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WALL BOUNDARY EQUATIONS WITH SLIP AND CATALYSIS 

FOR MULTICOMF'ONENT, NONEQUILIBRIUM GAS FLOWS 

By C a r l  D. Scot t  
Lyndon B. Johnson Space Center 

SUMMARY 

Boundary equations are obtained f o r  a l o w  Reynolds n u b e r ,  high 
enthalpy gss flow where ve loc i ty  s l i p  and temperature juxti; are inpor- 
tat .  The formulation t r e a t s  a multicomponent gas mixtwe t h a t  m-.y be 
i n  nonequilibrium with f in i te - ra te  ca t a ly t i c  react ions ocwr r ing  on the  
w a l l .  A f i rs t -order  d i s t r ibu t ion  f m c t i o n  i s  used t o  include nulticon- 
ponent diff-ision. 
individual atoms o r  molecules e i t h e r  r e f l e c t  specularly off t he  w a l l  o r  
s t i c k  and are f u l l y  accomodated. 
for use i n  flow-field calculat ions such as f ini tc-difference t i m e -  
dependent methods o r  other methods t h a t  are app: .cablo t o  low-density 
flow regimes. 

A simplified g a s h a l l  in te rac t ion  i s  assumed where 

The 3oundary equations are obtained 

INTRODUCTION 

The in te rac t ion  between a high enthalpy, low Reynolds number gas 
flow and a r e l a t ive ly  cold surface can be s igni f icant ly  influenced by 
t h e  charac te r i s t ics  of t h e  surface. This in te rac t ion  es tab l i shes  bound- 
ary propert ies  f o r  the  gas flow and can influence the  overa l l  flow field.. 
Surface charac te r i s t ics  are important, f o r  example, i n  t he  high a l t i t u d e ,  
low Reynolds number f l i g h t  regime fo r  prediction of Space Shut t le  o r b i t e r  
en t ry  heazirg and f o r  in te rpre t ing  data obtained i n  ground tes ts  of space- 
craft  entry thermal protect ion systems. 

In  l o w  Reynolds number hypersonic flows such as a t  high a l t i t udes  
or i n  low-density arc-heated wind tunnels,  t h e  boundary conaition assump- 
t ions t h a t  are adequate f o r  t h e  higher Reynolds number regimes may no 
longer be adzqiiate f o r  describing the  flow parameters at 2 Tali ( s o l i d  
boundary). Specif ical ly ,  t he  density a t  t he  w a l l  i s  su f f i c l en t ly  low 
t h a t  the  v e l r c i t y  and temperature of the  w a l l  are no longer :he same as 
those of ',he gas immediateiy adjacent t o  the w a l l .  These phenomena are  
re fer red  t c  ES veloci ty  s l i p  and temperature jum?. 
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Figure 1 is  a p l o t  of stagnation pressure as a f u n c t i m  of t o t a l  
enthalpy showing typ ica l  enfry t r z j e c t o r i e s  f o r  the Space Shut t le  and 
Apollo vehicles. 
rite fo r  simulating entry heating and the rpproximate region i n  which 
s l i p  e f fec ts  become important a re  also shown. It can be seen t h a t  there 
is a region of t h e  s h u t t l e  t r a j ec to ry  i n  which s l i p  may have some sig- 
n i f ican t  e f f ec t  on the bouqdary conditions. Moreover, there  i s  a la rge  
region of a typ ica l  arc-twAnel operating map f o r  which s l i p  is  s igni f icant .  

Regions where arc-heated wind tunneis typ ica l ly  oper- 

For a real, sher.ically react ing gas,  it i 5  necessary t o  formulate 
a boundary descr ipt ion i n  which the pressme and species concentration 
also "jump" at the w a l l  because of ra refac t ion  e f f ec t s  and chemical re- 
actions on t h e  surface.  This report  i s  concerned spec i f ica l ly  v i th  cata- 
l y t i c  recombination react ions on the  surface.  

As t he  density decreases, t he  continuum flow equations tha t  ade- 
quately describe higher fiensity flow we no longer adequate c lose t o  the  
w a l l  because the  mean t * e e  path becomes long compared t o  cha rac t e r i s t i c  
lecgths associated with s ign i f icant  changes i.n macroscopic flow proper- 
ties. The flow i n  a region next t o  the  w a l l  having a thickness on t h e  
order of a mean free path ( the  KnGdsen layer )  cannot be described by t h e  
Navier-Stokes descr ipt ion (ref. 1). Gradients near t he  w a l l  cause the 
veloci ty  d is tz ibut ion  f u c t i o n  t o  deviate s igni f icant ly  from e q ~ l i b r i u m .  
Rigorously, one should calculate  the flow using the Boltzmann equation 
because there  are not su f f i c i en t  co l l i s ions  between t h e  gas molecules 
f o r  t h e  Navier-Stokes approximation t o  be valid. The solut ion t o  the 
Boltzmann equation i n  the Knudeen l aye r  with suitable k ine t i c  boundary 
conditions at the  w a l l  must then be matched t o  the solut ion of t he  
Navier-Stokes equations i n  the  bulk flow. The l a w s  governing t h e  in te r -  
act ion of t he  gas with the  surface influence t h e  boundary conditions and 
m u s t  be taken i n t o  account. 
t he  use of accammodation coeff ic ie3ts .  

This procedure can be done simply through 

Without ac tua l ly  solving the  Boltzmann equation i n  the  Knudsen layer ,  
it is possible t c  f ind  an approximate Navier-Stokes solut ion t o  the  f l a w  
i n  t h e  Knudsen l aye r  using suitable s l i p  conditions (refs. 2 and 3). 
Patterson (Zef. 2 )  obtained a Navier-Stokes type solut ion t o  the  Boltzmann 
equation t h a t  was of the  form of the  equilibrium ve loc i ty  d i s t r ibu t ion  
function times a power series i n  the  three-dimensional ve loc i ty  space. 

where f(2) is t he  veloci ty  d i s t r ibu t ion  function; Po($) i s  the  equi- 
l ibrium veloci ty  d i s t r ibu t ion  function; a a and a are i' i j '  i J k  
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, and v are i' v j  k 
coef f ic ien ts  of the  d i s t r ibu t ion  function; and v 

veloci ty  vector components. 
Patterson obtained the coef f ic ien ts  i n  terms of gradients  of t h e  macro- 
scopic variables.  To obtain the  s l i p  r e l a t ions ,  he assumed a f u l l y  ac- 
commodating surface (diffuse re f lec t ions)  and equat3.d the  net  f luxes of 
nass, momentum, and energy t o  the  difference between t h e  inciaent  and 
re f lec ted  fluxes,  respectively.  Shidlovskiy (ref.  3)  performed essen- 
t i a l l y  t he  same type of calculat ion except that  he allowed f o r  a non- 
f u l l y  accommodatiw surface (specular and diffuse r e f l ec t ion ) .  
of thrse treatments, a single-species gas w a s  assumed. 

(Summation convention is used here. ) 

In  both 

Flow-field and boundary-layer calculat ions have been Eade tha t  in- 
corporate l imited combinations of the  boundary conditions considered i n  
t h i s  report. Treatments of s l i p  effects can be found i n  references 1 
t o  3. Davis (ref.  4 )  inclnded f i r s t -order  s l i p  e f f ec t s  i n  temperature 
and veloci ty  f o r  h i s  r eac t in s  binary mixture flow past  a blunt  body. 
This included calculat ions f o r  ca ta lyc i ty  l i m i t s  of zero and in f in i ty .  
Inger (ref. 5 )  included a var iable  ca t a ly t i c  wall-boundary condition 
for stagnation point,  nonequilibrium flow of a binary gas past  a sphere. 
iIe assumed t h e  following: (1) a constant Prandt l  nmber,  Schmidt number, 
densi ty  v iscos i ty  product, and spec i f ic  heat across the shock layer ;  
(2 )  negl igible  thermal diffusion;  ( 3 )  a t h i n  shock layer  model; and 
( 4 )  no s l i p  a t  the  w a l l ,  but  s l i p  at the shock wave. Blottner ( r e f .  6 )  
used a finite-difference method t o  invest igate  t he  vjscous shock layer  
at the stagnation point of a blunt body. 
f i n i t e  react ion rates and t ransport  propert ies  based on Yun and Mason 
( re f .  7)  and Yos ( r e f .  8) .  
a fully ca ta ly t i c  body. Blottner reviewed the  l i t e r a t u r e  r e l a t i v e  t o  
blunt-body flow problems (ref. 6 ) .  

An air gas model was used w i t h  

Blottner d id  not consider s l i p ,  and he assumed 

No one has included t h e  effects of s l i p ,  multicomponent diffusion,  
and w a l l  ca ta lyc i ty  i n  a single-flow-fiele problem. I n  t h i s  repor t ,  
3ounda.-y r e l a t ions  t h a t  incorporate a l l  of these  e f f ec t s  f o r  appl icat ion 
t o  flow-field calculat ions are derived. Boundary conditions f o r  t h e  
temperature, veloci ty ,  pressure,  and species concentrations are obtained 
for  a multicomponent mixture at a w a l l  of arbitrary ca ta lyc i ty .  
general  enough f o r  low-density continuum flows, s l i p  i s  a l so  considered 
herein. 

To be 

SYMBOLS 

coef f ic ien ts  of the d i s t r ibu t ion  f u n c t j m  f o r  itlr 
species 

coef f ic ien ts  of the d is t r ibu t ion  function 
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d is t r ibu t ion  function coef f ic ien ts  defined i q  

reference 9 for  i t h  species 

impact parameter 

mass f rac t ion  of species i 

diffusion coeff ic ient  

thermal diffusion coef f ic ien t  

diffusion vector of j t h  species 

net energy f lux  from t rans l a t iona l  energy 

energy f lux  from t r ans l a t iona l  energy 

net general  flux 

general flux 

d is t r ibu t ion  i’imction of i t h  species 

equilibrium dis t r ibu t ion  function of i t h  species 

i n i t i a l  r e l a t i v e  speed during a co l l i s ion  

conponent terms i n  integrat ion over d is t r ibu t ion  
function 

Boltmann consta7.t; 

w a l l  ca ta ly t i c  rate constant 

order of surface recombination react ion 

net  mass f lux  

mass f lux  

mass of i t h  species 

number density 
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P net  momentum f l u  

momentum flux P 

1; pressure 

Q(c 1 co l l i s ion  cross sect ion 

fac tors  i n  the  Sonine polynomial expansion per- 
ta in ing  t o  mass fluxes o r  species defined i n  
appendix A 

fac tors  i n  the  Sonine polynomial expansion per- 4 0  4 1  -10 -73. Q. 9Q. y Q -  ¶ Q i J Y R i m  
4 lj 1J t a in ing  t o  temperature gradient defined i n  

appendix A 

f ac to r s  i n  the Sonine polynomial expansion per- 
ta in ing  t o  ve loc i ty  g r a z e n t  defined i n  
appendix A 

T separation dis tance of atoms during cc- l l is ion 

r distance of c loses t  approach m 

T temperatwe 

t time 

LI 

U unit  tensor  

1. 

vi 

t 

vi 

-. 
V 

-. 
0 V 

A 
W 

thermal veloci ty  

diff'usion veloci ty  

veloci ty  

bulk veloc i ty  

dimensionless ve loc i ty  = 
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i 6 

a 

Y 

Y 

11 

e 

rate of mass production i n  volume eleme. of 5th 
species 

energy accommodation coef f ic ien t  

dimensionless r e l a t i v e  ve loc i ty  i n  co l l i s ion ,  used 
i n  appendix A 

recombination coef f ic ien t  

Kronecker delta 

v iscos i ty  

f r ac t ion  of incident atoms that  ere d i f fuse ly  
r e f l ec t ed  

f r ac t ion  of incident atoms that  s t i c k  

reduced mass 

density 

perturbation p a r t  of d i s t r ibu t ion  function 

in te rac t ion  po ten t i a l  

a general property 

co l l i s ion  eef lec t ion  angle 

co l l i s ion  in t eg ra l s  

species inder.es 

property a t  edge of Knudsen layer  

w a l l  property 
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Superscripts : 

q,t,m,n 

atomic species 

vector ccnnponepAd indexes 

component direct ions 

normal component 

tangent ia l  components 

exponents used i n  f lux  in tegra ls  defined i n  
equation (~1 )  

indexes appearing i n  co l l i s ion  in t eg ra l  

incident f lux  

specularly re f lec ted  f lux  

ANALYSIS 

The approach t o  the  s l i p  'IJoundary condition grobiem fol.lows closely 
that  of Shidlovskiy ( r e f .  3 ) ,  although addi t ional  fac tors  a re  included 
herein t o  account f o r  w a l l  reactions.  
across the  Knudsen layer ,  which i s  on the  order of one mean f r e e  path i n  
thickness. In - f igu re  2, t h e  Knudsen layer  and the jump i n  temperature 
T are shown. The jump is  t r ea t ed  as dlscontinuous across an a r b i t r a r i l y  
t h i n  Knudsen layer ,  and no accowf i s  taken of var ia t icnc of the  veloci ty  
d is t r ibu t ion  through the  Knudsen layer  as would be required by the  more 
rigorous approach of Kogan ( r e f .  1). It i s  assumed here tha t  the  dis- 
t r i bu t ion  function near t he  w a l l  c m  be described t o  f i rs t -order  accu- 
racy by the  so-called Navier-Stokes approximation as used by Shidlovskiy. 
The use i n  t h i s  report  of a Chapman-Enskog type d is t r ibu t ion  function 
f o r  a multicomGonent mixture obtained by the  var ia t iona l  method of 
Hirschfelder, Curtiss, and Bird ( r e f .  9) , however , i s  a deviation from 
the  procedures of Shidlovskiy. 
f a c t  t h a t  t hc  Chapman-Enskog d is t r ibu t ion  function accounts for  diffusion. 

The s l i p  conditions are taken 

The advantage of t h i s  usage l i e s  i n  the  

The interact ion model does not dis t inguish between energy accommo- 
dation a and momentum acconnnodation 8. For many materials, a and 6 
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a re  nearly equal ard have values close t o  uni ty;  therrafore, only a number 
accommodation i s  considered. By t h i s ,  it i s  assumed t h a t  the  gas atoms 
(molecules) i n t e rac t  wi th  t he  w a l l  as follows: each a t w  either r e f l e c t s  
specularly ( i s  not accommodated at all) o r  s d c k s  t o  the  w a l l  ( i s  fiL1:; 
accommodated). The f r ac t ion  +'.at s t i c k s  i s  c a d e d  0 ' .  O f  those atoms 
t h a t  s t i c k ,  a cer ta in  number .-act w i t h  other gar atoms on t h e  w a l l  (usu- 
a l l y  by recombination). 
bines)  i s  ca l led  y .  
acconmodated t o  the w a l l  temperature. 
r e f l ec t ion  i n  t h i s  report .  !?he f r ac t ion  of incident atoms t h a t  i s  dif-  
fusely re f lec ted  i s  9 .  This in te rac t ion  model i s  considered t o  be ade- 
quate because t h e  data required f o r  a more de ta i led  model are very 
l imited.  
such as v ibra t iona l  and e lec t ronic  exc i ta t ion ,  i s  neglected. 

The f r ac t ion  of incident atoms t h a t  reac ts  ( r ecm-  
Those that do not react  leave the w a l l  f u l l y  

"his process w i l l  be ca l led  diffuse 

The change i n  in t e rna l  energy of  t he  r e f l ec t ing  molecules, 

The Distf ibut ion Functions 

As sta+,ei! previously, t he  ve loc i ty  d is t r ibu t ion  functions used here 
are those for multicomponent. mixtures 

fi(B, = f?(+ 1 + 0 . q  1 

where 

(2 )  

The Maxwellian ve loc i ty  d i s t r ibu t ion  f o r  the i t h  species i s  fp(%. The 

coef f ic ien ts  Ai, Bi, and -* Ci (') are functions of the dimensionless 

veloci ty  Gi = d F ) f i  and may be defined as 

A L I  

( 4 )  

( 5 )  



where aiO, a il' bios and C i O  ('I are constants determined from the  

Hirschfelder, C u r t i s s ,  md B i r 5  (rsf. 9) variation problem i n  the  f i r s t  

aFproxirnation f o r  a mixture and U is t h e  uni t  tensor.  These constarirs 
are functions of the  co l l i s ion  in t eg ra l s  and me re l a t ed  t o  the  t ranspnrt  
properties.  

CI 

See appendix A fo r  t h e  exp l i c i t  fc-m of these constants. 

is related t o  the  diffusion ve loc i ty  of t t e  .jth 
A 

The voctor d, 

species i n  the mixture and is  defixed as 

where n and m are, respzctively,  the  number density and msss of the  

j t h  species,  n is the  t o t a l  number density n = x n , ,  p 
j j 

i s  the  t o t a l  
i 

~ P S S  density p = c n  m and p is  the  t o t a l  p rek l i r s  p = z p : .  

The t o t a l  mass averaged VeLocity vo = l / p  x n j m j v j  where v 
- J j J '  - S I  

a -5 -., 

1 j 
a J 

= Go + 3 is the  t o t a l  velocity 

the d is t r ibu t ion  function and ? i s  the  therma. velocity.  

of the  j t h  species averaged over 
j 

J 

The Balance Equations 

To obtain the  s l i p  r e l a t ions  a t  a w a l l ,  it is  necessary t o  consider 
the  balance of normal fluxes of mass, momentum, zci energy a t  the  w a l l  
f o r  each specfes. The net  f l ux  equals the  difference between the  inci-  
dent f l u  and t he  outgoing f lux  at the w a l l .  
the net  f'lllr Ktll be denoted by an uppercase block lettei' and the  inci-  
dent and cutgoing fluxes by uppercase s c r i p t  l e t t e r s .  
denotes f lux  caused by specularly re f lec ted  pa r t i c l e s ,  and a downward 
amow denotes incident fluxes. A superscript  w denotes outward fluxes 
of wall-accommodated par t ic les .  

In  tltc fol?.owing equations, 

Ai u p a r d  srrcv 
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a 
Consider a property $(V) such as m a s s ,  momentum, and energy, and 

the  normal flux of t h a t  property across t h e  surface 

is t h e  net f l ux  of 
t3.e d r e c t i o n  normal t o  t h e  surface is 

fs($ is  t h a t  just outside the w a l l  on the  outer surface of t he  Knudsen 

layer. 

I+(?). A Cartesian coordinate system is used, and 
The ZAatributlon flrnction y. 

is t he  incident flux. 

is proportional t o  the specularly 

yylp(~)ft s (3 d% 

re f lec ted  flux. 

is proportional t o  the  diffusely re f lec ted  flux. 

schematically ill  figure 2. The dis t r ibut ion function f ($1 is that 

of a qss at equilibrium with the  w a l l  temperature. ' b e  d i s t r ibu t ion  

function f s ( V  ,V ,Vz) = f (Vx,-V ,V ) because the sign of V 

These fluxes are shown 

u 

+ + 
X Y  S Y =  Y 
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A 

changes upon r e f l ec t ion .  If $(VI i s  the  mass, then the normal mass- 
flux balance at the v a l l  is: net m a ~ s  flux equals incident mass fl>ur, 
leaving mass flux. Far atomic species 

Because it is  assumed atoms are  being consumed at the w a l l  by c a t a l y t i c  
reconibination, the net  mass f lux  M. # 0. The f i r s t  term on t h e  r i g h t  

is  the  mass flux of incident p a r t i c l e s ,  the second term is the f l u  of 
p a r t i c l e s  specularly ref lected,  and the last term is the mass f lux  of 
p a r t i c l e s  d i f fuse ly  r e f l ec t ed  (those that s t i c k  minus tho-,e t h a t  
recambine). 

1 

Relations similar t o  equation (12) f o r  t h e  fluxes normal t o  th?  
surface of the normal component of momentum, the tangent ia l  component 
of momentum, and ttt. energy, respectively,  a r e  obtained as follows. 

i i i i 

i i i i 

By evaluating the in t eg ra l s  represented by eqdations ( 9 )  , (10) , 
t + E f  = - E  + 

ill' i i' and (ll), it can be shown t h a t  Mi = -Mi, pf 

pil I iy i y '  

= -P 
il I 

= 0, and P! = Pt Equations (12) t o  (15) then can be reduced t o  
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C P i Y  =D - e:)P;y + c (e; - Y)Piy w s  = P 

i i i 
(17) 

i i 

The flux balance equations casl expressed i n  t e r n  of t he  flux 
in t eg ra l s  t o  obtain t h e  following, i n  which k is t h e  Boltzmann constant. 

Mass of species i: 
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Normal momentum: 

Tangential momentums : 
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Energy : 

3 
2 
- 

z 
1 i 

[(wx + w*x)* + wy 

X The wall number density n 
Shidlovskiy ( r e f .  3) such t h a t  the f ac to r  
terms of the  preceding equations. 

i s  defined following the convention of i 
( 0 '  - y )  appears i n  t he  last 

The S l i p  Equations 

Whea the in t eg ra l s  i n  equations (20) t o  (23) a r e  evaluated and 
after the  terms have been rearranged, t h e  following r e l a t ions  f o r  t he  
s l i p  quant i t ies  are obtained. All accommodation coeff ic ients  8; are 
equal t o  8 ' .  



concentration s l i p  (single species) : 

Pressure sl ip:  

i J 

1 The viscogity r) = 2 k T x n  b 

Velocity s l i p :  

i 10' i 

1 
1 v =  

ox - 
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S 

+ i: ‘(a io - ail) - n ~ c t c ( ” ’ d J z ]  
i J s 

Temperature s l i p  : 

1 
(+Ts)2 = 

a 
!he ne t  energy flux E is  defined i n  appendix E. See appendix C f 3 r  
the  in tcgra ls  necessary f o r  determining f l ues .  

The Relation Between Catalyt ic  Recombination 
Coefficient y and Rate Constant kw 

Using the  r e s u l t s  obtained for  concentration s l i p ,  an unresolved 
The r e l a t ion  between the  conf l i c t  i n  the  l i t e r a t u r e  may be resolved. 

recombination coeff ic ient  y and the  rate constant kw - n i l 1  be ob- 

tained. 
f i r s t -order  r ecab ina t ion .  One i s  

Two expressions have frequently appeared i n  the  l i t e r a t w e  f o r  
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(e.g., r e f s .  10 and 111, md the  other is  

(e.g. , ref. 12). 
expressions stems from inclusion of the diffusion veloci ty  i n  the deri- 
vation of equation (30). 

The purported difference (ref. 10)  between these two 

These re la t ions  can be obtained by using t he  flux and s l i p  equa- 
The net mass f lux of atoms t o  t i ons  given previously i n  this report. 

the surface is  given by 

(31) + 
Mi = Miy 

This is equated to  the expression defining the  ca t a ly t i c  rate constant 

kw. 
nation i s  

'The r a t e  of ccnsumption of atoms a t  the w a l l  from surface recombi- 

Mi = yM: = k w 1  (..wmi)t (32) 

where e i s  the  order of the surface recombination reaction. For a 
f i r s t -order  reaction t = 1, therefore 

(33)  W Mi = -k n m w i  i 

The minus sign indicates that  the flu i s  i n  the  d i rec t ion  opposite t o  
the  outward surface normal. 
f luxes (eqs. (Bl) and (B2)) i n to  equation (31) obtains the  r e l a t ion  

Subst i tut ing the  expression for  the  mass 
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Substituting the expression for the net mass flux (eq. (Bl)) into equa- 
t i o n  ( 3 2 ) ,  then 

Substituting equations (34)  and (35) and solving for kw, then 

If slip and shear are neglected, then this expression reduces to equa- 
tion ( 3 0 ) .  
substituted in equation (361, the expression 

However, if the species density slip equation (eq. (24)) is 

2 

kw = (37) 

is obtained with no simplifying assumptions. 
neglecting slip but including diffusion, one obtains the usual form for 
the relation between k and y (eq. (3Cj) when diffusion is included. 

It can be seen that by 

W 
However, when both diffusion and slip are considered, then the simplo 
form (eq. ( 2 9 ) )  is obtained. 
to be preferred because it is more general. 
t h a t  never approaches infinity; that is, there is an upper bound 
;n the rate constant which is controlled by the thermal velocity st the 
wall. However, it is sometimes convenient to assume kw -* 00 to sim- 
plify the boundary equations for fully catalytic cases. 

Therefore, the latter form (ea. (29)) is 
These expressions imply 

kw 
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The Species Boundary Equations 

To obtain the  boundary condition fo r  species concentrations a t  the  
w a l l ,  one may begin w i t h  the  species continuity equation. 

where c is  the  mass f rac t ion  of the i t h  species,  t i s  time, and 

i 
which the  boundary conditions will be applied may be t h e  dependent, it 
is  assumed t h a t  the solutions t o  be reached a re  steady state. 
time-dependent terms of equation (38) go t o  zero. 

w a l l ,  t he  species volume production term Qi vanishes. Therefore, t he  
term i n  brackets is a constant vector.  

i 
is  the  i t h  species volume production term. Although the problems t o  

Then, the  

i 

I n  addition, on the  

The normal (y )  component is then the  ne t  species f lux  t o  the  surface,  
which has been defined previously. 

p c . sv = pwciwkw 
1 Y  ( 3 9 )  

The normal bulk veloci ty  v i 5  zero at the  wall. The preceding i s  the  

same as the  expression obtained i n  equation (35) for  the  n e t  species flux 
t o  the  w a l l .  

OY 

S W W - M i = n  m.v = p c  k = n  m k  i i y  w i  w i i w  

i J  ( J )  i n  terms of the  diffusion coeff ic ient  D 
T io By expressiug c 

and .in term8 of the  thermal diffusion coef f ic ien t  
then Di ( r e f .  9 .  p. 4791, 
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If all gradients except the concentration gradient m e  neglected and if 
a bicary gas is assumed, then equation (41) reduces to 

W = k n  m 
n m m  2 a@ 

2 1  
P D12 ay w l  1 

In terms of the mass fraction of species 1 and neglecting slip, then 

a 
PD12 ay = kwclp 

where c, = (nlml)/P. The relation 
A. 

( 43 )  

was use3 here. 
usually employed. in flow-field calculations for binary mixtures. Equa- 
tion (41) is the more general boundary condition to be used with slip, 
gradients in T and 2 ,  and multicomponent mixtures. 

Equation (43)  is the form of the atom boundary condition 

S It may be more convenient to express equation (41) in terms of ni 
W end y rather than n and kw. Equation (31) is solved to obtain i 
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DISCUSSION 

From the results obtained in the previous section, the waLl bo-mdary 
conditions can be calculated for a multicompoJent gas reacting catalyti- 
cally on the surface, with slip and temperat-m: jump. Equations (24) 
to (28) and (45) form a coupled set of bo;uAiavg conditions to be med 
with flax-field calculations. Hovever, ! ?y not be necessary to use 
the pressure slip equation. A constant rature boii?dary condition 
is a natural stipulation for these equat.. 
wail. boundary equatioc, the equation for 
be set equal to zero, thus adding an additlonaL simultaneous ?r:iation "0 
the set. The wall temperature is then not given as a bouridarJl condition. 
Becaxse the accommodation coefficient 8' is based on the rather crude 
model that either a molecule is not accommodated or is fully accomodated, 
and because for many gas/surface interactions the cDefficients are nearly 
e p d .  to urlity, it is convenient to assign the accommodation coefficient 
',he v.zlue unity. If the gas/solid interaction law is known with suffi- 
cient accuracy, it would be more appropriate to reformulate the balance 
equ3tions taking these known accommodation coefficients into account. 
It m y  be necessary to define individual momentum accormodation coeffi- 
cients for both tangential and norma3 momenJwum accommodation. Rigorously, 
the accammodation coefficients may be functions of velocity and should 
be included in the integrals over the distribution functiocs. 

nowever, for an adiabatic 
transfei. at the wall must 

To assess the importance of various terms in the general boundary 
equations will require a s4atematic study in which the flax properties 
and boundary conditions are  varied. 
be simplified by choosing appropriate transport property apprGxinations 
or by neglecting various terms in the equations. 
equations with a time-dependent technique such as that of C. P. Li 
(ref. 13) would yield a good calculational procedure to investigate the 
influence of the boundary conditions on the heat transfer and flow. 
Such a procedure should a l s o  provide a set of more realistic boundary 
conditions for low Reynolds number hypersonic flows. 

In many cases, the equations may 

Ccupling of these 
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CONCLUS I0;'JS AND RECOMMENDATiONS 

The equations describing the boundary conditions f o r  a multicompo- 
nent, nonequilibrium gas react ing ca ta ly t iLa l ly  on a surface w i t h  t e m -  
perzkure jump and s l i p  a re  derived on the  basis of a s implif ied 
gas/surface in te rac t ion  model. 
set which must be coupled wich a ;low-field calculat ion.  
may be used w i t h  various ca lcu la t iona l  technique; i n  an i t e r a t i v e  fashion. 
They are convenient f o r  3 time-dependent numerical flow-field calcula- 
t i o n  technj-que where the  t i m e  dependence of t he  boundary propert ies  i s  
not of i n t e r e s t .  
the boundary pro2ert ies  approach those given by the  boundary constraints  
determined by the f l a w  and the boundary conditions 

These equations form a simultaneous 
The equations 

A s  t he  flow-field solut ion approaches steady s ta te ,  

To assess the  importance of various terms i n  those general boundaiy 
equaticins, a systematic study should be conducted i n  which the  flaw 
propert ies  and boundary condjtions are varied.  Coupling of these equa- 
t i ons  w i t h  a time-dependent tecMique would y5eld a gooa ca lcu la t iona l  
procedure t o  invest igate  t h e  influence of the bouncary conditions on the 
heat t r ans fe r  and Z h w ;  it should a l so  provide a set  of more r e a l i s t i c  
boundary conditions f o r  low Reynolds number hypersonic flows. 

Lyndon B. Johnson Space Center 
National Aeronautics and Space Administration 

Houston, Texas, December 18, 1973 
986-15-31-07-72 
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Figure 1.- Plot of stqqnat;n? prwsure as a function of enthslpy 
showing Space Shutt' J. 1.c r.raJectories w i t h  t.ypica1 arc- 
jet operat! .- mv. . 4Gece s i i p  f low begins f o r  a 
3.3-meter-ra ' '- I . _  e 9.05-meter-radius sphere are 
denoted. B e  . is typical of arc-jet test  models. 



F) = incident flux 

F' = Spedady reflected flux 

FW = diffusely reflected flux 

Continuum region 

F' F' I s--- 

Knudser. (order of one layer 1- 77:l- 
mean free path) 

Figure 2 . -  D i a g r a m  of the Knudsen layer showing general f l u e s  and 
coordinate axes. 
i s  schematically cverlayed. 

The temperature as a function of normal distance 



25 

APPENDIX A 

CONSllAhrTS APPEARING I N  THE DISTRIB-UYION FLihTCTION 

The geaeral velocity d i s t r ibu t ion  function f o r  one species cf a 
multicomponent gas i s  given i n  Hirschfelder, Curtiss, and Bird (ref. 9 )  
as 

In the section e n t i t l e d  "Analysis," it vas show th-A 

This d id t r ibu t ion  flrnction is 9 f i r s t -o rde r  

eppmxismtion sometises ca l l ed  the Havier-Stokes approximation. 
coeff ic ients  a a il,. t s L 0 ,  and cio are found by a variat ional  

technique i n  whiqh they are solutions t o  sets of simultaneous equations 
( r e f .  91,. 
t o  these  sets of equations. 

the co l l i s ion  in t eg ra l s  C l  

The 

T h i s  appendix expresses t h e  coe f f i c i ea t s  i n  terms of solutions 
These solut ions are expressed i n  terms of  
(s,t) 

iJ 

0 

where ~1 is t h e  reduced mass of the  col l iding par&les i and j ,  

y 
and g is t h e  i n i t i a l  r e l a t i v e  speed. 

2 2 is  ;;he dimensionless r e l a t i v e  velocity in co l l i s ion  ( y  = ug /kT), 
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is t he  co l l i s ion  cross sect ion a t  co l l i s ion  def lect ion angle 

There $ ( r )  i s  the  in te rac t ion  potent iui ,  b is  the impact paraueter,  
and r i s  t h e  distance of c loses t  approach. The co l l i s ion  in t eg ra l s  

nave been evaluated fo r  a number of in te rac t ing  ..pecies as a function of 
temperature and a re  available f r o m  se-reral sources (e.g., re fs .  8 and 14). 

m 

The solut ions t o  the var ia t iona l  problem are from reference 9 where 
The coef f ic ien ts  of t he  diffu- s iml taneous  equations are t o  be solved. 

sion terms i a  the d is t r ibu t ion  m c t i o n  a re  

where 
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The set of simultaneous equations for the coefficients of the temperature 
gradient terms in  the distribution function i s  

where 

( A l l  

-10 - 5-01 
Bij - mi 'i.j (w2 1 
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The set of simultaneous equations for the coe f f i c i ent s  of the ve- 
l o c i t y  gradient t e r n  i n  the distribution function is  

where 

ana 

Rir) = -5n, 
A 
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APPENDIX B 

F'LWS IN TERMS OF EVALUATED INTEGRALS OVER 

THE DISTRIBUTION FUNCTION 

a 
The fluxes of a property $(VI 

function f ( V )  are defined described i n  the section e n t i t l e d  
"Analysis." 
t h a t  have been in tegrs ted  over t h e  d i s t r ibu t ion  functions. 

a d  t h e  form of the d i s t r ibu t ion  
a 

This appendix is  a compilation of the forms of  these fluxes 

MASS FLWS OF SPECIES 

N e t  

4. 

!d+ = - 
i 

+ 

Incident 

s a l n T a  
2 ay io 

S 
J J 

5) aY 

Specularly Reflected 
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Diffusely Reflected 

Net 

Ihcident and Spenularly Reflected 

Diffusely Reflected 
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TANGENTIAL MOMEZlTUM FLUX 

Net 

Piz = -Pi 2 
s 

Incident 

Diff'usely Reflected 

W W Pix = Piz = 0 
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ENERGY FLUX 

Net 

Incident 

S 

Specularly Reflected 

Diffusely Reflected 
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The normal fluxes of' masc, mmentum, and energy are defined i n  
terms of i n t eg ra l s  over the veloci ty  d i s t r ibu t ion  flmction. 
g r a l s  consis t  of terns that are various ve loc i ty  moments ox' t h e  d i s t r i -  
bution function for the nonuniform, multicomponent gas and that are 
expressed i n  terms of  the general expressions 

These inte-  

for t h e  ne t  fluxes,  where q, 4, m, and n are exponents hav-ng 
3 2 2 

v a l u e s  0,1, o r  2 ma v = w,' + w + wZ , Y 

f o r  t h e  incident fluxes, and 
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for the specularly reflected fluxes. 
the following. 

Specifically, these integrals are 

INTEGRALS OF THE ENTIRE VELOCITY SPACE 
(NET QUANTITIES) 
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mGRALS OVER THE LOWER HALF SPACE (INCIDENT QUANTITIES) 
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INTEGWS OVER THE UPPER HALF SPACE (SPECULAR REFLECTION 

In tegra ls  over the upper half space (specular re f lec t ion)  are the  
same as those over the lower half  space except f o r  the  following. 
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