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CHAPTER 1

Object of the Study

In recent years, the study of the attitude dynamics of a space-

craft considered as a partly rigid, partly elastic or articulated body

[1-1]

has become of increasing importance . At first, such work did not
present such a degree of urgency, as many investigations concentrated

on rotational and librational dynamics of essentially rigid spacecraft,

f1-2]

as is apparent from the reviews of D.B, De Bra and R.E. Rober-

son[l_3’l-4I. Any elastic bbdyleffects are conspicuously absent of
V.V. Beletskii's classic book on the "Motion of an artificial satellite
about its center of mass' who writes at the outset that ''the discussion
is confined to problems which fall within the scope of the dynamics
of rigid bodies'.

Satellites became increasingly '"elastic', as booms were extended

[1"5’ 1_63 1"7}
oY as

[1-8]

large Solar panels or manned toroidal space stations are considered .

tens and hundreds of meters from the central body

Three methods are most commonly used in the study of the dynamics of the
elastic spacecraft: discretization by modeling the continuous system by

(1-9]

finite elements; modal representation; and the Likin's method of
hybrid coordinates.

The present work uses the modal approach. It is a study of the
relevant equations and parameters In the dynamical analysis of the
attitudes motion of a spin-stabilized spacecraft having flexible appen-

dages. It is principally aimed at developing working tools, such as

stability diagrams, tables or simulation analyses by means of computer



programs. These programs are of low time-consumption, and their use
is quite easy to learn. As such, it is hoped that they will prove
valuable to the engineer.engaged in the design of spin-stabilized

elastic spacecraft.
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CHAPTER 2

A Study of Modal Shapes and Eipenfrequencies of

Flexible Appendages on a Spin-Stabilized Satellite

2.1 Introduction

In order to study the dynamics of the spin-stabilized satellite with
flexible appendages, by the methods of generalized dynamics, the con-
tinuum of the elastic parts should be represented by generalized coor—
dinates 9 (i =1,2,...). The 9, are fur-tions of time describing

W
the amplitude of the non-dimensional displacements, T of boom k at

X

abscissa £E~E , in terms of modes @i(a)
w () == Iq ()0 (5) (2.1-1)
k)T i i

Wi will be (in the assumption of small displacements) along y for egua-

torial displacements (E) and along z for meridional displacements (M}

(See Fig. 2.1).

E, n, § are the geometric coordinates X,y,2z non-dimensionalized

by &, undeflected length of the boom.£, = %?-is the non-dimensional

radius of the central hub.

The system of mode shapes, @i, adopted here are the modes of the

rotating structure corresponding to the boom's Etkin number[z_ll

- o4
N = %E— wi and non-dimensional radius &, = %i : p is the {(uniform)
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lineal density of the boom, in units of mass/length. E is the boom's
Young modulus, in units of force/unit area, I is phe peometric moment
of inertialof the boom's cross section, in units of lengtha, and W is
the spin rate, in rad./sec. Thus % is non-dimensional. Finally, =,
is the radius of the central hub, at which distance the elastic boon
is assumed to be cantileveredp As will be seen, these significantly
depart in shape and frequency from those of the non-rotating structure
corresponding to A = 0 and E, = 0.

In the following, it is assumed that only antisymmetric motions

’

are considered, or that the motion of the CM awaylfrom the origin is
negligible. The latter amounts, as has been shown by F. Vigneron[zwz],
to assuming that the central mass Mc is sufficiently large for terms
of order
.2
02 &) [J w dx]?

c
boom

to be neglected in comparison with terms like

[ J w2 dx
boom

Typically, for the ALOUETTE and ISIS satellites, Ref.[Z—Z]gives the

values: ﬁ&- = 0.005 to 0.01 (copper—-beryllium booms)
c

2.2 Equations of Motion: equatorial vibrations
2.2.1 Basic equation

We shall first consider motions in the "equatorial™ plane of the
satellite, i.e. (x,y) or (£,n). These were the first type of vibrations

[2-3]

considered by this author and J.E. Rakowski .
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Any section of boom located at p, of abscissa x, 1s in rotational
equilibrium under the action of (Fig. 2.1).
- bending moment from the left, which for pure flexure in the equa-

torial plane, is
2 - -
M = —EIB ggx 1 (2.2-1)
el o z

in which w(x) is the assumed small displacement of the boom element

-
in the y-direction, and 1z is the unit vector along the z—-direction.
- the moment about p of inertia forces

» N
dF, = -p dx

in 1 rQ {(2.2-2)

imparted by the particles of the boom to the right of p, i.e.

having abscissa between x and 2.

Therefore,
2 )/ - >

£l ?:aw(XJ i} _f E“‘L’ﬁ{[ Ry~ Jcr] Ar, }
T x? X %

In terms of their components, we have

X=X
e ) T W) T= | W) wl
LA (x=x) 7 +(W(x|) w(x))J [W{()x) wx)}

T4
i

e, - Q

o - - X+ X
ILQ. = (xo"l‘x,) IX +W(xiJ iy = [Wo{xp)I:’
Q
Thus
, = Wix) +& Am,

- W(Ki){”z
W)+ 0z (Xo+x,)

0, W% )= 1y (Xo+x;)



Also

it

o~

~

CTY

(W (X.)-— )

o

Yl - (w;m;)(xuu,) - 2w, W(x,)

M

b

i, wins) - 0z 8
fsz (Xo+xl) +'m(fﬁ)
L:}x w(”l) Wy ‘:‘"("!)'-‘*:j (

Wy

\:I(Xt)vLﬁ?z(.xa’”i) Wy W(x,)-— ' :0

w(xt)) - wf w(x) + (t:)z + Oy wj) (%, +x.l)

) (b)) + (Ot w0, 02 )wlx,) +2 0y W (x)

J

2-4

-
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Under the assumption of small displacements and transverse angﬁlar

-.)‘
rates, terms of order wz, wxmy, mi, mﬁ... are neglected, and rQ re-

duces to . \
S Wik ~ wf (X #%,) - 20, WiX)
;E; (¥ (x)) - 03 W(x)) + &z (xo4) 2.2-3)
( 0 @ _wj) (%, +%)

N

-5
Finally, along lz

i X, =% W(X,)“ W(x)
- ¥ :;
- JAhr =], | co |
[( Q F) Q]z -, w(xi)ﬁwi (x°+)<l) W {x) --“3;: \“(Xt) y
-20; W(x,) S, (xo4X,)

and neglecting quantities of smaller order

B (CREATEA S AR SRR R

With the same notation as above, let £;= E— » Ny = T , O = BT 5 this

becomes

) | v .
SN [ -aed) ¢ (605019



k
Wi?h the abbreviated notation nE--E = %E;k ,.we obtain
—
k times ( :
. ?. Vv (2.2-4
T~ o, (092 (8 607 i)

Taking the derivative of (2.2-4) with respect to £, and using Leibniz's

formula, f(gl,g) being the integrand,

= ) 6=,8)- f [ o (06,0 (5 -02) -6, (1)) 45
g [ 92 (8,08)-(7-09) -6, (5,0 )] o

Teeee™ ~ r,/g i(g #E)-atis, (648)-(y-win) +
ug, ’7§g ::( *é)dé (2.2-5)
= ~dp @ (€ +8)- oA, (£,+€) - A(n-aw, /7) olt, /gg[ ()—§2)+§_1(;_§)]

The non-dimensionalization is completed by introducing the non-dimen-

gional Etkin's number[znl]
T AR Al 2
- EI T N Repyr, MR
where ©.ant is the first cantilever frequency of the non-rotating boom.

It is to be stressed that A is a constant only if W, the satellite spin-
rate, may be considered such. Equation (2.2-5) is rewritten in the form
N ' 2.
P /- ]+>\
Tegre ™ M Tes | 7 (180 & (FE)] + Ny (£7E)
"""\'7°~/\7=—°<°° (§+5,) (2.2-6)
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So far, quantities which have been neglected were of order €2 of
smallness, or smaller. Now u&z itself is of order €2, i.e. with

d¢ = uw, dt '
0. ° ‘R (L“Jz /“lz

wz T 49

if the product.x X the percentage change of w, Per unit angle of rota-

]yl

tion is very much smaller than quantities assumed to be of order .
Assuming that such is the case, we are then left with the homogeneous

Equation (2.2-6) with a r.h. side equal to zero.

Teces, Kfég[" €)+ 8 (-8)]+x g, (545,

An + D(,y = O (2.2-7)
2.2.2 Solution of the basic equation
d d
- . | I
Using separation of variables, with e d(mzt) 4
T=yt -
»
n. = &, (&) T, (t (2.2-8)
3 ] ] ) :

ARSI CORNCUIRE SR IRl
J. .

yielding
) S, — Jun
Aoz (w 'c)-_-. (w.- &)
4 cos \ ¢ s 7Y
where mj is the jth eigenfrequency of the equatorial vibrations asso-

ciated with (&., X). This equation is in agreement with that obtained

[2-1]

by Etkins and Hughes , in the special case £, = 0.



Determination of wj (or Qj) from Equation (2) proceeds as follows.
Equation (2) is linear, with & varying coefficients. Thus any linear

combination of selutions of (2) is a solution of (2).

Leta83 i be the solution satisfying the b.c.
H .

Eo: o o / 0 (2.2-9)
b 4 40
A A/ A/

and'J4 i be the solution satisfying
? .

0O 0 0 1 (2.2-10)
\ e h B
VIR S

Therefore, the desired solution, which satisfies the "built-in, free"

=0t

boundary conditions

| @) g
| ¢ Y 4 )
£.0 S ¢ (2.2-11)
£~ 0 ° (2.2-12)
is of the form
C ,J . ( . (2.2-13)
3 JJJ - 4/{b4
with C3, C4 unknown. (2.2-11) is automatically satisfied by (2.2-13).
Expressing (2.2-12)
{2y {2 ' :
Cs /5_;3)_\ ot 54 j‘;; ]g ! =0 - (2.2-14)
7 E-¢ 2 =

(3) | (3) .
(s jj} ]é;/ + C4 j‘%‘" ]g;./ =0 | (2.2-15)

P
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In order to be satisfied for non-zero values of C&’ C4, Ej should
be such that the determinant

4 4 () 40) o (2 2-;16)
G-L47 4] A4, ]3,5 /

The successive eigenfrequencies, w,, are determined to any prescribed

3

accuracy by iteration , £1 j”gZ i are determined by numerical integra-
L3 3

tion of differential equation (2), subject to b.c. (4) and (i0)

respectively.

The modal shaEes,éj(gj, which as expeéted,are defined only to an

arbitrary multiplicative constant, are determined, once Es is known,
as . 8(2)
¢ (¢)= C H.— 2id § ] (2.2-17)

g1 4f(2? by
44 ¢
2,23 Orthogonality of the mode shapes

It is now proven, that given X, E, = 0, the nmodes ¢j, ¢k are

orthogénal, i.e. | ‘
<%Jf;f>=fo GG 0k

Note that (% > f§ dg_

. 0
def ’J(} ’

Let££ be the operator

MR (-€)e £ (6] 2

R(e£ 2 -

how 1° =N
Y. % 5.2 D
EDE A‘wJ j
and o (§K)= 155: §k | (2.2-18)
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Then, from multiplying by ¢, and ¢ - respectively, and subs{racting
,}'M) g 53(4) _[ { (,#g)*f (/‘%)J[i{(ﬁz)ﬁ @f]
+>«(; E)( n)go" %“)9) l(m )3% (2.2-19)

Integrate with respect to §, from £ = 0 (root) to &= 1 (tip),

t _
) BPOF § &) 54)
fgm% igkdg" % QKL few% B

- f(l) 4:] f)&m i;j(z) f,fa)e[g

b, 89 4

T

Thus

ARE A AL TRLE

Next compute

, ., 0 0
e L) ][50 45

s 8V R 48 1 (-£) 5 [ [ 187)). 68
@ @

Terms corresponding to (1) and (3) will cancel in the difference. Terms

(2) and (4) will cancel the termsrresulting from the last term in £, in

(2.2-19).
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in the 1.h. side of (2.2-19). Finally

® @

fe-6800- 808" 6, [ B2 (0808

L0754 s‘oa‘”ff-m;-f@fw 5455
& @_

Again, terms (7) and (8) will cancel in the difference. Terms (5)
and (6) will cancel the terms resulting from the last term in £,

in the 1l.h. side of (2.2-19). Ue are left with

S YR ACEAGEER

j % §k df- o (j##) (2.2-20)

<,

The modal mass, Eﬁ (> ,E0), is defined, for j=k, as
", f ‘}i & (2.2-21)
JA (L._J

in which Qj(g) is normalized to correspond to a unit deflection at
the boom's tip,£ = 1. The following quantity, to appear later, is

also of interest

mlf,_j £, (5 ds

with El = £° + £, varying between £, (root) and ED + 1 (tip). It is

(2.2-22)

readily determined when the modal shape, ¢j(€), is known.
Also, for later use, two identities are given here, which are ob-
tained by multiplying Eq. (2.2-19) written for ¢j, by ¢k, and integrating

over the boom,
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[ 89 dae. L g L L [(-§%) #26,(-5)]
593, df - jM(@go) 8% d

"‘(a, fwz)jgw Ji’kdg
- 3 k'g_i (1-8) +2£, (£) | 48

4

o B9 (508) e -] 773

(646)dE + (3745, )j 58 s

> —
§°

Thus, for ] # k

_’, §:z)§(z f f{' »{') /,_ )+2§ (1-€) Jdb-0c2.2-29

and for i = k

;[ 2@)=z2 0zl o g2y, i 2 = )
_i—{u% Q(; )a{g +4:§ _‘ij E’[{I-f)-iigo(/ 5)} 0{5_ (caJ +cj )4?5)4_(2_2 24)

2.3 Equations of motion: meridional vibrations

The developments in thé‘case of motions in the (x,z) plane, of
a boom located along axis +x in its undeflected position, or 'meri-
dional" vibrations, closely parallels those for equatorial vibrations,
given in Section 2.2. In the following, only those terms which depart
from the ones in Section 2.2 will be given in detail.
2.3.1 Basic equation

The equation expressing the equilibrium, at any sectlon "x" of

the boom, at point P, between the flexure moment from the left and the



moment , about P, of inertia forces imparted by the particles Q

of the boom to the right of P (i.e. those having an abscissa x,

between x and %, reads
o

£ e “)-ffdx £ ) ],

Now w(x) is an elastic displacement parallel to z.

(2.3-1)

Computing the

relevant quantities,

v, o= (%-%) T + (w(x)- w(x)) 7;_

Pa o
-TC"Qr- (XO'H(I) ,x + w&f) !Z
Thus ’
[ (oj w(x,)‘ )
Ea = wz(xo”a)-wxw("i)
\ ‘:l (){,) -‘ &J_Y (XO+X1)J
Also .
Ry = r__a_h(rz;})+;:f\;(ra
i j (x{)+2u‘J\y( ) - +x)(w Y, ) gk, w(x) )
Te | -0 Vx) - 26 W )+(X9+)(|)(wij+b32)+ijzW(-xi)
20 s 2 °
i (x,) - w{x‘)(w,(mf;) + (mu,)(wx Gy - wj)

T

- 2=13
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Again, under the assumption of small displacements and transverse

2 -+
angular rates, terms of order w, w w , @ . are neglected. T

2 w2, .
x'y Q

reduces to
~ 2
‘-(XD+XJ wz

Ko (Xo4x,) ©

-&?(x.) +{xe+X,) (0502~ )

F

N (x )~ W(x) X, =X
[[ma—np)f\ na] A s
| I TR (%) (Xo“‘i) e j) = (xg%,) o

Substituting inte (2.3-1), and non-dimensionalizing

?TS; PLHE (50 60 £) o6, )2 )
, 2 (g +§)} Jg

Teg = =, 1(-9) 2 508) 4 (5D (515) Lo e
+ (- g) ) 4 (2.3-2)

ol

Comparing (2.3-2) to (2.2-4), it is seen that terms tb) and (c) in -
(2.3-2) differ in the following way Irom the corresponding omes in
(2.2-4)

{b) here has a factor (wxwz - Qy) instead of &z

. . o
(c) here has a factor ny instead of n)- w ni

Therefore, with these changes, the equation analogous to (2.2-6) which

describes the meridional vibrations should be

%ggé—l 7_5%, g)u fwg)JHam ( ) o(r;::-o( ("‘k“"z"f’ﬂ@*i)

(2.3-3
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So far, quantities neglected have beén of order e2 of smallness, or
gide of (2.3-3) to be of oxder

in order for the r.h.

smaller. Now,
g%, we should have
2 T oW
dw, L4 = N X
W W,
doy | % duy/os :
dk d¢
. If such

very small compared to quantities assumed to be of order E

is the case, we are left with homogeneous equation
Rgg 15 (m80 46 ()T (545
(2.3-4)

Teegs ~
+7—o

(2.3-4) differs from (2.2¢7) only in that term - An of (2.2-7) is

not present.
2.3.2 Solution of the basic equation
After separation of variables and non-dimensionalizing time by

T = w t, the solution to (2.3-4) will be

= <1>j (E)Tj (t)

"3
sin sin :
in which T, = 0, T = w,t, and ¢, satisfies the differential
3 cos ¥ cos i 3

equation

- 1) 7 = Gl

30 _3 % L8 E(r g)]+7\ 3 )(§+§O)
4 2 d (2.3-5)

%H

As expected, this equation is the same as that obtained in (2.2-8)

for equatorial vibrations provided the substitution of

-2
o:
¢

in (2.3 5) is made fot[[fféizj] in [2.2-8] (2.3-6)
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Therefore, the method outlined in Section (2.2.2) to solve for aj can
be adopted and followed without any other modification than that speci-
fied by (2.3-6). In fact, program SEARCH DP, which obtains the first
three eigenvalues

W, W

5]

2* 73

given a pair (X, £,), iteratively solves an equation such as (2.3-5),
) T F)[ (€2 _ Y altlre
57 L[ 1(-€)+ £ (-€)] 47 (£4£,)

(2.3-7)
+ CoEF # % =0

in which the coefficient "COEF" is determined as follows:

Lase E or Case

E .M
COEF = —X(1+a§) COEFT = —XE§

2.3.3 Orthogonality of the mode shapes
Modes ¢j(€) (j = 1,2...) for meridional vibrations can be proven
to be orthogonal, as in Section (2.2<3), since Equation (2.2-19) holds

equally well in the present case. Thus

J ¢, 0,46 =0 3Pk (2.3-8)
boom .
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and we define, for case M,

m

-— 2 .
l,j déf J ¢, dE > 0 (2-3 9)
boom

m, . = J $.&. dE (2.3-10)
2,y def boom !
with £,= & + £.

; in (2.3~5), the follow-

ing relations, valid for meridional vibrations, are deduced straight-

With the substitution 5; + w2 in (2.2-8) » @
J

forwardly from Equations (2.2-23) and (2.2-24)

for j#k
LR [ R eah ()] o o

A Yoo
and for j=k . K

Y 2 1) 11} 2 196, 5;‘2 _
LI s Rl £ ) ey 5

It shoqld be noted here that for the same pair of values (X, €o) s
if (COEF)j ig the value to be given to COEF in (2.3-7), in order for

the determinant (2.2-16) to vanish, then )

COEF), _ = (COEF), , = COEF
©orr), g = ( Dy M
or

2 5 - 2 3 '
wj’E(h,Eo) + 1= mj,M(A,Eo) (2.3-13)

whereas the modal shapes determined from (2.3-7) with the value

(COEF), of COEF have to be the same in cases E and M

EZ,E ( 5:2 ‘7‘}@;5 ): %;,M. (?—:J‘g‘” 5;,“ )

In (2.3-13), if it is found more convenient ‘tg non—dimensionalize
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by a quantity proportional to the lst eigenfrequency of the non-ro-
tating cantilever boom, namely

e uy'/o
w2 (EL/pL™)
then (2.3-13) becomes

s 2 2 ¢ |
w - w " Wa,n
( é.ai) +(.___‘*’—) - ( &:E)w = (_:*_”) (2.3-14)
0 ok W o

L J
MR Wi NR "

as illustrated in some examples of Section (2.8)

2.4 Program determining the modal frequencies for equatoriai or
meridional vibrations: SEARCE DP.

" Program SEARCH DP, listed at the end of the present chapter, is
written in FORTRAN V and implements the developments of Section 2.2 and
2.3. -

The calculations are carried out in double precision, which
suffices for values of A up to about 5,000. For higher values of
X\, an arbitrary N-precision, scheme had to be used: this is described
in Section 2.7.
2.4.1 Description of the program
Number of statements (including commenl cards): about 270
Input: — 1 card giving Q = E or M?; X; £, in format (Al, F6.5, G5.4)
OQutput: 1) - A heading, specifying "Equatorial case" or "Meridional

case"

2) - The values of a "frequency" number" defined asvax
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~ Lines giving the value of determinant of Equation (2.2-16),
called here FE34 ; the value ofVCoEF , the value of index U,

number of trials in p before converging to the root oféﬁ(aj) = {

- Lines labeled KKK number of iterations, giving the successive
values of the determinant as u is chénged to obtain convergence
of the determinant to zero. The iteration stops when Myl

differs from My by less than 1074,

- A statement that "MU converged" giving the value of FE34 and u.

w,
- Aprint-out of FE34, y, A, and NATFRQ, defined as —4—

“NR
- The wvalue of the step in u, DLT, and the value of the order
of the eigenvalue, j or NOR
3) same for j = 2, 3, in that order.
2.4.2 Schematric flow chart:

The following flow chart schematically describes the main con-

trol flow in SEARCH DT,
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READ DATH '

Y

F‘: }LJP:‘ITIEL

A

COLF- COEF‘M
FUNCTIo N oF 63,

CoeF - (OLF,
FUcTION 0F W i

A k= 5,(0.¢)

Rk magge, SAHE Fon M
foy | Lrlan S
(1.C), L ‘_h

,53 ﬁﬂi |

r Y

Y
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YEs
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£xir
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2.4.3 Comments

a)

b)

d)

[2-4)

It has been numerically determined that 100 steps across the
boom's length would suffice, over the range of X and £, investi-

gated, to obtain eigenvalues agreeing up to the 5th digit with

those obtained with 200 steps across the boom's length. The

"100-steps" are therefore incorporated as a 'fixed" feature

in program SEARCH DP.

A method of linear interpolation is used for finding the roots
of (Ej) = (0. The iteration on pfor equivalently the eigenvalue
to he ) stops when two successive values of y, in the itera-

tion process, agree to at least 0.1Z.

The integration method is a simple Runge~Kutta with fixed step,

having a per step error of the order of Ax3,

Using double-precision arithmetic, the number of significant
digits retained in the two terms in & , in Equation 2.2-16,
does not suffice for values of A larger than about 5,000, and |
an arbitrary precision package ("NP" - package, N > (0 integer)

had to be developed and is described in Section 2.7.

2.4.4 Listing and sample output

A listing and a sample output of program SEARCH DP are given at

the end of this chapter.
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2.5 Program Determining the Modal Shaptes ¢j aﬁd '"Masses" ml,j’ mZ,j:
MODE
MODE is a Fortran-V, double precision program determining the
modal shapes, normalized to unit deflection at the boom's tip,

, i =1,2,3
¢J(£) h|

which are solutions of Equatiom 2.3-7, in which

mj is the jth eigenvalue determined by SEARCH DP

COEF = (COEF), . = (COEF),
( )J,E ¢ )J:M

-2
1+ wj,E

COEF) .
( )J,E

i
=4

(COEF)j,M PRV
2.5.1 Description of program MODE
Number of statements (including comment cards): 158
Input: - 1 card giving IE - E or M?; i A Eo
4 = COEF (to be used in Equation 2.3-7)
in (A1, T1, 3G12.6 format)
Qutput: 1) — A heading, specifying "Equatorial Case' or "Meri-
dional Case"

2} - The values of u, = COEFj {as ocbtained from SEARCH DP),

h|
Xy Eos § (1, 2 or 3)
2
- The values of m, o, = j ¢, d&; m, .=J (E+E)D,dE;
. , sJ boom ’ boom 4

m m
9 3

ETJJq ;fl*l which are of interest in the dynamical
l!j l,j



simulation of the evolution in time of the space-
craft angular rates (mx; my, wz) and medal coor-
dinates (qj)

~ The deflection ®j(g) as a funetion of £; I, the

station index, varying from I = 1 (at the root)

I = 101 (at the tip), in steps of 2.

2.5.2 Schematic flow diagram. The main contrel flow in MODE is

as follows:

KEAD Eon HJ P'JJEJ gop c” 1

M

Ic‘oﬁf-‘: COEF; ‘CDEF: (o EFL‘\

T2 (L.c), '
k-3, ( 0 | SAfE Ay

L EK INTEGR, Fog "2
=

$ NoT NoRudLizED
4 B

\
é& o RHALIZED
*

- éd*/ §¢} (l)

i3

~

b 1 v ap MR ] T 2 N ¥ :
CUT’!NIE flhi',& 3 ‘?,i’é_) mzyjfw,}&') “\2)'}_ /’Hbr} E

Vo
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2.5.3 Commeﬁts

a) The number of steps of integration, experimentally determined to
give values of U agreeing up to the 5th digit when solving the
step size, was found to be 100. As in 2.4.3 and SEARCH DP, the

the 100 steps are a fixed feature incorporated in the program.
b) The method of integration is Runge-Kutta with fixed step. .

c) The calculations are carried out in double-precision, which
should suffice for values of A of up to 10,000. The data uj,
however, might have had to be determined with the use of "NP"

arbitrary precision package.

2.5.4 Listing and sample output.
A listing and a sample cutput of program MODE are given at the

end of this chapter.

2.6 Parametric Study of Eigenfrequencies and Modal Shapes as a
Function of A (Etkin's Number) and £, (Non-Dimensional Radius
of the Hub)

Given the design parameters A and E,s the study of the eigen-—

frequencies w,, (which normalized to Wy are noted aj, and to

* EI 1/2 mj .
Yyp = G—-:) , are noted —— } will be made easier by using several
pi wﬁR

programs described hereunder.
2.6.1 Preliminary Comment

First of all, it should be emphasized here that there is no
point in comparing mode shapes ¢j for "E" and "M", since they are
the same solutions to Equation (2.3-7), for COEF, = COEF = COEF,

i/ J,E .M’
once j has been chosen and A and £, have been given. Any slight

2-24
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numerical departure, such as described in Ref. [2-4], 2-5] could only
result from the inaccuracy is determining the eigenfrequency (0.1%
relative accuracy on H, in program SEARCH DP). Only the eigenfre-

-

quencies mj L’ Ej M corresponding to these modal shapes will be different.
3 1) .

2.6.2 Program computing dynamical parameters, given N,Eo: PARAM.
Program PARAM, written in FORTRAN-V, will permit to get a quick

look at various relevant dynamical parameters, given Q = E or M, A

and E,, namely

m +
1,j

2,3
(mZ/ml)j | and j = 1,2,3

2
(mzfml)j

and also the sum over one, two, three modes

5"
d

a quantity to be used later in this work, It will also plot the
mode shapes (up to j = 3) in the computer printout.

The data entered are

mj M (3 = 1,2,3) obtained from SEARCH DP,
]

case M {NDS = O)

A
Eo
The program basically computes Qj(g) and

the relevant integrals, my 3 m2 3 atc... as defined before.
- 4 s
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A listing and a sample output of program PARAll is given at the

end of this chapter.

2.7 Arbitrary Precision Package: MP (for use on 0S) and P (N-

Precision Package), in Fortran.

2.7.1 Motivation

[2-4]

An earlier version of SEARCH DP had been written to alle-
viate a problem of numerical‘stability at large values of % (higher
than about 5,000). This version used on IBM-library multiple precision
(MP package).i It was found, however, that this package was unavailable
in a TSS enviromment. Therefore, an arbitrary precision package (NP)
was written in Fortran V, and used for finding the eigenvalues aj

at values of X, and the accuracy of determinant & in Equation (2.2-16)
will be critically affected when taking differences of very large
numbers.

MPAP (Multiple Precision Arithmetic Package) is present in the
Internal Library of the IBM-360. The routine calls on specialized
subroutines to perform floating point calculations with precision
to be specified by the programmer (typically, here, quadruple pre-
cision was required).

MP-SEARCH, as used in Ref. [2-4], and MP~MODE,3T€ thus basically

MPAP versions of SEARCH and MODE. Their one disadvantage, as expected,h
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an increased running time, of the order of 1,5 minutes for eigenvalue
(iRM/360). TFor this reason, it is important that the eigenvalues or
modal quantities of MP-MODE obtained for high A be stored for later
use in the simulation (Option MG1V = 1 in program FLEXAT, see Chapter

5), and that interPolation be used whenever possible.

2.7.3 Multiple precision in TSS: MP-package
Written in FORTRAN for case of conversion to any machine, N-PRLES
is a multiple-precision arithmetic system for scientific calculation
It may be used on any machine which stores one integer per work, where a
word dis 2 31 bits long.
2.7.3.1 Short description of the program
2.7.3.1.1 Representable numbers.

Let N, M be integers
2 N =16

All numbers in the program are considered floating point constants of
+ N precision, expressed in scientific notation. Thus, for X = 3, or
precision 4N = lZ,lwe could have

.371246875003%10%%8371
The exponent must always be an integer, positive, negative or zero
and less than or equal to 4 decimal digits long. Thus a number such
. lO_-I_-DlDzD3D4

as i-d1d2"'d60

2.7.3.1.2 Internal Storage (Multiple-point, floating)
The mantissa is stored 4 digits to a word, in "N" digits.

The exponent takes up the N+l _tion (Any 1 £ N £ 16)
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Example: for M =3, N = 2

8.4326 x 107 = .84326000 x 10°

6.0 X 104 = .6 X 102

represented as
NUMBER 1 NUMBER 2
3 6
4 0 Word 1
3 0
2 0
6 0
0 o Word 2
0 0
0 0]
0 0
EXPO~> 0 0

0 0
5 2

‘All operations are designed to handle such units, called N-CONS (for

N constant).

2.7.3.1.3 Quick

Name

INIT
INPUT
OUTPUT
CIN
CNI
CFN
CNF
NABS
NPWR

NSCL

guide to operations and subroutines

Subroutine Function (all operating with N cons)

Initialize the N-precision system
Input
Output
Convert integer to N-CON
Convert N-CON to integer
Convert floating point to N-CON
Convert N-CON to floating point
Mem(Add) < ABS[Mem(Add)]
Mem(Add) <+ [Mem(Add)]#xP

‘with P a parameter to NPWR
Mem (Add) <« [Mem(Add)]x10%%S

with S a parameter to NSCL



Name

NCMPR

CopPY
RENORM
SHIFT

PUNCH

FDIY

MADD
MSUB
MMUL
MDIV

Subroutine function (all operating with N cons)

if Mem(Add 1) = Mem(Add
if Mem(Add 1) > Mem(Add
if Mem(Add 1) < Mem(add

v

with A, B, parameters
Mem(Add 2) < Mem(Add 1)

Internal use only

Output to punch
Mem(Add) « Mem(Add)=%I
I= Iinteger| 2 1limi
Mem(Add) < Mem(Add)/F
F = floating point
Mem{Add 3) « Mem(Add 1)
Mem(Add 3) + Mem(Add 1)
Mem (Add 3) + Mem(Add 1)
Mem(Add 3) <« Mem(Add 1)

2), A=8
2), A> B
2), A< B

to NCMPR

t

+ Mem(Add 2)
Mem (Add 2)
Mem (Add 2)
/ Mem{Add 2)

El

2,7.3.2 Some examples of N-precision programming

2,7.3.2 Square root

A.

Algorithm: Newton-Raphson

~

Let B VA , With 0ld B = 1

1, A
2 0ld B

the B + 0ld B)

If Abs(0ld B =~ B) > Bx10%# limit
0ld B=3B

Else done

2-29
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. "Fortran Progarm:

Limit = - 12
Read (5,1)A

Format (F10.2)

0ld B = 1.

B = (A/01d B + 014 B)/2
X = ABS(01d B-B)

Y = Bx10%%Linmit

If (X, LE, Y) G TQ 3
01d B = B

GO TO 2

WRITE (6,4)B,A

FORMAT ("', F10.2, 'w IS SQUARE ROOT OF, F10.2)

STOFP

END

N~Precision Program Comments

IMPLICIT INTEGER (A-Z) , (all N-cons.)

CALL INIT(1,4) (16 digits of precision, N=4)

CON V = =12 (1imit)’

A=1 .

B =2 (Allocation of variable
names to N-con addresses)

01d = 3

WO = 4

X=235

¥ =6

JHALF = 7

CALL Input(A)
Call NSCL(A,1)

CALL CIN(TWOD,2) {(N-con at address TWO containsg
the value 2)



Call CIN(01d B,1)

Call
Call

Call
Q=

Call
Call
Cali
Call
Call

Call
Call
Call
Call
Call

If (I,

Call

CFN (HALF,.5)
Output (HALF)

Output(A)

1

MDIV (A, 01dB,B)
MADD (B,01d B,B)
MMUL (B,HALF,B)
Output (B)

oM

MSUB(B,01d B,X)
NABS (X)

COPY (B,Y)

NSCL (Y,CONV.)

NCMPR (X,Y,I,J)

LE. J) GO TO 2%

COPY(B, 01d B)

GO TO 1
CONTINUE

Call

HM

(Write out results)

2-31

(N-con. at address '0ld B'
contains the value 1)

(Half contains 0.5)

(Conversion OK; print
and check)

(Print input number)

(Iteration Counter)

(B = A/014d. 1)
(B = B+01ld B)
(B = B%.5)

(write partial answer)

(How many subroutines called
so far. Print it outp

(X = B-01d B)

(X = Abs X)

(¥ - (B))

(Y = (Y)%10%% CONV )

(Result:

IfX>Y,I>J
X<¥, IxJ

X=Y,1=J)
(IF (ABS (B-01d B).LL.
Bx10%%CONV) gq To 2
(01d B = (B))

(Done!)
(How many calls)

2.7.3.2,2 Conversion of a statement from STARCH np
Consider the FORTRAN statement of SEARCH DP:

IF (FE34#DECID) 52, 51, 50 -
The N-PREC. translation would be
CALL MMUL(DECID, FE34, TEMP)

CALL NCMPR(TEMP,ZER0O,I,J)

If (I.LT.
If (J.EQ.
50 CONTINUE

J) GO TO 52
J) GO TO 51
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2.8 Results from programs SEARCH DP, MP and NP
The frequencies aj (normalized to w, = 1) for j = 2, are given

for case M. Those for case E are immediately obtained from

_2 ~2 1
w = , -
E,} LuMsJ 2
3 m2
Also given below is the quantity jE ;rij-, which will be of special

1,3

importance in Chapters 4 and 5. The first non-dimensional frequency x

wy ¥ pﬁ“/EI is also represented, for cases E and M, and various

values of E,, on Fig. 2.2.



CASE M - FIRST NONDIMENSIONAL NATURAL FREQUENCY
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0.00 0.10 0.25 0,530
0 3.681 3.703 3.734 3.787
5 1.913 1.953 2,013 2,107
10 1.555 1.605 1,675 1.788
20 1.339 1.395 1.476 1.601
30 1,256 1,316 1.401 1.531
50 1,183 1.246 1.335 1,469
100 1.120 1.186 1.278 1,417
200 1.081 1,148 1,242 1,385
. 500 1.050 1.118 1.214 1.358
1000 1.034 1.104 1.201 1.346
3000 1,021 1.091 1.188 1.339
7000 1.016 1,087 1,184 1,329
10000 1.013 1.083 1,181 1.327
- I
NOTE: LLOE = EJMZ-I
() = 310 (E1)"
. A
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CASE M « SECOND NONDIMENSIONAL NATURAL FREQUENCY 52 :wz/w&.

0,00 0.10 0.25 0.50

1 22,18 22,20 22,23 22,78
5 10,236 10.276 10,339 10 . Lu7
10 7419 7.476 7.561 74703
20 5. 546 5.624 5.736 5.921
30 4,760 4,849 4,981 5.191
50 4,023 4,128 4,281 4,523
100 3.364 3.488 3.665 3.941
200 2.976 3,113 3.308 3,606
500 2,707 2.855 3,060 3.373
1000 2,603 2,754 2,964 3,282
3000 2,520 | 2,673 2.886 3,195
7000 2,490 2,644 ' 2.857 3,178
10000 2,482 2.635 2,849 3.171



2
m
2,l/ml,1

{OWE MNODL)

EO

5 0.00 0.10 0.25 0.50
0 0.3233 0.4190 0.5810 0.9250
10 0.3249 0.4212 0.5893 0.9325
20 0. 3260 0.4231 0.5929 0.9400
30 0.3268 0.4246 10.5957 0.9457
50 0.3280 0.4268 0.5997 0.9538
100 0.3297 0. 4301 0.6056 0.9652
200 0.3311 0.4330 0.6111 0.9757
500 0.3323 0.4357 0.6165 0.986!
1000 0.3328 0.4371 0.6194 0.9916
3000 . 0.333! 0.4385 0.6224 0.9950

{0000 0.3332 0.4392 0.6241 - 1.001
A= A= A= A=

C0.3333 0.4433 0.6458



MONDIMENSTONAL DLYMNAMICAL PARAMETERS

SUM OVER 3 MODES

2--36

3 Eo 0.0 0.10 0.25
10 0.3328 O,4401 0.6336
100 0.3329 0,440k 0.6345
1000 0,39%2 Q. Wl n 0.63066
A= 0.3333 = 00,4413 A= 00,6458
m 2/n (om\: MODE)
2,1 77"1,1 -
EO
T 0.00 0.10 0.25 0.50
4) 0.3233 0.4190 0.5810 0.9250
10 0.3249 0.4212 0.5893 0.9325
20 ~0,3260 0.423] 0.5929 0.9400
30 0.3268 0.4246 0.5957 0.9457
50 0.3280 0.4268 0.5997 0.9538
100 0.3297 0.4301 0.6056 0.9652
200 0.3311 0.4330 0.6111 0.9757
500 0.3323 0.4357 0.6165 0.986|
1000 0.3328 0.4371 0.6194 0.9916
3000 0.333] 0.4385 0.6224 0.9950
10000 0.3332 0.4392 0.6241 " 1.001
A= A = A= A =
0.3333 0.4433 0.6458 1.0833
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THIS PROGRAM CALCUIATES THg MODE SHAPES

GIVEN THE EIGENVALUFS,LAMBnA, ANp

€ THIS PRI
j  REVERSED
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CHAPTER 3

Application to Some Problems of Satellite Dynamics

The present chapter considers the use that can be made of the
reéults of the previous chapter in some problems of interest in
satellite dynamics[a_ll. A first field of application is in studying
the nutational divergence of a satellite equipped with flexible appen-
aages, but this is the topic of Chapter 4 and 5. Ve shall be con-
sidering here some other problems, such as the simula;ion of free

oscillations, thermal flutter and variation of the spin rate due to

the booms motion.

3.1 Simulation of free oscillations

3.1.1 Generalities
Tn a motion of type E (equatorial) or M (meridional), the free
oscillations can be simulated in the following manner. Given N nodes,

éj(E), £ = 1,...N, with associated frequencies aj, and given an ini-
‘ t ..
tial distribution of displacements and velocities (t = —é325

1/ug
p60) 0,6 57,69 - (), - .1

the displacement is written as a sum of modes

JE J ¢
Then
C,= L “IP(g C}Lg
iy 114
s .t 0o d(e) d8
nmk}gh Nowm ’

As an example, Figures 3.1 and 3.2 are meant to illustrate that



starting with an initial shape identical to the first mode at X =10,
£o = 0.1, with no initial velocities, the stationmary wave which exists
in this case cannot be maintained if A is changed to 100. Not only
has the frequency changed appreciably (Ti ig the period of the first
mode oscillation for A = 10, £, = 0.1), but the second mode is present
to an appreciable extent.
3.1.2 Application to Satellite UK-4

From data received through NASA GSFC on satellite UK-4, we com-—
puted the eigenfrequencies and modal shapes for satellite UK-4. This

satellite has the following physical characteristices:

U¥=4 Computations‘

w_ o = 30 rpm; 15 rpm; 6 rpm.

‘0.00058 1b mass/in'

p=]
i

5.8 x 107"

AR 10% x .45359 kg/m

1.036 10> kg/m



EI = 103 1bf % in®
= 103 x 4,448 newton in?

~4
= 103 x 4.448 x 2..542 x 10 newton m2

- 2.869 newton -m?
- X, = 11.6 inches '
R | = 276 inches = 7.0l m
€, = Ja = .062
L0 = 18.348 slug f£t?

1 slug = 14,5938 kg mass
1 = 18,348 x 32.1741 x .4539 kg ft?

m 24,876 kegm?

= 17.41 slug ft2
I}:11 17.41 slug ft
o o & 2
th 16.54 slug fr
‘ T 2 pt
ELKIN'S NUMBER: X = w =
. 8 EI

T 2= 30 x 22 X ) -2 (7.01)Q
230 rpm G——ga~”“) x 1,036 x 10 © x 5o

It

(3.141592)% % 1.036 x 1072 x 7.01°/2.869

it

86.06
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_ 86.06

1
x15rpm I(X)BOrpm 4 21.513
iy . 86106
AGrpm ~5g5 3.44
Data for programs:
A = 1; 3.44; 10; 16.8; 21.515; 50; 86.06; 100
&y = ,042
iﬁ determined from
I 1 y I
i
(GR - -0yl 20
xh . yh ° Ip'
giving .
I h '
=% = 1.0767
I
P
Results (see graphs)
Graph 1: Resonance on thermal flutter at /f = .4 or X = 16,, 1.e. at spin rate

N = 1.35 rad/sec = 12.9 fpm

= W
8 1,rot

Graph 2 : Mode shapes -

ws=6;15;30 Y.P. M.



SATELLITE UK4: ATTITUDE STABILITY .-

+ 185% 15 RPM

'TMﬂeI: Case M
w{rpm) 6  10.2 13.25 15 22.8 30 32
x ‘ 3.44 10,0 16.8 21.515 . 50 86.06 100.0
YA 1.84  3.162 4.1 4. 64 7.07 9,28 10.0
on, P57 4,08 4.98  5.76 6.24 8.56  10.75 11.48
: mhl , 1.38 ° 1,685 1.945 2,11 2.895 3.63 3.88
Table IT1: .Cage [
w{rpm) 3.23 6.0° 10.2 13.25 15 - 22.8 30 32.3
X 1.0  3.44 10.0 ~ 16,8 21,515 50 86,06  100.0
Vi 1.0 1.84 3,162 4.1 4.4 7.07 9.28 10.0
wy, YRR /ET 3.55 3.64 3.85  4.05 4.18 4,82 5.44 5.64
wy, (H2) 1.2 1.23  1.30 1.37  1.415 1.63 1.84 1,405,
Yoo"7/ET = V8.715 = 2.96
Resonance on Thermal Flutter at Ji. = 4,00, X = 16.0
W, = w = 4,0/2,96 = 1.35(Hz)
= 12.90 rpm.
Kp > 1 Ne posigrade rgsoﬁancé _ Var. of spin rate for 107 deli,
Mo nutational instability |.57% 30 RPM
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Fig. 3.3 represents the first mode of vibration for the three
values of the spin rate being contemplated. Centrifugal effects are

- noted as Etkin's number )} is increased.

3.2 Resonant thermal flutter
3.2.1 Determination of resonant frequency

It has been shown by Etkins and Hughes[B-E]

that assuming a
relatively simple model for the boom's thermal curvature,ﬁTO (inde~
pendent of &) due to the sun's heat input during the spinning motion,

the steady-state oscillation of the booms would be described by
.::.-j C C\L E"&
'?j' J‘To <o o( o)
In order to find for which spin rate w_ the motion will diverge (have
an amplitude tending to infinity), these authors solved equation

for boundary conditions,

EC0) = 0 E'(0) = 0 E"(0) =}LTO E"'(0) = 0

and Vury-i until very large values of &(1) are.observed. The analysis
was limited to satellites of zero radius.

[3-1]

An alternative approach was proposed , which is recalled

here. If in Equation (2.7- g8), we let w; tend continuously to ms along
the eigenfrequencies curves Gl(i, Eo); the spatial part of a solution
to Equation (2.2-7 ), normalized to unity at the tip, satisfiés b.c.

¢(o) -0 $'o)-0 4 )=0 ¢()=0

In order to also admit boundary conditionms 0,0 for the zeroth and first



derivatives at £ = O,JE 0 for the second the third derivatives at

TO’
£ =1, ¢(X, £.) should be scaled up by an infinite factor, i.e., the
amplitude at the tip tends to infinity. Thus, resonance on thermal

flutter will correspond to the intersection of the curve, for given

£o 5

o (£1) -4 ()

E3:

with the bisectrix of the first quadrant (Fig. 3.4)

No thermal flutter resonance can occur for
w) ég;ﬁo.?
E) second or higher modes

as is shown on Fig.2 .2.

3.2.2 Application to UK-4
Using the above data for UK-4, the thermal flutter resonance
point was found at (Fig. 3.5) |
V=60 (§,=0.042)
and for the physical characteristics of the satellite, this translates

to

e o= L v 1230 g domn.
h%,w$uJ.” 135 iz % \

a spin rate to be avoided for steady-state operation.

3.3 Variation of the spin rate due to the free oscillations
3.3.1 Method of calculation
It is often of interest to satellite users to know what amount

of spin rate variation can be expected, due to the vibrations of
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" the boom. The equatorial vibrations will cause a very slight varia-
tion of the spin rate described by

diws 7
i {

where T is a torque due to the moment at the oot of t ° boom and to
the she r force acting through the central hub radius. This is de-

scribed in non-dimensional form by (EEm*t) E |

di / i
N I — T
T Tge, £ 5

3
f——a S Dag 1
a x0T

[}

il

[

T = [» _£ m.
4 75~ & fﬁgglsm ;
. . pl
or, after integration, and with T dE , ,
ef Ih
ub !
! (B s |
% = Ff Tdv (3.3-1)
. o - .
S Jpan ff’]m A :

in which ?* is the value of T maximizing the integral. This value
can be obtained using a program such as SIM, which is listed at the
end of this chapter.
3.3.2 Application to UK-4

Using the above data for satellite UK-4, the maximum variation
of the spin rate for an assumed 10% deflection of the boom was de-

termined to be

0.57% at W 30 r.p.m.

0.755% at W 15 r.p.m.
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Ve
Ve
e
e
4
// '
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¢-0}7 . 40_ 820 _ 12: 0 5

FIG. 3-5. RESONANCE ON THERMAL FLUTTER: UK-4,
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PROGRAM SIM

LISTING



'- $DUP E730MR18, »PRINT,BCD
T _soup ETI0HRLEy pPRINTRD o

SUBROUT INE' STM{NDS) R
5 ‘l'——‘_’D‘UUB'tE“P RECTSION MUTXNOGY NG 7w
| REAL NU e S PRSP IPTEE LTS e e e

@ " T INTEGER SAM
C . e s im——— R — T S [M N —_— e rome A . e e P P e e m e ' - I

P

c : T
. C THIS PRIGRAM COMPUTES THE DISPLACEMENT OF THE FREELY VIBRATING
FROM A GIVEN

T —ROTATING BOOM AT SPECTFIED STATIONS, 'STARTING
C  DISPLACEMENT INITIAL CONOITION o e o

e
I‘ C IT COMPUTES THE NONDIMENSIONAL SPIN VARIATLON AND TNDUCED NUTATION
L OR WERIDIAN BODM (SEE NDS BELOW)

T ANGLE FOR EITHER THE EQUATORIA

~

L

COMMIN/DNE7ZMUTLAM ¢ STOPRGAM AyPKeNUs XNOYND

' ‘ DOUBLE PRECISION COR,MEL,ME2 .
DOUBLE'PREC[SION'P[&i,K(4),M{4)§L{4)'E3{101!;E31P(101).E32P(101){

1E33pt101!.534?(101:.54t1011,541P(101),qupt1011,543pt101).

2E4L4P (101 )y A9 By CrEgAD,BO+LTHEDY S T m T

4510,S81

UUUSCE”PREErerN“EDA12TTEIGrzT”“““
REAL H.NN,LAM ~

MH__WQTNTEGERW!iD;N;Z{,MNIMT;INTER,WmH,M_MW.”“m,Jmmﬂm" e

_ DOUBLE PRECISION ELSM3([2),ELSMA(2)
2 T TpousLE PRECISION EMUM3(2]7EMDM4(2)'ESHRB(ZHESHRQ(Z): :

-l* 1RMQM3(2),RM0M4(m,RSHaaiz),RSHaqtz),BPTtlol,zy.rFac1z1. .
"CUFDrS{Z?zd;nLFA(ZJ;”””‘"meat101,2),me4(101,21.aETntza.Mul o

o . DIMENSION AA(ZHZ),BBB{Z),CCCIZS,GAMA‘ZJ'CCZ(Z} _ o
- t TTTINTEGERT PPPL2) .QQGL 2} ' ‘ o T

I il
J e EE DLt et o ner o 85 7 VB S a1y e s R S S

DOUBLE PRECISTON RTORK, [_.)TORK,ED_AZPlgEDABPVI I S

REAL DLTT,MOUE

Ip____m___,seﬂﬁtltzRGAMa . o .
; GRMALLLZROA a S

E [ G ! 1 } = MU i o - immima. rm emr WA iR e e R omm e S SSurEmOS s T S M e e - - e = -

u’f‘_—#—wﬂ_—WE'I' G(2)=0. ‘
_ CUEDACLIEXND e e e

TTTTTTTEDA(Z ) =YND
[END=1 : e X e

' MAXT=2T7
$TP=25. e e e

T—L—#—HHNR;—;ZM e e e
';__ Cxex THIS PROGRAM USES REAVE_RSED_{NTEGRAT ION ONLY L

T WRITEL 69 300) : ,
300 FORMAT { *OS TMUL AT ION E’\ITEREU'_l o -

-l"\"""'_f"—l\flj'ﬁ"_?‘u'[ RECTION SWITCH

~ NDS = 1 IN PLANE, = G OUT OF PLANE - ,.W;WHMWMWMW_“,”U -

-

s SET IB8IG=1 TO READ BIGMODE 1 ONLY
IVARSL e e e e

' TTTTTTTTTTTIBLGE o B - o
’ IFIRST=1 4 o

KK=1

I I N —
T i
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LS ANFR{= =SQRT (LAM)

WRITC (6,60} ANFRQ

60 FORMAT(IH 4 'NFRQESURT TAMSV FI0.5T
l 99 $i=0,
C

C__CLEAR ARRAYS

TE-_-.—— ——ne =~ - e e ettt e i o e et oo ,I,‘v,.__ e ot e e e e e e
DO 31 I=1,4 | _ |

K(I)=0. :

K JLiLr=0, . - e
‘ MEII=00 | | |

31 P(I)=0.

—_———— T . . e — f—

- 00 1 T=1,101

_I E34P(1)=0.
E44P (1) =0
E33P(1)=0.

-—*l—\ E43P ( I ] - U . PS—— T e e e e ——— et e+ S e e
EBZP ‘ I ) O ot — g - . . — ‘-_. t e v — . - - - - - - - ———

E42P(1)=0."

] E31P(1) =0, — e et e
llf E4IPTTY=0. ' |

E4(I1)=0.

1 E3(IV=0. -
-I H=l./FLOAT{NINT) “ o
D=3
8 IF(D.EQ.4) GO TO 2

l\ BD-—O . . N - A e = s ey

Y 2 CO =0 . - ’
' AQ0= tﬁlp‘l}

B0=0.

.T___.__ EU O ) —— —_— I e ——— s ,.!___._... e e
‘ 3 A=AQ ) _‘ B i ]

- . _.C=Co0 e e
- N= N . _ — N
m & I=1 o T
" NN=N ) — . ' —

SI={NN-1.)%*H
5 KfL)=H%A

r- -mL(I_ )- =H * B T e e e e e ———— e e e e et
L2 MOT)EHEC e e

MUL=1+EIGIKKI*EIGIKK} =~

» IFI(NDS.EQ.1) GO Tg“g_g_m___w__ _ ‘ o i
| MUL=MUL1-1.

40 PUI)=((=SI*ST+2.%ST*(1.+SI0)) /2. #8

_i"" 1+(1.—SI+SIOI*A+MUL*EJ*LAM#H ST T




' SI=ENN=1.)%#H ey
Lk e .
IF(1.GT.3) GO TO 6
Z=1=1 ‘
 E=EDK(Z)/2. ' i
e
i ' B=BO+M(Z) /2. | e e e
c’=c0+p { Z }IZ -_ o f f mmam am M ——— e = % e % AARAAAR R R mEemem e = e THTm o r Co R LM mar e rmmees e an oGS ooSSES S
SI=Si+H/2.
675
E¥E0¢K13J”““

A=AQ+L(3) i
B=BO+M(3} T

C=CO+P(3)

"S’HH
J soros | -
__“W(DEQ4FEMUW“_“—_”” T T oTTT T T
SI=NusH

e — e
- E3LZ)=FE3(NI+(K (LI +2. %K (2)42.%K[3)+K(4)) /6.
T EILPUZYSEITPINIF{L (L Y42 oL (2 )42 5L (3 ) 4L {4) )/ 6. T -
E32P(Z)=FE32P(NI+{M{L)+2.%M{2)+2.&M[3)+M[4)) /6. o
TTESIE(ZISEIZRNINIH(PLILI42. 2P (24 2. %P (31 4P (4) ) /6. o o
E34P(Z2=LAM®({{STD+1.)#%2-{1.-S1+S513)#%2) )
T 1¥E32P(Z)/2.+(1.—51+510)$t31ptz;+mu1*t3(Z}1 ‘ ) ‘
_l_ E=E3(N+1) L o
TTTATEFIPINGTY B ' - e o B
. B=FE32P(N+1) . e L

TTCEEIWINGLY T
AO:A P aa] - . . e - . i — . — e L R E 2 e e - u.” - .—— .. ‘
“BO=6 ’ '

g Fo=E e
—co=C e -

N=N+1 v SO
TLEINGLTSINTERY GO TQ 4

j EMOM3{KK)=E3{I[NTER)

T ELSM 3L KK I=E32P (1) '
RMOM3{KK)=E32P( INTER)

‘1'““ESHR3(KK)-E33P(1n‘"“ e - - I
RSHR 3(KK )=E 33P ( INTER) e

=00 28" 1=1, 101 e
8 MMX3U(LL,KKY=E3 (L) DT

D=4
GOTO 2

¥ ST=NN#H
|
TR E4(Z)=E4({NI+(K{1}+2.%K(2)+2.*K{3)¢K(4)) /6.

_ E4IP(ZI=E4lPIN)+{L{L)+2. %L (2)+2.3L(3)+L{4&)) /6.
"Il”“”tazpizz=54zplN)+tM(L)+2.*Mtz)+2.tmc3)+mta))/6. o T
E4IP(Z)I=E43P(N)I+(PLL)+2.%P(2)+2.%P(3)+P(a))/5.
E44P(Z)=LAMB{((STO+1.)%2-(1.-SI+SI0)*%x2)
L#*E42P(2) /2.4 (1.=ST+SI10)*E4L1P (Z)+MUL*E4LZ))
’l"‘—‘ E=E4{N+1)

_;]l S mm‘uuu-uu ..“.“j._“.“, —;‘-_";0“~—;%M;““.:
4_ll_¢ff - e e e e '_"“:;l;:j‘ié




e AsERALPINeY e e e e e

B=E42P(N+1)
C=E43P(N+]1)

o e —— —— - —

TED=E =
T —_—— AO- - - S R . - — ___._____,-.,____ S — -
BO=8 '

CO= ,ET . I L _ ) o . e e e
Il N=N+1
T IF(N.LTL.INTER)Y GO TD 4

. EMOM4G (KK} =E4 (INTER)
. _ELSM&4[KK)=E42P (1) i L e I
: ~ RMOM&4{KK Y=E42P ( INTER)
ESHR4 (KK )=E43P (1) o o o e
T RSHR4{KK)=E43P{INTER)
D0 29 I=1,101 o e

29 meZTTTRR}EEﬁifi

ALFA(KK)-EM3M3(KK]/EMOMQ(KK}
BETA(KK)= MMX3{1;KK} ALFA[KK}*MMX4(1 KK)

. GAMA (KK} =ETG (KK ) *SQRT {L AM ) T o
l DO 102 LB=1,101 N L e
‘ CL=igz2=0s

102 BPT(LL,KK}={MMX3(LB, KK}-ALFA(K()*HHXé(LB,KK]}IBET&(KKJ“_“M o
R e
DO 216 [=2,101 o ) S o
216 SUM=SUM+(BPT (T, LV4BPTII=1y1) /2. #({FLOAT(I}=1.5)*H+SIO) *H
ME2=SUM
l SUM=0. -
, DO 218 =2,101 o
o 218 Sum= SUM+{BPI{I;1)**2+BPTII Ly L)%%2) /2,81

: CUR MEZ*MEZ/MEI

IF(IFRST.NE.L) GO TO 92

¥ EDACL) =BPT 51,1
.l EDA(2)=BPT(10L,1) e
97 WRITE(6,98) EDA( L) yEDA(2)
98 _FCRMAT{LH ,*INITIAL DISPLACEMENTSY,6X,F12.6,3X,F12.6/)
WRITE(6,105) MEL,ME2,COR,NDS
105 FORMAT(LIH. .'ML-'.sz.,,BX:'MZ 1#D12.643X,"COR= * 4DL2.6y
\ 13X, " NDS= V3 137)
ll_waZIF([BIG NE.1) GO TC 73 S
, GAMA(1)=EIG{1)*ANFRQ

GAMA(2)=0.

S —
| CC2(2)=9 o o

ALEA( 21=0.
W _RMOM3(2)=0.
l-— . RMOM4(2)=0.

_RSHR 3(2) =0.

i Ronralahio O
] .'___“ELSMHZI-O. | ) N _

- ELSM4{2) =0, o

: e JESMRIU2V=0.

%Ii“ EIG(2)=0. - e

u““ ’



73 DO 213 [=1 '2 R - - . e o e e . P P ey mem -
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CHAPTER 4

Simulation of the Motion of The Central Rigid

Body and its Elastic Appendages

4.1 Introduction

In the previous chapters, the problem of determining the modal
shapes and frequencies of the rotating structure was examined, and
applications were studied in which these modes are utilized.

In the présent chapter, equations of motion are written for the
generalized coordinates representing the flexible structure and
for thé angular rates of the central rigid bedy. A simulation of
the spacecraft motion is then possible. Various cases of simulation
are examined,land the effect of modal truﬁéation and of nonlinear

terms is discussed.

4.2 Modal Equations of Motion: equatorial vibrations (Case "EY,
for equatorial)
4.2.1 Constancy of H.

In what follows, it is assumed that the motion of the center of
mass of the spacecraft is negligible (or that only antisymmetric
motions of the booms are considered) and that the "limited approach”
is taken[”—l], i.e. the motion of the spacecraft's center of mass in
inertial space can be determined independently of the attitude.

If over the time of interest, i.e. a few tens of spin periods

or so, the torque-impulse due to all environmental attitude per-

turbing torques (gravity-gradient, solar pressure, magnetic, etc.) can
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be considered as negligible, then very sensibly the moment of momentum

>
H about the center of mass remains constant:

o= ﬁ(o)_= constant vector (4.2-1)

in which ﬁ is the wvalue of ﬁ at t = 0.

4.2.2 Representation of the elastic appendages
Consider a particle of a boom,having non-dimensional abscissa &,
located along axis +x in its undeflected position. Its elastic dis-

placement, n = wix) , is represented in terms of the modes &, 6 (£ =

£ ]

Eg Y]

).
b= 5—_‘ ‘15 (Ej é'(g) | (4.2-2)

in which the g, are non—dimensipnal amplitudes, deﬁendent on the non-
dimensional time t =_wst, with wo = %ﬁ'the angular spin rate of the
satellite in its nominal motion. N is éome positive integer, which
specifies the number of terms after which the serles is truncated.

We recall that the @j(g) are orthogonal modes, normalized to

unit deflection at the boom's tip, so that

J o (8) ¢, () =0 i#k (4.2-3)
boom .
2
ml,j dof J Qj(i)di >0 =k (4.2-4)
boom
E1 =& + &£53 ) A
both ml 3 m2 i are assumed to be known quantities, determined as in
b ] 3
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4.2.3 Kinetic energy contained in the elastic structure
The total kinetic energy, T, is made out of two parts: one
is independent of the generalized coordinates qj and the other one, Tl’

depends on the qj and appears as the integral of a densitynBT . More
1

specifically (Fig. 4.1)

32
Yo
= z = -
~ all particles n3 (4.2-6)
m
, > > 5 _
with v, o= w.A(rm 0 +-3) + & (4.2-7)

- ‘ -
in which @ is the instantaneous rotation, Ty is the vector coordinate
. >

to m in its reference position and g.is the elastic displacement from
m,0
Computing T,
fred
L= Z

Rigid + FLER{ELE
faitrg

FLEK:GLE

(En7, )+ 2 [n |6 w8 V2 (307, ). (3nS)

-

ARTS £,
2817 ). VT IR £45

w0 rald

Now, for small linear displacements of the elastic parts

-
§ = wl
~Ww
and =) "
Wi
X
Thus
S ¢ 7 ?’2 . 2z 1
< Ja{oAS] 2 5§ m{w, tly /W 4. 9=
BLy ELpsiic 2 [ J 2 ( = ) ( 2)

fenrs



I1f W s wy,jw are assumed to be of first order of smallness, (4.2-9)

is rewritten

T 2P o)

in which W ig the (constant) nominal value of the spin rate.

0
& J\? = w X
: m,0 z 1
"LGY}C]_
Then
. [-Wha
- - T 3
13 2m(mrm ),(wr\g):z%[o b X ~W x] 0 ._0(5)(4.2-11)
" "o AR
ELASTIC
farts
Furthermore,
=2 . '
Z Im§ . 210 mw? (4.2-12)
ALy 2 A
EL PhiTs
and
= _ .
..i_ E an(t:;f\r? )ré T Z m MI’RIW (4.2-13)
2 a1 m, o
£ PORTS
Finally,
- 2
% am(0nd )b =0 (4.2~14)
2 Al
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Introducing expressions (4.8-10) through (4.2-14) in Equations

(4.2-8), we obtain

1 2 2 2 2
_ 1 - L] 3 _
T“T°+2JEdS(W ms+w +2mlew) + 0(e>) (4.2-15)

¢

Since the element of curvilinear abscissa, ds, is related to dx by

ds? = dx? + dy2 = dx2(1 + (ggﬂz)

or
_ W,y
ds = dx(1 + (ax)z)
= AV
= dx(1 + Z(BX) +...)
and
- aecL - L@aw2
dX - dS(l Z(Bx) --n)

Therefore, consistent with the order of magnitudes retained explicitly,

{4215)can be rewritten with x instead of s as the integration variable,

[} . . .
T=1T, + % J p dx(wzms + o2+ 2 wlew) + 0¥ (4.2-16)
0

-~

The "flexible body" par