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A model of the Jovian radiation belts is assumed to conéist of a
dipolar magnetic field inclined ten degrees to the axis of rotation and
of trapped relativistic electrons whose motions can be described by the
guiding-center approximation. Synchrotron emission from these electrons
results in the observed non-thermal microwave spectrum. The IBM 360/75
computer at the University of Illinois was used to calculate the Stokes:
parameters of synchrotron radiation integrated over a dipolar shell as
a function of the energy-dependent variable u' = /—Eg-e/eo where BS is -
the equatorial, surface magnetic field, € is the electron energy, and
€0 is the electron rest mass energy. The integration takes into account-
the partial eclipse of the dipolar shells by the planet at different
System III lohgitudes. Furthermore, the Stokes parameters are integrated
separately for two types of electron populations, i.e., one whose pitch
angle distribution is isotropic, and another whose distribution is
sharply confined to the magnetic equator.

The magnetosphere is divided into two zones near L = 2, the approxi-
mate distance at which the gravitational and the centrifugal forces are
~equal-and oppose each other. The two zones are treated independently
and are assigned intensity profiles which are based, in part, upon high-
resolution observational data. |

We find that the observed curvature in the radio spectrum implies
the existence of a double belt system. The outer belt consists of low
energy electrons (u' = 60 Gaussl/z) whosé equatorial density falls as L_4
for L > 2. The model .predicts a peak equatorial electron density of

about 60 B;l cm_3 at L = 2. The inner belt, located in the region



A1 < L < 2 . consists of higher energy electrons (u' = 200 Gaussl/z)

and has an .equatorial density which is about one-half thé peak density

- in the outer zone. The pitch angle distribution of the electrons becomes
gradually more confined to the magnetic equator with increasing distance
from the planet in the outer zone. We find that a distribution which is
isotropic for 1.1 <L < 1.8, 67;perméént"confined(+) for 1.8 < L < 2 and
80 per cent confined for L > 2 satisfactorily accounts for the degree

of polarization and the intensity variation with rotation of the planet.
The eclipse of the radiation belts by the planet satisfactorily explains
the asymmetry of the observed radiation between northern and southern
zenomagnetic latitudes of the Earth. The departure from a pure sinusoid
in the variation of the orientation of the plane of polarization with
-Jovian rotation and thé asymmetry in east-west components of the source
on projected maps are probably better explained by a regional'anomaly

in the dipole field rather than occultation of the radiation belts by
the planet. The broadening effect of ﬁhe radiation belts with decreasing
frequency of observation is clearly demonstrated. The observed spectral
characteristics of the non-thermal emission are reproduced by the model
althéugh the peak in the spectrum of the total intensity is not as-
prominent as previously expected. This implies a brightness temperature
for the thermal emission from the planetary disk of 180° K at 3000 MHz.
B-L plots of the radiation belts show little fine structure except near
the boundary of the outer belt with the more energetic inmer belt.
Electron fluxes are of the order of 1000 times those found in the

terrestrial belts if the suirface field on Jupiter is 30 Gauss.

(t) The confinement refers to the proportion of electrons which belongs-
to a, population with equatorial pitch angle distribution of the form
sin60ae_ (See text, Chapter II, Section G).
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CHAPTER I. INTRODUCTION

A. General Conditions

A simplified model of the Jovian magnetosphere consists of a thermal
plasma with superimposed radiation belts. Recently Melrose (1966) and
Ioannidis and Brice (1971) have described the possible sources and
distribution of the thermal plasma trapped in the magnetosphere of
Jupiter. The model to be described here deals exclusively with the
“cloud of relativistic electrons which forms the radiation belts_at a
distance of a few Jovian radii from the planet and is resfoﬁSible for
.the_intense continuuﬁ of decimetric emission. The purpose of this model -
is to describe the structure of the radiation‘belts on the basis of the
ébservatiOnS'_éfltheir continuum emission at decimetric wavelengths.
Most of this data was obtained in the pasf decade and consists of the
following: (i) observations of the integrated flux in the decimetric
continuum (See Figure 16a); (ii) observations of the degree of polarization
of the radiation (See*Figures 17 and 18); (iii) observations of the
dependence on the rotation of Jupiter (or dependence oﬁ the System III
longitude) of the integrated flux, degree of polarization, and orientation
of the plane of polarization (See Figuré 33a); (iv) higﬁ—resolution
interferometric studies of the radiation belts (Berge, 1966; Branson,
1968); (v) lunar occultation studies of the radiation belts (Gulkis, 1970).
In addition, the non-thermal emission is separated from the thermal
emission of the planetary disk with the aid of the observations by Berge
(1966) and Branson (1968) and models of Jupiterfs atmosphere By:Goodman
(1969). | |

The model is derived using the following assumptions: (i) The

radiation belts are located in a cavity of the Jovian magnetosphere and



2
the field geometry in that cavity is a pure dipole. 1Its magnetic moment
points in the direction of the Northern Hemisphere and is inclined 10°
from the rotational axis of the planet; (ii) The conductivity in the
Jovian ionosphere is large enough to»force the magnetosphere to corotate;
(iii) The populétion of electroné in the radiation belts is in a steady
state, and the observational data are representative of such average
conditions; (iv) The non-thermal continuum is produced by the synchrotron
radiation of trapped relativistic electrons.

The dipolar approximation for the trapping zone is probably more.
valid for Jupiter than it is for the Earth because the energy density of
the solar wind falls off as the inverse 'square .-of the distance from the
Sun. The ratio of the size of the Jovian cavity to the-terréstrial
cavity is 5.3 in units of the respective planetary radii (Melrose, 1966).
-Thus, if the distance to the boundary of the magnetosphere of the Earth
on the day side is 10 Earth radii, the corresponding distance on Jupiter
is 53 Jovian radii. The 8015? wind, as a consequence, is unlikely to
afféct the magnetosphere of Jupiter in the way that it affects thﬁt of
the Earth. 1In particular, the frapping'zone, hereaftér described at
less than six Jovian radii, is probably relatively free from any deformitiés
and asymmetries.on the day and night sides of the planet. Thefe is no
evidence for a significant éontribution from a qugdrupole moment. The
tilt of the dipolar axis to the axis of rotation is obtained from the
amplitude in the oscillations of the piane of polarization with rotation
of the planet and is'brobably one of the most accurately measured
" quantities. The‘sign of the magnetic moment follows from the observed

right—handed polarization of the decametric emission (Warwick, 1967).



B. Particle Trapping and Energies

Hones and Bergeson (1965) show that the plasma around-a rotating,
conducting, magnetized sphere with its mégnetic dipole axis and rotational
axis oriented at an angle to each other will corotate with the sphere if
the plasma particles are constrained to move along the fiekd lines.

The trapping potential of the Jovian magnetosphere can be demonstrated
as follows. .. :Thé equationsfbéléw represent the inner and outer
boundaries enclosing the allowed (trapping) shell for particles with a
Stérmer constant vy (St&rmer, 1955)(a parameter having the dimension of
length which is deterﬁined by the initial conditions of particle injection

into the dipole field).

il - cos2 A .
b - 5 3 172 ?
-(v/b) + [(y/b)" + cos™ A]
T 2
2 - cos_ A
d —_—= .
an b . , 17z
=(v/b) + [(Y/b)" = cos™ A]
; |e|M 1/2
where b = —E:— .ahd also has the dimensions of length,

)\ is the magnetic latitude, M is the magnetic moment, e and p are the
charge and momentum of the electron, respectively, and ¢ is the speed

of light. Setting vy = b and solving for the outermost extent r,

(at A = 00) of a shell containing relativistic electrons of energy pc,

one finds the following relations [assuming Warwick's (1967) magnetic

0

moment M = 4.24 x 103 Gauss—cmsl.



rl(MIN) : rz(MAX)- ELECTRON ENERGY
(JOVIAN RADIT) (Mev)
1.24 3.00 2.8 x 10°
2.07 . 5.00 1.0 x 10°
3.31 " 8.00 3.9 x 105
4.97 12.00 1.7 x 10°
6.21 | 15.00 1.1 x 10°

These results predict that the Jovian magnetosphere could hold

electrons with enérgies in'therahge&of millibﬁsxof.electrqn volts. It

is very uniikely that any_mechanism could be so efficient aé to prodﬁce
such energetic pafticles. Electrons in the range 1—102 Mev are more
plausible and sufficieﬁt to explain the radiation as described in Chapter
II1.. Again,assuming Warwick's (1967) magnetic'moment, b equals’SUOO//El
(in Jovian radii) for a relativistic eléctron with energy E (Mev). Thus,
in the energy range l—lOZIMeQ, b is very lérge and from the equationg

-abéve . ' .we may use the approximation (Van Allen, 1967)
T, >ry > (—BZ/ZY) cos2 X

which is .true in the limit b>%; This is the equation for a .line
of force and says that for trapped particles in the energy range l-lO2 Mev
the two bounding surfaces r

-and r, closely approach the same magnetic

1 2
- shell. In other words; the field is so strong that the'injection of a
particle within the plausible'ranée of energy values will essentially
"freeze" it to the fiéld line at the site of injection, ailowing onl&Ithe
motion pafallel to the field line and a drift in longitude. The cyclotron

oscillation around a field line will have an amplitude much smaller than

the planetary radius.



5
In the balance of energy for the steady state the great unknown is
. the source of this energy. The net radiation from the belts amounts to
about 6 x,lOlé erg_sec“1 (Gary, 1963). There are an estimated 1029
electrons in the 'visible" radiation belts of Jupiter (Wilkinson, 1970)
and the time required for an electron to lose half of its energy by
synchrotron radiation is of the order of 100 days (Wilkinson, 1970).

A significant source of the energy for the radiation belts comes
from interchange instability. This mechanism results from the finite
conductivity of the ionosphere and causes an outward diffusion of
plasma to occur beyond about eight Jovian radii. This oﬁtward convection
is acéompanied by aﬁ inward diffusion of particles from the solariwind
into the magnetosphere. The particle energy would then increase almost
as L—3 (where L is the distance from the planet in Jovian radii) so that
solar wind electrons with energ#es'of 100-500 eV at L = 50 would have
an energy of about 1-5 MeV at L = 5 (Ioannidis and Brice, 1971). Further
inward,.diffusion beyond the region of interchange would be expected to
be slow, but this mechanism can provide a significant source of high
energy electrons relatively close to the: planet as required to explain

. )

the decimetric radiation (Drake and Hvatum, 1959; Warwick, 1967 Neutron
albedo, éo effective on Earth (Hess, 1965), might popﬁlate only the very
inner regions‘of the magnetosphere since most neutrons will probably

decay befofe they reach the radiation zones, because their lifetime is
relatively short (1000 seconds) and the distance scale on-Jupifer is
increased by a factor of 10 relative to the Earth:

Other possible sources of energy could result from intermittent

major deformations of the magnetosphere. These could be produced by

* TFurther investigation should.be carried out to evaluate the efficiency
of this mechanism to supply the demsity of relativistic electrons in
the radiation belts described in Chapter III.



oscillations in the shock boundary of the heliosphefe since the latter
may coincide with the magnetosphere, particularly during solar minimum
(Lanzerotti and Schulz, 1969). An indication of another major deforma-
tion is the correlation bétween the position of the moon Io and the
Adecametric bursts. Another possible factor is.satellite V which,orbiting
at 2.5 Jovién radii,could  produce enaugh field disturbance to effect

energy changes in the radiation belts.



CHAPTER II. THE STOKES PARAMETERS FOR SYNCHROTRON RADIATION
IN A DIPOLAR FIELD

A, Stokes Parameters of Synchrotron Radiation by.a Single Electron
in the General Case

-
Let us consider a relativistic electron moving with velocity B(t)

at time t in a magnetic. field Bk (See Figure 1). a is the pitch angle

or angle between the field direction k and the velocity vector E(O) of

the electron at the time of injection t = 0. The observer lies . in the

A

direction fi. g is the angle between fi and the velocity vector at time t.

® is the angle between the field direction and A. Two cases are shown:

~

i i
for < = B > = .
o< and & 2
Synchrotron radiation takes place within a very'narrdw cone centered
about the instantaneous direction of motion. This is typical of the

radiation patterns of relativistic particles regardless of the vectorial

-> >
relationship between 8 and f. The root-mean-square angle of emission

of the radiation in the relativistic limit is‘?€2>l/2 =1/y = Eo/e,'

where €9 is the rest energy of the electron (Jacksoﬁ, 1966). For ¢ =0,

the major axis of the polarization ellipse is perpendicular to the pro-

~

jection of k onto a plane normal to fi, i.e., parallel to i, = -k x n.

2
As ¢ increases, the form of the eilipse varies f:oﬁ circular to elliptic
" with the major axis pafallel to the projection of ﬁ onto the plane normal
to i, i.e., parallel to il_= (ﬂ X ﬁ) X ;, Furthermore, as shown in
Figure 1, the sense of description of the ellipse is right—handéd'(RH)

or left-handed (LH) depending upon whether & is in the first or second
quadrant.

2.1/2

For highly relativistic particles, <&> much less than 1, we may

approximate the pattern of emission by assuming that radiation is detected
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by the observer only when the electron moves within an angular distance

of the order of <g2>1/2

from the direction to the.observer. Using this
degree of approximation, Westfold (19595 has shown that the major axis
of the polarization ellipse remains perpendicular to the projection of
Q onto a plane normal to fi.  Thus, we may apply the geometry adopted by
Thorne (1963) to describe the Stokes parameters Qf such élliptically

polarized light with respect to the fixed reference axis &

(Chandrasekhar, 1950) (See Figure 1).

I=1,+1, , o 1)
Q= (Il - 12) cés 2)X cos 2x » (2)
U= (Il - Iz) cos 2X sin 2y » | 3
and V = (Il + 12)-sin 2\ ? %)

where I. is the mean intensity of the emission with the electric

1
vector in the diréctioﬁ —i X ;; 12 is-the mean intensity with the electric
vector iﬁ-the direction’(ﬂ X ;) X ;; X is the angle made by the major
axis of the polarizatio@ ellipse with the reference axis éy; |tan A| .is
the ratio of the princibal axes (- %-5 A< %), and the sense of description
of the ellipse is right-handed (RH) for A > 0 and left-handed (LH) for
A < 0.

B. Stokes Parameters of Synclirotron Radiation by an Assembly of
Electrons in the General Case.

The Stokes parameters of an-assembly of eléctrons are the sum of
the parameters of the individual electrons. 1In a field geometry where

x 1s a function of position, we may assign the same x for a group of



(RH) n

—

B(t)

Figure 1.

v
®>

,§ (o)
MLH)

Right-handed helix formed by an electron injected with velocity
8(0) (B = v/c) at an angle a to the magnetic field Bk. fi is a
unit vector in the direction of the gbserver and makes an angle
£ with the velocity of the electron B(t) at time t. & is the
angle between the field direction and i. i, and i, are the two
perpendicular components of the polarizatiofi ellipSe (see the
text). In the first and second orders of approximation for the
radiation pattern described by Legg and Westfold (1968), the
major axis of the polarization ellipse remains parallel to {2 =
-k.x fi, i.e., ¥ = 90°. x is the angle made by the major axis
of the polarization ellipse with the reference axis éy.
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electrons in a small enough volume dv. Thus by summing over the electrons
with a given distribution in pitch anglevand energy, we may obtain the
Stokes -parameters for thé rédiation froﬁ an e1ementary volume with
respect to the referemnce airection éy.

In the first approximation the solution for an assembly of electrons
| is such that V =.0 éWestfold, 1959). Subsequently, Legg and Westfold
(19685 carry the solution t6 a second-order approximation in which they
expand the angular-distances of radiation detected to ordérs much less
than <52>l/2. Their results are such that the major axis of the polari-
zation ellipse remain paréllel to 12, ie., ¥ = 900, so Bquations (1) to
(4) are still valid. However, now they obtain a non-zero solution for V
whicﬁ allows computation of thevdegrée of ecircular polarization. Further-
more, thelr equations carry a correction which allows for the motiomn of
the electron during the time interval of emission.

Using their results we find the Stokes parameters for a distribution

of electrons radiating at a frequency f from an elemental volume dv at

>
position r:

I(£)dv = n (Ddv , (5)

Q(f)dv = ngp)(;) cos 2\ cos 2y dv , (6)

U(f)dv = nép)(?) cos 2Kf sin 2x dv , . '(7)

and V(f)dv = nép)(¥) sin 2i; , - . (8)

where nép) is the polarized part of the total'emi;sion ng per unit

volume and Af,=x are defined as before. . The properties of the radiation
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field in terms of the Stokes parameters are as follows (Born and Wolf,

1965):

(i) The degreé of polarization

/) + 12 + VA )
(D ’

P(£) =

(ii) The degree of circular polarization

_vn |
PO = TEr (10)
(iii) The ellipticity (RH or LH)
- V()

sin 2A(f) = , and (ll)

/% (e) + i) + viE)

(iv) The angle x which the major axis of the net polarization
ellipse makes with the reference axis éy’

tan 2y = H%%% . ' (12)

O

Equationé (9) to (12) apply to the-emissibn from the elemental
bvolume dv‘but may be extended to the entire region of radiation if the
Stoﬁes parameters given in Equétions (5) to (8) are integrated over that
region,

The'following results differ from Legg -and Westfold's (1968) in
that we compute the power received by the elemental source dv rather than
the power-emit;ed into the solid anglé dQ(A). Our expressions thus
differ from Legg and Westfold's by the factor _sin_2 © (Epstein and

Feldman, 1967; Scheuer, 1968) .
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We have

~I&>1

ng = uezc n(€/€0) r@) f (81n &) F(f/fc) s (13)

)

nép) cos 2i; = =5 eZe n(e/eo) I'(®) fB(sin_l @) Fp(f/fc), (14)

N

(P

and ne -1/2

‘sin ZA = /2 ue c. n(e/so) (&) f3/2( -1/2 %) cot 6 f

1/2 . : -1/2.
£ \2 e D@ o, [
F: ) FS f + [2 + P( tan LUI: f
c c 1 {"e
£l 1 g
[Fp £) "2 F|E J 2 15
[o} (o] :

where n(s/eo) is the number density of electrons with energy é/eo

in the range e/eo to s/eo + d(s/so), where ¢, is the rest mass energy of

0.
the electron.

[ (o) 1is the number density of electrons with pitch angle o in the
range o to o + do (we assume axial symmetry about the direction of the
magnetic field).

% is the angle between the field direction and the direction to the
observer fi (See Figure 1).

fB is the local gyrofrequency
fo=5= |, (16)

where B is the local magnetic field strength and e and m are the

electron charge and mass, respectively.

fc is the critical frequency, a characteristic of synchrotron
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radiation defined by the local -gyrofrequency and the enérgy of the

electrons,

sin @ (s/eo)2 R _ a7

B

=3
£, =5

where f is the frequency of emission and ji is the permeability of
free space.

The functions F, Fp, FS are the emissivity-polarization functions
and are shown in Figure 2 as functions of x = f/ﬁc. They are also-
tabulated in Table 1. These functions can be expressed in terms of

modified Bessel functions as follows (Legg and Westfold, 1968):

(o]

F(x) = xij; Ky /5(ndn- (18)
Fp(x) = XK2/3(X) s . (19)
and Fs(x) = xKl/3(x) . - (20)

The function F, which is a measure of the intensity of emission,
'shoﬁs a peak near x = 0,3, then falls rapidly with increasing argument:
and more slowly in the other direction. This behavior is characteristic
of the synchrotron spectrum from a single electron for wh;ch the intensity

-2f/f .

falls proportionally tO'?— e ¢ for £ >> fc and rises proportionally

£ 2/3 c
to Y for £ << fc (Jackson, 1966).
c .
C. Geometry for Determing the Stokes Parameters 'of Synchrotron
Radiation by-an Assembly of Eleéctrons Trapped in a Dipolar
Magnetic ‘Field

In this development we shall use the guiding-center approximation

in which the motion of a charged particle in a dipolar magnetic field is



.00l | .ol
X

Figure 2. Emission-polarization functions F(x), F (x), F (x). The argument x = f/fc where £
is the critical frequency, a characteriBtic of-ssynchrotron radiation defined by the
local gyrofrequency and the energy of the electrons [See Equation (17)]. ’
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TABLE 1

EMISSION-POLARIZATION FUNCTIONS F(x),'Fp(x), Fs(x)
[See Equations (18) to (20) and discussion in the text.]

X = f/fc F(x) Fp(x) Fs(x)

" 0.0001 0.0995909 0.04 98859 0.0036284
0.0002 0.1253424 0.0628517 0.0057527
0.0003 0.1423524 0.0719465 0.0075306
0.0004 0.1576521 0.0791866 0.0091143
0.0005 0.16970132 0.C853001 0.0105674
0.0006 -0.1802100 0.0906437 0.0119238
0.0007 0.1835878 0.0954218 0.0132046
0.0008 0. 1980535 0.0%976356 0.0144238
0.0009 0.2059023 0.1037568 0.0155915
0.0010 0.2131390 0.1074638 0.0167150
0.0020 0.2671662 0.1353720 0.0253832
0.0030 0.3045747 0.1549299 0.0344066
0.0040 0.22395621 0.1704826 0.0415021
0.0050 0.3584969 0.1836005 0.0479686
0.0060 0.2797150 0.1950521 0.0539672
0.0070 0.3984971 0.2052783 0.0595977
0.0080 0.4154004 0.2145531 0.0649272
0.0090 0. 4308024 0.2230806 0.0700024%
0.0100 0.4649725 0.2209808 0.0748622
0.0200 0.5472394 0.2899581 0.1156112
0.0300 0. 86126067 0.2205120 0.1479€30
0.0400 0. £627958 0.3520R23 0.,1754438
0.0500 0.7015719 0.3880945% 0.1995509 -
0.0600 0.7232474 0.4102468  0.22110643
0.0700 0.7597221 0.4295097 0.2406184%
0. 0800 0.7821686 0.44%65081 0. 2584440
0.0%00 0.8014625 0.£616682 0.2748348
0.1000 0.8181R55 0.4752962 0.2899828
0.2000 0.%0231859 0.5£03580 0.3958682
0.2000 0.9177054 05959857 0.4527338
0.4000 0.9019272 0.6068523 0.4823055
0.5000 0.8708190 0.£029652 04945155
0.6000 0.3314753 0.5895982 0.4950563
0.,7000 0.7878751 0.5703488 0.4875710
0.8000 0.7424131 0.5470969 0. 474544
0.5000 0. 6965028 0.5214432 0.4577372
1.0000 0.6514226 0.4344750 0.4384307
2.0000 0.3015351 0.2496773 0.2330897
3.0000 « 1285457 0.1111717 0.1059188
4.0000 0. 0522252 0.0469216 0.0451991 -
5.0000 0.021248&2 0.0162223 0.0186461
6.0000 0.0084235 0.0077283 0.0075276
7.0000 0.00326123 0.0030631 0.00299561
8,0000 0.0012845 0.0012028 0.0011796
9.0000 0.0004978 0.0004693% 0.0004606

10,0000 0.00019!9 00001814 _  0.0001728

15
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broken.down into three components: (i) the cyclotren motion -- a periodi-
city in the particle'’s motion perpendicular to the magnetic field;

(i1) the bounce motion -- a periodic motion along a magnetic field line
between mirror points; and (iii) the drift motion ---a periodic motion
in longitude around the axis of the dipole.

The cyclotron motion has thé highest frequency. Bounce frequencies
are usually many orders of magnitude lower than cyclotron frequencies;
drift frequencies, in turn, are several orders ofvmagni;ude iower than
bounce frequencies. Typical values for the respective periods of a
relativistic electron are 10_4 sec, 2 x 10-1 sec and 106 sec (Hess, 1968).
_It‘is worth noting that an-electron trapped in the dipolar field
surrounding Jupiter will drift only a few degrees in longitude during a
full rotation of the planet. Furthermore, it will drift about 40° in
4longitude during the characteristic time of energy decay by synchrotron
emigsion (Wilkinson, 1970). For an electron, the sense of gyration of
cyclotron motion is right-handed with respect to the direction of the
magnetic field (See Figure 1). Thus if we neglect fhe azimuthal drift,
the trajectory becomes a right-handed circular helix bound between mirror
. points located on opposite sides of the equatoriai plane.

When coﬁsidering an assembly of electtrons, we will use Chang's-
approach - (Chang, 1962) of applying Liouville's theorem to the electron
motioﬁ. Let n(e/eo, o, ;) be the number of electrons at posdition ;
with energy s/eo in the range s/eo to e/e0 + d(e/eo), where €0 is the
rest mass energy of the electron; and pitch angle-o in range o to a + da.
Thus dN = n(e/eo,a,;) dv is the_number of electrons that lie in the
elemental volume of phase space dV = dx dy dz dpx épy @pz where (x,y,2)

- and (px’pﬁ’pz) are the position and momentum coordinates of the particles
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comprising dN. Transforming into spherical coordinates we get
dv = dv(;) 27 sin o dapzdp where dv(?) is the elemental volume in
position space. If we move this small assembly of electrons dN along a
field line from position ; to the corresponding equatorial position ;e
in a time short enough that energy losses may be neglected, it will
oécupy a new volume dV' =-dv(;e)2ﬂ sin o, daepzdp. According to Liouville's :
theorem; the density of such an assembly is a constant Qith respect to

time. It follows that for a given dN the volume occupied in position-

momentum space is an invériant and we may set
. 2 > 2
dv(r)2m sin o doapdp = dv(re)2n sin oy daep dp . . @D

But the number of electrons in our sample is

dN = n(e/so,a,¥)du d(e/eo)dv(;) = n(e/éo,ae,;e)da d(e/eo)dv(¥e) .

(22)
Combination of these equations yiélds
) = §3£L£L_) ' pa
n(e/so,a,r) = (sin @ n(e/eo,ae,re) . (23)

We may relate the pitch angle a to the-equatofial pitch angle e,
in terms of thg field strength at the corresponding points of a field
line. In order to achieve this, we neglect the curvature of the field
lines, i.e., the azimuthal component of motion, and use the fact that a
static magnetic field does no work on a particle. This means that the
magnetic flux contained in the orbit of a particle rotating about a field
line is a constant; for if BB/ét # 0, the electric field produced would

accelerate the particles and theirlenérgy would change (Betatron mechanism).



18
Therefore, for a near-parallel and static magnetic field, it may be - shown
that the magnetic moment u of the particle's gyration around the field
line is an invariant of ﬁotion (if we neglect radiation losses). Thus

we may set

1, 222 .2 1., 22 2
u = 2B(myc B~ sin a) = Eiz(myc B” sin ae) R A(ZQ)
where m is the rest mass of the electron, y is the relativistic
mass increase (1 - 62)_1/2; and v = Bc is the speed. - B and Bé are the
magnetic field strengths at position 3 and ;e’ respectively.
From Equation (%4) we derive the relation,
sin o . (B—lllz - (25)
sin o B * ‘
e e :
Combination of EQuations (23) and (25) yields
1/2
> B . ->
n(e/so,a,r) = (Ez) n(e/eo,ae,re) . (26)

In order to solve -Equations (13) to (15) for a dipolér field
lgeometry, we will use the geometrical expressions deriveﬁ by Thorne (1963)
(See Figure 3); Here, however, the direction of B will be opposite from
that of his stellar model ‘since Jupiter is known to possess a positive
magnetic moment (Warwick, 1963). Also, we locate the observer at fi, in

the x-z plane, making an angle 6, with the magnetic axis éz. In

0
- > >
spherical coordinates, the magnetic field at r = (r,0,¢) is B(r), and
;e = (re,n/2,¢) is the point-at which the field line crosses the
equatorial plane. ¥ is the local -angle between ﬁ(;).x A and éy (the

polarization axis) and & is the angle between ﬁ(;) and A.



Figure 3.
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Dipolar field geometry with a positive magnetic moment for our
Jovian model. fi is a unit vector in the direction to the
observer located in the x—z+p1ane and 8, is the magnetic co-
latitude of the observer. B x fi is in ghe direction of the
linearly polarized electric vector (See discussion in Section
1). @ and x are defined as in Figure 1. The fixed reference
axis & 1is taken in the plane of the magnetic equator. ¢ is
tge ma Eetic lgngitude of the plane containing the field line
lz| = re| sin“ 6 (Thorne, 1963).
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The dipole field is given by

B
B =+ —=—(2 cos 0&_+ sin 6&,) » (27)
T 0
sin” o
B (1L+3 cosz 6)1/2
and |B| = -2 ) (28)

sin6 ]

where Be is the equatorial magnetic field. It can be expressed in
terms of the equatorial field of the planetary surface BS by the relation
3. . .
Be = BS(RE/?e) where RE is the quatorlal radius of the planet, and r,
is the equatorial distance from the center of the dipole.
The equation of the field lines is r = r, sin2 8.

The equations for cos &, sin &, cos 2x and sin 2y are as derived by

Thorne  (1963) and are listed below:

O<a<m, (29)

‘where p = a cos eo + b sin 60 s

b= 3 cos 6 sin 6 cos ¢ ,

h=3 cos2 8+ 1,

sin & (30)

N

where c=h-p ,
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' b cos 60 - a sin.60
cosiy =" 173 s (3D
o
sin y = - b tan ¢ s (32)
1/2
. 2
(a 51n.60 - b cos 90)

cos 2y = 2 - S — -1, (33)

(a sin.eo 7 b cos 60)-b tan ¢.

and sin 2x = 2 (34)

g

In integrating the synchrotron emission over the entire dipole field,
we shall use Chang's (1962) and Thorne's. (1963) approach and take our
differential volume along a tube of flux so that dv = dsdA where ds is
a differential length along the field line and dA is the differential
area crossed by a magnetic flux B(;e)red¢dre. As derived by these pre-

vious authors, we have the elemental volume,

dv = ri sin7 ) d6d¢dre . B (35)

D.’ -Geometry of -the Dipole Field .as & Function of Planetary Rotation
The magnetic axis of Jupiter is inclined 10° to the rotational axis.

Thus, as the planet.rotates the magnetic colatitude of the observer varies
sinusoidally with an amplitude of 10° (See Figure 4). In addition the
amount of occultation of the radiating zone changes with rotation due

to both the variation in.the magnetic colatitude and the changing geo-
metrical eclipse produced by the planet. Calculation of the 1atter effect
requires a knowledge of the time or longitudinal dependence of a point

; located in fhe magnetosphere. It is simpler to approach the problem

by considering a planetocentric (PC system) which precesses clockwise
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(44

Figure 4. Zenomagnetic latitude (900 - 8,) of the observer as a function of the 'pél).anetary
rotation. The planetocentric Qatitude of the Earth is assumed to be +3°.
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about a.fixed magnetocentric (MC) system. The planetocentfic colatitude

of the observer is held constant at 66 but his magnetic colatitude

oscillates with the planetary precession.
The system is examined in Figure 5 at time t. The positional-
coordinates of the planet's center in the magnetic system (MC) are

(xp,yp,zp)t. We define t = t0 as that time coinciding with the System III
Central Meridian Longitude (CML) of A (t.). At time t, the pianet's

III t0

new CML is AIII(t) where

Mrr(®) = Apppty) - 8,

in which Q(t)‘is the angle of rotation of the planet's center
measured in the magnetic equatorial plane with respect to a reference
axis at time to.

In the‘general-solution, the orientation of the planetary axis (z')
with respect to tﬁe magnetic axis (z) is'described in terms of the three
Eulerian angleé a, ¥, and Qt(See Figure 5) (Goldstein, 1959);

Consider avpoint-(x,y,z)t located in the MC system at time t. A

transformation of this point into the PC system first involves three

successive rotations represented by the following transformation matrices:

1. A clockwise rotation by Qt about z

cos Qt‘ -sin Qt 0

A = sin @ ' cos § 0
t t
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Figure 5.

Geometry to calculate the longitudinal dependence of a point ;
located in the magnetosphere (MC) system and transformed into
the planetocentric (PC) system. The observer is kept in the
x~z plane of the MC system and the planet is allowed to precess
clockwise about the MC system. The planetocentric colatitude
of the observer 8! is f%xed ato87 but the zenomagnetic co-
latitude varies from 77 to 97 as the planet rotates. In

our model, xp = yp = zp = 0 (planet-centered magnetosphere).
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2. A counterclockwise rotation by ¥ about y

cos V¥ 0. sin VY
B = 0 1 0 , and (37)

sin ¥ 0 cos Y

3. A clockwise rotation by a about x

1 0 0
C=!0 cos a -sin « . (38)
0 sin a cos o
The product matrix for the net transformation is T = CBA:
cochoth —cosWsith sin¥
| !
T = cosasith + sinasianoth .cosacoth.— sinasin‘i‘sinQt -sinacosY |.
sinasinﬂ£ - cosasin?cbth sinucoth + cosasin\PsinQt cosacosY
(39)

>
Now, let V' be a unit vector in the direction of the planetary

pole. This vector when expressed in the MC system becomes-
> ~
V=TV" ,

where T is the inverse of the matrix T.

Then,
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—-cos Qt sin ¥ cos o + sin Qt sin a

<¥
]

sin Qt sin ¥ cos o + cos Qt sin o . (40).

cos Y cos o

As a result, we see that in.the MC system, this vector becomes a
function of time [through Q(t)] due to the planetary precession. We may
represent the unit vector to the observer in the MC system as follows,

sin eOt
fi(t) = (41)

cos eOC

The angle 66 between V and A(t) is constant and given by the expression

' >
cos 6! -= v - ()
A 0 I
|V
(sin Qt.sin o —. COS Qt sin ¥ cos a) sin 8

Ot.+ cos ¥ cos a cos eOt
+
|.V«l ,

» (42)°

which may be solved for Oo(t):as}a function: of-Q(t) for a given

planetary colatitude of the observer (66). These results are shown in
Figure 4 for 8} = 87

Yy O~

Then, if P is an arbitrary vector located in the MC system with

->
coordinates (x,y,z), the corresponding vector P' in the PC system is
given by the transformation,
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x! X - x
p .
> .
P' =]y’ = I8y -y, , (43)
z' z - 2
pe P
where the transformation
cos R sin Q 0
t- t
S = '—sin-Qt cos Qt~' 0 (44)
0 0 1

is requifed to kéeﬁ the line of sighf to tﬁe-bbserver ﬁt in the x-z
plane of the MC system.

Now we consider. a pos%tion with coordinaﬁes (x;¥,2) in the MC system
and project it onto the %-w plane in Figure 6 whicﬁ-is perpendicﬁlar to
the instantaneous line of éight fi(t). Simple geometry (Chané, 1962) can
be used to show that the distance from the position (x,y,z) to the f2-w
plane is |

0 0.

D=xsin 6. + z cos 6 . (45)
S 4 t .

When the origin is taken at the center of the PC system, i.e., if

we measure the quantity

D= (x - xp) sin 6. + (z - zp)-coé 66 s | (46)

0 t

t

then a negative D places the position (x,y,2) below the %-w plane
-whereas a positive D places it above the %-w plane, i.e., beyond and

before a plane that cuts across tﬁe center of the ﬁlanet perpendicular



Figure 6.

Projection of point (x,y,z) in the MC system onto a plane
perpendicular (%-w plane) to the line of sight fi to the

observer. The observer is located in the x-~z plane of the
MC system.

28
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to the line of sight fA(t). If we are concerned only with positions in
the MC system associated with trapped electrons, -we are assured by defi-
nition that all these points lie in the magﬁetosphere outside the surface
of the planet.. This leaves us with the problem of determining whether
a point with négative D lies inside or outside the geometrical shadow of
the planet. For this purpose we refer to Figure 6 and obtain the pro-

jection coordinates of (x,y,z) on the %-w plane, -

p=y | (47)

g
i
N
n
.
=]
D
I
.
0
o]
0]
<D

(48)

Substitution of the transformed coordinates (x‘,y',z') in Equations (47)
and _(48).-allows computation of the:corresponding projected point (&',w')
the PC system. If the projected point lies in-the geometrical shadow
of the planet system, the coordinates will, in turn, satisfy the equation
2 12

L
At iocn, 49
a

P

o

2

P

where ap, bp are the major and minor semiaxes (equatorial and polar
radii, respectively) of the planet projected onto the plane perpendicular
to the line of sight (defined by the planetocentric colatitude of the

t

Earth 60).

We have calculated the Stokes -parameters in Equations (5) -to (8)
for the particular case of a uniform dipolar field centered at the origin
.of Jupiter and inclined 10° to the rotational -axis (Conway and Kronburg,

1968). We locate the North Magnetic Pole at CML = 198° (Warwick, 1963).



TABLE 2

CONVERSION OF THE SYSTEM IIT CENTRAL MERIDIAN LONGITUDE AIII INTO

THE ROTATIONAL ANGLE © INTRODUCED IN CHAPTER II, SECTION D

AIII(degrees) $i(degrees)

0 162
20 - 182
40 202
60 222
80" _ | 242
100 262
120 | 282
140 _ 302
160 322
180 : 342
200 ‘ ' 2
220 22
240 42
260 62
280 82
300. | 102
320 | 122
340 142

360 : 162
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By setting A(to) = 198° and»Q(to)'= 0 we locate the North -Magnetic Pole

. We also have x. = =
0 p p

z, =0, a=0and ¥ = 0.175 radians. Now, Equations (47) and (48) can

be transformed into the PC system accordingly. We will use these

in the same plane as the observer at time t

expressions at five longitudes corresponding to Q(t) = Ooy 450,-900, 1350,

o . .
180 . These expressions are, in order,
o

07) Lt =Y and

w' = -0.224951X + 0.974371Y , (50)

0.1218452 and

457) 2" = 4+0.712499X + 0.691014Y

w' = -0.036722X 4+ 0.210134Y + 0.9769842Z s (51)

90°) %' = +0.984808X - 0.173648Z and

w' = +0.173410X + 0.052336Y + 0.9834592 s (52)

0.121845Z and

135%) %' = +0.712499% ~ 0.691014Y

w! = +0.036724X - 0.136688Y + 0.989934Z , (53)
0
1807) L' = =Y and
‘w'.= -0.121869X + 0.992547Z (54)
Where

X=x cos Qt'+ y sin Qt R
Y = -x sin Qt + y cos Qt ’
Z=2z ., S (55)

As before, (x,y,z) are the coordinates of a point located in -the MC

system.
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It can be shown that the semiaxes of the elliptical shape of the
planet projected onto the plane perpendicular to the line of sight

(2'-w' plane) are as follows,

a = RE and (56)

1/2

R
' E 2 '
b Rp cos 60 Rp‘+ tan 60 s

o
Il

(57)

where,66~is‘the-planetocentric“colatitude.of the Earth-and RE,I"RP
are respectively the equatorial and polar radii of Jupiter.

We adopt the planetocentric declination of the Earth of +3°, i.e;;
66 = 87°. If we set RE = 1, then RP = 0,939, according to Dollfus
(1970).

E. Limiting Equatorial Pitch Angle as Produced by the 'Planetary
Surface o

As described previously, electrons trapped in the radiation belts
oscillate between mirror points symmetrically located above and below
the magnetic equatorial plane. The latitude of these points is a function
of the equatorial pitch angle of the electron. An absolute limit exists
such that for equatorial pitch angles below a certain minimum [ae(MIN)]
the eléctron collidés,with the surface of the planet. This minimum
decreases with increasing r_ as the electron can move intb higher

latitudes. Combining Equations (25) and (28) we have

3
_ sin” o ;
sin a, = - 174 (sin.u) . (58)

(1L+3 cos'2 8)

If we set o = 900, then o, ae(MIN) when § = Bmxis the polar angle at
the point of intersection between the field line r = r, sin2 8 and the

surface of the plamnet.
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) ae(MIN) was computed for Jupiter (with Rp = 0,939) as a function of
the equatorial distande .. These results are shown in Figure 7. It is
worth noting that for a = 90° we obtain a relation between the equatorial
pitch angle @, and the magnetic colatitude of the mirror point.(eM) as.
plotted in Figure 8.

F. The Stokes Parameters.as a Function of the Energy-Dependent Variable
) . . .

u' = /ﬁ; e/eo |
We consider the emission from a shell in the dipolar field which

intersects the equatorial plane at the distance r, from the center of
the field. The purpose of this section is to express the Stokes parameters
as functions of the equatorial number density of electrons with energy
e/eo.

It is assumed that the number density of electrons with energy e/eo
in the range.e/ao to s/eo + d e/e0 and pitch angle o in range o to

-> >
o + do at position r is a function of the number density at position r,

through Equation (23). Thus, combining Equations (23) and (58) we get

1/4

1+ 3 cos2 8)

N .
: n(e/eo,a,re) . (59)
sin~ 6

n(s/eo;a,¥) =

The equatorial density n may be expressed, in the manner of Chang

(1962) and Thorne (1963), as follows

n(e/eo,ae,?é) = 2nT(a,) sin a, A(e/eq) N(r)) | (60)

where F(ae) is the pitch angle density-function as described by
Legg and Westfold (1968), A(e/so) is the energy density function and
N(re) is the number density, all determined in the equatorial plane at

distance re.
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Figure 7.
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L, JOVIAN RADII

Minimum equatorial pitch angle [0 (MIN)] as a function of the equatorial distance

L

re/RE. For a < ae(MIN) the efectrons are lost in collision with the planet.
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90° 60° 30° 0°
6m» MAGNETIC COLATITUDE AT MIRROR POINT.

Figure 8. Equatorial pitch angle of the electrons and the correspondlng
magnetic colatitude (8 ) of the mirror point.
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In order to express the energy dependence of the Stokjesbarameters,

we define the new variable y' = /Es s/e:o, where Bs is the equatorial,
surface magnetic field. - Making this change of variable in Equation (60)

we get
N _
n'(u',ae,re) = 21r1‘(ae) sin a, A'(u") N(re) s (61)

where 'y N are the distribution functions d-efined above; and A',
n' Becqme the corresponding density functions for electrons with energy
"u'/\/gs in the range 'u'.//ﬁs to u'//ﬁ; + -l/fB; du'.

Making . the change of variable described in Equatien (61), we
substitute Equation >(59) into (13) to obtain the expression for the

intensity from the elemental volume dv [See Equation (35)]:

eB R3

('u'r)=—ue2c‘SE

f - 2 2mm
0,9 .

, . N(r)
AN () = = dr_,
e

3/4

' 2, " L X ,
(L 3.cos "0)- —~ % (i) (sin 1 F(£/£,)|deds .
sin™ o

(62)

Similarly, the other Stokes parameters can be derived by combining

Equations (14) and (15) with Equations (6) to (8):

3
) V3 2 el%SRE VoY N(re)
Q @' ’re) B B R W T AT r are
0,6 | €
' 2 '3/4 :
L+ 3c05 B 4 rea)(stn " &) F_(£/£) cos 2x|dods ,
sin © € P ¢ '

(63)
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3
V3 2 eBs-R'E N(Fe)
' -1Y3 s b 1 1y ==l =
Ug (uA,re) | wecy—Z—| A G r drg
8,0 ®
: 2 3/4
(1 +3 c;s 0 ___ F(&e)(sin—l @) F_(£/f ) sin 2x|deéd¢ ,
sin © P ‘
(64)
and
3 3/2 -
_ B . N(r )
, , _ 2 e SRE R e
Ve (u ’re) =| V2 pe‘e ( 2Tm* At(ul) 5/2 dr
8.6 r =
e
.2 3/4 2
a + B'C;S o) X T(B_ ) cot & (Sin—l/2 @) f—l/z
e
sin” 6

(f/fc)l/'2 Fs(f/fc) + (2 + ELL@L tan & (f/f(:)_l/2

(@)

. 1 o
x [F (£/£) - 3 F(E/EDD 4 (65)

where in M.K.S. units

e = 1.60207 x 10 17 ,

Vs
m = 9.1084 x 10 T ,
W= 41 x 10_7

7.085 x lO7 m (Dollfus, 1970) is the Jovian equatorial
radius,

r is the equatorial distance of the dipolar shell,

e

'Nfrg)‘is the equatorial number density of electrons at T,

A'(u") and T(®) are normalized density functions in the equatorial
plane at s

sin &, cos 2x, sin 2x are given by Equations (30), (33)and (34),'

“F,FP;FS are the emissivity-polarization functions defined in

Equations (18) to (20) and plotted in Figure 2.



TABLE 3

CONVERSION OF THE VARIABLE x = £/£ INTO THE ENERGY-DEPENDENT
VARIABLE  FOR THE casf o = &, = 90

u

—L .1 [See Equation (67)]
3/2 == ¥
2mm
x u
0.0010 15.432
0.0015 12.600
0.0020 10.912
0.0030 8.910 .
0.0040 7.716
0.0050 6.901
0.0060 6.300
0.0070 5.833
0.0080 5.456
0.0090 ' 5.144
0.0100 . 4,880
0.0150 3.985
0.0200 3.451 .
0.0300 . 2.818
0.0400 2.440
0.0500 2.182
0.0600 1.992
0.0700 ' 1.844
0.0800 1.725
0.0900 1.627
0.1000 1.543
0.1500 1.260.
0.2000 1.091
0.3000 0.891
0.4000 0.772
0.5000 0.690
. 0.6000 0.630
0.7000 0.583
0.8000 0.546
0.9000 0.514
1.0000 0.488
1.5000 0.398
2.0000 0.345
3.0000 0.282
4.0000 0.244
5.0000 ) 0.218
6.0000 0.199.
7.0000 0.184
8.0000 0.173
9.0000 : 0.163
10..0000 0.154
20.0000 0.109
30.0000 0.089
40.0000 : 0.077
50.0000 0.069
60.0000 0.063
70.0000 0.058
80.0000 0.055

90.0000 0.051

38
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We also need the expression for the critical frequency, fc, which

we get by combining Equations (16), (17), (28), and (58).

12

3 .
RE) [(l + 3 cos2 6)3/4 - ] - (66)

-_ sin ®
r . 9 e
e sin® ©

fc ='%.(§%E)u

where &e is the equatorial angle between the field direction and
the 1line of sight 1.

From Equation (66) we obtéin the following expression for the
- argument of the emissivity-polarization functions x = f/fc compgted aF

the volume element dv,

9
e 1 v i 9
xf (u) = |— _é-[ 51121 3/4 ] Y (67)
8,6 - e. u“ L1 + 3 cos™ 9) sin &
3/2 — e
2mm
1 R 3/2
where we define u = —+5 |— u'
/2 \r
£ e
G. Equatorial Pitch Angle Distributions
The distribution of electrons in pitch angle at the equator can
be written in the form
= q
P(ue) Kq sin o , (68)
where-Kq.is a normalization constant .such that
T q
K f (sin de)Zﬂ sin_ae dae =1 3 (69)

q
ae(MIN)

and ¢ -meéasures the &egree of anisotropy.
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A realistic model of the radiation belts of Jupiter must take into
account -the variation in pitch-angle distribution with shell distance .
Such a variation is needed on the basis of theoretical considerations
of the Jovian field and experimental observations of the Earth's radiation
belts, both of which are elaborated later.

The Stokes -parameters in Equations (62) to (65) have been computed
for two types of distributions of electron pitch angles. One is iéotropic
éiven by q = 0, with a cutoff at ue(MIN); the other is sharply confined
to the:equatorial plane with q = 60.(*)

From Equation (69) the normalization constants for such-diséributions
= 0.498. Then we méy substitute

0 60
Equation (68) into Equations (62) to (65) and compute the Stokes para-

are K - = 1/ (47 IN and K
q = / (4T cos oce(M )) q=

meters separately for these two distributions. In erder to répresent
the number density of the particles in these edﬂations,-we define a
quantity NQ, which is a measure of the ratio’of the number of particles
witﬁ q = 60 to that number for which q = 0. The densities for the iso-

tropic and non-isotropic cases, respectively, can then be written as

follows:
N(r)m, = N(r,) [1 i"'NQ] g (70)
and N dmgy = N(x,) [T—f—'-ﬁ——] 1)

H.. The Integrated Stokes: Parameters for a Shell at Distance L’='re/RE*
By combining Equations (29) to (34) and (68) With Equations (62) to

(65) we write the expression for the Stokes parameters as a function of u

(*) This particular value is chosen since, as shown in Chapter III, Section B,
-1t provides for a sufficient range in the variability of the intensity
with rotation of the planet to account for the observations,
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from a cell.2° x 2°in longitude and latitude (¢ - 6 coordinates in
Figure 3) located.in a shell with equatorial distance L., They are
expressed in flux units received from Jupiter at a frequenéy f (MHz) .
The distance to Jupiter is normalized to 4.04 A.U. such that the planet

subtends a polar semi-diameter of 22.75".

I, (u,L) = KKy sid~2 o h/4 12 gind

d F(x) , - (72)
0,6 e

-2 5 h5/40—1/2»

q .
Qf (u,L) Kqu_sin sin @, Fp(x) cos 2y , - (73)(

0,9
U. (u,L) =KK sin-'2 9 h5/40_1/2 sin? % F (x) sin 2y , a4
fe’¢ lgq : e p .
and V. (uwl) = KK sin™> o h5/4o;3/4bf%1/2
f 2'q
B0
1/2 : I' (@) | .-1/2 1 _
{% Fs(x) + [2 + T (&) tan m) X [Fp(x) - le(x%i} .
' (75)
where L = IE/RE ,
~4 L
K1 = 0.72768 x 10 BSA'(u";)N(re)dre/re R
_ ) -3 =1/2. 3/2.,, . 5/2
K2 0.11883 x 10 ~ £ BS A'(u )N(re)dre/re s

B_ is the surface magnetic field at the equator in Gauss,

N is the number density at the equator in cm_3 .

A' is the normalized function of u'_=>/§; e/to ,
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KO(L) 1/{4m cos o (MIN)] for an isotropic distribﬁtion,

b
[

0.49794 for a distribution confined to the magnetic

60
equator,

h, p, 0, sin &e, cos 2y, sin 2x are given by Equations (29)
to (34),

F, Fp, Fs,are the emissivity—polarization functions given by

 Equations (18) to (20), and

(u).as-defined in Equation: (67).
0,0

X = X
The IBM 360/75 computer at the University of :Il1lilinois %as used to

calculafe the Stokesvﬁaraﬁeters integrated over a shell at L as a

- function of the enefgy—dependent érgument u. The integration was per-

formed by subdividing»each shell into 2° x 2° cells hereafter called

"source points". The position of the planet in the magnetospﬁere

(MC system) was accounted'for through Equation (49). It may Be‘shown

that the Stokes pérameters argssyﬁmetgic in the ¢—plané, i.e;;

I(¢) = I(~¢) and similarly for Q, U, and V. In the 6-plane we obtain

the folloﬁing relétioné; I(6) = I1(-8), Q(8) = Q(-8), U(6L) ~U(8) and

180° (in

. V(8) = -V(6). Also, at the rotational angles Q = 0° and ©
the system defined in Section D), we have complete symmetry in the
¢-plane and.integration need be performed only in the range'Oo é ¢ < 180°.

0,-and 135° the integration must be performed

.However, when £ = 45°, 90
in the full range of 00 <9< 360° because of the asymmetric bosition
of the planet in the‘magnetosphere at these rotation angles.

In calculating the Stokes parameters for an isotropic distribution

of electrons, the emission from all points in a shell requiring particles

with an equatorial pitch angle a, < ae(MIN) were rejected. The equatorial
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pitch angle ag of a particle at position 6,¢, whose radiation is detected
by the observer at fi, can be obtained by combining Equations (30) and (58),

sin3 0 o]

sin o = —/— [f— .
e ,h1/4 h

(76)
ae(MIN) is determined by the surface of the planet.which falls at a
different position along the field line for each shell distance L as
shown in Figure 7.

For the distribution of electrons limited to the equatorial plane
(K60 sin60 ae), the emission is strongly confined to that plane and the
integration is-complete within 30° of the magﬁetic equator. These solu-
tions are denoted by the subscript 60.

In the absence of the planet, integration over a shell yields
U=V=20 (as cén be éeen from the symmetry relations described above).
In the presence of an eclipse of the source by the planet we get U # 0.
It becomes immediately obvious that V is much smaller than U or Q and
will be neglected.

For rotational angles Q = 450, 900, and 135° the integration was
performed separately for the qua&rants 0 <¢ < 180° (component 1) and
180° <9< 360° (component 2). Tﬁese correspond to the west and east
components, respectively, of projected maps of the radiation belts
(Berge,'1966; Branson, 1968; Gulkis, 1970).

Table 4 shows the effeét of the planetary rotation on the eclipse
of the source. Evidently it increases gradually from Q = 0° (when the
zenomagnetic colatitude of the Earth, 60 = 770) fo Q= 180o (when 60 = 970).
The eclipse by'the planet ﬁas included for shells up to a distance of

L = 3.0. Beyond this point it was neglected and the error involved is



"TABLE 4

NUMBER OF 2° x 2° CELLS ECLIPSED BY THE PLANET AS FUNCTION OF THE

ROTATIONAL ANGLE Q AND SHELL DISTANCE L

o
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L 0° Q = 45° Q = 90° Q = 135° Q = 180
1.1 648 736 865 973 1048
1.3 410 477 572 650 708
1.5 316 375 460 513 566
1.7 258 312 384 430 476
1.9 214 267 334 370 410
2.1 186 234 297 325 362
2.3 160 207 265 286 324
2.5 136 182 239 254 292
2.7 120 163" -218 229 262
2.9 . 102 153 199 208 234
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less than 10 percent as can be seen by comparison of thg results in
Tables 5 and 6 for the integrated-Sﬁokesvparameters without and with the
planet. These were computed for an isotropic distribution of electrons
and © = 0°.

1. The isotropic case

The Stokes parameters shown in Tables 5 and 6 are computed for
representative values of u. As mentioned previously, U = 0 in the absence
of the planet (Table 5) but in the presence of the planet .(Table 6) U # 0
and in fact it is comparable to and larger than Q at some particular-
values of L (See Figure 13). It can be seen that at L = 3 the uneclipsed
values are within 10 percent'of the eclipsed ones and that the eclipse
effect decreases with increasing L. Therefore the values for the Stokes
parameters have been taken from Table 6 out to L = 3 and from Table 5
beyond.  As will be seen later, the best-fitting distribution of electrons
in the radiation belts falls.rapidly for L > 3,Aso that the overall
approximation is better than 10 perqeht.

The funcfion I(u,L) is shown in Figure 9. The behavior is smooth
with a peak near u = 0.7, which corresponds to x = 0.5 (See Table_3),

and thus, is similar in shape to the emiésivity—polarization function

F(x). The function /62(u,L) + Uz(u,L) was computed and is shown in
Figure 10. There 1is a transition phase in the range L = 1.1 to 1.6 in
which the polarized intensity gradually diminishes and its maximum is
displaced towardsva smaller u. At L > 1.6 the polarized intensity rises

again with increasing L and peaks at a nearly constant value of u.

According to Equation (9) the quantity Q2(u,L) + Uz(u,L)/I(u,L)'is
the degree of polarization for a given u at the shell distance L. Thus

for a given u we may plot the degree of polarization of the synchrotron



TABLE 5. STOKES PARAMETERS AS FUNCTION OF u AND L FOR THE NON—ECLIPSE%
CASE (U = 0). PITCH ANGLE DISTRIBUTION IS ISOTROPIC. =0

; 1.5 2.0

\‘: 1 .5 1.0

t 1 Q 1 . Q 1 Q I Q . 1 Q

1.1 0.0 0.0 0.14131FE 00 0.75445€-01 0.18323F 00 — 0. 84584E=01 0.16440E 00  0.70515E-01 Q.14476E 00  0.59628E-01
1.2 0.0 0.0 0.21936E 00 0.81025E-01 0.27298E 00 0.93658E-01 0.24202E 00. . 0.78393E-01 0.21370F 00  0.66426E-01
1.3 -0.12391€-04 -0.10209E-0& - _0.29334E 00 0.69851€-01 0.351238F 00 —0,87852F=0] 0.21064F 00 0.74333E-01 0.27265F 00 0.63111F-01
1.4 0.97191E-04_~0,84943E-04 0.26286E 00 0.50678E-01 0.42162F 00 0.75644E~01 0.37052E 00 0.65256F=01 N.32494€ 00 0.55489E~0L
1.5 - 0.63032E~03 -0.56363E-03 ~ 0.43512E 00 0.22849F-01 - 0.49113F 00 —0.56974E=01 0.42899E 00 0.51241E-01 0.37461FE 00 0.44353E-01
1.6 0.18318€-02 =-0.16111E-02 0.50357E 00 =-0.56428E-02 0.55398¢ 00 0.37104E-01 0.48193E 00 0.35733E-01 0.41974F 00  0.31769E-01 .
1.7 0.44072E=02 -0.37432€-02 " 0.57326FE 00 -~0.31694F-01 0.61775€ 00 —0.20953E=01 0.53493F 00 0.23901E-01 . D.46563E 00 0.21983€-01
1.8 '0,90858E-02 _-Q,73449E~02 0.63960E 00 =-0.62172E-01 "0.6T60LE 00 =0.95T17€E=~-03 0.58291F 00 0.70399€-02 0.50673E 00 0. 79789E-02
1.9 0.17128E-01 -0.12956E~01 0.70927F 00 -0.88037FE-01 0.73642E 00-=0.176136=0) 0.63263F 00 -0.54074E-02 0.54946F 00 -0.23226E-02
2.0 0.26987E-01 =0,19239E-01 0.77311F 00 -0.11371¢ 00 0. 79144E 00 =0.34652E-01 0.67778E 00 -0.18171E-01 0.5AR43F 00 =-0.12957E-01
2.1  0,38199E-01 -0.25787F-01 0.83R800E 00 =-0.132954E 00 _0.84636E 00~=0.53151E=01 0.72308E 00 -0.32566E-01 0.62662E 00 =-0.24761F-01
2.2 0.59266E-01 _-0,36548E-01 0.91057¢ 00 -0.16167E 00 0.90659E 00 =0.567866E-01 ‘0.77334E 00 -0.44135E-01 0.66042E 00 -0.34247E-01
2.3 0.71614E-01 ~-0.42063E-01 0.96719€ 00 -0.17990E 00 _0.95350F Q0 -—=0,79545E=01 0.81233E 00 -0.52987E-01 0.70304F 00 -0.41613E-01
2.4 "0.10392E 00 _-0.54918E=-01 0.10445E 01 -0.20006F 00 0.10164E 01 =0.93124E-01 0.R6414E 00 -0.63464E-01 0.74734F 00 -0.50342€-01
2.5 _0,12065E 00 ~0.59544E=-01 ‘0.11054€ 01 -0.21337F 0C' _0,108806 01 =0.10345500 0.90681F 00 =-0.71618E-01" 0.78429E 00 ~0.57260E-01
2.6  0.16589F 00 _-Q,72742E-01 0.11774E 01 -0.22641E 00 0.11236E 01 =~0.11165E 00 0.95126F 00 -0.7T7T773E-01 0.82195E 00 -0.62350E-01"
2.7 _0.19058E 00 -0.76801€-01 0.12355E 01 -0.23487E 00  _0,11718E 0] -=0.118506-00 0.9910RE 00 -0.83266E-01 - 0.R5588F 00 -0.66916E-01 .
2.8 0V.24085E 00 =0, 84493E-01 0.13064€ 01 -0.241852 CO . 0,12273E 01. ~0.12365E 00 "0.10368E 01 -0.87354E-01" 0.R9272E 00 -0.69953F-01
2.9 Z0.87435€-01 0.13547E 01 -0.24832F 00 0.126665 01 =0.12851E 00 ‘0.10699€ 01 -0.91103E-01 0.92083F 00 =-0.72973E-01
3.00 "0.30623F€ 00 _=-0,B7718E=-Q1 0.14126E 01 =-0.25127% 0C 0.13154E 01 =0.13016E 00 0.11109E 01 -0.920R0E-01 0.,95638E 00 =-0.T73764F-01
3.1 -0,36986E 00 ~-0.90701E-01 0.14727€ 01 -0.25327€ 00  _0.13596E 01 =0.13072500 0.11472F 01  -0.92492F-01 0.98704€ 00 -0.74042€-01
3.2 - 0.40754E 00 _-0,92116F-01  O0.15151FE 01 -0.25111E 00" 0.13916E 01| =0.13729E 00 0.11733€ 01 -0.97831€-01 0.10089€ 01 =-0,78400E-01
3.3 _0.45004F_Q0 -0.85724E-01 0.15778E 01 -0.25977¢ 00 0.144186-01] =0.13789€ 00 0.12126E 01 -0.98658€-01 0.10434F 01  -0.79053E-01
3.6 " 0.50394€ 00 ~0.87094E-01 0.161BTE 01 -0.26520E 00 0.14725E 01| =0.14199E 00 0.12373E 01 -0.10180F 00 T 0.10640F 01 =-0,81825F-01
3.5 0.56347E 00 -0.85067E-01 0.16682E 01 =-0.26901E 00 -0.15086E- 01} =0+144635 00 0.12651€ 01 =-0.10392E 00 - (0,10878F 01 =-0.83527€-01
3.6 -0.60165€ 00 =0.8]]194E=01 0.16564E 01 -0.27042F 00 ° 0,]15306E 01| =0.14T10E 00 0.12825E 01 =-0.10622F 00 -"0_.11030€ 01 -0.85538E-01
3.7° _Q.64173E Q0 -0.7457GE-01 0.17605E 01 -0.26902E 00 —-0.158736 03+=0+ 1473 EQO 0.13301E 01 -0.10680E 00 0.11443E 01 -0.86061E-01
3.8 " 0.70033E 00 -0.68520F=01 0.18002€ 01 -0.26766E DO 0.16161F 01 -0.14567E 00- 0.13535€ 01 =-0.10528F 00 0.11633E 01 -0.R4854E-01
3.9° 1 0.76847F 00 =-0.60999E-01 0418504F 01 - -0.2696RF 00, _0,165406 01| =0.146806-00- 0.13838E 01 -0.10602F Q0. ‘0.11885F 01 =-0.85496E-01
4.0’ 0.81030F 00 -0.57988E=0] 0.1RB40E 01~ -0.2691%¢ 00"  (0,.16806E 01| -0.14530FE 00 "0.i%067FE OT ~ -0.10451E 00 0.120R3€ 01 ~0.R4091E-01
4.1 . 0.84639F 00 -0,53096E-01  0.1912BE 01 =-0.26953F 00  _0,17026E01}-0+14T723E 00 0.14248F_01 -0.10638F 00 0.12240F 01 -0.85748E-01
4.2 0.B89658F 00 -0.35003E-01 0.19700E 01 -0.25801F 00 .0.17501F 01| =0.14140E 00 0.1464TE 01 -0.10223E 00 . 0.12581F 01 -0.82524E-01
4.3 _0,95103F 00 -0.26893E£-0] 0.20185E 01 -0.26060f 00 _0,17884E 0} -=0-14263E00- 0.14974€ 01 -0.10262E 00 0.12861FE 01 -0.82574E-01
4.4  0,10195E 01 -0.,19559E-01  0.20585E 01 -0.25777€ 00 0.18144E 01| ~0.14002E 00 0.15192€ 01 -0.10010E 00 0.13051€ 01 -0.80282€-01
4.5 - - 0.20900E 01 -0.25672F 00  _0,183556 0L —O8+13978E00 0,15359€ 01 -0,99865E-01 0.13192€ 01 -0.80031E-01
4.6 0.11142E 01 0.40092E-03 0.21279E 01 -0.25272% 00 0.18621F 01| -0.13715E 00 0.16564F 01 -0.98019E-01 0.13363F 01 -0.785486-01
4.7 _0.116B1F 0)  0.18979E=01 0.21737E 01 ~0.24874E 00  0.18991E. 01 ~0+13535E-00 0.,15855E 01 -049701RF-0 0.12610€ 01 =-0.77627E-01
4.8 ..0.11914E 01 0.23504E-01 0.21892€ 01 -0.24640F 00 0.19127F 01| =0.13563€ 00 0.15975€ 01 <-0.97904E-01 - 0.13718€ 01 -0.7R602E-01"
4.9 ‘0.12134F 01 _ 0.2901 9E-01 0.22250€ 01 =0.24508E 00  _g.193006 01l —0ri35365—00 0.16181€ 01 -0.97678E=-01 0.13R96F 01 -0.7R8545E-01
5.0 0.13234E 01 0.57932E-01 0.23005€E 01 -0.22261€ 00 0.20016E 01 =0.12083E 00 0.16T05F 01 -0.86952E-01 0.14340F 01 -0.69968E-01
5.1 0.73795E€-01 ~ 0.23295E 01 -0.21597F 00  _0.20204F 01 =0+11661E 00 - 0.16846E 01 -0,83795E-01 0.14454E 01 -0.67449E-01
5.2 0.14273€ 01 0.87604E=-01" . 0.23482F 01 -0.2)}073E 00 0.20327E 01| =0.11324E 00 .0.16937¢ 01 =-0.81291E-01 0.14527¢ 01 -0.65472E-01
5.3 0,11468E. 00 0.,23911FE 01 =0.20343F 00 _g,206866 01 —0-108T0E00 0,17237E 0] -0,77669€-01 °~ 0,14784€ 0} -0.62465€-01
§.4 0.151T1E 01 0.11983E 00 . 0.24033F 01 -0.20010€ 00 0.20783F 01! ~0.10555E 00 0.17318€ 01 =-0.75061E-01 0.14852F 01 -0,60306E-01
5.5 0.154649F 01 0,13081€ 00- -0.24443F Ol -0.19471F 00  _0.21090c 01 —0+1026F7E00 0.17570F 01 -0.726R8E-01" 0.15061F 01 =-0.58421E-01
5.6 O0.15707E 01 0.13966E 00 . 0.24565E 01 -0.19114E 00 0.21170€ O1° -0.10038E 00 0.17633€ 01 ~0.708R84E-01 0.15112E 01 ~0.56993€-01
5.7 0.15928F 01 _ 0.14834F 00 0.24678E 01 =-0.1872BE 00 0.176R8E 01 =-0.69074E-01 0.15156E 01 ~0.55544E-01
5.8 0.16938E 01  0.17247E 00 0.25062E 01 -0.17901F 00 0.17889E 01 -0.648025-01 0.15302E 01 -0.52444E-01
5.9 0.17407F 01 0,18718F 00 0.25243E 01 =-0.17410F 00 0.1B044E 0] "-0.64249F-01 0.15440F 01 -0.,52392€-01
6.0 3-6.150525 o1 - ~0~21220€ 00. 0.25494F 01 -<0.16547E N0 0.18175€ 01 --0.59R802€-01 0.15553E 01 =-0.4R558E-01
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LU ULLLLUUVULUVDED LRSI WLWWWLWLWLWWWWINRNNONNONNNNND NN R
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3.0 4.0 5.0 7.0 10.0
1 Q 1 Q 1 Q 1 Q I Q

0117725 00 _0.4£%09E-01 _0.54315€-01  0.27591F-01 0.8A411F-01 0.33167F-01 0.,69940E-01  0.26518%-01 0.54692E-01 _ 0.20321E-01
0.17264E 00 . 0.521&1F-01 0.12271¢ 0.641390F-01 0.126RAE 00 0,36RSNF=N1 0.10271E 00  D.295RAE=-01 0.805205~ 0.22908E-01
0.21890F Q0. 0.49874F-01 0.18150¢F 0,39937€-01 0.16120F 00  0,24999F-01 0.13059E 00  0.28162E-01 0,10268F 0.21927€-01

0.25975F 00  0.46286F-01 0.21503¢ ‘D,19126E 00  0.30R61F-01 0.165452F 00 0.2499)E-01 0.12181E 0.19448F-01

0.29975F 00 _ 0.35581F-01 0.2496RF 0,22022F 00  0.24507E-01 0.17820f 00 0.201085-01 0.14051E 0.15490E-01

0.335136 00  0,2e0246-01 .2 1Q24F 0.26642F 00 0.17374F-01 0.19910F 00 0.14564RF-01 0.15718EF 0.11173E-01
0.37205E 00 D.1R266E=-01 0.30998¢F 0.125R825-01 0.27265E 00  0.1186RE-01 ‘0.32077F 00 0.10217£-01 0.17414F N,74309€=-02
0.40413E 00 0.77-29F-02 0.33708F 0.4734655-02 0.295%2E N0  0.445006-02 0.23955€ 00 0.428R6F-02 0.18919E 0.30134E-02
0.43762€ 00 -0,42:22F=04 0.3h6R6F -0.176755-02 0.32000F 00 -0.13688F-02 0.25918F 00 -0.106A8F-03 0.20433F ~0.4T7466E-01
0.46A84%F 00 -0,R2596E-02 0.35029E S0.RE916F-02 0.34243F GO -0.70715E-02 0.27730F 00 -0.48041FE-02 0,21913¢ -0.41004E-02
0.49R6AE 00 ~-0.1733RF-01 0.61543€ -0.16001F-01 0.34401F 00 -0,13421F=-01 0.29685F 00 =-0.99366E~-02 0.23315€ -0.R17RRE-02
0.521R8F 00 ~0,24467F-01 0.44316F =0.21994E=-07 0.38838F 00 -0.'86096-01 0.31464E DO -0.14032E-01 0.24R50F ~0.11328F-01
0.85R49F 00 -0.20080£-0! 0.4K6525F -0.26532E-01 0.40786E 00 -0,22594F-0! 0.330.6F 00 =-N.17277F-01 0.26057F -0.13807€-01

0.59281F 00 ~0.36550¢~-01 0. 4G&04E -0,3792937-01 0.43269F 00 -0.27150F-0! "0.3%5025E 00 -0.20989e~-01 0.27649E ~0.16709€E-01

0.62161F 00 -0441814F-01 0.51777F -0.26227£-01 0.45235F 00 -0.2082RE-01 0.36686F 00 -0.239432E-01 N.29963F -0.19025€-01

0.65089F 00 -0,457365-01 0.54233E ~0.35560F-0" 0.474L4FE 00 ~0,33566F-01 0.33412F 00 -0.24186E-0' 0.3N34R8E -0.20804E-01

0.67715F 00 -0.49218E=-01 0.55451F ~0.42617E-01 0.49376E 00 -0.36078E-01 0.39996F 00 =-0.,2R2585-01 0.21597¢ -0.22390E-0"

0.70664F 00 -0,51654E-01 0.5A946E <0.245R7F-01 0.51525F 00 ~0.37R811F-01 0.41728F 00 <-0.29569E-01 0.33030E -0.23610£-01
0.72906F 00 -0.539237E-01 0.60803F =0.465: «53116F 00 ~-0.39410F-01 0.63018F 00 -0.310108-01 0.324079F -0.24712€-01

0.75705F€ 00 -~-0,54552F-01 0. 6312RF ~0.66% 0.55127F 00 <0.30601E=0% 0.44618F 00 =0.31317F-01 0.35302€ -0.24935€-01
0.7R049F 00 -0.54352E-11 0.65091F -0.47232E-01 "0.5686AF 00 -0,39881E-01 0.45979E 00 -0.31437E-01  0.3h166F -D.24702E-01

0.79770F 00 -0.58255F-Cl 0.66661F “N.50129F-01 0.59135E 00 -0.47366F-01 0.46969F 00 ~0.33443F-01 0.36784F -0.2612RE-N1

0.82457€ 00  -0.5R349£-01 0.68792F -0.505685-01 0.60092F 00 -0.427275-01 0.48557E 00 -0.33706E-01 0.,27889F ~0.26389F-01

0.84055€ 00 -0.60870C-01 0.70166F -0.52282E-01 N.61243F 00 -0.44162E6-01 0.49556€ 00 -0, 340336-01 0.3R272F ~0.27390£-01

0.85936F 00 -0.62162F-01 N.71717F -N.534175-01 0.62556F 00 -0.450H82E-01 0.50689FE_00 -0.356R1F-01 0.38R896F -0.27841E-01

0.RTI17F 00 -0.636465-01 0.72710F ~0.544570E-01 0.63408c 00 -0.462078-01 0.51418E 00 ~0.36529€~-01 0.239212€E -0.28544E-01

0.90412F 00 -0.64106F-01 0.75453€ =0.550425-01 0.657B6E 0N  -0,46547E-01 0,53365F 00 -0.36735€-01 0,40716F -0.,2R471£-01
0.QLATAE 00 =-0.63296E-01 0.76638F “0.54424E-01 0.66832F 00 -0.452T9F-01 0.54039E 00 -0.36183£-01 0.410464E -0.2R923E-0!

0.G3810F 00, =0.62486F-01, 0. 7R1RAF -0.549777-01 N.68243F 00 -0.46426E-01 0.548205 00 -0.36551E=-01 0.41519F -0.29637€-01
0.95337F 00 -0.62564F-01V 0.79425F ~0.56070F-01 0.69396F 00 -0,45571F-01 0.%5522E 00 =-0.36103£-01 0.42023¢ -0,293313€-01

0.96591F 00 =0.6232]1F-01 e ROLASE ~0.55292£-01 0.70293E 00 -0.46488E-01 0.56026F 00 -0.37202E-01 N0.42403E -0.30236E-01

0.99206E 00 -0.61452F-01 0.R267T7F -0.53226E-01 0.72246E N0 -0,44722%-01 0.57260F 00 -0.36580E-01 0,43423E -0.29786E-0!

0.10157¢ 01 -0.613362-01 0.R457GF -0.53106F=-01 0.73922F 00 -0.44609E-01 0.58450€ 00 =0.367596-01 0.441T2E -0.320178E-01

0.10308¢ 01 -0.594R1E-0! 0.R5874F -0.51607F-01 0.75080E 00 -0.43243F-01 0.58311E 0N =0.34084E-01 0.44461F ~0.29674E-01

0.1041R8E 01 -0.59311E-01 0.R6T3IE -0.51446E-01 0.75899F N0 «0.42014F=01 0.59320F 00 -0,34613E-01 0,44695E -0,29364E-01
0.1N549€ 01 =~-0,5R122E-01 N.RTB20F ~0.5043T7E-01 0.7A8G5E 00 -0.42092E-01 0.59860F 00 <~0.36263E-01 0.45029¢ =0.29950E-01

0,10742F D) -0.57312E-01 0.89415F -0.49681£-01 0.783405 00 -0.41457F=-01 060742 00  =0,36893F-01 D.45607E ~0.30496E=-01
C.10823C 01 ~0.58124E-01 0.90175¢ ~0.50697F-01 0.78999€ 00 =~-0.42074£-01 0.612606 00 -0.37472€-01 (1.45348E -0.30974E-01
0.10970F 01 -0.,5794!1E-01 0. 91298E -0.50604E-01 0,79998F 00 -0.%1985E-01 0.,61994F Q0 =-0,37393F-01 0.46507F -0.20988F-01
0.,11329F 01 -0N.51381E-01 0.Q448FF -0.44926F-01 0.82006F 00 -0.3825?2¢-01 0.63505F 00 -0.34391E-01 0.47687E -0.28884E-01
0.11420F 01 =-0.49371F-01 0.9521 7F -0.423895-01 0.R2312€ 00  -0.37526E-01 _C.b2T700F 00 -0,33854F=0" 0.47782E -0.285696-01

«11478E 01 -0.47790F-01 0.55860F ~0.41496F-01 . 0.82461F 00 -0.3T7159F-0! 0.63793F 00 -0.33586E-01 0.47829F -0.28409€-01

0.,11675F 0] -0.456R6E-01 0.97586F -0.392752-01 0.8350%F 00 -0.37043F-01 0.64594E 00 =0,33492E=0) 0.48429E ~0.2R537E=-01

0.F1727€ 01 -0.44051F-01 0.5R0L0E ~0.37364F-01 0.8378RF 00 -0.359875-01 0.64762E 00 =0.327275-01 0.48524E -0.28053E-01

0.,11886F 01 =-0.4255RE-01 N.,99373E -0.36740E-01 0.924871€ 00 -~0,35136F-01 3 0 -0,32039E=-Q1 0.491 48F -0.27637E-01

0.110924F 01 =0.414925-01 0.99690F -0.35868F-01 0.R5083F 00 -0,34440F-01 0.65714E 00 =0.31646E=-01 0.69148E “0.27637€-01
0.11956F 01 -0.40434€-01 0.99967E ~0,34996E-01 0.B5265F 00 -0.32721E-01 0,65819F 00 -0,3'190F-q1l 0. 49} 48E ~0.276376-01
0.12092€ 01 -0.3175R3E-0! 0.10017¢ -0.34481£-01 0.85368E 00 -0.33388E-01 0.65R819F 00 =-0.31190E-D1 0.49148E -0.27637€-01
0.12215€ 01 _=-0,375037-01 0.10080F -0.35648E-01 N,85884F 00 -0.34420F-01 0.66202E 00  =0.32175F=0! 0.49459E -0.28422€-01

«12703F 01 -0.34495E-0%" 0.10101E -0.34987E-01 0.85992€ Q0 -0.34007%-01 0.66202F 00 -0.321756-01 0.49459€ -0.28427¢-01"
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1.7C
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1.90
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2.10
_2.20
23C
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TABLE 6.

0,0

U ¥ 0.

5

C.10¢18F 00

000
0.50188E-CS

CelT7C46E 0N
C.23¢26E C€Q

0.86423E~0

0.50564€=03
_0,1E5505€-62

0.37£38E-02

_0.76258E-C2

D.142856-C1
0.21638E~01
0.33400E-01
0.50500E~01
0.63200E-01
0.89800E-01

0.10640E-00
0.14218E 0C

C.30CS6F 00

_ 0.26534E Q0
C.%3271F 0O

C.4GET2E 00
«£5267C 00

© 0.63C24E 00

0.75750E 00!
0.82570E 00
0.88130E 00"
0.95200E 00
0.10105E 01

0.10784E 0}

2.7C
2.8C

0.16755€F ©C
0.20292F OC

0.11277€ 01
C.11680F 01

2.90
2.0C

0.24105F 0OC

_0.27012E CC |

C.12¢36E 0L
_0.12121E 0}

.1 .5
0.0 0.57486E-01
0.0 C.E6C4RE=0]
=C.84373E-05 Cet67C1E~01

«0,762272=04

2.°0

1.2C

2.8C

-0,65270£=03

-V ¥ T 1 T

C.51€67E-0?

=0e13¢€56F=-C2
-0.32431E=-C2

=0.16£785-01
=0.434425-01

=3.€4136E=-C2
~0,11C76£=-01

-C.704843-01
-C.%2C8RE=01

T0.16238E-01
-6.73361E-01
-0.32672E-01

~0.39101E-01

-0.50727E-01
-0,56832E=-01

-0.11265E 00

-0.13831E 40
-0.15820E 00
-0.17722E 00
-0.19760E 00
-0.21232E 00

-0.68¢27F-01
-0.75720€E=01

=C.227€2F 03

=0.24048F 00

~0.82¢64CE-C1
-N.,83681E~-01

=0.?25C¢4E 00
=-0.26hC86F_0O0

-0.53¢€20E-01

.1

C.Q

=0.26771C 00

.5

=C.18CESE=-02

OQC
-0,12134F=05

-0.4377SE-C2
=CetTL2RE=02

-0.15575F-05

_.0,93522E=05

~C.73€C8E-Q2

=C.R2FG0E~02

0,65423E-04

=0.324C2E-02

P 0.22277E-C2

0.5777CE-03

-0.74261E=-02
=0.6L3L4E=02

0.15C35F-C2
_0,2£3616=02
0.31402E-02
0.59157E-02
0.61804E-02
0.13320E-01
0.10905E=01
0.175656=-01

-0.40775E=02

=0,12¢9€E-02

0.11274E-02
0.54844E-02
0.90125E-02
0.14993E-01
0.18661E-01
C.22E8¢2FE=~01

Da17455E-C1
0.267€1F=-01

Ne23427E-0L
0.31223F=-01

0.2621PE=01
0.25880F=C1

Oe76CEeE=-01
0.27C67°=01

1.0

Jel34e4E CC

0.20Eg1E QC

0.27405E OC

_0.32784F OC
T0.39845E 0C

0.w61148 00
0.52C54E OC
J.5T8S%F 00

£1€83F CC
0.£5376E 0OC

0.75120E 00.
0.80940E 00'

0.85550E 00
0.91370E 00
0,96320E 00

D.1C175c Q1
N.10¢55F C1

0,11146F 01

0.118G6CF 01

0.12C3%€ Q!

Q .

T 1.0

Q Y3 -lttE-“l

C.£3310€~-01
GR{A]E-01

Q.6 t61E-01

0,26761E=-01
0:12CG6RE~-Q1

-0.21C05E=02

-, 20856F=C3

~).23:230e-C!

mDe kb €a2F=01

-0.62269E-01
-0.74381E~01

-0.86406E~01 .

-0.99800E-01
-0.10992E_QQ

-0,11554E CC

-0.12£88€ 0C

-0, 14346F 00

~Ne12776F OO0

U

1.0

~0.18417€-02

- £fGf=

-0.¢4567E=02

- 2 =02
-O_Fiilfg -C2

=0.52£21E-02

=) C4ELLE=-CE

=0.37C86F~C2

=0.622276=C4

“0.B23E3E-02
-0.71053E-02
-0.47375E-02
~0.24386E~02
0.15828E-02
0.41110E-02

0.t €GE 2E=02
0.707%L0F=C7

0.12€55F=CL

0.,81¢19F-02

Ne38EHLTE~D2

STOKES PARAMETERS AS FUNCTION OF u AND L FOR THE ECLIPSED CASE
PITCH ANGLE DISTRIBUTION IS ISOTROPIC. @ = 0°

1.5

0.18210F 0D

C.24C62F 0O

0429464 €O
0.34528E N0
2133107 (O

Cooa76GE CO-

0.49856GE CD

"T0.54542E 00

0.59012% 0D

0.68710E 00

0.72E84CF €O
0. 77344E 00
C.81444E CO
0.34182E-02
C.362C2E-02
0.B3EFPF-0C .
0.45¢81E-C2
0.606322E6-02

1.5

T 0.4RP&L3E-01
0.52756F=01

Cev9C25L =01

0.402828-01

0.27644F=01
.14 T37E=01

0.34108F=02¢
=C.10RF&E=CI
-0.1993¢6E=01
=0.2G€F07 =01
=0,41476£=01
~0.507209E-01

~0.5GE€7E=C1
-0.70172E-01
-0.78CCsF=Ci
<o~952¢ca-01
=0e92546E=-01
'-0 $8277E-01
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Figure 9. The function I(u,L) in units of the surface magnetic field B_, the equatorial number

density N(L) agd the normalization constant KO(L5 for an iso%ropic pitch angle distri-
bution. Q =0". .
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emission as-a function of L (Figure 11)., Again we see a sharp drop in
the degree of polarization near L = 1.6 with a rise to a peak near 2.0
and then a gradual decline with increasing L. In order to clarify this
Eehavior we must refer to Figure 12. This shows the relationship between
the equatorial pitch angle o and the corresponding range of positions,

8 - ¢ for the source points. Thus, if we set a limiting equatorial
pitch angle ue(MIN) = 150, we can infegrate only up to the colatitude

o = 67.5o in the plane ¢ = 0o as opposed to the colatitude 6 = 60o in
the plane ¢ = 300, or colatitude 6 = 45° in the plane ¢ = 90° and so on.
This situation répeats itself in reverse for 90o <9 5 1800. Thus for
any limiting equatorial pitch angle sﬁcﬁ a;’described in Section E thére
will be a different range of soufce points for different ¢-planes. Inter-
ference among those different planés will produce the curve obtained in
Figure 11 with a minimum at the point of greatest interference. In the
absence of the planetAﬁhe minimum is exactly éero near L = 1,6. ‘Thus,
the effect observed is purely a consequence of the dipole geometry in
its three-dimensional context. It should be noted that the degree of
polarization generally increases with decreasing u. &t any given shell L
(Figure 11).

The quantity‘U(uJQ/Qﬁl,L)measures the angle between the plane of
linear polarization and the magneﬁic equator (represented by éy in
Figure 3). By combining Equations (73) and (74) we see that this is
simply a measure of tan 2y where x is the angle between the plane of
polarization of ﬁhe émission and the magnetic eqﬁator (or reference axis
éy in Figure 3). The resulﬁs plotted in Figure 13 shbw a peréistent
anomalpus behavior in the region of the minimal degreé of polarization,
i.e., when the electric vectors from different ¢-planes nearly all cancel

each other.
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Figure 11, TFractional degree of polarization as a function of u and L. Note the sharp drop to
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- Figure 12,

a, ., EQUATORIAL PITCH ANGLE, DEGREES

l !
90 60 30 0

8. MAGNETIC COLATITUDE, DEGREES

Magnetic colatitude (8) of source points at various longitudes (¢) corresponding

to electrons whose equatorial pitch angles are a . The electric vector of a source
point at (6,¢) is polarized in the direction B x i (See Figure 3). Interference
among different ¢~planes results in a minimum in the net polarization of the emission
integrated over the entire source.

KA
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Figure 13. Tan 2y = U/Q as a function of u and L. x is the angle between
the plane of polarization and the magnetic equator (or reference
axis éy in Figure 3).
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2., The anisotropic case
In the case of a distribution of electrons sharply confined to the-:

magnetic equator, we immediately have U, ~ 0O, - Thus, we have

60
2 2 S d -~ —
/660(u,L) + er(uﬂg = Q6o(u,L).The values for u = 1.5 are shown as

functions of L in Table 7. The values at Q = 0 are designated ‘with the
_superscript 0 and for Q > 0° the parameters are expreséed as a ratio to
the corresponding values at Q = 0°. Furthermore the two components (1)

¢} o

and (2) (See Page 43) of the emission at @ = 45°, 90°, and 135° are shown

for comparison. We see that for Q = 00 both I and Q60’vary so slowly

60
with shell distance that a singlé curve shown in Figure 14 may be used
-to represent both parameters for all shells with an accuracy far better
than 10 percent. It is immediately apﬁarent that the degree of polari-
zation at = 0° is nearly constant with a vélﬁe of 0.56 as L varies.
In turn, the intensity at Q = 90b (when the colatitude of the observer

is 87°) is increased by a factor of 2 over that at 0° 6, = 770).

% 0
This is to be compared with the isotropic case where an increase in the
occultation of the source points with rotation (See Table 4) results in
an actual decrease in the intensity af Q = 90° for shell distances L < 2,
The change in the intensity (or degree of polarization) with shell
distance is more marked with increasing rotation angle Q. This is due
to the fact that at these larger angles the occultation of source points
close to the equatorial plane rapidly decreases with increasing L. Com-
parison of the_twb longitudinal components of the intensity shows that
component (2) (east component) is consistently less than component (1)
(west component) by 2 to 3 percent, the difference being greatest for

shells closer to the planet, i.e., when the occultation effects are a

maximum) .



57
TABLE 7
STOKES PARAMETERS AS FUNCTION OF u AND L FOR THEOECLI?SED CASE (U # 0).

(The pitch angle.distribution is of the form sin ae.‘ For @ > Qo the
quantities are expressed as a ratio to. the corresponding value at @ =0,

u=1.5.) o =0°

L 1° = Ioo(u,L) . P° = /ng('u,D + Uzo(u,L)
1.1 0.01375 . : 0.00770
1.3 0.01415 0.00793
1.5 0.01436 ‘ * 0.00805
1.7 0.01447 0.00812
1.9 . 0.01456 f | 0.00817
2.1 0.01463 _ 0.00821
2.3 0.01469 ' 0.00825
2.5 - 0.01473 . 0.00827
2.7 0.01477 0.00829
2.9 0.01480 : 0.00831

Q= 45° )

L. Iéé)(ﬁ,L)/Io’ Iég)gu,L)/1° ﬁggd(u,L) + Uéo(u,L)/Pb
1.1 0.62759 0.61313 1.24429
1.3 0.65591 0:64222 1.30321
1.5 0.66892 0.65531 1.33024
1.7 . 0.67749 0.66403 1.34822
1.9 0.68472 0.67006 1.36204
2.1 0.69005 0.67493 1.37268
2.3 0.69349 0.67807 1.37954
2.5 | 0.69611 | 0.68236  1.38675
2.7 0.69866 0.68493 1.39211

2.9 0.70120 0.68749 1.39742



TABLE 7 (cont.)
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Q= 90
L Iéé)(u,L)/Io Iég)(u,L)/Io /6§d(u,L) + Uzo(u,L)/Po
1.1 0.85099 0.83574 1.69777
1.3 0.93968 0.91810 1.87130
1.5 0.97904 0.95779 1.95302
1.7 © 1.00662 0.98547 2.00985
1.9 1.02410 1.00554 - 2.04883
2.1 1.04054 1.02031 2.08132
2.3 1.04935 1.03098 2.10157
2.5 1.05794 1.04300 2.12306
2.7 1.06607 1.04743 2.13615
2.9 1.07378 1.05376 2.15080
Q = 135°
L Do 1@’ R+ 1 w,L /e
1.1 0.63314 0.62402 1.26250
1.3 0.76025 0.74050 1.50584
1.5 0.82227 0.81042 1.64006
1.7 0.86559 0.85038 1.72543
1.9 0.89407 0.88211 1.78751
2.1 0.91649 0.90624 1.83562
2.3 0.93541 ' 0.92364 1.87323
2.5 0.95020 - 0.94053 1.90609
2.7 0.96355 0.95393 1.93387
2.9 0.97552 0.96388 1.95666
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TABLE 7 (cont.)

Q = 180°
Lo G,l)/1° A2, (L) + U2, Cu,1) /20
1.1 0.89823 0.89928
1.3 1.13496 1.13346
1.5 1.26095 1.26083
1.7 1.34946 1.35111
1.9 1.41435 1.41761
2.1 1.45664 1.46125
2.3 1.49881 1.50476
2.5 1.53502 1.54225
2.7 1.56189 1.57013
2.9 1.58586 1.59504
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The functions I 0(u,L) and [ng(u,L) + Uz (u,L)]l/2 in units of the surface
magnetic field g , the equatorial number gensity N6 L) and66he normalization
constant K for“a pitch angle distribution of the Qorm sin "o, . A single set

of curves is accurate within 10 percent for all shells at Q = Oo(See Table 7).
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3. The intensity as a function of the energy-dependent variable u'
for a shell at distance L.

The Stokes parameters given by Equations (72) to (75) were computed
as a function of the variable u for a given shell at distance L. The
results for the isotropic and non-isotropic cases are shown in Figures

9, 10, and 14, and Tables 6 and 7. To calculateé the Stokes parameters as

functions of the energy variable u' = /ﬁ; e/so at a frequency f, we make
the transformation u' = (fL3)l/2u [See Equation (67)]. The results for

the intensity function are shown in Figure 15 for the shells L = 2 and
L.= 4. Iﬁ is clear that the intensity peak moves to higher values of u',
i.e., towards increasing energy, with increasing frequency of emission.
Also comparison between the two shells shows that the intensity peak at

a given frequency moves to higher values of u' in going from an inner to
an outer shell. It is also obvious that for low Qalues of the energy
(say u' < 100) the integrated intensity from the outer shell at 100 MHz
is greater than at 1000 MHz, On the other”hand the intensities are of
similar magnitude in the inner shell. This pattern is a direct reflection
of the behavior of the emissivity-~polarization functions for synchrotron
gédiation. These functions show a peak near x =-0.3, then fall rapidly
with increasing argument and more slowly in the other direction as showﬁ
in Figure 14 above. Here we express this argument x as an inverse
function of energy for a given frequency and a magnetic field strength
which falls as l/L3 in the equatofial plane [See Equation (67)]. This
pattern partly accounts for the observational evidence (Gulkis, 1970)

that the Jo%ian radiation belts appear to broaden with decreasing

frequency. This effect will be elaborated upon later.
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Figure '15. The function I(u',L) in units of the surface magnetic field B_,
the equatorial number density N(L) and the normalization con=
stant K_(L) for an isotropic pitch angle distribution. Results
are shown for different frequencies at the shell distances L = 2
and L = 4. u' = /B, e/so is the energy-dependent variable.

Q= Oo. The frequencies f are in MHz.
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CHAPTER III. APPLICATION TO JUPITER

A, Observations of the Radiation Belts of Jupiter

The collected results (Dickel, Degioanni, and Goodman, 1970) of a
large number of observations of Jupiter in the decimeter range are
shown in Figures 1l6a, 17, and 18, . The non-thérmal -spectrfum derived in
Figure 1l6a was obtained assuming. the thermal models of Berge (1966) and
Branson (1968). The resultant spectrum shows a peak near 800 MHz and
falls very slowly on either side of this frequency. The approximate
ratio of the intensity at 1430 MHz to those at 100 MHz and 3000 MHz is
about 1.5. The fractional polarization of synchrotron emission reaches
‘a peak of about 30 percent near a frequency of 3000 MHz and falls on
etther side of this frequency.

It has been well established (Roberts and Ekers, 1968) that the
total intensity showé a variation wifh‘longitude of the central meridian
of‘the disk as shéwn_in Figure 33a. This vafiation has an amplitude of
10 to 20 percent befwéen at least 600 MHz and 3000 MHz and probably to
much lower and higher frequenéy limits. The variation has a minimum at
about AIII = 20° which is gréater than the minimum at AiII = 2006. When
these data are.replotted as é function of the zenomagnetic latitude of
the Eart-:h<(900 - 60) they show.an asymmetry such that the radiation from
southern latitudes falls more rapidly with increasihg latitude than the
radiation from the northern latitudes. Warwick (1967) has shown that if
the radiation is assumed to be strongly beamed at -an angle of 1.2° above
the equatorial plane of the dipole, then the intensity of the_rédiation
o

measured with respect to a new equatorial plane, defined as 60 = 60 - 1.2

becomes symmetric as a function of the zenomagnetic angle. To produce a
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minimum field strength 1.2° above the dipolar equator requires that a
small linear quadfupole (3 Gauss) be superimposed on a pure dipole.

Several high resolution observations of the radiation belts of
Jupiter have established that the source can be approximated by a planet-
centered uniform ellipse with major and minor axes of 3 and 1 .diameters
éf Jupiter. Furthermore, it has been demonstrated (Gulkis, 1970) that
the belts_afe broader at the lower frequencies; Specifically at leasf
90 percent of the emission at 100 cm originates within 5.5 Jovian radii
from the ephemeris position of the planet. On the other hand, at least
90 percent of the emission at 21 cm originates within 3 Jovian radii\
from the ephemeris position. Branson (1968) has also observed an
asymmetry in :heintensitiesof the peaks of radio brightness on either
side of the planet. This small asymmetry was described by him as dué
to some anomaly in either electron density or more probably in the
magnetic field at a longitude.close to 200°. The anomaly was seen to
move from west to east as the maps at different increasing longitudes
were compared.

Because of the 10° inclination of the magnetic axis relative to the-
rotational axis, the plane of polariZation of the;synchrotron emission
is observed to oscillate with an amplitude of 10° as a fﬁnction of the
central meridian longitude. The obseryed curve for this Qséiliation has
been shown to depart éignificantly from the simple sinusoidal form
predicted for a dipolar field (Roberts and Komesaroff, 1965). .Conway
énd Stannard (1972) attemp;ed_to explain this effect as well as Branson's
(1968) hot spot near AIII = 200° in terms of a magnetic anomaly éimilar
to the Atlantic anomaly arouﬁd the eqhator of the farth.(this anomaly

results from a localized tilting of the magnetic lines of force such
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that the normal to the field lines no longer lies in the plane of the

magnetic equator).

B. The Theoretical Model of the Radiation Belts in a Planet—Centered
Corotating Dipolar Field

1. General considerations

As we will see it is convenient to subdivide the radiatdon belts of
Jupiter into two zones, the inner zone-located between the surface and
L = 2 and the outer zone gxtending beyond L-= 2. This division is
similar to that.employe&'by ﬁélrose (1967) in describing the rotational .
effects on the distributién<§f thérmal plasma.in the magnetosﬁhere of
jupiter. He descfibes an inner region where the het acceleration is
towards the planet and the pérticiés satisfy a Makwellian.velocity
distribution. At about L = 2, the field~aligned components of centrifugal
and gravitational force are equal. Beyond this point the‘centrifugal
predominance results in a density distribution that ‘is flattened in the
eguatorial plane and fallé as BL_l'with increasing L. Also the velocity
distribﬁtion of the plaémé in this outer region becomes increasingly
anisotropic ‘with increasing distance. The corotating magnetosphere
breaks up aé a result of electrostatic microinstabilities at L = 7,well
inside the boundary with the'solar wind (L = 53).

The densi;y and velocity distributions of the high-energy particles
that form the radiation belts are probably quite aistinct from the
corresponding values of the thermal plasmasphere aé the origin and
dynamics of these relativistic particles are not as clearly understood.
Nonetheless, a great number of observations have been accumulated on the
Earth's Van Allen radiation belts. Results from one of tﬁe early satellite

experiments (July 1963) are reproduced ffom Radiation Trapped in the

Earth's Magnetic Field, ed. B. M, McCormac, 1966, in Figure 19. They show
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that the enefgy'spectrum of electrons in the inner belt is significantly
softer than in the outer belt.. The electron intensities fall with in-
creasing latitude in both belts (the satellite orbit Qas such that the
minimum latitude reached in the outer belt was 500). Figure; 19 (E) and
(F) show the electron pitch-angle distribution in the belts. The solid
curves indicate the distributions expected on the basis of the perpen—-
dicular intensities of Figures 19 (C) and (D) and are consistent with
the measured distributions within the limits of accuracy determined by.
the instrumental aperture and the uncertainty in aspect determination.
The pitch angle distribution appears narrower in thé inner regions as
compared to the outer regions. However, the cutoffs established by the
dashed curves are what one would expect were the distributions isotropic
with only the surface of the Earth as a limiting factor.

For a corotating terrestrial magnetosphere, centrifugal and gravi-
tational forces balance at about 6.5 RE (Ioannidis and Brice, 1971).
However, at this distance the magnetosphere is not simply corotating
and the plasma is not in diffusive equilibrium with the ionosphere.
Inside the plasmapause where the magnetospheric motion approximates
corotation, the centrifugal force is less than the gravitational force
and does not play a major role in deté;mining the plasma density.
Similarly, the centrifugal force does not affect -the Earth's radiation
belts described above. Thus the effect of the céntrifugal force on the
distribution of particles in thelJovian radiation belts has no terrestrial
counterpart and it can be inferred only from observations and a theoretical
model.

For L < 2 the interferometric and lunar occultation observations

do not provide fine resolution of the intensity of the emission. Thus,
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in order to allow for the possibility that the properties (number density,
energy and pitch-angle distributions) .in the outer zone (L > 2) are quité
different from these in the inner zone (L < 2), we have argitrarily divid-
ed the intensity distribution into the same two zones. This requires
a rapid decline of the intensity from the outer region with decreasing
L fér L < 2 so we may treat the intensity function in.the inner zone as
a separate distribution.
2. The outer zone

The observations by Branson (1968) have shown that approximately
90 percent of the emiééion at 21 cm oécurs within 3 Jovian radii of the
ephemerié position. Observations by Berge (1966) at 10.4 ch support
this reéult. The emiséien.pattern in both cases shows a peak near L = 2
and ‘then falls gradualiy with increasing distance-from'the planet.

A practical and reasonable approximation to the intensity of ﬁhe
emission at 21.cm as a function of shell distance for L > 2 is given by

the Poisson distribution of order 6,

F(L) = 6.7 e_6'7/T(Y + 1) , for L > 2 - (77a)

where Y = 6%L/1.8.

The representation for the decrease in intensity from the outer

zone inside L = 2 is taken as the Gaussian of halfwidth AL = Oil,

Py = ae"25 (D)

, for L < 2 (77v)

Vg -
where A = 6.7 Ce 6‘7/r(Y0 + 1)

= h*%
YO § 2/1.8.
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We also anticipate that the pitch-angle distribution in the outer
zone is confined in a plane close to the-magqetic equator, particularly
for L > 2. If indeed the distribution is anisotropic, i.e., is signifi-
cantly affected by the centrifugal force of the corotating magnetosphere,
it probably: becomes increasingly so with increasing distance in analogy
with the effect of this force .on the thermal plasma..(Melrose, 1967).

We do not~know.what this function might be and an approximation is made
by using a constant anisotropy factor NQ in the outer zone.

We also assume, at this point, that the energy distributien in:.a
given zone is'indepgndent of both L and the magnetic latitude. From the
results obtained in terrestFial satellite éxperiments, this apgéars to
bg valid. |

From Equations (72) to (74) we get the expressions for the net flux
and degree of polarization received at a frequency f from a shell at
distance L and for a particular energy-dependent variable u',

LG, = D(L)[m601féo(u',L) *mgly (W10 (78)

and ?f(uY,L) = D(L)[m6on60(U',L) + mOPfo(u',L)]/If(u',L) s (79)

where‘mo, are given by Equations (70) and (71),

™60
2 2 1/2
Pf(u"L) = [Qf(u"L) + Uf(u"L)] H]
and D(L) = ‘sN(L)’ the equatorial density profile.
Now, if we combine Equation (78) evaluated at 1430 MHz with the
intensity profile at this freqﬂéncy given by Equations (77a) and (77b), and

a profile in the anisotropy factor NQ defined in Equation (80),we can-
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solve  for the equatorial density profile D(L). The solution is-unique
for a particular distribution in the energy-dependent variable y'. The
solution for D(L) is given in Section B-4 below. Once D(L).is available,
we can solve for the expected intensi;ies at the other frequencies. To
obtain the longitudinal variations we set the intensity and polarization
profiles of Equations (77%).and (77b) to be the-observable distributions
| at 1430 MHz for Q = 0°. This approach is justified since the observed
intensity distributions show very little change with rotation (Branson,.
1968). |
The Stqkes parameters of Equations. (72) thfough (74) were integraged
for values of u' ranging from 0 to 250.. For a surface field of 10 Gauss.
this imposes a maximum éne;gy of 40 Mev; in our energy spectra u' was
subdivided info increments of 10 units (Bu' = Jﬁ; A(e/eo) = 10) and the
energy spectra were represented’ as histograms in the variable /Eg e/eo
-with this resolution (Aﬁ' = 10 or 1.6 Mev for a surface field of 10 Gauss).
Centrifugation of the electrons in the equatorial plane.éffects

primarily the degree of polarization of the emission and the degree of
beaming of fhe radiation into a cdﬁe;sharply confined to the magnetic
equator. The latter, in turn, is observed as a variation in the received
intensity as the planet rotates and as an oscillation of the plane of

the magnetic equator with an amplitude of 10° above and -below the line

of sight to the Earth. Such variation at 1430 MHz is displayed in

Figure 20 for several different values of thg anisotropy factor NQ. The
curves are drawn for the particular case of a uniform distributioﬁ of
particle energy in the outer zone.  The shape and trend of the variation

of the curves with NQ is similar for whatever energy distribution is

chosen in the outer zone. As discussed on Page 73.we use the following
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step-up function for the anisotropy factor NQ:

NQ(L < 1.8) = 0,
NQ(1.8 < L < 2) = a, and- (80)

NQ(L > 2) ='b, such that b > a.

The curves plotted in Figufe 20 show the oscillatioq in the intensity
at 1430 MHz for NQ(L > 2) = 0 (with a = 0) -and NQ(L > 2) = 2, 7, 30
(with a = 2). These curves represent the cases where 0, 67 percent,
87.5 percent, and 97 percent, respectively, of.the particles beyond
L = 2 belong to a'population of electrons whose pitch angles are Qery
near 90Q; i.e., with a distribution of the form sin6o ag e It is signi-
ficant that not all the particles, and, in fact, no more than 90-peréent
can be confined to fhevequatorial‘pléne.iftheobserved oscillations are
to show an amplitude in the 10 to 20 percent range;ii

The curves clearly show a minimum at AIII = 198o which is deeper

than the minimum at A._. = 18°. The minimum at A

o . .
11T 1= 18" is higher

II

because the Earth lies within 7° of the magnetic equator at this longitude
. o

as opposed -to 13o when AIII = 1989.( ) However, the amount:of occultation

of the radiation belts is largest when AIrFlSO and -least when AIIi = 198°
(See Table 4). Since occultation and beaming are in the opposite direction,
the total range of.the longitudinal variation is reduced from what would.

be obtained in a non-eclipsed model. Alsg, the gradual increaée in
occultation with increasing longitude produqes an apparent asymmetry

which is best shown in a plot of intensity as a function of the abgolute

zenomagnetic latitude of the Earth. Figure 21(a) shows this apparent

(*) These results applg to the -epochs when the Joviocentric declination
of the Earth is +3".



77

OUTER ZONE (NQ=4)

1.0
>~
=
(2]
=
w
(]
5
i
w .0
L
=
-
<
-
w
x

00
" Figure 21.

5° 0°
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(a) Top graph. This is obtained by replotting the intensities shown in
Figure 20 for NQ = 4 as a function of the zenomagnetic latitude of the
Earth read from Figure 4., The symbols (*) and (x) represent points cor-
responding to southern and northern latitudes, respectively. Occultass
tion by the planet produces an apparent asymmetry in the emission from
the two hemispheres. (b) Bottom graph. This is obtained by replotting
the intensities read in Figure 31 for the combined zones as a function
of the zenomagnetic latitude of the Earth read from Figure 4. The sym—
bols (+) and (x) represent points corresponding to southern and nor-
thern latitudes, respectively. The asymmetry is enhanced by adding the
inner zone which has a relatively greater amount of occultation.
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asymmetry for NQ = 4. It is convenient to define a quantity A such that

o}

F(o. = 83°) = 83%

o - F(8

0
= 90°%) -

A = N s

(81)

F(e0

where eo is the zenomagnetic colatitude of the Earth and N and S
stand for the northern and sodtﬁern magnetic colatitudes, respectively.
Roberts (1965) found A = 0.034 at 2650 MHz.

Figure 22 shows A as a function of NQ. A increases with increasing
NQ since the effect of the occultation on a distribution of particles
confined to the magnetic equator (compare the intensities at Q = 0° and-
Q= 1800 in Table 7) is much greater than the same effect on an isotropic
distribution. |

The variation of the degree of polarization at-a frequency of 1430 MHz
with increasing anisotropy is shown in Figure 23 for a uniform distri-
bution of particle energies.,

Table 8 shows the. flux density spectra obtained for each monoenergetic
(Au' = 10) distribution of .electrons in the outer zone. The numbers
represent the ratio of the flux density at 1430 MHz to that received ét.
frequency f£.

As expected, the spectrum is generally flat except at the extremes
of high and low energy. Also the peak in the spectrum moves towards
higher frequencies witﬁ increasing energy. It should be noted that the
shape of the spectfum is a very slowly varying function of the equaporial
pitch-angle distribution of the electrons, i.e., of the anisotropy‘factof
NQ. Also, the spectrum is essentially independent of the intensity pro-

file chosen for the outer zone (See below, the inner zone).
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TABLE 8

INTENSITY SPECTRA FROM MONOENERGETIC ELECTRON DISTRIBUTIONS (OUTER ZONE)

f (MHzZ)

u' 100 400 600 800 1000 1430 2000 3000
10 0.0l 0.08 0.15 0.25 0.64 .00 2.50  9.23
20 0.11  0.29 0.41 0.5 0.84 1.00 1.66  3.35
30 0.26  0.42  0.53 0.65 0.8 1.00 1.36  2.14
4  0.44  0.53 0.62 0.72 0.9l 1.00 1.30  1.82

50- 0.63 0.64 0.71 0.78 0.93 1.00 1.23 1.64

60 0.82 0.75 0.79 0.83 0.95 1.00 1.18  1.51
70 '1.01 0.8 0.8 0.8  0.96 1.00  1.13  1.38
80 ‘1.17  0.92 0.91 0.92 0.97 1.00 1.10  1.29
90 1.31.  0.99 0.96 0.96 0.98 1.00 1.07 1.21
100 1.44  1.04 1.00 0.99  0.99  1.00  1.04  1.15

110 | 1.55 1.09  1.04 1.01  1.00 1.00 1.02  1.10
120 1.66 1.13  1.07 1.03 1.00 - 1.00 1.01  1.06
130 1.72 1.17 1.09 1.05 1.01 1.00 1.00 - 1.03
140 1.79 1.20 1.1 1.06 1.01 1.00 0.99  1.00
150 .85 1.22 1.13 1.07 1.0l  1.00 0.98  0.98
160 1.90 1.24  1.14 1.08 1.02 1.00  0.97 0.9
170 1.94 1.26 1.16 1.09 1.02 1.00 0.96 0.9
1180 1.98 1.28 1.17 1.10 1.02 1.00 0.96  0.93
190 2.01 . 1.29 1.18  1.11 1.02 1.00 0.95  0.92
200 2,06 1.31 1.19 1.11  1.03 1.00 0.95 0.91
210 2,06 1.32 1.19 1.12 1.03 1.00 0.9  0.90
220 2,09 1.33 1.20 1.12 1.03 1.00 0.94  0.89
230 2,11 1.3 1,21  1.13 1.03 1.00 0.94  0.88
240 2,12 1.35 1.21. 1,13 1/03 1.00 0.93  0.87

250 2.14 1.36 1.22 1.13 1.03 1.00 0.93 0.87
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It is immediately apparent that to produce the high frequency bend
in the spectrum described on Page 63, i.e., for F(1430)/F(3060) = 1.5,
we must sacrifice the bend on the low-frequency side and vice-versa;
thus from Table 8, if we set F(1430)/F(3000) = 1.5, we read F(1430)/F(100) =

0.82. This problem persists as a direct consequence of the flatness of

the derived spectrum. Thus, in compafison to the emission spectrum of

a single relativistic electron, we find that the decline of the intensity

above and below the maximum frequency of emission are both £eplaced by
much softer curves.

A monoenergetic distribution at u' = 70 produces a maximm bend in
the spectrum on the high frequency side and yet maintains a relatively
flat spectrum towards the low frequency side. This distribﬁtion is
shown as configuration B in Figure 24. Distribution A represents the
best numerical solution which will reproduce this same spectrum. Since
it is more physically plausible than a monoenergetic configuration, A is
taken as the most desirable distribution of electron energies in the outer

zone,
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Figure 24. Electron energy distributions.
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Figure 25 shows the spectrum of the degree of Polarization-in the
outer zone for the energy distributions (A) and (B); This spectrum was
derived for the particular anisotropic distribution a = 2 and b = 4 in
Equation (80). Varying NQ will change the magnitude of the degree of
polarization in the manner shown in figure 23 for £ =-1430 MHz, At
higher freqﬁencies, the rate of change of P with NQ becomes less pro-
nounced. However, the actual shape of the polarization spectrum remains
generally indebendent of the energy distribution and NQ. This shape is
in marked contrast Qith the observed spectrﬁm of the degree of ﬁolariza-
tion of Fhe synchrotron component shown in Figure 18.which showed a peak
near 0.30 ét 1430 MHz and‘declined slowly at higher frequencies.

Thé'polarization ;ﬁectrum of the non-thermal component,'PNT(f),

shown in Figure 18, was derived from the expression

Fop(£) + FT(f)] . -
F. . (f) J ’ .

Pap (8 = By (£ N ¢
where‘Po(f) ;s the fractional polarization of the';otal.emission
(Figure 17);'FNT(f) is’ the non-thermal flux density which is obtained by
subtracting the flux density of the thermal emission at frequency f,
FT(f)’ from that of the total -emission.(Figure 16a). The thermal spec-
trum, FT(f), becomes -quite uncertaiﬁ at low frequencies (Sge Pégef635;
The pattern in Figure 18 contradicts the result obtained by Legg
and Westfold (1968), fér a monoenergetic isotropic-distribution of
electrons moviﬁg in a uniform magnetic field which shows an increase of
the degree of polarization with increasing frequency. If we refer to

Figure 11 we see that this same trend occurs for a given L-shell. For

constant L, u decreases #With increasing .frequency [See Equation (68)1].
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Therefore, the degree of polarization increases with increasing freﬁuency
for an isotropic distribution of electrons in a dipolar field (it.is
nearly constant at 0.56 for a pitch-angle distribution confined to the -
magnetic—equator as shpwn in Chapter II, Section H~2). However, the
observations show that the high‘frequency emission originates from a
region clese to the planet, aﬁd certainly at less than L = 2 for 10000 MHz.
It is immediately obvious from Figure 11 that we may anticipate a drop
in the degree of polarization at.the high frequencies if the emission
at these frequencies is relatively more intense-in the region 1 <L < 2
than in. the outer zone.
3. The inner 2one

The three-dimensional.effect of the dipolar field‘geometry on an:
isotropic:distribution of electrons produces a region of minimum degree
of polarization when the electric vectors received from different ¢-planes
show a maximum difference ‘in phase. 1In the particular case of the
Jﬁvian’magnetic field, fhis minimum occurs near L = 1.6 showing a general
decrease in the range between L = 1.1 and L.= 2.(See Chapter II, Secgﬁdn
H-1). This region (1¢1 < L < 2), described as the inner zone, is respon-
sible for most of the high frequency emission from the radiation belts.
It will be demonstrated now that the properties of the electrons in this
zone are quite different from the properties of those in the outer zone.

To describe the intensity of emission at 1430 MHz in the inner zone
we use a curve with the same form as Planck's distribution. This function
is used here as a convenient mathematical approximation, particularl&
since the position of the maximum is eaéily determined by a single para-

- meter (Wien's law).
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F@L) = 1.20/[y°(e® - 1) , (83)

where y = 2,1.- L,

B

1.50/ (y*k) ,

and k is a constant that determines the position of the maximum
intensity.‘ For L greater than the position of the maximum intensity, .
the distribution falls rapidly to nearly zero at L.= 2, for L less than
the position of the maximum intensity, it declines slowly towards L = 1.1,
For k=1, .8, .6, .5, and .4, the peak occurs at L =.1.8, 1.7, 1.6, 1.5,
"and 1.3, respectively.

Table 9 gives the spectra obtained for different monoenergetic dis-
tributions of electrons in the inner zone with an intensity Aistribution
at 1430 MHz which peaks at L = 1.6 (k = 0.6). |

The épectra_arg»nearly independent of the position of the maximum
of intensity within the inner zone and also nearly independent of the
particular intensity profile chosen. As might be anticipated from
Figure 15, there is relatively more emission at higher frequencies for
a given energy than in the-outerizone; the effect becémes more pronounced
with increasing energy. |

Figure 26 shows the fractional .degree of polarization at 10000 MHz
as a function of the electron energy for an.isotropic. pitch-angle distri-
bution in.the inner zone. Clearly, if we require the inner zone to con-
tribute the weakly bolarized combonent of the synchrotron emission at
high frequencies, we can predicp tﬁat the energy of the electrons in the
inner zone is such that y' > 106.

4, The parameters‘of the combined zZones:
We have the followiﬁg expressions for the spectrum and the fractional -

degree of polarization of the combined emission .from the two zones
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TABLE 9

INTENSITY SPECTRA FROM MONOENERGETIC ELECTRON DISTRIBUTIONS (INNER ZONE)

8 . f (MHz)

u' 100 400 600 800  1000. 1430 2000 3000
10 0.01 0.05 0.09 0.20 0.54 1.00  4.01 27.40
20 0.18  0.29 0.38 0.50 0.81  1.00 1.79  4.39
30 0.66 0.6l 0.67 0.74 0.91 1.00 1.35  2.17
40 1.14 0.8 0.87 0.89 0.96 1.00 1.15  1.50
50 1.46 1.05 1.00 0.98 0.99 1.00 1.06  1.22
60 1.69 1,15 1.08 1.04 1.00 1.00 1.01  1.08
70 1.84 1.21 1.12 1.07 1.01 1.00 0.98  1.00
80 1.94 1,26 1,16 1.09 .1.02 1.00 0.96  0.95
90 2,02 1.30 1.18 1.11  1.02 1.00 0.95  0.92

100 2,07 1.32 1.20 1.12 1.03 1.00 0.94  0.89

110 2.11' 1.3 1.21 1.13  1.03  1.00 0.9  0.88

120 2.14 1.36 1.22  1.14 1.03 1.00  0.93  0.86

130 2.17  1.38  1.24 1.15 1.03  1.00  0.93  0.86

140 © 2,20 1.39 1.25 1.15 1.04 1.00 0.92  0.85

150 2,22 1.40 1.25 <1.16 1.04 1.00 0.92  0.84

160 2.24 1.40 1.26 1.16 1.04 1.00  0.92  0.83

170 2,25  1.41 1.26 1.16 1.04 1.00 0.91  0.83

180  2.26  1.41 1.26 1.16  1.04 1.00  0.91  0.82

190 2.27  1.41 1.26 1.17 1.04 1i00 Q.91  0.82

200 2,27  1.42 1.27 1.17 1.04 1.00 0.91  0.81

210 2,29 1.42  1:27 1.17 1.04 1.00 0.91  0.81

220 2.29  1.42  1.27 1.17 1.0 1.00 0.91 0.8l

230 2.27 1.2  1.27 1.17 1.04 1.0 0.91  0.81

240 2.33  1.42 1.27 1.17 1.04 1,00 0.90  0.80

250 2.29 1.42 1.27 1.17 1.04 1.00 0.91 ° 0.80



FRACTIONAL DEGREE OF POLARIZATION AT 10,000 MHz
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Fractional degree of polarization at 10000 MHz for emission from the inner zone as

Figure 26,

a function of electron energy. The labels indicate the value of L corresponding to
peak intensity in Equation (83). As will be seen later, in order to reproduce the
bend in the polarization spectrum of Figure 18 we must have u' > 100.
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F(1430)/F(f) = lllﬁ_i_ELXl

1+R > (84)

[zP; + P ]

and P_(f) = 2 1

NT (85)

where F(1430)/F(f) is the net flux density at frequency f.

The subscripts i1 and o refer to the -inner and outer a@ones, respectively,

X = Fi(l430)/Fi(f) ,
_Lilx
Z7R (x) ’
and R = F,(1430)/F (1430) , the ratio of the flux

at 1430 MHz of .thé .outer and inner zones.

We also define a spectral index between the'frequencies of 1000 and

3000 MHz:

C = og [E£§9992] . : (56)

1
log 3 F(1000)

In combining the two zZones, we assume the electrons in the buter

) fegion to have the eqetg} distribution which produces a ﬁaximum spec;ral
curvature at high frgquépcies, i.e., Figure 24A;  The ﬁarticleé iﬁ:the
inner zone have a unifo;m energy distribution witH;eitﬁef an upper cut-off
energy [u'(MAX)] §r a lower éut—off energy [u'"(MIN)]. I# Figure 27 we

see how the quéntitigs P C, and the ratio F(1430)/F(1b0) vary with

NT’
the energy distribution in the inner zone. These plots were derived for
R =-2.5 (the ratio of the intensities of the outer and inmer zones) but

?ary slowly with chaﬁging R (See Table 11). From the graph we see that

a solution which is most compatible with the observations is one for
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Figure 27.

The observables PN (10000 MHz), C and F(1430)/F(100) as a
function of uniform energy distributions with upper and then
lower energy cutoffs. It is not possible to define a precise
energy distribution for the inner zone and only cutoffs can be
invoked. From Figures 26 and 27 we obtain the energy distribu-
tion for the inner zone, shown in Figure 24B.



91

which the inner zone ﬁas a ioﬁ energy cﬁt—off u' (MIN) ,and the value of
this qdantityfis about 150.f‘A£Htpis point - the observabiés are:

' C ~-0.2 (giving F(1430)/F(3000) = 1.2), F(l430)/F(lQb) ~ 1.05, and
FNT(lOOOO MHz) = 0.24. The combined intensity and polarizétion spectra
for this particular case are shown in Figures 28 and 29, .respectively.
The peak in the intensity spectrum occurs in the range 400 - 600 MHz and
shows slightly less curvature in both directions than the synchrotron
component derived in Figure 16a (Dickel, Degioanni and Goodman, 1970).

The polarization spectrum now shows a decrease at high frequencies
(as opposed to Figure 25 for the outer zone only). A peak of about 0.30
occurs near £ = 1430 MHz. »fhe agreement with the derived spectrum of
Figure 18,15 good at h;gh frequencies but the decline at lower frequencieé
is less,markéd. .Hoﬁevér,>as showﬂ in Figure 17, tﬁe observed dééreé of
polarizatiéh of the fotalzeﬁiSSion at 100 MHz has a large error. This
discrepancy is discussed later.

To dbtaih the f;actional‘polarization: of the total-emissionIWe
must consider the large thermal component to the-ogsefved inténsif& at
HighAffequencies. The spectfum of the total'flux density from Jupifer
is shown in Figure 16a and the approximate flux densities at several -
frequencies are tabulated in Table 10. From this Qe can obtain the
fractional polarization spectrum of the total:inténsity shown in Figure 30.

The spectrum of the ﬁotal‘non—thermal intensity usiﬁg the model
just derived is compared with the observed spectrum on thé transparent
overlay on Figure 16b. The effect of the decreased curvature in the
spectrum of thg non-thermal component at high frequengies is to lower
the thermal component at 3000 MHz from ~ 2.9 FU to ~ 2.0 FU. Thus it

appears that the thermal and non-thermal models best agree if the
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Figure 28. The intensity spectrum for the model described in Chapter III, Section B. Plotted

is the mean flux density ratio. The ratio is taken relative to the flux density at
f = 1430 MHz.
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Figure 29. Polarization spectrum for the model described in Chapter III, Section B. Piotted<

" is the mean degree of polarization. The arrows indicate the range of variation with

the rotation of the planet.
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Figure 30.
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Fractional degree of polarization of the total emission.

10,000 30,000

This curve was obtained

from Figure 29 and the values listed in Table 10. For f < 800 MHz the thermal

contribution was completely neglected.
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TABLE 10

APPROXIMATE FLUX DENSITY RECEIVED FROM JUPITER, NORMALIZED TO A
PLANETARY DISTANCE OF 4.04 -A.U.
(These values were read from Figure l6a. Below 800 MHz the thermal
component was considered negligible and the non-thermal emission from
from Figure 28 was equated to the total emission.).

f (MHz) Flux Density'(FU)
800 7.0
1000 7.2
1430 7.3
2000 7.4
3000 7.5
5000 ‘ 12.0
10000 28.0
20000 60.0
30000 : 155.0

50000 500.0
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emission from the disk at 3000 MHz derived by Berge (1966) is reduced by
a factor of 0.7, i.e., 1*(3000 Mﬁz) = 180° K. This lqwer temperature
"would require a larger mixing ratio of ammonia than has usually been
assumed in the Jovian atmosphere but does not seem to violate any other
observable parameters. The fractional -abundance of NH3 will become
about 0.003 (Gobdman, 1969).

The results described above assume an intensity ratio R = 2.5.°

Table 11 shows the effect of a changing R on the observable parameters

C, P (1000 MHz) and .F(1430)/F(100).

TABLE 11

OBSERVABLE PARAMETERS AS A FUNCTION OF THE
MODEL PARAMETER R = F0(1430)/Fi(1430)

R C - B (10000 MHz) . = F(1430)/F(100)
0.5 +0.072 0.16 1.48
1.0 +0.038 0.19 | 1.26
1.5 -0.107 0.21 1.16
2.0 -0.154 0.23 1.10

> 2.5 . =0.190 0.24 1.06
3.0 -0.215 0.25 1.03
4.0 -0.252 0.28 0.99
5.0 -0.278 0.29 0.97
6.0 -0.296 0.31 , 0.96
7.0 -0.310 0.32 0.9
8.0 -0.321 0.33 0.94

10.0 -0.337 0.35 0.92

20.0 -0.371 . 0.39 0.90
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Furthermore, in the model ‘we assumed that the pitch-angle distri-
bution in the inner zone is isotropic, (NQ = 0) for L < 1.8. The effect

of increasing NQ on the parameters C, P__ and F(1430)/F(100) is shown in

NT
Table 12.
TABLE 12
OBSERVABLE PARAMETERS AS A FUNCTION OF NQ (R = 2.5)

NQ c P p (10000 Miz) F(1430) /F(100)

0 ~0.190 . 0.24 1.06

0.5 -0.190 0.31 1.06

1.0 ~0.190 0.33 1.06

1.5 -0.190 0.34 C1.06

2.0 ~0.190 0.35 1.06

Thus we have obtained tw§ zones in the Jovian radiation belt which
probably are distinct since they possess rather different energy distri-
butions and electron pitch-angle distributions. Now, we must rule out
the possibility that the two zones may not represent two distinct belts
but are one belt with a gradient of energy which increases towards the
planet. '

For this purpose we constructed five different models of the outer
zone with five energy gradients of decreasing steepness across the zoné.
The inner limit was defined by the energy distribution in.the inner zone
" and the outer limit in the farthest L shell (or the one with the lowest
energy distribution) was varied towards increasing levels. The twenty
resultant spectra for the four diffe;ent outer limits are given in Table 13.

These results must be compared with Table 8 for the outer zone.
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TABLE 13

EFFECT ON .THE. INTENSITY SPECTRUM OF INTRODUCING A GRADIENT OF 'ENERGY
ACROSS THE OUTER ZONE

(There are five models of decreasing steepness in the energy gradient
between the outer and innermost shell. Four different energy distri--
butions mark the boundary at the outermost shell. The spectra become
flatter as we move towards flatter gradients, i.e., down the column for
a given model, and for all gradients, they become flatter as we raise-:
the energy level in the outermost shell, i.e., from Model -1 through 4.)

f (MHz)
MODEL 100 “400 600 800 1000 1430 2000 . 3000
1 -0,87" 0.83 0.86 0.89‘. -0.93 1.00 1.10 1.27
2 0.89 0.86 0.88 0.91 0.94 1.00 | 1.08  1.22
1 3 0.92 0.88 0.90 0.92 0.95° 1.00 1.07 1.18

4 0.98 0.92  0.93 0.9 0.96 1.00 1.05 1.13

5 1.05 0.96 0.96 0.97 0.98 1.00 1.03  1.08
1 1.14 0.96 0.95 0.95 0.97 1.00 1.05 1.16
2 1.17 0.98 0.96 0.96 0.97 1.00  1.04 1,13
2 (3 1.19 0.99 0.98 0.97 0.98 1.00 1.03 1.10
4 1.24 1,03 1.00 .0.99  0.99  1.00  1.02 1.06
\s 1.3 1.06 1.03 1.00 1.00 1.00 1.01 1.03
1 1.41  1.07 1,02 101  1.00 1.00  1.02  1.08
2 1.42 ° 1.08 1.03 1:01  1.00 1,06 1.0l  1.06
3 §’3 1.44 110 1.04 1.02  1.01  1.00 1.0L  1.04
4 1.48 1.12 1.06 1.03 1.01 1.00 1.00  1.02
5 1.53 1.15 1,08 1.04 1.02 1.00 0.99  0.99
1 1.62 1.16 1.09 1.05  1.02 1.@6 1.00  1.02
2 1.63 1.17 1.09 1.05 1.03 1.00 0.99 1.0
4 < 3 1.65 1.18 1.10 1.05 1.03  1.00  0.99  0.99

4 1.67 1,20 1,11  1.06 1.03 1.00  0.98  0.98

\5 1.71  1.22 1,12  1.07 1.04 1.00 0.97  0.96
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Clearly, the spectra derived for the distributions with a gradient
aré all significantly flatter than the case -when a single energy distri-
bution is assigned to the entire zone. Thus, the speétrum would get
flatter and the disagreement with Berge's thermal model would be signi-
ficantly enhanced. - In conclusion, the solution that gives a double-belt
system with distinct energy distributions shows much better agreement
with the observations.‘

The effect upon the longitudinal variation of the intensity of
combining the two zoﬁes is shown in Figure 31. The . amplitude of the
variation is decreased compared to what we find for the outer zone alone
‘since the inner zone with NQ =0 contributeé no oscillation. In fact,-.
: the intenéity simply declines’ from Q = 0° to 2 = 180° because of the
increasing amount of occultétion by the planet, aé shown in Table 4.
Furthermore, since we add a zone which undergoes a stronger occultation
effect (since it is closer to the planet) we.expect the. asymmetry -
described on Page.63'to be enhanced. This is shown in Figure 21b, whére_
we see that the qﬁantity A for the combined zones-is increased.

‘Table 14 shows the range-in thé oscillations of the degree of polari-

zation.

TABLE 14

VARIABILITY IN THE DEGREE OF POLARIZATION AS A FUNCTION OF FREQUENCY

(o} (o}

(o}

£ (MHz) R =0% P = 900) /By (2 = 0%)
100 0.21 1.40.
400 0.24 1.38
" 600 0.25 1.33
800 0.25 1.31
1430 0.26 1.26
2000 0.27 1.23
3000 0.27 1.19
5000 0.26 1.14
110000 0.23 1.08
30000 0.19 1.05



Figure 31.

RELATIVE FLUX DENSITY
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Effect upon the longitﬁdinal variation of the intensity of combining the two 2zones.

Note that the abscissa begins with Q = 0° in this graph. This is done to dgmonstrage
most clearly how the relative decline in the intensity in the range @ = 105 to 180
is maintained and, in fact, enhanced by combining the two zones. This results in the
enhanced asymmetry as shown in Figure 21 (b).
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Clearly, the results predict a greater variapility'for the degree
of polarization at low frequencies than at higher ones.

Figure 32a shows the fréquency dependence of the total range of the
longitudinal variation in intensity for the combined belts. There is a
gradual decline with increasingbfrequency. This is expected since the
emission at high frequencies comes from a region where the pitch-angle
Adistributicn of the electrons is isotropic and where occultation by ﬁhe
planet is a maximum (See discussion on Page 76). The solution obtained -
- is aﬁequate since the variability in the range from 1000 to 5000 MHé is
éf the order of 10 percent. According to some authors (Dickel, 1965),
the decline in variability may be somewhat too fast thards‘higher.
frequencies. To change the amplitude of the oscillations, the distribu-
tion of NQ must be aitered. This; however, wiil rapidly affect the
polarizatioﬁ spectrum.(Sée Table 11). There éxistg another approach, -
howeﬁer, that.will‘increase the variability at higher frequencies. This
consists in replacing the intensity p:ofiie in the inner zone [given in
Equation (83)] by a narréw distribution of uniform intensity betWeeﬁ
L.=1.5 and L - l.§. Such a square pulse faises the amplitude of the
oscillations,_particularly at highef frequencies (Figure 325), because-
there is no contribution of emission from the highly occulted component
of radiation ﬁhen L < 1.5.

If Wé-replace the intensity profile of the inner belt with the
Squaré pulse for 1.5 <L < 1.8 ahd keep the same distribution as above
for the outer belt [Equatiéhs (77a) and (77b)1, Qe obtain the oscillations
of the combined belts at 2600 MHz and 600 MHz shown in Figﬁre.33b. The
curve ét‘2600 MHz includes a thermél contribution of 20 percent at that

frequency. For comparison, the observations at these same frequencies



FLUX (2=90°)/FLUX (2=0°)

1.20 —

110 —
(b)

1.00 —
(a)

| | l | l
100 300 1000 3000 ‘ 10000 30,000 " 100,000
FREQUENCY (Mhz2)
Figure 32. (a) The total range of the longitudinal variation in intensity as a function of

frequency. The outer belt is described by Equations (77a) and (77b) and the inner
belt by Equation (83) with k = 0.6 (See Page 70).

(b) Total range of the longitudinal variation in intensity as a function of frequency.

The outer belt is described by Equations (77a) and (77b) and the inner belt consists
of a uniform proflle between L = 1.5 and L = 1.8.
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(Overlay) Predicted variations
at 2600 MHz and 600 MHz for the
present model with the inner
zone consisting of a square
pulse between L = 1.5 and

L = 1,8. The oscillations at
2600 MHz contain a non-
variable contribution of 20
percent from the thermal
component.
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by Roberts and Ekers (1968) are also shown.  The predicted results
(overlay) emphasize the fact that the oscillations:are enhanced at the
lower frequency and yet the fit to the observations is reasonable at both
frequencies., - |

Figures 34 and 35 show the intensity pfofiles of the emiesion at

100, 1430 and 15000 MHz for the rotational angles & = 0°, 45°, 90°, 135°

’

(o} o

(corresponding to A ; = 198°, 243°, 288°, 333%). When 9 = 0°, the pro-

I1
file at 1430 MHz is that given by Equations (77a), (77b) and (83) for
the outer and inner zones; respectively, There is complete symmetry of
components (1) and ('2) ‘at this angle (See Page 43).. Clearly the extent
of the emission decreases with increasing frequency and the structure of
the inner belt becomes very prominent at 15000 MHz. With increasing
rotational -angle 2 the two compoﬁents become asymmetric with the west
(Eomponeht 1) greater than the east (component ~2). This is particularly
true for the inner beit. The asymmetry is, of course, reversed for
rotation angles 180° < @ < 360°. Thus the sequence of asymmetry produced
by the occultation folleﬁé the same pattern as that described by Branson's
(1968) "hot spot." It éhould be emphasized, hoéever, that Figures 34 and
35.do not -represent projections of the radiation belts in the plane of
the sky but instead are plots of the intensity integrated over a single
éhell at the radial distance L as a function of L. A true projection
map would require sﬁﬁmation over all the shells along the line of sight
rather than the single shell solution aslout;ined by Ghané and Davis
(1962). ‘

Figure 36 shows the ﬁrofiles of the degree of polarizetion for the

cases NQ = 2.5.-and NQ =-4 in the outer zone (NQ = 0 in the inner zone).

As expected.ithe‘'degree of pplarizationnhas a minimum near L = 1.5. Ngteec
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0° (left) and © = 90° (right).

Note

how the extent of the emission varies with frequency (see

discussion in the text).
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Figure 35. Intensity profiles for Q = 45°(left) and Q = 135°(right). Note
how the extent of the emission varies with frequency (see
discussion in the text).
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The profile of the fractional degree of polarization as a function

of frequency, NQ = 2.5 (left) and NQ = 4.0 (right).

Note that the

minimum near L = 1,5 at 15000 MHz coincides with the maximum
emission at that frequency in Figures 34 and 35.  The degree of
polarization in the outer zone is increased with increased NQ,

as expected from Figure 23.
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that this minimum coincides with the maximum of the intensity profile
at 15000 MHz, i.e., the inner belt.

5. The density profile-of the radiation belts
and the B~L distribution of the €électron flux

The purpose of this section is-to obtain the radial dependence of
the particle denéity and the latitude dependence of the electpon flux in
our model for the radiation belts. The density-dependent quantity
D(L) = BSNKL) (Vhere BS is_the equatorial surface field strength) can
be solved from Equation (79). Figure 37 shows the resultant profile for
the double zone syétem described in Sections B-2 and B-3. A power

function .that will fit this profile for L > 2 has the form

D(L) o L'3'7.

“Thué; we sée that ;he ﬁumber density of elecﬁrons along the equator

falls approximatély With the foufth power of the distance.
| This result can be compared with the distribﬁtion of the thermal

plasmé in the outer region as derived in a model-By Meirose (1967). He
finds that the density‘falls off as BL_1 which-in the equatorial plane
is also proportional:to L-A. Thus, itvappears that, at least for L > 2,
the distance dependence of the equatorial plasma density is very similar
for both the'théymal particles and the relativiétic electrons in the
radiation belts.

Now, we waﬁt to obtain the dependence of the electron flux on
distance and magﬁetic latitude. For this purpose, we use the standard
‘B-L coordinate system (McIlWain, 1961). The expression for the omni~

directional ‘electron flux at the magnetic colatitude 6 1is
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Figure 37. Profile of the particle density in the equatorial plane.

B, is the surface magnetic field. This result was obtained
from the best solution of Equation (78) for the intensity
profiles given in Equations (77a), (77b) and (83), and a
pitch angle distribution for the particles given by Equation
(80).
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where ﬁo(L)-and Ni<L) are the number densities in cm_3 for the outer
and inner zones; respectively; ;g and ;; are their respective mean electron
velocities in cm/sec.

ae(e) is the equatoriél pitch angle that corresponds to'the mirror

'point-at magnetic colatitude 8. We have, from Equation (58),

sinz'e

1+3 c032 9)1'/4

sin ae(e) = (88)
Figure 38 shows the results for the intensity distribution from
Equation (83) in the inner zone (of the same form as Planck's curve with

~a peak at L = 1.6), and the intensity distribution from Equations (77a)
and (77b) in the outer zone. In Figure 39 are thg results for a square’

- pulse distribution in the inner zone for L = 1.5 to 1.8 (a distribution
which increases the amplitude of the variability with longitudé, particu-
larly at high frequencies) and the same intensity prpfile for the outer
zone [Equations (77a) and (77b)]. These figures shaﬁ thaf in contrast

to the radiation belts of the Earth, which have distinct peaks at L = 1.2
and L.= 4.5 (Hess, 1968), the Jo&ian belts do not have sgch a distinct
feature in the outef region; they do, however, shoﬁ a distinct increase
in . electron flux for L < 2. This, of course, reflects the energy
difference between the outer and inner zones: Furthermore, the electron

flux in the Jovian belts is generally a factor of 1000 larger than for
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Figure 38. A B-L plot of the electron flux for an outer zone described by Equations (77a) and
(77b) and the_}nner_fone described by Equation (83) (with k = 0.6). The electron
flux is in cm sec ~ . Note the sudden increase in flux at the boundary of the
inner and outer zones. A surface field of 30 Gauss is assumed (Warwick, 1963).

Changing the value of BS will not qualitatively affect the distribution.
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A B-L plot of the electron flux for an outer zone described by Equations (77a) and
(77b) and the inner zong de§iribed by a square pulse between L = 1.5 and 1.8. The
electron flux is in cm "sec ~. Compared to Figure 38, this distribution shows no
significant flux at L < 1.5. Consequently, the oscillations at higher frequencies
are increased because a smaller portion of the source undergoes occultation than
would be the case in Figure 38. This distribution can account for the predicted
oscillations in Figure 33b.
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the Earth's if we assume that the surface field of Jupiter is about 30
Gauss,- The sudden increases in electron flux at'L = 1.,8-and L = 2 in
the equatorial plane reflect the discontinuities in the anisotropy factor
NQ at these L values [See Equation  (88)].
6. The Positioﬁ Angle of the Plane of Linear Polarization
The quantity tan 2x = U(u,L)/Q(u,L) -allows determination of the
angle x between the plane of the linear polarization and the magnetic -
equator (refresented by éy in Figure 3). This quantity was plotted in
Figure 13 as a function of u for different L-shells. Clearly, there is
a region between L = 1.2 and L .= 2 where the angle becomes quite large.
However, this is the same region Qhere tﬂe degree 6f polarizatioﬁ, i.e.y
Q(u,L), shows a minimum produced by the field geometry (See Figure 11).
Thus, the intensity of the polarized component from the inner zone, which
would cause a significant angular displacement of the plane of polariza-
tion from the magnetic equator, may be expected to be only a small fraction
of the total -emission from the inner zone.: - Furthermore, fhe intensity
of the emission from the outer zone:is greater than that from the inner
zone and at least 80 percent of the emission from the outer zone‘is
polarized in the plane of the magnetic equator. As a consequence, we
would expect in our present dipolevmodel that the plane of polarization
lies in the direction of the magnetic equator ét-any given longitude.
This is indeed seen .to be true in Figure 40 which shows the position
angle of the plane of linear bolarization relative to the planet's
equator as-a functioﬁ of longitude at different frequencies. The

sinusoidal curve PA = 10° sinz(}\II - 1980) represents the variation in.

I

the position angle of the magnetic equator relative to the planet's

equator. At different frequencies, we see that the emission remains
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strongly polarized in the plane of the magnetic equator throughout the
rotation of the planet.

Thus, our model ‘does not account.for the departurer as observed by
Roberts and Komesaroff (1965) from the simple sinusoid of Figure 40 at
Adifferent frequencies (See Chapter IIf, Section A). This phenomenon, along
with - ‘Branson's (1968) asymmetry in east-west strip distributions
previously discussed (See Chapter III,.Sections A and B-4), ' is probably
best explained in terms of a regional anomaly in the magnetic field

(Conway and Stannard, 1972).
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CHAPTER IV. CONCLUSION

In summary, the spectral characteristics and longitudinal variation
of the Jovian decimetric emission were used to derive the structure of
the radiation belts. A double belt system exists such that the outer

belt consists of lower energy electrons (E-= 6.4 Mev if B, = 30 G) whose

S
equatorial density falls.as L_4 for L > 2, Ihe model ‘predicts an
equatorial electron density of about 2«cm_3 at L =.2 if BS = 30 G. The
inner belt, located in the region . 1 < L < 2, consists of higher energy

electrons (E = 18 Mev if B = 30 G) and has an equatorial density which

S
is about one-half the peak density in the outer zone. The pitch angle
distribution of the electrons becomes gradually more confined to the
magnetic'equator with increasiﬁg distance from the planet in the outer
region. We find that a distribution which is isotropic.for 1.1 < L < 1.8,
67 percent confined(*) for 1.8 <L < 2 and 80 peréent confined for L > 2
satisfaqtorily accounts for the degree of polarization and the intensity
variation with rotation of the planet. The eclipse of the radiation

belts by the planet satisfactorily explains the asymmetry of the observed
radiation between northern and southern zenomagnetic latitudes of the
Eérth. The departure from a pure sinusoid in the variation of the
oriéntation of the plane of polarization with Jovian ;otation and the
asymmetry in east-west components of the source on projected maps are
probably better explained by a regional anomaly in the dipole field rather

_ than occultation of the radiation belts by the planet. The observed

spectral characteristics of the non-thermal emission are reproduced by

(*) The confinement refers to the proportion of electrons which belongs
to a population with equatorial pitch angle distribution of the form
60

" sin o .
e
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the model although the peak.in the spectrum of the total-intensity is

not as prominent as previously expected. This implies a brightness

- temperature for the thermal emission from tﬁe planetary disk of 180° K

at 3000 MHz.  B-L plots of the radiation(belfs show little fine structure
except near the boundary of the oﬁter belt with the more energetic inner
belt. Electron fluxes aré of the order of 1000 times those found in the

terrestrial belts if the surface field on Jupiter is 30 Gauss.



119

LIST OF -REFERENCES

Berge, G. L. (1966) ,Astrophys. J., 146, 767.

Born, Max, and Wolf, Emil (1965) Principles of Optics. Pergamon. Press,
New York. ’

Branson, N. J. B. A. (1968), Monthly Notices Roy. Astron. Soc., 139, 155.

Chandrasekhar, S. (1960). Radiatlve Transfer. Clarendon Press, Oxford.

Chang, D. 'B., and Davis, L. (1962), Astrophys. J., 136, 567.

Conway, R.'G., and Kronberg, P. P. (1968), Planet. and,ﬁgace.Sci;, 16, 445.

Dickel, J. R. (1965). '"Magnetism and ‘the Cosmos," in M1crowave Observatlons‘
of Jupiter, pp. 296-309. Oliver and Boyd, Edinborough, England.

Dickel, J. R., Degioanni, J., and Gdodman,‘G. (1970) , Radio Seci., 5, 517.
Dollfus, A. (1970), Icarus, 12; 101.
Drake, F. D., and Hvatum, S. (1959), Astron. J., 70, 137.

'Epstein, I. R., and Feldman, P. A. (1967), Astrophys. J., 150, L109.

Gary, B. L. (1963), Astr. J., 68, 568.

Gulkis, S. (1970); Radio Seci., 5, 505.

' Hess, W. N. (1965). The Radiation Belt: and Magnetosphere. Blaisdell
_Company, Waltham, Massachusetts. :

Hones, E. W. er,and‘Bergson,:J. E. (1965), J. Geophys. Res. , 70,. 4951,
Ioannidis, G., and Brice, N.(l971), Icarus, 14, 360.

Jacksen; J. D. (1966). Classical Electrodynamics., J. Wiley and Sonms, -
Inc., New York.

Lanzerotti, L. J., and Schulz, M. (1969), Nature, 222, 1054.

Legg, M. P. C., and Westford, K. C. (1968), Astrophys. J., 154, 499,

McCormac, B. M. (1966)., Radiation Trapped in the Earth's Magnetic Field,
P. 129, D, Reidel Publishing Company, Dordrecht, Holland.

McIlwain, C. E. (1961), J. Ceophys. Res., 66, 3681,

Melroée; D. B. (1967), Planet. and. Space Sci., 15, 381,

Roberts, J. A. (1965), Radio Sci., 69D, 1543.




120
Roberts, J. A., and Ekers, R. D. (1968), Icarus, 8, 160.
Roberts, J. A., and Komesaroff, M. M. (1965), Icarus, 4, 127.

Scheuer, P. A, G. (1968), Astrophys. J., 151, L139.

Stérmer, C. (1955). The Polar Aurora. Clarendon Press, Oxford.:

Thorne, K. S. (1963), Astrophys. J. Suppl., 73, 1.

Van Allen, J. A. (1967). Procéedings of the Conference Physics of the
Magnetosphere, p. 147. D. Reidel Publishing Company, .Dordrecht, Holland.

Warwick, J. W. (1963), Astrophys. J., 137, 41.

~ Warwick, J. W. (1967), Space Science Reviews, 6, 841.

Westfold, -K. C. (1959), Astrophys. J., 130, 241.

Wilkinson, J. E. (1970), Austral. J. Phys., 23, 197.




121

VITA

Joseph Degioanni was born_,__ near [ - G-

attended primary.and secondary schools in Rio de Janeiro, Brazil and later
in Montreal, Canada. He . graduated from McGill University with a B.Sc.
‘with Honours in Physics in 1967. He received the M.S. degree in Astronomy
from the University of Illinois in 1969 and entered Northwestern
University Medical School that same year. He will recéive the M.D.

degree in June 1973. He is a member of Phi Kappa Phi Honor Society.





