V1 VI/V')/ RQ_TO
| . . ‘ - (2
* \/ X — .
‘Vw 'V-w/yRoTo Pa 'pd_/po_
. _ _
T1 = Tl/TO Mo = vo/V?/_RO T,

where the subscripts '"o" and "'1" refer to conditions upstream and down-
stream of the wave, respectively, and Q denotes the energy released

across the wave per unit mass of propellants; that is

Py is the spacial density of the propellant droplets. ,- It -can be shown5
that there are eight equations (three from the jump conditions across
the two phase detonation wave, two from the conditidn-t'hat the specific

entropy' and total relative enthalpy of the gaseous phase must be conserved
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across the wave, two from the equations of state, and one from the

Chapman-Jouguet condition) for the nine parameters associated with the :

‘ son ; * * * * ,
detonation wave, i.e. P1 » P T1 » Vit VW, To’ P‘o’ Py and vy

These equations may be written as explicit equations for the wave param-

eters in terms of Mo’ the 1oca1. wave Mach number, as follows:.

T;*=B
Pl* - BY/_(Y-I)
.V 1* = Bl/z
v+ 1) pr/0-D 2y
_\ Y | o
[ 75 |4 2% R
| v+ 1\ y/y-1) 2. 2
Q=T * =<7-+ 1) B _(‘%- 1> (’T) B U -(M ) +1/7)
c 2 2/ B(y+1)/ 2(y-1) _ N
| - M,
o (7+1)/ 2(y-1) 2
BT - M,
pd* ) ___7. +*_1» y/(y-1) . 2
(_7)3 - "1/ |
Lt e
ol | 1/2

2

I (1) /1) oo
| (2_2—1) B - (z_l) < y )B’(B:ﬂ)y/z(y_l;n{o;: 1/y>}

2

where B depénds only on Mo and vy,

11 .

(4a)
(4b)
(4c)

(4d)

(4e)

(4f)

(4h)



2 [, (-1 2 :
13:()/+1)|:1+ 2 Mo] | (5)

T, and p, can be obtained from Eqs. (4f) and (4g) respéctively, and v_
and Po are calculated using the definition of Mo and the ‘equation of state

respectively; thus,

Vo = MO vy RO TO (63.)
P =p R, T, (6b)

It should be noted in Eq. (4f) that T.* is the dimensionless chamber
temperature, T /T , and that the fact that Q* = T * is the direct conse-
~quence of the fundamental assumptwn that the energy release is mde- |
pendent of the wave motlon Typlcal varlatlons of Tl*, Pl*, V * T *
py*s and VW/ac with M _, are shown in Figs. 3, 4, ond 5, for a representa-
tive \talue of y = 1. 26. }In' addition, P_* = Ps/Po and'er/To, the pressure
and temperature ratios respectively across a shock wave at the same
Mach number, Mo’ are shown for comparison with the corresponding
ratios across the two phase detonation wave. |

EQuati’ons (4) do not aff_ord a eomplete solution for the parameters
of the problem because, as noted prev1ously, there are so far, only
elght relations for nine unknowns This is seen ;n __Eqs (4) by the fact
that Mo is needed to calculate the remaining paramete_rs. The final
necessary relation is found by considering the flow through the nozzle and

relating this flow to that from the injector plate.
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It is seen, in Fig. 2, that the flow field between the Vfirstrrs’l'ip line
ahd the nozzle end of the chaﬁit;ef 1s very complicated ’cilue. to thé existence
of oblique_Shoc'k waves induced by fhe detonation wave. However, if these
waves bec‘ome sufficiently weak at the nozzle end, as aséurhed, the flow
through the n0zz1e may be. considered as a -méan f_low‘iwhi’ch" satisfies the
conventional one dimensional fidw équations plus two dimensional small
disturbances. To the degree of approximation use& in this analysis,
one may neglect these small disturbances, and empleing a control
volume whiéh e_xtends from the injéctor plate to the »nézzle entrance and
is bounded by fhe chainber walls, derive conser\fafiqn equations. (for
méss, ax1a1 momentum, and total relative entha‘_l'py) Whi_c':h:relate conditions
at th_e injector plate to the meanvflow conditions}ét"t-_hé anzlg end. Thus,v
the diffiéulties inherent iri'the irreversible flow 'regib_n, where many
oblique shoéks'with finite strength ejiist, can be avoided. As a result,
. ant‘_i" becausg ﬁhe mass rate. of propellant flow with Wé§és is unchanged
frbm its de::s'i.gn, wave frééuxva‘liue, ‘ion'e can relatev,_vtﬁ_é 'av‘erag'e} pfessﬁre
on the ihj'eét‘br plate to thed}e»signx chamber press'ﬁl;.e., Pcs;_that is,

L - 2 - 2

a : I,2A N\ 2 A
1 _p | % t y+ 1), T %t
‘de_Y-Pcvml-.—-— ( )-1-7 ()

The average pressure on the injector plate may be written as

13



1 )
1 : _ d ‘
f./de:P01+f 2} : (8a)
0
n, | |
J '=p*/ 2 an -n : (8b)
2 1 P1 0 :
5 o

w_here m, (= yo/x é) is the non-dimensional distance along the injector
plate from the Wave front to the point where the flow has expanded back
to those conditions which exist upstream of the wave front, satisfying
the periodic condition. The pressure distribution along the injector
plate, P/ P1 can be calculated using the method of characteristics"’
since the flow field between consecutive waves is irrotational. It is

seen from Fig. 2 that the fldw patfern resembles that ‘of half of an under -
-éxpanded two-dimensional nozzle with the throat at the Chapman-Jouguet
plane and centerline along the wall. The pressure distrfibution, P/Pl’
and Mach number, M, along the wall are plotted in Fig. 6. Finally,

the pressure distribution can be integrated numerically to obtain the

' o
average pressure; curves of 1 , _/1'7 (P/Pl) dn, and J, are illustrated

1

a dimensional .pr‘éss'ure distribution along the wall (pressure-Spacé trace)

in Figs. 3 and 4 for y = 1. 26. It should be noted th;it after P, is obtained,

can be obtained easily from Fig. 6. A typical wall pressure trace is

shown later (Fig. 8).

14
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From Eqgs. (7) and (8) one can show that

1 +==J o o
p * [ L 2 _ . . 9)

c - 1/y r -
. . 2 o /A \2
2y 1_I‘_z_“x_t_ _<7+1>1_ﬁ‘:‘£ |
Jr -1 2 \A /| y =17 2 \A,

Also, since the total pr0pe'llant mass flow, which comes from the injectors

H

and passes through the (choked) nozzle, must also'eziter the detonation

wave,

b Vyher )
Finally, Eqs. (9) and (10) may be combined to give, . :

J =
R o (11)

X
d-

where J liand Z are defined as follows:

“d
L

(12a)

';.' ' c AR N
Z - o - l/y S ' v (12b)
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Using Eqs. (4), one can write J, in terms of M_; this function is shown
in Fig. 4 for y = 1. 26.

Equation (11) is the desired relation to give Mo’ ‘as a functioh of 'y,'
At/Ac’ and xd/L. Since it is not 'po‘ssible to write an'gxplicit funétional
form for Mo’ a numerical solufion is necessary. A typi_cal plot of a
soiutjqn to Eq. (11) is shown in Fig. 7, where xd/L is./plotted Vs Mo
for various constant values of Z for y = 1. 26. Since ¥ isva given value,

Z varies only with the area ratio At/A'c‘ The curves are found by setting
Z equal to a g.iven‘ value, choosing a value for Mo’ calculating J1 and J2
(or using Fig. 4) and then calculating xd/L using Eq (11). This is done
for several values of Mo’ af%d re»péateid for several Values of Z, leading
to the curves shown ih Fig. 7

Alt_hough ai tYpical numerical calculation will bve_v il'l.ﬁstrateld later, it
is worthwhile to point out that at this stage of the cai:éﬁiations, all desired
Il)aramevtex"»s and fluid property variations could be caiculated if the follow-

ing engine design parameter are known:

(1) A/A,
(2 v
(3 P,
@ T, ()
(5 R,
(6) x,/L

16



“where, again, Pc and Tc (or ac) are those values associated with the

_equilibrium running engine, and Ro is the specific gas cuns'tant and thus

equal to the universal gas constant divided by the molecular weight of

. the exhaust gases in the equilibrium running engine. The procedure is

as follows:
| (1) Knowing A /A and y,l.calculate Z, using Eq (12b).
(2 Knowmg X /L and Z fmd M o’ using Fig. 7. ‘This presupposes
a plot such as Flg 7 for the given y.
(3) Knowmg M o’ Acalculate B (Eq.(5)) and then iTl*' Pl*, plf", Vl*’
Ve * T * pg* andV“/a , usngqs (4)
| (4) Knowmg a,and T, as well as V. /a and T *, calculate V_,
and To' .
(5) Calculate_ Pc*, using Eq. (9), and knowingf_yl'?‘vc, _c_alculate Po.
(6) KnowtngP T, andR, calculute Py ,}.using Eq (6D).
(D KnowmgP Py T o’ andR o’ aswellasT1 , 1 * p1 , 1*,
| pd y andM calculate Tl’ Pl’ P> Vo ifl, and pd
The pressure dlStrlbuthn can be obtained by fmdmg UR using Fig. 3,
and then calculatmg Yo /L 'n X /L Then one can use F1g 6, since P1
is known, to plot P vs y/L up toy /L after Wthh P=P = constant up
to y/ L= 1-where a new wave exists. Thus, all quantltles of interest can

be obtained It should be noted that knowmg both R and a, 1mphes that

one knows the fuel-ox1d1zer mixture ratio.
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Calculation of Wave Width, x d

In the previous section, it was shown that in order to obtain a general

éolution one must know not only the familiar design parameters of a
rocket gngine, but also Xd/L' It is this latter parameﬁer which contains
ail the pararﬁeters associated with the injectors; one must be able to -
estimate this im‘portant parameter for various injector systems.

X d.is taken to be the furthermost penetration disténc‘e of spray for
the giiien injection system in the time between successive waves; i.e.,
it i.s assumed that no droplets exist beyond Xy For simplicity, it is
assumed that_the dr0pleti distribution is uniform over x d’, that is, that _
the wave is one dimensional. |

In the simple case where droplets are formed at the plane of the

~ injector plate, x

X4 may be defined as the distance over which droplets

move in one wave period, that is,

d__d__d. ¢ o (13)

where u _ is the aVerage droplet axial velocity, and would be considered to

d
be known. However, it is noted that Eq. (13) generally underestimates
the penetration of the spray for those injectors pre’s.en.tly’in use. Firstly,

the spray tends to form at a finite distance from the injector plate, since

a finite time is required for the liquid jets to be disintegrated. Secondly,

18



droplets' in the spray are not uniform in size and'thiis.'are' not uniformly

distributed; larger drops pehetrate further downstream. Hen'ce,: the

penetration distance of the actual spray tends to be longer than the pene-

tration dista'nce calculated on the basis of the meandrOp size.

There is no known exact theory to predict the penetratlon distance
of the Spray durmg the rotatmg wave motion. The followmg analyms is
an approxnmate calculatlon wherem the dxfflcultles of the non umform
dlstrlbutlon of droplets in the Spray are 1gnored and:a S1mp1e expression
derlved usmg the equations expressmg the conservatlon of mass and axial
momen_,tum. of, t_he injected liquid jets. It is assumed that the liquid jets
are divSinteg‘r’ated at some distance, X, from the m]ector plate, and the
jet breakup pomtS are viewed as uniformly dlstrlbuted sources, from
Wthh droplets 1ssue In t_he. case where the ]ets_are injected into the‘
hlgh Speed tra}nsver_se floyv, X m‘ay be expressed..-vhy':

X7 Y t o f: - (14

where u,, is the velocity of the liquid jet and t, is the jet breakup time

t. = N R - ]
b 4lq-q.l- p . _' | : (15)

]

giveh‘ by9 S

In Eq (15), d] is the jet diameter q - q is the Sfli'p'-‘velocity between the

]et and the Surroundmg gases P, p ! is the densxty of the 11qu1d ]et and p

is the densxty of the surroundmg gases. In the case of 1mpmgmg ]ets
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the impingement distance may be used for Xs provided that the irhpin_ge—
ment distance is less than the length calculated using Eq. (14).

By'usmg the conditions'that" fhe mass and axia1~mo_mentum of droplets
after breakup must be equal to fhe corresponding prepefties 'of the liquid
jets coming into the point sources, a simple express‘ior.i._for X d/ L ean be
deriveds; |

X4

L

4

u.
w

where u; is the mean jet velocity. In the case where bipropellants are

used, then, -

1,
u. )uf

j (1 +f (17

1+ _f) u0
where f is the oxidizer to fuel ratio, and uf and u0 eife the axial velqcity
cemponents of the fuel and oxidizer, respectively. Due to the diffieulty in
assessing the effects of the rotating wave motion on the jet breakup, X,

is approximated here by the predicted wave free jet breakup distance

for the given injection system.

| Example Calculation; Comparison With Experiment

A series of experiments on detonation-like wave motions were con-
11-14 |

ducted at JPL for various design conditions Which are listed in
Table I. In order to test the validity of the present analysis these design

conditions were used to calculate various wave and flow properties for

20



compari‘son with e.x.perimerital‘r'esults A typlcal calculatlon 1s presented
here to illustrate the method of‘ sclution in detail. It should be noted that
all the design conditions and experimental data presented in 'I‘able I are
fon' cylindrical chamberS' as rnentioned previously;A'hOWever there is
an annulus in the cylmdrlcal chambers, where the assumptlons used here
are met.' Only data from those transducers located in 1 this annulus, i.e.
near the corner made by theln]ector plate and the chambelj wall, are
used for comparison. | Some ane located on the inject?dr plateband some oOn
the wall. - o

For the calculationto be made now, the deSi-gnl.paranieters of Ref. 11
(Table 1’) are used. In addltlon 'y is chosen to be 1. 26 Thus, A /A =1/2,
a, = 3530 ft/sec, P = 300 psia, x, =0.75in., L= 34 54 in. (for one wave),

f= 2 8, qf= 148 ft/sec, q, = 86 ft/sec, o = 28° 18' and9 = 15° 42'. Here

. q_f and d, are the velocities of the fuel and ox1d1zer 11qu1d m]ectlon jets

respectlvely, and 6 £ and 0 are the correSpondmg angles made by these
]ets Wlth resnect to the axial dlrjectlon. The 1n]ectors are of t_he 1mp_mg-
ing 'type and sd,xi is ‘takenl tc be the axial imping’:elr'nient distance from the
lnjector plate ' .. _ .

From Eq (12b), z is calculated to be 0. 2796 Next from Eq. (17),

u] is calculated to be 93.6 ft/sec. Then, from Eq (16),

X d/L = 0.0432 +0.0265(a /V W) _; (18)
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where‘VW/ac is given in terms of Mo by Eq. (4h). If Eq-.- (18) is plotted

on Fig. 7 (dashed line) it is found to intersect the z =.0. 2796 curve at

M =2.73, and x /L = 0.0575. With this value of M_, V_/a -=1.847

o - d ' o’ "w ¢

(from Fig. 3 or Eq. (4h)), P *=14.74 (from Fig. 5 or Eq. (41)), J, =18.1
(from Fig. 4, defined by Eq. (8b), and Pc* =1.94 (_'E'q. (9)). Other desired
parameters suc'h as Tl*, etc., could be found in the'éame way by using
Figs. 3 and 4 or Eqs. (4). Since P_ = 300 psia, then P_= P /P * =155

. 1 * — N . _ _
psia, and P, = Po_/P1 = 2280 psia. Since a_ = 3530 ft/sec, Vw =a, (Vw/ac)

1
= 6520 ft/ sec. The calculated and experimental results are both shown in
Table II for this and other cases. It is seen that the analytical results
compare quite favorably with the experimental data, eSpeciaily in the case
of Ref. 11.

1

injector piate.can be obtained easily from Fig. 4, after determining '170

After P, is'; obtained, the dimensional pressuré distribution along the
from Fig. 3. In this case, for MO = 2. 73, M, = 4.63, so yo/L =1, (xd/L)
= 0.266. Fory> Yy of course, the pressure is constant at Po' In

Fig. 8, the calculated pressure distribution is shown and compared with
an experimentally measured pressure trace obtained from Ref. 11. The

agreement is seen to be excellent.
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IV. EFFECT OF DESIGN CHANGES ON WAVE STRENGTH

It is- of interest to use the results given by the pre}cedmg analySis to
predict the effects of various desngn parameters on the wave strength
Wthh is characterized here by the detonation wave:pres_sure ratio,

P1* = Pl/Po In each case, the effects are illustreted in the 'form.o'f a
plot of Pl* versus the design parameter in questi‘oﬁ,ﬁ other parameters
being held constant at those values listed under Ref11 in'.'I“able I and

used in the example problem, except where noted. "

1. Contraction Ratio A /A

AplotofP *vsA/A 1s shown in Fig. 9, for'y—l 26 and for x /L

1.
constant. | __A point may be calculated by choos-mg ari '-Mo’ and finding the
correspondiﬁg P.l'*’ I Ig }shd \"4 W/ac points from__-{f'igs. 3, 4, and 5.
X d/ L is.,he‘re..chosen to be the yaiue calculated in’v_th__e:_‘example calculations,
| xd/L,='Q..0575. With xd/L, Jy» and J, known, zmay be calculated using
Eq. '(il)', end the corresponding At/Ac value may. heiound.usin-g Eq. (12b).
By choos‘m_g_several values of the parameter Mo,."_? thePl* and correspond-
ing At/Ac raiiies can be calculated and plotted as shown in Fig.9. In addi-
tion, a few po‘ihts} with x d/L varyihg as in Eq. (1i3) j&ere caicuiated and are
shown for comparisom this variation has a minim‘al;'effect |

It is seen that as' A /A mcreases the pressure ratio, 1*, increases;

the wave becomes stronger. Conversely, decreasmg the cont_raction‘ ratio

has a stabilizing effect (_iivave becomes weaker). It can also be shown,
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using Eqs. (4) that the wave speed increases or decreases the same as

1

' P #*.  This result is also found experim'entally10

2. Chamber Radius, R = L/27

For a given X g xd/L increases as R decreases, and it is seen in
Fig. 10 that for other_design parameters being held é-o.nstant (most im-
portantiy a constant contraction ratio), decreasing R'résu’lts in decreas-
ing Pl*. Thué as engine size increases, for geometriéally-similar
engines, thé wave strength increases. Again, VW vafie'é in the same
manne.r as Pl*

The curve._of.-Pl* versus R can be calculated asvf‘ollows. For
A/A_ =1/22andy =1.26, z = 0.2796. Then by choosing various values
of M_, and fihaing the 'corréqundin’g P,* and x d/ Lvalues from.Figs. 5
and 7, one can' ¢alculate L= xd/(xd/L) = 27R for egch' M0 and thus for each

Pll*. X q Was chosen to be the value found in the example calculation,

X4 = 0.0575-11 -7 = 1.99 in. (Note that Eq. (11) may be used rather than
Fig. 7, with Ji and J2 given in Fig. 4.)

3. Droplet Injection Velocity, u].

In this case, the mass rate of flow of prOpellahts is held constant
and uy is varied by changing the injector areas. In addition, impinging

~ jets are assumed, so Eq. (16) is employed. 1t is seen in Fig. 11 that
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as u, increases (which corresponds to an increase in xy, P, * decreases.

1

The_ effect of increasing the jet velocity is to weakefn At:he detonation wave.
VW Variles in the same way as Pi*».
‘_:The' c’_omputatioris for Fig. 11 are performed as follows. ‘Equation

(16) is rearranged to give,

' For these calculations, 2xi/ L =0.0432 and a , = 3530 ft/sec, the values

| fr'om”the example problem. Again, for At/Ac = 1/2 f_ahd y=1.26, z =

0.2796. The points are found by choosing values of 'Mo’ finding corres-
ponding values of Vw/ac, xd/L, ‘and P,* from Figs. 3, 5, and 7, and

calculating the corr'esponding value of u]. from the above equation.

4. Chamber Pressure, P and Chamber Speed of Sound, a .

P,anda_ are considered simultaneously since they are intimately

‘ related by the mass flow relation, i.e., If]p a Pcl/a'c'.; In the first case

_—
L is plotted vs a,

c.on'sidered here n'lp is held constant. In Fig. 12, P

" for the case of impinging jets, so Eq. (16) is uséd_fOr xd/L; since If]p

is constant, Pc varies also. P is plotted vs a_ in Fig. 13. This case
corresponds to changing prdpellants or mixture fatios, holding other
parameters constant. It is seen that as a, increases; P

1* and P_ both
c

increase. Moreover, since Pc*, plotted also in Fig: 12, remains
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reiatively constant, then Po increases as Pc increases. Thus, not only

the pressure ratio, P_*, but also the pressure levels (i.e., P_and P))

1 ’
inérease. Since VW/ac increases or decreases when Pl* increases or
decreases, and Pl* increases as a'c increases, VW increases even more
rapidly than a_(i.e., V. =(V _/a ) a).

pidly c (e, Vo =(V_/a)a)

The curves in Figs. 12 and 13 may be computed as follows. From

Eqgs. (16), (9), (12b), and (10), one can show that

a
c
e’ x_d _1)
L L
X A
d )\/? c
* —_ -4 =
Pc’,_(1+LJ2zI'At
m A a
P = p__(i..c
¢ AcAtr‘/;

For these calculations, the values employed in the example calculations

-were used. Thus,

AJA_=1/2  y=1.26 z = 0. 2796
u;=93.6ft/sec  2x;/L=0.0432 th /A, = 1 1bm/in2 sec

where the value of n'lp/Ac is that cofreSponding to the other ﬁarameters

in the example calculation as seen in Column 1 of Table I. As in previous
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calculations, various values of the parameter MO are chosen and corres-

ﬁonding values of xd‘/L, Vw/ac, Jos and P_* are fou_h‘d'from Figs. 1, 3, 4,

- and 5 respectively. Then the above equations may be used to calculate the

'correSp_onding values of a., Pc*, and Pc.

It should be noted that if an .'mjection system where x d/ L is a constant
were considered, for this case where n'lp is held Co@st%_a.nt, tﬁen from Fig.- 7
it is seé_n that since z is also a constant, M, would be a constant. Hence,
from Fig_. 5, Pl* would also havg a constant value as a c and Pc increased.
However, since Pc* (see Egs. (9) and (12D) would also remain constant,

; Po .‘Pl* would in-

crease as P'c. 'The result would be a case where the‘pressul.'e levels

Po would increase as Pc increased. Likewise _P1

increased 'fm_,su;ch a way that the pressure ratio, Pl.*,_remained constant.

In additioﬁ 's'mi;e from Fig. .3, VW/ ac would have a'single va}ue for one

value of Mo), Vw would vary directly as a,.

The second case to be considered here is that where a_ is held constant

“and P.c is varied, so that the propellant mass flow ra_ité, rﬁp, varies. How-

ever, uy is.held_ constant so. that f;he' rr'1p variation is due entirely to varia-
tions in the cross sectional area of the injectors. Again impinging jets

are assumed so that Eq. (16), holds, written again here as



Now, xi/L, u;, and a_ are constants, and it is seen fsom Figs. 7 and 3
that since Z is a constant, gd/L and Vw/aé depend only on Mo' That is,
the above equation could be Written with Mo as the o'nly,unknown parameter
and thus it could be used to calculate the value of Mo»-f(_-)r the case in ques-
tion. That is, M0 is a constant.. Hence, from Fig. 5, ‘Pl* is constant

1* Vs P would be simply a straight line, P * = constant.

Thus, from Figs. 3 and 7; or Eqs. (4), and from Eq. (9), Vw/ac, xd/L,

and the plot of P

and PC* have constant values. Then, as Pc increases;,v with a, constant,
P =P /P *increases and P, = P_*-P _increases; the pressure levels

o “c¢’¢c _ 1 1 0
increase such that the pressure ratio remains unchanged. The wave speed,
v, = (Vw/ac) a pemams unchanged.
4

The droplet penetration distance is a parameter'controlled by the type of

5. Droplet Penetration Distance, x |

injector system employed and is thus indirectly a design parameter. In

1 d d

strength decreases. In this case it can also be shown easily, from Figs. 7

Fig. 10, the graph of P_* vs x A indicates that as x, increases, the wave

and 3 that as x, increases, vV, decreases.

d

Calculations for the curve of Pi* VS X4 in Fig. 10 are made as follows.
A /A =1/2 and y =1.26 are assumed soz=0. 2796 Then, varxous values

of Mo are chosen and‘ correspondmg values of P_* and X / L are found from

1

Figs. 5and 7. Finally x = (x /L) Land L is chosen to be the value in the

d

exalnple calculation, L = 11 -7 = 34. 54 in.

28



V. LIMIT OF THE ANALYSIS

In Ref. 10, it is shoﬁ experimentally that an inérease in drop size
haé a stabilizing effect, i. e. that tf;e wave strength is decreased. On
the basis of the presenf anaiysi s, this effect may be ékplaihed by noting
that the larger_droblets tend to penetrate farther dqwknstreamv, leading
toa ’la“rgér Xg and hence a smaller Pl*. Howev’er‘, the drop size effect
is _not formally incorporated into the present theorj 'd_ue to the funda-
mental aSSumﬁtion that thé waf/e is treated as a diiscorjltinuity. Now it
has been shdwnls, that t'hevrea',cvtion zone length in a two-pha,se} detona-
tion wave i,‘n‘t.’:reases with drop size; hence losses dué_ to lateral expansion
océq.rriﬁg inside the reaction ione must become impbrtant at some point
as -th-'e dx?ob éize is increased, and the thin wave 'ai'ssﬁfnption breaks down.
. Evidently t'he.theory cannot be valid for droplets Qf éll, sizes. Although
a detailéd: anélySis,- of the structure of the reaction zolne is not available,
it is possible to set at least rough limit on the .Qr.o;‘)'sizes for which the
| analyéis 1s valid.

>The structure of a Spray detonation has been vo'b'serv_ed exXperiement-
a11y16. 'If.he study in‘d_icaf'es that much of the mass tfénsfer from the
droplet is associated with a local e_xplosion during droplét breakup. Hence,
it is beliéved 'tha_t a great p.ortion of the energy xfeleased from the droplet

may be associated with a blast wave initiating from the explosion site,
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and that the interaction between the blast wave and thé iéaciing shock

part of the detonation wave, may be mainly responsible for the energy
transmission. On the basié of .this observation, a simplé criterion for
the existence of a strong thin wave may be f-ormul,:«l.tcsed.~ That is, the time
required for a sound wave initiating 'at'.the explosion site.of the disinte-
grating drop to propagate upstream to the leading shoctk} must be equal

to or less than the time required for the same wave fo propagate laterally
the distanpe to _which the detonation extends. If cond_itions immediately
behind the shock_ are used to estimate the sound velcjcjty _and kno.wn ex-

7)

pressions for droplet breakup times are used, this criterion finally
leads to Calculation of the critical drop diameter for' a wave of given
strength._ A detailed derivation is given in Ref. (5);' the resulting critical

drop diameter is,

x . _1/2 .
g 4, 7p 3 - (192)
cr 4| L "cp 3 :
p .
1/2
' Vs* Tc*l/2 s* / '
J3 ={- Ms 1 —V * v F * (19b)
w w Pq _'

where the subscript s refers to conditions behind the‘_leading shock and

rhp/ Py is the avei'age volumetric flow rate, Py being the average liquid

density(s). J. is plotted in Fig. (14) for y = 1.26. If d is the average

3

drop d_iamefef calculated for the given injection syétem, then Eq. (19a)
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ferent types of atomization

leads to the following conclusions:
- (1)  The strong wave analysis is valid if d < -dcr'
(2) Weak waves, which may not be properly described as detona -

tions, are likely to occur if d > d,..

'There are experimentally correlated equations to calculate d for dif-

(18)

. For the case of impinging jets, for

example, the following equation may be used to calculate the mass median -

drop diameter(lg).

- (20)

and d
. o)

where the diameters of the fuel and oxidizer injectors, d,

res_pectiwl-aly,; are in inches and the jet velocities of {Ehe f_ual and oxidizer,
a4 and 'qo révsp._ec::'tively-, :ai'.e in ft/ sec. |

If d and dcf. are calculated for each of the expar.-lirﬁental conditions
| ®)

hat only in the case of Ref. 11 is

covered in Table I, it can'be shown

d less than d,.; it is for this case also that the coﬁibarison between theory

and 'éxperinde_nt‘ is most satisfactory. Evidently the waves in the remaining

cases (see Table II) do not satisfy a strong wave cr'iter_ion'.:
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VI. CONCLUSIONS

This study is concerned with tangential mode defonation—like pheno-
mena in liquid propellant rocket motors. It is found that the arhplitude
of the wave, measured by the pressure ratio across it (pl.*)’ may be
reduced by reducing the contraction rétio (At/ AC), '.a_nd_chambe'r diameter,
and by increasing the spray penetrétion distance during.the wave running
condition (x d). Expressions for x q are provided. It is‘ found that x q |
increases as the jet velocity and projected jet breakup distance increase.
In general, the variation of the wave spéed follows the same trends as
the wave pressure ratio.

For a given‘ ’lcontraction ratio, the effects of the}c‘hamber s_péed of
sound and chamber bressure depend on the type of injectdr system vused,
and upon the propellant mass flow raté. In general, .asa;c and P, increase
the preSsures immediately upstream and downstream of the wave, and the
wave velocity, incfease. In some casés, the pressufe fatio across the
wave alsoAincrease, and in others it re‘mains unchanged.

Finally, the limit of the strong wave analysis due to fhe finite drop
size is discussed. A cr@tical drop size, above which a strong wave

probably cannot occur is derived, to set a lower limit of validity on the

strong wave analysis.

32



-

References 11 12 13 14
| Propellants 2?)‘5[‘?0:5.1 1:3; ‘11‘1+H 111224 v I:g;‘; +H
fuel °Tota | Yaby ' N2t
50% UDMH . 50 % UDMH
’ ac'(ft/ sec) 3530 4070 4120 3850
‘| Chamber radius’ | o
(inch) 5.5 5.5 5.5 9
{cylind. cham.) :
q,(ft/ sec) 138 85 5 86
q it/ sec) | 86 52 65. 5 58
x, (inch) 0.75 0. 982 0. 982 0.625
|e, 28°18" 22030 | 22930 35036'
16, 15042 22°30' 22030 24%24'
mo , o
f=c 2.8 1. 32 1 1;8 2.11
f
i - . - .31
m.p/Ac(lbm./m sec) 1 | 0. 875 - 0.88 0.3
P, (psia) 300 - 320.5 273.5 100
d, (inch) 0. 0986 ' 0.173 0.173 0.101
d_ (inch) 0.173 0.173 | 0,173 0. 142
| (sp. grav.). 1.073 0. 892 101 0. 892
1 (sp. grav.)'o' 1.55 1.45 1,45 1.45

_"_I‘.able I. Geometric and operating parameters of the

equilibrium running chamber'(—-—:#-'—) _
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1 :
Run v, P, P, 58 T
(ftz/ sec) | (psia) | (psia)
Experiments B 958 | 6116 |2392 | 126 | 18.98 | 413
(Ref. 11) : ‘
B 956 6103 (2351 | 121 | 19.43 | 474
B 955 6116 | 2469 | 272 1 9.08 | 473
Aver. 6113 [2404 | 176 | 13.65 | 473
Analysis - 6520 2280 155 | 14.74 | 442
Experiments B 979 6775 882 187 4,72 | 427
(Ref. 12) - '
' B 979 6775 |1189 | 185 6.43 | 427
Aver. | 6775 |1036 | 186 | 5.57 | 427
" Analysis 7600 |2145 | 151 | 14.2 | 378
Experiments | B 999 | 6871 |1145 | 127 | 9.02 | 421
(Ref. 13) ‘ it :
B1000 | 6954 |998 | 138 | 7.23 | 416
Aver. 6928 1073 133 . 8.08 | 419
Analysis 7700 [1830 | 129 | 14.2 | 374
Experiments B1090 6825 877 37 ' 23.7 692 |
(Ref. 14)
B1093 | 6855 |891 49 18.18 | 689
B1097 6885 455 36 '12.64 | 686
Aver. | 6855 |741 40.7 | 18.2 689
~ Analysis 7460 (1320 | 44.6 | 29.6 | 630

Table II. Comparison of experimental and analytical results.
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Run 956 of Ref. 11.
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Motor, as in Ref. 11, so that L = 34.54 in. Calculations
for R were made Assuming Xy = 1.988 in., corresponding
~ to the numbers in the Example Calculation in the Test.
' (x d/ L = 0. 0575) '
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