'%Jy*\

,l

OF CONDITION FOR HIGH ORDER
‘RUNGE-KUTTA METHODS

BY
DENNIS CLYDE HALEY

AMRL 1042

GENERATION AND APPLICATION OF THE EQUATIONS

 APPLICATION o

bFOE HIGH ORDE
! Univ,)

MAY, 1972
AL
92) ~GENERATION anp S
x gﬂE EQUATIONS oF CONDITION N73-24613
91 p e 6. 75 | F METHODS (Texas
' * CSCL 12a Unclas
i : 63/19 04057

AR; roduced b -
NATIONAL TECHNICAL
INFORMATION  SERVICE

US Department of Commerce
Springfield, YA, 22151

APPLIED MECHANICS RESEARCH LABORATORY

THE UNIVERSITY OF TEXASAT AUSTIN AU

AUSTIN,TEXAS




GENERATION AND APPLICATION OF THE EQUATIONS
OF CONDITION FOR HIGH ORDER

RUNGE-KUTTA METHODS

Dennis Clyde Haley
The University of Texas at Austin

Austin, Texas

AMRL 1042
May, 1972

Applied Mechanics Research Laboratory
The University of Texas at Austin

Austin, Texas

¢



This report was prepared under

Grant No. NAS 8-27931

for the

National Aeronautics and Space Administration
Marshall Space Flight Center

by the

Applied Mechanics Research Laboratory

The University of Texas at Austin

Austin, Texas

under the direction of

Dale G. Bettis
Assistant Professor

and

Bob E. Schutz
Assistant Professor

-

((



ACKNOWLEDGMENTS

The author would like to express his appreciation to Dr. D. G.
Bettis and Dr. B. E. Schutz for serving as his supervising professors and
for guiding the research presented in this study. He would also like to
express his gratitude to Dr. J. Waldvogel, Mr. T. W. Feagin, and Mr. W. H.
Moore for their helpful suggestions and contributions. The author would
especially like to thank his wife for her support and encouragement through-
out the writing of this paper.

This research was supported in part by the National Aeronautics
and Space Administration Marshall Space Flight Center under Grant No.
NAS 8-27931. Financial support for graduate study from the National Science

Foundation is also gratefully acknowledged.

March 20, 1972

iii



ABSTRACT

The purpose of this thesis is to develop the equations of condi-
tion necessary for determining the coefficients for Runge-Kutta methods used in
the solution of ordinary differential equations. The equations of condition
are developed for Runge-Kutta methods of order four through order nine.
Once developed, these equations are used in a comparison of the local trun-
lcation errors for several sets of Runge-Kutta coefficients for methods of

order three up through methods of order eight.
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CHAPTLR 1

INTRODUCTION

1.1 Description of the Problem

“JThe purpose of this thesis was to develop the equations of condi-
: tion necessary to determine the coefficients for Runge-Kutta methods used in
the solution of ordinary differential equations. The equations of condition
were developed for Runge-Kutta methods of order four through order nine.
Once, developed, the equations were used in a comparison of local truncation
erfors’for several sets of Runge-Kutta coefficients for methods of order
.thfee‘through order eight. The equations of condition were generated by
the comquér using the algebraic manipulation laﬁguage SYMBAL3 and the
CDC 6600/6400 computer system at the University of Texas at Austiﬁ.
;;2 Motivation

- Numerical solutions to ordinary differential equations play a
large role in the study of science and engineering. Tﬁe integration of
spacecraft trajectories in orbital'mechanics, for example, requires ac-
curate and efficient numerical integration techniques. The Runge-Kutta
type methods for solving systems of ordinary differential equations are
widely used because of their simplicity of application. Any studies of
existing Runge-Kutta methods, or attempts to produce new or better Runge-
Kutta methods will result in a better understanding of the methods, and
will lead to the development of more efficient techniques for solving the

ordinary differential equations of science and engineering.



CHAPTER II

GENERATION OF THE EQUATIONS OF CONDITION FOR RUNGE-KUTTA
COEFFICIENTS WITH TAYLOR SERIES EXPANSIONS

2.1 Description of the Method

Consider the ordinary differential equation

%}f = y'(x) = £(x, y) | (1)

with initial conditions y(xo) =Yg where y and f may be vectors, y is the
dependent variable, and x is the independent variable. A solution of the
form y = y(x) which satisfies the initial conditions and Equation (1) is
desired. .The'existence and uniqueness of a solution is assumed since there
exist theorems® wﬁich state'that if f(x, y) is sufficiently well behaved
near a point (x, y), then Equation (1) has a solution that passes throﬁgh
the point and is unique in a neighborhood of the point.

A solution of Equation (1) can be found using a Taylor series ex-
pansion of y about y = Yo in the form

hZY h3Y3
- \ "
y(Xo tyh) = Vo F tho M 2! Yo + 3!

yéf' + ... (2)

for any y for which the series converges. This technique requires, however,
that the derivatives of y(x) be known up to some desired order. Since
f(x, y) is a function of both x and y, these derivatives may become quite

complicated. It is convenient to introduce the following notation:

= f[o] =

y' £,
" - g1l ,
2
g g2l



whére f[l] =f + ff .

x y
where fx and fy represent partial derivatives of f(x, y) with respect to
x and y respectively. Successive derivatives of y(x) can be generated using

PGIEIEN R & ) & I Py

X
If the function f(x, y) is complicated, this procedure can become prohib-
itively difficult.

| Runge17 was the first to point out that it was ppssible to avoid

the successive differentiation required in the Taylor series solution while
still preserving the accuracy. Runge bypassed the derivatives in the Taylor
series solutioﬁ by using evaluations of the function f(x, y) within the
interval (xo, yo) to (xO + h, y(xO + h)). Runge's ideas were applied to

7

first order differential equations in a more accurate form by Heun and

Kuttal®, and extended to second order differential equations by Nystromlu.
zurmuh12® continued the extension to nth order.

Considering only the first order system of differential equatioms,

the problem formulation now becomes

& - y' = f(x, )

dx
Y(xo) = YO >
with ‘ fé = f(xo, yo), and
k-1
£, = £(x, + obh, y hxzo Byfy)s k=1, 2,3, ...y m,

where n + 1 equals the number of function evaluations required in the inter-
val. The solution is then given by

n
Y(x) =y, +h ) of * o™

’ (3)
k=0 .
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where m is the order to which the Runge-Kutta formula agrees with the Taylor
Series,vand h is the integration step-size which implies a value y = 1 in
Equétion (2).

In order to obtain Y(x) from the Runge-Kutta scheme, it is neces-
sary to determine the coefficients a, B8, and ¢ in such a way that the
Runge~-Kutta solution is equivalent to the Taylor series solution to some
order m. In order to accomplish this, the common approach in the past has
been to equate the expréssion for y(xo.+ h) obtained from the Taylor series
in Equation (2) and the expression for Y(x) cbtained: from the Runge-Kutta
formulation given in Equation (3). From.this equivalence the coefficients
of corresponding powers of h are compared yielding a system of nonlinear
algebraic equations, which are referred to as equations of condition, from
which the unknown coefficients may be determined for the classical Runge-
Kutta formula of order m.

For the solution of this set of equations of condition to yield
coefficients which produce a method of order m, there is a minimum number
of function evaluations required for that order. For example, since a
seventh order method requires at least nine function evaluations, a method
which has eight function evaluations can at best be a sixth order method
although only seven function evaluations are actually required for a sixth
order method. Since many of the existing methods use more than the minimum
number of function evaluations for a given order, the number of function
evaluations used for each order in this study was chosen equal to that of
the method using the most function evaluations for that order. Table 1
- shows the minimum number of function evaluations, the number of function
"evaluations used in this study, and the number of new equations of condi-

tion expected for methods of order three through order nine.



Table 1.

Number of Function Evaluations and Equations of Condition

Min. No. of Func. .. No. of Func. ' No. New Egs.
Order : Eval. Reqd. : : Eval. Used Expected
3 3 b 2
m m 5 4
5 6 6 9
) 7 8 20
7 e o 48
8 11 e 13 o115
9 - ' - .17 286

it will be adVantageoﬁs fb'giQe'an e#amplé to iliustrate this
procedure, which, although basically'simplé ahd straightforward, is ex-
tremely tedious; Considep_the deveiopment of the equations of condition
- for a Runge-Kutta formula of third order with three function evaluations,

The Taylor series solution becomes:

y(x_+h) =y _ +hy'+ Ei-y" Ry 0(h*)
o Yo Yo 779 78 Yo ?
where | yé =f,
LI I
A (fX + fyf)O s
"Yro= (F o+ 2fF + f2f | 2y .
v (£, . xy v * £yt ffy Do

By expanding the function fk in a Taylor series of two variables, the
Runge-Kutta solution yields:
- ' L
Y(x) = Vo t h(cofo + clfl + c2f2) + 0(h*) ,

where fo = fo .



Hh
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1 f(xb + alh, Yo * hBlOfo)

- Lo2h2fF LR 2Kn2¢2¢ 3
fo + alhfx + hBlOfyf + quh fxx + zBth f fyy + 0(h?),

Hh
1]

o = flx_ + ayh, y_ o+ h(BQOfo + By £1))

£+ ohf, + hlB, £+ 8 (F+ alhf# + b8 f O]E
+ %aghzfxx'+ %hz[szofo + By (£ + alhfx)]2fyy
+ thZ[BQOf:+ B,y (£, + alhfx)]fxy + 0(h),
.Setting y(xo + h)_eQual to Y(x) gives:
Yy, + hf_ + hz[-61-<fx + fyf)J‘+‘h3[%(fXx + 2f F 4 f2fyy +EE ffyz)] + 0(h")
= y, + h{cofo + cl[fo + h(alfx + Blofyf) + %hz(aifxx + Bionfyy)
+ h(a,B ffxy)] + o lf, + h(&éfx + s2offy + By £ (f + ojhf,

1710
' 12,2 2 2y 4 w2
+ Blofyfh)) t 5 h%(alf  + f fyy(B20 +8,)°) +h (a2820ffxy
: 4 .
A+ a262lffxy)]} + 0(h"). o

Comparing»similar powers. of h:

o .= )
h Yo TV B
1 o .
h fo = cofO + clfo.+ c2fo 3
h2 e s e af +cof
2°x 1717 x 2727°x °®
1 _ .
§fyf = clBlOfyf + c2(820 + 621) ffy 5
© 33 1 1,2 2
h Efxx 2 (alcl * a2c2)fxx ?
Leoe oL B 24+ B..)2)E2f
6 yy 2 ‘“1”10 2'%20 T Fo1 yy

1
gfxfy - c2821alfxfy ’

leoe 2
nyf = c2821810fyf s
1 -
§fxyf = [c2a2(820 + 621) + clalBlo]fxyf



An examination of these equations reveals that

oy =_610 , and
a, = 820 + 821.

In generél, this requirement can be stated
i-1

o, = j’ZOBij .

The equations of condition for the third order Runge-Kutta formula then

become;
1l = S +'cl + c2 s
% ) C1"‘1 tey
%;' clal t c a5 .
. 'é‘f L .

By extending this procedure to higher orders it is observed that
as the order and number of function evaluatlons 1ncrease, the expressions
for f[ i] in the Taylor series and fi in the Runge-Kutta formula become more
and more complex and grow enormously in length.

2.2 Computational Procedure and Limitations

In order to génerate the equations of condition for Rungé—Kutta
methods, the computer and the algebraic manipulation language, SYMBAL, were
employed. From the example just given it is obserQed that the generation
of the equations of condition for even the fourth and fifth order methods
is an extremely tedious task. Therefore,_the computational power of the
computer was used to develop these equations, beginning with the fourth
order method, in hopes of eventually developing the equations of condition

for high order Runge-Kutta methods.



The SYMBAL (SYMBolic ALgebra) language used was developed by
{M;AE. Engeli* and is implemented on the CDC 6600 at The University of Texas
étiAusfiﬁ_and at the Swiss Federal Institute of Techhélogy in Btrich. The
laﬁguage is a generalization of ALGOLiGO with the manipulation of unre-
stricted algebraic expressions of which numbers represent only a very
special cése. ﬁAlthough-the language SYMBAL may not be widely available,
it is similar tovseveralvbther algebraic manipulation languages in use
: thch may be more familiar to the reader.

| The original program used_in,fhis study is shown in Appendix I
,énd'appears in the SYMBAL manu_alL+ where, as'anvexaméle, the fourth order
gquationé of condition afé_develoﬁed. This‘brogram proceeds exacfly as
in the third order example of the previous section. As‘a result, the
Taylor series expansions are in two vériables and the_requirement that
o ='ZB was not included. The first fevision_ofvthis program, Revision 1
shown in Appendix I, incérporates an.autondmous differential equation to
avoid the'Téylor series éxpansiéns iﬁ two vériables, i.é., the right-hand
side.of the differential equations contain only the dependenf variable.
The fact that © = LB was also incorporated into this program. Table 2 in
the hext.section gives the reéults of this chénge;

With the increased efficiency gained.by,the first revision for
the fourth order Runge-Kutta equations of condition, efforts were then
directed toward generating the fifth order eQuations of céndition. The
fifth order method requires six function evaluations and all expansions
were carried out to include fifth order'ferms, thus increasing the complex-
ity‘bf the problem considerably over that of the fourth order. With the
increased complexity of computation, problems of inefficiency in the pro-

gram became apparent. Due to the size of the expressions and to the large



number of intermediate calculations, storage problems were encountered.
-When it became evident that this would be a serioﬁs problem, the program
~was divided into two parts: (1) y(xO + h) and Y(x) were calculated as
described earlier, and (2) like powers of h in the two resulting expres-
sions were compared to yield the equations of condition.

The major area of inefficiency in the prbgram was found to be
the calculation of unnecessary terms in maﬁy instances which, after multi-
'plications‘or substitutions, led to expressions containing higher order
. terms in h than were neéded. The program at this stage waé set up to
develop all needed expressions to fifth‘order, then multiplications and
substitutibns were_carried out and‘the resulting expressiohs truncated to
fifth order. A éonsiderablé effort was made to'minimize the calculatioﬁ
of'these'extra terms so that énly those needed to make the final result
fifth order were rétained; The details of this work will not be discussed;
_But a copy of this program, Revision 2, is shown in Appendix I. Attempts
at further revisions of this basic program did not lead to substantial im-
provement. The results of generating the equations of condition for the
fifth order are presented in Table 3 of the next section.

From the results shown in Table 3 it is obvious that this method
would not produce the fifth.order‘equations of condition. As a final at-
tempt to determine the fifth order results with this method, efforts were
made to use magnetic tapes to help decrease storage and to store expressions
for future use. However, the SYMBAL compiler has very limited file manipu-
lation capabilities. It was possible to store results on taée, but there
are‘no provisions for reading information into a SYMBAL program from tape

so that the usefulness of this effort was considerably reduced.



10

Beéauée this method.was using the maximum allowable storage and
because relatively long computing times were.encounterea at the fifth order
level, it was evident that the series éxpansion approach was not practical,
especially since the equations of condition were snght for high order
formulas (eighth, ninth, tenth,.etc.). Although this method failed to
achieve the desired goal, it did provide much insight into the capabilities
and limitations of the SYMBAL language.

2.3 Summary of Results

Tbe.results-of the fourth ofder programs are given in Table 2.
These reéﬁlts ére for a complete set of equations with four function evalu-
atiqﬁs; Table 3 gives the results for the fifth order Runge-Kutta method
with six function evaluatiéns. It should be remembered that the fifth
order program was divided into two sections, and Table 3 gives only the
results for the fi?st half of the pfogram which was to calculate y(xo + h)
and Y(x). Although these expressions were finally obtained and stored on
fape, fhe actual set of equations of condition was not obtained. The pro-
gram, Revision 1, used in the fifth order study was the same as that used
in the fourth order study with only the order and number of function eval-

uations changed.



Table 2.

Fourth Order Results

11

CDC 6600 .
Program - No. of Egs.
Storage Reqd. Run Time
Original 770008 - 30.4 sec. 19
Revision 1 770008 10.8 sec. 7
Table 3.

Fifth Order Results

Pfogram

CDC 6600

Storage Reqd. Run Time

y(xo + h),IY(x)

Revision 1

Revision 2

220000, (max.) 5007 sec.

2200008 (max.) 97 sec.

not obtained

“obtained




CHAPTER III
-GENERATIdN OF THE EQUATIONS OF CONDfTiONVFOR RUNGE-KUTTA
COEFFICIENTS WITH THE METHOD OF E. BAYLIS SHANKS

After the failure of the Taylor series approach discussed in
Chapter II, an alternative method was sought. Since most of the problems .
in the Taylor series approach stemmed from the.large expansions of f[i:I
and fi’ it was naturai to turn to the work of E.-Baylis Shanks!®., Shanks
has developed a method which generates the desired equétions of condition:
without carrying out the classical expansions and comparing coefficients
of éimilar powers of h, as was done in Chapter II. |

3.1 Description of the Method

Again the system under consideration is
yt=Ex y) o, yx) =y,

where the solution is given by
n

Y(x) = Vo * h.z Cifi s
1=0 :
with
i-1
£, = f(x  +ah, y_+ hjzosijfj).

The parameters to be determined are again o, 8, and c.
It can be shown!? that a necessary and sufficient condition for
the Taylor series for y(xo + h) and the expansion of the solution Y(x) to

agree through terms in n" is

(k-1], _ . % [k-1] )
(f )o = k z o (£, )os k=1, 2, ouu, -1, (4)

i=0

where f[k:l was defined in Chapter II, and fi[k] denotes the kth derivative
i-1
of f, as expanded about (xO + aih, Y, +.Z

Bijfj). Shanks states and proves
3=0

12
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several theorems in order to arrive at expressions for the derivatives
(f[k—l])o,and (fi[k_l])o in Equatien (4). He shows that the left-hand

side of Equation (4) may be represented by o
[k ., - [x] 5
- R _ (5)

k .
where the factor nt[ ] is a product of integers and partial derivatives.

For an expression for fi[k] Shanks fipst defines a quantity

Qil[l] = 8y, and he then develops inductively that the general term, Qj [x]
- - t.
is
. i, i-1 i i=1
otl( %2 § Bi.Q.[l])...( ™k § Bi.Q.[k 11y, (6)
r=1 j=1 33y r=1 j=1 R
r r
where the induction is on k, k = il 2, tees # kik’ and where the sub-
1 i, k

scripts t, tr are used to number distinct terms defined for each fixed k.

As an example consider k = 2 where either:

1,52 i,=0,t=1,
: 2
N IS
1
or
il =0, 12 =1, t =2,
i-1
2
Qi[ 1., IR
2 j=1 *3
It is then stated and proven19 that fgk] can be given as
(] . [x], [x]
fj = Ztth L (7)

From Equations (4), (5), and (7) the necessary and sufficient condition

can now be written:

5 k] ¥ (k] [x]
Lol = (k + 1) ) ciEtQit T,
i=0



1u

or, by rearranging this expression,

n .
Xt[l - (k + 1)'2 ciQi[k]]nEk] =0 . (8)
1=1 t

From Equation (8) the sufficient condition then becomes:

n
1= (k+1)) ciQ.[k], k=1, 2,..., m-1. (9)
i=1 T Tt

The reader is referred to the original paper by Shanks1? for a
.complete treatment of the theorems and proofs leading to Equation (9).
Equation (9) gives the sufficient conditions to be satisfied for a given

(k]

order and these equations can be completely determined when the Qi ex-
t
pressions are known.
For comparison with the Taylor series approach, the third order

equations will be developed using Shanks' method. From Equation (4),

with k = 1, it is seen that:

but since fi = f
o)

o
n
1= Z c, .
i=0
This equation always occurs and is thus assumed for simplicity from this

point on since it is not produced by Equation (9). From Equations (6)

and (9), for k = 1:

Qil - al b}
2
1l = QiZlCial s
and for k = 2,
2] . » [2] N
Q. a’ 5 Q. =2 ) B,.a ,
i i i, 521 1171
) ] e2 ]
l1=3 z c.o? 1 =23 c.2 B..a .
isp izp by MM



The equations of condition are then:

1

e} 1 2
= e o,
clai + CQG% s
€2821% g

which are identical to the equations obtained in the example in Chapter II.

The series expansions have been eliminated and the computational complexity

greatly reduced.

3.2 Computational Procedure and Limitations

A SYMBAL program was written to produce the Q expressions, from

.‘l'

which the equations of condition follow immediately. This program is shown

in Appendix I as Shanks' Method and includes the output for the fifth order

equations of condition. It was found that Shanks' method was particularly

well suited for computer implementation.

Equations of condition were generated for the fourth, fifth,

sixth, and seventh order Runge-Kutta methods without difficulty. The

number of function evaluations used in each order is given in Table 1 in
section 2.1. The results of this program are given in Table 4 in section

3.4. From Table 4 the time required for successive orders is seen to grow

rapidly. The time that would be required for an eighth order run was

estimated at about eight minutes.

program because of what appeared to be a limit on the size of an array or

the number of variables used.

The program could not be compiled, and was

However, it was not possible to run this

terminated during the setting up of the Q array which is a triangular

array with three indices of the form Q[S, 13, 297].

An "inventory over-

flow'" diagnostic was given and all efforts to compile the eighth order

program failed.
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3.3 Generation of Reduced Systems of Equations of Condition for

High Orders

Up to this point tﬁe goal had been the generation of the complete
set of equations of condition for each order of Runge-Kutta method.
However, to solve the resulting equations for the a, 8, and c coefficients,
the number of equations must be reduced for the higher order methods since
the system is ovefdefermined, i.e., more equations than unknowns. The
usual procedure in solving the equations of condition is to generate the
complete set of equations and then méke certain assumptions to reduce the
number of equations. The assumptions that are usually made arise naturally
.from a quadrature approach16 and they make several of the originél equa-
tions identical, thus reducing the number of equations in the system.

The assumptions uged in this study were:

IRa

4

1
£RaZ = -503 s
1 ,
2Ba® = a* . (10)

These assumptions were incorporated into the calculation of the Q expres-
sions which then led to the generation of a reduced system of equations
directly. This program is shown in Appendix I as Shanks' Revision 1.

The assumptions that reduce the number of equations of condition,
and the number of these assumptions to be made to minimize the number of

3, who concludes that

function evaluations required are discussed by Curtis
four assumptions of the type given by Equation (10)will produce an eighth

order method with eleven function evaluations. Since the present study

is concerned with generating the equations of condition, it was decided



to use only the three assumptions given in Equation (10) solely on the
basis of ease of computation of the eighth and ninth order equations of
condition. The eighth and ninth order equations of condition were then
generated in reduced form without difficulty. The results are given in
Table 5 in section 3.4.

With this technique it is now feasible to go to the tenth and
higher order methods by making additional assumptions, but this was not

done since it was desired to use the equations generated up to this

point to make comparisons of local truncation errors. This comparison is

discussed in Chapter IV. It is stressed, however, that the equations of

condition can be computer generated for higher order Runge-Kutta methods.

3.4 Summary of Results

The results for the fourth, fifth, sixth, seventh, and eighth
order methods using the Shanks method are given in Table 4. These are

complete sets of equations, but the number of equations given for each

order in the table is the number of new equations due only to that order.

Table 5 gives the results for the reduced eighth and ninth order sets of
equations of condition. The number of equations given in Tables 4 and 5

do not always agree with the number of equations expected for the higher

orders since the SYMBAL program generates some identical equations for the

higher orders.



Table 4.

Results from Shanks' Method

18

CDC 6600
Order Storage Reqd. | Run Time - No. of New Egs.
4 77oooé 1.4 sec. 4
5 770008 : 3.8 sec. g
6 770008 - 12.0 sec. 20
7 1500008 75.5 sec. ug
8 2200008 Not Compiled 117
Table 5.
Results from Revised Shanks' Method
CDC 6600 No\ of New Egs.
Order Storage Reqd. Run Time Orig\\ Reduced
\
8 770008 12.0 sec. 117 8
9 120000,  70.0 sec. 297




CHAPTER IV

CALCULATION AND COMPARISON OF LOCAL TRUNCATION
ERROR COEFFICIENTS

4.1 Description of the Computétional Procedure

As a means of comparing sets of coefficients for Runge-Kutta methods
of a given order, the coefficients of the local truncation error terms can
be evaluated. From the development of the equations of condition, it is
observed that these equatigns arise as multiplicative factors of the par-
tial derivatives that apbeér in the expansions of the éolu&ions y(xO + h)
and Y(x), as given in Cﬁapter II. TFor these two solutions to agree through
some order m, the equations of condition arising from comparing terms in h
up through order m must be satisfied exactly. The leading term of the
truncation error consisté of the partial derivativeé multiplied by numer-
ical factors. These factors are simply the equations of condition that
arise from the hm+l terms in the expansions, and are explicit functions of
the coefficients of the mth order Runge-Kutta method. More explicitly,
these truncation error terms are of the form

TE(i)[...]ihm+l ,
where TE(1) represehts the truncation error coefficient and ["']i represents
the partial derivatives which are multiplied by that particular TE(i). The
index i numbers the distinct terms in the hm+l portion of the expansion.
By evaluating these multiplication factors, or truncation error coefficients,
and by comparing the results with those obtained from using other sets of
Runge-Kutta coefficients for the same order method, an "optimum" set of
coefficients for use with a given order Runge-Kutta method can be deter-

mined by determining the set that has the lowest values for these trunca-

tion error coefficients.

19
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The equations of condition were generated in complete form fér
orders four through seven. These equations were used to produce the
truncation error coefficients for the third through the sixth order methods.
For the eighth and ninth order methods, it was necessary to generate re-
duced sets of equations of condition, and these were then used to obtain
the truncation error coefficients for the seventh and eighth order methods.

The truncation error coefficients for several sets of Runge-Kutta
coefficients are given for methods of order three through methods of order
eight in Table 7 through Table 12 in the next section.

4.2 Comparison of Truncation Error Coefficients

Several sets of Rﬁnge—Kutta coefficients for methods of order
three through eight were used in.this comparison., These coefficients are
given in Appendix II for reference. Several points concerning notation
should be emphasized for these sets of coefficients. The Fehlberg?®s ©
methods are given as "Fehiberg m(m + 1)" where m is the order of the method,
with a solution of order m + 1 also being calculated to use with an auto-
matic step-size control. The difference in the two solutions is used as
an.estimate of the truncation error made during that step. The new step-
size is then based on this error and the desired accuracy. When this step-
size control is used, the Fehlberg mefhods require extra function evalu-
ations to produce the solution to both orders. The advantage of the auto-
matic step-size, however, makes these methods desirable, especially if the
system of differential equations is such that a rapidly varying step-size
is required. Since these methods can be used to give a solution of order
m or of order m + 1, they are shown in the comparisons for both orders.

Table 6 shows the Fehlberg methods with the number of function evaluations
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required for each order solution with aund without the automatic step-size
control.

The notation for the Butcher? and Shanks!® methods are of the
form "Shanks (m - n)" where m denotes the order of the method, and n de-
notes the number of function evaluations required per step. It should be
noted also that some of:these methods by Butcher and Shanks are only ap-
proximately of order m. They were developed such that the number of func-
tion evaluations used is less than that normally needed for a true mth
order method. For this reason the Shanks (6-6) is compared as both a
fifth and a sixth order method, and the Shanks (7-7) is compared as both
a sixth and a seventh ordef method. Methods which are approximations of
this type are denoted with an asterisk in the tables.

A large number of fifth order methods fall within a family of
methods known as the Newton-Cotes Family. Only three of these forms are
given although several others exist. The "UT" coefficients! are sets of
coefficients developed at The University of Texas at Austin along the
Fehlberg 4(5) format so they appear in both the fourth and fifth order
comparisons. |

The truncation error coefficients are denoted by TE(i) and are
given in Table 7 through Table 12 for the third through eighth order
methods. The first row in each table gives the number of function eval-

uations required (F.E.R.) per step for each set of coefficients.



Table 6.

Function Evaluations Required

for the Fehlberg Methods

Method

Order
of Sclution

No. of Function Evaluations Reqd.

With Step-Size Control

Without Step-Size Control

Fehlberg 4(5)

Fehlberg 4(5)

Fehlberg 5(6)

Fehlberg 5(86)
Fehlberg 6(7)
Fehlberg 6(7)
Fehlberg 7(8)
Fehlberg 7(8)

Fehlberg 8(9)

10

10

13

13

17

10

11

13

15




Fefe

TE (
TE(
TE(
TE(

R

1)
2)
3)
4)

COMPARISON OF THIRD ORNER METHODS -

FERLRERG 3(4)
4

Zin2339
.N1n2339
DLOnANDGY
.N26318

TABLE 7

CLasSIcal
3

0.000000C
« 083333
Ce.00U00D
250000

KALSTON aPTIMM

R

«NENnR3I3
04000000
0,000000

250000

HEUN
3

LN27777
027777
.083333
250000

NYSTROM
3

027777
0277717
« 083333
«250000

€¢C



TABLF 8
COMPARTISCN OF FOURTH ORDER METHODS

FEHLRERG 3(4) FEFLBERG 4(S)=1 FEHLRFRG 4(5)=2 CLASSICAL

FOECQ. S S g 4

TE( 1) © .NN0NZ249 « 0000587 000020 ,000347
10 2) .011498 s 000347 .000120 .002083
TEC 3) .N01388 «000231 »0000R0 - ,002083
TEC 4) NN5774 « 002083 001282 .008333
TE( 5) L(100999 .0n0231 «0000RD .001388
TEC 6} .012937 «000694 000240 ,004166
TEC T7) L1358 «0NU231 «00nNRO 002083
TE( B) NNBT74 « 602083 2001282 .008333

TE( 9) SN0 T4g ‘ +000173 «006nna0 006250

he



TAagLE n CONT,

COMPARISECN OF FOIIRTH ORDEK METHADS

KUnTZMANN QPT, KUTTaA SARAFYAN ur 1

FeEaRe 4 4 4 ]

TE( 1) 000277 000154 0007 0,000000
TEC 2) 0.000000 «0n13R8 002083 .000001
TE( 3) o.nn0000 «NN139R .00720R3 0,000000
TEC &) L6NB333 *0NE333 «N0R333 .000006
TE( 5) 001111 000617 «N0]12RA 0,000000
TE( &) 0.N00000 002777 2004166 000001
TEC 7) 0.000000 eIN1381 «N020R3 0,000000
TE( 8) .0NR333 .0N8333 008333 000006
TE( 9) .Nn34509 «0NETT7 +001041 0.000000

14



COMPARISON CF FQUKRTH QRLER

aT 2
5

.0N00183

001103
.N00135

LOPYTTAR:

LN00735
«NN2206
«NN0735
LOPTTAT
NHLLS]

- TABLE 8 ConT,

(Y 3
5

«000200
« 001204
« 000802
e00N1668
«00UB03
e 0N2409
«00U803
«0N16387
+00U602

METHCNS

SHANKS (4=4)
4

2000006
0.000000
008125
.008333
000027
04000000
«00R125
.00R323
«00A020

9¢



TABLE 93

CCMPAKISON UF FIFTH APNER METHONE&

FERLAFUG 4 (S)=1 FEFLBERG 4(S)=2 FEHLRERGS (6) SARAFYAN SHAMKS (5=5¥*

F.E-Ro 6 3} Fa 6 5

NN 0r1157 +002443 0,000000 .001111 000416
TEC 2) 001157 e0N24R] 0.008000 .001111 000416
TEC 3) LN11157 e NN24R7 0.000000 .005833 004156
e 4 06250 014743 0,000000 015000 .0064156
TEC 5) .N0185] v 005648 « 000740 .010000 0013333
TE( &) .N0187") «0ND44A 000740 .010000 .013333
recn -00185] $00244R 04000000 .023333 033303
fEC 8) N1666A «N37179 .01{111 .076666 033333
TE( 9 001157 «0NC4HT 1 0.000000 "L.001111 000416
TE(LD) W N06944 «01l217 0.000000 L 027777 « 002083
TE(1) Nn6944 011217 0,000000 027777 « 002083
TE(L2) .N06944 nl1l217 0.000n00 .020833 020805
TE(Ld) «N20833 e 054487 0000000 .125000 « 020835
TE (L4 013888 $ 022435 .003703 .0R3333 066666
TE(15) .n13888 « 022435 «003703 .0"3333 « 066666
TE(16) .n13es8 e 022435 0,000000 ,083333 166611
TE(LT) «Nal6n6 0108974 «NBERRSY 416666 e 166466
TE (1R) 006944 011217 0000000 027777 L0020K3
TE(L9) LNN1157 «0024R3 0.000000 .005833 L0N4156
T (2 006250 $ 014743 0,000000 .015000 L0N4166

- LC



FeEoHoe

TEC 1)
TEC 2)
TE( 3)
TE( &)
TE( 5)
TE( 6)
TEC 7)
[E( B)
TE( 9)
TE(LQ)
TE(LLD)
TF(12)
TFE(13)
TE(14)

TE(1S)

TE(l6e)
TE(L7)Y
TE(18)
TE(19)
TE(20)

Ko TCHE R
&

L0011
Ln111
LNn3333
.003333
«NNHBAKA
NrHBAA
«N13333
«N033333

001111
~NNS555
«ONB55Y
«N16666
e N16666
«N33333
»N"33333
NARBAGAH
. 106666
L N08555
.0N3333
Lhn33373

1

TABLE 9 CCwnT,

CCMPAKISON UF FIFTH nPPER METHONS

BUTCHER 2
)

00111
001111
«0N3333
«NN3333
«0006AA
2« 0N66A/A
053333
«03337373
00111
D ERLY
e N0D55%
«N166kA
o N1666&4
e0N333313
e033333
e 266666
e ]666K/6
« (09555
» 003333
«0N3333

LAWSON
'Y

Ne000000
0.00n000
003445
« 002404
0041646
0046166
2002083
+ 014583
0.000000
0.000000
0.000000
«01R279
«013020
«N2nR233
«020833
0016416
010416
0,000000
003645
002404

NEWTON ~COTES FaMrLY

) UTHER
6

0.000000
0.000000
L00R333
016666
. 004166
.004166
.008333
.004166
N.000000
.010416
010416
«020833
.010416
.