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THE SECOND-ORDER GRAVITATIONAL REDSHIFT

I. INTRODUCTION

Gravitation has always been one of the most féscinating
phenomena of nature. Recently, a resurgence of interest in this
field has occurred, spurred on by many new astronomical observa-
tions. Because the force of gravity is weak comparéd to nuclear
and electromagnetic forces, it is'virtuélly impossible to per-
form laboratory experiments invglving :elativistic gravitation.
ﬁowever, with>advances in space technology, we have now enlarged
our laboratofy for controlled expériments to the éize df the
solar system.

New‘tests of gravitation are presently being made, using
new technblogy: Light bending by a gravitational field is mea-
Sufed, ﬁsing very long baséliﬂe interfercmetry to observe the
microwave signals from quasi stellar objectsias the -signals pass
close to the sun. Powerful radars are being used to send pulses
across the solar system to measure the-time delay produced by
the sun's gravity. Space tracking of probes flying past Mars
and Venus have yielded valuable orbital data én the general
relativistic corrections to the motion of objects in a gravita-

tional field.



It is significant that atomic clocks have been involved in
nearly all of these experiments. Indeed, today, atomic clocks
offer a measuring capability within a precision of better than

.1 part in 10%%

. As no other instruments of comparable capability
exist, it seems logical to further explore space-time with clocks,

and to make measurements in terms of data expressed as time inter-

vals.

It appears that a direct measurement of the nqn-linear term
of the gravitatiogel fieldneQuations can now be made by the use
of very etable clocks. A vehicle containing.such.a cleck could
'be put into a highly eccentric orbit around the suﬁ; or allowed
to fall into the sun, and ifs frequency would be compared with
an identical clock on earth. This is a measure of the so-called

"second-order gravitational redshift".

The only other preseﬁtly feasible test for the second-order
term is that which measures the perhelion advance of a planet or
satellite; all the other current experimental tests of relativity
can only measure first-order effects. This frequency shift
experiment would be a distinct,, additienal test for the nonlinear
term. é'great advantage of this egperiﬁent is that it does not
depend at all on the integrated characteristics of the orbit.

As we will show,'the only requirements afe the knowledge of the
instanteneous gravitational potential and the velocities of the‘

clocks.



At present, a highly accurate test of the first-order gravi-

tational redshift is in'development, uéing a terres;rial rocket
probe. Some of the techniques perfected for that experiment will
be useful in a heliocentric second—ofder.redshift éXpériment.

The terrestrial probe experiment uses atomic hydrogen maser
clocks in the probe and on the ground'that are connected by
microwave signalsi The nongra&itational effects due to the rela-~
tive motion of the probe and ground clocks.ére accounted for.by
continuously measuring thé path length in terms of the phase of
cbherently returﬁed signals originally transmitted to the probe.
The phase variations due to path length changes afelthen auto-
métically removed from the clock signal.

The terrestrial experiment is expected to test the so-called
_principle of equivalence. This principie, first stated by
Einéteiﬁ in 1907, asserfs that all freely félling, nonrotating,
"suffiéiently small" laboratories are equivaient; i.e., all the
laws of physics will appear the same in all freely falling, infin-
itesimal laboratories. At presént, the best tests ofAthe princi-
ple of equivalence are the elegant experiments performed by
R. V. Pound and co-workers, using M®ssbauer eﬁission and absorp-
tion from Fé57. These experiments, performed over a vertical
distance of 75 feet, have verified Einstein's postulate of equi-
valence to 1%. The terrestrial probe experiment seeks to extend

the distance to 10,000 miles, and the accuracy to 20 ppm. The



successful cqmpletion of this test will do much to put the equi-
valenée principle on a sqund experimental b;sis, and establish
the validity of the cornerstone of Einstein's General Theory of
Relativity. ‘

-However, the terrestrial probe experiment will not be suffi-
ciently sensitive to permit distinguishing between the several
theories of gravitation now in contention. Other presently viable

theories of gravitation have the principle of equivalence as a

basis. The first-order gravitational redshift can be derived
immediately from the principle of equivalence alone; a knowledge
of the field equations of the theory is not necessary. Thus, it

is important to emphasize that a measurement of the second-order

redshift, the nonlinear term, is a test of the actual field equa-
tions of a theory of gravitation, and could hélp establish the

validity of such a theory.



.

II. FREQUENCY SHIFT IN A GRAVITATIONAL FIELD

We derive the exact expression for the gravitatioﬁal frequency
shift of light emitted by a source at one position .and recéived
"by an observer elsewhere. The rigoroué, covariant approach is
used in order to avoid any ambiguities in the definition or inter-
pretation of any terms appearing in the.ﬁinal exéression.

The.ratio of the frequency of-light gmitted 5y‘a séurce(s)

and received by an observer (o) can be given as:

e | a
Vg (p - Vg (p, Vg )
v f AT = T e !
o (p V)O | (pa v )O .
- AXa : a dxa
where p_ = gg— is the photon "four-momentum, V~ = g~ is the

"four-velocity" of the source or observer, and ds is the invariant
infinitesimal element of length in four-space. ds = cdt , where
T is the so-called "proper time" for a particle; for light,

ds = 0, and, in that case, ds is simply an arbitrary variable.
.The symbol 0 represents numbers from 1l to 4. similar subscripts
and superscripts imply summation over that index; this is the
usual convention.

: -> >
The proof of Eq. (1) is quite direct. (P - V) is the product
of two four-vectors; it is a scalar--an invariant quantity. Being
invariant, it has the same value in any coordinate system. We can
. ’ -> -> .
easily find the invariant value of (p * V) by considering an

inertial system in which the particle is at rest. (By the principle



of equivalence, one can always make a transformation into an iner-
tial system at any point'in a gravitational field.)  In this sys-

tem, from special relativity, we have, with c¢ ='l, =

OLight
o ’ : T > -
. , , E = hv d = (0, 0, 0, 1), so that ° Vv
(pl p2 p3 ) an VParticle ( ) (p )
(pa Va) = hv. Thus,
-> - v ) v
(p v)s _ h s _ _S
. ~ hv Y *
(p v)o o o

'Eq. (1) is quite general; we now apply it to the special case

of the spherically symmetric gravitational field. The general form

’ : 1
for this field, in the (r, 6, ¢, t) coordinate system, is given as

as? = B(r)at? - A(r)dr® - r2(d¢? + sinZ6de?) . (2)

Upon solving the geodesic equations of motion, for either light or
a particle, it is found that the motion can be confined to a
plane, ¢ = constant (chosen as = 1w /2), just as in the Newtonian

case of central force motion. Eg. (2) can then be taken as

ds® = B(r)dt2 - A(r)dr2 - r?as® . ‘ (3)

Evaluation of siight and VPartiéle

The geodesic equations for 6 and t give

ae '

2 —— = =

r®* I q constant (4)
at  _ _ - |

B ag = k = constant .. ) (5)



If, for a moment, we consider a test particle at infinity, of
finite mass m,with velocity v as measured at infinity, Egs. (4)

and (5) can be written as
2 db  _ A

. . B\ A .
as

) . _ ' ' - Y1 - vE (6)

B dt ~> g_.t_ = k = 4 .____].:___..___.. ’ (7)

- : ds -ds Vr-———;
’ i l - v

where % is the classical impact parameter of the particle as

measured at infinity. Therefore, for light, where v = 1, we have

(8)

~hQ
i
o

v 5 _
Using Egs. (3), (4), (5), (8) and ds = o for light, we have for

> - ax
Pright = ds °
0 = St _ ok
p ds B
dr ' k ' B2
p' = 3§ ~ -2
/ AB r2
| de KL
2 = - Y = pliaad
p ds 2 '
a, finally, £ = ax®
. anaq, inally, or PB gBa 3s :
. ) Po = Jeo P° =. k | . ' (%a)
) . JE/ BL2
P = g1 P! = -k B 1-= (9b)
xr
P2 = d,, p2 = - ki . (9¢c)

2
For a particle, ds # o. Using Egq. (3), we find for

- o
a - dx .

v = 4a
- Particle ds

Q,




v = == = (10a)

ds
/B -av. 2 - r?vg
dr dr dt
1 = ——— = —— —r— = 0
v . ds dt ds Ve v - (10b)
. ' 2 = g_.g = 99. dt — 0
v ds - da& as - VeV o« | (10c)
° whexre v = %% and Ve = %% . Therefore,
: > -> o
p-Vv = p Vv
o
— ' /A /e 2 '
= k- vy /1 -BD Cogvtawvvy)
r2 14 : r .
= X L La- /g /B g1 aD
/ 7 2 .2 B 1 y A.Vr Ve .
B-_AVr -r vg . r-

In the absence of gravity, A = B = 1, and the ratio of the frequency’
sent by a source, moving with velocity (Vr"Ve) at a point r, versus

the frequency received by an observer at rest is

(pev)g r? S L1

e e 2= k

(p+v) iy 2_.2_ 2

0 ) »/lvr--rv6
T g2
' L-/1-2 ]
= r2 r r Vg .

A ./l_vz_rzvez

This is just the special relativistic doppler equation, as we

should expect: The numerator is (1 = cos 0), as is

v
Particle

verified by a simple geometrical construction. The denominator

is v 1 - v? , the inverse Lorentz factor (c = 1){



Eg. (11) shows that the presence of a gravitational field
"modifies" the well-known doppler-shift equation through the func-
tions A(f) and B(r). Thé parameter £ is thé single constant of
the motion for light. In the absence of gravity, it is clearly
the impact parameter of -the photon; in the presence of a-gravita—
tional field, this unambiguous physical interpretation of £ can
only be made at infinity, as will be discussed below (Section VII).
No physical interpretation can be made for r # <, even though /
is still a valid méthematical'constant of the motion for the
phéton.
| We can write Egq. (11) in a more compact form, if we define

- ' 1
Y = (12)

/,B - AvVv_ 2% - r2y, 2
r : 6

§ = (vr, XV, v¢$ =0) ,- | (13)

(c will élways ke taken = 1, unless'otherwise'specified),'and

2 : ‘
d = (VE/LLBL 2 g L (14)

= > ’
xr

-

Eq. (11) becomes
Pev = ky 1-8+¢2) . R (15)
In the absence of gravitation, y reduces to the Lorentz
factor, and € is the unit direction vector of the photon at the
—).

point r. We emphasize that, when A and B # 1, Y and € are

modified by these functions, and such a simple interpretation

cannot be made.



IJIT. THE DOPPIER-CANCELLING TECHNIQUE

Because of the motion of the space vehicle relative to earth,
the first-order (in v/c) doppler effect is clearly the largest
‘contribution to the signal sent by the vehicle clock. The lowest-

. . . . . 2 , 2 ~ GM
order gravitational contribution is of order v° /c¢” ( ~

).

c’r

It is thus essential to set up an.experiment that eliminates the
first-order terms}o'll'12 This can be done by plécing both a
clock and a transponder on the p;obe. The transponder serves as
a reflector that allows us to measure the two-way distance in terms
of signal phase. By combining the‘recéived signals appropriately,
we can remove the first-order doppler terms, as follows:

We first consider the situation wheré the earth station is
equipped with a clock and the probe is equipped with both a clock

-and a transponder. The earth station sends out a signal of proper

frequency v at proper time t

1 (with the station at position 1,

with velocity giv) to the p?obe's transponder; which receives it
at time t, ( position 2, velocity [ ). The probe transponder
re-transmits the éignal to the earth, along with the probe's clock
signal; both signals are receivéd at the earth station at time t3
(position 3, veloéity Bs ). (Figure 1)

Egs. (1) and (15) give the frequency shift of the clock signal

received from the probe as

Vi3 _ Ys (1"%3.223) (16)

vz Clock Y2 (1-F,+€23)

10



- . .
where eij is the "direction vector" of the light signal from
L N T >
position i to j. (B2 * €23 is evaluated at position 2, gs * €23
is evaluated at position 3, etc.).
In a similar manner, the frequency shift of the earth-probe-

earth transponder signal, received on the earth at time ty is

Vi3
V1

(\)2 (\)3
Transponder v7) V?)

Y3 (1—%2'312) (1—%3'223)

= = . (17)
¥ (1-%1‘812) (1—§2’€23)

The doppler-cancelling technique consists of combining these

two received signals in the form:

Av
v

_vs | _ 1y 1
Earth =~ Vv, Clock 2 Vv, Transponder 2 . (18)

Av : . . .
The observed NV is very small, and contains the information we

seek; it contains only terms in B2 and higher order.

11



IV. THE DUAL TRANSPONDER SYSTEM

It is also possible to equip the earth statiop wifh a trans-
ponder, and use the doppler—canceliing scheme for earth-based
.clock and transponder signals réceived by the probe. (This infor-
mation is subsequently éransmitted to the earth station for analy-
sis.) This dual transponder-clock arrangement provides twice the
number of obser&ables for a self-consistent analysis of the experi-
ment; the added information gained from the second system permits
a more direct and tractable means for explicitly evaluating the
various parameters in the experiment. The dual system would also
~aid in eliminating possibié nonreciprocal propagation effects%

For the érobe—based systen, with a signal sent from the probe
at. time ty (position 0, velocity go'), feceived at earth at time
tl’ and received back at the probe at time t24along'with the

 earth-clock signal, the doppler-cancelling technique gives

Av
5

Vi

1
Probe Vi 2

Transponder * (19)

12
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V. THE SECOND—ORDER REDSHIFT IN A SPHERICALLY
- SYMMETRIC GRAVITATTIONAL FIELD.

We will consider the gravitational field of the sun as spher-

ically symmetric in the first approximation. A possibly signifi-

cant correction to this model will be considered later. The solu-

tion of the field equations of general relativity for the spheri-
_ =

cally symmetric case was first given by Schwarzschild shortly

after Einstein's publication of the basic theory. 1In a plane (¢

the exact solution is given as

as” = B(r)dat® - A(r)dr - r-ae® (3

with
B(r) = 1 - Egﬂ (20)
A(r) = 1/B(x) . (21)

3 4 :
Eddington and Robertson put the spherically symmetric solu-

tion in a more general, parameterized form in order to show more

- explicitly the contribution of the various-order terms in (CM/r).

In the "standard" (r, 8, t) coordinate system, we have

ds? = B dt? - A dr? - r23de? ,

13

T /2).
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with

' 202 o
A = 1 - 2g gﬁ + 2(B-ay) M- 4 ... (22)
r? '
B = 1+ 2y gﬂ e . ) (23)

where @, B, and Y are unknown,dimensionless parameters.

If the Einstein field equations give the physically correct
description of the spherically éymmetric gravitational field, then
tﬁe éolution would be the exact Schwarzschild solution, and in the
parameterized representation we would have a =8 =y = 1, This,

of course, is what is to be tested. 1In contrast, the Brans-Dicke

Wl

theory5 would have o =B =1, and Y = —— , where ® is the

w+2

unknown dimensionless parameter of that theory, which governs the
admixture of the scalar field to the tensor field.

Actually, a = 1 simply follows from the'empirical definition
of the mass, M. We will thus set ¢ =1 in'alllfurther calcula-
tions.

Earth-Based Station

Combining Egs. (16) -~ (18), we have for the doppler-cancelled

signal at the earth station: .

Av - v _lys _1
v Earth Va Clock 2 v, Transponder 2
_ys (l-Ae') _ 1 ys; (1-Ap') (1-Be') _ 1
Y2 (1-Ap) 2 y1 (1-Ae) (1-Ap) 2
= {l-Ae') vys _ 1 ys (1-Ap'), _ 1 -
(I-2p) Y2 2 Y1 (1-Ae) 2 . (24)

14



_ > R . >
where Ae' = By+Ea2s , Bp = B2*€a23 , Be = B1°

>
Ap'= §2'812 .
We will initially assume that the directions and vector velo-

cities do not change during the signal prdpagation time (i.e.,

> >
infinite propagation velocity). In this case, Bs = B1 , Y3 = Y. |,
€23 = —Exz , which gives Ae' = -Re and Ap' = -Ap. Eq. (24) becomes
Av = {l+Ae) [ yy _ 1 (1-Ap') 4 _ 1 | (25)
v Earth (I+ap") ' Y2 2 (1I-Ae) 2 S

Expanding to fourth order in & (or, equivalently, second
order in GM/r}), ahd using the Eddington-Robertson parameterized

form for the gravitational field, we have (Appendix A):

Av _ m - m 1 _ 5 . . )
V' | Earth [(ET f;) t 5 (B1%-B22)1 + Re(Ap'-Ae) (26a)
- (Ap'-Ae) [(§T - %;) + % (B12-B,2%) + Re(Ap'-Ae)] (26b)
B

Xo 2 r 2 ro E r;

2 2 2 2 2

+ 5 [ 3 B1*-B2*-28128,7 ] (26d)
— 11 3 01°_1 1 _ 1
Fmt L) (- =) g - g = - e (26e)
+ (ap'-re) {ap' [(E-- 1) + 3 (812-8,7)
+ Be(Ap'-R2e)] + Re’ } (26f)

15



where G has been ;et =1 (GM/02 > m) and Biz = Br.z“ Be‘2~
. i i
Eg. (26a) is the second-order term, (26b) is the third-order term,
and the rest are all fourth-order in g (or second order in m/r).
The nonlinear Eddington-Robertson parameter, f , characterizing
the second-order (in m/r) purely gravitational redshift, appears

only in the term (26e).

Probe-Based Station

A similar analysis can be made for the probe-based doppler-

cancelling system. Eg. (19) becomes

by _ (d-Bph) [ Yz 1 Y2 (A-Re™), 1 (27)
V™  [{Probe (I-Ae) Yr T2 Yo (1-Ap") 2 !
. -¥ -> . . .
where Ae" = §1°801 and Ap" = §0'601 ‘. For an infinite
. . . . + +
signal-propagation velocity, gz = go s, Y2 =Yoo , €01 = —-€312 ,
which gives Ae" = -Ae and Ap" = -Ap'. Eqg. (27) then becomes
Av = (1=Ap') Y2 1 (l+Ae), _ 1 (28)
v Probe (1I=ZAe) Y1 2 Zl+Ap'] 2 °.

-

Eq. (28) has the same form as the earth station relation,
Eg. (25), with the substitutions Ae » (-Ap'), Ap' + (-Ae) and
the (1, 2) indices reversed. The fourth-order expansion of

Eq. (28) can then be found from Eg. (26) using these substitutions:

16
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e my o+ PRIl Ap" (ap' ~Pe)
r X2 .
L 2 ‘- 29D
(Ap‘—-ke) u’%«; - ‘%—;\ v 7 (81282 ) * ap' (AP ae)l ¢ )
2 - z 312 B2
.. 2 By 2 B2 7 g1 1 P2 (296}
‘“H‘/ii"—-r‘;”'iz;‘ 'z'fr.z‘f’*rz )
R o261762 ) (299)
| 1 1 3 1 1 1 - Ly (299
2 - - — + " e E e e
‘(6 \{) (-—f“"z rzz) 2 rzz 2 r‘?- rlrz
o I B i (312"322)
+ (Ap‘——;\e) { he (g7~ T2 5
. Bp' ap' D)) T ap'?) (29%)
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VI. FINITE SIGNAL TRANSIT TIME

We will;'in fact, have a finite go-return time for the propa-
gation of the siénal. For a heliocentric probe, there would only
be a relatively small displacement of the earth or probe during

[}

this time, as compared with the total displacement over a whole
period of its motion (approximately 3 parts in 10 for any of the
vector positions ahd velocities, at best). Therefore, r, § , and
gij would not change appreciably in direction during the signal
transit time. We wili use a perturbation analysis to investigate
the additional céntributioné due to the finite displacement of
the earth or probe during the sigﬁal transit time.

We will assume here that the earth moves in a circular orbit

around the sun and ignore the earth-moon motion and earth rotation.

We write-

B, = B, +8% ., | , i (36)
and |B3]2 = |§1|2 in this case. Defining g by

€25 = = €12 + ¢ ' ‘ (31)
we have

18



e

Ae' = ga‘gza

(B1+8) + (-€1,+8)
= - gl.zlz + El’g - 212'3 + Z'g_

- Ae + gl'g - le'g + g'g. ’ ‘ (32)

[}

|t

and

1it
o
N

L 2
md
N
w

Ap

Bo o (—€1.48)

1

|

- §2'212 + gz'z

il

- Ap' + §2'Z . (33)

All the terms have been retained in these expansions, since we are
carrying our results through to fourth order in 8.

We substitute.Eqs. (32) and (33) into the gengral relation
for the earth station, Eq. (24). Further calculations (Appéndix B)

ultimately yield

-

S (£ [ = Eq. (26)] (34a)
2 0GB+ BB -2 . (34b)
- 2 0@ Dae + (B,0d) ap - (Bi-Dae + (2481 (340)

#OLER D) ¢ BB R10GE - B 4 3 (812-820)]  1314)

v 2 0= (B109) (Re(2 Ap'=Re) 4

19
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+ (B,+¢)[2 Be (Ap'-Re) + Ap'?)
+ (312-3) [Ae (2 Ap'-Re) + (E-g)-Ae

> > > > > > >
+ (Bye8) (£12°8) + (B2e®) (Bi-B1) -2} . (34e)

Eg. (34b) is of lowest order B?'; (34c) is of lowest order B?
(34d) and (34e) are of order B* . This is relative;y simple to
verify:

To find the order of § , we can rewrité ga = gz + 3 as
>

Bs B, + 2By T, where AT is the signal go-return time. For

ot

the earth, moving with velocity v in a circular orbit around the

- 2 . R
sun, with "radius" R, g%l- = % %— . With AT « T + we have
-> 2 .2 . -
§ = %él,' AT « é %— ( % ) = l; = B? . This simple analysis
c

shows that the lowest order dependence for § is C(R? ).
. . > > > ’ .
To see the dependence of € = €12 + €23, we will use a
. 6 : .
plane geometry argument ; this is not rigorously correct (as dis-

cussed in Section VII), but it will at least give the lowest-order

dependence. We have

-

-+ -+ >
€ = €12 t €23
> > &> >
L,~r, r;-r,
T T l++ .
lr -r | 4Yr -r
2 71 3 T2

20
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With r = r

oY

+ cA T gl ’

~ (F-%y) (f2-T1) - cATE:
> > > > ©
IZo-fa | 42,2, 2- SAZELE1 2y
' |ro=r1]|

Expanding the denominator of the second term yields

> cATg, > 7 cATBi v,
€ 5 - €12 (F5=5—)
er—r1| lrz—rzl
> >

with AT ®*2 | ¢, - r,| /c, we finally have

>
€ is at least

~ 28, - 2 €52 (gx‘zlz) .

of order B.

We see that the inclusion of the finite signal-propagation

time introduces further terms of all orders in the doppler-

cancelling data; these terms must, of cburse, be carefully treated

on the same footing as the pure doppler and rélativistic effects

calculated in the preceding section.

A similar analysis has been made for the probe-based station.

In this case, no restriction to circular motion can be assumed

for the probe. With ;2 E';o + g , gz = go + g' ’ 212
> . . | |
+ €' . Appendix C gives
Av Av _
= |probe (9, [ =Eq. (29)]

- % [(.2°8") '+ (§2-81)'Z']

o+
T

4+ (ne-2 ap') (BiEv) - [eredr) +
- (Bo-8ry)

21
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(35a)

(35Db)

{ [3 Ap'-2 Rel[(2,2:8") + (B2-8")]

> >
r *p

0
)

0
(35¢)




(Bpi-ze) 4 , Ae? 4 (28,-%,).2,
+ 212-3'1 F(Eg Apt o (§2=a’)[5 A" (ap'. a4,
2 Ae? 4 {§z~§1)~z~:’} ~ (§1'e ){Ae(Ae-«Ap'} + 2 Ap'2;
+ m [{ 02 ) (?G'p 2 + _1_-_ §r2 Z(A '~—Ae) (go’g”
ry 5;‘; 7 P 3 P ;}";"
2(Ap*-pe) (Bo-3r, }

Eq, (35b) 44 of lowest~order gZ . (35¢) ;o of lowest~ordcr B3,
Eq, {(359) 18 of Order B*, (p jg Cf the Order o rl, for raz =
ro+p”50+cAT§ :~§o+2/;o~;1/§0)

22
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VII. THE REALITY AND INTERPRETATION OF COORDINATES

IN THE SECOND-ORDER REDSHIFT EXPERIMENT

Throughout this work, we have used the so-called "standard

(r, 6, ¢, t) coordinate system". While this or any other coordi-

nate system is quite wvalid to work in, within the

framework of

general relativity, there is the question of whether the (r, 6, ¢, t)

system physically corresponds with our familiar Euclidean concept

of a spherical coordinate system. In fact, it does not, and the

lack of correspondence with our familiar geometrical concepts must

be accounted for carefully in the analysis of the

second-order

redshift experiment. These questions must be éarefully considered

when we analyze the tracking of the probe from the earth. Posi-

tions, velocities, angles, etc.) will all be affected.

We can illustrate the nature of the problem.

for a moment, the exact Schwarzschild solution in

ds? = (1 - 2M) ge2 - (1 - 2&) T gp2
s r

The infinitesimal elements of spatial distance in

direction are given byl -
- X
at, = (-2 ?ar
dﬁe = r df .

Let us consider,

a plane,
- r2de? .

the r and

(36)
(37)

These expressions are found by setting up an operational defini-

tion for the measurement of spatial displacement at a point in a

. 1 - )
gravitational field, using light signals. For the static
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Schwarzschild solution; these d ¢ happen to be simply the spatial
components of Eg. (3), but this is not generéll? true for an
arbitrary gravitational field.

Using Egs. (36) and (37), we can find the ratio of the cir-
cumference of a "circle" at coordinate r from the origin, to the

radial distance. This is
r

fdze /[ an

I

fde/f

0 S ) (l--)2
= 21mr (f— dr T
' 2m, =
0 (l-f—)Z

Tﬁe integral in the denominator is obviously not going to be equal
to r, but some value greater than r (since 2m < r). Therefore,
the ratio of the circumference to the radial distance wiil be less
than 27, in disagreement with classical Euclidean geometry. The
"radial coordinate, r" cannot be interpreted simply as the straight
line disfance from the origin to a point «r.

Further study7 shows that there is indeea no way physically
to interbret the coordinates in terms of our familiar geometrical
c0ncepts; Thelcoordinates are a valid ﬁeans of cataloging the
points-and events in space-time, but thgy can only be given a

real physical meaning if they are somehow eventually written

completely in terms of observables (proper-clock time intervals
and proper frequencies, in this case). This is the self-consistent

analysis of the redshift experiment that ultimately must be made.
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We now_consider the specific equations of the second-order
redshift experiment. In the compact notation defined by Egs. (12) -

(14), the frequency was written as
v = Pev = k y (1L-BE) . (15)

However, it is incorrect to say that ¢ is simply the plane direc-
tion cosine of the photon, since its explicit form in the (r, 6, ¢, t)
"standard" coordinate system is

¢ = (/2 /1—?’22,&,0)' . (14)

r
r

Only when A = B = 1 will ¢ be the'actual classical direction cosine
for the photon.. In the presence of a gravitational field, where
A and B # 1, ﬁhe form of & is modified, ana no unambiguous geo-
metric a;sociation éan'be made.

Indeed, even & cannot be éssociated_with the classical impact
parameter of the'photon; when a gravitational field is present.
By combining Egs. (3), (8),‘(20), and (21), we find the r ~ @

equation for light (ds? = o) in the Schwarzschild field to be

1 dr,? am 1 .1
.rli 0 r rz 9’2 - (38)
The impact parameter ;>.is the point where %% = 0. From Eq. (38),
we have
o omol, L
3 r2 2’2
or
_2
2 = X (39)



L # r except as ¥ > ® . We see that % cannot be considered the
"impéct parameter", exceét at infinity;Ait is merely a constant
of the motion fo; the photon, and no deeper meahing can be attri-
buted to it. |

All the parameters appearing in the redshift equations
( 2, x.. Bi’ etc.) must eventually be evaluated rigorously in
terms of the observables, using'the redshift and light propagation
equafions in a self-consistent scheme.

_We note that in the above discussions of the various—o;der
térms appearing ih the doppler—cancelled data, we have assumed
the §.-Z,, - terms to be only of order ﬁi. ‘There are, of

i 7ij
course, higher order corrections to gi'gij . involving terms
in m/r, due to the presence of A (r) and B (r); we have not
explicitly expanded them out in this present Work, in order to

avoid further complicating the equations. These guestions will

be addressed in the tracking study phase of this work.

-
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VITII. FURTHER CORRECTIONS TQO THE REDSHIFT:
SOLAR QUADRUPOLE MOMENT

There are many'correctioné thét should be inciuded in any
realistic analysis of the second-order redshift experiment. Of
particular importance ié the possibility .of a solar guadrupole
- moment, as suggested by Dicke and GoldenbérgS. We will now con-
sider this correction, reserving such effects as the earth's rota-
tion, etc., for a later analysis. We will use the "weak—field*
approach to find the quadrupoie contribution..

In a"weak-field", the general metric components for the gravi;
tational field can be written as the classical, special.relativistic
term (- Guv, fhe Kronecker delta function), plus a small perturba-
tion, ; i.e., g =~-§ + vy . It was shown by Einsteing,

3" 77y HV TRV

that, if we define

- 1 -
= v = ] .
Yoo = Y > Suv Y op o (40)

then

T (x',y',2',t-R/c) ,
4G [ wv " 7 Qv

Y}J\). (XIYIZIt) = - > B -y (41)

c .
where Tuv is the energy-momentum tensor, with the primes denoting

i _ -2 1 2 }2‘-2—
the source coordinates, and R = [ (x - x" "+ (y -y") " + (z - 2z7)1“.

To lowest order in v/c, we have

Ao v
~ uv dx"™ dx
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where p (r') is the density.A For a nonrotating mass distribution,

we have

T“k = = p(r") : C : (43)

as the only nonzero component. In this case, Eq. (52) shows that

the only nonzero component of Yuv' will be vy e
N

We combine Egs. (41) and (42), and ekpand l/R in spherical

coordinates:

. o0 Q2 .
, 4G [~ ' 1 ! '
OoT S (e[ T 22 (=) Pglcos x)1 av' (44)
=0 .

where ¥ 1is the angle between a source point (r', 6', ¢') and the -

observer point (r, 8, ¢), with

cos X = cos B cos 6' + sin 6 sin 6' cos (¢-¢') . (45)

Expanding Eg. (44), we have

y 0= 2 [oenri+ B rocos y
44 c?r ” r
1 1 v 2 2. 23 1 ] ]
+ (~?) 7 xr'%(3 cos®y-1) + ...] r'?sin6' dr'de'd¢' . (46)
. A

Insexrting Eqg. (45)' into (46) and integrating over 9 (o —» "m ),

(o — 21 ), and r, we find

, v - ‘oM
L 4 c2r
.2 2 . . 2
-2 roa-32y 41 oa-y e - 32y
c2r3 % r? R4 r? z r
+ l§G5 [ Xy ny + xz P+ yz Pyz] ' (47)
cC'x
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where M = p(r') av' , I = p(r') xi.'?'dv' , and Pij = p(r‘)xi'xj'dv'.

If we consider the sun to be an oblate spheroid éround the

z axis, then I = I_ and P,. = 0. The nonzero components of g, .
x Y 13 ) ij

are then, to lowest order,

" 2GM
9y T 9y, = 9y, = ~1-= (48)
_ o2y .
2
2GM G - 1 3
Iy = 1 —'—%— -7 I = - 3§ ) - (49)
c’r c r. r

Cdnfining our attention to the plane z =0 (¢ = 7 /2), glﬂ*becomes

" 26M G- 1

glbl} = 1 - 2 - _2 (IX—IZ) '_3 . (50)
: cr c r
' 8 S -5 )
According to Dicke and Goldenberg , Ix - Iz ~ 4 x 10 MeRe *,
and Eg. (50) can be written as
.- 2m -5, m ,Re,
g =z 1-Z-@wxwHiey o, (51)

where our previous notation (G = C = 1) has now been used.

We have carried out this analysis only to first-order in m/r,
as this is all that is neceésary; even if Dicke and Goldenberg are
correct, the guadrupole term in Eqg. (51) would only be of the

-15 -16 .
order of ~10 - 10 ; i.e., ef order g* . The possibility of

such a quadrupole contribution should be included in any analysis

of the measured data.
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IX. MODEL ORBIT CALCULATIONS

We have used a computer to calculate the time,dependence and
.magnitude of all the terms in the second-order redshif£ experiment
(with vy =8 =1), for various orbits of a heliocentric probe,
such as the proposéd NASA-ESRO heliocentric satellite mission
(Figures 2 - 4). These calculations havé been made for an earth-
based station that moves in a circular o;bit of radius 1 AU around
the sun. Even though this model is idealized, as are the assumed
probe orbits, we can still obfain a reasonable estimate of the
magnitude of the vafious terms as the miésioﬁ progresses.

These calculations shéw that the combination of sufficiently
aécurate and stable clocks, and judiciously chosen orbits, make

a second-order redshift experiment quite feasible.
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av

vV |Earth

. -1
Expanding (1 + Ap')

APPENDIX A

_ (1+Ae) Y11 (1-ap') ] _1 (AL)
T {I+ap") ( Y2 2 (1I-2e) 2 y

-1
and (1 - Ae) to fourth-order in B , we have

(1+Ae)(l-Ap'+Ap'2—Ap'3+Ap'“) p 4

Y1 1 . 3 s

[;'Y— - 5 (l—Ap') (l+Ae+Ae2+Ae +Ae )] -
2

o] =

(1-Ap'+Ap"' 2~Ap' *+Ap"' “+Ae-AeAp'+AeAp'?
-Aedp'?®) x
1

[(Yi/v2-1) - 3 (~1l+Ae+Ac?+ne3+Aec"

-Ap'-Ap'Ae-Ap'Ae’-Ap'Aed)] -

N

(1-Ap'+Ap' 2-Ap' >+Ap' “+Ae-AeAp'+AeAp' 2-Aelp'?)
(vy1/v2-1)

+Ae (Ap'-Ae)-Ae (Ap'-Ae) 2+Ap'Ae (Ap'-Ae) 2

fAeg(Ap'-Ae) . (A2)
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dxplicitly, from Egs. (12), (22), and (23), Yi is given as

Yi

where Bi

o
=

it

2

1 -

(1 -~

B

1

2 2m

1

1

2 _ 2 2
5:. r BS. ]

i

¥

-

L
2

(A3)

(The unsubscripted B and y are the

2
m (B-y) 2 - g
ri C oy 2 r.
i
2
20y (gmy) A .
i r.? i
1
248, 2
i '91

Eddington-Robertson coefficients.)

Expanding to second order in m/r yields

Yi

—— ] =

Y2

1 .2m Jm? 2m
Fo[5= = (B-y) ==+ B2 + v Z= B
2 r1 r? r,-"ry
2m 2m? 2 2m L, 2
- 224 - st - fenkiad
Xa (8 Y? r22 82 v 2 Brz ]
2 ‘ 2
B Rt PR SR L PR
r;z ‘1 1 . r22 Yz
- 1 4m2 2m 2 2m 2 ) 2 2
vy ;ETEZ = B + T Ba® + By B2 "]
B -+ 3 (B-6Y
2 2 ‘w2 2 2 2
+m [y (-Z Prs ) + 3 Bofr (Eiw + Ei»)3
X Ry 2 1, 2 I 2 1 ra
+ 2 138" - 8y - 28,%8,7)
sm? [(pey) (- A w2 AL L L gy
r22 r12 rzz 142

r12

32

2




[

The first line of Eq. (A4) is of second-order in B ;

the other

lines are all fourth-order, with the second iine being a mixed

doppler-gravitational term, the third line a pure doppler term,

and the fourth line being the purely second-order (in m/r) redshift

texrm.
Combining Egs.

Av

v '_Earth =

m
r;

(A4) and (aA2), we finally obtain

=) + 3 (B12-82%) + Ae (Ap'-2e)
4
(ap'-ne) [(E- - D) + 3 (812-82%) + Re (ap'-he)]
B 2 2 B 2 g2 . .pg? gz
r rs 3 2 _ 1, 177,
m [y( ry r, ) + 2.1, r 2 (rl + r; )]
1l y 4 2 2
5 [3B17'-B2"=2B1°B2°“]
m2[(Bey) (i - Ly 43 L 1.1 _ 1
r,? r,? 2 r 2_r22 rix,
(ap'-2e) { ap" [(E- - T + L (B12-8,2) + Ae(ap'-he)]

+ Ae’} .
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APPENDIX B

The general relation for the doppler-cancelled signals received

at the earth station is

Bv b @emen (21T aempny o1 g,
Earth (1I-ap) Y2 2 Y1 (I-RAe) 2
From Egs. (32) and (33),
Ae' = = Be + B1v€ - €12°8 + €+8 , (B2)
Ap = - Ap' + %243 . ' (B3)

Substituting Egs. (B2) and (B3) into Eqg. (Bl), we have

(1+ne) - (§102—212°§+Z°3) Y3

Av - TP L (=APN gl L gy
v Earth (1+Ap') - (§2.Z) Y2 2 (l-2e) 2
Y3 = vy), since we have assumed that the earth moves in a circle

with a constant velocity. Expanding the denominator to fourth-

order yields .

Av

5~ |rartn [ (l-Ap'+Ae+Ap' 2-Ap"' ®+Ap' *~AeAp'+AeAp' 2-AeAp'?)

- (B1o8) + (£12°8) + (B.-D)Ap' - (2,,-8) ap
- (B1%) Ap'? + (£1.°8) Ap'?2 - (20 + (D) ap!

+ (B2°%) - 2 (B2+%) Ap' + (B2+%) Ae + 3 (B2€) Ap'?

- 2.(§2'Z)'AeAp' - (§2°Z) (51‘3) + (gz‘g) (EIZ'K)
Y3
; .+ (82'8)2] X % {2 Y7 1 + Ap' - Ae + AeAp'
- Ae? - ne’ - Re* + Ap'Ae2 + Ap'Ae3] - % . (B5)
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The explicit functional form of vY3/Y2 can be taken from Eq. (A4)
of Appendix A; inserting this into Eq. (B5), multiplying out, and
cancelling and combining terms, finally yields.

= (G -5 + 3 (81%-6,%) + Ae(ap'-2e)

by
©V Earth

+

N

[ (2,2°83) + (Bo-B1):2 1
+

(B1%=B22%) + RAe (Ap'-Re)}

NI

- Vo m_ _m
(Ap*~-2e) [ ( ) rz) +

~ 30 (21208) Re + (BooD) Ap' - (B1+D) Be + (+D) )

B. % B_?*? Bi?2 | B2? Bz2  B1?
m [y (2 L2y 21— 2 )
ry L, - 2r,"2r1, 2 1, )
+ 5 [ 381% - B2* - 28,2857)
1l 1 3 1 1 1 1
+m? [ (B -y) (== - 2 #5332 - ) ]
r22 r12 2'r12 2 r22 r1r2

+ ap'-ne) { ap' [ (- - Iy 4 3 (812-82)

+ Ae (Ap'-RAe) + Ae® }

+

[ Giz®) + B 216 - B+ 5 Bi2-B,))
+ 20~ (1+2) [ Be (2 ap'-ne)] + (32+3)[ 2 Re(np'-ne)
+ Bp'2] + (£,,°3) [ Ae(2 Ap'-Re)]

+ (2% re + (B,00) Z12®) + B5e8) (Ba-Bi)e2 )
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APPENDIX C

The general relation for the doppler-cancelled signals received

at the probe-based station is

Av = (1-Ap') [ Ii -1 Ii (1-Ae") ] - (c1)
v Probe (1-Ae) Y1 2 Yo (I-Ap™) 2 ¢
With gz = go + 3' and Z]z = - Zhl + Z' , we have
Ap" = By - 201

= . (gz—g') o ( —E1z+—€')

= LR e 4B T T B =T
2 12 2 12 o
-5
= - Ap' + Bave' + 512-3' Erarri . - (c2)
'Ae" = -é][ ° —gOl'

=~ Ae + B8 . . ' (C3)

Substituting Egs. (C2) and (C3) into (Cl), and expanding to

fourth-order, yields

Av _ . 2 3 4
v |probe = (1-ap") (l+Ae+Ae.+Ae +Ae ) X
Y2 Y2 , v
[ = - i__ (1-Ap'+Ap' >-Ap' *+Ap* *+Ae
Y1 2 Yo : '

AeAp'+RAeAp'*-Renp'’®
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+

+ (€12°6")2 + 3 Ap'? (gz‘g')

+

(Elz'g') + (gz-gx)'g'

(8'-81') - 2 ap' (B,-2") -~ 2 Aap' (1,-3")

Ae (§2~E’) + Ae (—512°3')

Ap' (By+€")

2 2p' (£'+8n) + (B2:€M2 + 2 (B,02") (,,-3M)

3 Ap'2 (2,,°8")
2 AeBAp' (Bp-e')
(B1+8') (Boe8")

Bp'2 (B,-€") )
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The explicit form for Yz/Yxi, can be immediately picked up

"Eq. (A4) of Appendix A. To find vy,/y, explicitly, we use

-> > >
Yo =xrg + p :

2 > -> > 2
r2"=rz2 * r2=ro"  + 2 roe * pt+top
2 Toop 2
=1ry? (1+ R PR A .
Yo r02

Therefore, similarly to Eqg. (A4), we have

Y2
—_— = m_ _m 1 ,2-p,2
.Yo .- 1 + (r2 rO) + 2 (BZ 80 )
B. 2 B 2 2 2
Yo . Yy 3 82 1 BU 1
+ - e ) - —— W ——— — eum
m [y ( r, Yo ) + 2 1o 2 Xy 2

from

#m? [ (Bmy) (- Ay e 3 o1 1
xyg ry? r,? ro?
~.1 = I ;0‘3_ p? _:_3_ ;0‘32
[ 5 (==5) ]
0 Yol 212 ro?
¥ (Boe8n) + 3 (817 .

(Ce)

The fourth-order terms in Eq. (C5) do not give any additional

corrections in the perturbation expansion.

Inserting Eq. (C6) and the_ explicit form for vy./y: into

Eq. (C4) finally yields

Ay
v Probe

1
2

3 1G12:3 + (Ba-Br)-en)

1
2

-1 - D)+ 3 (812-827)]1 - Ap' (ap'-Re)

+ (ap'-Ae) [(f— - T7) + 5 (B1®-82%) + Ap' (Ap'~2e)]
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™|

L3 Ap'-2 Rel [(21,-8") + (B,0€n)]

> > > >
+ (Ae=2 Ap') (Bi*€') = (g'+8")

+ B (Zetly o (F,.3n)
Xy To
B 2 2 2 2
rp r, 38" _ 1B _1 B B2
tm [y r, r, ) 2r, 21v; 2 ( )]

+5 038" - B - 281%8,7 |

1 :
I']_'2 Yo 2 ri rix;

+ (Ap'-Ae) { Ae'[(?T'- %;) + % (B12-8,2)

+ Ap' (Ap'-Ae) - Ap'® }

- % { (21,+8") [ 5 Ap' (Ap'-Ae) + 2 Ae?

+ (2 Bo-Bi)eEt 4 €,2080] 4 (£7-8") ap!
+ (B,+€') [ 5 BAp'(Ap'-Ae) + 2 Re? + (B,-By) ']

=~ (B1+e') [ Ae (Ae - Ap') + 2 Ap'?]

3 Top 2, lgaz To'p
> ;»op)_+ 78'% = 2 (ap'-ne) (F-8))
, To

2.
+ = (=) -
0 2r02

<2 (ap'-ae) (Bo-3") }

39



CAPTIONS

Figure 2a. Distance from the sun (in AU), versus period, for an
earth-launched heliocentric probe, that has a per-
helion of its motion at 0;29 AU. (Period = 0.52
years) |

Figure 2b. Curve a is the total redshift for an earth-launched
heliocentric probe that has a perhelibn of its motion
at 0.29 AU, plotted as a function of the probe's
period. (Actually - Av /v is plotted.) The
infinite signal—propagation—velocity case is shown
here. Curve b is the third-order(in B ) terms that

contribute to the total redshift. Curve ¢ is the

(negative of the) purely gravitational fourth-orderxr

contribution (i.e., the m2 term). Some of the points
ét the beginning and end of the orbit have been
omitted for s;mplicity; they either drép below the

" scale of the figure, or have opposite sign to the

general curve.

Figure 3a. Same as Figure 2a, with perhelion = 0.5 AU. (Period
= 0:65 years)

Figure 3b. Same as Figure 2b, with perhelion = 0.5 AU.

Figure 45.. Same as Figuré 2a, with perhelion = 0.1 AU. (Period
= 0.41 years)

Figure 4b. Same as Figure 2b, with perhelion = 0.1 AU.
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