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- a .
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c Integration constant
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)i Constant defined by equation (71)

clj* Constant defined by equation (67)

C2j* Constant defined by equation (66)
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Liquid pressure
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DEFINITION OF SYMBOLS (Continued)

Definition

Cylindrical coordinate

Coefficient defined by equation (29b)
Time
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Coefficients defined by equations (54) and (55)
Wetted surface of the container

Wall displacement; see Figure 1

Coefficients defined by equations (60) and (72)
Real variable

Cylindrical coordinate

Lower and upper limit of the integral (57)
Constant defined by equation (25)

Mass density of the liquid
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Increment
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Functions defined by equations (44) through (47)
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AXISYMMETRIC OSCILLATION OF A PARTIALLY
LIQUID-FILLED CYLINDRICAL SHELL CONTAINER
HAVING HEMISPHERICAL BULKHEADS

INTRODUCTION

The longitudinal oscillations of launch vehicles represent an area of concern.
During ignition liftoff or cutoff, longitudinal vibrations occur as transients and may cause
considerable dynamic loads. However, longitudinal oscillation can also be excited during
powered flight. From experience it is well known that under certain circumstances energy
can be tapped by the activity of the system itself and can produce very undesirable
self-excited oscillation, the so-called ““pogo” oscillation of the vehicle structure. Thus, it is
understandable that the longitudinal dynamics of vehicles have received continued
attention over the last years.

A simplified vehicle model must be used to analyze the longitudinal dynamic
behavior of vehicles or, in other words, to determine the longitudinal frequencies and
mode shapes. Usually only a few of the fundamental modes are of interest; thus, only
significant dynamic properties must be considered. The liquid propellants constitute a
high percentage of the overall vehicle masses throughout much of the powered flight time
and, coupled with the solid vehicle masses and springs, may generate the fundamental
modes of the entire vehicle. Thus, the correct comprehension of the liquid oscillation
inside the elastic container is extremely important.

In this report a spring-supported, cylindrical container of the length 2 having
hemispherical bulkheads is -considered. The analysis, however, is also valid for € = 0,
which represents the cases of sphere and hemisphere. With regard to these cases, the
analysis in Reference 1 is, at least in its characteristics, similar to that in this report. The
experimental result of the completely filled hemisphere as reported in Reference 2 agrees
well with the analytical result of the present report.

A computer program and numerical evaluation of the analysis contained in this
report can be found in the contractor report, Axisymmetric Oscillation of a Partially
Liquid-Filled Cylindrical Shell Container Having Hemispherical Bulkheads: Computer
Program and Numerical Evaluation, by Dwight Caughfield of the Department of
Mathematics, Abilene Christian College, Abilene, Texas. That report was produced under
cooperative agreement NCA8-45, Vibration Analysis of Hydro-Elastic Systems, between
the Marshall Space Flight Center and Abilene Christian College.

BASIC ASSUMPTIONS AND THE EIGENVALUE PROBLEM

The container, its geometry, and its wall displacements$ are shown in Figure 1; the’
displacements are v in the direction of the tangent to the meridian and w in the
direction of the normal to the wall.



The assumptions upon which the
- w following analysis is based are as usual.
Because the mass of the wall is small
compared with the liquid mass inside the
HEMISPHERE | v huge contai_ner, it will.be neg_lected. Also
- neglected will be the axial bending as to the
S small effect on the fundamental frequencies.
\ ] ! In summary, the container wall is
i 5 interpreted to behave like a . massless
> < membrane shell.
‘»w . . . . .
2 To describe the liquid motion which
) v is assumed to be small, the existence of a
velocity potential & is assumed. Thus,
] .
——
| vie =0 (Ta)
P N 2
within the liquid-filled region 7 of the
HEMISPHERE II- container. Then the pressure in 7 follows as
k
S
i ' 29
: \ = oy (1b
?'— a —¢ P 7 ot . ( )
Figure 1. Vibrating system, The boundary condition at the wetted wall
wall displacements. W is '
od ow
= — . (lc)

an 3t

At the free surface the pressure caused by the small surface elevation is neglected. Thus,

at the undisturbed free surface.

The potential & will be determined by an approach proposed in Reference 1,
which is a Galerkin approach in a generalized sense [3]. Using a complete set of potential
functions <I>j G=1,2...) which satisfy the free surface condition (1d),® will be

approximated by



n
& = a’w cos wt Z P, )
1

thereby the coefficients aj and the functions ‘®) are assumed to be dimensionless.

It is requested that the error which appears in the boundary condition (lc) by
using the approximation (2) is orthogonal to <I>j G=1,2,...n),i.e

/(22 - a""<1>c1w—0;j=1,2,...n ;
Wan ot

or by the use of Green’s theorem [4],

0d.
S <I>—J—<I>Jade—0,J 1.2, ...n . 3)
W an ot

From equations (1b) and (2), one obtains
p = ya®?w? sin wt Z a®y
1

If

a3 2
)\=% , 4

it follows that

n
_Es .
? ; ak<1>k . (%)

Thereby and also in the following equations, the time factor has been omitted.



The displacement w is caused by p . Therefore, the following expahsion of w,

can be concluded; w) is a dimensionless quantity which must be determined.

The substitution of equations (2) and (6) into equation (3) results in

‘n 0d;
zll ak faén—JdeW—?\ f <I>kadW

W w

0

i=1,2,...

If the entire equation (7) is divided by 2a’>« and the notations

1 ®; -
2a27T f a —5—-— <1>de = Kjk
w
and
1
/ <I>j wde = Mk

Za%n W

are introduced, the equations (7) can be written as

(k11 ®12 -+ ¥ I3V

K91 K22 ... K2p M1 M)
- A

| ¥nl *n2° -+ ¥nn| | #n1 Hn2

Hln

k2n

(6)

(N

(8)

)

. (10a)



In this way the problem at hand is reduced to a matrix eigenvalue problem, the solutions.

of which are denoted by

31
a2
as'ywiz i
. = N 1= s s
A 5 ' 1,2

Depending on the liquid level, one must consider three basic cases (Fig. 2).

DRY WALL

FREE SURFACE

WETTED WALL W

Case A: ¢S<%
h; =acos ¢4> 0.
h, 2 h;.

a. Liquid surface within
hemisphere I..

-l
| -l
<
2
Ao )=
[} Q
AN
SURFACE 2 'T'
o
-l
< .h,
zY 2
l o L
/ w
I __I ________ =
0, &
2
]
. T
Case B: ¢s“§
h, =0.
h, > 0.

b. Liquid surface
within cylinder.

Figure 2. Three basic cases.

(10b)
p
]
1
-l
-
P
=
| >
&
(_)-2_ ¢s _‘
FREE_SURFAC ?_"2
<
. &
e

h, =acos ¢ < 0.

c. Liquid surface within
hemisphere II.



Assuming the length £ of the cylinder to be zero, the problem is reduced to that
of the partially liquid-filled sphere.

As indicated in Figure 2, two different coordinate systems are considered. For the
hemispheres, spherical coordinate systems (p , ¢ ,0) having their centers in O, or O, ,
respectively, will be used (Fig. 3). The liquid motion within the cylinder is referred to a
cylindrical coordinate system (r,z ,8) with its origin at the liquid surface (Fig. 4).

|
|

LIQUID SURFACE _r
5 >
\.
z
Figure 3. System of spherical Figure 4. System of cylindrical
coordinates. coordinates.

TheAsurface element of the wetted wall in both of the systems, respectively, is
dW = a2 sin¢ d¢ d6

and
dW = adzdsg

The introduction of these coordinates into the integrals (8) and (9) for the most
comprehensive case A(pg < n/2 ;h; > 0;h, > h;) yields

m b h, oD
- J . J dz
KJk = f a E ‘I)kSln(,‘bdd) + f a a—r d)k ? (11)
¢s hl .



and

4 h, dz
s -

where p =1 = a.

Equations (11) and (12) comprise also the cases B and C. In case B, h, equals
zero and ¢g equals 7/2, as indicated by Figure 2. In case C, the second integral of
equations (11) and (12) must be omitted.

THE WALL DISPLACEMENTS

The wall displacements depend on the pressure exerted by the liquid at the
wetted container wall. As mentioned previously, the wall is assumed to behave like a
membrane shell. Hence, to obtain the equations that link the displacements to the
pressure, the basic equations of the membrane shell theory must be brought up. First, the

hemispheres will be considered [5].

The eqtlxilibrium conditions are

J
N¢ + Ny = ap (13a)

Hooke’s law is

Np = Dlvey + ¢p) (14a)

and



o T V) : (14b)

where

D = ) (14c¢)

The strain-displacement relations are

veotang + w = aeg (15a)
and

Cdv .

P + w = aey . . (15b)

The positive directions of v and w can be seen from Figure 1.

By substituting equations (14a) through (15b) into equations (13) (see Appendix),
one obtains

v + g = p (162)
and

2

a
= — -(1+ ' 16
= [p-(1+v)¢] | (16b)
where, according to equations (A-3) and (A4) in the Appendix,

= - —y (16¢)



and

by o L4 fdE
vt Sne s .<d¢ smqb) . (16d)

The liquid pressure p is acting on the wetted container wall. Hence, one has to assume
that p equals zero in the preceding equations where the wall is dry.

Equation (16a) is a differential equation of the second order, in the general
solution of which two arbitrary constants occur. Hence, two boundary conditions must
be assigned. These conditions are, for hemisphere I,

g_i ‘ - 0 (17a)
¢=
and
ds Es
= = - 2y (17b)
do | =T (1+v)a?
)
and for hemisphere II,
dg Es ‘
de =B, (18a)
do | 4= (1 +»)a?
*=3
and
:_i -0 (18b)
¢=n

The conditions (17a) and (18b) express the fact that the problem is an axisymmetric one
while the remaining two conditions (17b) and (18a) follow from equation (16c).




“ There are,"hoWever, additional so-called compatibility conditions [1] which-assure - "~

that the membrane at the liquid surface remains continuous after deformation, i.e., that 1
it has no gap:

s|¢=¢s_e = 5|¢=¢s+€ (19a)
and

dg dg (19b)

Wl p=05-c 9 |g=0o.+e

For the axisymmetrical load p to determine the displacements v and w, the
differential equation (16a) under consideration of the boundary and compatibility
conditions (17a) through (19b) must be solved. The displacements then follow from
equations (16b) and (16c).

Now the cbrresponding eQuations of the cylindrical part will be considered.

The equilibrium conditions are
Ng = ap

and

m
2

N, = a f p cos ¢ sin ¢ .do
s

These conditions can be verified easily by separating the appropriate parts from the shell
by means of cuts.

Obviously, Ny equals zero where the wall is dry, whereas N, equals zero in cases

B and C where hemisphere I is empty.

10



Hooke’s law is

D (eZ + veg)

N,

and

NG = ﬁ(vez + (—:9)

The ‘strain-displacement relations are

o€

and

Once again, the elimination of the strains and membrane forces from these

equations results in

k]

Esi W =p - f p cos ¢ sin ¢ d¢

a? 5
s

and

a o

L

Es ov 2
. = - vp +f. p cos ¢ sin ¢ d¢

s

(20)

2D

11



Equations (20) and (21) represent the most comprehensive case A (¢ < 7/2). In.
cases B and C (¢S > 7/2) the integrals on the right side of equations (20) and (21) equal

zero. For dry regions of the cylinder the entire right sides of equations (20) and (21)
equal zero.

To determine v — v, for case A (¢ < 7/2;h; > 0;h, > h,), equation (21)

must be integrated over the cylinder from h, to the variable coordinate z . This results
in

m
- 2 z
_ a’ Z"hl dg¢
v = vy + — f pcos¢ sing do —» f ) 'y . (22a)
¢S hl
In case B (¢ = 7/2;h; = 0;h, > 0),
z .
_ a? d¢
ve=wvi -z [ p 2 . (22b)
0
In case C (¢ > n/2;h, =0;h, < 0),
v=ov . (22¢)
If' z = h, , it fqllows from equation (22a) that
m
2 h,
_ a2 [ 2 - ) dg
vV, = v, +§ 7 ({ pcos¢sm¢d¢-v{ p; . (23)
S 1

é

Now, if the equilibrium of the spring force and the resulting force stemming from the
pressure inside the container is considered, one obtains

12



, a?
V2 = -

it
a f p tos ¢ sin ¢ d¢ (24)
s

gl

where

(25)

From equations (23) and (24) and the.remarks after equations (21), the following
can be concluded:

In case A (¢q < n/2;h; > 0;h, > h;),

s

a? T 9 2

v, = B —a{ pcos¢sin¢d¢—;f p cos ¢ sin ¢ d¢
S

S

h,
o [ %) (26a)
h,

InCaseB(¢S= #/2;h, =0;h, > 0),

I a2 " . N b, d
v, = B - { pcos¢ sing do + v'_({ p—a— (26b)
2
In case C (¢4 > #f2;h;, = 0;h, < 0),
a2 LT
vV, = - B o f pcos¢singde = v, . (26¢)
s

13



THE COORDINATE FUNCTIONS
Considered herein is a complete set of polynomials

*n@,2z) ; m=12 ... ,

which fulfill equation (1a). In the cylindrical coordinates r, z equation (1a) is

+ 10, + 17 = 0 ) 27

2 -
Vb (r,z) = r* o 7z

T

As is easy to prove, e2J,(r) is a solution of equation (27). If one now n‘xultiplies‘
the series - ‘ :

and

w (VY
Jo@) = J;O (:—1():—')(2’22—

term by term and collects the terms having equal degrees, one obtains [6]

® . (rz)
&l = ), —

m=

. | (28)

m!

where

14



]

2 » .

v, =y s oK g2k (292)
k=0 <

([m/2] is the next smaller integer of m/2), and

m) _ (DK [2K\ (m .
2k T ok <k> (2k) : (290)

Because the operator of the left Side of equation (27) leaves' the degree of these
polynomials unchanged, each of the polynomials (29) must be a solution of Laplace’s
equation, i.e., a potential function. The polynomials (29) of the degree O through 7 are

\IIO = 1 ’
v, = z s
! 1
\I»’g = ,Z2 - ‘i 1'2 s !
v, = 728 -~ %rzz ,
v, = z% - 3r%z2? + 3 r? ,
8
Vs = 28 -~ 51222 + =1z ,
15 45 5
= 6 _ -~ 2,4 *J) a2 _ 2 6
Ve z 3 r‘z + 8 'z 16 r ,
and
21 105 35
N7 = 27 o 22 2,5 4 X2 a3 20 6
7 2 ' g 7 6"~




If the cylindrical coordinates are transformed into spherical coordinates according
to

N
I

-p COS ¢

and

r = psing

(see Figs. 3 and 4), one obtains [6, 7]

Yo (,2) = (-p)MP, (cose) - @D
where P (x) is Legendre’s polynomial or Legendre’s function of the zerot! order of the
degree m. For m = 0,1,2... Legendre’s polynomials are [6]

PO =. 1 3

Pl = X >

P, = l (3x%2 -1)

2 2 3
1 2

P, = = (5x* -3x)

2 "

and so forth.

Differentiation of the polynomials (29) with respect to z results in

(32a)

16



as can easily be concluded from equation (28). Thus,

1
f\I/m(r,z)dz = —7 Yoa+q T,z) + ¢ . (32b)

Another relation follows by multiplying equation (28) by

SN
el = Z Hl ;
=1
one obtains
m o )
v (r,z+h) = ..ZO (j)\pm_jhl (33a)
J:

or by symbolic operations,

\Ifm(r,z+h) = (¥ +h)Mm ; (33b)
thereby,

i = v j (r. ,Z)

If the polynomials of equations (33) are replaced by Legendre’s functions
according to equation (31), the result is that

m .

j
v _(r,z+h) = (-p)M ™p_ . (—2) , 34
" - jzﬁ(l)"”ﬂ : (342)

17



or symbolically : e o

hm '
¥ (r,z+h) = (-p)0 [P(cos¢) - —] . (34b)
p

The dimensionless polynomials

r z . .
q>j(rsz)_‘p2j-l<;:;) ,]—1,2,--- (35)

"may serve as coordinate functions. The polynomials satisfy equation (la) and the free
surface condition (1d); hence, all requirements are fulfilled. Some of these polynomials
are

s, = % |
a
_[z\? 3r-’;
o2 "(3) ‘5(5)3 ’
o .Zs r\/z\3 Vlsr?;.z
®s ‘(z) - 5<§)<§> *-?(5) a
o, = (2Y - 2YTY(zY 4 105(r\'(z\ _ 35(r}° 2
4 a) ~ 2\a/\a 8 \a/\a 16\a/ a

and so forth.

(36)

As far as the cylindrical part of the container is concerned, the representation
(35) and (36) of the coordinate functions is appropriate. The velocity potential inside the
hemispheres, however, must be referred to the centers O, ,0, having the
distances h, , h, , respectively, from the free surface. Following equations (34) and (35)
the coordinate functions referred to the respective centers are :

18



0\ 201 ] 41
®; = -<—) P(cos ¢) - — i=1,2 ;j§=1,2,... 37
a P

Thereby, i equals one or two accordingly as hemisphere I or hemisphere II is concerned.

For the latter use the derivatives of the coordinate functions at the wall in the
direction of the outer normal

“will be determined. For the cylindrical wéll, one concludes from equation (35) that

i (r z>
od. 2j-1 ~ s Tk .
a —J3 = a 4 . (38)
ar

-
. . a | r=a

The normal derivative of the hemispheres follows from equaﬁon (37) as (symbolically)

od: hi 2_]'2
a — - PP - — ;i=1,2 (39)
where
PPK = P

The coordinate functions (35) and (37) and their derivatives (38) and (39) at the
container wall are shown in Table 1.

19



TABLE 1. COORDINATE FUNCTIONS AND THEIR NORMAL
DERIVATIVES AT THE CONTAINER WALL )

ﬁemispherp I

. h, 2j-1 h, 2j-2
P < ¢ <§' -|P(cos ¢) ey -(2j - 1) P(cos ¢)| P(cos ¢) -7
C'ylinder
305 1(=, %)
z _ 2j-1\5 057
hl <Z<h2 ‘I’2J_1 (1 s_)
a’

Hemisphere 11

A
©
N
3

h, 21 ‘ h;] 22
- |P(cos ¢) - - -(2j = 1) P(cos ¢)[P(‘COS ¢) - ;]

(Y]

THE MATRIX.COEFFICIENTS

The matrix coefficients « ik as given by equation (11) depénd on the coordmate
functions and their derivatives only By use of Table 1 and equations (29), « ]k can easily

be evaluated. To cover cases B and C, the remark following equation (12) must be
considered. In the case of Mk given by equation (12), the situation is different.

For ik to be determined, wy must be known. As far as the cylindrical part of the
container is concerned, Wi follows easily from equations (5) and (20). The
determination of w and hence of Wy for the hemispheres, however, is laborious, as can
be seen from equations (16).

First, the hemispheres are considered. From equations (5) and (16a) it can be
concluded that if

0 dry wall
(v? + 2)g = , (40)
Oy wetted wall

20




where ¢ satisfies the boundary conditions (17a) and (18b) and the compatibility
conditions (19); then, for the wetted wall,

_ Es
T a

n.
XY, Ak s (41)
1

provided that the series on the right side of this equation satisfies the boundary
conditions (17b) and (18a). If this is the case, then from equations (5), (16b), and (41) it
follows that

n

wo= an ), alda,e) - A+n)g] . (42)
1 _

A comparison of equations (6) and (42) results in
Wk = <I>k(a ,¢) - (1 +V) Sk . - (43)

Now the problem is how to obtain the proper solution of equation (40). For
convenience ¢ will be composed of two terms, i.e., |

E=F +n (44)

where, in accordance with equation (41),

n

___go‘ _ -

E= — ; ac ke (45)
n |

no= 2 ) ame (46)
1
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and
_‘c’k = Ek tar . 47

To assure the fulfillment of equation (16a) and of the boundary and
compatibility conditions (17) through (19) by & as presented by equations (44) through
(47), the following assumptions are imposed:

v +2E =0 ‘ (48)

at the dry and wetted wall. Furthermore,

0 at the dry wall
v o+ ) = (49)
: p . at the wetted wall .

Thereby, ¢ will satisfy the boundary conditions (17) and (18). Because equation (48) is
homogeneous, no cor_npatibility problem exists. The second term n "will satisfy the

homogeneous boundary conditions (17a) and (18b). The conditions (17b) and (18a) will
be replaced by '

«dn

—_— =0 . 50
3 |, - (50)

T
2

Furthermore, n must satisfy the compatibility conditions (19). As indicated by
equation (49), n consists of a homogeneous solution at the dry wall and of an

inhomogeneous one at the wetted wall. The fulfillment of the compatibility conditions
joins these solutions.

According to equations (16d) and (48), E is a solution of Legendre’s equation

having the degree one; hence, it is linear, composed of cos ¢ and

Q:(cosg) = -1 - cos¢lntan% 51)
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(see Reference 7). However, the coefficient of Q, equals zero, as follows from the
boundary conditions (17a) and (18b) and the fact that dQ,/d¢ is singular at ¢ = O
and ¢ = = . Thus, regarding the boundary conditions (17b) and (18a), one obtains

= Es .
E o= (_IT)a’ vicos¢ ; i=1,2 . _ (52)

Thereby, i equals one or two accordingly as hemisphere I or hemisphere II is concerned.

From equations (5) and (24) through (26c¢), it follows that

Vi = ax ZI:; a Vig 5 i=1,2 s (53)

Vi = —eA s, - b AgGe5) + vBylhy Lhy) incase A, (54a)

Vik = -ozAk(Z2 ,7) + vB(0,h,) incaseB (54b)

Vik = -aAk(qSS,n) incase C -, (540)
and

Vo = -aAk(kps,?r) (¢ = % incase B) (55

where the notations

D) .
[ @xla,¢)cospsingds = Ay(ds,42) 5 61<¢, (56)
# _
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and

Z2
Soee,n L = B m) ; asn (57)
Z

have been used.

Combining equations (45), (52), and (53) results in

= Vik . i=1.2 58
£ T+, 08¢ 5 i=1, . (58)

Substituting equation (58) into equétion “n yields'

Vik .
bk =k t g, cose s i=1,2 (59)

where vj, is given by equations (54) and (55). Finally, from equations (43) and (59) it
follows that

w = &y (a,9) - (I+v)ny - vyecosp 5 i=1,2 (60)

for the wetted wall.

Now ny as defined by equations (5), (46), and (49) gnd the boundary conditions

(17a), (18b), and (50) and the compatibility conditions (19) must be determined. From
equations (5), (37), (46), and (49) one concludes that if

0 at the dry wall
w2 + 2) fj = 6D
Pj at the wetted wall

i=0,1,2,...
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and fj satisfies the above-mentioned boundary and compatibility conditions, then

ho\2k-1
nk = -\ —? N i=1,2 (623)

where (symbolic operations)
il = f; 5 §=0,1,2, ... . (62b)

The subscript i equals one or two accordingly as hemisphere I or hemisphere II is
considered.

The homogeneous solution fj(hom) is composed of cos ¢ and Q, (_coéqb) as given

by equation (51). At the wetted wall a particular solution fpj must be added. Hence,

fj(hom) = c:h-* cos ¢ - °2j* Qi (cos ¢)
and
fj(mh) = f(0) + c}j cos¢ + ¢2;j Qi (cos ¢)

Table 2 is a com-p'ilation of Nk as given by equatio'n‘ (62a) and fj 3i = O', 1,2,. .
According to the boundary conditions (17a), (18b), and '(50) and to the behavi01)'
of dQ;/d¢ , which equals zero at ¢ = n/2 and is singular at ¢ = 0 and ¢ = =7, ] om

and fj(inh) follow as presented in Table 2. In cases A and B,

ol = ¢ = Ty . (63)
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- -« TABLE 2..ny -AND :fj FOR CASES A, B, AND C (SEE FIG. 2)

Case A - Case B Case C
g f § g
Hemisphere 1 Dry: 0<¢<¢g
0<¢p< = .
2 ) cl_] CcOoS ¢
- h, 2k-1
a
m
Wet: ¢s<¢<§
fpj+cjcos¢+c2jQ1
m ) ’ w "
Hemisphere II Wet: 5<¢<1‘r Wet: —2—<¢<n Dry: 5<¢<¢s
1<<1)<1r \ *
2 -¢cy: Q
2j ~1
h,\2k-1
-£-=2 f;+c; cos¢ f.+c; cos¢
a Pt pi’
Wet: ¢, <o<m
fpj+c1jcos¢

" The compatibility _conditions serve to determine the remaining constants. These
conditions, following Table 2, take the form (¢ = ¢): '

—(cj "clj*) cos ¢ - c2j'Q1 = fpj

and
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dQl _ f '

. —Cq:¥%) g - S
(cJ C1j ) sin ¢ C; i Di

for hemisphere I (case A) and
—Clj cos¢ - 02]* Ql = fp}

and

. dQl - s
Cl_] sin¢ - 02]* E‘a = fp]
for hemisphere II (case C).
Because
. dQ, | 1
+ — = - —
Qi sin ¢ 3 Ccos ¢ e

one obtains from the second pair of equations,

czj’!‘ = (sin? ¢fpj + sin ¢ cos ¢ fpj')

¢ = b

and

B 1 +Q, sin? ¢ .
cfj = N\ —

COS¢ fp] t Ql sm¢fp.]> ¢=¢S )

(64)

(65)

Comparing the structure of both systems of equations, one may. write the solution of the

first pair as
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’02j = C2j* . (66)
and

Clj* = ¢ - cfj 67

However, it must be realized that ¢, of equations (64) and (65) lies in the second
quadrant whereas ¢¢ of equations (66) and (67) lies in the first quadrant.

The particular solutions of the differential equation (61) are

1
fpr = _§.|:1 + cos¢ 1n(l-cos¢):| (68a)
and
B
f. = - —~___ : j=0,2,3, ... . (68b)

Pl G-DG+2)

This can be proved by substitution into equation (61). The derivatives with respect
to ¢ are : '

S . _sing cos¢ _ ,
fpl = -3 [1 o3 In(1 - cos ¢)] (69a)
and
: cos ¢ P;: - P.
* - ] ] ]'1 .
. = _ N = e . b
b = TG sme ; §=0,2,3, (69b)

Substituting equations (68) and (69) into equations (64) through (66) results in
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c;i = % (cos® ¢ Q; + In sin¢) ) (70a)
¢ =dg
_ 1 (sin? ¢ +j cos? $)Q, +1 )
U T G-D6+D [ =Y SRR | P
¢ =g
' j=0,2,3
—_ 1 3
€ = -3—(1 +cos® ¢) - (71a)
and
_ 1 ., N . ‘
02j .= —G_‘l)—(j"'—z) I:(sm ¢ + jcos® ¢) P_] jcoso Pj—l] ¢=¢S (71b)
j=0,2,3, ...
Regarding the cylinder, wy is given by equations (5), (6), and (20). It follows
that

.
Wy = d)k'(a,z)—v f <I>k(a,z)cos¢sin¢d¢ ,
b ’

or under consideration of equation (56)

w = & (@,2) - pAy (¢S,1’2-) , (72a)
where
Ak((bs,%) = 0 if o5 > g (72b)
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(cases B and C) as can be concluded from equation (56) and the vremarr'k following
equation (21).

Substituting equations (60) and (725) into equation (12) under consideration of
equations (54) through (57) results in

(case A: ¢S<1i/2 ;hy >0;h, > h;) .

m T
Bk = S ®;(a,p) @y (a,¢)sing dp - (1+v) f ®; (a,¢)ny sin ¢ d¢
s . s
h, . dz
+ [ 9@, @.2) — + aAGs,m) A, )
h;

2 . . .

+ Bj(hl ,ha) Ak(d’s'a %)] . (73a)

Equation (73a) also comprises cases B and C. Under consideration of equation (72b) one
obtains in case B (¢ = 7/2;h; = 0;hy > 0)

m m

wg = f Pj@,¢)ey@,¢)singdy - (1+») S ®j@,¢)nysing do
m , ’ m
2 2

q .
?i(a,2) Oyla,2) = + aAj(g—,ﬂ)Ak(%,ﬂ) (73b)

+
O\:
S
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‘andin case C(pg>n/2; h, =0; h, <0),

w n

wg = [ @@.0) @y, ¢)singde - (1+») [ &, ¢)nysing do
s s
+ ahy9g, 1) AgGg,m) . (73¢)

From equation (56) it follows that for ¢4 < /2,

Aos. ™) = Afbs,7) * AGG.m (74)

Table 3 summarizes the functions involved in evaluating the integrals of equations
(11) and (73). It is composed of Tables 1 and 2 under consideration of equations (66)
and (67). In addition to the table, equations (29) and (35) and equations (51), (63), and
(68) through (71), respectively, must be considered to determine <i>j and 7. '

Now the remaining quantities of equations (73) must be. determined. The
-constant « is given by equation (25). The integrals (56) and (57) must be evaluated to
obtain the quantities Ay , Bj . If equation (37) (0 = a) is substituted into equation (56),

one may write (symbolic operations)

¢2 hl 2k_l
Ay .92) = - [ \P-— cospsingdp ; i=1,2 (75a)
&
where
ijcos¢sm¢Q¢ = sin? ¢fjp + sin ¢ cos ¢ _dE + ¢c (75b)

and fjp is given by equations (68). Equation (75b) can be proved by differentiation. In
doing so, equations (16d) and (61) may be used.
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Considen'ng equation (68), One obtaing for the Cases gat hand, $s < n/2,
s = n 2, and b5 > /2 » TeSpectively,

7
i 2 ¢ h,) 2k-1
Ak@s’f)': - f T
?s

cosésin¢d¢ (76a)
and
T
b
S/ Pj cos g sing g5 - fpj/¢=l % ; i=0,1,; ; (76b)
ég ,
D 7 h,\2k-1 |
A3, m) = YA ") cosesing g4 (77a)
1r .
7
and
T
S PjCDS¢Sin¢d¢ = -ij/q):-’f ; (77b)
7 2
2
and
N h, 2k-}
Ay@g, 1) = _ va ( ~;~) €Os ¢ sin ¢ gy (78a)
s

and-
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{ PJ cosgsingdy = - C2] , (78b)
S

where € is given by equations (71).

The integral (57) can be evaluated with the aid of equations (32) and (35). It
follows (z, = z,) that

_ 1 Z, Zy
Bj(zl y22) = Z [sz(l ,*a") - ‘1’2]'(1 ,;)j] . (79)

MODES OF VIBRATION

The characteristic patterns assumed by the free vibrating system according to the
eigenvalues and eigenvectors (10b) are the so-called modes of vibration. First, the liquid
pressure and the displacements may be considered.

Without the time factor, the pressure is
. n
; Es '
p(]) = ? )\j ; ajk q)k
as it follows from equations (5) and (10b).

Equations (6) and (10b) resuilt in

n

0 = . .
w a )\_] ; ajk Wk .

where wy is given by equations (60) and (72) for tﬁe hemispheres and for the cylinder,
respectively. Table 4 may serve to ease the computation of wi . This table contains the
equations (54), (55), (60), and (72) and the functions &; and n) as given in Tables 1

34



(559)tyo -

os0a'lo 4 .Eu

1%,

¢soalea-Au(ay y-Tlo

sm00x~>ux=Aa+ -

EET'Y

A
¢>¢> m
11 a1aydsiwoy

¥> 9% -

puihy

@Soylyn-

ehcux;:

Aig
Lseso
1 u._uﬂnmmcwu:

(&) lyo-

$500 .qu+.ah

ewOux~>nxe?+ :uxe

oM .
EVGVW

11 d1aydstuay

e
>z>0

1pullA)

Cy*oMlar+

(s&ytyo-

¢soo Ma-

Aig
Loos
r 0
1 asaydsiuay

o Eyya-

¢ 500 b + _d.*

emo%_~>| Ay (14 C:xe

14
sse>t

11 21oydstway

(D "a £y a-te 1M
' 'y»>z> W
. Jpunhy
.N gyt : 174 [, M e A, A Az .
(fut'y)g e+ O I+ 9500047y W -d)- ¢soo ta-Tu(asr -0 190
[ I 14 z s
X —-1)- L>¢> ¢
-: v
P N T_NA
Tm.‘m&v_,xwr?.msxﬁu o500 ((fo-5) ¢sootaAu(ay - &g
Ssse50

1 a1aydsiusy

v ase)

R R T

%

" (z "OI4 FAS) O GNV ‘d ‘V SASVD ¥od I 'y F1avl

35



and 2 under consideration of equations (66) and (67). To supplement Table 4, the
defining equations (25), (29), (35), (51), (63), (68) through (71), and (74) through (79)
must be considered.

For the mode v(j) an expansion similar to that of w(j) can be concluded,
namely,

n

V(]) = a?\jb ; ajka

As far as the hemispheres are considered, Vi follows from equations (16¢), (41), and
(59) and VK of the cylindrical part is covered by equations (5), (22), and (53) through

(57). The most important equations and formula are compiled in Table 5 for cases A, B,
and C to outline the computational procedure. In addition to the expressions vy of the

hemispheres and the cylinder and equations (54) and (55), the tables contain the
derivatives of the functions of Table 2. In addition to Table 5, the equations (25), (29),
(51), (63), (69) through (71), and (74) through (79) must be considered.

George C. Marshall Space Flight Center
National Aeronautics and Space Administration
Marshall Space Flight Center, Alabama 35812, May 1, 1972

982-52-00~0000
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TABLE 5.

vy FOR CASES A, B, and C (SEE FIG. 2)

Yk

fj';J=0,l,2,...

vik;i=1,2

Hemisphere 1
0< ¢ < ¢
Dry
9s<9< 5
Wet

-(1 +v)nk'+vlk sin ¢

_(Cj -Clj) sin ¢

, - dQ,
fpj - ¢jsin ¢ + ¢p; s

—a A (9, 1)
2 ’ T
';'Ak (¢S’5?

+VBk(h1,h2)

Cylinder
h, €z<h,

Wet

z-h,
a

V1k+

Ag (¢5,53-v By (h1,2)

Hemisphere 11
L4
3 S¢<7

Wet

-(1 +v)my '+ vy sin¢

fpj' - Cj sin ¢

-a Ap (85,7)

Case

Hemisphere 1
0<¢<3

Dry

Vi sin¢

~a Ay (5,7)

+v B (0,h,)

Cylinder
0<z<h,

Dry

Wet

Y1k

vig-v By (0,2)

Hemisphere 11

n

2
Wet

SoST

S(1+v) gy + vy sing

i (f'_ﬁ)Zk-l
a

fpj -¢jsing

-a Ak(z,")

Case

Hemisphere 1
0<¢<3

Dry

vk sin¢

-a Ak(;ﬁs,").

Cylinder

Dry

Vik

Hemisphere II
m
7 S¢S ¢
Dry

¢S Sos

Wet

(L 4wy gy sin ¢

dQ,
€% dp

fpj‘ —Clj sin ¢

-a Ay (95, 7T)
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APPENDIX .

SUBSTITUTION OF THE DISPLACEMENTS INTO THE
DYNAMIC EQUILIBRIUM CONDITIONS OF THE
SPHERICAL SHELL

Substituting equations (15) into equations (14) yields

N, = E8 vd—v+w +vcotan¢+w'
0 a(1-p?) | \de

)

and

N _E«S_ d_v + w + v(vcotang + w)
4 a(l -»2) | d¢

By substituting equations (A-1) into equation (13a), one obtains

dv a?
+ + = - —_—
i v cotan ¢ 2w (1-v») 5 P

Using the notation

Lo d
v = (1+V)§ 3 ,
it is realized that
dv _ a? 1 d fds |
Hq—) + vcptanqb = —-(1+v) T m d_¢ (371) sm¢>

It is natural to denote [1, 2] that

38
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1 d d _
o B (S“‘"’aa) = v 4D

because the left side is Laplace’s operator of functions independent of p and 6 . Using
this notation,

2

dv — a .
& + vcotan¢ = —(1+v)§5 vit (A-5)

is obtained. Thus, from equation (A-2) it follows that

2 2

(1 +v) Eiﬁ_ Vit + 2w = (1"’)1%; p . (A-6)

Substituting equations (A-1) into equation (13b), one obtains (after a little
algebra)

(1-v) <§‘_’ - v cotan ¢) cos ¢

d¢
+ sin ¢ E ﬂ + w + wv(vcotang + w)| = O . (A-7)
d¢ | d¢
Because

dv . d
(d—cp - v cotan ¢> cos¢ = sin¢ [v + a& (v cotan ¢>)] s

as is easy to prove by differentiation, equation (A-7) can be written as

(i -y + (%[(1 -pv)vcotan g + g—;; + w + v(vcotan¢ + w)] =0 ,
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--or under -consideration of equations (A-3) and (A-5),- -

d 2 2
d—¢[—%8v2zz—%—6(l—l))s+W]=0

Following equations (A-3), ¢ is determined only up to an arbitrary constant. Thus, it is
concluded that

2
G@ F1-E-w=0 . o A (A-8)

(According to Reference 2, -equations (A-6) and (A-8) are given by V.Z. Vlassow,
Selected Works, Volume 1, Moscow, 1926.)

Now the elimination of w and v?2¢ from equations (A-6) and (A-8), respectively,
results in equations (16a) and (16b).
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