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PREFACE 

A f o r t u i t o u s  s e t  of  circumstances brought t o g e t h e r  a  

group of people wi th  d i v e r s e  i n t e r e s t s  t o  address  t h e  

important problem of  f i n d i n g  ground water .  I t  appeared 

t h a t  techniques developed f o r  e l ec t romagne t i c  probing o f  

t h e  l u n a r  i n t e r i o r ,  and techniques  developed f o r  t h e  

genera t ion  of high power audio f requenc ies ,  could  be combined 

t o  make p r a c t i c a l  a  magnetic induc t ive  coupling system f o r  

t h e  r a p i d  measurement of  ground conduc t iv i ty  p r o f i l e s  which 

a r e  very h e l p f u l  when prospect ing  f o r  t h e  presencs  and 

q u a l i t y  of subsurf  ace water .  

Thus, we undertook t h e  s tudy and conceptual  des ign  of 

t h e  system desc r ibed  h e r e i n  which invo lves  t h e  measurement 

of t h e  d i r e c t i o n ,  i n t e n s i t y ,  and t i m e  phase of  t h e  magnetic 

f i e l d  observed nea r  t h e  s u r f a c e  of t h e  e a r t h  a t  a  d i s t a n c e  

from a h o r i z o n t a l  c o i l  energized  s o  as t o  c r e a t e  a  f i e l d  

t h a t  p e n e t r a t e s  t h e  e a r t h .  From such obse rva t ions ,  w e  
planned t o  deduce t h e  conduc t iv i ty  and s t r a t i f i c a t i o n  of 

t h e  subsurface .  

As a r e s u l t  of  our  t h e o r e t i c a l  s t u d i e s  and a rudimentary 

experj.ment i n  an a r i d  region w e  now can show t h a t  t h e  approach 

is conceptual ly  v a l i d  and t h a t  t h i s  geophysica l  prospect ing  

technique deserves  t o  be developed i n t o  a  pragmatic  system 

f o r  t h e  economical e x p l o r a t i o n  of sub te r ranean  wa te r  

resources .  
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A geophysica l  probing technique ,  which w e  c a l l  SWEEP, 

based on a measurement of the i n d u c t i v e  coupling between two 

c o i l s  deployed on,  o r  nea r ,  t h e  s u r f a c e  of t h e  e a r t h  has 

been developed a s  a n  ex tens ion  of  e a r l i e r  work. One co i l  
i s  energized  w i t h  a n  a l t e r n a t i n g  c u r r e n t  and t h e  o t h e r  i s  

used a s  a means of measuring t h e  apparent  magnetic f i e l d  a t  
a d i s t a n c e .  Because t h e  system r e q u i r e s  no p h y s i c a l  c o n t a c t  

wi th  t h e  ground, and because many d i f f e r e n t  f r equenc ies  a r e  

used, t h e  i n d u c t i v e  technique  avoids  many of t h e  problems, 

and r e s o l v e s  many of the ambigu i t i e s ,  i n h e r e n t  i n  o t h e r  

geophysical  probing techniques .  

The SWEEP induc t ive  coupling technique  shows promise as 

a means whereby subsurface  conduc t iv i ty  can be measured 

qu ick ly ,  e a s i l y ,  and inexpensively.  And, because subter ranean 

water  causes  c o n t r a s t s  i n  subsurface  c o n d u c t i v i t y ,  t h i s  

technique  shows promise a s  a u s e f u l  t o o l  f o r  t h e  d e t e c t i o n  

of  ground water  i n  a r i d  regions .  

Using a c o l l e c t i o n  of a v a i l a b l e  equipment, a f i e l d  

t r i a l  was conducted i n  an a r i d  region nea r  E l  Paso,  Texas, 

t o  t e s t  t h e  v a l i d i t y  of t h e  concept and t h e  f e a s i b i l i t y  of  

making an automated system f o r  t h e  measurement of  ground 

conduc t iv i ty .  In t h i s  f i e l d  t r i a l ,  a c o i l  comprising twelve 

t u r n s  of #10 w i r e  was l a i d  on t h e  ground i n  t h e  form of  a 

square with a s i d e  of  25  meters .  This  c o i l  was energized  

wi th  a l t e r n a t i n g  c u r r e n t  i n  t h e  audio  frequency r a n g e -  wi th  

va r ious  pover sources  ranging from t h r e e  k i l o w a t t s  a t  t h e  

lowast frequency of 60 h e r t z  t o  t e n  m i l l i w a t t s  a t  t h e  

h i g h e s t  frequency of 20 k i l o h e r t z .  The r e s u l t a n t  magnetic 

f i e l d  was measured a t  dj-stances from t h e  source  of  20 

meters t o  500 meters ,  using a manually t r a n s p o r t e d  c o i l  

having 1200 t u r n s  wi th  a c ross - sec t iona l  a r e a  of  one square  



meter; t h i s  c o i l  being ar ranged s o  t h a t  it could be r o t a t e d  

mechanically t o  e i t h e r  a h o r i z o n t a l  o r  v e r t i c a l  p o s i t i o n .  

A phase locked loop vol tmeter  was used t o  measure t h e  

magnitude and phase of t h e  observed v e r t i c a l  and h o r i z o n t a l  

magnetic f i e l d  components. 

Using exter ls ions of  p r i o r  t h e o r e t i c a l  a n a l y s e s  and a  

computer implemented model, we have been a b i e  t o  achieve  a n  

i n t e r p r e t a t i ~ n  of t h e  experimental  d a t a  t h a t  ag rees  w e l l  

wi th  geo log ica l  c o n d i t i o n s  of t h e  f i e l d  sites determined 

previous ly  by much more l abor iouc  techniques.  S p e c i f i c a l l y ,  

our  i n t e r p r e t a t i o n  y i e l d s  a n  i n d i c a t i o n  t h a t  a t  one test 

s i t e  t h e r e  i s  a  water  bear ing  s t r a tum n ine  meters below t h e  

su r face  of t h e  e a r t h ,  and a t  t h e  o t h e r  test s i te  t h e r e  i s  a 

water bear ing  s t ra tum a t  a  dep th  of 100 meters. These 

r e s u l t s  ag ree  wi th  t h e  dep ths  a t  which water i s  found i n  

nearby e x i s t i n g  w e l l s .  

To provide  t h e  f e a s i b i l i t y  demonstrat ion desc r ibed  i n  

t h i s  r e p o r t ,  we used crude  hardware, cons ide rab le  m?-,ual 

l a b o r  dur ing  t h e  f i e l d  experiment ,  and lengthy 

c a l c u l a t i o n s  u t i l i z i n g  a l a r g e  computer f a c i l i t y .  However, 

wi th  t h e  knowledge gained through t h e  development of our  

measurement and i n t e r p r e t a t i o n  techniques ,  w e  f e e l  t h a t  no 

f u r t h e r  major t echno log ica l  advances a r e  r equ i red  t o  
implement a n  automated system t h a t  would permit  t h e  

economical mapping of subsurface  c o n d i t i o n s  i c  a r i d  r eg ions  
a t  depths l e s s  than a few hundred meters. 

Conceptual ly,  t h e  u l t i m a t e  SWEEP system would comprise 

W smal l  instrumented v e h i c l e s ,  one c a r r y i n g  a h o r i z o n t a l  

source c o i l  and a high power audio  frequency g e n e r a t o r ,  

t h e  o t h ~ r  c a r r y i n g  a  r ece iv ing  c o i l  and a  coherent  d e t e c t o r .  

Data could be i n t e r p r e t e d  i n  r e a l  t i m e  i n  t h e  f i e l d ,  and 

s i n c e  t h e r e  i s  no requirement f o r  p h y s i c a l  c o n t a c t  wi th  t h e  



ground, both v e h i c l e s  could be maneuvered to permit rapid 
and economical mapping of large  areas.  The f e a s i b i l i t y  
study and experiments reported here demonstrate t h a t  t h i s  
concept i s  v i a b l e  and r e a l i s t i c .  



2 .0  I n t r o d u c t i o n  

The  geophys i ca l  p r o s p e c t i n g  t echn ique  r e p o r t e d  h e r e  

i n v o l v e s  t h e  measurement o f  t h e  complex i n d u c t i v e  coup l ing  

between two c o i l s  deployed on o r  n e a r  t h e  s u r f a c e  o f  t h e  

e a r i h .  A s o u r c e  c o i l ,  deployed h o r i z o n t a l l y ,  is e n e r g i z e d  

w i t h  c u r r e n t s  o f  t h e  o r d e r  o f  s e v e r a l  amperes a t  f r e q u e n c i e s  

r ang ing  from a  few h e r t z  t o  a  few k i l o h e r t z .  A d e t e c t i n g  

c o i l ,  o r i e n t e d  a l t e r n a t e l y  h o r i z o n t a l l y  and v e r t i c a l l y ,  a t  

d i s t a n c e s  up t o  s e v e r a l  hundred meters, i s  used i n  t h e  

measurement o f  t h e  magnitude and phase of  t h e  f i e l d  c r e a t e d  

j u s t  above t h e  s u r f a c e  of  t h e  e a r t h .  I n v e r s i o n  o f  t h e s e  

d a t a  t hen  y i e l d s  a measure o f  t h e  s u b s u r f a c e  c o n d u c t i v i t y .  

L ike  o t h e r  e lectr ical  p r o s p e c t i n g  methods,  t h e  SWEEP 

procedure  measures e l e c t r i c a l  c o n d u c t i v i t y  a s  a  f u n c t i o n  o f  

dep th .  And, because e l e c t r i c a l  c o n d u c t i v i t y  of rocks  and 

sed iments  depends s t r o n g l y  on t h e  p o r o s i t y ,  t h e  amount o f  

s a t u r a t i o n ,  and t h e  electrical  c o n d u c t i v i t y  o f  t h e  

p o r e - f l u i d s ,  t h i s  c o n d u c t i v i t y  d a t a  may be i n t e r p r e t e d  i n  

te rms  of  t h e  p re sence  or absence  o f  w a t e r ,  

The low f requency  i n d u c t i v e  t echn ique  promises  s e v e r a l  

major  advantages  o v e r  o t h e r  e l e c t r i c a l  p r o s p e c t i n g  t e c h n i q u e s .  

F i r s t ,  a  p r o p e r l y  i n s t rumen ted  system is  l i k e l y  t o  be much 

f a s t e r  t o  o p e r a t e  t h a n  e x i s t i n g  t e c h n i q u e s  because t h e r e  is  

no  n e c e s s i t y  f o r  e l e c t r i c a l  c o n t a c t  w i t h  t h e  ground and d a t a  

can be c o l l e c t e d  wh i l e  an in s t rumen ted  v e h i c l e  i s  moving. 

Second, t h e  a l t e r n a t i n g  c u r r e n t  f requency ,  which is  one o f  

t h e  prime system v a r i a b l e s ,  can  be swept a u t a m a t i c a l l y  s o  

t h a t  a l a r g e  amount of d a t a  can  be c o l l e c t e d  r a p i d l y  w i t h o u t  

manual i n t e r v e n t i o n .  And, t h i r d ,  the problems a s s o c i a t e d  

w i t h  h i g h l y  conduct ive  l a y e r s  n e a r  t h e  s u r f a c e ,  which may 



be  a  s e v e r e  handicap  w i t h  o t h e r  t e c h n i q u e s ,  can be overcome 

by u s i n g  a  se t  of  f r e q u e n c i e s  E - J C ~  t h a t  t h e  s u r f a c e  l a y e r  i s  

e s s e n t i a l l y  t r a n s p a r e n t  b u t  t h e  unde r ly ing  s t r a t ? .  can be 

d e l i n e a t e d  c l e a r l y .  

F u r t h e r ,  and i m p o r t a n t l y ,  i n t e r p r e t a t i o n  of d a t a  

c o l l e c t e d  w i t h  t h e  low f requency  i n d u c t i v e  t echn ique  

promises  t o  be less ambiguous t h a n  i n t e r p r e t a t i o n  o f  d a t a  

c o l l e c t e d  w i t h  e x i s t i a g  t e c h n i q u e s .  I n  common w i t h  seismic 

sounding and e l e c t r i c a l  r e s i s t i v i t y  methods,  t h e  d i s t a n c e  

between t h e  sou rce  and d e t e c t i n g  e lements  i s  an independent  

v a r i a b l e .  But ,  a d d i t i o n a l l y ,  w i t h  t h e  i n d u c t i v e  c o u p l i n g  

method, s i g n a l  f requency i s  an independent  v a r i a b l e .  Th i s  

a d d i t i o n a l  degree  o f  freedom makes it p o s s i b l e  t o  collect 

a weal th  of  semi-redundant d a t a  t h a t  can be used t o  r e s o l v e  

expe r imen ta l  errors and u n c e r t a i n t i e s .  And, because t h e  

SWEEP procedure  promises  t o  be f a s t  and economical ,  one can 

make many t r a v e r s e s  i n  d i f f e r e n t  d i r e c t i o n s  t o  d i s t i n g u i s h  

between v e r t i c a l  and l a t e r a l  v a r i a t i o n s  i n  c o n d u c t i v i t y .  

2 . 1  Background 

S e v e r a l  seemingly u n r e l a t e d  develo?ments and 

o b s e r v a t i o n s  c o a l e s c e d  i n  a  d e c i s i o n  t o  under take  t h e  

f e a s i b i l i t y  s t u d y  r e p o r t e d  h e r e .  

I n  t h e  MIT Apol lo  17  S u r f a c e  E l e c t r i c a l  P r o p e r t i e s  

Zxperiment ,  conducted s u c c e s s f u l l y  on t h e  moon i n  

December 1972, e l e c t r o m a g n e t i c  energy  was r a d i a t e d  from a  

s m a l l  r a d i o  t r a n s m i t t e r  and h o r i z o n t a l  electric d i p o l e  

deployed a t  t h e  l a n d i n g  s i t e .  A r e c e i v e r  mounted on t h e  

Lunar Roving Veh ic l e  measured,  and r eco rded  on a p o r t a b l e  

magnet ic  t a p e  r e c o r d e r ,  t h e  r e s u l t i n g  f i e l d  s t r e n g t h s  a s  a  

f u n c t i o n  o f  d i s t a n c e .  By i n t e r p r e t i n g  t h e  i n t e r f e r e n c e  

p a t t e r n s  produced by t h e  v a r i o u s  waves t h a t  t r a v e l l e d  

above and below t h e  l u n a r  s u r f a c e ,  it w a s  p o s s i b l e  t o  



determine  some of t h e  e l e c t r i c a l  c h a r a c t e r i s t i c s  o f  t h e  

l u n a r  i n t e r i o r .  One of  t h e  e a r l y  o b j e c t i v e s  i n  t h e  l u n a r  

(!xpc?rimcnt was t o  s c a r c i ~  f o r  t h e  p re sence  of  .. ;:.> + n  t h e  

s u b s u r f a c e  o f  t h e  moon. A s  a r e s u l t  of t h o  - measut ments ,  

it i s  now c e r t a i n  t h a t  a t  t h e  Apol lo  17 l a n d i n g  s i t e ,  

t h e r e  i s  no f r e e  w a t e r  a t  l e a s t  t o  dep ths  of  s e v e r a l  hundred 

meters. 

P r o s p e c t i n g  f o r  s u b s u r f a c e  w a t e r  a l s o  h a s  i n c r e a s e d  

urgency h e r e  on e a r t h .  W e  a r e  aware of  t h e  s e r i o u s  problem 

caused by t h e  c o n t i n u i n g  drought  i n  t h e  S a h e l  r eg ion  o f  

West A f r i c a .  T h i s  r e g i o n ,  i n c l u d i n g  t h e  c o u n t r i e s  o f  Mali, 

Upper V o l t a ,  Senega l ,  M a u r i t a n i a ,  and t h e  s o u t h e r n  r eaches  

of  t h e  Sahara  ilcsert, i s  now i n  t h e  s i x t h  y e a r  o f  subnormal 

r a i n f a l l  t h a t  h a s  caused g r e a t  d e p r i v a t i o n  and widespread  

famine.  I n  t h e  hope of  h e l p i n g  t o  a l l e v i a t e  some of t h e  

problems,  w e  e x p l o r e d  t h e  p o s s i b i l i t y  o f  a d a p t i n g  t h e  l u n a r  

technology and e x p e r i e n c e  t o  t h e  purpose o f  f i n d i n g  s u b s u r f a c e  

wa te r  i n  a r i d  r e g i o n s  o f  t h e  e a r t h .  

A d i r e c t  t r a n s f e r  o f  t h e  l u n a r  technology  i s  n o t  

f e a s i b l e  because ,  a t  t h e  r a d i o  f r e q u e n c i e s  a p p r o p r i a t e  f o r  

an e x p l o r a t i o i ,  o f  t h e  l u n a r  i n t e r i o r ,  t h e  e l e c t r i c a l  l o s s e s  

i n  t h e  e a r t h  a r e  i n t o l e r a b l y  l a r g e .  

However, c o n s i d e r a b l e  a t t e n t i L ~ a  h a s  been g iven  i n  r e c e n t  

y e a r s  t o  t h e  d i f f u s i o n  through t h e  e a r t h  of  e l e c t r o m a g n e t i c  

energy a t  very  low f r e q u e n c i e s  f o r  which t h e  e l e c t r i c a l  

l o s s e s  can be  very  s m a l l .  S e v e r a l  t h e o r e t i c a l  s o l u t i o n s  for  

t h e  f i e l d s  produced by a  loop  i n  t h e  p re sence  o f  a  l a y e r e d  

conduct ive  e a r t h  have been p u b l i s h e d .  And exper iments  have 

been r e p o r t e d  i n  which t h e  c o n d u c t i v i t y  o f  t h e  s u b s u r f a c e  

was measured by obse rv ing  t h e  f i e l d s  produced by a  magnet ic  

d i p o l e  a t  t h e  s u r f a c e .  These expe r imen t s ,  f o r  t h e  most p a r t ,  

were handicapped by t h e  d i f f i c u l t y  o f  g e n e r a t i n g  h i g h  power, 



low frequency, s i g n a l s  wi th  e a s i l y  t r a n s p o r t a b l e  

appara tus .  

As p a r t  of  ano the r  program, a t t e n t i o n  has been d i r e c t e d  

r e c e n t l y  t o  t h e  des ign  of a v a r i a b l e  v o l t a g e ,  v a r i a b l e  

frequency, power supply u s e f u l  f o r  conver t ing  energy s t o r e d  

i n  b a t t e r i e s  t o  t h e  f o r m  requ i red  t o  d r i v e  an e l a c t r i c  

motor i n  an  e l e c t r i c  veh ic le .  Co inc iden ta l ly ,  a  switched 

source s y n t h e s i z e r  technique i n s p i r e d  by t h i s  purpose can be 

adapted r e a d i l y  t o  t h e  f requenc ies  and power l e v e l s  

a p p r c p r i a t e  f o r  t h e  induc t ive  coupling method of  measuring 

subsurface  c o n d u c t i v i t y  of  t h e  e a r t h .  

So, t h e  advent  of a  p r a c t i c a l  method f o r  genera t ing  t h e  

requ i red  high power, v a r i a b l e  frequency,  source  s i g n a l s ,  

t h e  t h e o r e t i c a l  formula t ions  d e s c r i b i n g  t h e  i n t e r a c t i o n  of 

low frequency s i g n a l s  wi th  t h e  e a r t h ,  t h e  e v i d e n t  need f o r  

a prospect ing  technique  pe rmi t t ing  f a s t  and economical 

survey of subsurface  water  r e sources  i n  a  l a r g e  a r i d  r e g i o n  

of t h e  e a r t h ,  a  cons ide rab le  t h e o r e t i c a l  base result 

from a l u n a r  s p e r i m e n t ,  and t h e  p r a c t i c a l  implem.. ,on of 

t h e  aatomated equipment used i n  t h e  lunar  experimsrlt, 

combined t o  sugges t  t h a t  it would be worthwhile t o  examine 

t h e  f e a s i b i l i t y  of a n  automated prospect ing  t o o l  f o r  u s e  on 

e a r t h .  

The r e s u l t s  of t h i s  f e a s i b i l i t y  s tudy,  r e p o r t e d  h e r e ,  

a r e  most encouraging. 



3.0  The Experiment Concept 

A s  wi th  most remote sens ing t echn iques ,  t h e  f i n e  d e t a i l  

of t h e  r igorous  a n a l y s i s  may be t e d i o u s  and a b s t r u s e ,  bu t  
t h e r e  is a n  i n t u i t i v e  approximation a v a i l a b l e  t h a t  p rov ides  

a powerful i n s i g h t  i n t o  t h e  problem. I n  t h i s  s e c t i o n  w e  
d e s c r i b e  t h e  concept  of t h e  technique  and g i v e  a  p h y s i c a l  

explanat ion .  
For t h e  mathematical ly i n c l i n e d  retder, t h i s  s e c t i o n  

should provide  a  u s e f u l  L a s i s  f o r  t h e  more mathematical 
s e c t i o n  on theory .  For t h e  reader  who is  no t  

mathematical ly i n c l i n e d ,  t h i s  s e c t i o n  should provide  a  good 
b a s i s  f o r  understanding t h e  method and he may wish t o  omit 

t h e  l a t e r  t h e o r e t i c a l  sec t ion .  

Consider two c o i l s  i n  f r e e  space ,  such a s  shown 

schemat ica l ly  i n  Figure  3-1. One c c i l ,  t h e  soui-ze, i s  
energized wi th  an  a l t e r n a t i n g  c u r r e n t .  The o t h e r  c o i l ,  

t h e  d e t e c t o r ,  is  e i t h e r  coplanar  wi th  t h e  source  c o i l  o r  it 
is  perpendicular  t o  t h e  p lane  of t h e  source  c o i l  and has  i t s  

c e n t e r  0;. t h e  p lane  de f ined  by t h e  source.  With t h e  source  
c o i l  energized  w i t h  a n  a l t e r n a t i n g  c u r r e n t ,  t h e r e  w i l l  be a  

time-varying magnetic f i e l d  t h a t  can be d e t e c t e d  by t h e  
o t h e r  c o i l .  With t h e  c o n f i g u r a t i o n  shown i n  F igure  3 - l i a ) ,  

t h e  d e t e c t i n g  coil  t h a t  is  o r i e n t e d  i n  t h e  p lane  con ta in ing  
t h e  source  c o i l  ( " h o r i z o n t a l l y " )  w i l l  be maximally coupled 

t o  t h e  time-varying f i e l d  whi le  t h e  c o i l  t h a t  is o r i e n t e d  

or thoqonal  t o  t h e  p lane  ( o ' v e r t i c a l l y " )  w i l l  be completely 

decoupled and unaf fec ted  by t h e  time-varying f i e l d .  Thus, 
a t  t h e  t e r m i n a l s  of  t h e  h o r i z o n t a l  c o i l  t h e r e  w i l l  be an  

a l t e r n a t i n g  v o l t a g e  having a magnitude dependent on t h e  
d i s t a n c e  between t h e  source and d e t e c t i n g  c o i l s  and t h e  

magnetic moment, or i n t e n s i t y ,  of t h e  source  c o i l .  But no 
such v o l t a g e  w i l l  e x i s t  a t  t h e  *terminals of t h e  v e r t i c a l  



Figure 3-l(a). A Source Coil With Two Detecting Coils i n  the Same 
Plane 

I / I source c o i l  / 

Figure 3 - l ( b ) .  A Source Coil With Two Detecting Coi ls  Displaced 
From the Plane 



c o i l  because, i n  f r e e  space,  t h i s  c o i l  i s  decoupled from 

t h e  time-varying magnetic f i e l d .  

I f  t h e  d e t e c t i n g  c o i l s  a r e  d i s p l a c e d  from t h e  p lane  

def ined by t h e  source  c o i l ,  a s  i n  F igure  3 - l ( b ) ,  bo th  c o i l s  

w i l l  be coupled i n  varying degrees  t o  t h e  time-varying 

magnetic f i e l d  and s o  a n  a l t e r n a t i n g  vo l t age  w i l l  appear  a t  

t h e  t e r m i n a l s  of  both d e t e c t i n g  c o i l s .  C a l c u l a t i o n  of t h e  

magnitude of t h e s e  v o l t a g e s  i s  a  s t r a i g h t f o r w a r d  geometr ica l  

problem f o r  which t h e  s o l u t i o n  i s  w e l l  knawn. 

I f  t h e  two c o i l s  a r e  n o t  i n  f r e e  space b u t  a r e  near  a 

conducting medium, t h e n  t h e  magnetic f i e l d  w i l l  no t  be 

symmetrical about  t h e  source  c o i l  b u t  w i l l  b e  s p a t i a l l y  

d i s t o r t e d  by a n  amount t h a t  depends on t h e  c o n d u c t i v i t y  of 

t h e  medium. The p r a c t i c a l  s i t u a t i o n  i s  t h a t  which occurs  

when t h e  source  c o i l  is l a i d  f l a t  on t h e  s u r f a c e  of  t h e  

e a r t h .  See F igure  3-2. The f i e l d  i s  d i s t o r t e d  because 

c u r r e n t s  a r e  induced i n  t h e  conducting m a t e r i a l  by t h e  

source c o i l  and t h e s e  c u r r e n t s  modify t h e  s p a t i a l  

d i s t r i b u t i o n  of t h e  magnetic f i e l d .  Due t o  t h i s  

d i s t o r t i o n ,  both  d e t e c t i n g  c o i l s  w i l l  y i e l d  an  ou tpu t  

vo l t age  t h a t  depends on t h e  n a t u r e  of t h e  medium on each 

s i d e  of t h e  i n t e r f a c i a l  p lane .  

The e f f e c t  of t h i s  d i s t o r t i o n  can be v i s u a l i z e d  r e a d i l y  

on t h e  b a s i s  of a  mathematical ly e q u i v a l e n t  image o f  t h e  

source c o i l .  The exac t  d e s c r i p t i o n  of t h e  image inc ludes  

informat ion  on l o c a t i o n ,  i n t e n s i t y ,  and time phase which 

a r e  s o  a d j u s t e d  t h a t  t h e  superpos i t ion  of t h e  f ree-space  

f i e l d  o r i g i n a t i n g  from t h e  source  c o i l  and t h e  hypo the t i ca l  

f i e l d  a r i s i n g  from t h e  image combine a t  t h e  d e t e c t o r  

l o c a t i o n  t o  d e s c r i b e  c o r r e c t l y  t h e  i n t e n s i t y ,  d i r e c t i o n ,  

and t i m e  dependence of t h e  a c t u a l  f i e l d ,  This  image concept  

i s  i l l u s t r a t e d  i n  Figure  3-3 and t h e  mathematical b a s i s  i s  
desc r ibed  i n  Appendix D .  
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I n  a c t u a l  p rac t i ce ,  t he  s i t u a t i o n  i s  somewhat more 

complicated than t h e  simple p i c t u r e s  of Figures 3-2 and 
3-3 might i nd i ca t e  because t h e  presence of a  conducting 

mater ia l  not  only a f f e c t s  t h e  s p a t i a l  d i s t r i b u t i o n  of t h e  

magnetic f i e l d  but  a l s o  a f f e c t s  t h e  time phase of t h e  f i e l d  
r e l a t i v e  t o  t h a t  which would occur i n  a  free-space 

environment. However, t h i s  can be accounted f o r  by 

assoc ia t ing  a t i m e  phase with t h e  image c o i l  s o  t h a t  t h e  
time dependent phase of t h e  hypothet ical  f i e l d  assoc ia ted  

with t h e  image source is  d i f f e r e n t  from t h e  phase of t h e  

free-space f i e l d  assoc ia ted  with t h e  o r i g i n a l  source c o i l .  

The s i t u a t i o n  of i n t e r e s t  t o  us is still more 

complicated because t h e  e a r t h  is not  a homogeneous body 

with one conduct ivi ty  bu t  genera l ly  c o n s i s t s  of successive 

s t r a t a  having d i f f e r e n t  conduc t iv i t i e s  t h a t  a r e  determined 
mainly by porosi ty  and water s a l i n i t y .  Indeed, it is t h i s  

layered s t r u c t u r e  and moisture dependent conduct ivi ty  t h a t  
w e  r e l y  on t o  i n d i c a t e  t h e  presence of subsurface water. 

Figure 3-4 i l l u s t r a t e s  t h e  s imples t ,  idea l ized ,  model. 
I f  t h e  f i r s t  subsurface l a y e r  has zero  conduct ivi ty ,  t h a t  

is ,  it i s  an i n f i n i t e l y  r e s i s t i v e  i n s u l a t o r ,  then no 
cu r r en t s  w i l l  e x i s t  i n  t h i s  layer .  But i f  t h e  second l a y e r  

c o n s i s t s  of water sa tura ted  rock t h a t  i s  highly conductive, 
t h a t  i s ,  it is a  r e l a t i v e l y  low r e s i s t a n c e  conductor, then 

t h e  source magnetic f i e l d  w i l l  induce s u b s t a n t i a l  cu r r en t s  

i n  t h e  second layer .  These cur ren ts ,  i n  t u r n ,  w i l l  c r e a t e  

a magnetic f i e l d  which, viewed from t h e  surface ,  w i l l  
appear t o  have or ig ina ted  from an image coil located a t  
some complex depth. 

Although t h e  image desc r ip t ion  of t h e  magnetic f i e l d  i s  
a powerful conceptual t o o l ,  its app l i ca t ion  t o  t h e  d a t a  

ana lys i s ,  as shown i n  Appendix D, is l imi ted  t o  l a r g e  

source-receiver separat ions .  Since most of our da t a  was 
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obtained a t  separations where the image formulation was 
i n v a l i d ,  w e  were forced t o  use a more exact integral  
fonnulaticn of the magnetic f i e l d .  In the  next section w e  
snall describe the mathematical techniques used t o  formulate 
expressions for the magnetic f i e l d  o f  a horizontal source 
loop on the surface o f  a multilayered earth.  



4.0 Theoret ical  Analysis 

In  t h i s  s ec t ion ,  we s h a l l  de r ive  expressions f o r  t h e  

magnetic f i e l d s  induced by a hor izonta l  cu r r en t  loop over a 

mul t i layer  conducting e a r t h  i n  order  t o  provide a 
t h e o r e t i c a l  bas i s  f o r  t h e  ana lys i s  of t h e  E l  Paso f i e l d  
measurements described i n  t h e  subsequent chapters.  

We s h a l l  assume: 
a )  a mult i layered f l a t  conductive e a r t h ,  

b) t h e  permeabil i ty (p) of t h e  e a r t h  i s  t h a t  of 

f r e e  space (PO), 
C )  displacement cu r r en t s  can be ignored ( i .e . ,  

t he  q u a s i s t a t i c  approximation ho lds ) ,  

d )  t h e  hor izonta l  cu r r en t  loop can be approximated 
a s  a v e r t i c a l  magnetic d ipo le  of moment m 
(i. e. , a po in t  source) , 

e) conduct ivi ty  v a r i e s  only  with depth, 
and f )  t h e  cu r r en t  v a r i e s  s inuso ida l ly  with t i m e ,  wi th  

an lmplied e - i w t  t i m e  dependence i n  a l l  expressions.  

The cu r r en t  source is placed on the sur face  of t h e  e a r t h  (h=o) 

and a t  t h e  o r i g i n  of a c y l i n d r i c a l  set of coordinates  wi th  

our observation po in t  P a t  ( r , z )  a s  i l l u s t r a t e d  i n  
Figure 4-1. 

4 . 1  Magnetic Hertz P o t e n t i a l  

To s impl i fy  t h e  ana lys i s  of electromagnetic boundary 
value problems, "gauge funct ions"  a r e  defined i n  terms of 

t h e  measurable f i e l d s ,  t h e  e l e c t r i c  f i e l d  vector  E 

(volts/meter)  and t h e  magnetic f i e l d  i n t e n s i t y  vector  H 

!amperes/meter). The gauge w e  use f o r  t h e  cur ren t  loop 
source i s  t h e  magnetic Hertz vec tor  II which is expressed 

i n  terms of E and H as:  



Figure 4- 1. Geologic Model and Experiment Geometzy 



E =  i w p ( V x r [ )  (e -iwt t i m e  dependence implied)  (4.  l B )  

The Hertz  p o t e n t i a l  f o r  a  magnetic d i p o l e  is  v e r t i c a l .  

Therefore ,  t h e  Helmholtz equa t ion  i n  l a y e r  0 may be w r i t t e n  

i n  c y l i n d r i c a l  coord ina tes  as: 

where: 

I n  t h e  lower (source  free) l a y e r s ,  w e  can  writet 

2 
where ki2 = (ioipow - E ~ P O O  ) = i u i ~ p u  ( q u a s i s t a t i c  

approximation) and t o  determine t h e  boundary c o n d i t i o n s  on 
R, equa t ion  (4.1) can be w r i t t e n  i n  t h e  formt 

The a p p l i c a t i o n  of t h e  normal boundary c o n d i t i o n s  for E 

and H on t h e  Hertz v e c t o r  nz  y i e l d s  t h e  c o n s t r a i n t s  t h a t  

IIz and anz/az a r e  continuous a c r o s s  t h e  l a y e r s .  W e  can  
now s o l v e  t h e  Helmholtz equa t ion  i n  each l a y e r  and apply  

t h e  boundary c o n d i t i o n s  t o  f i n d  II, a t  t h e  obse rva t ion  



ooin t  P ( r , z )  above t h e  sur face  of t h e  ear th .  From t h e  

so lu t ion  f o r  II, and equation (4.5),  w e  can r ead i ly  deduce 
expressions f o r  our measured f i e l d  components Hz and H r e  

The homogeneous so lu t ion  f o r  TI, is  of t h e  form: 

where F(X) i s  an a r b ~ t r a r y  funct ion of X .  

The p a r t i c u l a r  so lu t ion  of the Helmholtz equation i s  

of t he  form: 

which can be put  i n  t h e  Somerfe ld  i n t e g r a l  form: 

where : 
2 2 1 

a = ( X  - k )  

Thus, t he  complete so lu t ion  i n  l aye r  0,  which contains  t h e  

source and t h e  observation po in t ,  i s  of t h e  form: 
aD F -.( 

Each lower l aye r  expression except t h e  l a s t  must have 

downward and upward d i f fu s ing  terns represent ing t ransmi t ted  
and r e f l e c t e d  waves. 



4.2 Two Layer Case 

Consider now t h e  two l a y e r  c a s e  where t h e  lower l a y e r  

extends t o  i n f i n i t y .  We can w r i t e  express ions  f o r  Ill, and 

n22 f o r  l a y e r s  1 and 2 i n  t h e  forms: 

Now we can apply t h e  boundary c o n d i t i o n s  

and 

Note t h a t  t h e  a p p l i c a t i o n  of t h e  boundary c o n d i t i o n s  a f f e c t s  
on ly  unknown terms f i ( A ) .  Thus, w e  can cons ide r  t h e s e  terms 

independently of t h e i r  i n t e g r a l s  and can write: 



and a t  z = -d 

To determine r O z , t h e  Hertz vector on and above the surface, 

we need t o  f ind  fo(A)  i n  terms o f  al, a2, and d. Solving 

(4 .13 )  and (4.14)  for fo(A)  we determine t h a t :  

and 



Noting tha t  

and ignoring displacement currents,  we can write: 

and (4 .16 )  can be writ ten i n  the  I ..;. r :  

Using equation ( 4 . 5 )  t o  find H, and H, we find thatr 

and 
00 

" [h2Jl(Arr)e Hr' Ti? 
6 

(4.20) 



Letting a = A i n  equation 4.7 we note that: 

and 
00 

Thus, w e  can write  equation 4.19 i n  the  forms 

L 

and equation 4.20 i n  the  form: 

( ( a :  + A )  (a1  - a t ) =  -2a1a - (a1 - A )  ( a ,  + a 2 ) \  



Following c l o s e l y  t h e  a n a l y s i s  of Wait (1958), we 

s h a l l  normalize equat ions  (4.23) and ( 4 . 2 4 )  by d i v i d i n g  

these  express ions  f o r  HZ and Hr by t h e  express ion  f o r  the 

primary HZ f i e l d  ( i . e . ,  t h e  f i r s t  two terms of equat ion  

( 4 . 2 3 )  and w e  s h a l l ,  i n  a d d i t i o n ,  put t h e s e  normalized 

express ions  i n  forms convenient f o r  numerical i n t e g r a t i o n .  
Accordingly, t h e  express ion  f o r  t h e  normalized magnetic 

f i e l d  can  be p u t  i n  the form: 

and t h e  express ion  f o r  the normalized r a d i a l  magnetic f i e l d  

can be p u t  i n  t h e  form: 

where: 

where : 

Ji is  t h e  Bessel f u n c t i o n  of t h e  f i r s t  kind of o r d e r  i, 

and : -UD 
R ( D , g )  = 1 - 2s \ u ( l  + e ) + ~ ( 1  - e-UD)'J 

u ( g  + V) (1 + e-UD) + ( u 2  + gv) (1 - e -UD) 



where : 
1 - 

u = t g 2  + i 2 )  2 

1 - 

I t  should be noted that  for a l l  practical source 

receiver separations where z<<r,  so that r . R ,  equations 
(4 .25)  and (4 .26)  reduce to: 

and 



4 . 3  Integral  ca lcu lat ion  

To evaluate equations (4.25 ) and ( 4.26 ) w e  have t o  

evaluate the Bessel function integral  o f  ( 4 . 2 7 ) .  For t h i s  

purpose, we fo l low c l o s e l y  the numerical integrat ion 
technique developed by Longman (1957)  . 
Fir s t ,  w e  let: 

So: rn 1rA - L 
B 

0 

where : 



The integra l s  T i ( A , B )  then are evalnated a s  the  sum of a 

set of in tegra l s ,  each taken between success ive  zeroR of 

J i ( y )  a 

where: ' 
0 1  I (~i.2 ) --- are the  success ive  values  of y 
for  which J ~ ( ~ )  i s  zero 

and: 'i,l 



To evaluate the integrals Si (y) we use the 16 p i n t  , j 
Gaussian quadrature approximation: 

or, transforming the limits: 

where Wk and Xk are the Gaussian values listed in Table 4-1. 

where : 



Table 4-1 

Gaussian Integration Coef f ic ients  (Wk) and Abcissas (Xk) 



We evaluated  t h e  express ions  f o r  t h e  normalized magnetic 

f i e l d  (equat ions  4.25 and 4.26) on an IBM S/370 Model 165 

computer using double p r e c i s i o n  a r i t h m e t i c  t o  e v a l u a t e  t h e  

terms Ti(A,B). T h i s  degree of p r e c i s i o n  (16 decimal d i g i t s )  

was found t o  be necessary t o  avoid roundoff e r r o r s  because 

t h e  e v a l u a t i o n  hinged on smal l  d i f f e r e n c e s  between l a r g e  

numbers; i n  r e t r o s p e c t ,  we r e a l i z e d  t h a t  t h i s  problem could  

have been minimized by rephras ing  t h e  equa t ions  i n  terms of 

a  ha l f space  s o l u t i o n  and p e r t u r b a t i o n s  the reon .  The 

i n t e g r a l s  S .(y) (equat ion  4.38) were summed over  t h e  f i r s t  
i ,I 

1 0 0  zeros  of  t h e  Bessel func t ions  J i ( y )  and a one t e r m  E u l e r  

t ransformat ion  was performed on t h e  summation by s u b t r a c t i n g  

h a l f  of t h e  l a s t  term, Si,lOO (y) . W e  determined e a r l y  i n  

t h e  process  t h a t  t h i s  b r u t e  f o r c e  approach would y i e l d  more 

than adequate r i g o r  f o r  our  purpose and, because of t h e  

p ressure  of t i m e ,  we d i d  n o t  i n v e s t i g a t e  t h e  reduc t ion  i n  

computer running t i m e  t h a t  w e  r e a l i z e d  could have been 

achieved by reducing t h e  number of  zeros  and us ing  more 

terms i n  t h e  E u l e r  t r ans fo rmat ion .  The term (1 - e -UD) 

was set equa l  t o  u n i t y  f o r  va lues  of UD g r e a t e r  than  39,  

because f o r  t h i s  va lue  R e ( e  - < 10-l6 and, s i n c e  t h e  

computer c a r r i e s  a  double p r e c i s i o n  v a r i a b l e  a s  a  16 

decimal d i g i t  number, va lues  beyond t h i s  l i m i t  s imply cause 

an underflow t o  occur  wi thout  c o n t r i b u t i n g  anything u s e f u l  

t o  t h e  r e s u l t s .  



4 . 4  Review 

In  t h i s  c h a p t e r ,  w e  have de r ived  express ions  f o r  t h e  

nea r  s u r f a c e  normalized magnetic f i e l d s  produced by a smal l  

c u r r e n t  loop deployed on t h e  s u r f a c e  of a l aye red  conducting 

e a r t h ,  and desc r ibed  t h e  numerical i n t e g r a t i o n  techniques  

which we employed t o  e v a l u a t e  t h e  r e s u l t i n g  express ions .  

I n  t h e  n e x t  c h a p t e r ,  w e  d e s c r i b e  f i e l d  measurements 

made a t  two test  s i t e s  nea r  E l  Paso, Texas. Chapter 6 

then provides  an a n a l y s i s  of t h e s e  f i e l d  measurements 

based on t h e  preceding t h e o r e t i c a l  formula t ions .  

I t  should be noted  t h a t  our  d a t a  a n a l y s i s  t o  d a t e  has 

concent ra ted  on a two l a y e r  t h e o r e t i c a l  formula t ion  which 

Proved adequate f o r  t h e  immediate purpose. A s  oppor tuni ty  

3:ises i n  t h e  f u t u r e  we would expect  t o  incorpora te  i n t o  

our  computer program t h e  m u l t i l a y e r  a n a l y s i s  and i n v e r s i o n  

techniques  exp la ined  i n  t h e  appendices.  



5.0 A F i e l d  Trial 

A f i e l d  t r i a l  was conducted near E l  Paso, Texas, dur ing 

t h e  month of October,  1973. This  f i e l d  t r i a l  was intended 

t o  be a rap id  t e s t  of  t h e  concept  and f e a s i b i l i t y  o f  t h e  

low frequency i nduc t i ve  technique f o r  geophysical  

prospect ing.  For t h i s  reason,  no a t tempt  was made t o  

r e f i n e  t h e  f i n a l  hardware, bu t ,  r a t h e r ,  a  c o l l e c t i o n  of 

immediately a v a i l a b l e  "black boxesl1 was assembled i n t o  a 
system wi th  t h e  s o l e  c r i t e r i o n  t h a t  the e l e c t r i c a l  

performance had t o  be adequate t o  permit  a  r e a l i s t i c  

f e a s i b i l i t y  test .  

The E l  Paso a r e a  was s e l e c t e d  f o r  t h e  i n i t i a l  f i e l d  

t r i a l  f o r  s e v e r a l  reasons.  F i r s t ,  t h i s  a r e a  i s  q u i t e  

a r i d  and r e p r e s e n t a t i v e  of a r e a s  where t h e r e  is  a r e a l  

need f o r  subsurf ace  water prospect ing  techniques ,  Second, 

t h e  a r e a  has been s tud ied  ex t ens ive ly  i n  t h e  p a s t  s o  t h a t  

a  comparative d a t a  base e x i s t s .  Third ,  s p e c i f i c  a r e a s  of 

i n t e r e s t  a r e  r e a d i l y  a cce s s ib l e .  Fourth, and impor tant ly ,  

because t h e  e n t i r e  r eg ion  relies on subsurface  water ,  

t h e r e  are a very  l a r g e  number of opera t ing  wells t h a t  

provide p o s i t i v e  assurance  of t h e  dep th  and q u a l i t y  of the 

subsurface  water. 
The c l imate  i s  shown i n  Figure  5-1. The average annual 

r a i n f a l l  i n  t h e  a r ea  is  only seven inches ,  a  f i g u r e  

t h a t  i s  comparable wi th  t h e  r a i n f a l l  i n  many a r e a s  of  

West Afr ica .  The groundwater i n  t h e  a r e a  has been desc r ibed  

by Leggat, Lowry, and Hood (1963). Although w e  used t h e i r  

s tudy as genera l  background informat ion,  t h e  dep ths  t o  water, 
as w e l l  a s  c u r r e n t  cond i t ions ,  were provided by Walter Meyer 

of  t h e  U.S. Geological  Survey a t  t h e  E l  Paso o f f i c e .  

Addi t iona l  geophyr ica l  d a t a  were a v a i l a b l e  from Zhody 

(1969). 



Average monthly temperature a t  
E l  Paso, Texas 

Average 

(C) 
10 

- u m a x .  

monthly evaporation 
a t  Ysleta, Texas 

precipitation range by month a t  E l  Paso, Texas 

Figure 5-1. Climate i n  v i c in i ty  of E l  Paso, Texas, 1878-1958. 
(From U.S. Weather Bureau records. 
After Leggat e t  a l ,  1 9 6 3 . )  
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Figure 5-2. Map Showing Sites near El Paso, Texas 



I n  F igure  5-2 w e  show t h e  l o c a t i o n  ol t h e  two sites 
t h a t  were used: i n  t h e  Messi la  Val ley  a t  t h e  C i t y  
Well F i e l d  and on t h e  Santa  Teresa Mesa. These l o c a t i o n s  

were chosen because they  o f f e r e d  good c a l i b r a t i o n  of 

dep ths  t o  water  on t h e  b a s i s  of  numerous w e l l s ,  and 

because they  o f f e r e d  markedly d i f f e r e n t  dep ths  t o  t h e  

water  t a b l e .  The s i t e  used i n  t h e  14essi la  Val ley  had a 

dep th  t o  t h e  subsurface  water  of 8 .6  meters (28 f e e t ) ,  
and t h e  Santa  Teresa  Mesa site had a subsurface  water  depth 

of 1 0 0  meters  (327 f e e t ) .  

For t h e  October f i e l d  t r i a l ,  t h e  'oource '  c o i l  

c o n s i s t e d  of 12  t u r n s  of # l o  w i r e  l a i d  on the ground i n  a  

square  wi th  a  s i d e  of 25 meters, and energized  wi th  

c u r r e n t s  ranging from 15  amperes a t  60 h e r t z  t o  

5 mi l l iamperes  a t  20 k i l o h e r t z ,  The ' d e t e c t o r '  c o i l  

c o n s i s t e d  of 1200 t u r n s  of  126 wire wound on a one meter 

square wooden suppor t ing  s t r u c t u r e  t h a t  could be o r i e n t e d  

i n  e i t h e r  a  h o r i z o n t a l  o r  v e r t i c a l  p o s i t i o n .  The 

magnitude and phase of t h e  observed s i g n a l  was measured 

by means of a  commercial phase-locked-loop synchronous 

d e t e c t o r  us ing  a r e f e r e n c e  s i g n a l  coupled from t h e  source 

t o  t h e  d e t e c t o r  by a s h i e l d e d ,  t w i s t e d  p a i r ,  c a b l e .  

A t  both s i t e s ,  d a t a  were c o l l e c t e d  wi th  source-detec tor  

s e p a r a t i o n s  ranging from 20 t o  500 meters. A photograph 

of t h e  appara tus  is  shown a s  F igure  5-3. 

F i q i r e  5-4 shcv~s t h e  s o i r c e  energ iz ing  equipment which 

included t h r e e  motor d r i v e n  a l t e r n a t o r s  and a n  

o s c i l l a t o r - a m p l i f i e r  combination mounted i n  a  pickup t r u c k .  

One 3.5 kVA g a s o l i n e  d r i v e n  a l t e r n a t o r  served a s  a  p o r t a b l e  

power supply f o r  o t h e r  equipment cad a l s o  provided a 

c u r r e n t  of 15  amperes a t  a frequency of 60 h e r t z  t h a t  was 

coupled d i r e c t l y  t o  t h e  source  c o i l .  A second, 1.2 kVA, 

g a s o l i n a  d r i v e n  a l t e r n a t o r  provided a c u r r e n t  of 



3.1 amperes a t  a frequency of 400 h e r t z  t h a t  was coupled 

d i r e c t l y  t o  t h e  source  c o i l ,  and a t h i r d  g a s o l i n e  d r i v e n  

a l t e r n a t o r  provided a currc-+ of 1 .2  amperes a t  a 

frequency of 800 h e r t z  t h a t  was s i m i l a r l y  coupled d i r e c t l y  

t o  t h e  source  c o i l .  Other f requencies  of 1, 2.5, 7 ,  16 ,  

and 20 k i l o h e r t z  were der ived  by using an o s c i l l a t o r  t o  

provide i n p u t  t o  n high power commercial audio  a m p l i f i e r ;  

c u r r e n t s  suppl ied  t o  t h e  source  c o i l  ranged from 300 

mil l iamperes a t  1 k i l o h e r t z  t o  5 mi l l iamperes  a t  

20 k i l o h e r t z .  

The d e t e c t i n g  appara tus  i s  shown a s  F igure  5-5. A 

wooden framework supported a c o i l  c o n s i s t i n g  of 1200 t u r n s  

of # 2 6  wire wound i n  fbdr  separa ted  l a y e r s  of 300 t u r n s  

each on a square  wooden form wi th  a maximum c r o s s - s e c t i o n a l  

a r e a  of one square meter. The c o i l  s t r u c t u r e  was mounted 

on p i v o t s  so t h a t  it could be o r i e n t e d  i n  e i t h e r  a 

h o r i z o n t a l  o r  a v e r t i c a l  p lane;  f i n a l  adjustment  was 

eccomplished with the a i d  of l e v e l l i n g  bubbles.  A t  t h e  

higher  f r equenc ies ,  d a t a  were measured us ing  only  t h e  

i n s i d e  l a y e r  of 300 t u r n s ;  t h i s  l a y e r  had a s e l f  r e sonan t  

frequency of 35 k i l o h e r t z  and a Q of 37. A t  ranges  

g r e a t e r  than 300 nreters, where t h e  h igher  f r equenc ies  v c r e  

no longer  of i n t e r e s t  (because t h e  s i g n a l  l e v e l  was t o o  

low f o r  measurements), measurements were made only  a t  
f requenc ies  of 1000 h e r t z  o r  less: i n  t h i s  regime w e  
used t h e  f u l l  1200 t u r n s  which had a s e l f  r e sonan t  

frequency of 6 k i l o h e r t z  and a Q of  17. The b a t t e r y  

opera ted  synchronous d e t e c t o r  was mounted on t h e  framework, 

i n  a p o s i t i o n  chosen t o  be symmetrical wi th  r e s p e c t  to  the 
c o i l ,  and a phase r e f e r e n c e  s i g n a l  was provided by a 

sh ie lded ,  twis ted  p a i r ,  c a b l e  extended between t h t  source  

and t h e  d e t e c t o r  appara tus .  



8 Figure 5-3. Photograph of apparatus used in f i e l d  trial. 
T h e  source energizrnq equipment was 
mounted in t h e  t a r p a u l i n  shaded, pickup t rq1ck .  

I Fart of the ho r i zon t a l  source coil can be 
seen in t h e  fo reg round ,  and t h e  detector 
apparatus can  be seen  in tile midrjrourd bey0r.d 
the hood of t h e  pickup truck, 

I 



F i g u r e  5-4. Photograph of source energizing equipment. 
Thrpp a l t e r n a t o r s  ( 6 0 ,  4 0 0 ,  and 800 Hertz)  . - -  

. 



Figure 5 - 5 .  Photograph of detector apparatus.  
1-200 turns of #26 w i r e  were wound on a 
wooden fcrra that could be rotated -to either a 
v e r t i c a l  or h o r i z o n t a l  p a s i t i o n ,  The phase 
sensitive de tecter w a s  mounted syrr.vetrica l l y  
w i t h  respect to the coil. A phase 
reference was provided by a shie lded,  twisted 
p a i r ,  cable extending from the scurce 
apparatus. Small hydraulic jacks were used 
to l e v e l  the apparatus at each sccoxdinq 
s t a t i o n .  



Measurements were made a t  l o g a r i t h m i c a l l y  spaced 
1 .3  1 .3  s t a t i o n s  (10 , .,.) from 20 meters (10  ) 

t o  501 meters (10 2-7) as t h e  d e t e c t o r  a p p a r a t u s  was c a r r i e d  

i n  a  s t r a i g h t  l i n e  away from t h e  sou rce .  A t  e a c h  s t a t i o n  

t h e  magnitude and phase of t h e  v o l t a g e  e x i s t i n g  a t  t h e  

t e r m i n a l s  of  t h e  c o i l  were reco rded ,  f i r s t  w i t h  t h e  c o i l  

v e r t i c a l  and t h e n  w i t h  t h e  c o i l  h o r i z o n t a l ,  

S i x  f r e q u e n c i e s  were used a t  each  of  t h e  s h o r t e r  range  

s t a t i o n s  b u t  a s  t h e  range i n c r e a s e d  t h e  s i g n a l - t o - n o i s e  r a t i o s  

of  t h e  h i g h e r  f r e q u e n c i e s  p r o g r e s s i v e l y  dec reased  below a 

useab le  l e v e l .  Accordingly,  t h e  number of f r e q u e n c i e s  was 

reduced u n t i l ,  a t  t h e  l o n g e r  r anges ,  d a t a  were r eco rded  on ly  

a t  60 and 400 h e r t z .  However, s i n c e  most of t h e  i n fo rma t ion  

a t  long ranges  i s  r e l a t e d  t o  deep l a y e r s  and can be  g l eaned  

from t h e  low f requency d a t a ,  t h e  absence o f  h i g h e r  f requency 

d a t a  a t  t h e  l onge r  ranges  was n o t  d e t r i m e n t a l  t o  t h e  

f e a s i b i l i t y  t e s t .  

I t  shou ld  be no ted  t h a t  t h e  purpose of t h e  f i e l d  t r i a l  

was t o  t e s t  t h e  concept  and f e a s i b i l i t y  of  t h e  t echn ique  

f o r  geophys i ca l  p robing .  The a p p a r a t u s  o n l y  vaguely ( i f  a t  

a l l )  resembled a f i n a l  o p e r a t i o n a l  system.  W e  needed about  

t h r e e  hours  t o  deploy and r ecove r  t h e  s o u r c e  c o i l ;  wh i l e  

t h e  d e t e c t o r  a p p a r a t u s ,  which weighed more t h a n  100 pounds,  

had t o  be  manhandled w i t h  c o n s i d e r a b l ~  d i f f i c u l t y  . During 

t h i s  f i e l d  t r i a l ,  one d a t a  run c o n s i s t i n g  of  f i f t e e n  

s t a t i o n s  ranging  from 20 t o  500 mcters from t h e  sou rce  

occupied two f u l l  days of  e f f o r t  w i t h  an ave rage  t i m e  o f  

16 minutes  f o r  each  e lementary  datum p o i n t  (one frequency 

a t  one s t a t i o n ) .  I n  an o p e r a t i o n a l  sys tem,  o f  c o u r s e ,  

s m a l l e r  and more e f f i c i e n t  sou rce  and d e t e c t o r  c o i l s  would 

be mounted permanently on v e h i c l e s  capab le  o f  t r a v e r s i n g  

t h e  t y p e  of t e r r a i n  of  l i k e l y  i n t e r e s t .  With p r o p e r  

i n s t r u m e n t a t i o n  of  t h i s  t y p e  w e  e x p e c t  t o  o b t a i n  a complete  

d a t a  run i n  one hour .  



6.0  Data Analysis 

For our f e a s i b i l i t y  t r i a l  f i e l d  measurements near 

E l  Paso, Texas, we chose sites of known geology. 

Spec i f ica l ly ,  we chose sites where t h e  deptl,s t o  t h e  

water t a b l e  were defined c l e a r l y  by ex i s t i ng  wel l s ,  and 
where we could work over l a rge ,  apparently homogeneous, 

a reas  which appeared t o  be uniform i n  a l l  d i r e c t i o n s  from 

the  source c o i l .  Thus, i n  t h e  d a t a  ana lys i s  we could 

f a i r l y  assume negl ig ib le  l a t e r a l  va r i a t i ons  i n  

conduct ivi ty ,  i - e . ,  o ( r , z ) - a ( z ) .  

Although we r e a l i z e  t h a t  va r i a t i ons  i n  conductivity 

with depth a r e  r a r e l y  abrupt i n  t h e  type of s o i l s  of 

i n t e r e s t  i n  t h i s  i nves t iga t ion ,  w e  chose t o  assume i n  t h e  

da t a  ana lys i s  t h a t  t h e  subsurface of t h e  t e s t  s i t e s  

consis ted of d i s c r e t e ,  homogeneous, l aye r s  of varying 

conduc t iv i t i es .  That i s ,  w e  chose t o  assume i n  t h e  da t a  

ana lys i s  t h a t  t h e  conduct ivi ty  with depth could be 

approximated adequately a s  a d i s c r e t e l y  varying parameter, 

o (2 )  = cri(z) where i is  t h e  l aye r  number. This 

assumption of a layered medium g r e a t l y  s imp l i f i e s  t h e  

t h e o r e t i c a l  problem, allowing u s  t o  use  t h e  ana lys i s  of 

Chapter 4 and Appendix A f o r  t h e  ca l cu l a t i on  of t h e  

f i e l d s  induced by an o s c i l l a t i n g  magnetic d ipo le  near a  

multi-layered conducting earth., 

W e  assumed i n  our t h e o r e t i c a l  models t h a t  t h e  

permeabil i ty of t h e  subsurface was t h e  same a s  t h a t  of 

f r e e  space, P O ,  s ince  t h e  permeabil i ty of moist rocks and 

s o i l s  i s  very c l o s e  t o  t h a t  of f r e e  space except when l a r g e  

q u a n t i t i e s  of fe r rous  minerals  a r e  present .  And, f i n a l l y ,  

w e  assumed t h a t  displacement cu r r en t s  could be ignored 

f o r  our low source frequencies. A summary of t h e  above 

assumptions is  l i s t e d  i n  Chapter 4. 



6 . 1  Data Q u a l i t y  and Format 

During o u r  f i e l d  tests,  w e  o b t a i n e d  measures o f  t h e  

a b s o l u t e  magnitude and phase (w i th  r e s p e c t  t o  t h e  phase of  

t h e  sou rce )  o f  t h e  r a d i a l  and v e r t i c a l  components o f  t h e  

magnet ic  f i e l d .  Hr and HZ, f o r  t h e  f r e q u e n c i e s  and ranges  

d e s c r i b e d  i n  Chapter  5 .  A t  each  frequency w e  took d a t a  a t  

i n c r e a s i n g  s e p a r a t i o n s  u n t i l  l i m i t e d  by n o i s e  i n  t h e  

r e c e i v e r .  Data  p o i n t s  a t  t h e  maximum range  f o r  each  

f requency ,  t h e r e f o r e ,  can be cons ide red  t o  be  o f  s u s p e c t  

q u a l i t y  because they  were d e r i v e d  from measurements made 

w i t h  a  very  low s i g n a l - t o - n o i s e  ra t io .  
I n  o u r  a n a l y s i s  w e  matched t h e o r e t i c a l  cu rves  

d e r i v e d  from e x p r e s s i o n s  f o r  tile normal ized  f i e l d  

components (see Chapter  4 )  w i t h  p l o t s  o f  t h e  measured 

v a l u e s .  The q u a n t i t y  a c t u a l l y  measured i n  t h e  f i e l d  i s  

t h e  v o l t a g e  induced i n  t h e  r e c e i v i n g  loop  when t n e  s o u r c e  

loop  i s  e n e r g i z e d .  



For ranges much g r e a t e r  than t h e  he igh t  of t h e  rece iv ing  

c o i l  ( t h e  usual  s i t u a t i o n  of i n t e r e s t )  t h e  measured vo l t age  

i s  r e l a t e d  t o  t h e  normalized components of t h e  magnetic 

f i e l d  by t h e  equat ion:  

where i = (-1) 1 / 2  

w = source frec,uec?y i n  radians /sec .  - -1 
P O =  permeab i l i ty  of  f i e e  space = 4tx10 

I = magnitude of source  c u r r e n t  i n  amperes 

N1 = number of  t u r n s  o f  source  loop 

' A1 = a r e a  of source  loop i n  meters 2 

N2 = number of  t u r n s  of r e c e i v i n g  loop 

A:! = a r e a  of r e c e i v i n g  1 m p  i n  meters 2 

= normalized component o f  t h e  magnetic f i e l d  i n  
amperes/meter 

r = s e p a r a t i o n  of source  and r e c e i v e r  i n  meters. 
Normalization of t h e  d a t a ,  t h e r e f o r e , i s  achieved by 

mul t ip ly ing t h e  measured vo l t ages  by t h e  f a c t o r :  

W e  should no te  he re  t h a t ,  f o r  convenience i n  t h e  f i e l d  

t r i a l s ,  we a r b i t r a r i l y  chose t h e  o r i e n t a t i o n  of t h e  

rece iv ing  loops and t h e  t e rmina l  connect ions s o  t h a t  a l l  

phase measurements approached ze ro  degree a t  s h o r t  ranges.  

Accordingly, f o r  cons is tency i n  comparing t h e  d a t a  with t h e  

corresponding t h e o r e t i c a l  express ions  w e  s h i f t e d  t h e  phase 

of t h e  t h e o r ~ t i c a l  express ion  f o r  t h e  r a d i a l  magnetic f i e l d  

component by 180 degrees ;  t h i s  is  simply e q u i v a l e n t  t o  

r o t a t i n g  t h e  v e r t i c a l  r ece iv ing  loop by 180° o r  r e v e r s i n g  

t h e  t e rmina l  connect ions t o  t h e  loop. 



6 .2  Ana ly t i ca l  Development 

I n i t i a l l y ,  w e  based our  a n a l y s i s  on t h e  approximation 

t h a t  t h e  subsurface  of  t h e  test sites could  be cons idered  

a s  c o n s i s t i n g  of on ly  two l a y e r s  of d i f f e r e n t  

c o n d u c t i v i t i e s ,  wi th  t h e  second l a y e r  extending t o  dep ths  

below t h e  d e t e c t i o n  c a p a b i l i t y  of  our  appara tus .  A s  w e  
s h a l l  show, t h i s  approximation proved adequate f o r  t h e  Ci ty  

Well F i e l d  s i te which had a  water  t a b l e  a t  a  d e ~ t h  of 

9 meters, b u t  inadequate f o r  the Santa  Teresa Mesa s i te  

which had a water t a h l e  at100 meters; for t h i s  l a t t e r  
. . . .  

s i t e ,  w e  were fo rced  t o  a three l a y e r  model. T ime  and 

budget c o n s i d e r a t i o n s  prevented u s  from extending t h e  

theory  and t h e  computer programs t o  t h e  m u l t i l a y e r  case  

i n  t h e  manner desc r ibed  i n  t h e  appendices.  I n s t e a d ,  w e  

chose t o  handle the a n a l y s i s  of t h e  Santa  Teresa  Mesa 

d a t a  by us ing  two d i f f e r e n t  two-layer models i n  d i f f e r e n t  

frequency regimes, one model de f ined  by t h e  f i r s t  and 

second l a y e r s ,  and one def ined by t h e  second and t h i r d  

l a y e r s .  I t  might be  noted h e r e  t h a t  t h e  p o s s i b i l i t y  of 

s e p a r a t i n g  t h e  problem i n t o  two (or more) p a r t s  i n  t h i s  

manner i s  one of t h e  a t t r a c t i v e  f e a t u r e s  of  t h e  

i n d u c t i v e  coupling technique.  
We s t a r t e d  t h e  a n a l y s i s  us ing  t h e  s imple i m q e  theory  

o u t l i n e d  i n  Appendix D a s  t h e  b a s i s  of our  c a l c u l a t i o n s  of 

t h e  normalized f i e l d  components H and HZ b u t  i t  soon became r 
e v i d e n t  t h a t  t h e  image concept could be a p p l i e d  a c c u r a t e l y  

only a t  ranges l a r g e  wi th  r e s p e c t  t o  t h e  e f f e c t i v e  s k i n  depth 

of t h e  upper l a y e r s  (see  Appendix D) and t h a t  t h i s  r e s t r i c t i o n  

l i m i t e d  t h e  use fu lness  of t h i s  approach. 



We t u r n e d  then  t o  t h e  i n t e g r a l  s o l u t i o n  desc r ibed  i n  

Chapter  4 ,  i n  o r d e r  t o  prolride more a c c u r a t e  t h e o r e t i c a l  

curves .  The i n t e g r a l  s o l u t i o n ,  indeed ,  provided a  f a r  

more a c c u r a t e  d e s c r i p t i o n  of t h e  d a t z  than d i d  t h e  image 

s o l u t i o n ,  e s p e c i a l l y  f o r  s e p a r a t i o n s  l e s s  t h a n  t h e  e f f e c t i v e  

s k i n  depth  of  t h e  upper l a y e r s .  

However, a f t e r  l a b o r i o u s  a t t empts  t o  match t h e o r e t i c a l  

curves wi th  d a t a ,  w e  found t h a t  we s t i l l  could  n o t  achieve  

p l a u s i b l e  f i t s ,  and a t  t h a t  p o i n t  w e  reexamined t h e  s u b j e c t  

of  t h e  f i e l d  measurements and normal i za t ion .  We determined 

e v e n t u a l l y  t h a t  ou r  i n i t i a l  a n a l y s i s  problems were due 

l a r g e l y  t o :  

a )  b i a s  i n  t h e  measured phase due t o  a  phase e r r o r  

i n  t h e  r e f e r e n c e  s i g n a l ;  

b)  phase and ampli tude e r r o r s  i n  t h e  f i e l d  

measurements caused by o p e r a t i n g  a t  f r equenc ies  

t o o  c l o s e  t o  t h e  r e sonan t  frequency of  t h e  

r e c e i v i n g  c o i l  ; 

C )  e r r o r s  i n  t h e  normal i za t ion  p rocess  of  conver t ing  

raw d a t a  i n t o  a convenient  form f o r  a n a l y s i s ,  due 

p r i m a r i l y  t o  an imprec ise  measurement o f  t h e  source  

e n e r g i z i n g  c u r r e n t  and t h e  a r e a s  o f  t h e  loops ;  

and d)  n e a r  f i e l d  e r r o r s  due t o  t h e  f i n i t e  s i z e  of  t h e  

source  loop.  



A l l  of t h e s e  problemsf save  p o s s i b l y  d l ,  were circumvented 

by simply t a k i n g  r a t i o s  of  the magnitudes of  t h e  v e r t i c a l  

and h o r i z o n t a l  f i e l d  components and d i f f e r e n c e s  between 

t h e i r  i n d i v i d a a l  qhase measurements. By cons ide r ing  
r a t i o s  of t h e  magnitudes of t h e  f i e l d  components, most of 

t h e  e r r o r s  i n  t h e  normal iza t ion  p rocess  d i sappear  and on ly  
errcr; i n  t h e  a c t u a l  knowledge of range,  and s h o r t  term 

v a r i a t i o n s  i n  t h e  ampli tude of t h e  source  energ iz ing  

c u r r e n t ,  remain t o  hamper matching t h e  t h e o r e t i c a l  and 

d a t a  curves.  Addi t iona l ly ,  t h e  e f f e c t s  of r e c e i v e r  loop 

tun ing ,  i f  on ly  a  func t ion  of  frequency (no t  p o s i t i o n ) ,  

d i sappear .  F i n a l l y ,  by cons ider ing  phase d i f f e r e n c e s  

(9, - O r ) ,  e r r o r s  due t o  phase s h i f t s  i n  the  

r e f e r e n c e  s i g n a l  a r e  e l i m i n a t e d ,  s i n c e  w e  can write t h e  

measured phases i n  terms of t h e  r e a l  phase p l u s  a  b i a s  

e r r o r  which i s  t h e  same i n  b3 th  t h e  r a d i a l  ( O r )  and 

v e r t i c a l  ( O Z )  phase measurements. 
Thus, our  f i n a l  cho ice  of  d a t a  format i s  b i l o g a r i t h m i c  

p l o t s  of  t h e  magnitude r a t i o  H z  1 v e r s u s  s e p a r a t i o n  f o r  

a d i s c r e t e  set of f r equenc ies ,  and semilogar i thmic  p l o t s  

of t h e  phase d i f f e r e n c e  ( O Z  - O r )  v e r s u s  s e p a r a t i o n  f o r  a  

discrete set of f requencies .  Only near  i i e l d  e r r o r s  have 
been neg lec ted  i n  t h e  a n a l y s i s  b u t  t h e s e  e r r o r s  occur  

only  a t  combinations of s h o r t  ranges  and low f r e q u e n c i e ~  

where l i t t l e  u s e f u l  informat ion  can  be i n f e r r e d  from t h e  

d a t a .  
Before p resen t ing  t h e  r e s u l t s  of our  ana lys i s ,we  s h a l l  

f i r s t  p r e s e n t  t h e  technique  w e  u l t i m a t e l y  used t o  

determine t h e  n a t u r e  and bounds of t h e  v a r i a t i o n  of 

c o n d u c t i v i t y  wi th  dep th  s o  t h a t  w e  could  j u d i c i o u s l y  
choose a n  i n i t i a l  c o n d u c t i v i t y  model f o r  t h e  E l  Paso 

f i e l d  sites. 



One method of p r e s e n t i n g  t h e  d a t a  i n  a  form d i a g n o s t i c  

of  c o n d u c t i v i t y  v a r i a t i o n s  w i t h  dep th  is t o  p l o t ,  on a  

b i logar i thmic  s c a l e ,  the nagni tude  of t h e  r a t i o  HZ/Hr 

v e r s u s  t h e  q u a n t i t y :  

For ,  i f  t h e  e a r t h  could be  cons idered  a s  a  homogeneous 

ha l f  space  c h a r a c t e r i z e d  by a  s i n g l e  conduc t iv i ty  o, then  
oeff=u and p l o t s  of d a t a ,  f o r  v a r i o u s  source-rece iver  

s e p a r a t i o n s  ( r )  and f requenc ies  ( f i )  , would f a l l  on a  
s i n g l e  curve. Conversely, i f  t h e  conductivit:r were a  

f u n c t i o n  of dep th ,  p l o t s  of t h e  d a t a  a t  gach range f o r  a  
f ixed  set of f r equenc ies  would Lend t o  f a l l  on s e p a r a t e  

cu rves ,  t h e  shapes and p o s i t i o n s  of which would be 
dependent on t h e  n a t u r e  of t h e  conduc t iv i ty  v a r i a t i o n s .  

For example, i f  t h e  c o n d u c t i v i t y  inc reased  monotonical ly 
a s  a f u n c t i o n  of d e p t h ,  aeff would i n c r e a s e  wi th  

inc reas ing  r f o r  a f i x e d  set of f r equenc ies  and, 
correspondingly,  t h e  curSes  would be t r a n s l a t e d  t o  t h e  l e f t  

f o r  i n c r e a s i n g  v a l u e s  of r. Conversely, monotonical ly 
decreas ing  va lues  of c o n d u c t i v i t y  wi th  dep th  would r e s u l t  i n  
t h e  r a t i o  curves  being t r a n s l a t e d  t o  t h e  r i g h t  wi th  
i n c r e a s i n g  v a l u e s  of s e p a r a t i o n  r .  

For t h e  two l a y e r  c a s e  where t h e  upper l a y e r  is  less 

conduct ive  than  t h e  lower l a y e r ,  t h e  r a t i o  d a t a  cu rves ,  

t h e r e f o r e ,  w i l l  t end  t o  merge, a s  t h e  s e p a r a t i o n  i s  

inc reased ,  on a  s i n g l e  cu rve  c h a r a c t e r i s t i c  of a h a l f  

space whose c o n d u c t i v i t y  is t h a t  of t h e  lower l a y e r ;  
whereas, as t h e  s e p a r a t i o n  i s  decreased,  t h e  r a t i o  d a t a  

curves  w i l l  t end  t o  merge w i t h  a h a l f  space curve  



c h a r a c t e r i z e d  by t h e  c o n d u c t i v i t y  o f  t h e ,  upper l a y e r .  

For t h e  m u l t i l a y e r e d  c a s e ,  m u l t i p l e  h a l f  space  

asymptotes  w i l l  occu r  from which an e s t i m a t e  o f  t h e  

v e r t i c a l  c o n d u c t i v i t y  p r o f i l e  can be determined.  

We r e a l i z e  t h a t  an analogous t echn ique  cou ld  be used t o  

d e r i v e  an i n i t i a l  i n t e r p r e t a t i o n  based on t h e  phase d a t a ;  

however, t i m e  and budget c o n s i d e r a t i o n s  p reven ted  us from 

pursu ing  t h i s  p o s s i b i l i t y .  

W e  conducted o u r  a n a l y s i s ,  t h e r e f o r e ,  by making an 

i n i t i a l  assessment  o f  t h e  v e r t i c a l  c o n d u c t i v i t y  p ~ ~ ~ f i l e  

based on magnitude r a t i o  ?,lone, and w e  t h e n  o b t a i n e d  a 

f i n a l  c o r r o b o r a t i o n  of  t h e  i n t e r p r e t a t i o n  by comparing t h e  

d a t a  curves  f o r  bo th  magnitude and phase w i t h  model curves  

gene ra t ed  on t h e  b a s i s  o f  t h e s e  i n i t i a l  e s t i m a t e s .  



6 . 4  C i t y  Well F i e l d  R e s u l t s  

Applying t h e  i n s p e c t i o n  technique o u t l i n e d  i n  t h e  

p reced ing  s e c t i o n ,  w e  can i n f e r  t h a t  t h e  average  v a l u e  o f  

c o n d u c t i v i t y  t e n d s  t o  i n c r e a s e  w i t h  dep th  ( F i g u r e s  6-1 and 

6 - 2 ) .  We n o t e  i n  t h e  Well F i e l d  d a t a  t h a t  t h e  r a t i o  cu rves  

t e n d  t o  merge on a  s i n g l e  curve  f o r  r anges  g r e a t e r  t h a n  

150 meters t o  t h e  maximum range of  501 meters. By 

matching a  h a l f  space  model cu rve  t o  t h e  d a t a  f o r  ranges  

g r e a t e r  than  150 meters, w e  can r e a d i l y  i n f e r  a  

c o n d u c t i v i t y  (1 of  0 .1  siemens/meter.  Thus,  w e  can assume 

t h a t  a  f a i r l y  t h i c k  l a y e r  of  0 . 1  siemens/meter must e x i s t  

a t  a  dep th  less t h a n  150 meters. A s  range  i s  dec reased  

below 150 meters, each  subsequent  d a t a  cu rve  t e n d s  t o  move 

c l o s e r  toward a  s i n g l e  curve  r e p r e s e n t i n g  a  c o n d u c t i v i t y  o f  

t h e  o r d e r  of 0 .01 s iemens/meter .  A d d i t i o n a l l y ,  w e  can deduce 

t h a t  t h e  t h i c k n e s s  o f  t h e  upper  l a y e r  must be  less than  25 

meters s i n c e  t h e  d a t a  cu rves  have n o t  merged on a  s i n g l e  

curve  f o r  r anges  a s  small a s  25 meters and t h e  p re sence  of  

t h e  l ~ w e r  l a y e r  is s t i l l  n o t i c e d  i n  t h e  d a t a .  

To a r r i v e  a t  o u r  f i n a l  model o f  c o n d u c t i v i t y  a s  a  

f u n c t i o n  of  d e p t h ,  we t h e n  p l o t t e d  t w o  l a y e r  t h e o r e t i c a l  

model cu rves  i n  t h e  forms o f  magnitude r a t i o  I H ~ / H , /  v e r s u s  

s e p a r a t i o n  on s b i l o g a r i t h m i c  s c a l e  and ~ h a s e  d i f f e r e n c e  

( 4 z  - + ) v e r s u s  s e p a r a t i o n  (r) on a  s emi - loga r i t hmic  r 
s c a l e .  W e  chose model pa rame te r s  c o n s i s t e n t  w i t h  t h e  

a sympto t i c  b e h a v i o r  of  t h e  d a t a  c u r v e s ,  a s  d e s c r i b e d  i n  

t h e  p rev ious  pa rag raph ,  and compared o u r  t h e o r e t i c a l  

models w i t h  t h e  d a t a  p l o t t e d  i:? t,he same forms. 

(1) The te rm "siemensH and t h e  symbol "S"  have been adopted  
f o r  t h e  u n i t  o f  conductance p r e v i o u s l y  r e f e r r e d  t o  a s  t h e  
I I ~ ~ I I  . Use of t h i s  term h a s  been approved by t h e  IEEE, I E C ,  

I S O ,  znd Conference Genera le  d e s  Po ids  e t  Mesures. 
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A f t e r  performing s e v e r a l  parameter  iterations, w e  

deduced t h e  two l a y e r  inode1 i l l u s t r a t e d  i n  F i g u r e  6-3a 

though wc r e a l i z e d  t h a t  t h e  upper  l a y e r  c o n d u c t i v i t y  of 

0 . 0 1  siemens/meter i s  on ly  an aver.qge va lue  f o r  t h e  upper  

9 mete rs  and t h a t  t h e  c o n d u c t i v i t y  c f  t h e  upper  few me te r s  

i s  a  much lower v a l u e .  

The curve matches on which t h i s  mocel i s  based  a r e  

presen'i-d a s  F igu re s  6-4 th rough  6-9, iind a s  w e  can s e e  i n  

t h e  h igh  f requency curve  matches (6-8 iind 6-9) , t h e  b e s t  

f i t s  occur  f o r  a  marked g r a d a t i o n  i n  c o n d u c t i v i t y  f o r  t h e  upper  

n ine  meters .  (Note t h a t  6-8 and 6-9 use  dep ths  of  6  and 4 

mete rs  f o r  t h e  upper  l a y e r . )  Our i n t e r p r e t a t i o n  of  t h i s  

v e r t i c a l  c o n d u c t i v i t y  p r o f i l e  i s  t h a t  t h e  r a p i d  i n c r e a s e  i n  

c o n d u c t i v i t y  i n  t h e  upper  n i n e  me te r s  is  due t o  an 

i n c r e a s e  i n  mo i s tu re  w i t h  dep th  t e r m i n a t i n g  i n  t h e  w a t e r  

t a k l e  a t  n i n e  meters  where no f u r t h e r  i n c r e a s e s  i n  

c o n d u c t i v i t y  a r e  d e t e c t e d .  We a l s o  i n f e r  from t h e  h i g h  

l e v e l  o f  c o n d u c t i v i t y  below n i n e  meters ( 0 . 1  s iemens/meter)  , 
t h a t  t h e  wa te r  t e n d s  t o  be b r a c k i s h .  

F o r  comparison with o u r  i n t e r p r e t a t i o n  of  t h e  City Well 

F i e l d  s i t e ,  we p r e s e n t  a s  F igu re  6-3b a smoothed s e t  o f  

w e l l  l o g  r e s i s t i v i t y  measurements t a k e n  nea r  o u r  test  s i t e  

and s u p p l i e d  by Walt Meyer o f  t h e  U.S.G.S. i n  E l  Paso,  Texas. 

C l e a r l y  ou r  model i s  c o n s i s t e n t  w i t h  t h e  d e p t h  t o  t h e  

watel  t a b l e  and the average  v a l u e  of c o n d l ~ c t i v i t y  o f  t h e  

l a y e r  of s o i l  d i r e c t l y  above t h e  wa te r  t a b l e .  Our 

assessment  of the c o n d u c t i v i t y  o f  the lower water 

s a t u r a t e d  l;...yer a p p e a r s  c o n s i s t e n t  w i t h  t h e  w e l l  l o g  t o  

approximately  70 meters beyond which t h e  U.S.G.S. d a t a  

i n d i c a t e s  t h a t  t h e  c o n d u c t i v i t y  t e n d s  t o  d e c r e a s e  w i t h  

f u r t h e r  i n c r e a s e s  i n  dzpth. Thus,  w e  must  conc lude  t h a t  w e  
cou ld  n o t  d e t e c t  t h e  d e c r e a s e  i n  c o n d u c t i v i t y  w i t h  t h e  



f r equenc ies  and s e p a r a t i o n s  w e  used for d e p t h  sounding 
t h e  C i t y  Well F i e l d  site. Wait and F u l l e r  (1972) 

have d e s c r i b e d  a n a l y t i c a l l y  th is  l i m i t a t i o n  i n h e r e n t  i n  t h e  

i n d u c t i o n  sounding t echn ique  when a t t empt ing  t o  d e t e c t  

deep r e s i s t i v e  l a y e r s  o v e r l a i n  by more conduct ive  l a y e r s .  

However, a l though  w e  were unab le  w i t h  o u r  f e a s i b i l i t y  tes t  

i n s t r u m e n t a t i o n  t o  d e t e c t  the presence  of t h e  r e s i s t i v e  

zone below 70  meters, we were a b l e  t o  d e t e c t  the 

c o n d u c t i v i t y  c o n t r a s t  a t t r i b u t a b l e  t o  t h e  presence  of 

ground water .  
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6 . 5  Santq Teresa Mesa Resu l t s  

Applying t h e  i n s p e c t i o n  technique  Outl ined i n  

S e c t i o n  6 . 2  t o  t h e  Santa Texesa Mesa d a t a ,  we can r e a d i l y  

i n f e r  t h a t  t h e  average v a l u e  of c o n d u c t i v i t y  a t  t h e  mesa 

s i te  t ends  t o  i n c r e a s e  w i t h  d e p t h  (Figures  6-10 and 6-11), 

W e  no te  i n  the Mesa d a t a  t h a t  t h e  r a t i o  curves  between t h e  

s e p a r a t i o n s  of  100 t o  200 meters tend t o  merge on a s i n g l e  

curve  from which a  c o n d u c t i v i t y  of 0.05 can be i n f e r r e d  by 

matching a  ha l f  space model t o  t h e  d a t a  curves.  Thus, w e  
can assume t h a t  a  l a y e r  of conduc t iv i ty  0.05 siemens/meter 

exists a t  a  depth  much less than  100 meters .  For ranges  

less t h a n  100 meters, t h e  d a t a  cu rves ,  though ill d e f i n e d ,  

seem t o  approach a conduc t iv i ty  of 0.01 siemens/meter o r  less 

and w e  can  deduce t h a t  t h e  l a y e r  t h i c k n e s s  must be l e s s  

than  25 meters, s i n c e  the upper l a y e r  ha l f  space asymptote 

i s  n o t  even approached a t  t h e  s e p a r a t i o n  of 25 meters and 

t h e  f requenc ies  of 7000 and 16000 h e r t z .  Addi t iona l ly ,  w e  

can see t h a t  f o r  s e p a r a t i o n s  g r e a t e r  than 200 meters, t h e  

r a t i o  d a t a  curves  aga in  tend t o  t r a n s l a t e  t o  t h e  l e f t  

i n d i c a t i n g  a t h i r d  l a y e r  of  h igher  c o n d u c t i v i t y  below t h e  

0.05 siemens/meter l a y e r .  
Matching ha l f  space curves t o  t h e  d a t a  f o r  l a r g e  

s e p a r a t i o n s ,  we i n f e r  a  t h i r d  l a y e r  conduc t iv i ty  of 

0 .1  siemens/meter o r  l a r g e r .  We a l s o  i n f e r  t h a t  t h e  t h i r d  

l a y e r  i s  a t  a  depth of t h e  o r d e r  o f  100 meters .  We can 

make t h i s  in fe rence  because,  f o r  a  conduc t iv i ty  of 0.05, 

t h e  s k i n  depth i n  t h e  second l a y e r  i s  about 70 meters  a t  

400 h e r t z  and about 170 meters a t  60 h e r t z  ( t h e  two lowest 

t e s k  f requenc ies )  and it would n o t  be p o s s i b l e  t o  sense  

t h e  t h i r d  l a y e r  a t  a l l  a t  depths m a t e r i a l l y  g r e a t e r  than  

t h e  s k i n  depth i n  t h e  second l a y e r .  



we aga in  p l o t t e d  our  t h e o r e t i c a l  models i n  t h e  forms of 

magnitude r a t i o  and phase d i f f e r e n c e  v e r s u s  range us ing  t h e  

parameter va lues  deduced w i t h  our  i n i t i a l  i n s p e c t i o n  

technique  and compared our  model cu rves  wi th  t h e  d a t a .  

We found t h a t  on ly  60 h e r t z  was d i a g n o s t i c  of t h e  

depth  t o  t h e  t h i r d  l a y e r  whereas t h e  h igher  f r equenc ies  

were most d i a g n o s t i c  of t h e  upper l a y e r .  A f t e r  performing 

s e v e r a l  parameter i t e r a t i o n s ,  we deduced t h e  t h r e e  l a y e r  

model i l l u s t r a t e d  i n  F igure  6-12. The curve  matches on 

which t h i s  model i s  based a r e  presented  a s  F i g u r e s  6-13 

through 6-18. We i n t e r p r e t  t h e  upper t h i n  l a y e r  t o  

r e p r e s e n t  f a i r l y  d r y  s o i l ,  t h e  middle l a y e r  t o  r e p r e s e n t  

moist hilt no t  sa turahed s o i l ,  and t h e  lower l a y e r  t o  

r e p r e s e n t  s a t u r a t e d  s o i l  o r  t h e  t o p  of t h e  water  t a b l e .  

Our i n t e r p r e t a t i o n  compares favorably  wi th  d a t a  from nearby 

w e l l s  f o r  which dep ths  of 93 t o  102 meters t o  t h e  water 

t a b l e  a r e  r epor ted  by Walt Meyer of t h e  U.S.G.S. i n  

E l  Paso. Addi t iona l ly ,  t h e  conduc t iv i ty  v a l u e s  w e  
deduced f o r  t h i s  s i t e  a r e  c o n s i s t e n t  w i t h  t h e  average 

conduc t iv i ty  va lues  f o r  t h e  upper 100 meters as  repor ted  

by Zhody (1969) f o r  tes t  sites i n  t h e  E l  Paso a r e a .  
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Figure 6-13. Model Curves Compared with Santa Teresa Mesa Data: 
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Figure 6-17. Model Curves Compared with S a n t a  T e r e s a  Mesa Data: 
7000 Hertz. 
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Figure 6-18.  Model Curves Compared w i t h  Santa Teresa  Mesa Data: 
16000 Hertz .  
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6 .6  Curve Match!.ng S e n s i t i v i t y  

To c l e a r l y  i l l u s t r a t e  how w e l l  our  model curves f i t  

t h e  d a t a  cu rves ,  w e  now p r e s e n t ,  a s  Figure  6-19 through 

6-21, o v e r l a i n  model curves  represen t ing  t h e  e f f e c t s  of  

pe r tu rb ing  t h e  parameters  0 1 ,  0 2 ,  and d i n d i v i d u a l l y  a t  

a  source frequency of 1000 Hertz.  W e  should n o t e  t h a t  

w e  u s t ?  t h i s  i t e r a t i v e  process  of varying one parameter 

a t  a  t ime throughout our  s tudy i n  o r d e r  t o  o b t a i n  t h e  

b e s t  p o s s i b l e  f i t  t o  t h e  d a t a  wi th in  t h e  l i m i t s  o f  our  

i n i t i a l  assumptions. 
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Figure 6-19 .  Model Magnitude Ratio and Phase Difference versus 
Raiige a t  1000 Hertz, with Variations i n  Depth (d) . 
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Figure 6-20. Model Magnitude Ratio and Phase Difference versus 
Range a t  1000 Hertz, with Variations i n  the  
Conductivity of the Upper Layer ( o l ) .  
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7.0 Recommendations 

There seen-,; now to be little doubt that the inductive 

coupling technique can be developed into ;A practical system 

for the quick and definitive determination of subsurface 

conductivities at depths extending to a few hundred meters. 

And, because subsurface water in arid regions usually 

results in sharp conductivity contrasts that are 

particularly easy to detect, this technique shows promise 

as a useful. tool for mapping large regions in order to 

identify specific places from which subsurface water might 

be recovered economically. 

Work which needs to be done to bring this system to 

fruition includes extension of the theory to 

nonhom(~gene0us si tuati@ns, the development of rapid 

interpretation procedures suitable for real tine use in the 

field, the fabrication of automated operational hardware, 

and field tests designed to test the system thoroughly 

in a realistic environment. These various items are 

discussed below. 

7.1 Theoretical Analysis 

We chose to conduct the initial feasibility test in a 

geologically simple area where the subsurface structure 

was known to be homogeneous and isotropic, and to have 

only two or three layers. This made possible several 

simplifying assumptions in the theoretical work which, 

consequently, may not be applicable to all areas of 

potential interest. 

The theoretical work should be continued, thsrefore, 

in order to generalize the theory to more complicated 

geological structures having many layers that are not 

uniform, and to structures better characterized by 



cont inuous  q r a d a t i n n s  of  c o n d u c t i v i t y  r a t h e r  t h a n  

d i s c r e t e  l a y e r s .  

A d d i t i o n a l l y ,  i n  ou r  d a t a  i n t e r p r e t a t i o n  and a n a l y s i s  

w e  used a  l a r g e  computer f a c i l i t y  t o  make l eng thy  (and 

expens ive)  numerical  i n t e g r a t i o n s  i n  order  t o  g e n e r a t e  

s p e c i f i c  model cu rves  which we then  compared w i t h  p l o t s  of 

t h e  exper imenta l  d a t a -  This  forward,  cu rve  matching,  

procedure i n i t i a l l y  had g r e a t  auvantage because it 

i l l u m i n a t e d  some d i s c r e p a n c i e s  and b i a s s e s  i n  t h e  d a t a ,  it 

direct:; o u r  e f f o r t s  toward t h e  s e l e c t i o n  o f  r easonab le  

models, and it enabled u s  t o  make judgements a b u t  t h e  

v a l i d i t y  of some approximations and about  t h e  r i g o r  w i t h  

which numerical  computat ions had t o  be performed. 

Howe7er, u s ing  a  l a r g e  computer t o  g e n e r a t e  s p e c i f i c  

model cu rves  which a r e  l a t e r  compared w i t h  t h e  exper imenta l  

d a t a  obvious ly  i s  n o t  a  long t e r m  s o l u t i o n  t o  t h e  problem. 

The procedure is cumbersome and does  n o t  make e f f i c i e n t  

use  of  t h e  computer c a p a b i l i t i e s ;  it r e q u i r e s  a  g r e a t  d e a l  

of i n t u i t i v e ,  and s u b j e c t i v e ,  manual i n t e r v e n t i o n ;  and it i s  

c l e a r l y  no t  s u i t a b l e  f o r  r e a l  t i m e  d a t a  i n t e r p r e t a t i o n  i n  

t h e  f i e l d .  

Work needs t o  be done i n  t h i s  a r e a ,  t h e r e f o r e ,  t o  

develop d i r e c t  d a t a  i n v e r s i o n  t echn iques  ( a s  o u t l i n e d  i n  

Appendix C), t o  s j .mplify t h e  numerical  c a l c u l a t i o n s  (as 

o u t l i n e d  i n  Appendix B)  , t o  g e n e r a t e  c a t a l o g s  of  cu rves  

and t o  i d e  t i f y  s p e c i f i c  f e a t u r e s  of t h e  d a t a  y i e l d i n g  

r a p i d  approximations to  t h e  subsur face  c o n d i t i o n s .  And, 

impor tan t ly ,  t h i s  a d d i t i o n a l  t h e o r e t i c a l  work i s  needed t o  

he lp  d e f i n e  system o p e r a t i n g  procedures  t h a t  maximize t h e  

amount of  i n t e r p r e t a b l e  d a t a  c o l l e c t e d  w i t h  a  g iven  

expend i tu re  o f  t i m e  and e f f o r t  i n  t h e  f i e l d .  



7 . 2  Opera t ional  Procedure 

The u l t i m a t e  SWEEP system w i l l  employ two s e l f - p r o p e l l e d  

v e h i c l e s ,  one c a r r y i n g  t h e  source  and one c a r r y i n g  t h e  

d e t e c t o r ,  which can move i n d ~ ~ e n d e n t l y  through a r eg ion  

t h a t  i s  t o  be mapped. 

With both  v e h i c l e s  stopped, d a t a  -an be c o l l e c t e d  i n  a 
form convenient  f o r  immediate i n t e r p r e t a t i o n  by sweeping 

t h e  s i g n a l  frequency o r  byvarying t h e  frequency i n  d i s c r e t e  

s t e p s .  Addi t iona l ly ,  d a t a  can be c o l l e c t e d  a s  t h e  

s e p a r a t i o n  between t h e  v e h i c l e s  i s  changed o r  a s  both  

v e h i c l e s  move simultaneously a long,  o r  p a r a l l e l  t o ,  a 

t r a v e r s e  l i n e .  

With t h i s  many degrees  of freedom, t h e r e  obviously i s  
oppor tun i ty  f o r  cons ide rab le  ingenuik; i n  dev i s ing  an  

optimua o p e r a t i o n a l  r o u t i n e  t h a t  pe rmi t s  t h e  r a p i d  

i d e i l t i f i c a t i o n  of a r e a s  of l i k e l y  i n t e r e s t  and t h e  

subsequent checking of p o s t u l a t e d  models. 

7.3 Equipment 

I n  prevlous  a t t empts  t o  e x p l o i t  t h e  inductivb, coupl ing  

prospect ing  technique ,  one of t h e  most d i f f i c u l t  hardware 

proble~, ; ,  and, indeed,  t h e  one which u s u a l l y  has  been an 
i n t o l e r a b l e  handicap, has  been t h e  implementation of a 
high power, v a r i a b l e  frequency,  source  power supply. To 

provide a l a r g e  enough system s ignal - to-noise  r a t i o  t o  

permit  measurements t o  dep ths  of t h e  o r d e r  of a few 

hundred meters it is  necessary  t o  d r i v e  t h e  source  coi l  
wi th  c u r r e n t s  i n  t h e  o r d e r  o f  50 amperes a t  power levels 
i n  t h e  o r d e r  of  15  k i l o w a t t s  a t  f requenc ies  ranging down 

t o  about  10 h e r t z .  

I n  Appendix E ,  w e  d e s c r i b e  a technique  f o r  s o l v i n g  

t h i s  problem. A switched source  s y n t h e s i z e r ,  developed 



f o r  another  purpose,  makes p o s s i b l e  a very e f f i c i e n t  

DC-to-AC i n v e r t e r  t h a t  c r e a t e s  a quas i s inuso id  by 

connect ing s t w a g e  b a t t e r i e s  i n  s e r i e s - p a r a l l e l  

combinations. Since t h e  f u l l  system ?ewer f o r  SWEXP is  

requi red  only  i n  s h o r t  s p u r t s ,  j u s t  long enough t o  o b t a i n  a 

datum p o i n t ,  t h e  s t o r a g e  b a t t e r i e s  can be recharged wi th  no 
d i f f i c u l t y  from a modest s i z e d ,  continuously r u n i ~ i n g ,  prime 

power source  such a s  n g a s o l i n e  d - i v e n  a l t e r n a t o r .  The 

switched source s y n t h e s i z e r  t.echnique desc r ibed  i n  

Appendix E, t h e r e f o r e ,  makes t h e  smal l ,  high powex, low 

frequency,  2ortabl .e  power source  a p r a c t i c a l  r e a l i t y .  

As p a r t  of  a n  o p e r a t i o n a l  system, w e  s h a l l  need a 

coherent  de t ,?c tor  of a form s i m i l a r  t o  t h a t  used i n  t h e  

i n i t i a l  f e a s i b i l i t y  t r i a l s ,  and a t e l emet ry  l i n k  t o  ensure  

t h a t  t h e  source and d e t e c t i n g  v e h i c l e s  o p e r a t e  i n  unLson. 

These items, however, r e q u i r e  no t echno log ica l  advances 

b u t  can be imp1e.-.-ented r e a d i l y  w i t h  e x i s t i n g  hardwa*'e 

techniques .  

7 . 4  F i e l d  T r i a l s  

To d a t e ,  w e  have obta ined f i e l d  d a t a  only from t w o  

sites near  E l  Paso, Texas. Tnis  evperience should be 

extended a s  soon a s  p o s s i b l e ,  p r e f e r a b l y  Sy progress ing  

from a r e a s  wi th  w e l l  known geology t o  surveys of t h e  

unknown. 

Experience dur ing  t h e  i n i t r s l  feasibility test  showed 

(once aga in )  t h a t  a g r e a t  d e a l  of time can bs wastad 

f i x i n g  engineer ing  problcms i n  t h e  f i e l d .  For trds reason 

t h e  f i e l d  t r i a l s  should be conducted wi th  a veil engineered ,  

r e l i a b l e ,  system i,%t 1~~1s been thcroughly t e s t e d  pr;or t o  

t h e  a c t u a l  field t r i a l s .  P r e s e n t l y  w e  t h i n k  that we 

should instrument  a paiz of tw.?hicles, me  f o r  the sobrce  

and one f o r  t h e  recel .vcr ,  an0 porZom, t h r e e  l o c a l  



shakedqwn eng inee r ing  tests b e f o r e  embarking on  full 

scale f i e l d  trials elsewhere. 
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Appendix A; Mult i layer Analysis 

I n  chapter 4 w e  described t h e  ana lys i s  and c a l c u l a t i o n  

of t h e  magnetic f i e l d  induced by a magnetic d ipo le  over a 

two l aye r  ea r th .  The mathematical procedures of Chapter 4 

of matching boundary condi t ions  f o r  t h e  Hertz vector  and 
solving simultaneous equat ions  f o r  t h e  re f lec t ionend  
transmission c o e f f i c i e n t s  could be extended t o  three o r  

more layers. However, a simpler approach is t o  put  t h e  

wave equations i n t o  t h e  form of t ransmiss ion l i n e  equat ions ,  

considering each l aye r  as a cascaded segment of a 
transmission l i n e .  

Ward (1967) appl ied the t ransmiss ion l i n e  analcgy t o  a 
loop over a mul t i l ayer  medium and h i s  r e s u l t s  are l i s t e d  

below. 



As i n  equations ( 4 . 1 9 )  and ( 4 . 2 0 )  we can write 
expressions fop HZ and H for a current loop on a r 
multilayered conducting earth, a s  shown i n  Figure 4 -1 ,  
i n  the forms: 

03 

and : 
03 

- -Xz ' r k j  R ( A )  1' J l ( h r )  e dA (e +iot i m p l i e d )  (A. 2) 

I here: 

Z1 + K1 tanh aldl 
= K1 0 K1 + Zl tanh aldl 

Zn + Kn tanh andn z - - 
n- 1 Kn Kn + Z n  tanh and, 

(A. 3) 

(A. 4 a )  

(A. 4 b )  

where Ki is the characterist ic  impedance of eac:? layer 
and is represented by the equation; 

where : 
1 -.. 

a i = (12 + ioipOw) 

( A *  5) 



Thus we have presented expressions for the magnetic 

field components induced by a magnetic dipole (current 

loop) over a multilayered earth. These expressions can 
I 

I 
be solved numerically using the techniques of section 4.3. 

However, for future work we propose the use of the simpler, 

less costly, numerical technique described in Appendix B. 



Appendix B: I n t eg ra l  ~ p p r o x h a t i o n  

We r e c a l l  from Appendix A t h a t  the mult i layer  

i n t e g r a l  forms f o r  t h e  magnetic f i e l d  Hz and HI can be 

wr i t t en  as: 
m 

Madden (1974) has s impl i f ied  t h e  numerical i n t eg ra t ion  of 

equations of these  £ o m s  by def in ing  t h e  kernel  R ( X )  i n  t h e  
series form: 

where bi a r e  a p rese lec ted  sat  of c o e f f i c i e n t s  t h e  
spec i f i ca t ion  of which i s  based on t h e  expected range of 

values  of X f o r  a given source rece iver  separat ion and 

conductivity-layering model. 

NOW, we can w r i t e  HZ ( o r  s imi l a r ly  H r )  i n  t h e  form: 
m 



Reversing the order  of  i n t e g r a t i o n  and summation w e  have: 
00 - ( b p z )  A 

a I e  J, (Ar) d l  
i az2 

0 

and if we de f ine  the elements of  t h e  vec tor  a as si and 
the vec tor  c as ci where: 

we can write: 

The next  s t ep ,  then,  is  t o  determine t h e  vec tor  a.  
Reca l l ing ,  from B. 3,  that t 

and making t h e  approximation t h a t  t h e  continuous funct ion 

R ( A j  can be represented by a d i s c r e t e  set of R ( A . )  which 
1 

span t h e  necessary range of va lues  of A for an accura te  
approximation t o  the i n t e g r a l ,  w e  can write: 



and in matrix notation: 

To find the vector a we premultiply both sides of 

equation (8.9) by B = ( B * ) ~  such that: 

%R = 3 ~ n  (B. 10) 

and : 

a = (BB)-' BR 
where : 

B* is the conjugate of B 

B = (B*)' is the transpose of B* 

and the use of 8 insures a unique matrix inversion to 
find a. 

Accordingly we can write: 

(B. 11) 

Thus, we have a least squares approximation to the solution 

of the forward problem which can be used to reduce 

computation time drastically. An additional ahtraction to 

this shortcut integration approach is that much of the 

computation can be reused for the calculations of the data 

derivaLives necessary for the implementation of the 
invasion scheme described in Appendix C. 



Appendix C: Data Inversion 

Data inversion is an iterative process in which 
perturbations in the parameters of a theoretical model are 

used to minimize, in the least squares sense, differences 

between the calculated model values and thc actual data. 

If the theoretical model closely approximates the 

physical situation, we can write: 

Iiz (measured) = HZ (model) ) + - (pi - p (model) (C. 1) 
ap 4 

.b 

where (pi - p(mode1)) are the variations from tLs original 
model necessary to fulfill the equality of (C.l), or in 

matrix form: 

AII = Hz(measured) - Hz (model) 

and in the equal parameter weighting form: 
/ '  
.HZ (measured) a (en HZ (model, ; 7- - Pen pi 
[Hz 

(mode 1) 
(C . 3 )  I a (in pi) 

where pi represents the i rlnknown parameter values of the 

model. Consequently, we havz a set of equations in the 

matrix form 

where y represents the variations in ':he parameters 

d the difference between observed and calculated HZ 

and A the general m by n sensitivity matrix of the 
partial derivatives of the model equatians with 
respect to the unknown parameters. 



We wish t o  f i n d  y f o r  which d goes t o  z e r o  o r  a 

minimum. Thus, wc need t o  f i n d  t h e  g e n e r a l i z e d  i n v e r s e  of 

A i n  terms of a set of  ncn-zero e igenvalues .  

Following Professor  Maddents course  no tes  (19741, w e  
f i n d  t h e  g e n e r a l i z e d i n v e r s e  t o  be of t h e  form: 

where E i s  t h e  u n i t  x a t r i x  and G i s  an  a r b i t r a r y  b i a s  term 

necessary t o  prevent  overemphasis of nea r  ze ro  
e igenvalues  o f  #A. 

B r i e f l y ,  t h e  above i n v e r s e  formula t ion  c i rc tmven t s  
invars ion  d i f f i c u l t i e s  due t o  smal l  o r  z e r o  e igenvalues  

ana squelches  non-unique and incompatible  s o l u t i o n s ,  The 
determinat ion  and i t e r a t i o n  of the e igenvalues  of  t h e  

matr ix  X i s  t h e  key f a c t o r  i n  t h e  r e a l i z a t i o n  of d a t a  
i n v e r s i o n ,  s i n c e  a s  w e  change y t o  minimize d ,  t h e  matr ix  

A a l s o  changes, W e  s h a l l  show now t h a t  much of t h e  
c a l c u l a t i o n  of the s e n s i t i v i t y  ma t r ix  h a s  a l r e a d y  been 

accomplished i,n t h e  s o l u t i o n  t o  t h e  forward problem as 

c a l c u l a t e d  i n  X;rpendix B. 

C . 1  S e n s i t i v i t y  Matrix C a l c u l a t i o n s  

Recal l ing  f ron  Appendix A t h a t  t h e  v e r t i c a l  magnetic 

f i e l d  Hz can be represen ted  as: 
05 



and no t ing  t h a t  a l l  ,he informat ion  f o r  t h e  p a r t i a l s  of  

HZ with  r e s p e c t  t o  t h e  unknown para-neters oi and di i s  i n  

t h e  k e r n e l  R( A )  , 1.- can write: 

where pi r e p r e s e n t s  t h e  unknown parameters  oi and di. 

Recal l ing  from Appendix B t h a t :  

we can write t h e  approximate s e n s i t i v i t y  ma t r ix  as: 

Thus, f o r  each forward problem s o l u t i o n  w e  can .-eadily 

detez,..ine t h e  corresponding s e n s i t i v i t y  ma t r ix ,  i f  w e  can  

a n a l v ~ ' i i c a l l y  determine t h e  p a r t i a l s  of R ( A )  w i t h  r e s p e c t  

t o  t h e  parameters  di and ai. 

Ins tead  of f i n d i n g  t h e  p a r t i a l s  of R ( h )  d i r e c t l y ,  w e  
s h a l l  f i n d  t h e  p a x t i a l s  of 1+R(T) which i s  a  s impler  form 

t o  d i f f e r e n t i a t e .  W e  s h a l l  show t h a t  t h e  p a r t i a l  

d i f f e r e n t i a l s  can be p u t  i n  a  s imple  r e c u r s i v e  form so that 

t h e  p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  t o  any l a y e r  t h i c k n e s s  

o r  c o n d u c t i v i t y  may be found e a s i l y .  



C.2 Recursive D i f f e r e n t i a l s  

Recalling from Appendix A t h a t :  

and d i f f e r e n t i a t i n g  with respec t  t o  t h e  layer  th ickness  dl, 

we f ind  

- z 2 )  (sech2 a ld l )  - - 1 

I 
(C. 10) 

+ ZI tanh ~ l d l ) ~  

S?e can deduce immediately from equations (C.  10) and ( A .  4 )  

t h a t  t h e  general  expression f o r  31;i/3di+l i s  of t h e  form: 

(C. 11: 

Noting t h a t  w e  can put  t h e  p a r t i a l  d e r i v a t i v e  of R ( X )  with 

respec t  t o  any layer  (i+l) i n  t h e  form: 

dQ 

(C. 12) 

we see t h a t  a genera! form of t h e  p a r t i a l s  aZi /aZi+l  i s  
necessary t o  a?.llow a genaval expression f o r  t h e  p a r t i a l s  

of R ( X )  with respec t  tu layer thicknesqes. 



Noting that we can write the partial of ZO with 
respect to Z1 in the form: 

azo - Ki2 (1 - t a w  'aldl) 
- -. 

(K1 + Z1 tanh aldl) 

and again inspecting equation (A.4), we can easily deduce 

the generalization of ((2.13) as: 

"i+l ( K ~ + ~  + z ~ + ~  tanh ai+l di+l) 
( C .  14) 

Accordingly, we can write equation (C.12) in the general 
form: 

- i ~l(l - tanh 'ai di) - 7 
i=l (Ki + Zi tanh aidi) 2, 



Thus, using t h e  above recurrence xe la t ionahips  f o r  t h e  

p a r t i a l s  of R ( 1 )  with  r e spec t  t o  di, we can r ead i ly  

determine all t h e  d e r i v a t i v e s  of di.  

Recurrence r e l a t i onsh ips  f o r  t h e  p a r t i a l  d e r i v a t i v e s  

of R ( X )  with respec t  t o  t h e  conduc t iv i t i e s  o,  can be 
A 

s imi l a r ly  obtained wi th  t h e  r e a l i z a t i o n  t h a t  oi i s  

imp l i c i t  i n  t h e  c h a r a c t e r i s t i c  impedances Ki as wcll  as 

the  p o r t  impedances Zi. 

The so lu t ion  posed here in  should reduce t h e  amount of 

computer t i m e  necessary f o r  t h e  invers ion of d a t a  f o r  t h e  

simple geologic case  of one dimsnsional layering.  However, 

more work must be done t o  determine t h e  interdependence of 

and di and t h e  optimum i t e r a t i v e  scheme f o r  achieving i 
da ta  inversion.  



Appendix D: The Image Approximation for a Multilayered 
Earth 

Wait (1969) and Weaver (1971) developed approximate 

solutions for the electromagnetic fields of a magnetic 

dipole over a conducting half-space. Earlier, Wait (1962 

and 1970) had developed expressions for a line sourceover 

a conducting layered medium. Additionally, Harrington 

'1973) suggested that the image approximation could be 

extended to the determination of the magnetic field of a 

magnetic dipole over a multilayered, conducting earth 

with the introduction of a "stratified image depth", alpha 

a. In this appendix, we shall outline the mathematicaJ- 

basis for Harrington's extension following the analyse:: of 

Wait (1962, 1969). We shall change our notation in this 

appendix to distinguish the ai of Chapter 4 from the image 

depth a. 

Consider a magnetic dipole of moment m at a height h 

above a multi-layered conducting earth spanned by the 

coordinate system ( r , z )  as illustrated in Figure D -1. 

Figure D-1. Magnetic Dipole Geometry. 



The q u a s i s t a t i c  solution for the Hertz potential fox  a  

magnetic dipole can be written in the form: 

where 

and A is a  variable of integration and for M layers (Wait, 

19621, ue is: 

Z2/K1 + tanh ulhl 
ue = u 

1 + ZZ/Ki tanh ulhl 

where: 
1 

2 t  = o2 + Y, 1 m = 0,1,2,3'**M 

y 2  = (io y u -  E p u21=i0 y u m m m m m m m 

for . 



Z m+ I 
+ \ tanh %\ 

2, = Km m 
Krn + ' m + l  tanh umhm 

and 

u u 
- - m - rn m 

I T -  

Km 0 + i u e  m m 'm 'm 

th and hm is the thickness of the m- slab. 

The najor contribution to the integral P in (El) occurs 

for values of h .of the order of { y / . Thus, for lrm / >> /yo 1 ,  
0 

equation (D .3) becomes : 

To this order of approximation 
1 - 

u = * ( h 2  + = e Ye 

and 

+ tanh ulhl 
tanh ulhl 

We cow follow closely wait's (1969) analysis to determine 

the image approximation to the Hertz potential I'. 



Consider t h e  Maclaurin series exphnsion of t h e  

express ion :  

a h  Ue 
- A  co 

i (A) = e = L a m h m  
ue + A  m=o 

where ct is t o  be determined and, 

Carry ing  out t h e  d e r i v a t i v e  o p e r a t i o n s ,  w e  f i n d  t h a t  

(D. 11) 

(D. 12) 

e t c .  By choosing a = 2/ye we f i n d  t h a t  a. = 1, 
5 

a =0 ,  a =0 ,  1 2 a 3 a4=0, as= - 1 ! a6=@) 640/6  ! , 
e t c .  

Thus: 

and: 

a 2X3 -X(a - z + h) 
p = +  ! ( I + - -  + o o o )  J0(hp)e (D. 15) 

2 3 !  
j 

where Ra 
2 4 = (r2 + ( h  + u - z) ) 



F o r  G,>>E~U and pO=um for all rn, w e  can r e p r e s e n t  a as: 

i 6 
2 

tan!i > ( l + j ) b  ) +  R I  b 
a = 2y = 6 (1 - j) 1 / 1 

e I h I h (D. 1 7 )  
t 1 + R2 -$ t a n h -  ( l+ j )$ :  

2 - 1 - 

where: 

J R 1  = - 
1 + R2 t anh  . (l+j)g) 

and : - 
%!. 6 ~ + 1  

tanh  (l+j)q;+ RM - - -  
- .- - 

Rb!- 1 ~ + 1  t a n h  , ( l + j  !& e 
For t h e  two layer case, h 2  + and + 62. Thu.e; 

and : 

(D. 2 0 )  

h l 1  + & tanh { ( l + j )  b;i 



AS shown i n  Chapter 4 ,  w e  can write: 

and 

(D. 22) 

Retaining only the f i r s t  term of t h e  Maclaurin seri+ 
expansion i n  equat ion 0 1 5 )  and normalizing t h e  magnetic 
f i e l d s  by mul t ip lying Hr and HZ by 4 n r 3 / m ,  w e  f i n d  
express ions  f o r  t h e  normalized "imageN f i e l d s  near the 

sur face  t o  bet 

32 3 ( a / r )  H g - -  + H.O.T. (neglected) (D. 23) 
r il + ( a / r )  i 1 s / z  

2 ( a / r )  H z 1- ,2  + H.0.T. (neglected) z 5 /  2 
(D. 24) 

;1 + ( a h ) ;  

Noting t h a t  t h e  higher o rder  neglected terms conta in  
express ions  of t h e  form (I) : 

w e  can r e a d i l y  deduce t h a t  equat ions  (D .23) and (D. 24)  are 

accura te  desc r ip t ions  o i  t h e  magnetic f i e l d  i n t e n s i t i e s  
only  f o r  rangas l a r g e  wi th  r e spec t  t o  t h e  r e a l  p a r t  of a ,  

i .e., r>>Real  a. Graphically comparing t h e  express ions  ,ar 
the  "image" f i e l d s  wi th  those  of t h e  exac t  i n t e g r a l  f i e l d s  
f o r  the H r  component (Figure  D-2 ) ,  w e  note  t h a t ,  when t h e  
source is on o r  near t h e  sur face  of t h e  e a r t h ,  t h e  image 
formulation f o r  t h e  magnetic f i e l d  near t h e  sur face  is 
accura te  w i th in  10% only f o r  r > 7 ~elal and i s  not  of much 
p r a c t i c a l  use  i n  our  appl ica t ion .  



i o n  

HALF SPACE, z = 0 

I n d u c t i o n  Number ( r / h )  - 
Figure D - 2 .  Comparison of Hr f o r  lnteqral 

and Image f o r m u l a t i o n s .  



Appendix E: Switched Source Syn thes i ze r  

A p r a c t i c a l  implementat ion of t h e  SWEEP i n d u c t i v e  

coupl ing  geophys ica l  p rospec t ing  t echn ique  r e q u i r e s  t h a t  

t h e  source magnetic f i e l d  be  gene ra ted  w i t h  a  p h y s i c a l l y  

smal l  c o i l  t h a t  can  be deployed e a s i l y  o r ,  p r e f e r a b l y ,  can  

be mounted permanently on a  smal l  v e h i c l e .  But,  t o  pe rmi t  

examinat ion of  s t r a t a  t o  d e p t h s  of t h e  o r d e r  of  a  few 

hundred meters  we must u s e  a  source  w i t h  a  x a g n e t i c  moment 
2 of t h e  o r d e r  of l o 4  amperes-turns-meters . P r a c t i c a l l y ,  w e  

need c u r r e n t s  of t h e  o r d e r  of 50 amperes and power of  t h e  

o r d e r  of  1 5  k i l o w a t t s .  

For some t ime now work has  been proceeding on t h e  

development of a n  a l l  s o l i d  s t a t e  h igh  power DC-to-AC 

i n v e r t e r  f o r  ano the r  a p p l i c a t i o n  which a l s o  happens t o  

r e q u i r e  c u r r e n t s  and powers of t h i s  o r d e r .  And t h i s  work 

has l e d  t o  t h e  development of novel  techniques' ' '  which 

a l low h l 7 h l y  e f f i c i e n t  s y n t h e s e s  of  v a r i o u s  waveforms, 

includi,-q s i n u s o i d s ,  d i r e c t l y  from s t o r a g e  b a t t e r i e s .  

The concept  f o r  t h e  switched source  s y n t h e s i z e r  i s  

shown i n  F igure  E-1. The c o n f i y u r a t i o n  a'lows v a r i o u s  

combinations of b a t t e r i e s  t o  be connected s e q u e n t i a l l y  i n  

s e r i k z  t o  g e n e r a t e  a  t i m e  vary ing  vo l t age .  I n  t h e  

i l l u s t r a t i o n ,  t h e  b a t t e r y  v o l t a g e s  a r e  V /2 ,  V / 3 ,  and 
P P 

V / 6 ,  r e s p e c t i v e l y ,  and when t h e  b a t t e r i e s  a r e  connected 
P  

:.n a proper  L i m e  sequerice, t h e  arrangement 

g e n e r a t e s  a  q u a s i s i n u s o i d a l  waveform a s  shown i n  

F igure  E-2. 

(1) R.H. Baker and L.H. B a n n i s t e r ,  " E l e c t r i c  Power Conver t e r " ,  
P a t e n t  Pending. 



Concept of Switched Source Synthesizar Used for 
Generation of Quarisinueoid. 



+ POLARITY  

F i g u r e  E - 2  

S i x - s t e p  Approximation to a Sinewave 





There a r e  severa l  interesting technica l  f ea tu re s  of a 
switched source synthesizer  t h a t  make it q u i t e  a t t r a c t i v e  

as a DC t o  AC inver te r :  

a. For t h e  s inusoidal  waveform shown i n  Figure E-2, 
not  only is  t h e  t o t a l  harmonic d i s t o r t i o n  small 

(6%), but  i n  addi t ion ,  t he  major components of 

d i s t o r t i o n  a r e  concentraced a t  t h e  higher harmonic 

frequencies.  Figure E-3 shows t h e  r e l a t i v e  
magnitude of t h e  var ious  harmonic components f o r  

a s ix -s tep  s inusoidal  approxitt~ation. The l a r g e s t  
component of d i s t o r t i o n  (3%) occurs a t  t h e  35 t h  

hannonic which i s  easy t o  f i l t e r  from the  
fundamental. 

b. Any frequency from near zero t o  severa l  

k i l ohe r t z  can be generated with constaqt  

amplitude and harmonic d i s t o r t i o n  because t h e  
i n v e r t e r  does not  use a transformer.  

c.  The switrhed source synthesizer  is  inheren t ly  

e f f i c i e n t  because it is  a nonlinear system and 

t h e  t r a n s i s t o r  switches a r e  never operated i n  
t h e  l i n e a r  region of simultaneous high vol tage 

and high current .  This high power e f f i c i ency  

(r1>95%) allows c i r c u i t  packaging i n  compact 
form which i n  t u r n  leads  t o  l i g h t  weight 

por tab le  equipment. 

W e  be l ieve  t h a t  the switched source syn thes izer  
conf igurat ion combinee t h e  f ea tu re s  of p o r t a b i l i t y ,  high 

e f f ic iency ,  and low harmonic d i s t o r t i o n  over a wide 

frequency range, which make it an almost i d e a l  source f o r  

our SWEEP induct ive  coupling geophysical probing technique. 
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