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ABSTRACT

An on-line adaptive technique 1s developed to provide a self-
contained redundant-sensor navigation system with a capability to
utilize its full potentiality in reliability and performance The gyro
navigation system is modeled as a Gauss-Markov process, with degra-
dation modes defined as changes in characteristics specified by para-
meters associated with the model The adaptive system is formulated
as a multistage stochastic process: a detection system, an identification
system and a compensation system It is-shown that the sufficient statis -
tics for the partially ohservable process in the detection and identification
system 1s the posterior measure of the state of degradation, conditioned

on the measurement history

A suboptimal detection system in the class of linear systems of
Wald's sequential analysis is developed The detection system 1s formu-
lated as a combined control and decision problem by use of the concept
of information value for detection and feedback of the uncertainty infor-
mation of degradation indicated by the posterior measure The suboptimal
control law 1s shown to be determained by a constant threshold number If
the posterior measure is less than the threshold, the control corrects to
the threshold Otherwise no control is used. The developed system 1s
very simple for on-line implementation The system shows remarkably



close performance, expressed as mean time delay in detection under
the constraint of a specified mean time between two false alarms, to
that of the non-linear optimal detection system Moreover, the system
can detect the degradation with simultaneous identification of its un-
known polarity, which is shown to be an important piece of information
for efficient isolation of the degraded instruments

It is shown that the detection process can be effectively constructed
on the basis of a "design' value, specified by mission requirements, of
the unknown parameter in the real system, and of a degradation mode in
the form of a constant bias jump. An invariant transformation is derived
to eliminate the effect of nuisance parameters in the identification system
It 1s shown that the ambiguous multi-class identification process can be
transformed into a set of pairwise disjoint simple hypothesis tests A
technique of decoupled bias estimator is applied in the compensation sys-
tem such that the adaptive system can be operated without any complicated
recorganization
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CHAPTER 1

Introduction

1 1 Background

Adaptation, as the ability of self-adjustment in accordance with chang-
ing conditions of environment or structure, is a fundamental attribute of
living organisms With the advance of technology considerable interest has
been shown in the design of machines with the desirable atiribute of adap-
tvity The concept of adaptive systems has found applicability in diverse
areas of communication, control, reliability and pattern recognition The
historical survey of the development of adaptive systems can be found in
extensive references and will not be undertaken here Instead, a brief
review will be presented from the point of view of methods of achieving

adaptivity which have been discussed in the literature

A simple feedback system with a high gain in the forward path may
operate quite adequately in a changing environment However, such a sys-
tem may be more properly called insensitive or invariant rather than a-

daptive

Another approach to design the system with parameter adjustments
programmed against measured operating conditions For those systems
a rather comprehensive knowledge of the dynamic characteristics of the
controlled process as functions of 1ts operating environment is required
This information is often difficult and expensive to obtain The programmed

compensation is open-loop with respect to final system performance

More effective adaptive systems employ some measure of the system
performance as a basis for adaptation The systems are provided with
the capability of self-momtoring their performance, and the self-adjustment
is closed-loop with respect to performance The adaptive systems in this

i0



class may be designed either by parameter adjustments to achieve some
specified characterization of its dynamic properties (e. g a specified
damping ratio of the system), or by direct computer control to achieve
an optimal performance criterion. The adaptive action usually consists

of three phases

(1) Measurements to indicate present performance or deviations

of performance from a desired or an optimal reference.

(2) Interpretation of the performance measurements to generate

an indication of necessary corrective action

(3) Adjustment of system parameters to drive the actual system

performance toward the desired performance

So far the concept of an adaptive system has been discussed in
rather vague terms, and there is no definition at present of an adaptive

(76)

the following defimition, which is a reasonable point of view with regard

system which meets with general acceptance. Tsypkin suggested

to adaptation for engineering systems.

A process will be called adaptive when the parameters and
structure (and, if necessary, the control signals) of a system
are adjusted so as to use an accumulation of incoming infor-
mation in such a way as to achieve some specified goal. This
goal is usually some kind of optimization of a system that is
initially poorly defined.

Adaptive system design is concerned with system models where a
great deal of uncertainty is involved. Thus the system must be treated
in such a way that one can learn about the nature of the unknown elements
as the process evolves. The multistage aspects of the process must be
made to compensate for the initial lack of information Secondly, the ob-
servable data will be of certain information patterns with imbedded fea-
tures The problems involved in choosing useful information and in ex-
pressing this information in reasonable analytic form are usually of great
subtlety and difficulty Thus the study and processing of information flow
in the adaptive system is of primary importance Finally, the adaptive
system must employ some criterion, usually some measure of optimality,

as a basis for adaptation

i1



The analysis of features of adaptive systems points out that the fech-
niques of modern decision, estimation, and optimization theory can be
used to effectively design the adaptive systems The theory of dynamic
programming, sequential analysis, conditional Markov processes and
pattern recognition can provide systematic techniques for formulating
problems and effective methods of solution of adaptive system design. As
a basis for further discussion, some significant results obtained by inves-
tigators in these areas will be briefly described

Formulation of the optimization problem as a multistage decision pro-

(6) He applied the well-known imbed-

cegs was accomplished by Beliman
ding technique of dynamic programming to derive the recursion formulas
which must be satisfied by the optimal decision rule The property basic
to applicability of dynamic programming is that decisions can be calculated
sequentially by achieving the decomposition of the original problem into

subproblems. Mitten(54)

has proved that the monotonicity and separability
conditions of the criterion functions are sufficient conditions for decom-

position

In his development, Bellman assumes that the system state is a Markov
process and that the state can be measured without error As a result of
these assumptions the optimal decision becomes a function of the known
state The concept of control (decision) of the system with partially obser~

vable data using the Bayesian approach has been discussed by Shiryaev (67)

The problem of designing an optimum closed-loop dual~control system
15 formulated by Feldbaum The controls are necessary not only fo
control the system to the required goal but also to invesiigate the character-
istics of incomplete information about the system  The concept of combined
optimization is fairly simple, but the required analysis is rather involved
However, in some cases? the combined optimization problem can be decom-
posed into separable stages A well-known result is the so-called separation
theorem for linear systems with quadratic eriferion and Gaussian input such
that the problems of estimation and control may be solved independently
In many cases suboptimal algorithms must be used A commonly used sub-
optimal scheme is the open-loop-optimal feedback control discussed by

Dreyfus(zo)

12



Sequential analysis is a method of statistical inference whose character-
istic feature is that the decision fo terminate the experiment depends, at
each stage, on the results of observations previously made (Blackwell and
Girshick(g)). The sequential probabilily ratio test, devised by Vi.f:ald(go)a
18 a particular method of sequential analysis For testing a simple hypothesis
against an alternative the procedure possesses the optimum property of
minimizing the expected sample size for specified error probabilities
Wald and Wolfowitz(SS) proved the optimum characier of the sequential
probability ratic test based on a Bayes:an formulation Some general re-
sults of sequential analysis are given by Whittle (85)

Dvoretzky et al (22)

, extended the discrete sequential theory of tes-
ting hypotheses to those problems about continucus stochastic processes
Darling and Siegert( 14) applied the solution of first passage times for homo-
geneous diffusion processes to problems in sequential analysis Aside from
the difficulty of justifying certain limiting operations, the conifinuous procedure

often leads to simpler analysis of the actual discrete process

While the {raditional problems of sequential analysis usually assume
that the unknown parameter does not change with time, the progress made
in the general theory of stochastic control processes with partial observa-
tions can deal with the case when this parameter is itself a random process
In this case the problem in sequential analysis can be considered as one in the
theory of stochastic control with the simplest control--choice of the moment
at which to stop observations, the problem of determination of optimal stopping
rules.

The theory of sufficient statistics for data reduction with the preserva-
tion of the information 1s of particular importance for the general theory of
adaptive processes A special interest in this aspect is concentirated on the
case when the system can be modeled as the Markov process In study of
Markov processes, if only some function of the state of a Markov process is
directly measured, the fundamental entity i1n system optimization problems
is the posterior conditional probability for the state given the observed mea-
surement history. The study of these posierior probabilities and their evo-
lution in time is the subject of the theory of conditional Markov process

13



There is extensive literature in the theory of Markov processes, for

73) and Skorokhod (72) It was shown

1
example, Doob, Stratonovich(
by Kolmogorov that the probability density of a continuous Markov system
obeys a partial differential diffusion equation, This result was formally

42)

Some results of stochastic differential equations of nonlinear filtering for
(88) (70) 4.

extended by Kushner( to systems with continuous noisy measurements

Markov jump processes are given by Wonham and Sharyaev
important problem arises in connection with the simulation of Ito stochastic
processes The problem of the convergence of ordinary integrals to the

Ito stochastic integral has been treated by Wong and Zakai. (89)

For discrete systems the theory of stochastic optimal control based
on the principles of dynamic programming is sufficiently established In
generalizing the theory to the continuous time system it is difficult to
prove the existence of the optimal control Kushner 44) and Fleming(zg)
considered continuous optimization problems for the case of completely
observable controlled diffusion processes, and presented results on the
existence, uniqueness and sufficient conditions of the optimal stochastic
controls. A theory of €-optimal controls for the intermediate system be-
tween cases of discrete system and continuous system has been discussed

by Stratonovich (73)

The results in pattern classification have found useful application in

control éystem design where a great deal of uncertainty is involved Ho
ot al (34) (71)

applications in automatic control There are essentially two fundamental

and Sklansky present a survey and analysis of this field for
problems in pattern classification, the characterization and the abstraction
problem The characterization problem can be simply but vaguely stated
as finding a transformation from the original pattern to a set of features
such that the feature sta:tes adequately characterize the original problem
for purposes of classification but with much smaller dimension The ab-
straction problem is the determination of a decision function of these fea-
tures based on the data of given patterns such that new samples of unknown
patterns can be reliably classified

Based on the level of uncertainty of information four types of available

data can be specified

14



(1) Functional form of the conditional density of features for the
classes is given to within the specification of a set of unknown
parameters

(2) The values of the parameters are also known.

(3) A set of traiming sample patterns of known classification 1s

given.

(4) Sample patterns of unknown classification are given; the de-
cision rule has to be determined only on the basis of observed
but unclagsified patterns.

The procedure to process the given data for calculating the decision
function of classification is known as training, adaptation, or learning
Depending on the types of available data, classification of algorithms
can be broadly divided into two groups, probabilistically based and non-
probabilistically based The main learning tool for the first group is the
recursive application of Bayes! rule, while that of the latter is the itera-

tive solution of an optimization criterion

An 1mportant and interesting application of adapiive systems 1s to im-
prove reliability of complex systems. One design philosophy to improve
reliability is to provide the systems with the capability for self-repair.
Based on the principle of ultra-stability proposed by Ashby, Tsien(75)
discussed the possibility of building into the system a certain adaptability
so that incidental and unexpected malfunction will automatically be corrected
for by(ié}g? control system itself without external human aid Whitaker and
bined with redundant control channels to improve the reliability of an air-
craft flight control system

Kezer discussed the use of the model reference adaptive system com-

15



1.2 Description of the Problem

The primary goal of this research is to develop a technique of adaptive
system design to improve reliability by detecting, identifying and compensa-
ting performance degradation of a system modeled as a Gauss-Markov pro-
cess.- In particular the approach attempts to illustrate the application of
modern system optimization theory to adaptive sysiem design The designed
adaptive system is applied to a self-contained redundant-sensor navigation sys-
tem intended for use in long duration planetary space flight missions

1.3 Summary of Contents

Chapter 2 treats the modeling of the problem The configuration of
the redundant-sensor attitude system is described, and the system mission
1s defined 1In a long term free-fall space mission, the gyro bias drift
rate is considered to be the most important component causing system per-
formance error The drift rate is modeled as a Gauss-Markov process,
and the operating modes are characterized by parameters associated with
the model The forms of degraded modes are defined by the dominant na-
ture of the sensor degradation characteristic A set of parity equations is
generated by a linear combination of gyro outputs to eliminate the vehicle
rate The residuals of parity equation outputs are the inputs to be processed
by the adaptive system Each residual is transformed into a scalar state
by application of the concept of linear aggregation of states The degraded
gyro will be isolated by monitoring the parity equation output residuals
The basic approach of the adaptive system design is then discussed. The
adaptive system is formulated as a multistage stochastic process consisting

of detection, identification and compensation systems

Chapter 3 presents the main results of stochastic equations of Ito form
for the posterior probabilities of the partially observable process when the
unobservable process is Markovian with a finite number of states The cor-
related measurement processes are first transformed without loss of in-
formation into corresponding asymptotically independent processes by appli-
cation of the innovation principle and the Kalman filtering technique The
stochastic differential equations for the posterior probabilities are then de-
rived by application of results in the theory of conditional Markov processes

It is shown that the stochastic equation in the identification system can be

16



considered as a degenerate case of the detection system By application

of a comparison theorem for diffusion processes it is shown that the real
system can be detected by choosing a ''design" value on the basis of which
the detection process is constructed By properly defining the instant of
degradation time it is further shown that only one detection system designed
for a degradation mode of constant bias jump 1s sufficient for degradation
modes characterized by the presence of any systematfic mean value

Chapter 4 deals with the detection system design A method is first
reviewed in which the optimal detection problem is formulated as the solu-
tion of a Bayesian problem. It is shown that the forementioned posterior
probability is the sufficient statistic for optimal detection in the class of
Bayesian problems with additive risks The optimal detection problem con-
sists of observing the evolution of the posterior probability and is reduced
to the determaination of the optimal boundary for the decision to stop or con-
tinue the observation at a mimimum risk The problem of on-line imple-
mentation of the Ito stochastic equation of the posterior probability is dis-
cussed. To simplify the on-line implementation of the detection system,

a class of linear detection systems based on Wald's sequential probability
ratio test is studied It is shown that the detection performance of this
system will however suffer an extra time delay in detection in comparison
with the optimal sysiem.

A suboptimal detection system 1s developed. The feature of the system
is utilization of feedback of uncertainty information indicated by the posterior
probability The solution of the suboptimal detection system is formulated
as a combined optimization problem in the class of the forementioned linear
detection systems In the formulation of the optimal stochastic control
problem the posterior probability function 1s defined to be the state vari-
able and the uncertainty feedback defined as the control variable. A sub-
optimal control scheme is designed to avoid the complicated computation
for obtaining the solution to the combined optimization problem formulation
It is found that the suboptimal control law is determined by a constant thres-
hold. In the discrete time problem if the state variable 1s larger than the
threshold, no feedback control is applied, if 1t 15 smaller than the threshold,
the control corrects to the threshold, The difficulty in deriving the subopti-
mal control for the continuous fime case 18 discussed. It 1s shown that the

17 -



suboptimal system can be easily modified {o detect degradation with simul-
taneous identification of unknown polarity of mean bias, which is a useful
piece of information for the identification stage and for efficient isolation

of the degraded‘ gyro.

The performance of the detection system is studied It is shown that
for a sequential detection system with only a single-side boundary for de-
gradation detection the meaningful performance criteria are the mean delay
time in detection and the false alarm error probability The miss alarm
error probability is not well-defined since there is no explicit decision of
normal mode The detection performance of the optimal detection system
and the developed suboptimal detection are evaluated and compared in de-
tail. The performance is derived by application of the theory of first
passage times for diffusion processes If is shown that under the constraint
of a specified mean time between two false alarms the suboptimal system
performance expressed in mean time delay in detection is remarkably close
to that of the optimal system.

Simulation results are presented They consist of detection of degra-
dation with identification of unknown polarity, a comparison of detection
performance of the optimal, the suboptimal, and a linear system, and the

isolation of the degraded instrument

Chapter 5 discusses the design of the identification system —Verification
of the normal mode and clasgification of degradation modes are the decisions
made i the identification stage It is shown that the determaination of the
likelihood function in the classification process requires not only the infor-
mation of the functional form of the conditional probability density of the
degradation modes but also the unknown values of the associated parameters
An invariant transformation technigue is designed to eliminate the effect of
unknown parameters An application of the techmqgue to the measurement
residuals will then transform the original process with unknown constant
and ramp mean rate into the corresponding process with a zero mean
and with a mean of attenuated ramp rate. It is shown that the ambiguous
three-classes identification process can now be transformed into a set of
pairwise disjoint two-class identification processes Simulation resulis
of classification of degradation modes of constant and ramp bias are pre-

sented

18



Chapter 6 considers the design of the compensation system. The
compensation system is a linear estimator of the unknown parameter
of the identified mode with knowledge of the correct model A techni-
que of decoupled estimator is applied to estimate the unknown bias In
this technique the bias estimate can be computed in terms of the resid-
uals in the bias-free estimator During most mission periods the system
will be operated in the normal mode, and a recursive filter is designed
for the bias-free condition to generate the input information for detection
and identification Once a degradation has been detected and identified,
the filter must be modified to estimate the associated bias value With
application of the decoupled estimator, the adapiive system can be oper-
ated without any complicated reorganization The problem of convergence
rate of bias estimation is discussed A slow convergence rate of the biag
estimate is predicted analytically and is confirmed by simulation results
The long time interval required for processing information in the estima-
tion process in comparison with that required in the decision process

illustrates the justification of the multistage formulation of the thesis.

Results are summarized, discussed and related to recommended
future studies in Chapter 7 Three appendices are presented.
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CHAPTER 2

Model of the Problem

2 1 Description of the Redundant Sensor System

Guidance and navigation reliability requirements have led to increas-
ing emphasis on redundancy in system design. Redundancy can be provid-
ed at the system, subsystem, and component levels, and the mechanization
can be implemented sither on an inertial platform or a strapdown system.
In the case of a strapdown mechanization, instrument level redundancy be-
comes appealing since the atfitude reference is accomplished within a com-
puter Degradation checks may be performed on the redundant sensor data
before 1t 15 used 1n the guidance andnavigation loops. Such a redundant
strapdown system would be compact, lightweight, and theoretically highly

reliable

-

A redundant strapdown 1nertial reference unit (SIRU) (32

)

was devel-
oped at the M I. T. Draper Laboratory. It consists of a redundant instru-
ment package, an electronics assembly, and a digital computation assembly
The basis of the redundant concept is formulated 1n the redundant instrument
package It employs six single-dégree~of=freedom gyroscopes and six lin-
ear accelerometers, all are operated in a pulse torque to balance mode.

The instruments are arrayed in a skewed configura’a—én in which their input
axes correspond to normals to the faces of a regular dodecahedron, as shown
in Fig. 2. 1. The configuration allows the navigation system to be capable
of operation under the condition of any three unfailed instruments, and ex-
hibits a unique symmetry in which all instrument input axes are at a spheri-
cal angle 2¢ (¢ =31° 43' 2. 9") from each other. This feature simplifies deg~
radation detection and isolation, and minimizes geometric-error amplifica-
tion by the skewed configuration in the sense that the system error ellipsoid

exhibits a spherical symmetry when averaged over all possible failure cases
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for every given number of instrument failures. In this thesis, the adaptive
system 1s designed for the gyro package of the redundant SIRU system.

A simplified reliability and performance analysis of the SIRU system
1s to be discussed. In general the reliability and performance of the re-
dundant system are related through the adaptive operation of thé failure
detection, identification, and compensation systems In the following par-
agraphs it is assumed that the adaptive system operation 1s perfect and the

gyros are the only sources of failure.

Let P be the probability of a given instrument failing during a speci-
fied time interval when a constant failure rate, q (or equivalently a con-
stant mean time between failures, Tm), and a time nterval T are assumed,
The probability of a given instrument failing 1s

. T
P=1-eq7"—"1-e m‘
The probability of any m out of n instruments failing i1n the specified time
interval is given by

1 -
P{m, n) =-IE!-'("'%_:_"I'1;'1")"I- Pm (1 - P)n m

The comparison of the reliability of the dodecahedron configuration with
the reliability of various redundant configurations is illustrated in ng.
2.2, The comparison is based on a self-contained navigation system

with available external information for isclation. A marked reliability
advantage for the SIRU configuration is clearly illustrated. As a further
comment with respect to reliability it is important to note that redundancy
itself is not a cure-all. An instrument with a mean lifetime of one-million
hours does not preclude its possible failure. Thus a system with an on-

line self-repair capability is of high interest.

Performance is not generally a factor in establishing a redundancy con-
figuration However the nature of the skewed redundancy alternate 1s such
that performance must be included This need arises from "geometrical
amplification’ of gyro error that occurs with skewed gyro emplacement,
the extent of this amplification is directly related to the particular emplace-
ment orientation
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The performance of the SIRU configuration for various failure condi-
tions are represented by comparing a SIRU reference-triad error covar-
iance to that of the triad system in the orthogonal configuration In both
cases, the errors of all instruments are assumed to be statistically inde-
pendent, with zero mean and unit variance under unfailed condition. The
triad error in the estimate of the sensed rate 15 obtained by a least square
solution of the sensed rate from the subset of unfailed instruments of the
SIRU system  Table 2.1 presents the standard dewviations of the errors
and the average errors of the SIRU system:

Table 2.1

SIRU Performance vs. Failures

No. Instruments  Error  Coordinate System Axes  Average

Failed A B C Error

0 0. 707 0,707 0.707 0.707

1 (6 cases) 1. 000 Gg.70% 0. 707 0. 8186

2 (15 cases) 1. 345 0. 831 0.707 1.000

3(3.) {8 cases) 1.345 1,345 0,727 1. 581
{b} (12 cases) 3.078 0. 831 0.831 :

In Table 2 1, the performance is expressed in the error coor:dinate
system For a given number of failed instruments the system errors, if
expressed in terms of the body coordinate system, will differ for each
possible case The error coordinate system, in which errors are uncor-
related in the error-covariance matrix through a diagonalized transforma-
tion, can be related to the configuration of the failed and unfailed instru-
menis to provide a physical picture of its orientation. For example, axis
A is along the input axis of the failed gyro for the one failed gyro case
For two gyros failed, their input axes form two acute and two obtuse angles._
Axais A bisects the acute angles Axis B bisects the obtuse angles Axis C
18 perpendicular to both input axes A detailed analysis can be found in

Evans and WJ.].COX(24)

Average errors in Table 2 1 are computed by adding together the covar-
1ance matrices (withount diagonalization) of all possible cases for a given
number of instruments failed and dividing by the number of matrices The
result turns out to be equal to the identity matrix multiplied by a scalar,
the square root of which 1s called the average error Thus when averaged
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over all possible failure cases the errors are spherically symmetric It
can be seen from the average errors that the performance of a set of four
instrumenis in the dodecahedron configuration is roughly equivalent to that
of three wnstruments in the orthogonal configuration

2.2 Definition of Degradation Modes

There are a large number of error sources which result in perfor-
mance degradation of gyro sensors. Sensors in a strapdown package.
are subjected to a severe envaironment including high angular rates,
angular vibrations and other error dynamic error sources. However, for
inertial navigation systems which operate over long-duration mission such
as planetary space flight, there are no significant random disturbances
to the spacecraft except for short-interval maneuver and thrusting phases.
Thus the gyro drift will provide the main source of error. The choice of
a model for gyro drift depends to a great extent on the desired degree of
accuracy. Here a mathematical model for gyro drift will be reviewed. The
error torque Me physically present on the float is the resultant of many in-
dependenttorque-producing errors. From the basic error physical mecha-
nisms it can be functlc_mally expressed of variables as specific force (g),
float motion (xr, 6, f, 8}, temperature (T), and power (W):

M, = f(gx, gy, g, % ¥, Z; BX, By, 0, %X ¥, %

QX, By, 6, T, W)
All the disturbance sources can be expected to vary over only small

ranges for a normal operating gyro, with the exception of components gp

gy g5 of g along the input axis (IA), spin reference axis (SRA), and ouiput

axis (OA) respectlvely, Whlch in some appllcatlons vary quite widely. It

" 15 therefore loglcal to regard g as the primary source of disturbance. Me

can be e?:Panded as a series in g&p 83 8o about g = 0 as follows:

of
Bs *ogg| e B0 T

g=0
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The linearized model to be studied here consists of terms through first

order-

Me=DG+DI- gI+D

+
s 8% Do &o

The four coefficients are known as the has drift coefficient, and the
accelerafion sensitive drift coefficient along IA, SRA, and QA axes res-
pectively The general coefficient D1 (i=@, I, 8, O) can be written as a

function of disturbances,

, 8, .. T, ... W)

‘D = fl(x, Y, Z, BX, 2] z

1 Yy

The physical mechamsm of these disturbance variables may be asso-
clated with mechanical structure, flotation fluid, electronics and thermal

controls

{49)

many causes of gyro drift rate variation can be classified as determi-

Lorenzini in 1nvestigation of error mechanisms concluded that
nistic 1f a mathematically deseribable physical process which relates these
disturbance errors to the gyro drift rate can be derived He found the rel-
ative motion of the gyro float with respect to the case and temperature
gradients to be major contributors to the total drift rate error observed
He suggested that there is much room for improvement in gyro perfor-
mance by reducing their effects through output signal compensat_i:on if those
disturbance errorsg can be monitored and measured This approach for a
more complete and accurate error model however requires a complicated
theoretical or experimental analysis of the instrument and its associated
equipment, and a great deal of information concerning actual degradation
in the operational environment

Other proposed models (Wilkingson (87), Dushman

(

drift coefficient D1 as a stochastiic process In their formulation empha-

21)) regard each

sis 18 put on the lumped behavior of the gyro output signal rather than the
detailed investigation of the gyro output as a function of various error
sources It 15 modeled as the sum of two components a stationary first-
order Gauss-Markov process and a non-stationary random walk process
An investigation of the physical noise processes in the gyro, such as the

effects of Brownian movement in the damping fluid, electrical circuit noise,
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creep in the flex leads, and bearing wear etc. suggests that the formulated
process is a reasonable model

From the system point of view, the output of the instrument is the
most significant state. The instrument has degraded when and only when
its output error exceeds the specification The approach taken in this
thesis is that the operating modes of the gyros will be characterized by
their outputm signals, The drift rate will be modeled as a stochastic pro-
cess, yet it is recognized that a portion of the uncertainty observed in the
output signal of a gyro stems from deterministic error sources. These
error sources will reflect systematic values to the output signal of the

gyro.

The operating modes of gyros are characterized by the parameters
associated with the stochastiic process of the mathematical model The
gyro is defined to be operating in the normal mode if the values of para-
meters associated with the driving noise of the model are of zero mean
and normal variance The degradation modes of gyros are characterized
by either the presence of a systematic mean value or an increase in the
variance of the driving noise of the model

The types of characteristic change of the mean drift rate may be of
two forms: a jump shift of a constant mean drift rate or a ramp of the
mean drift rate. To define the degradation modes of the mean drift rate
in these two simple forms permits the solution to be analytically tractable
and the degradation to be practically compensable, and preserves the
dominani nature of the real degradation characteristic A typical illus-
tration of the gyro degradation mode is shown in Fig 2 3 If has been

observed that a degradation in mean drift rate is mostly of a jump nature

The gyro is defined to be operating in a degraded mode if the value
of one of the parameters of the mean drift rate exceeds a ''design'' thresh-
old, specified by mission performance requiremenis. The performance
requirements to insure successful compietion for the Apollo Mission are
illustrated in Fig. 2 4 0%
that the gyros will contribute errors to various phases of the mission less

The definition of "good' performance means

than that indicated As an illustration, a change of less than 20 meru in

bias drift rate DG of all gyros will assure a probability of one that the
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error contributed by the gyros to the entry miss would be less than 10
nautical miles., If a certain gyro indicates a change of 40 meru 1n DG’
the probability to ensure '"'good' performance would be 0.33. This
probability will be reduced to zero if any gyro indicates a change of 60
meru 1n DG' As can be seen from Fig., 2.4, the bias drift rate 1s more
sensitive to mission performance than the acceleration sensitive drift

parameters, A change in acceleration sensitive drift coefficient D, can

I
be an order of magnitude greater than that in Dg, to ensure the same

mission performance.

Before the model of degradation modes will be defined, an analysis
of various components of the gyro drift rate on the performance degrada-
tion of gyros will be presented. In long term free fall space flaght mis-
sions the most important component i1s the bias drift rate DG(t) caused
by bias torques independent of specific forces. Error signals due to
acceleration sensitive coefficients Dl(t) (1 =1, S, O) will appear only in
short duration during thrust phases. It 1s a well recognized fact that
the coefficient DI(t) 1s usually the most noisy component of the gyro draft
rate and 138 the most sensitive indicator of performance degradation in
a g environment. However, in the case of long duration space flight mis-
stons their effects on mission success will be insignmificant wn comparison
with the bias drift rate. This 1s 1llusirated in Fig. 2.4 in the analysis of

the lunar mission.

For modeling the acceleration sensitive drift rate components, each
coefficient Dl(t) should theoretically be treated as a stochastic process.
In theory, thisapproach can be treated without difficulty by a simple ex-
tension of the dimension of the drift rate process. But the approach is
impractical due to the following considerations. First, during thrust
phases in a short duration of minutes, the limited data just do not give
enough information for any statistical significance. Second, unless there
1S a change 1n orientation and/or magnitude of the specific force during
the thrust phase, it can be verified that the system of the extended drift
rate process 1s unobservable, i.e, the acceleration-induced drift 15 1n-

distinguishable from a shift in bias drift.
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Therefore 1t seems doubtful that one could justify the more compli-
cated computation load resulting from exteanding the state vector toa
dimension of 24 components (6 gyros, each with 4 drift coefficient com-
ponents). In this thesis the degradation modes of acceleration sensitive
drift rate coefficients will be modeled only as a mean bias shift. This
is a reasonable assumption if one considers that these error sources
will only be active for a short duration and their effects on mission per-

formance will be sericus only when there is an appreciable mean value.

Gyros in a strap~down package will experience the full vehicle angu-
lar rates, so a scale factor change ASF will result in a large equivalent
drift rate change. For example, a change of 1 ppm 1n the nominal scale
factor SF with a vehicle rate of 0.1 rad/sec. will give an equivalent drift
rate of 1.4 MERU. In the Apollo mission, the spacecraft is given a con-
tinuous slow rate of 0. 3°/sec to equalize the heat exposure (Barbecue
Mode)}. In this case a change ASF of 10 ppm will give an equivalent drift
rate of 0.6 MERU. This drift rate will degrade the performance over the
whole mission duration. However, as long as the spacecraft rotates at a
coustant rate, this degradation mode will reflect at the gyro output signal
as the presence of a systematic mean value of the bias drift rate DG(t).
These two error scurces are wnseparable, and indeed need not be separa-
ted for compensation from the point of view of system performance. This
degradation mode can be lumped into and treated as the corresponding
form of the bias drift rate. Vehicle rates other than the roll rate associ-
ated with this Barbecue Mode will appear only in short durations during
maneuver phases, The problem of scale factor change will be treated by
the same approach: ag that used for the acceleration sensgitive coefficients.
The physical mechanism of ASF change has not been studied well enough
to define a reliable model, but some error sources have been reported.

A SF non-linearity has been observed which depends on both input rate

and direction. This 18 derived from the inherent characteristics of the
instrument, This error source will be assumed to be corrected by on-
line compensation based on vehicle rate information. M has been observed
over a long-term period of months, that the scale facior for a fixed rate
and direction show a change ASF of 100 ~ 200 ppm, Fig. 2,5 illustrates

a change of nominal scale factor ASF in the form of a ramp rate,
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In the strap-down system, the misalignment error 1s practically the
constant mechamcal misalignment value It will be assumed that this
error source has been corrected in precalibration and will not be consid-
ered here,

Inherent in measurements of gyro pulses are quantization errors.
The quantization error is modeled as white noise and will be considered
as the measurement noise Although the quantization error i1s uniformly
distributed, the measuremecent noise is assumed to be Gaussian with zero

mean.

There are two different physical mechanisms for non-stationary proc-
esses. For 'mormal' gyros, there is a random-walk process, and for
"degraded' gyros a non-stationary process may result from some mac-
roscoplc change (e. g., bearing wear) resulting in an mncrease of noise
variance. The random-walk component of the gyro drift rate 1s proposed
to be treated as an unknown mean of arbitrary form to be matched to one
of the two given classes, a constant or a ramp mean bias, and will not be
separately discussed.

A set of real data describing the variance increase of the gyro degra-~
dation history is illustrated in Fig. 2.6, where a computed root mean square
standard deviation is used as a criterion of variance change, Whaile the drift
rate coefficient DI shows an increase m variance after faillure over a period
of 2000 wheel hours, only a small and gradual increase of variance has been
observed 1n the bias drift rate DG over the same period. Thus the degra-
dation mode of variance increase will probably be of little significance on
system performance degradation in a space flight mission in contrast with
the characteristic of an appreciable jump 1n mean bias change. WMoreover,
it is to be noted that the above data refer to gyros with wheels supported by
ball bearings. There are indications and physical reasons to believe that
there will be no appreciable wear 1n gas bearings. In this thesis the discus-
sion will be restricted to the case of degradation modes characterized by
the presence of mean drift rate but with normal variance However, some
discussion of the degradation mode arising from variance increase and of

the treatment of the random walk process will be presented in Chapter 7.
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The mathematical model of the gyro drift rate process will now be de-
fined. The gyros are operated in a pulse~torque-to-balance mode, the sig-
nal outputs correspond to an accumulated angle counted over some interval.
Since the gyro error 1s modeled on drift rate rather than angle, the state
variable is derived by averaging measurements over a sampling period.
The sampling period 1s chosen to get a reasonable resolution of quantiza-
tion errors. The state equations of the stochastic drift rate processes in
continuous time are presented as follows

(1) Gyro 1n normal operating mode (denoted as I—IO)

The state equation is defined as

Dgt) = = v+ Dyt + gglt) (2-1)
The measurement equation 1s represented by
D(t) = Dglt) + v (t)

where the notations are defined as

gG(t) = normally distributed drift rate driving noise with known
statistics given by E[gG(t)] = 0, and

E[gG(t)gG(T):I = Wgslt-r)
VG(t) = measurement noise of quantization error with given
statistics E[VG(t)] =0, E[VG(t)VG(T)] = VG"B(t-T)
w = gystem dynamics coefficient.

(2) Gyro in degradation mode in the form of constant mean bias jump
(denoted as H, ).

The state equation remains unchanged, while the measurement
equation 1s represented by D(t) = DG(t) +m + vG(t) (2-2)
The degradation state m may be caused by a jump of bias draft

rate component, of acceleration sensitive drift rate component

in thrusting phase, or of scale factor in presence of vehicle rate.

(3) Gyro in degradation mode in the form of a ramp rate (denoted
as Hy),
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The measurement equation can be found o be
= 4 ) -
D(t) DG(t) + nt vG(t) {2-3)

where n 1s the constant ramp rate. The degradation state n for
the ramp case may be caused by a ramp bias mean drift rate or
a ramp change of scale factor in case of continuous maneuver
with a constant rate.

The corresponding state equation of the drift rate process mn

the digcrete time system 1s expressed as

DG(k+1) = F - Dulk) + qn(k) (2-4)

The following notations are employed:
F = [(k+1)A, kAl= Exp {-wA}
A = sampling period

The normally distributed random variable qG(k) 1s defined as

(k1) A
qG(k) = f ¢[(k+1)A,'r]gG('r) dr (2~ 5}
kA

with known statistics given by

E{qG(k)] =0
E [qG(k) . qG(.e)] Qg v by,

j‘(k+1)A 9 [ ]
Q. = " (DA, TIW , « di

where the statistic W, has been defined mn (2-1).

G

The measurement equation for mode Ho is defined as
D(k) = DG(k) + rG(k) (2-86)

where rG(k) is a normally distributed random variable with

known statistics given by

A%
- - ] _ G
E[rG(k)]— 0, E[rG(k) rG(z}] =R " 6,7 RO

kg

where the statistic VG has been defined 1 (2-1).



The measurement and state equations of the discrete time sys-

tem of mode H, aud H, can be sumilarly defined.

2.3 The Parity Equations

In order to isolate the sensor error from the desired vehicle rate
mformation, a set of pariy equations can be 1mplemented by a simple
deterministic concept using direct comparison of instrument outputs.
Each parity equation is generated by a linear combination of gyro outputs
such that the vehicle rate, if it 1s present, will be cancelled out. Two
sets of parity equations have been studied. Since there are three indep-
endent components of vehicle rate, four mstrumenis are the minimum
number to form a parity equation. By simple geometrical projection on
the body cocrdinate axes, a set of {ifteen parity equations can be formed
as shown in Table 2. 2 (denoted as Set (_%:)3) The other set is formed by a
gyro input axes, a set of six parity equations can be generated as shown
in Table 2. 3 (denoted as Set B).

linear combination of six gyro outputs By projection on each of the

The residuals of parity eguation outputs provide the only available in-
formation reflecting gyro errors in the real system. It will be shown that
each residual as a combination of four wnstrument signal outputs can be
transformed into a scalar state by application of the concept of the linear
aggregation of states. As an rllusiration., the first parity equation resid-
ual z 1 Table 2.2 will be examined under operating mode H .

For the normal mode H, the state equations of the gyro bias drift
rate are representied by Eq. (2-1)

-

Dg,® = = v, Dy + gg 1= 4, B, C D

The measurement equation is the parity equation residual, By defi-
nition of the parity equation the residual can be simplified to represent
only the gyro error sources:
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Table 2,2
Parity Equation Set A

(For Mechanized SIRU System)

No. Instruments Egquation
1 ABCD (QA - QB)C + (Qc + QD)S = =z
2 ABCE (QB - Qc)c ~ (QA + Q)8 = =z
3 ABCF —(QA + QC)C + (QB + QF)S = z
4 ABDE —(QA + QD)C + (QB + QE)S = z
5 ABDF (QB - QD)C - (QA +QplS = =
6 ABEF (QE + QF)C - (QA + Q)8 = 2
7 ACDE (QD - QE)c + (QA - QC)S = z
8 ACDF (Qc - QF)C + (QA - 0)8 = =
9 ACEF (QA - Qg)c + (Qc - Q)8 = z
10 ADEF (QA - QE)c + (QD - QF)S =z
11 BCDE (QC + QE)C + (g + QD)S = =z
12 BCDF —(QD + QF)C + (QB + QC)S = z
13 BCEF (QB - 0)C - (@, + Qg8 = 2z
14 BDEF (QB - QF)C - (QD + QE)S = z
15 CDEF (QC - QD)C + (QE - QF)S = z
C =cos (9) S =sin () z = Parity Equation Residuals
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Table 2.3
Parity Equation Set B

(For Mechanized SIRU System)

No. . Equation

1 OA - cos2¢ - (QB - Qg
2 QB ~ cos2¢ - (QA + Qc
3 Qn - cos2¢ - (-Q,+ Qg
4 QD - cog2¢ - (_QA-}- QB
5 g - cos2¢ . (Qy + QB
6 o - cos2¢ + (0, + 0
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z(t) = [c - ¢ s s] -D (t) + w(t) (2-7)

GA

D (t)
GB

D (1)
GC

D (1)

L GD
where ¢ = cos¢g = 5';3/5— = 0.85065
s = sing = 5;3/5_ = 0.52574

(1) denoctes the measurement noise after the first parity equation.
It 1s observed that there 1s a distinction of definition of measurement
noise of gyros before and after the parity equation. Since all gyros sense
the same disturbance source, the measurement noises between gyros be-
fore the parity equation are highly correlated. IIowever, by definition of
the parity equations, the correlated part of the measurement noises will
be cancelled out after the parity eguations. This will make detection of
subtle degradation of gyro performance more effective due to the reduced
background noise level. Thus the measurement noise v(t) can be defined
as if no environment disturbance existed, and v(t) 1s essentially the quan-

tization noises le(t)

v (%) ]
vit) =[c-c s 8] GA
VGB(t)
VGC(t)
' _VGD(t) )
Since 1t can be assumed that VGl's are independent of one another, the

statistics of v(t) can be easily evaluated

o

Elv(t}] =0, E[vt)vir)] = ZVG & (t-7 ) 2 vy. 5(t-1) (2-8)

For the consiruction of computationally efficient algorithms associated
with dynamic systems of high dimension, a method is applied {o aggregate

the original system state vector into a lower-dimensional vector (Aokl)(z).

40



Consgider the dynamic system defined by the vector equation:

d _@G(t)
" = A _DG(t) + B_gG(t\
Define a itransformation of_I_)G (1) to a scalar x(t)
x(t) £ ¢ D)

The statement that x(t) satizfies the differential equation,

d =(t)
dt

{0)

= F x{t) + G g %(0) = C D(0),

is eguivalent to the condition that ¥ and G are related to A and B by

G = CB

(2-9)
FC= CA

This can be easgily seen by a comparison with the equation

€2 ., + cag
at =G =G

Designers in generzl have some freedom 1n choosing the aggregation
matrix C subject to some constraints imposed by the problems. For
example, the choice of C 15 to be made 1n such a way that the error in
modeling the original system by the system of lower dimension is min-
imized 1n some sense taking into account the performance index for the
original system.

In the specific case considered, the choice C 1s seen by geometry
to be the measurement matrix.

C=[c-c s 8]

and
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A= B (2-10)

e -

where the p l's are the system dynamics coefficients for the respective

gyro drift rate models.

Substituting (2-10) into (2-9) produces
F-[C"C g S]:‘[—chch-'ch_SwD]

For the state x to be a scalar, F must be a scalar. The above egua-

tion is incompatible unless the following 1s true,

and F = -y,

But 1t 15 reascnable to assume that gyros of same type will be character-
ized by the same system dynamics coefficient v . Thus the dynamic sys-
tem associated with each parity equation can be reduced to a scalar system:

u

x(t)
z(t)

-w « x(t) + g(t)

X(©) + vt (240

1l

The statistics of the gcalar random process x(t) can be evaluated easily:

Ejgt)]= 0, E[glt)glr)] =2 WG §(t-7) = W * §{t-7)

A remark of interest need be mentioned. Consider the observability

matrix of the original system-
2 3
Q=rc, (ca)r, (cahT (ca®T

It can be seen that @ is of rank I for W, 7w and of rank 4 if

w5 # B # C # W D It means that the observable system cannot be
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aggregated., The cases for modes Hy and H, can be treated in the same
way. It 1s easy to show that each parity equation of the set B in Table 2. 3
can be simdlarly aggregated into a scalar dynamic system. In order to
make a comparison of merits between two sets, a sensitivity analysis will

be made for the case of mode Hl‘

For both set A and set B, the state and measurement equations are of
the same form

#(t) = -0 » x(t) + g(t)
. (2-12)
z(t) = x(t) + m + v(t) )

where the state x(t) 1s defined as-

x(t) = cosg + Dy - cosp + Dypg + sing Dot sing DGF)
for set A, and 1s defined as-
x(t) = Dgp -c08 2¢ (Dgp = Pge - Dgp * Dgg *Pap
for set B.

With these definitions, the statistics of g(t) and v(t) can be seen to be the
same for both sets A and B of parity equations.

Efg(t)] = 0, E[g(t)glr)]

W s(t-7)

n

E[v(t)] =0, E[v(t)v(r)] = V- &(t-7)

Suppose that gyro A has been degraded with a shift of mean bias of magni-
tude m, . Then the parity residual z(t) will reflect an expected value:

E[z(t)] = cos¢ - m, . for set A

E} z(t)] = m, for set B

Now E[z(t) ] can be regar-ded as the signal used for detecting the deg-
radation mode. Then as far as this single parity equation 1s concerned,
the set B formulation will have the better sensitivity in the sense that it

gives a larger signal to noise ratio. But this conclusion 1s not true if the



whole set of parity equations is taken inio consideration. In parily equa-
tion set B, five other equations will also give some indication of degra-
dation, with an attenuation factor of cos 2¢. But in parity equation

set A, the parity equations (no‘. 11-15) will give null indzcation of degra-
dation. So these equations will give a perfect capability for isolating
degraded gyro A, if all other gyros are in the normal mode. Ia this

sense the parity equation set A will have a better 1solation capability.

In this thesis 1t will be assumed that there will not be the case of
dual instruments degraded during the same interval. This will be a
reasonable assumption if the instruments have a long mean life time
and the instruments are operated in a system with a capability to cor-
rect the performance degradation. To make a quantitative analysis, the
distribution of the instrument degradation 1s assumed to be exponential

PO t)=1-¢ 1°F
where 8 1s the mstant that degradation occurred, q 1s the constant fail-

ure rate.

It 15 well known that the exponential distribution has the so-called

strong Markov property:

P(OS s+t] 6>s)=1=¢ 37

i. e, the distribution 1s independent of s, even if s 15 a random variable.

Now suppose that an instrument has been detected 1n the degraded
mode at t = s, and the system will take an additional time T to identify
the degradation mode and compensate for the performance degradation.

Then the liklihood of failure of two instruments 1s given by the probability:

P(DF)QP(B;:S+T]6>S)
(2-13)
- T

1]

1- e—q
A reasonable mean time between failures Tm of the gyroscope 1n-
struments is 1.’7 x 105 hourg. To make an estimate of the time interval

T required for compensation, consider a simplified case. Let a random
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process x(t) have a mean m and a correlation function defined as-

el
_ 2 Tx 2
LIJXX('T) =o_ " e + m
The time wnterval T can be viewed as that required for an accurate rmeas-
urement of the mean m. Consider the simple measurement scheme by

integration.

The measured mean M 1s defined as

-

1 T
M =7 IO x(t) dt

It can be shown that M is an unbiased estimate of mean m with a variance:

2
(1 -5 (b, (7) - m )dr

M T 7

Some simple manipulation yields

0’2 T ‘1"2 1’2 —-1-'?-

N NP S S S
2 T 2" 2

Oy T T

Suppose an estimate of m with a good quality of o_. =0.1 o is re-

M
quired, the required time interval T can be found to be

i

L = 200
T
X
With a typical time eonstant of gyro drift rate process 7, = 0.5 hr.,
a time interwval T of 100 hours is required,

On substituting T into (2-13), the probability of dual failure can now
be estimated:

Hle

m

il

P(DF)=1- e

-1 - e-(100/170, 000) ~ 0.06%



It can be seen that the case of dual failure can indeed be neglected.

In this case 1t would not be necessary to wnspect all fifteen equations
of parity equation set A at each parity test time. A set of six out of the
fifteen parity equations is selected to be processed for a single degraded
wstrument isolation. If a dual failure occurs, one may then resort to
the full equation set. The parity equation set C to be actually implemented
1s shown in Table 2.4, The choice is based on geometrical symmetry for
a capability of unigue isolation of a single instrument failure. From the
analysis of geometrical error amplification it can be seen that the set will

gave an equal likelihood of error amplification in all three reference axes.

A simple decision function based on the list of gyros which enter each
parity equation will be applied to isolate the degraded gyro by monitoring
the six parity equation output residuals. It 1s noted that the parity equation
residuals in Table 2.4 will reflect an attenuated instrument signal output
by either a factor smn¢ = 0.52574 or cos¢ = 0,85065. A large signal-noise
ratio will be desirable for the efficient detection of a probable instrument
degradation. Thus for isolation of instrument A, an efficient set will be
the equations 1{ABCD), 4ADEF), 5(BCDE) and 6{(CDEF}. For example,
the parity equation 3(ABEF) will give a lower signal-noise ratio of —E—%-:: 2—1—-5- '
1n comparison with the equation 1{ABCD). But in order to give a reliable
1solation capability from four parity equations additional polarity wnforma-
tion of the parity equation residuals must be identified. Thas will be dis-

cussed wm Chapter 4.

2.4 The Basic Approach

The design philosophy for improvement of the navigation system relia-
bility and performance in this thesis i1s to provide the system with the adapt-
1wve capability for self-repair of certain failure modes. When a part of the
system degrades, the effect of the degradation 1s automatically compensated
for by making some subtle adjustment. Implied in this activity are several
distinct steps which must be mechanized: the existence of a degradation must
be detected, its nature must be determined, and finally repair activity must
be initiated. Depending on the available information in the navigation sys-
tem the design of the adaptive system can be accomplished in different ways.

This thesis 1s the design of a self-contained adaptive system without external
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Table 2.4

Parity Equation Set C

(For Mechanized SIRU System)

No. Instrument
1 ARCD
2 ABCF
3 ABEF
4 ADEF
5 BCDE
6 CDEF
C = cos ¢,

S

(@

(Q

(Q

(Q

(Q

(Q

Equation

- QB)C + (QC + QD)S

A + Qc)c +

+0)C -~
F

-0 )c +

K

+ QE)C

- Q.)C

C D

sin ¢
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aiding information and without momtoring seansors of the internal states
of the mstruments. Redundant instruments are assumed which makes it

possible to indicate 1nstrument errors.

The basic approach wn the thesis is the application of modern system
theory to the design of an adaptive system. The adaptive system is formu-
lated as a multistage statistical decision and estimation process

(1) a detection system to detect and i1solate a degradation in sensors
m the shoriest possible time s0 as not to degrade the overall

navigation performance by an appreciable amount.

(2) an identification system to verify a degradation of the isolated
sensor and to classify the degradation mode of the degraded sen-

sor with small error probability.

(3) a compensation system to estimate with high accuracy the unknown
parameter associated with the identified degradation mode, and to
recover the degraded sensor performance by compensation

The emphasis to formulate the detection and i1dentification systems as

a statistical decision problem 1is motivated by two considerations.

First, the formulation of the detection system as an optimal decision
problem will show very efficient performance (expressed in tume delay)
in detecting a degradation compared with the formulation as an estimation
prohlem to estumate .he probable parameter change. The operating modes
of gyros are characterized by the parameters associated with the gyro mod-
el. The detection of the characteristic change 1s a problem 1in statistical
decision theory. The statistical decision theory determines from which
of several hypothesized probability distributions (with specified statistics)
a set of samples comesg, 1o within set error probabilities. The confidence
level is specified by the error probabilities with respect to decision relia~
bility with no concern about the accuracy of the true value of the parameter.
The estimation process, on the other hand, 1s concerned with the accuracy
of the estimated value. The confidence level is specified such that the es-
timated value will approximate the true value within a small deviation. In
comparison with the estimation process, the decision process will thus re-
quire ''coarser' information and allow greater uncertainty about the opera-
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ting system in making a decision. The measurement time can be much

shorter.

Second, the degraded systermn may be operating in any of many pos-
sible degradation modes. The observed input data are unclasgified,bring-
ing in additional uncertainty to complicate the estimation process. One
will then pay for the uncertainty about the classification of the given data
1 terms of slower rate of estimation (learning). Moreover, the recur-
sive computational procedure for estimation i1s more difficult than the
counterpart with data of given classification. This problem has been dis-
cussed in the patiern recognition field as the self~learning or "learning

without teacher' problem (Hoet al. ). (34)

By application of statistical
classification techniques the most probable mode will first be i1dentified
and then the unknown parameter will be estimated under the condition of
an identified mode. The estimate will be more reliable and the computa-

tion will be more efficient.

A block diagram of the adaptive system 1s shown in Fig. 2.7. Ifis
well-known in the i1dentification process that there is an uncertainty rela-
tion beiween measurement time and identification accuracy. To solve
this dilemma the detection and identification systems are designed as two
separate stages. In the detection stage the performance criterion 1s the
shortest tirne delay in detection of a degradation under the constraint of
a tolerable false alarm error probability. After a degradation has been
detected, the degraded instrument will then be i1solated. Because of
availability of redundant sensors, the "degraded'' instrument can be
switched off for navigation information (the instruments will always re-
main in operation in the adaptive system). More time 1s then allowed
to make a reliable i1dentification with small error probability. The iden-
tification consists of making one of the following three decisions. a veri-
fication of normal mode I—IO due to a possible false detection or a possible
regualification of the instrument, an identification of degradation mode Hl’
or an identification of degradation mode Hy. The compensation system is
an estimator of the unknown parameter of the 1dentified mode with knowl-
edge of the accurate model. The estimated parameter ig used to recover

the degraded sensor performance by compensation.
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CHAPTER 3

Stochastic Differential Equations

3.1 General Dascussion

The purpose of this chapter 1s to derive the stochastic differential
equations for the detection and identification systems ‘The dynamaical
equation 1n the detection and identification system is formulated as a
two-dimensional partially observable* process, 1n which the process
describing the state of degradation is 1naccessible to direct observation.
The problem with partially observable wnformation 1s approached by
deriving an expression for the posterior probability of the unobservable
component, conditioned on all a priori information and the measurement
history up to the current time. It will be shown that the derivation of
the posterior probability is sumplified by a transformation of the corre-
lated measurement process wnto a corresponding independent process
The approach of the transformation is based on the concept of the inno-
vation process. A smmplified Kalman filtering technique 1s proposed to
implement the transformation process. It will be shown that the trans-
formation preserves the statistical information. Based on the transform-
ed measurement process the stochastic differential equations of the poste-
rior probability will be derived. The derivation is based on the applica-
tion of a representation theorem due to Doob concerning the conditions
when a process with continuous trajectories can be obtained as a solution
of some Ito|stochastic differential equation. It 1s shown that the deriva-
tion of the posterior probability in the i1dentification system can be con-
sidered as a degenerated case in the detection system.

“Note: The term '"observable' is defined 1n this thesis as the meaning

"inaccegsible to direct measurements'.

51



Finally, 1t will be shown that only one detection system, designed
for degradation in the form of a jump of constant bias, 1s sufficient for
all degradation modes characterized by a sysiematic mean change
Moreover the detection system can be constructed on the basis of a
"design' value, specified by the mission performance, of the unknown
parameter in the real system. The approach is justified by application
of a comparison theorem for diffusion processes.

3.2 Problem Statement

Let (@ (t}, z (t)) be a two-dimensional partially observable Markov
process. The observable component is the measurement process z(t)
of the parity egquation residuals. The measurement process 1s repre-
sented in each operating mode as follows:

A, Normal Mode HO:

z{t) = x(t) + v(t)"

B. Degradation Mode H
z{t) = x(t) + m + v(t)

v (3-1)
C. Degradation Mode Hy-
z(t) = x(t) + nt + v({t)

where m 18 an unknown and determainistic constant bias parameter, and

n 1s an unknown and deterministic constant ramp rate parameter. The
scalar state x(t) is inodeled as a first-order Gauss-Markov process given
by (2-11):

x(t) =~ - x(t) + g(t) (3-2)

The driving noise g(t) and measurement noise v(t) are white-noise

processes with zero mean and known correlation:

B[ glt)g(r)] = W - s{t-7)

(3-3)

E[ v{t)v(r)] =V * §(t-7)

During the mission the system will be degraded at an unknown instant
8 to one of the degradation modes The observable process z(t) will thus

reflect a jump transition from Hy to Hy (or Hg to Hz) at the nstant 6 in a
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way described by the unobservable component process 6(t).

The process 8(t) is expressed as a stationary Markov jump process
with two states 0 (Mode I-IO) and 1 (Mode H1 or Hz), and with a unique
transgition from state 0 to state 1  In the formulation it is assumed that
the parameter 8, the instant at which the process 8(t) makes a transition,

is defined by an a priori exponeniial distribution:
3

P >t) = e & (3-4)
where q is the constant failure rate of the instrument

Using these definitions the problem can now be stated as follows Let
) =P {63 t | z(r), 7 = t} be the posterior probability of degradation
up to time t and conditioned on all a priori information and the measure-
ment history up to time t Derive a stochastic differential equation for the
process 7 ({t) This chapter deals with the continuous time system Some
results of the discrete time system will be mentioned in Section 3 3 The
corresponding formulation of the posterior probability in the discrete time
systern will be found in Section 4.\_3 of Chapier 4.

3 3 A Transformation of the Measurement Process

To simplify the derivation of the posterior probability the correlated
measurement process is transformed into a corresponding independent
process in this section The approach is based on the concept of the inno-
vation process and the Kalman filtering technique 1s applied for implement-
ation of the process 1If the filter is implemented without modeling error
of the real dynamic system, then it is well known that the innovation pro-
cess is a Gaussian white noise process However, the correct model, i e,
the actual operating mode of the real system is only known with some de-
gree of uncertainty in the adaptive system To simplify the design of the
adaptive system and to reduce the computation required by the filtering
algorithm it is proposed in this section to design the filter only on a model
of the normal mode Ho It can be shown that the original process in the
degraded mode can be transformed into a white noise process superimposed
with a corresponding systematic mean with its value modified by a known

attenuation factor Moreover the transformed and the original processes
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contain the same statistical information The transformation s developed
for the continuous-time system. The corresponding results of the discrete-

time system which are useful for actual implementation will also be derived

The innovation approach is to first convert the observation process to
a white noise, called the innovation process, and then treat the simplified
problem based on derived white noise observations This whitening filter
approach was used by Bode and Shannon in the sclution of the Weiner filter-
ing problem for stationary processes over a semi-infinite interval Kailath(SB)
extended the technique to handle the non-stationary continuous time process
over a finite time interval, and give a simple derivation of the Kalman~Bucy

recursive filtering formulas,

Consider the continuous observation process of the system defined in
the normal mode HO'

z(t) = x(t) + v(t) (3-5)

Assume that the process x(t} obeys the finite-expected energy require-
ment, 1 e

-

T 2
fO E[x(t)7] dt <«

and that x(t) and v(t) are completely independent, v{t) is the white Gaussian

noise process

Define

-]

x (1) = Elx®) | z(r), 7= t, Hy] (3-6)

= the conditional mean of x(t), given observations up to the instant
t and assuming that {z{r) = x(}+ v(r}}

Then the innovation process of x(t) defined by

z(t) - %(t)

VO(’E)

«(t) - Tt + vit) (3-7)

1

x'(t) + vit)
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is a white Gaussian noise process with the same statistics as the original
measurement noise process v(t).

The proof essentially rests on a martingale theorem of Doob, and
can be found in Kaﬂaﬂl(Sg). Thus for the normal mode H,, the original
correlated process z(t) (3~5) can be converted into the conditionally known
signal process z(t) = X t) + uo(t). For a Gauss-Markov process x(t) the

transformation can be implemented by the well-known Kalman filter

A heuristic explanation of the result will be given First, since
x'(t) is the protion of x(t) that cannot be predicted from past z(- ) since
v(t). being white noise, is completely unpredictable from past z(-), the
guantity uo(t) may be regarded as describing the ''new information" brought
by the current cbservation z(t), being given all the past observations z(s),
§ <t, and the old information deduced therefrom Therefore the name
innovation process of x(t) came into being. Physically it represents the
measurement residual process, a familiar term in esiimation theory
Second, the innovation process uo(t) in the continuous-time case will have
the same statistics as that of the measurement noise v(t). Since the pro-
cesses uo(t) and v(t) have the same finite-dimensional distribution, they
are thus statistically indistinguishable from each other, though they have
different sample functions. However, it will be shown that this result will
not be true in the discrete time case

It is to be noted that the processes z(t) and (i) contain the same sta-
tistical information, 1 e , they are equivalent The proof of the equiva-
lence is obvious if the Kalman-Bucy filtering formula is assumed Since
uo(t\ = z(t) -~ %(t) and %(t) can be calculated from z(s), s=t, therefore UO“.:)
is completely determined by z(g), s £ t Conversely, assuming the dy-
namic system equation of the'state x, the Kalman-Bucy formula

x(t) = X (t)+ K(t) [2(t) - R(t)]
F(0) = 0

shows that x(t) 1s determined if {uo(s), s = t} is known, and then z{t) can
be obtained as z(t) = X(t) + v4(t), since by (3-7)
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X(t) + wglt) = X(t) + F'(1) + w(t)
= x(t) + v(t) = z{t)

Therefore uo(t) and z(t) can each be obtained from the other by means of

a casual and casually invertible linear operation, or each can be consid-
ered to be a deterministic function of the other Therefore théy are equiv-
alent

Now consider the continuous observation process of the system de-
fined in the general degraded mode H:

2(t) = x(t) + m(t) + v{t) (3-8)

where m(t) 1s defined as
m(t) = m for system in mode H,
m(t) = nt for system in mode H,

It can be seen that this process can be similarly treated by a simple
extension of the innovation transformation The approach is to regard
the unknown blas parameters m or n as random variables, the observation
processes can be then be whitened by subtracting out the estimates of the
state x(t). and the bias process m(t) The transformation can be imple-~
mented by the Kalman filter with an augmented bias state m(t). The ob-
servation process z(t) (3-8) can be similarly converted into the condition-
ally known signal processes 2(t) and M(t) without loss of information.

2(t) = &) + M(t) + vy () (3-9)

where ul(t) is the innovation process In this approach the state in the
observation process (3-9) can be viewed as the vector form of the pro-
cess (3-5) with an augmented bias state Thus the conclusion about the
properties of the uo(t) process (3-7) can be formally extended to apply

to the ul(t) process under the corresponding assumptions Then the pro-
cess ul(t) is a white noise process with the same statistics as the v(t)} -
process, Again the ul(t) - [process will have a different variance from
that of either the v(t) - process or the uo(t)-process in thl?: o}iscrete-

time case,
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Now consider the formulation of the following basic decision problem
which 1s of interest in this thesis. Given observations {z(r), 0 2 7 = t},
determine, so as to minimize an expected risk function, which of the follow-

ing modes is true:

Hy @ z(t) = x(t) + v(t)
. {3-10)
H o oz{t) = x(t) + m(t) + v(t)

By application of the innovation approach, the original optimal decision
problem. (3-10) can be converted into the "conditionally known'" signal
problems-

H, @ 2z{t) = %(t) + v,(t)
0 0 (3-11)

B oz(t) = R+ mt) + vy (1)

Since the processes X(t), ﬁ(t), and ﬁ(t) are conditionally known, the
problem (3-11) can be further reduced to

HO coz(t) - x(t) = vo(t)

(3-12)
H - a(t) - X(t) - M(t) = vy (1)

It is to be emphasized that this linear transformation (3-11) preserves
the statistical information by its casual and casually invertible property,
and, moreover, provides the optimal information for decision by its or-
thogonal projection property

However, the approach requiring m(t) estimation is not an appealing
one. First, there is no information about the actual operating mode
(mode Hl or HZ) for accurately modeling the process mf(t) Second, the
estimation of m(t) will unnecessarily complicate the computation since the
system is operated in the normal mode during most of the mission A
different approach will be considered In this approach the observation
process of the system defined in the degraded mode H will be treated by
modeling the bias process m(t) as a deterministic process with unknown
constant parameters m or n,

Consider the following configurations of filter modeling (Fig 3.1).
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In configuration A the filter is constructed on the model of the normal
system HO, while the true dynamic system is of model H. In configura-

tion B, the filter is correctly constructed on the model of the real system
H

Then it will be shown that the observation process z(t) can be asymptoti~-
cally transformed into the following form.

H,: o2(t) = x(t) + ‘-51- m + v(t) {3-13)

for z(t) defined in degraded mode H,, and into the approximate form

Hy: z(t) = X(t) + 51 et pg(t) (3-14)

for z(t) defined in degraded mode Hy. Here 51 is a constant parameter to
be determined. The process X(t) is the bias-free estimate of the siate x{),
given cbservations up to the instani t and conditioned on I—IO that {z(t) = x(t)
+ v(t)}. The process uo(t) is a pseudo-innovation process with the same
statistics as the process (3-7) In the following discussion equation (3-13)
for mode I—I1 will first be derived, the result will then be extended to dis-
cuss the approximate form (3-14) for mode I—Iz. For convenience of pres-
entation the notation m{t) of the generalized bias process will be used

The expression {(3-12) can be derived as follows. Let the process z(t)
be defined as,

z{t) = x(t) + m(t) + v(t)
and a Kalman filter FO 15 constructed on the model of the normal system
I—I0 as in configuration A of Fig. 3.1. Since the Kalman filter is a linear
operation, then by an application of the law of suberposition the transfor-

mation of the z(t) - process can be derived as a summation of two pseudo-
processes zo(t) = x(t) + v(t) and m(t).

The dynamic system and the filter equation for the pseudo-process

zo(t) can be written as (Fig 3. 2):

X(t) = -w x(t) + glt)

?co(t) = mw Eglt) + K(t) - [z4(t) - Xy(t)]
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K(t) = P_(t)/V

Tx . (3-15)
Vo(t) = Zo(t) - Xo(t) )

where
'f’x(t) = the variance of the error in the pseudo-estimate ;co(t) at time t,

Consider the pseudo-bias process m(t) as the input to the filter FO’
the output process m(t) satisfies the filter equation

Falt) = ~of(t) + K(t) [m(t) - ()] (3-16)
The process z(t) can then be expressed as:

z(t) = ¥t) + v, (t) (3-17)
where the processes x(t) and 51(’5) are defined as

X(t) = ?;O(t) + m(t)
- (3-18)
v (t) = vy(t) + (m(t) - m(t)) -

It is to be noted that the representation in Fig. 3.3 illustrates the
mmplementation of configuration A in Fig, 3.1. The process %(t) 1s the
bias free estimate of the state x{t) defined 1n (3-13) and 1s the only con-
ditionally known signal of the configuration A.

Now (3-16) of the pseudo process mf(i) can be rewritten as
mit) = - (w + K(t)) m(t) + K(&) - m(t) "T(0) = 0 (3-19)

A
where m(t) = m for degraded mode H,.

Equation (3-19) is a first-order ordinary differential equation with
the time-variant coefficients K(t) If the time-variant effect of K(t) on
. the solution m(t) during the transient period is to be neglected, and only
the stationary Kalman filter is implemented, then the solution m(t) can
be shown 1o he
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) = P ) m{l - expl- (%x+ w) t]} (3-20)

i~

K + o
oo

where IEDO= (ﬁw/V) 1s the steady state gain of the implemented Kalman

filter F The asymptotic solution of m(t) can be further simplified to

0
the form
lim m(t)=-V_-m
i~ee %
% (3-21)
where V.= - [m—— x
K +a
oC

The negative sign before Vx 1s employed to be consistent with the notation
in Chapter 6 Substituting (3-21) into (3-17) and (3-18) produces

lim z(t) = lim {%t) + (m(t) -~ m(t)) + vo(t)}
t-—>oc t —=ce

(3-22)

= lam {X(t) +(1 + VX) . m + vo(t) }
t=cc

in the form of (3-13) The factor 51 is defined as the coefficient (1 + VX)

In summary the following statement has been proved
Given observations {z{t), 0 = 7 £ t}, 1t is required to determine, so as
to minimize an expected risk function, gllscrimination between two modes
defined as
HG : oz(t) = x(t) + v(t)

(3-23)
Hy - z{t) = x{t) + m + w{t)

This optimal decision problem can be transformed into the equivalent
discrimination problem as follows
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Hy . (t) = %) + vy(h)

(3-24)

Hy :oz(t) = x(t) + 7, ()

x(t) + (m - W) + yft)

1

Moreover, the problem can be further converted asymptotically into the

equivalent problem of discrimination between two modes

H, - Z(t).' x(t) = yylt)

{3~-25)
Hy o oz(t) - %(t)

]

(1+ Vx) m + yo(t)

The equivalence of the discrimination problems (3-23) and (3-25) can
be stated as follows. Reasoning as the proof that the processes z(t) and
vo(t') contain the same statistical information, 1t can be shown that the pro-
cesses ?z'l(t) in (3-24) and z(t) are equivalent, since each can be obtained
from the other by a casual and casually 1nvertible linear operation More-
over, the transformation (3-25) gives asymptotically the optimal information
for decision by an operation of the orthogonal projection The last point
can be seen as follows It will be shown in Chapter 6 that the following
asymptotic relations (6-30) and (6-31) can be proved.

ﬁ(t)=5§(t)+vx- m
A _
m-=1m

Substituting the above relations into the formulation of the problem H1 in
(3-12) .
A A
H, : z(t) - X(t) - m(t) = vl(t)

produces the asymptotically equivalent problem:

H, : 2(t) - x(t) = (1 + V)t m+ vyt
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Since the processes yl(t) and v 4(t) are statistically indistinguishable from
each other, then the representations (3-12) and (3-25) are asymptotically

equivalent

Define the transformed observation process y(t) as

¥y (£) = ()

where T(t) 1s the measurement residual of bias-free estimation, or
~, A ~ ~
r(t) = z(t) - z(t) = =(t) - x(t)

The transformed observation process y(t) can be formally represented
mn the eguivalent stochastic differential equation for the system defined in
the mode I—I1

dy(t) = a dt + ¢ dw(t) {3-286)
where

a=(1+VX)-m

The parameter 02 in (3-26) 1s the statistic of the innovation process
yo(t), and has been shown to be equal to the parameter V of the measure-
ment noise process v{t). The w{t) process 1s the standard Weiner process

with unit variance rate.

The result will be extended to the approximate form (3-14) for the ob-
servation process z(t) defined in the mode Hz In this case the bias process
m(t) 1s defined as m(t) = nt, and the solution of ffit) in (3-19) can be shown
to be

m) = Be  n (B +u)t -1
(K + w)z "
® (3-27)

+ exp [—(%m+ w)t1}
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The asymptotic solution of m(t} can be shown to be

lim r?l(t) = Koc nt - Koc n
= o0 K +u K + 0)°
&« o (3-28)
K
foud < nt
KOC+ w

if the constant term is neglected for large t. Thus the z(t)-process defined
1n mode I—I2 can be asymptotically transformed nto the approximate form
(3-14) by substituting (3~28) into (3-17) and (3-18)

z(t) = x(t) + (1 + V) at + (b (3-29)

where Vx has been defined 1n (3-21)

The transformed observation process y(t) for the system defined in
tne mode I—I2 for the asymptotic case can then be formally represented 1n
the stochastic differential equation

dy =~ bt di +odw(t) {3-30)

in the sense of the approximation in {3-28) Here, the parameter o has

been defined in (3-26), and the parameter b 1s defined as

b = (1+ VX) *n (3-31)

A discussion about the factor (‘1 + Vx) 1s required It 15 noted that the
magnitude of the factor a (or b) represents the equivalent signal amplitude
that 1s used for detiection However, one should not conclude that the trans-
formation will impair the detection performance by an attenuation of the
magnitude m (or n} From the definition Vx in (3-21), one will notice that
the factor VX depends essentially on the parameter ¢ of the dynamic sys-
tem, or on the correlation of the system state model. The factor (1+ VX)
18 induced by the transformation which converts the correlated process z(t)

to a white noise process such that every transformed data is now a piece
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of new information In case the coefficienty 1i1s zero, then the factor
(1+ VX) will be zero The signals a {or b) will be attenuated to zero
But this means that the system state process 1s the Brownian motion
process In this case the constant bias term cannot be distinguished

from the system state

It should be emphasized that the simplification of the proposed sys-
tem is made possible under the condition that no wnformation about the
estimates of parameters m and n has been obtained The parameters
m and n are unknown constants that have not been estimated. The detec-
tion process however can be constructed on the basis of '"design' values
of these unknown parametiers specified by the mission requirements. The
approach 1s justified by the application of a comparison theorem to be dis-

cussed 1n Section 3. 5.

The transformation of the measurement process in the discrete-time
case will now be presented. The discrete-time case will be useful for

actual implementation.
The following notation 1s employed The measurement process is

represented 1n one of the operating modes defined as follows-

A« Normal Mode Hy.
z{k} = x(k) + rl(k)

B Degradation Mode le {3-32)
z(k) = x(k) + m + rl(k)

C. Degradation Mode Hy-
z(k) = x(k) +n - k+ rl(k)

The scalar state x(k) 1s modeled as a first order Gauss-Markov se-

guence given by
x(k +1) = F x(k) + ql(k) (3-33)

The driving noise ql(k) and measurement noise rl(k) are white ran-
dom sequences with known statisties.
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Efq; (K)] = 0, E[gqy(k) ] = Q. 810

Elr, (k)] = 0, E[r (Kr, @] =R - s

The state x(k) 1n the discrete-time system 1s similarly generated by
the linear aggregation of the gyro drift rate states. The gyro drift rate
state DG(k) in the discrete time case has been defined by (2-4) 1n Chapter
2. The relation between the streugth of the noises Q, R wn the discrete-
time and of the noises W, V imn the continuous time cases can be express-
ed as

(k + DA 2
Q=] ¢ [k + DA, 7] WdT
kA
(3-34)
v
R:-——-
A

where A = sampling period
F=¢[(k+1)A, kA] = Exp {-vw-4}

For the discrete~-time system similar resulis for the innovation pro-
cess will be obtained with some modification. the mnovation process is a
white random sequence but with a different variance from that of the obser-
vation noise. Counsider the observation process of the system in the normal
mode HO:

2(k) = x(k) + r; (K)

In this case the innovation process is defined as

vo(k) = z(k) - i(kpp-n
(3-35)
= % (klk—l) + 1 (K)
where
§(k|k-1) = Efx(k) | z(8), 0 4= k-1] (3-36)
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Then 1t can be shown that

E[vo(k)} =0
E[Vo(k) VO(Z)] = [Fl;"ik) + R] 61{13 (3-37)

where P! (k) = variance of the error in the estimate X' (k | k - 1)

= Elx(k) - %(k|x-1]°

The above result 1s well-known 1n the discrete-time Kalman Filter solu-
tion. The variance of the {vo(k)} sequence contains an additional term,
which effect becomes negligible 1n the continuous-time case. The contin-
uous-iume case can be considered to be approached by a limiting proce-
dure 1n which R becomes mdefinitely large while PY{k)remains finite so
that the variance of vo(t) and v(t) become essentially the same.

Now consider the observation process of the system defined in the
degraded mode. Let the discrete bias free Kalman filter based on the
model of the normal mode H, be denoted as F0 as shown in Fig 3 1.

Define the measurement residual sequence (k) as

r(k) = z(k) - %(k|k-1) (3-38)

where X (k| k- 1) 1s the bias-free estimate defined 1n (3-36). Then 1t will
be shown that the following asymptotic relations can be established.

A. For the real system defined in mode I-E[1

Lim k) = lim vp(k) + 2 (3-39)

K~ree k—>ee

where the factor a in the discrete time case 1s defined as (1n notations

analogous to that of the continuous time case)
a = (1+Fa' VX) e m

B. For the real system defined in mode I-I2:

laim (k) = lim vplk) + b+ k (3-40)
k—ce k~»co
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in the sense of an approximation analogous to that defined in the continuous
time case. The factor b 1s defined as

b={(1+F «V.) n
X_

The derivation will be given only for the system defined 1n the degraded
mode H1 The result can be extended to the approximate form (3-40) 1n an
analogous way as in the continuous time case, and will not be discussed,

The measurement process in the discrete tume case will be expressed as
z(k) = x(k) + m(k) + r; (k) (3-41)

where m(k) 1s defined as m for the mode H1

Define a pseudo process zo(k) as 1r_1_j:he contimious-time case.

zok) = x(k) + 1y (k) (3-42)

The pseudo innovation process ~1}0(1&) can be implemented by the discrete

Kalman filter F, based on the dynamic system defined in the normal mode

r,(k)

~ . X (k)
R(k) (3) -

m(k)

X (k] k-1)

T
QUk k- — pelay

Fig. 3.4. Discrete Filter of Measurement Process.

The following relations can be established as 1n the continuous time
case:
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(k) = z(k) - X(k|k-1) (3-43)

where x(k| k- 1) 1s the blas-free estimate.
By application of the law of superposition, let
x(klk-1) = X (k k-1) + m(k|k-1) (3-44)
then the pseudo process m(k) satisfies the filier equation
mk) = F . m(k-1) + Kk {m(k) - F . 13’1(1{-1)})1&’1(0) =0 (3-45)
Define vy(k) = (k) - Eo(k,k-l) (3-46)

Substituting (3-41), (3-42), (3-44), and (3-46) nto (3-43) yields

F(k) = vy(k) + (k) - k|- (3-47)
where mik) e m for the mode Hy
let m(k) A -m . V (k) (3-48)

Again the negative sign in (3-48) is vsed to be consistent with the nota-
tion 1 Chapter 6. With the above notation, equation (3-47) can be rewritten

as"
r(k) = vy (k) + [1+ F » V (k-D]- m (3-49)

On substituting (3-48) into (3-45), the factor Vx(k) can be shown to satisfy

Vv (k) = F- (1- K(k) Vx(k-l) - K (k}), VX(U) =0 (3-50)

The coefficient Vx(k) can be recursively computed. The factor ﬁ(k) 1s the
discrete bias-free Kalman filter gain. It 1s easy to solve the asymptotic
solution of VX(k)

~

K
Ay (3-51)

lim v (K} = - <

ke > 1-F(1-K)
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where K is the asymptotic steady-state gain of K(k). It 1s to be noted that
although the same notation i1s used for the factor VX 11 both discrete and
continuous time cases, they are of different computed value Agam the
factor Vx 1s of negative polarity. By taking limaits on (3~49) and using
{(3-51) the final resulis of (3-39) can be established

3 4 The Stochastic Differential Equation

In thas section the stochastic differential equation of the process 7(t)
for the case of degradation mode Hy with constant bias will be derived,
The problem of the treatment of the case of degradation mode H, with
ramp rate will be discussed 1n Section 3 5.

Waith the results of Section 3. 3, the problem can be restated as follows
Let {2,y} be a two-dimensional partially observable Markov process.

The observation process y(t} is represented by the stochastic differential
equation (3-26)

dy(t) = a(t)dt + odw(t) (3-52)

The unobservable process {a(t), tZ 0} is a Markov jump process of
two states with transition probability defined as

Plalt+h) = a,]a(t) = aj] =1 -e % (3-53)

0]
where a(t) physically represents the unknown bias parameter of the trans-
formed measurement residual process ‘The parameter a, is the trans-
formed design value specified for the degraded mode, and ay is the corre-
sponding value defined for the normal mode The asympiotic relation
between the bias parameter of the measurement residual process and the
bias parameter m of the drift rate process has been shown in (3-26) to be

a = (Vx+ 1}m

It is required to derive the posterior probability defined as
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m(t) ":‘P {6 < t]y(s),’ 0 s =t} (3-54)

=P {a zaq|y(s), 0 = =t}

The last equality comes from the defimtion of instant of degradation
illustrated in Fig 3 5

T )

! WIS

] A 1
2 Dt A >

Fig. 3.5. Definition of Degradation of Bias Change,

It is noted that in the real system the state space of the jump process
a(t) is continuous, and the derivation of the posterior probabilty (3-54)
for a continuous state space has been discussed heuristically in the ref-
erence(as). However, the result cannot readily be interpreted as spec~
ifying the dynamics of a practically realizable filter for generating the
probability. from the input data y Therefore the presentation will be de-
rived on the assumption that the state space .of the a(t)-process is a finite
set In particular, for the case discussed in the thesis, a(t) will take
only two distinct values a; and a; such that the state space S = {a,, a,}.
Denote A as the event thatafw) 2 ags then the following relation can be
established.

Pr {A} = = Pr ({w a(w) = a,})
aieAﬂS :

= Pr {w:a(w)= al}
In this case, the definition (3-54) will be redefined as
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n(t) = Pla = a; ly(s), of s= t} (3-55) "
This definition will be used throughout the thesis

The stochasgtic differential equation of the process w(t) has been stud-
ied by Shiryaev and Wonham In this section the main result will be pres-
ented and the derivation will be discussed To simplify the presentation
the approach will follow Wonh(a}?%?s(gs).

nient to introduce the following terminology

A derivation of the more generalized

case can be found in Shiryaev For purpose of reference, it is conve-

A probability space (& P} is defined by the specification of a non~
empty set ©(the sample space), a o-field (Borel-field) ¢ of subsets of &
(events) and a probability P defined inF A o-field of subsets of a set
is a class of subsets of Qwhich contains @ and Qand 1s closed (generated)
under the operations of complementation, countable union, and countable
intersection. The specification of the o-field as the domain of the proba-
bility measure is of important significance Waith this specification mea-
surability 1s preserved under practically all ordinary processes of analy-
sis An extremely important property is that the limit function of any con-
vergent sequence of measurable functions is measurable. i e. Given a se-
quence {fn(x)} of measurable functions and given lim fn(x) = f(x). The f(x)
will be measurable. This property will be of use in derivation of the sto-
chastic differential equation of the process 7(t)., A heuristic exposition of
the measure theory can be found in Wernikoff(84)

The derivation of the process 7(t) is formulated in a more general form.
Let {aft), t 2 0} be a stationary Markov jump process with a finite number

of states (distinet step levels) Qs - - s a‘K and let the initial distribution of

a(0) be {wJ(O))j =1, . . ., K}. Denote the transition probabilities by

P, () Ap fa(t+n) = a lat) = a,}

l-vih+0(h)3=1

U]

PlJ(h) (3-56)

viJh + 0(h) 1 #1i

where the yij Z 0 are constants and

73



The observed process {y(t), t>0} 1is defined by

dy(t) = a(t) dt + of(t) dw(t) y(0) = 0 (3-57)

where {w(t), tZ 0} is a standard Wiener process with P{w(0)= 0} =1 It
is required to derive a system of stochastic differential equations for the

process ﬂ'j(t) defined as

() = P {a(t)=aJ y(s), 05 s t}, 7=1, .... K

The basic poinis of the derivation can be outlined in three steps the
derivation of an expression for the posterior conditional probabilities TTj(t),
the generation of the wj(t) ~processes as solutions of stochastic differential
equations by a representation theorem due to Doob, and the identification
of the derived stochastic equations of the ?Tj('t) -processes with that of the
input y({t)-process

A formula for 7.(t) is first evaluated The derivation proceeds by
congidering the finite difference model (to be defined in (3-58)) of equa-
tion (3~57) and subsequently taking limits To simplify the derivation it
is convenient to augment to the probability space of the {aft), w{t)} pro-
cess, a dummy step process {a(t), t> 0} defined to have the same range,
initial distribution and transition probabilities as the a(t) process, but
independent of {a(t}} and {wi(t)}

Let the double indexed sequence Spn =rt/fn(r=0,1, ... nn=1,2,.
and define

frt/n
E . = a(s) ds
gk {(r-1)t/n

rt/s
= [ a(s) ds

ra (r-1)t/n

Then
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np

My y(srn) - y(Sr—l, o’
rt/n
= g+ a(s) dw(s) (3-58)
(r-1)t/n

L4

For each fixed n, the random wvariable (nm - £ n) {(r=0, 1, ., n) are in-

dependent and Gaussian with zero mean and variance

rt/n

2
v = [ o (s) ds
™ Ye-1)t/n ;
Define i
r W WR P = a| v re0 . 0

= P f{a(t)

aJlnrn,r=1,...,n}

The last egquality comes from the fact that the same o-field is generated
by the random sequence {y(srn)} or {nrn} .

Then an expression for m'j(t) can be evaluated using the transition

probability of the Markov process and the Gaussian distribution of the
random sequence {nrn} '

7 {t) = lim F(n) (t)
z at | = <

=N = 1rl(0) Plj(t) - E {e a(0) = & a(t) = a_; y(s) {3-59)
1=1

0 £ s = t}

where

ter? s ' to -2 oo 2
g(t) = [ o(s) ° a(s) dy(s) - 1/2 [ o(s) °+ &(s)"ds
0 0

and N is the normalizing factor for probability Let

t D t -2 o 2
Ylr,ty= exp [[] ols) “a(s) dy (s) -1/2 [ a(s) a(s)” ds]
T T

(0

A

T

tA
Z
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By using the fact that the i(t) process 1s Markov and 1s independent
of the y(t) process, it can be shown

K
ﬂJ(t +h =N il (1) Plj(h)
E { ¢(t, t+h) |[a(t) = 2 a(t+h) = aJ, y(s), t3 s3 t+th} (3-60)

It follows that the joint process {af(t), 7(t), t £ 0} is Markov

The expression for 7(t) 1s useful in applications only when t is fixed
Since the observation data is coming in continuously, the second step
therefore is to derive a stochastic differential equation which generates
the posterior distribution when the input data is continually observed
The basis of the derivation of the stochastic differential equation is an
application of a representation theorem due to Doobf(or a related formula
of Dynkin) concerning conditions when a process with continuous trajec-
tories can be obtained as a solution of some Ito stochastic differential
equation. The Dynkinformula is more easy to apply if the process w(t)
can be represented as an explicit functional of the observed process y(t)
However, a representation of the derived =(t) expression as an explicit
functional of the input process is unavailable, the second step in derivation
of the stochastic process 7{t) will then be to apply the Doob theor:em(ls)
The Doob ireatment will be extended to the multi-dimensional generaliza-
tion It is to be shown that the process 7(t) can be represented in the
form of the Ito stochastic differential equations

dvrj(t) = m, (a(t), w(t))dt+b3(t, m(t)} d%J(t) j=1, ..., K (3-61)

where ﬁj(t) are the standard Wiener processes

In the application of the Doob theorem, the verification of the assump-
tions in the statement of the theorem is discussed in the references(m).
The coefficients m:.l and bj are calculated from the derived wj(t) expressions

(3~37) by
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7 (t+h) - T(t) |
m (t,m,a) = lim E {3 J a(ty=a, ({)y=r7 (3-82)
h~=0 h
2
[ 7 {t+h) - 7 ()]
(t 7, a) = lim E J L a(t) = a, (&) =7 ' (3-63)
h—0 h
After some rather tedious calculations it can be shown
K (a-3) (a_-a)
m(taﬁr)—-yw+zvgr+ d -
=1 Wi 62 b
1]
9 a.-a
b, “(t,a,m = (7 I )2 (3-64)
3 1 &
_ K
wherea =X a.n
=1 * 1
In order to show that { #.(i), =1, . . ., K} can be represented in

the form (3-61) the sample functions of the 7_(t)-process must be proved
to be continuous On using the 7, (t) expression (3-59) the following relation
Can'be established.

B {In(t+h) - 71 %] 7} s const. plte s

where &, is the smallest o-field with respect to which the random processes
{a(s), 7(s), 0 <s <t} are measurable

By application of Kolmogorov's criterion on the continuity of random
functions it follows that the process ﬂ'j(t) is continuous with probability 1
The representation theorem of Doob wall then be generalized to allow for
" the fact that only the 7{t) components of the {aft), 7(t})} process are contin-
uous This depends on the application of properties of the martingale pro-
cess
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Let (}"t be the smallest o-field with respect to which the random processes
{a(s), (s}, 05 s S t} are measurable Then it can be shown that each pro-

cess

t
{%J: Fypo t20} = {er(t) - WJ(O) - IOmJ(s, als), m(s)) ds | F,.t2 ?; .

is a martingale process By application of a theorem of Doob to the martin~
gale process {?rj,(jﬂt, t £ 0}, a standard Wiener process {irj(t) can be found
such that the following results will be true

[a(t) - a(t) (a] - &(t))]

dfrj(t) = {?rJ(t) > -vjfj(t)
o (t)
K
+i§1 yi]?rl(t)} dt ’ (3-66)
i%j
(a; - a(t)
oty 3 dw.(t)  j=1, ..., K

o(t)
The process '\'ir'j(’c) is constructed as follows:
t

W) =] [b.(s, afs), m(=)]" ! dmls) (3-67)
] 0 J j

Finally, it remains to identify each %'vj(t) process with the w(t) process
of the observation process y(t} such that the derived stochastic equations
of the 7 (t)-process (3-66) can be implemented. The observation process

is represented by

dy(t) = a(t) 4t + o(t) dw(t)

Let t
F(t) = y(t) - [ a(s)as
0

1
= IO o(s) dw(s) (3-68)
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It can be shown that the process {?(t),{}’t, t 2.0} is a martingale Furthermore
t 1 .
w(t) = .fo a(s) dy(s) (3-69)

Using the relation

im b7 EA{[F(t) - FO] (7 ) - Hw] 17, )

h—0
.= o(t) bJ[t,. a(t), 7(t)] (3-70)
it follows that
E {[w(t) - w(s)] [&J(t) - W) T = tes, 0<s <t (3-71)

In view of the conditions that the processes w(i) and ﬁJ(t) are standard
Wiener processes, 1t can be verified that

E {[w(t) - ﬁJ(t)]2}= 0 fort>0

Hence for each t > 0, wi{t) = %j(t) with probabilify 1 From continuity of
Wiener processes it follows that with probability one, these processes

are essentially i1dentical. Thus the following main results have been es-
tablished:

K A(t) (aj-ﬁ(t))
d?r](t) = { {-yij(t) + Ef}i:lwi(t)] - G(t)z WJ(t)}dt
1#]

[2,-a(t) ] 7 (t) :
J Ll —dy(t) 3=1,. ., K (3-72)

+
! o(t)

- The following remarks are of interest-

(1) It follows from the above equation that the results can be split
into two parts The term- [ - v ﬂj(t) + 15. vijfri(t)] corresponds

i#])
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L4

1

(2)

to the a priori evolution of the 7 (t) when the process y(t) 1s not
observed or when o(t) = ««. On the other hand ﬁyij(t) = 0 the pro-

cess a{t} 1s degenerate 1n the sense that there 1s no transition
among states a. The process corresponds to an unknown but
unchanged state a .- The stochastic differential equation 1s then
simplified to

(a_-a(t))
dvrl(t) = (1) —J(_)-z— (dy - &(t) dt) (3-73)
ot

The observation process y(t) can be represented by the stochastic
equation-

dy(t) = a(1) dt + oft) dw(t) (3-74)

where
_ K
a(ty) = .2 alwl(t)

1=1

The proof essentially rests on the martingale theorem of Doob

Define a processs;(t) such that for t € [0,T]

dy(t) = dy(t) - «(1) dt

= (a(t) - (1)) dt + oft) dw(t) {3-75)
Write ’ft=0'{ yir), 0= 7 = t}
at) = Ef{a®) |yt ), 075 t}

= £ {a( %)

where %, is defined as the smallest Borel field (o-field) generated
by the random variables [V('i:), 0= 7 =£t}. Then ¥(t) is jt measur-
able The relation
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(3)

«

t t
F =5+ (alr) - a(r))dr + [ oft) dw(t)
® (3-76})

0 S

A
ItA

t

A

T

implies that

t
E {3t &} =3s)+ ] Elalr) - &(r) 1F£] dr (3-77)
) S

Using a smooth property of succeSsive conditional expectation:
E{ E{{f)IF_ HE} =B { 1) 1#} (3-78)

if (_-}"'s = &"’T. This means that every set in S’S is also a set in&, or
equivalently every set in s is the union of sets in &“T. Thus ?s 18
coarser, it contains fewer sets or '"less mnformation’" On using

(3-78), (3-77) can be wriltten as

i}

t c .
E{FW 1E} =Fs) + [ E{alr) -3} IF} 1 F ) at (3-79)
5 (

[l

F(s)

This proves that {y(t), F t> 0} is a martingale process Rea-
soning as in (3-66) the representation (3~74) can be established

The stochastic differential equation 7(t) is non-linear and more-
over there are multiplicative factors of a diffusion nature associ-
ated with the term dy. This will complicate on-line 1mplementa~
tion A simpler expression can be obtained by a transformation

of w(t) into a likelihood ratio function A(t). Consider a special case

with j =1, 2, and define :
M) = In [_Tﬂ]
1-7{t)
. (3-80)
where T2 ), 1-7m) 2

Then the equation (3-72) is simplified to:

31



(21 - 29)
—

(2

dm = 7(1l-7) { dy - [a;7+ ao(l—ﬂ)]dt} + q(L-7) dt (3-80)

m{Q) = Ty

where q = Vg from (3-53) and (3-56) and Vgi T 0

The stochastic equation of the A(t)-process can be established by an
{23). The main result of Dynkin's for-

mula for the one~dimensional case can be gtated as follows. Let the pro-

application of the Dynkin formula

cess {z{t), t> 0} satisfy the stochastic differential equation

dz(t) = m[t, z(t)] dt + oft, z(t]dw(t)

Let ¢ = ¢(t, ) be a numeraical function twice continuously differentiable
m (,8)fort >0 and € 10 R. Put ¥(t)= ¢[t, z(t)]. Then the process {yit),
t > 0} satisfies the stochastic differential equation:

ap(t) = m[t, z(1)] dt + [ t, z(t)] dw(t)
where functions M aod ¢ are given by

ot o&

2
2L 2BME) 2 )
H

3¢, £) =_3_¢1$;_%§l . olt, 8)

This equation of the ¢{t)-process can also be writien

2
= 8¢(t, &) 1 87 ¢iE) | 2
ap(t) 2etl + —:?—— o“(t,8) at
£ = z(t) £ = z(t)
+ a%ﬁg S) dZ(t) (3'81)
g€ = z(t)
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By 1dentafying Mt) and 7{t) with @(t) and z(t) in (3-81) the stochastic
equation

(ay-ay) 1 -
da = -——;2——- dy --?Z-(a1+ ao)dt] + gle

A i1ydt, MO)= Ay (3-82)

can be established. The stochastic equation 1s non-linear, but the mul-

tiplication factor of a diffusion nature was elimainated.

3.5 A Comparison Theorem;

As mentioned in the discussion of the system model, the actual system
1s known only to be in one of the operating modes, with a given functional
form of the conditional probability density of the modes but with unknown
associated parameters. The difficulty of unknown parameter estumation
15 to be avoided by choosing a 'design'' value on the basis of which the de-
cision process 1s constructed. The performance criteria, being either
the error probabilities or time delay in detection, are specified for this
design value. It will be shown that the real sysiem can be detected at least
as fast as that achieved in the case of the design value, when the magnitude
of the actual value of the unknown parameter 1s larger than that of the spec-

1fied design value,

In thig thesis the time of degradation due to a ramp rate 1s_defined as
the instant when the ramp rate will result in an equivalent intolerable de-
gradation in performance corresponding to the ""design’ value of a constant
bias jump in drift rate, With this definitionfor the degradation mode of ramp
change, it will be shown that only one detection system designed for a deg-
radation mode of constant bias change 1s sufficient for both degradation
modes of mean change. The proof of these results 1s based on a compari-
son theorem for diffusion processes The statement of the theorem can be
expressed as follows {Skorokhod). (72)

Suppose that al(t, x), az(t, x) and o(t, x) satisfy the following conditions:

(1) al(t, x}), and a2(t, x), and o(t, x} are continuous n their variables
for t e[ty T]. x e(-e, «)

(2) oft,x)> 0, and for every ¢ > 0, there existis o >‘ﬁ‘ and L > 0 such

that for |x| 2 c, |yl £ c.

loft,x) ~olt, )] = Ll x-y ¢
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Suppose further that ‘g’l(t) and 52(1:) are with probability 1 continuous
solutions of the equation
t t
§,(1) =g (ty) + ft a (s, § (s))ds + J't o(s, £ (s)) dw(s) 1=1, 2
0 0

Under these conditions, if al(t, X} < a2(t, x) for every t and x and if
P{E (ty) S Eo(ty)} = 1 then £,(t) < §4(t) for every t with probabilaty 1.
Loosely speaking, under the above assumptions, a diffusion process

1s a monotonic function of the transition coefficient

The comparison theorem will now be applied to prove the following

statement

Let the observation process be defined

dy(t) = alt)dt + o dw(t) : (3-82)

Suppose that the stochastic differential eguation of the process w(t)
(3 - 81) 15 designed on the basis of the "design" value a, of the parameter
a such that,
(a;-aq) |
—5- {a

d7 = w{(1-) y - lagm+ a0(1~—7r)]dt} (3-83)

+ g(1-m)dt

Then i the unknown parameter has an actual value a > a,» the following
relation 1s true
mla,t) 2 7r(a1, t) for all t {3-84)
The proof 1s a straightforward application of the comparigon theorem.
Substituting (3-31) into (3-83) produces
(al_ao) 3

02 Ya - la;7+ ao(l—ﬁ)]}dt

dn(a, t) = a(1-n)

(al-ao)

+g(1-7)dt + #(1-7) dw(t)
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(al_ao)
dvr(al,t) = m(l-m) =5 {al - [ay7 +a0(1-7r)] }at
)
(aq-a,)
+ g(i~m}dt + w(l-7) —16_“9— dwl(t)

Since the initial conditions can be assumed to be the same, the follow-
ing relation follows-

1

n(a,t) 2 ma,,t) for all ¢ (3-85)

It will be shown 1n Chapters 4 and 5 that the optimal decision (detec-
tion or identificatign) problem consists of observing the posterior proba-
bility process w(t), and evaluating 1t against a specified threshold to de-
termine the decision. Since the process 7(t) is a diffusion process with
a continuous trajectory almost surely, then the condition (3-85) implies
that the process n(a, t) will cross the threshold earlier. This proves the
result.

On the other hand if the value of the parameter a and the decision
value a; are both of negative polarity, then the condition -a< a3y implies
that

7(-a,t) = W(-al,t) for all t (3-86)

This means that 1n this case the process 7(-a,t) 1s of larger magni-
tude but with negative polarity. Since a threshold of negative polarity will
be specified 1n this case, this means that the process 7 (-a, t) will also
cross the threshold earlier

The following statement can be proved 1n a simailar way. If the un-

known parameter of the real systemn has an actual value 2 <a,, then the

process 7 (t) designed on the basis of the '"design'' value a, ov%ar a fixed
mission duration will have less chances to cross the specified threshold
for decision, 1.e., the performance of the actual system will have a
smaller value of false alarm error probability than the computed perfor-

mance based on the design value.

The problem of the treatment of the degradation mode of ramp change
will now be discussed. The wnstant of degradation in the ramp case can be
defined in two ways as shown in Fig 3 6

(1) t=6, when a ramp rate of an ntolerable magnitude appears.
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(2) t =8, when the ramp will result in an equivalent intolerable con-
stant bias drift rate.

The latter definition will be adopted in this thesis. It will be shown
that in this case ounly one detection system designed for the constant bias
case is sufficient for both cases of degradation modes H; and H,.

The measurement equations (3-31) and (3-32) can be rewritten as
I—Il- dy = adt + ¢ dw(t)

bt dt + ¢ dw(t) (3-87)
adt + (bt-a) dt + o dw(t)

n

sz dy

1]

Substituting (3-87) into the stochastic equation 7 (i), 1t can be easily
established by the comparison theorem that for t 2 T+6 ,

(t, Hy) > (i, H,) with probability 1 (3-88)

the notations # (t, I—Iz) and 7 (t, Hl) are defined for the process 7 (1) condi-
t1oned on modes Hy and Hl’ respectively The value T is determined by

the following relation

(bT-2)=10
a (3-89)
T = B

where the parameters a and b have been defined 1 (3-31) and {3-35)
Asg illusirated in Fig. 3 6, with the employed definmition of the degradation
mnstant, the degradation mode I—I2 can be detected at least as fast as is
achieved in the case of the design value by ihe detection system based on
ithe constant bias degradation mode H

%'F(t)

1°

—» 1

ge——1 ——18

Fig. 3.6. Detection of Ramp Change by Bias Threshold.
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CHAPTER 4
The Detection System

4.1 General Discussion

In this chapier the optimal deteciion problem is formulated as the
solution of a Bayesian problem. It is shown that the posterior probabil-
ity 1s the sufficient statistic for optimal detection for the class of Bay-
esian problems with Markovian additive risk function The optimal de-
tection problem consists of observing the posterior probability process
and is reduced to the determanation of the optumnal boundary for the deci-
sion to stop or continue the observation at a minimum risk The problem
of on-line implementation of the Jto stochastic equation of the posterior
probability is discussed.

A suboptimal detection system in the class of Wald's sequential test
process 1s developed The solution of the suboplimal detection sysiem is
formulated as a combined stochastic problem by utilization of feedback of
uncertainty information. The suboptimal control law in the discrete time
system has been found to be determined by a constant threshold. The
extension of the optimal control into the continuous time system is dis-
cussed It is shown that the suboptimal system can be simply modified
to detect the degradation mode with simultaneous i1dentification of polarity

with little additional computation

The performance of the detection system is studied. It 18 shown for
a sequential detection system with only a single-side boundary for degra-
dation detection the meanmngful performance criteria are the mean delay
time 1n detection and the false alarm error probability. The detection per-
formance of the optimal detection system and the developed suboptimal
detection are evaluated by application of the theory of first passage times
for diffusion processes. It 1s shown that under the constraint of a speci-
fied mean time between two false alarms the suboptimal system perfor-

mance expressed in mean time delay in detection 1s remarkably close to
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that of the optimal system. Simulation results are presented.

4.2 Decision and Sufficient Statistic.

The detection system 1s characterized by the feature that information
about the state of interest is not directly accessible in the observation
process In Chapter 3, the posterior probability of the unobservable state
describing degradation conditioned on the past history of observations has
been derived, and has been shown to be Markovian The posterior prob-
abality gives the most complete description of the information about deg-
radation of the system. This transformation of the original system into
the posterior probability is the feature of the treatment of the partially
observable process. Based on this information the problem is transformr
ed 1nto process with complete information. The optimal detection prob-
lem will then be formulated as a special case of the optumal control prob-
lem 1n which the optumal control is the decision to continue or stop the
observation at a minimum risk. Under the general case of Markovian
additive problems, it will be shown that the posterior probability is the

sufficient statistic for determining the optimal decision.

The concept of sufficient statistics is developed in the theory of sto-
chastic optimal control. In the stochastic optimal control problem, con-
trol solutions are chosen from the set of admissible controls on the basis
of the observable measurement history up to the current instant. If there
exists a finite set of sufficient statistics, which determine the expected
cost to complete the process, then the optimal control becomes a function
of these sufficient statistics. In particular the statistics which are to re-
place the measurement history must be sufficient in the following respects.
They must be sufficient to define the expected cost to complete the process;
they must be sufficient fo determine the selection of controls from the
admissible controls; and they must be sufficient to determine their own

future evolution,

It has been shown in Chapter 3 that the posterior probability will sat-
isfy the third requirement. In this section it will be shown that the poste-
rior probability will be sufficient for the problems of the optimal decision
in the class of Markovian additive problems. The problem of determining

the sufficient statistic is approached by deriving an expression for the re-
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current formula of the expected risk function via the method of dynamaic
programming., The posterior probability will then be shown to be suffi-
cient to define the expected risk to complete the process.

Consider the system in the discrete-time case, withn ¢[0, N] tak-
mg 0,1,... N < &, and N is fixed, Let y{n) denote a generic symbolic
function. The following notations will be employed.

¢ = 9@, ¢ ={y@, 0<i=n},
$ 5= {4, s<1= n}

Letd= {dn}, g = {Bn} andy = {yn} be the random sequence generated

by the decision, unobservable and observable processes of the investigated
system respectively. The corresponding realizations and sample spaces
are denoted as {5, B, n} and {D, 8,I" } respectively., Let o, denote the
triple state {dn’ 0, yn} of the system. Define the loss function W(-) = 0

as follows: W(N, G'N) = total logs from the initial time i = 0 to the terminal
time i = N, using the admissible decision function {dn}, n=1, ... N,

which leads to the value O'N.

It is assumed that at any instant n the decision space depends only on

n-1_ (dn-l, yn—l) without anticipation. Furthermore, the

the past history X
past outcomes of observations Xn_lwill impose certain resirictions on the
admissible decision space from which the decision function d_ can be cho-
sen, i.e. the maximal admissible subspace Dn = Dn (Xnﬂl) = '8:1, where Bn
is the admissible space with no restrictions. A decision rule is defined by

a sequence of functionals {5 _}:

5, =6 (D, an-1l a1y

1 n=1, ... N
n

where &, is the decision io be made at the time step I e(n-1, n}
For each decision_rule 6 an average risk is defined
RN(s) = By W(N, o™) (4-1)

k4

where the mathematical expectation is taken with respect to a probability
measure Pa(-) generated by the given decision rule §. A decision rule &
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will be defined to be optimal, if

pN = inf RN(S) = RN(é*) {4-2)
]

Consider the special case with the following assumptions,

A. The loss function is an additive function:

Wi{n, on) = Z Wir, O‘I:)

rEn

B. The unobservable controlled process {6} 1s a Markov process:

n ,n-1, _ .
Bn(e: d » 6 )- B n(es dn: 9[1"1)

C. The observable process {y} is a sequence of conditionally inde-
pendent random variables. For a fixed realization of the sequence
{5n} and {8 " }, the random variable ¥, is independent of the
history L

n ,n n-1,_
nn(rad:e:y )—?n(r:dnsen)

D. The admissible decision space D depends on the past data in the

Markovian manner;

n-1 _n-1, _
Dn(G s,y ) = Dn(e

n-1’ yn—l)

Under assumptions A-D, the problem of sufficient statistics for the
partially observable system will be discussed. Later, for the sequential
decision problem, the assumptions will be further gimplified. In particu-
lar the unobservable process is not a function of the decision dn’ and the
preceding outcomes of observations impose no restrictions on the admis~
sible decisions.

First the basic recurrent equation which must be satisfied by the opti-

mal risk for decision problems 1s to be derived. Let

N . N n .
P (x™ = inf E{Z W, )X} (4-3)
R L A
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Then pIT (X n) 1s the minmimum expected cost to complete the process
from time n, giventhe observationhstory y , using some admissible de-
3k

cision function {di }i=1, ..., n, and the optimal decision function {cli }

i the interval (n+1) £ 1S N. It follows from the "principle of optimality"
(6)

(Bellman' ') that
+
N (X% = mf B{[W(H, o) +p" (x™yf x™ (4-4)
n 6n+1 n+i .
A 6n+1
where W{n + 1, Un+1) =W {n, crn) is the incremental loss generated

by 6n+1 at time step I € (n, n+ 11,

-

The problem of deriving sufficient statistics 1s reduced to the study
of the measurability of the risk in the recurrent formula (4-4), or to the
study of the mimimum number of statistics which are sufficient to deter-

mine the expected risk funection to complete the process.

For the last stage n = N-1,

N—l}

o N s B wav, oy | x (4-5)

N-1 6N

Let an admaissible decision function dN be chosen, then by assumption
D, dN € DN( xN-l)' The expected wvalue of the function (4-5) can be ex-

plicitly expressed as:

oN XN Yy =it {1 W, 8, m dy) APy (B,nldy XNy (a-e)
N-1 dyg N, YN

By application of the Bayes rule, the probability P(*) can be expressed

- N-1 = yN-1
=] P, (nldg x ,B)PBN(BIB,X »dyg) dP

~ JN-1
(B IX d..) (4-17)
0 'N -1 N

N

By assumption C, since y.. is independent of the past history for fixed
y N y
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d therefore

N and 6N’
N~1

= 4-8
N B)= P, (nldy.8) (4-8)

The probability PB ('é | anl, dN) does not depend on the future decision
N-1
dN’
P,  (B1xN1 ag=r, (B1xN (4-9)

9 N-1

N-1

since the processes {d}, {6} and {y} are defined as processes without

anticipation, Define

B =p, @Eix¥h (4-10)

and notice that it is sufficient to know 8_. from 6 because of the Mark-

N N-1
ovian property of the process {8} by assumption B, Then Eq. (4-7) can

be rewritten as-

N-1
P6 ,yN(B,nIdN,X )

N

S Py (nldy.B) - B (B1B.ap) d gy )
=L Py P 1B, ay) am_, (B) (4-11)
Denote  P(- 14,y ) = f@P(' ldg.BYan, (B) (4-12)

Since the irue state of the process 6 1s unknown, its best information
can be represented only by a se‘i of E'osterior probabilitiei. TN-1 is the
sSet of random varigbles {’WN_l( BY, Be®}, where wN_l(B) represents the
posterior probability of an element of the given sample space ©. The ex-
pression P(+ | d
P(

N’ ”N—l) can be interpreted as the expected value of

.| dN’ 8) against the posterior probability _1 based on given observa-
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tions. P(- idN, WN-l) 1s not a conditional distribution in the usual sense
of conditioning on a given value of the random variable =

N-1°
just means that the distribution w according to the defining expression
(4-12).

The symbol
N-1

If the sample space @ is discrete with a finite set of states denoted by

{Bi}, where i=1, ..., m, then the expression can be written as:

m
= . 1
(4-13)
1 .
1= Myerr oo M)

where the wiN_ié WN_I(B i) represents the posterior Erobability of the stiate

B s based on observations up to {(N-1) and Pl(' 1dN) = P(- IdN, B i) represents
the probability of an event conditioned on the event that the state ;18 true.
Therefore (4-11) can be expressed as

Py (B,nldg X7 )= PBN’ Yn(B’ nldg g ) (4-14)

Substituting {(4-14) into (4-6) produces

N

on XNy =it ([ wav, B, dy) - d Py

(BJT, Iﬂ- -12? d }_ (4_15)
dy N IN N-17"N

Therefore the conditional expected risk E { W(IV, O‘N) | XN—I} has been
shown to be defined by the posterior probability =«

N-1.
Thus the choice of an optimal decision 6N at interval I e(N-1, N] is de-
N-1

fined, not by the past history X , but only by the posterior probability
and Xan = (dN-l‘ yN-l) due to restrictions imposed on the admis-
N N-1
N-1 (X

as p§_1 (ﬂN_l, XN_]_). The dependence of p§_1(°) on XN-l again stems

'n’N_l,

sible space DN( X N-l)' Similarly the function p ) can be denoted

from the restrictions imposed by X on the admissible decision space,

N-1
Consider the relation (4-4) for n = N- 2:
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N |, N-2 1 2
N-2(X )= :Snf E {W(N-1,0,0 ;) + p§ LYy N2y a-16)
N-1

Using the relation

N-1
P XD = oy me 1 X p)

equation {4-16) can be rewritten as

N N—z =4 _ N N"2
P ot ) ot ® {W(N-1,0.4 1)+ pN_l(er_l, Xn-1) 1X7°%)
N-1
= - N—z -
J(.inf 1 { E[W(N-1, Op-1) X T g q] (4-17)
N_.

N N-2
+E[p (?T — SX - )IX 3 d ] }
N-1 N-1°7N-1 N-1

For every fixed d_; € DN_l( X N—2)‘ the first term in (4-17) can be shown

to depend only on XN-2 and Mo o 28 10 (4-15). The second term in (4-17)

can be treated as follows:

N N- 2
- N N-2 _
=Jp” (Mg qsdg g5 n)d PyN-l (nIXx™ % dyq ) (4-18)

N-1

By assumptions B-C, the process 7rn has been shown to be a Markow
diffusion process in Chapter 3. Thus the evolution of the conditional prob-

ability -1 in (4 18} depends only on = and XN-l’ and does not depend

N-2
on the history X 1. Furthermore the probzbility P(-) can be evaluated as

(4-7)

N-2

P (7] X , d

}
Yog-1 N-1

(equation coantinued)

94



2

il

N- N-2 ¥
[P M, X%, dy 1) d Py BT d )

IN-1 N
. (4-19)
= [P (B, dg aP, (BIXN% 4. )
IN-1 N-17 701 N-1
and
N-2 1 =~ yN-2
P BIX" % d, =[P BIB, d, .)-4dP BIX" 7, dy 4)
91\7-1 N-1 BN_l N-1 QN-Z N-1
(4-20)
Reasoning as before, (4-18) can be considered to be dependent on HN-Z’
N N-2
E [P (WN_].: XN_l) ix 2 dN_l]
N-1
= j PN (WN—l’ dN—l" Tl) +dP (Til WN—Z" dN"‘l) (4'21)
N-1 IN-1

Since the evolution of the probability Ta-1 depends only on T™N-2

X N-1° thus for each fixed value of dN-l’ the expressions in the braces
of (4-17) depend on only TN-2 and X N-2* Consequently the optimal deci-

and

sion function at the instant N-1 depends only on _g and XN-.‘Z’ and more-
over,
N N-2, _ N
pN_2 (X } = pN 2(7rN__2, XN-.‘Z) (4-22)

The conclusion can be similarly shown to be true for n= N-3, ... up to
the final step:
N _ . N
P = inf E {W(1,0))+ Py (my,X) 7 } (4-23)

d;

where 7S is the a priori probability that a degradation has occurred. p N

gives the minimum possible risk in (4-2),

The following general statement has thus been proved. If the conditions
of assumptions A-D are satisfied, then the optimal decision function 6? at
the time instant n{n = 1) depends on the past history x21 o (yn-l, ath
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only through the posterior probability Tl and Xn—l' in other words To-1
and X n-1 2re the sufficient statistics for determination of the optimal de-

cision function.

Consider the case of a sequential decision process such that the ob-
servations can be terminated before the end of the time N allotted for ob-
servation, and assume that the uncbservable process is not a controlled
process. The decision procedure at any wnstant n consists of two compo-
nents: a stopping rule for the choice to continue or to terminate the pro-
cess of observations, and a decision rule at the termaination stage. The
decision space for this case can be defined as D = ID0 U Dl, where D0 is
the decision space at the termination stage and D1 is the decision space
for continuation of observations, If a decision has been made at 0 to con-
tinue the observation, then the decision space Dn = DO 8) ZD1 . The decision
space D = DD if a decision 1s made to terminate the process of observa-
tions. In both cases the previous observations and decisions already made
impose no restrictions on the subsequent admissible decision spaces.
Since the dependence of the risk function Prlj( T X ri) on Xn is only through
the restrictions imposed hy X n on the admissible decision space, the risk
function pg('t’rn, Xn) depends thus only on the posterior probability T and
not on the statistic X o and the sufficient statistic is reduced only to the

posterior probability., The minimum risk can be represented by

pN (7 ) = Man [p} ((m), SAPECR) (4-24)

where pf, 0('fi'n) is the minmimal risk obtained for the terminal decision taken
at the moment n, and pE’I (7rn) 18 the minimal risk for continuation of obser-
vations. Bince the unobservable process in the sequential decision process
is independent of the décision function, the posterior probability m 18 re-

defined as

_ n
wn(B) = Pen(ﬁ Iy ™)

where y' is the past history of the observed process ty}.

¥
It is convenient fo represent the total loss function in this case as
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follows:

- n-1
Win,o )= = W(i, o, )+ K(n, o ) nzl (4-25)
i=0

For notational convenience, W(l,O‘ ) is defined as Wﬁ (1,0 ) where

P i+1 € 1 I is interpreted a%a 1oss for a certain step I ¢ [ 1, 1+1).
Here Kin, o ) is defined as W (n,'rn) where 61 € D®. 1t is defined
as the termmal loss if the observa'tions are discontinued at the instant
of time n.

The minimal risk pI: l(:'rn) for continuation of observations safisfies
the recurrent relation:

N o N .
Pn,1 (M) = 4 mfeDl E{Wn,0) *popeg 1 (Tpeq) | ot (4-26)

-+l
where Tt is the posterior probability of T after a new observation has

taken.

The minimal risk pg 0(7rn) obtained for the termainal decision taken
at the moment n is

0(11' )= inf 0 E[K(n,o-n) ?Tn] {4-27)

dke D

Pn,

where the terminal decision dk is taken over all possible classes to mini-
mize the terminal cost. In the discrete case where the terminal decision
space D0 consists of m finite decision classes {8 i}, i=1, ..., m. Then
(4-27) can be expressed as

N . k
(w_)= inf {z: KB ,d) (4-28)
0" n" 4 eD k=1 Py -“}

where K(B dk) is the termmal cost from taking the decision dk when the

true class is Bl and 1rk represents the posterior probability of the class

B
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The explicit dependence on tame n will be discussed. In general,
if the loss function W(n, crn) at each time step is a constant c; if the en-
process 18 a homogeneous Markov process, and if the ¥y, process is a
conditionally independent sequence of identical distribution (up to and
after the degradation), then the sufficient statistics will not explicitly
depend on time n. However, for the decision process truncated at stage -
N the risk function i1s time-variant such that the optimal decision bound-
ary for the statistic T for termination of observations will in general
depend on time n. For the uniruncated decision process with N — « the
manimal risk pf’l (7rn) for continuation of observations can be shown to
converge to a limat pl(ﬂ'n). The proof is based on the boundedness and

monotonicity property of the {pE 1 } sequence, and can be found in ref-

erences (Blackwell(g), DeGroot(ls)). The optimal risk function p(:rrn) in

this case satisfies

P(Wn) = Min {po(ﬂn): pl(ﬂn)} (4-29)

where (4-26) and (4-27) can be written as

p(m )= 1nf , E[K(c ) | 7] (4-30)
0 ™ qen’ n’ oo
and —
py(m) = inf | E{c+p (7 )7} (4-30)
dn+1eD

An intuitive interpretation of the asymptotic limait is the follow-
ing. Consider the truncation time N as the stariing time, and pg_l’ 1(')
as the initial condition for a backward propagation of the risk function.
As N - o, the transient due to the "initial condition'' dies down, and the
asymptotic interval grows without bound. In other words, the finite
"transient interval'' tends to infinity and the ''steady-state interval" oc-
cupies all finite time,

The conclusion regarding sufficient statistics will be different if the

(66)

loss function is non-additive. Shiryaev discussed the problem of
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Markov sufficient statistics in non-additive Bayes decision problems,
and derived new sufficient statistics other than the posterior probabil-
ty.

4,3 The Optimal Detection System

In this section the main results of an optimum formulation of a
quickest detection problem by Shlryaev(64) (also Stratonov1ch(73)) will
be presented, and the problems of the optimum system implermentation
will be discussed.

Shiryaev considered the following problem. Suppose the observed
process y(t), t = 0 satisfies the stochastic differential equation

dy(t) = at - 6) - dt + cdwl(t) (4-31)

where w{t) 15 a standard Wiener process, w(0) = 0,
E(Aw) = 0, E(AW)2 =At

and

v

a; T 0 (denoted as state Hl)

a(r) =
0 T <0 ({denotedas state HO)

The moment 8,. signaling the appearance of a degradation, 1s unknown,
It is required to derive an optimum system of detecting the arrival of a
degradation in the observed stochastic process y(t), as quickly as possi-
ble subject to a limitation on the number of false alarms.

A simple model of the process 8{t} iz considered in both discrete and
continuous cases. In the discrete case, the degradation occurs at a dis-

crete instant 6 according to a geometrical distribution with parameter p.

PO=0)="7
- (4-32)

PO =n]0>0)=pi - p)L az1

u

In the coniinuous time version of the model, the a priori disiribution
of 8 is exponential;
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P>t =e & tz 0) (4-33)

with the given constant rate gq. The exponential distributions (geometri-

cal distributions in discrete-time case) have the useful property that
PO>t+s|8>s)=P6>t][6>0)

In both cases it may be decided at any i1nstant t to make a decision
about the system mode. This theory assumes that the correctness of
this decision can then somehow be determined. This is to be done by
the identification process described in Chapter 5. Then, if it is found
that & <t the detection process terminates;but observation must be re-
sumed immediately after a false alarm. For the case of exponential
and geometrical distributions of 8, the posterior distribution of 8 at any
time does not depend on anything which took place before the last false
alarm. Then, after carrying out one stage of the observatlon-(up to the
stopping time v at which a disorder is detected) and after ascertaining
that 1t"1s necessary to continue the observation, one has the same situ-
ation (in the sense of the distribution for the unknown parameter 6) as
before the observation began, the only difference being that one errone-
ous signal has been produced.

The optimum observation method will first be constructed for pro-
cesses with discrete tume as the Bayesian solution to problems involving
the minimization of specified risks. The method of constructing Bayes
solutions is based on the use of a recurrent equation for the risk, and it
turns cut that the Bayes solution is based on the posterior probability.
This 18 in fact an application of the general result on the sufficient sta-
tistic developed in the section 4. 2.

Define a risk function associated with a given a priori probability 7

and each decision function §:

R(, 8) = E W(,0)

Let the non-negative loss function W(t, s) be such that
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€y t<s

W(t, g) = 02 v {t-8) tz s {4-34)

where ¢y and cy are specified positive constants, and W(0, s) < « for s <ez,
The constants can be viewed as penalties, with c, as the terminal penalty

for false alarms, and cy the penalty for delay in detecting a degradation.

LetD = {DO, Dl} be the set of all decision functions with D0 the set
of terminal decisions about the presence of degradation, D1 the set of con-
tinuation of observation. BDefine

p(m) =inf R(s,7)
6eD

pO(’ir) = inf R(s,7) (4-35)
6eDO

pl('ﬂ') =1nf R(5, 7}

6€Dl
Then
p(m} = Min (py(7), pl(’ff))
Define
T = P(Génly., cees yn) (4-36)

where Vs +oes yn are observations taken up to the instant n. It is to be
noted that the measurement actually observed is not the function y(t) de-
fined in the stochastic equations (3-26) and (3-30), but rather some ap-
proximation to the "function' y(t}). Thus in the discrete time case the
notation { yn} stands for the measurement residuals {¥(n)} defined m
{3-39) and (3-40}, and represents a sequence of conditionally independent
random variables. However the posterior probability (4-36) can be de-
fined to be conditioned either on the sequence {¥{n)} or on their summa-
tion (equivalently on the integral y(t) in the continuous time case), since

both generate the same Borel-field. For notational convenience the
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"generalized" notation y will be employed to denote the observation through-

out the rest of the thesis without further explanation.

Shiryaev proved the following statement, The Bayes solution to the
problem of minimizing the risk consists in observing the process 7 (n)
{m(0) = 7w ) until the first moment v at which 7 (¢) = 7', where 7' is the root

of the equation pg(7") = py (7).

The optimal risk function p(7 n) satisfies

plm )= Min [py(7 ), py(m )]

where the terminal risk po(:'rn) can be derived from (4-34) and (4-28) in

section 4. 2:

po(vrn) = (1-7rn) ¢y . {4-37}

(64)

The risk pl(?Tn) satisfies the recurrent relation

n (4-38)

oo
py(m) = [ pq(m () dP(nl 7)) + cym
where Py(n[ ?Tn) denotes the probability that y= 7 conditioned on the poste-
rior probability T (the random variable T represents in turn the a priori
probability for the observation y at instant (nt+l) ). An explicit expression
for the term Py(n | n) and the probability = 1= T n+1(r;) can be found later
in equations (4-73) and (4-72).

Shiryaev studied the optimal observation method in a different version.
Among all decision rules Da with a specified probability of false alarm
a = P(s(y < 0}, find an optimal rule §* which gives the minimum mean time
of delay for detectionof a disorder:

Eﬁw(v-ﬁlv§6)=lnf E (v-0|vz6) (4-39)
* 6
€D,

This problem can be transformed into the Bayes problem by defining

the risk function.,

R(6,7,c1)= ¢ Plv<6) + CoB(y-6 | v & 6) (4-40)
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where the loss function is now defined as

n::1 t<s

Wit 8) = 4 ¢ gig) > s (4-41)

The difference is that the constant ¢ 1 s now the Lagrange multiplier,
which is to be evaluated through the specified constraint o, i.e. ¢y = cl(a ).

For this choice of the risk, set

p (”: Cl) = inf R((’i,'-’T,C

)
1
6 EDa

palm, c.)=1inf R(s,7,c,) = c (1-7)
0 1 sen? 1 1

p. (7, c )= 1nf R(s,7,c,)
1 ! seDl !

The optimum decision rule in this case can be stated as follows, For any
a = P{v < 6) the optimum method in the problem of minimizing the mean
time of delay in detecting degradation 7 = 7(a) consists in observing the
process T until a certamn level v'= 7 '@}, 0 2 #' = 1 1s attained for the
first time.

The fact that the posterior probability = - P(O=n| Y Yn) 1s the
only sufficient statistic for the optimum detection system can be viewed as

an application of the general result of section 4.2. The loss function in
{4-25) corresponds to:

b

Wi, ori) =c, for all i

K{n, cn) = ¢y

The loss function satisfies the additive property, and the loss over each
step 1s a constant. The a_._s_g}_lzpptioﬁs B-D in section 4. 2 are obviously
satisfied. Furthermore the distribution of 6 is a2 homogeneous Markov
process, i.e. P(6 =nt+l |6 >n)= P(a.n+1 =a Ian = () = p for aﬁy n. Since
only the untruncated decision rule with N = « 18 considered, the sufficient

statistic therefore can be simplified to the posterior probability 7 .
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Sumilar resulis are formally extended to the continuous time case by

Shiryaev, Some exact formulae and explicit calculations have been dis-

cussed(68). (Also Stratonovich(rfs)). In chapter 3 1t was shown that

T = 7 (t) 15 a daffusion process which satisfies the stochastic equation-

af 2 %1
d:vrt = (l-wt) . (q"—“-*“é-ﬂ't )dat +—21rt(1—7rt) dyt
g g
and
dyt = a(t-6) - dt+od W, (4-42)

From (4-42) the following statistics can becomputed:

Efdr | Wt] = q(l-vrt)dt
2
a

2 1 2 (4-43)
E[dr” | m)= —5 [7 ~(1-7)]" dt + 0(dt)
(e

At any moment of time one can either stop or continue the observatlc;n,

p (m) = M [py(m), py(m)]

where p 0(7rt) is the optimum risk n terminating the observation at {ime
tif w(t) = L and pl(wt) 1s the risk from continuing the observation at
time t when w(t) =7 i In the continuation region, where observations

are made, denote pl(?’l"t) = p(‘ﬂ't)- The discrete recurrence relation (4-38)
can be expanded to

p (m(t)) = cy * 7(t) - At + fp('n'(it) + A7) - dPAT | 7(t)) + 0{At) (4-44)

Considering the class of decision rules for which a bounded second deriva-

tave p' (wt) exists and using (4-43) it can be shown that p(:rrt) satisfies
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the differential equation:

. a2
1

vrf (1—7rt)2 p(m) + a(1-m) pi(m) = -cqm, (4-45)

20'2 [

in the continuation region T, € [0, ¥], where v 1s the boundary to be de~
termined., Since the risk function is not an explicit function of time for
untruncated processes, the equation of p(vrt) 15 1n fact reduced to an or-
dmnary differential equation. The optimal detection system thus consists
in observing the process T (or T, n the discrete tame case) and 1s
reduced to the determaination of the optimal boundary for the decision to
stop or continue the observation at a minimuvm risk. For on-~line me-
chanization of the optimal detection system, only the stochastic differen-
t1al equation 7 " need be implemented and the optimal boundary for ter-
manation of observations need be determined. These problems are now
to be discussed.

In general, calculation of the optimal boundary v involves solution
of the recursive backward equation {4~45) of the minimum risk. The

boundary conditions for optimal decision are established by the following
relations:-

polv) = pl(v)

dp dp

o = ! (4-46)
dm| v de | v

dpy =0

dr| 7= 0

The three boundary conditions are sufficient to find the expression
for the risk function p, (7rt) in the region [0, v] and the unknown boundary
v. The first boundary condition 1s obvious, and the third boundary con-
dition 1s derived from the assumption concerning the boundedness of the
second derivative p' (7 t)' The derivation of the second condition will be

discussed 1n section 4. 4, 2.
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In the version (4-39) of the optimal detection system the optimal
boundary v can be solved by the optimal boundary conditions (4-46).
The additional unknown Lagrangé muliiplier 4 associated with the ter-
mainal cost Po (Tf_t) will have to be removed by the specafied consiraint
on false alarms. However a simple relation for the boundary v in terms
of the constraint of the specified false alarm error probability & can be
solved by application of the theory of the first passage problem of diffu-
sion processes. The resuli can be stated as follows,

y=1-a(l-7) (4-47)

where 7 is the a priori probabillty‘ of degradation defined in(4-32). It
18 noted that « does not depend on the parameters a;; o and ¢. The
derivation 1s based on the straight-forward solution to the Kolmogorov
backward equation associated with the diffusion process of the posierior
probability = N defined in the normal mode. The detailed solution can be

68) (73)

found in Shiryaev or Stratonovich The theory of first passage
times of diffusion processes will be discussed 1n detail in section 4.5

for derivation of the detection performance.

The on-line implementation of the Ito stochastic differential equation
7 (t) will now be discussed The Iio integral has certain special proper-
ties which derive basically from the fact that the increments dw(t) of a

1/2

Wiener process are of the order of (dt) and not of (dt) as they would

be for a smoothed random process This means that second-order terms
(dw)z cannot be neglected in the Ito calculus

Consider the differential equation (4-42), of the Ifo stochastic process
7 (t) )

a

2 1 -
1rt) dt + 02 ‘ﬂ't(l ﬂt) dyt

2
!
dr, = (1-7) - (q -?

and the observed process y(t) is defined as (4-42)

dy, = & dt+ o dw,
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The process y(t) is a nondifferentiable process with probability
1, and it represents an idealization of the actual process yH(t). in
a practical system the observed process is not the process y(t), but
some smoothed band-limited process yH(t) which passes the frequen-
cies [0, H] only, The derivative of Vi exists with probability 1, and
satisfies the equation

F(t) = &+ Wplt) . (4-48)

Consider the following terms

t
It) = IO m{s) [1- n(s)] dy(s) {4-49)
and
1
Igt) = fo Tls) [1- 74(s)] dyy(s) (4-50)

It is natural to expect that for H — o, the value of IH(t) converges
to I{t} However, it is well known that such convergence will not exist

The reason is that for the smoothed process wy{t)

m-1 9
Iim Z [wels,, 4} - w (s])]"=0
Mmoo i=0 H i+l H'" 1
for 0= 85 <s&; ... <8, 4 =1, while for the limiting process w(t), this

limit is t Thus the equation (4-49) in the Tto form does not have a
physical analogy and cannot be implemented on-line

The problem of modeling ordinary scalar differential equations by

stochastic differential equations is discussed by Wong and Zakai(sg)

Let the realizable process yH(t) be defined by

FD) = Hygglt), 1) + gy, B+ Wyt) (4-51)
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Then the process yH(t) can be modeled by the Ito stochastic differential

equation

ay(t) = [Hy(t), 1) + + ag‘y‘("’)’ ) gly(t), ]ct + gly(t), ) dw(t)  (4-52)
9y

— -

in the sense that

Iim  y..(t) = y(t)
H->c B

whenever

t
lim [we(t) =] W.(s)ds] = w(t)
Hoo O 0 H

Thus the stochastic equation (4-42) for on~line implementation

should be replaced by the following equation-

2
a

t
7 () = m0) + Io [L - 7)) [a --0712'-”12_1(5)] ds

L 2

--2—?-}"0 [1- 27rH(s)] . 'iTI_I(S) [1-1rI_I(s)] ds (4-53)
a; t

+U—2f0 Tr(8) (1-7e(8)) §yy(s) ds

where yp(s) is the actual band-limited observed process
Ygs) = a+ o Wyls)

The equation (4-53) can be handled as an ordinary differential
equation This subtle point, which must be taken into account when
implementing 7 {t) can be avoided if an equivalent process A{t) is im-
plemented in place of 7(t)-
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Mt) = o[ ]
1-7 (%)

From (3-82) the process At} satisfies the integral equation-

- 2
a, ¢t t 8
At) = N0) +—p Ioastsel (e X5 - L —Lyas (4-54)
o’ o

In comparison with the formula for #(t} it is noted that in the process
Alt) there are no multiplicative factors of a diffusion nature associated
with the term dy(t). The stochastic integral can be computed in the same
manner as for the smoothed process. Define

WH(t)

).H(t) = fn?

1 —'JTH(t)

L

Then the process )H(t) defined as

- (S)
)H(t) = M0) +““"f yH(s) ds +_f [a(l+e )‘H

cr
(4-55)

1
-"'2—' ]dS

W
V] Lol SV]

[0}

will be the correct model for implementation of the Ito stochastic differ-
ential equation (4-54). The above equation for A(t) is simpler, but there
exists still a non-linear element for implementation In the next sec-

tion a class of linear system formulations will be discussed.

4 4 A Suboptimal Detection System

4 4,1 A Linear Detection System With Uncertainty Feedback

A study of the stochastic differential equation A{t) (4-54) re-
veals that the process A(t) will be transformed to a linear system for q=0

@

a
aNE) =—[dy - S8, - ] (4-56)
o3
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Physically this means that the system is defined to be operated in an
unknown yet unchanged mode There is no transition between operating
modes during the mission, and the problem is reduced to that of dis-
crimination between simple hypotheses This is the formulation of the
well-known Wald's sequential analysis in the continuous-time case(zz)
The Wald optimal decision rule can be simply described as follows.

Let the observed process be defined as
dy(t) = a dt + o dw(t) (4-57)

Let « and B denote the probabilities of false decisions under the hypothe-
ses I—IO(aFO) and H, (a=a1) Then one observes the likelihood ratio func-
tion A{t) (4-56) with A(0} = 0, until the first realization of one of the equali-
ties At} = A or Alt) = B, where the boundaries A and B (B> 02 A) are
defined by the error probabilities

A=zn(—§—-)

1-o
{4-58)

B=£n (l-B )
o

In the first case cne accepts the hypothesis HO’ and in the second,
the hypothesis Hl' A sketch of the sequential probability ratio test is
llustrated in Fig 4 1. It is well known that the Wald SPRT hes the opti-
mal property of being the test that, on average, requires the minimum
number of samples of all tests to come to a decision for some specified
error probabilities Wald's sequential analysis will be discussed in de-
tail in Chapter 5

The distinct feature of a transition of operating modes in the degra-~
tion process distinguishes the problem from Wald's formulation. In
general, Wald's sequential procedure is a single stage decision in the
sense that the process terminates whenever acceptance of either class
H0 or Hl has been decided HHowever in the detection system one is
only interested in detecting the degradation as it occurs As will be
shown in section 4 5, the definitions of stages and the error probabili-

ties are different in these iwo formulations In order to use Wald’'s
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Fig. 4.1. Sequential Probability Ratio Test.

procedures for thé detection system, a modification 1s proposed

(65)):

observation process A(t) starts anew. This is equivalent to having

(Shiryaev When the lower boundary A < 0 is first reached, the

a reset of the process from the boundary A fo zero.

It will be shown however, that the detection performance of this
modified Wald's procedure will suffer an extra time delay in detection
in comparison with the optimal system. Consider the case when the
system is operated in the normal mode with a = 0 In this case equa-
tion (4-57) can be represented by

dy(t) = odwl(t) (4-59)

Substituting (4-59) into (4-56) produces

a]z_ al
dx(t) = - —5 dt +—=dw(t) (4-60)
202 ¢

It can be seen that the process A(t) for the system defined in the normal
mode HO will show a negative average drift rate. Similarly the process
At) will show a positive average drift rate when the system is defined in
the degraded mode Hl'
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2

&1
dAa(t) = 5 dt +
20

!

- dw(t)

Suppose a degradation occurs att = 8, as shown in Fig 4 2, then
the likelihood ratio function A(t) will take an exira time delay 7, to com-
pensate for the negative quantity of the likelihood ratio function accumu-
lated before the occurrence of the degradation, Thus the linear detection
system must be modified in order to give a better performance, and it
will be shown how this can be done by the feedback of an uncertainty in-

formation of the coperating system.

The motivation of the uncertainty information feedback can be pre-
sented as follows The posterior probability function 7(t)} and the like=-
lihood ratio function A(t) have their physical meaning By definition they
indicate the current state of uncertainty concerning the system being
operated in mode Hl or HO conditioned on the history of the available
observations. From the a priori information it 1s known that the system
is initially operated in the normal mode and characterized by a unique
transition from the normal mode to the degraded mode at an unknown
instant Thus one is mainly interested in detecting the degradation mode
rather than the verification of the normal mode It has béen shown that
the detection process will take an extra time delay in detecting a degra-
dation if both decisions are to be made. Now if the uncertainty informa-
tion is fed back in some optimal way, such that the decision works in
cooperation with the available a priori information, instead of working
in complete ignorance of what the current state of information is, as it
does in the absence of uncertainty feedback, one expects that the system
will improve the performance of detection This is the motivation of un-
certainty information feedback. Since there is a deterministic relation
between At) and (%), 1 e , Alt) = ﬂn[ﬁ%ﬁ%—] » either A(t) ox 7(t) will be
used as the uncertainty information whenever appropriate
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Fig. 4.2, Ilustration of Extra Delay for Detection in SPRT.

4. 4.2 Some Bayesian Results of Wald's Sequential Analysis

In this section Bayes solutions of Wald's sequential analysis
of testing two hypotheses will be discussed Let a be and unknown con-
stant assuming two values 0 (denoted as state HO) and 2, ( denoted as
state I—Il) with a priori probability (1-7)and 7 respectively Suppose that
the random process y(t) = Yy is observed such that

dy(t) = adt+ odwlt) (4-62)

where w(t) is the standard Wiener process The problem considered

consists of testing between two hypotheses H, against H, from the resulis

1
of observations of the process yJE = {y(s}, 0<s =t}

Let (9%, P) be the probability space, andw be the element of the set
generated by the random process yt The probability distribution genera -
ted by the process yt and based on the a priori probability » is represented
by

113



P lw) = m-Pi(u)+ (1-7) - Pylw) (4-63)

Here Pi(-) denotes the conditional probability generated by the process
y conditioned on state Hi’ 1e.,

Pi(w) = P(w lHl) 1= 0,1

It is to be noted that Pi(w) represents the joint distribution. In par-
ticular, for the discrete case Pl(m) denotes the conditional joint distribu-
tion of the observations {y;, Yo , yt} generated by the random pro-
cess {y(g), 0 <s =t}.

Let 6w) = {7{), dw)} be some decision function from the results
of observations on the process {y(s), s =v}. Here 7{) is the random
stopping time for terminating the observation, d{) is the terminal deci-
sion rule The terminal decision space D0 consists of two points d0 and
dl' The decision cli will be interpreted as the decision that the hypothe-
ses H; 1s accepted Let a(s) = P{dw) = d; IHy} and 8(5) = P{dl) = d, [H;}
be the false and miss alarm error probabilities at the terminal decision
for the decision function 6(w). Then the risk function associated with 6 W)

is defined as

R(é6,7) =7 {c El('r)+ a- B(&)} + (1-7) {c EO(T)+% - a(8)} (4-64)

Notice that R{é, 7) denotes the total expected cost starting from the initial
gstate 7 to the terminal decision based on the decision function 6. For the
case of gpecified o and B, a and b are the Lagrange multipliers. The co-
efficient ¢ is the sampling cost per unit time. The decision 6% is called
Bayesian if

- 1

R(s, ) = mmf R(6S, n) for all 0
§

HA
5

A
—_

(4-65)

where R(6%, 1) is the Bayesian risk

Let ‘JTt

=P{a =a, | y(s), 0 <s =1t} be the posterior probability that
is true based on observations y' Define the function

Hy

(K(r) = Min {2 7 , b (1-7m)}
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Then it 15 shown in Appendix A that the risk function (4-64) can be ex-
pressed as:

3( §,m)z E_[eT + K(r )] (4-66)

In other words, K(vrq_ ) is the minimum risk from an immediate
decision without further observations when the posterior probability
of H1 187, . It will be assumed that whenever a terminal decision in
D is chosen after sampling has been terminated, that decision is an
optimal decision against the posterior distribution of Hl‘ Hence in
discussion of the sequential procedure, the optimal decision 5% in
essence is reduced to determination of optimal stopping time 7%, after
which the terminal decision d* can be easily defined by:

. d1 if a ﬂT*é b (1—71;‘,*)
d {(w) =
dg if a T < 0 (1-7 ) (4-67)

In this case the risk function (4-64) to be optimized can be written as:

R (x , §) = E_fer + Kiz_)l (4-68)

The risk function 1s thus reduced to the same form discussed in
section 4, 2. If only untruncated case is considered, the basic recurrent
equation (4-29) for the optimal risk function in the discrete fime case

can be explicitly expressed with some notational changes as follows:
plr ) = Min [K(r ), F (r )]
where the optimal terminal risk K(Ti‘n) is defined as
- W [ (1o 4-69
K(r )= Min [a »_, b(1 7 )] ( )
and the risk for continuation F{w n) satisfies

' ‘ (4-70)
F(r)=c+E [F(vrm_l)lfrn]
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The expectation operaior is defined as,

: x
E[Flr )lr 1 =] E(frnﬂ(n))py(n lw )dn (4-71)

“ec

where the posterior probability operator based on the cbservation y

is expressed as:

Th * Pl(Y)

Tt ) = | (4-72)

(1-—7.rn)p0(y) tr - pl(y)

and the probability density p(y | wn) against the posterior probability

Wn can be written as:

ply (7 ) = (1-7 ) pyly) + . pl(y) (4-73)

where po(y) and pl(y) are the probabality density function of the obser-
vation y conditioned on I—IO and Hl respectively,

The exact solution of the recurrent equations (4-70} in the discrete-

(86)

time case is apalytically difficult to solve., Whitile discussed the
general solution form for the problem of discrimainating among m hy-
potheses with the function K('frn) assumed to be a linear function of W‘n
However the explicit solution i1s not tractable. For the special case of
discrimination between two simple hypotheses and with the approxima-
tion of neglecting overshoot of F(vrn) at the final decision boundary,

Whittle derived the general solution form as follows:
F(?Tn) = qu . 7rn+ l].u2 . (1-—7rn)

N (4-74)
cT 1-7 c(l-7 ) T

+—2 gn( oy + nfn(ln)

20 T 201 T

where 1 and 4 o are coefficients to be determined by the boundary
conditions. The coefficients @, are known as measures of discrimini-

natory information and defined as;
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wy it o e (4-75)

J
The solution (4-74) is identical with that which would be obtained by
determining approximate values of the probabilities of error and ex-
pected sample size from Wald's identity in the usual manner (Wald(SO)).

The solution of the recurrent equation in the continuous-time case
will be derived in detail. The original discrefe-time problem is ap-
proximated by a continuous-time diffusion process, in which one is
essentially making use of the first and second derivatives of the risk
function. Only the case of-two hypotheses will be considered, the
general solution form for the uniruncated procedure in the continuous
system can be simply derived by the solution of an ordinary differen-
t1al equation.

It was shown 1n Chapter 3 that for the class of linear detection

systems 7 (t} satisfies the stochastic equation:

where ag 18 assumed to be zero, It was shown in {3-74) that a standard

Wiener process exists such that:

= - ) (4-177)
dyt adt+0'dwt a;m dt+cdwt

t
Then the process 7 (t) satisfies the stochastic differential equation:

1
dn‘t = ﬂ'-t (1—1rt) dwt (4-78)

This easily yields
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Efarim]=0 (4-79)

2
a

B [0’ 7] —5 75 (1-1)? at
[0

The risk F(:frt) for the untruncated case in the region D]‘ of con-

finuation of observations satisfies the relation

F(r)=c. At+E_ {F(m‘t + A7)} + 0(At) " (4-80)
t
oF azF
Assuming that the derivatives o and 5 exist and expanding
aT

F(r + A7) into a Taylor series, it can be shown that

E, {F(r +A7)} =F(7rt)+——g-£c-(7rt) E_ (A7)

t t
9 {4-81)
+E2E (1) - B (amP+...
2 2 '¢ 7
o t
t
Using equation (4-79) produces
a?
- 142, 2
=2 {F(m + A7) } = Flm) +5 7 7,)
9 (4-82)
o F(:th)
'—-'""'-—2—'—“ « At + 0{AL)
Bﬂt

Substituting this expression inte equation (4-80) and passing to the limat

as At - 0 gives:

2
a 2

ig é -.rrfu—wt)z 4 E Lie=o0 (4-83)
d'th
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The recurrent equation for the untruncated case is thus simplified
to an ordinary differential equation. The general solution of (4-83)

can be obtained as

(3

S (1-27) - zn(-i_—f;;-)+¢3 ca b, (4-84)

2 2
o

w(r,) =
Y (@?/20%)

1

’

A simple manipulation of (4-84) gives

c T c 1-7

F(m,) = —s—s (1-7,) B (—te) + —0——— 7, fn—1t)
t (af /202) t -, (a]2.1202) t T,
tygm, gy - (1-m) (4-85)

The density functions pl(y) and po(y) in (4-75) are the normal
distributions N(al, o) and N(O, o) respectively, since the observed
processes are modeledas Gaussian. Then a simple computation of
(4-'15) shows the result:

@y = aqq = (ai‘ /202) (4-86)

Thus a completely analogous form of the general solution F(Tr—t) can

be obtained in the discrete and continuous time cases,

It is instructive to study the solution form F(?Tt). The solution con-
sists of two parts. Mathematically the two terms associated with the coef-
ficient ¢ are the particular solution, and the other two terms are the
homogeneous solution. Denote the notation J(7 t) as:

1-7 T
J(r) = ——m - fnf by S (1-7,) ﬂn(-f_—%—) (4-87)
LT Ty g %

The term —J(vrt) then represents the average of the current sam-
pling cost of discriminaiion of the hypotheses., It is important 1o em-
phasize the -J'(frt) represents the sampling cost used up to the current

state 7 . and does not represent the sampling cost to complete the pro-
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cess, If the state :rr,C is the termination state, then -J(vrt) represents
the total sampling cost for the whole process. The facts that J{1/2) =

0 implies that in Wald's formulation the sampling cost is referred to
the datum 7, = 1/2. The state 7, = 1/2 reflects a state of no informa-
tion about either hypothesis, and 1s the initial state to gain the informa-

tion at the expense of the cost of sampling.

The coefficients ¢, and ¢’2 in (4-85) represent the non-negative
weighting factor to be determained by the boundary conditions at the
decision points. The results for determining the optimal decision
(13) whitt1e(88)
The decision boundaries are to be chosen in such a way as to mimmize

the function F('.'rt) (Fig. 4.3). The main result states that if F possess-

boundary have been discussed by Chernoff, and others,

es continuous first derivatives and the boundary v is optimal, then

om.

aF _ 8 K - 4-88
—Bﬂ'i X (2=0,1) ( )

}_T“{vri) = ()

on the boundaries vy, at which aK| 87, exists. An heuristic proof of the

i
result can be found in references(ls) (86),

As mentioned before the optimal decision rule is characterized by
determination of the optimal boundary, the derivation of the boundary
thus gives the complete information about the structure of the optimal

procedure. Let D1 denote the region of n_ for continuing observations,

t
and D0 the region for the terminal decision, then the optimal risk

function satisfies:

2
2 d " r(r,)
a 2 012 t
—é-——-% ﬂt (1 ﬂt) —35—+t c¢= C eDl
i
(o] di‘Tt
{4~ 89)
= ns g 0
K('ﬁ't) = Min [& T, b(l-frt)] ﬂ‘teD

The solution to the equation (4-89) hasg heen derived in (4-85),

120



Flar), K{m)
A

K{)
Fo ()

Fy{m)

0 Yo La! ]
H ., - H] [

Fig. 4.3 Risk Functions of Sequential Decision Prohlem

The two straight lines together represent

K(7), the expected risk on termainal decision.
The two curves represent conceivable forms
of F(7), the expected risk for continuation of

observations.
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F(ﬁ"t) = J(ﬂ’t) + G(frt) (4-90)

where G(r,) = Y7, + ¢, + (1-7,), and J(r,) has been defined in (4~87).
The minimum risk at the instant t is expressed as:

plx,) = rvga:: Kz ), Fla}

The optimal boundary conditions give:

F(vy) = K(v;) (4-91)

dF

drx

_ K
'yi dm

Y 1=0,1

wWhere v; are the two optimal boundaries for accepting hypotheses H:.
(i = 0,1) respectively. In Wald's ordinary procedure, there are two
unknown boundaries for Hy anad Hy, and two unknown constants l,bl and
Ebz. The four unknowns are determined by the four conditions at the
optimal boundaries (4-91).

4.4, 3 Formulation of a Stochastic Control Problem

In this section it will be shown that imbedded in the detection
system there can be defined a combined optimal control and decision
problem. In order to motivate the formulation the system of Wald's

sequential analysis will first be discussed,

Consider the optimal risk function at stage n in the formula-
tion of the sequential system:

p(r ) = Min {K(x ), F(z )} (4-92)
n

where 6n 18 the decision for continuation or termination of observations
‘to be made at stage n. The solution form of the risk F(?Tn) for continua-

tion of observations can be explicitly expressed as ((4-85) and (4-90))

F(?Tn) = G(?Tn) + J(?Tn) (4-93 }
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where

Glr ) = (,bl' Tty (1-7))

(4-94)
c Tn c 1‘”11
I(r ) = - M ( } - - (1-7 ) fn ( )
10 -7, 01 n
A
= 7 J1 (7rn) + (1-1rn) . JO (ﬂ"n) (4-95)

It has been mentioned that the value‘-J‘(ﬂ' Il) represents a measure of
the expected sampling cost used up to the current state T The sam-
pling cost of observations gives the information necessary to reach

a greater degree of certainty such that the probability of making an
incorrect terminal decision is decreased. Some insight can be ob-
tained from J(w& ) in terms of information measure, The measure

of dlscrlmmatory information «. ij 15 defined in (4-75):

f 0 (p(y)

p, (v} dy

p:(¥y)
The coefficient @, represents the expected value of fn ( 1( ) ) if a sin-

gle observation y is taken and H, 18 true. The coefficient— ( } can

%10
be mterpreted as a measure of the cost per unit of discrimaination that

I—I1 is true. The term —J (m ) represgents the sampling cost to gener-

ate the information fn (_"n "n ) for discrimination in favor of Hy agaimnst
1- 7

Hy- A similar mterpretatlon can be given to (

)and JylT ). J(?Tn)

represents the expected value of the 1nformat10n measure over the cur-
rent posterior probability T - For the case of sequential analysis
where decisions on both Hy and Hl are to be made, —J(wn) is the neces-
sary expected sampling cost of observations to give the information for
discrimination of either hypothesis Hl or HO‘ Tt was shown by Wald and
Wolfowitz( 83)

subjected to the same false and miss alarm error probabilities, Wald's

that in the class of all hypothesis tests of Hy, against Hl

sequential analysis requires, on the average, the minimum number of
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samples of all tests to come to a decision.

However, in the detection system one is only mierested in mini-
mizing the mean time delay in detecting a degradation. The informa-
tr1on given by sampling which reduces the uncertainty for the decision
of the mode Hl
sampling for discrimination in favor of the mode H, is of no impor-

is of important value, while the information given by

tance, since no decision of the normal mode 1s to be made in the de-
tection system. This analysis suggests that a further improvement
in reducing the sampling cost can be obtained 1n the detection system.
The improvement is to be obtained by utilization of uncertainty infor-
mation feedback to formulate the detection system as a combined opti-

mal control and decision problem.

The formulation i1s started by identifying the state variable, con-
trol (decision) variable, and the risk function. It 1s natiural to define
the posterior probability T, 28 the state variable, since if represents
the sufficient statistic of the detection process. The control variable
1s assumed to be an explicit function of the state variable T L€,
u, = u(m n). Tt is assumed that controls are to be executed only at the
sampling instants n in the form of impulses with sizes denoted by u,,.
With this mechanism the control can be simply implemented in the
form of a jump in 7 at each sampling instant, Moreover, the nonlin-
ear stochastic equation of the state 7 (t), t e(n, n+l) during each sam-
pling interval will not be affected. In this case the state variable 7 (t)
is in fact de:fined to be the posterior probability based on the observa-
tion history up to one sampling period, and at each sampling instant
n the reset value T is treated as a new initial condition for updating
the 7 (t} - process. In general, the introduction o{ the control action
wto the detection system will certainly distort the evolution of the pos-
terior probability, which is derived on the basis of updated observa-
tions, and the physical meaning of the siate T 28 the posterior proba-
bility of system degradation 1s altered. However, an improvement of
detection performance is made possible precisely due to the fact that
the information value about the system in the normal mode is of no
significance in the detection system, and distortion of the information

for mode HO is allowable,
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The admissible control region will now be defined. The uncer-
tainty information T, 1S investigated at each sampling instant. If the
system is operated more likely in the normal mode, i.e., 7 € (0, 1/2),
then one i1s not interested in utilizing the information in the operating
system for taking any decision and is willing to throw away the pre-
viously accumulated information. In other words, the uncertainty in-
forrr’lation is only accumulated over a duration of one sample period,
if the system appears to be in the normal mode. On the other hand, if
the system is more likely operated in the degraded mode, then no dis-
tortion, 1.e., neither "improvement' nor ''degradation', of the infor-
mation value of the system is allowed. In this case no control should
be applied. The reduction of uncertainty information on mode Hy must
be derived from updated observations, and the problem is reduced to
an optimal decision problem, With the above consideration the admis-
sible control region U 1s defined as follows:

- u: ulz) e R , =7 € (0,1/2) (4-96)

u: ulmde © , 7 e[1/2,1)

where R is the entire real line, and ¢ 15 the empty set.

Refore a precise optimal risk function of the detection system as
a combined optimal problem is formulated it is useful to study the nec-
essary modification of the optimal risk function form in the original
decision process and the detection system. At state n the decision &,
to be made for continuation or termination of observations for the
detection system is defined by

I\é[m {Q(?rn) , G(ﬂ'n)}

n

= Min {K(r)-3(r), G} (4-97)
n

Two modifications of the formulation (4-92) have been made in (4-97).

The form of the terminal risk for Wald's sequential analysis was de-
fined mn (4-69) as:
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Wi

Ta for decision of HO

K(Tfn) =

ol

(1-7rn) for decision of H1

Since the decision of Hl only is made 1n the detection system, the ter-

minal risk 1s modified to be:

~

K (r ) = b - (1-7_) (4-98)

Physically the modification can be simply realized by implementation

of a one-sided decision boundary.

The risk function for continuation in the detection system is for-
mulated 1 the form Q(7# n) rather than F(nx n)' The form Q(?I‘n) repre-
sents the total risk for detection of mode H1 (including the previous
sampling cost -J(7 n) up to the current state wn), if the decision pro-
cess is terminated at - In comparison F(arn) represents the respec-
tive risk, depending on T defined in the region RO = {7 aTn € (0, 1/2)}
or Rl = {x 0Ty € (1/2, 1)}, to complete the process to acceptance of
the mode HO or Hl'
detection process can be determined by application of the optimal bound-

The optimal stopping boundary v for the one-sided

ary conditions (4-91):

d@ = 0 (4-99)
dw
nifly
and
Q{y) = Gly)

The condition of the optimal decision process states that it 1s advanta-
geous to continue the observation process until the rate of decrease of
the terminal risk i (wn) and the rate of increase of the sampling cost

-J(r n) are balanced. In this case a minimum total risk is obtained.

Tt is noted that for a one-sided detection process, the form G(vrn) in

(4-94) to match the optimal decision boundary is simply a constant term.
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The risk function of the detection systemas a combined optimiza~-
tion problem will now be defined. Let the total risk function for a
given a priori distribution 7 associated with a specified admissible
control sequence {u} and an admissible decision sequence {§} be
defined as:

Tu-1 :
Qu (r) = E{ nz=;0 Wir )+ K, (wTu)}

(4-100)
Here T, 18 the first time (a2 random number) that the process reaches

the stopping boundary «_ defined by the sequence {6}. If an optimal
u
decision sequence 1s applied, then the total risk can be reduced to

Qg(ﬂ) waith the opiimal stopping time and boundary denoted as 7+ and
L respectively. In the specific problem considered, the risk W('J’i’n)
over each step 1s a constant c; the explicit representation W(?Tn) as a
function T is to emphasize the fact that the effect of each step on the
total risk depends on the step risk ¢ as well as on the state T affect-
ed by the control variable u . The termainal risk K. (1r,ru) represents

a measure of the specified false alarm criterion. Since the state 7

no longer represents the probability that the system is in the degraded
mode I—I1 due to action of the control sequence {u }, it can not be justi-
fied to assume Ku('frTu) in the controlled process to be a linear form in
7r,,.u as in Wald's sequential analysis., But it 1s reasonable to assume
that Ku(vr,,.u) is a monotonically decreasing function of the argument T

u
The detection system can now be formally formulated as a com-
bined optimal control and decision problem with associated risk func-
tion defined as follows:
M = {G(7), Q, (w)}
{u.s i
= Min { Min. [G(r) , Q_ (m)]}
fu} {6}
- O} = @F
= I}I;Ii {Q, (n) Q (7) (4-101)
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For any specified control sequence {u}, an optimal risk function
Qg(ﬂ') can be derived by the optimal decision sequence {§%}. An
optimal control sequence {u*} is to be derived over all admissible
control sequences {u} such that

Q% (r) 2 Q*(x) = Qp (7)

u

4.4.4 The Suboptimal Control System

In this section a suboptimal control scheme for the detection
gystem is presented, and the suboptimal control sequence in the
discretfe~time case is derived, The difficuliy of extension of results
to the continuous-time system 1s discussed.

In the previous section the detection system was formally for-
mulated as a combined control and decision optimization problem.
However, 1t 1s exceedingly difficult to obtain the optimal solution to
the combined problem formulation. Unlike Wald's sequential analy-
sis where no transition of modes is assumed to occur during the whole
observation process, the detection system is characterized by a tran-
sition from normal to degraded mode at a random instant. Moreover,

it is dafficult to formulate an explicit form of the terminal risk funttion

in the controlled process due to the information distortion by the con-

trol action. In this section a suboptimal control scheme is presented.

The control philosophy of the subopiimal system is in a sense

similar to the well-known open-loop-optimal feedback control (Dreyfus

(20)). The operation can be described as follows. At the sampling

instant k (k=1, 2, ...), a current measurement T 18 taken. By

definition of the admissible control region, a control u, 15 allowed if

k

7 €(0, 1/2), otherwise no control 1s applied. The control u, is com-

k
puted to mimimaize the total risk function to complete the detection

process:

T -1

wk] (4-102)
i=0
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if a degradation will occur right after the current measurement, and
the system remains in the degraded mode thereafter. Here, the cost
ci over each step is a constant ¢, and 7 is a random number. It is

assumed that only the current control Upes but no future controls, is to
be applied. This is justified by the definition of the admissible control
region since the system 1s assumed to have degraded after the current

time, and the process is reduced to an optimal decision process to

terminate at an optimal stopping boundary. The current optimal con-
trol v, is mmplemented, The operation is advanced to the next sam-

e
bxd

ple {k+ 1), The procedure is repeated, and L] is implermented.

The motivation of the design of the suboptimal system is to serve
as a compromise befween computation effort and an efficient control
scheme, In the suboptimal system the problem of derivation of the
optimal solution is reduced 1o a parameter optimization over the cur-
rent control variable u,, since no future controls are to be applied,
Moreover, the conirol is designed on the basis of a specified state LW
In comparison the control in the real system must be designed at
every sample instant on the basis of the observed sample state which
is a random value.

Since the conirol must be applied beffore the occurance of the deg-
radation, andthe degradation will occ.ur atanunknowninstant, the best infor-
mation one knows whether the system has not degradedis the actually observed
state at the current time. To d681t0;”1:1 the control under the assumption
that degradation will occur right affer the present stage represents
the condition that if a degradation does in fact occur, the control will
give the minimum mean time of delay to detect the degradation under
a specified false alarm criterion. A precise definition of false alarm
criterion will be discussed later m this section. The performance
{4-102) which the control ui minimizes is not the detection perfor-
mance of the actual suboptimal system. However, the suboptimal
system implemented with the control sequence {ui} derived at each
sampling instant k to minimize a form of the risk function (4-102)
should give a good detection per;?ormance. A quantitative comparison

has {o be derived from the explicit control law, since the latier deter-
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mines the optimal boundary of detection for a specified false alarm
criterion. The effectiveness of the suboptimal system will later be
verified in Section 4. 5 by the analytical detection performance expres-
sion, and confirmed in Section 4. 6 by the simulation results i com-

parison with the performance of the non-linear optimal system.

k
(it is the suboptimal control u;; for the detection system) must satisfy

The optimal conirol u, in minimizing the risk function (4-102)
the basic recursion relation resulting from application of the princi-
ple of optimality:

Q (m) = MinE{ic+E{Q (7 g | T 0 H ] .} (4-103)
w €U .
By definition the control i1s assumed to be executed at the sampling

instant k in the form of an impulse with size u Since no control is

K"
applied during the sampling interval, the evaluation of the state = +
during the sampling interval A can be treated as the case without
control. The state equations can then be represented as:
Tery = M Ut &y
+
{—.l 7rk + ék
(4-104)
2 (k+1A (k+1)A
21 2 21 4-10
5}: = ? 7, (1 - ), dt+—g— ’;Tt(l_ﬁt) dw, (4-105)
kA kA

The equation (4-105) is derived under the azssumption that the system
has degraded. For any stage i, i € [k+l, 7-1], the optimal risk func-
tion for continuation of observations must satisfy the recursion rela-

tion in the optimal decision process:

Q* (7))

1

c+B{Q" (ny )| m}

(4-1086)

!
c+E{Q" (n, + &) |n}

130



where t.i is defined as in the equation (4-105). Substituting (4-104)
and {4-106) into (4-103) produces the relation:

*
Q (m) = Mllé’%{{(:*?E{Q\ (m +u +5k)| Ty }]l?rk} (4-107)
= MmQ ( u, )
= keU "k k

The solution u;:; is st1ll difficuli to obtain in the above formulation.
Even the randomness of the degradation instant has been removed,
the solution of the prgblem requires the explicit form of the non-
linear terminal risk function which 1s difficult to define. However,
the formulation provides a useful approach to the derivation of the
optimal control. The optimal total risk Q (71' ) in (4- 107) is obtain~
ed by apphcatlon of a sequence of an optlmal control uk and optimal

dec:.smns (5, ) to contmue until the optlmal terminal

2 v v - 6 sk_
time 'T'p is rle(;ihed The rlsk Q (7 1{), though defined at the unknown
terminal state L is by definition composed of two parts: a termin-
2l risk function and an accumulated sampling cost function. It 1s
certainly reasonable to assume thé termainal rask Ku(irT) to be a de-
creasing function of the state T, even if 1its explicit form has not
been formulated. Moreover, the portion of the sampling cost accu-
mulated up to the current state T K 18 of no information value for the
detection system If the state 7 Kk 8 defined in the region R o~ {nk:ﬂkc
(0, 1/2)}. The analysis suggests that in this case it 15 advantageous
to apply some conirol toward the boundary of the admissible control
region. A useful information for derivation of the optlmal control uf;
18 to prove monoton1c1ty of the optimal risk function Q {m ) in its

_I_
K where Ty~ ﬂk-l-uk

The monotonicity property of the optimal risk is to be proved by

argument x

application of the theory of the first passage time of diffusion process-
es, This will be discussed in detail in Section 4. 5. 2 on derivation of
the detection performance. Only a brief introduction will be presented
here., As discussed 11;1 Chapter 3 and Section 4, 5, the state eqguation
for Wald's sequential analysis can also be represented by the diffusion
process A{t):
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1 a4
(a -= al) dt + — dw(t) (4-108)
2 o

!

ag

di(t)

1t

]

4 u(a) dt + bdwlt)

where the parameter u(a) is defined as:

1 ai
mag) = = — for system defined in H,
2 o
2
1 81
pa) = -= = for system defined in H
o) 5 o )

Use of the diffusion process At} rather than 7 (i) as the state variable
is motivated by the linearity of the A(t) equation (4-108), Let7 (hu, Bu)
be the mean time for the trajectory A(t) to exit through an upper bound-
ary B, under the assumption that t‘he observed process 1s in the degrad-
ed mode H, and has the initial condition PLu. The boundary B, is de-
rived under a specified false alarm criterion. It is convenient to use
the mean time T between iwo false alarms, rather than the false alarm
error probability, as the error criterion in the first passage time ap-
proach. It will be shown in Section 4. 5, 1 that there exists a determin-
istic relation between the two criteria and hence they are mathemati-
cally equivalent. It is clear from the defmltlon of Q (ﬁk) that the orlg-
inal problem to prove the monotonicity of Q (1r+) in the argument Wk
can be reduced to an equivalent problem of proving the monotonicity

of the mean time of delay 7 (?Lu, Bu) in detection in the argument A,

for a specified mean time T(lu, Bu) between false alarms. Here ?Lu

is the reset state, equivalent to ﬂt: in the 7 (t)-process, by a control
;u, le., A, =2 + f‘u, where ?tk is the sampled value at k of the A(t)-
process.

The basic equation of interest for derivation of fr(hu, Bu) will be
discussed. IL.et two constants A = 0 and Bu > 0 be selected as the
lower and upper boundaries. The first passage time %"(y, a) for the tra-
jectory Mt) reaching the upper boundary B, under the assumption that
the initial condition M0} =y, A= y < Bu‘ and that the value of the
parameter a does not change during the observation interval, is shown

132



in Section 4. 5.2 to satisfy

9~
Lp2 &by pa) &= 1 (4-109)
S 2 d X dX

The boundary conditions are derived by the definition of the control
law. Let the parameter A be defined as follows. When the trajec-
tory A(t) reaches the value A, a control is applied to reset the value
to hu. If 2 degradation of the system does in fact occur, then no
future controls will be applied. The Mi)-process will eventually
attain the upper boundary Bu’ and the signal for detection of degra-
dation is given. On the other hand, if the degradation of the system
does not occur, a control of the same value is applied again to reset
the value lu’ whenever the trajectory A(f) defined in the normal

mode H, drifts back to the value A. It 1s assumed that the control

is defined only as a function of the siate, not of the time. The con-
trol operation 18 repeated until the trajectory exits through the upper
boundary Bu to give a false alarm when the system is in fact defined
in the normal mode Ho‘ Here one considers the same condition as

in the optimal detection system described in Seciion 4.3, where the
appearance of the degradation is preceded by a long process of obser-
vation defined in the normal mode He in which a stationary regime
is established, to be interrupted by the occurrence of infrequent false
alarms. In this case, 1t 1s meaningful to define the false alarm cri-
terion in the established stationary regime of observation in the nor-

mal modse HO.

This description of the control action, in which a control 15 1m-
plemented whenever A(t) reaches a fixed value A, 1s used only for the
computation of the mean time between false alarms. In the actual
system At} is observed at periodic points tk and control, if any, 1s
implemented at those points. The values taken by the process at those
times, 7\k, are random and this precludes calculation of the mean .
time between false alarms under the action of the conirol intended to
be used. The alternate control action described is a reasonable ap-
proximation to the aciual control action, and the approximation 1s

especially good 1if the t, are closely spaced so Mt) cannot drift far

k
from ?Lu between sample points. From the described control law, the

boundary conditions are expressed as:
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t (Bu) =0
(4-110)
t{A) = tO)
The first passage time for the trajectory reaching the upper
boundary B, can be derived by solving the differential equation
(4-108) with the boundary conditions (4-110). This can be shown
to be:
Toa) = == |B -y+( -4) e_hy‘e”hB
y,al = o (@) a7 u Y (4-111)
u -hA
) e - e
under the assumptions of the initial condition A{0) = y, and of the
parameter a. The parameter h is defined as:
9 (a) 2a ~ a1
ho= 2B o (4-112)
b ay

The mean time 7 (ku, Bu) of delay in detection can be simply
derived by use of (4-111) and (4-112}):

-\ -B
_ 1 _ e Y- U
T By = == (B, - A+ O - 8) (o (4-113)
wlay) e U-e™A

where the system -is defined without controls and is in fact Wald's
system defined in the degraded mode with initial conditiony = Au.

Since no lower boundary is defined in the system for detection of

degradation and one notices that:

) Ay A
lim (—_—-i-—-"-—'—-——-—-—) = 0 (4-114)
A—roo e U ' e—A

then equation (4-113) can be simplified to:
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1
"(’*u’ Bu) = (Bu - ) (4-114)

ula,) v

The remaining point of interest is then to derive an expression between
the upper boundary Bu and the value PLu for a specified time T between
two false alarms through the relation 'I‘().u, Bu). The mean time 1s
defined as T = E(TF), the expectation of the time interval TF between
two false alarms under a stationary regime of observation in the nor-
mal mode. The time TF is defined as the total time elapsed until the
irajectory defined in the mode H, exits through B, the first tume, and
a false alarm is signaled. With this definition, the relation 'r(hu, B,
can be derived by an application of {(4-111) as:

T, B) = —1 r13 + (n —A)(—l—-"-;ll— J (4-115)

u’ Tu { u u Iy A )

"*(ao) et -e

where the parameters u{a) and h are defined to be u(ao) in (4-108) and
-1. The inatizl condition is assumed to be zero, and the parameter A
in this case is in fact the "generalized" sample value of the state M

according to the defined control law.

For a specified T, 2 relation between B and ?Lu can be obtained
by derivation of an expression dBu/dlu. Using the condifion dT/d?Lu= 0,
one obtains:

dB | -
= (4-116)
ax (0,8 B

The relation dBu/ dhu Z 0 can be verified by use of the inequalities:
x>1-e % (for x> 0)
x (4-117)
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One notices that (hué a, Bu>0)

(, - A) -xul (xu_— A) ]
__.-_-.—-..-.—.-—-_-_k = e "'(K 'A) >1 (4"‘118)
(e u _ eA) u

1-e
i . A . .
by identifying x = ()Lu - A)z 0, and Aué 0. The assumpiion PLu>A is
derived by the information provided by the optimal control problem
formulation under equation (4-107). The relation {4-119) can also

be established:

.
(?\U-A)eu _ 1
A .
(e U - B2 (e U-ef
(4-119)
(O, =~ &)
- 1 ){ u - 1] >0
A -(h_ - A)
(e v eA [l-e u ]

by use of the relation (e u_ eA) > 0, and the nequalities (4-117).

Moreover, an upper bound of dBu/ d?Lu can be derived. Write

>Lu
v - (- A)e ) 1
A by
(e u o eA)Z (e u _ eA)
7 - (, - &)
A
e P -e?)
Then one can obtain
B
dBu - Y{e v 1)
B
d}‘u (Z e u. i)
B ’ (4-120)
) Y(e % -1 < X
- B
Vi

Z{e Y - 1) +(Z - 1)
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by use of the relation (4-118), It can further be shown that
Y<Z (4-121)

For verification of (4-121), 1t is sufficient to show

()\.u - A)
"(KuHA) < ()Lu“A)‘]‘l
(1 ~-e )
}Lu A
since (e ~ - e ) > 0, Tt suffices to show in turn that:
N

(\, -A)e " |

L S 1] < (n.-A) (4-122)
A 1

(e U - &P

Equation (4-122) can be simply proved by identifying
a -
x = (xu A) >0

and using the relation (4-117)

x<er ~ 1 (x> 0)

{

Therefore, the following bounds can be established:

dB_
0<%
dn,

<1 (4-123)

The monotonicity property of the mean time rr()tu, Bu) of delay
in detection can now be derived. Let

K‘.Tl.=‘A-¥-‘é;'Ll
(4-124)

A
v

Até,

where g-u and ;v are two admissible controls defined by the admis-
sible control region U A in the A{t)-state space. A simple transforma-
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tion of the admaissible region U in the 7(t)-state space will give the
corresponding region U;L as U)L = {X:X= 0}. By (4-114), the
following relation can be obtained-

1

'T()\.u, B, T) = (Bu - xu) (4-125)
wia )
1
'T(?\v, BV, T) = (Bv - hv) (4-126)
play)

where Bu and Bv are derived for a specified mean time T. The use
of the explicit argument T in the notation v is to emphasize 1ts depen-
dence on T.

Let

AT = ’T(?\.v, Bv’ Ty - 'T()\.u, Bu’ )

Then in order to prove 7 (Ptu, Bu‘ T) to be a monotonic function in ?Lu,
it is equivalent to prove the condition Ar £ 0 for 7Lv 2 ?Lu. By use of

(4-123), (4~-124), and the condition p(al) > 0, one obtains

Ar = (1) {BV—RV-(Bu-ku)}
piay .
u
1 dB .
= —— {(n_ TN - S = -4l (4-127)
pla,) u-v Yd
v
<0

for lv.z ?Lu smce g—}f < 1, This proves that T(Au, Bu’ T) is a mono-

tonically decreasing function in its argument lu'

It is noticed that the above conclusion can be extended to the case
for any value A(A= 0), since the monotonicity is proved without refer-
ence to a particular value A. By identifying the parameter A as the
generalized sample value of the state >Lk, the feedback control law of

the Mt)-process for the suboptimal system in the discrete-time case
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can be defined as:

-\ ?\.k <0

K
X0 =[ ‘ (4-128)
0

k Vk

The suboptimal control ¢ ;::, corrects the current state )Lk t0 the bound-
ary A = 0 of the admissible control region U,, Whenever the state hk 18
negative, and no conirol is applied if )Lk:; 0. The equivalent control law
of the n{t)-process can be defined as

(= -=7,) 1f7rke(0, 1/2)

" 2
uy (7)) ={ i (4~129)
0 i e (1/2, 1)

The suboptimal countrol u; corrects the current state T to the bound-
ary 7 = 1/2 of the admaissible control region U whenever the state

m € (0,1/2), and no control is applied otherwise.

The demved suboptimal control sequence {u }= {uk, uk+1 N
where each uk is derived according to the control law (4-128) or (4-129)
is to be J.mplemented in the suboptimal detection system. It is noticed
that each control uk 18 def1ned+under the assumption that the degrada-
tion will occur af the instant k', while the real system will actually be
degraded at an unknown 1nstant The detection performance of the sub-
optlmal system will be derlved under the implementation control sequence
{u } by averaging over all possible degradation states. This will be dis-

cussed in Section 4. 5. 3.

The suboptimal control law will give an intuitive explanation for
the improvement of the detection performance., Consider the trajec-
tory of the At)-process, The control is equivalent to resetting the
process Mt) to zero whenever 1t drifts to a negative value. Thus, no
accumulation of negative likelihood ratio will exist, This implies that
a transition from the normal mode to the degraded mode, if it happens,
always occurs near tne state Ak = 0 in the suboptimal detection system.
The resets carried out by controls initialize the occurrence of degrada-

tions in the detection process to an "equivalent' case with no transi-
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tions, This gives an intuitive explanation of why the control sequence
can provide an improved detection performance. However, the con-
trol sequence, on the other hand, increases the false alarm errors of
the system, if the same decision boundary for detection 1s held. A de-
tailed discussion of detection performance will be presented in Section
4,5.3.

The suboptimal control sequence 1n the discrete-time case 15 re-
alized only at the sampling instants. The logical step toward improv-
ing the detection performance is to reguire that controls be carried
out continucusly. However, it is difficult to justify the extension of
results in the discrete-iime case to the continuous-time system. In
the continuous system, a physically unrealizable continuous control
u(ﬂt) of infinite size will be required in order to compensate instan-

taneously the process n_ of a diffusion nature as the sampling time

mterval approaches zerf). Moreover, in the derivation of the sub-
optimal control law in the discrete case, the state eguation is used
during the sampling interval as if no controls were applied. But no
corresponding assumption can be justified in the continuous time case,
The derivation of the state equation with continuous controls in a non-
linear stochastic system, and the verification of the conditions on
existence of optimal stochastic controls (the continuous control in this
case does not satisfy the uniform Lipschitz condition) are difficult

tasks to be resolved.

The suboptimal continuous control problem w:ll then be approxi-
mated by a control sequence 1n the sense that there exist control func-
tions resulting in a risk function Q€ arbitrarily close to the risk @

in the continuous suboptimal control system.

QF ) -Q" (W) <e €>0 (4-130)

It 15 trivial to find the solution u®. It 1s the corresponding control in
the discrete time case with the sampling mterval A selected arbitrarily
small, yet finite, The concept applied here 1s similar to the one ap-
proximating a continuous optimal conirol by a so-called "'e-optimal”
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control. The existence of the e¢-optimal control has been discussed
1n the reference (Stratonovich('?s)).

A block diagram of the discrete-time suboptimal detection system
is illustrated in Fig. 4.4.

4.4,.5 Identification of Polarity Informsztion

In this section the problem of polarity identification of the
mean bias will be discussed. A method to detect the degradation
mode of unknown polarity by an averaging process will first be re-
viewed, It will be shown that the detection efficiency 1s attenuvated
by the averaging process. Moreover the test did not identify the
polarity sign, which is useful information for the identification stage
and for the efficient isolation of the degraded gyro as was discussed
in Chapter 2, It will then be shown that the suboptimal system can
be simply modified to detect the degradation with simultaneous identi-
fication of unknown polarity of mean bias, with litfle addifional com-

putation.

For testing the mean of unknown sign of a normal distribution
with known variance o, Wald(go) proposed the following procedure,
L.et a positive value b be specified to define the degradation mode Hl:

e - GOI zZ b
where 60 15 the grven mean under hypothesis HO' The probability
density of the sample (Xl’ seas xn) with independent and identical

distribution under HO 18 given by

p =————e (4-131)

The density function Pin under Hl 18 defined as some weighted average
of the probahility densities corresponding to various values of 0 1n

the definition of the degradation mode Hy. It was shown by Wald that
an optimum weighted averdge is the simple average of two density

functions corresponding to 6 = 60 + b:
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1 B 2
Y = (Xi-eo']'b)

_1 1 26° 1=1
Pln ~ 2\: 0 e
(2m? + o
(4-132)
n
-t 3 (x.-6.-b)2
1 95% 121 * O
-+ e
T
2mn? . *

The test is then carried out as follows: Continue taking cbservations
as long as A < (pln/pon) <B. If pln/p()n Z B, Hy 1s accepted, If
pln/p0n = A, I—I0 is accepted. Here A and B are the specified lower
and upper boundary respectively.

This 15 a reasonable approach if one has no more a priori infor-
mation. However, the averaging process will significanily reduce
the likelihood ratio sensitivity and thus attenuate the detection effi-
ciency. This 1s illusirated in Fig. 4.5. For simplicity of represen-
tation 8, is assumed to be zero, and the probability density function
is illustrated in a single observation. Suppose an observation Xy has

P, (%)

NEN
_[.. -

[p]_ (Xl 1 Hl) + pl (Xl I H].)]

been taken, the likelihood ratio function of the averaging process

will be attenuvated by a ratio of L
2 +

py(x; [ Hy)

in comparison with the case of the identified polarities. Moreover

the computation of the likelihood ratic function will be complicated
by the presence of the addition term in (4-132).

It will be shown that in the suboptimal system a decision rule can
be defined to detect the degradation mode with simultanecus identi-
fication of polarity. The modified detection system is the suboptimal
system but conditioned on both polarities, Because of the uncertainty
feedback the suboptimal detection system is defined practically by a
single-side boundary for detection for degradation mode only. With
the system cond:tioned on both polarities two boundaries are defined
with each one specifying a given polarity. Thus a decision rule can
be defined for identification of the unknown polarity. For simplifica-
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Fig. 4.5 Attenuation Effect of Averaging Process,

tion of presentation Wald's sequential test process will be used for
illustration.,

Let the normal distribution of the observations under consid-
eration be defined as follows:

Normal mode HO: N(O, o) (4-133)
Degradation mode with positive polarity I—I;:: N(b, o)

Degradation mode with negative polarity I—Ilz N{-b, &)

where b is a positive number, and ¢ 1s the given standard deviation.

Define the likelihood ratio function for degradation mode with
positive polarity as

*
P(xll Hy) b

fi = e - (x -) (4-134)
p(xil Ho) o3 i

and for degradation mode with negative polarity as
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p(x. | H)
m, = n—2i 1 -Eé (Xi+%§ (4-135)
p(xll HO)

The test procedure for detecting mode H';: 1s carried out as follows.
Compute the likelihood ratio function of the joint probability density

p ()

Pl 1H) o ©

fn —2——~= = 1
pn(. I HO) =1
n
- n b
=1 Z X.-?'b] -3 (4-136)
1=] 3
2 A _25
n o
Observation is terminated with acceptance of mode H-];j if
o_.‘2
Ay, >b_ - B (4-137)
and observation 15 terminated with acceptance of mode H0 if
o (4-138)
/\n <~B—' - A

Otherwise continue the cbhservation, Here B (> 0)and A (< 0)

are the specified upper and lower boundary respectively. The test
procedure for detecting mode I-I; can be carried out similarly, Com-
pute the likelihocd ratio function:

Pt L EHy) g .
p -1 Hy) =1 7

>

n

4]
Ca1=1 * o (4-139)

(equation cont'd)
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M < -—-B (4-140)

M > -2 _.A (4-141)

Otherwise continue the observation process.

Rewrite /\n and Mn in recursive forms.:

A

I}

b
L= A Hx -) . (4-142)

M x4 L (4-143)

n Mn—l

Now suppose the real system has been degraded with a mean bias of
positive polarity, then the value An on average must be positive. On
the other hand, if /\n = 0, then there are two cases: elther the sys-
tem is operated in the normal mode H, or in the degraded mode Hl'
In the first case, one is not interested in verification of Hys and in the
second case /\n is not the correct decision function to apply. In both
cases, one can apply the optimal uncertainty feedback control in the

suboptimal system to reset A = 0.

Now suppose the real system has been degraded with a mean baas
of negative polarity, then the value Mn must be negative. On the other
hand, if M, = 0, then either the system 1s operated in the normal mode
or in the degraded mode H;— In both cases one can apply the optimal
uncertainty feedback control i the suboptimal system to reset Mn to

be zero. In summary, the following disjoint decision rules can be defined:
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If /\n >0, An is used as the decision function for the detection
system until it crosses the upper boundary. Then one accepts the
degraded mode H‘{ and identifies the bias to be positiyve polariiy.

I Mn <0, Mn is used as the decision function for the detection
system until 1t crosses the lower boundary. One accepts the deg-

raded mode H1 and identifies the bias to be negative polarity.
A <0, {forM >0), A (or M_)} is reset to zero,
n n n n

4,5 Performance of the Detection System

4. 5.1 Choice of Performance Criteria

In this section, the performance of the deteciion system
is studied. It will be shown that for a sequential detection system
with only a single-side boundary for degradation detection the mean-
ingful performance criteria are the mean delay time in detection and
the false alarm error probability. The definition of the false alarm
error probability of the detection system 1s discussed, and a deter-
mimstic relation between the false alarm error probability and the

mean time between two false alarms is mentioned.

It has been discussed 1n sections 4, 2 and 4. 3 that the optimal
decision problem consists of observing the posterior probability and
comparing it against threshold (boundaries) to determine the deci-
sion. The values of the thresholds are dependent upon the selection
of specific performance criteria. The commonly used criteria for
decision performance are the false alarm error probability ¢ and
the miss alarm error probability 8 . It is noted that the error prob-
abilities ¢ and B are defined only when appropriate decisions of H,
and H,y have been made, such that the corresponding thresholds can
be determined., However, for the case of the detection systems dis-
cussed in section 4. 4, where no explicit decision on the normal mode
will be made, then the threshold for decision on the normal mode 1s
not determined, and only a single threshold for decision on the deg-
radation mode H, 18 defined, It will be shown that in this case only
the false alarm error probability ¢ is well-defined, while the mass

alarm error probability 8 will be shown to be zero. The result 1s
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to be proved by application of the theory of first passage times for

diffusion processes. (Darling and Siegert(14)).

Consider the homogeneous diffusion process A{t) with the tran-

sition coefficient u and the diffusion coefficient b:

dA(t) =  dt + b dw (4-144)

with A(0) = XO. It 18 required to derive the first passage time T of
A(t) to the boundary v > ?to. The first passage time T is defined by

the events:

AO) = ag, M) <y (0<t<T), A(T) =~ (4-145)

It is convenient to study the first passage time by the use of an ab-
sorbing barrier at y. Let the transition probability density be de-
noted by

(X

0r tg3 M 1) (4-146)

A
p(losh: t)-'— p A

The density function p(Ay; A, t) represents the transition probability
density that A(0) = 7LO and A(t) = A and that the process A{*) does not
reach the barrier « in the time interval (0,t). It is well known that

the transition probability density satisfies the forward and backward

Kolmogorov equations:

2 ap{ A A, 1)
2
=55 17 pOgn 0} - s pag.a D) = — 2
BA oA at
(4-147)
and
2 Op(An. 2, t)
1.2 ) - . (g
A 0 0
=-{¥?(AO,A,t) (4-148)
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Let

Py M) & Pr {A(r) <y, for0<r <t, A(t)S X IA(0)=2 }
A
= | p(xg, x5t)dx
- oo (4-149)

P(?LO,'y ) = Prob. (T 2 1)

The distribution function P(lo, A, t) also satisfies the backward equa-
tion, as can be seen by integrating over the forward variable in the
hackward equation.

The backward equation is the appropriate one to use for passage
times gince it is required to determine the passage time distribution
as a function of the initial state PLO for a fixed terminal sfate v. Let
2t 1., v) be the probability density function of T, then

Btlngy) =2 Br=t) = -L- POy (4-150)

Substituting (4-150) into the backward equation for P{ AO’ A, 1) produces:

2 ~ -~ ~
1622 (e 1ag, MY+ 2 (B, MY = 2 {5y, 7}
2 2 9 ot

I . %,

0 (4-151)
The partial differential equation (4~151) can be solved by Laplace
transformation. Define the transform of g(-) as

o

Tlsing, v) = foe's"?g(tno,v)dt (4-152)

To ensure the existence of the limit of g (3] Age 1) the condition Re(s)
z 0 must be satisfied. Equation (4-152) is transformed into the or-

dinary differential equation:

p -
1.2 d%g dg _ = =~ -
= b +u—5_ =8¢ - tafAn, V) (4-153)
5 5 M T g g(oio
d}LO 0
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But the term 'g'(tol Ags 1) = 6y - 7L0) is zero, if }L0<'y. Then the gen-

eral solution of which is:

A0, () A8, (s)
Tlag = Al e °Y 4B e 02 (4-154)
where "g'“(R)Q‘E(S]}'L v)
0 0°
- 2 2 .
8,(s), 8,(s) = =¥ FVu?+ 2 b ' (4-155)
2
b
where 61(5) < 0 < 82(5) (Re(s) =z 0)
8,(0) = - 2u /b%, 8,(0) = 0 (kz0)  (4-156)
8.,(0) = 0, 0,(0) = 2 Iul/p? (1 < 0)

To determine the coefficients A(s) and B(s), 1t is noted that due to
boundedness —g(ho) the coefficient A(s) must be zero, otherwise

e (?LO) - o2, 48 Ao—r—cc (Re(s) =z 0). Furthermore for PLO = v, then
by definition, absorption occurs immediately and so g(y) = 1. This

gives

"

E(2Ag) = Blsl 2y, v)

(A,-7)-06,(s)
= e 0 2 (A

(4-157)

=
0= )

Define w(AO, v) as the probability of ever reaching v when start-
ing from ?LO <, then 7 (), ¥) can be simply evaluated from (4-157)
by setting s=0,

o

[ gt In, nat
0

. T ( >L0: 'Y)
(4-158)

—— -
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Substituting (4~156) and (4-157) into (4-158) produces:

T Agsy) = 1 2z 0

- 2(v- A lul/p? (4-159)
e (1 < 0}

This proved the following statement. For the diffusion process A(t)
with the transition coefficient 4 and the initial condition RO, the prob-
ability of ultimate absorption of the process A(t) in the boundary

¥y > ?LO) is unity when there 1s a drift toward the boundary y(u > 0)
or no drift (u = 0). When the drift u is away from the boundary (1 < 0)
there is a non-zero probability of reaching the boundary «.

The above result can be immediately applied to the case of the
sequential system with a gingle threshold for detecting the degrada-
tion Hl' For simplicity of presentation the linear system of Wald
SPRT will be considered. In this case the detection procedure con-
sists in observing the likelihood ratio function A(t) and making deci-
sion Hy if the process At) exits through the upper boundary?¥. Con-
gider the stochastic differential equation of A(t):

2
13 2 AQ) = X
dX(t) = - = — dt + — dy (&) (0) = A4 (4-160)
2 2 2
o o
and the observation process 1s-
dy(t) = a;dt + o dwl(t) (y(t) € H,)
’ (4-161)
dy(t) = o dwl(t) (yt) ¢ Hy)
Substituting (4-161) into (4-160) yields:
2 a
_ 1% 1
dA({t) = —2—2d‘f: + —=dw(t) (y(t) e Hl)
o) o
(4-162)
2
1% 2y
dMt)= -5 —5 di +—dw(t) (y(t) € Hy)
&) o

with A(0) = )LD
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Ou identifying (4-162) with (4-144), it can be seen that u Q

4]
|91 Ll

(&)

L
2
H, .

>0 and )LO <« for the system defined in the degraded mode

Thus for the sequential procedure where the detection time

is not fixed, the probability of ultimate detection is unity, i.e.

g =0, However, if the real system is defined in the normal mode

such that there exists a negative drift rate, there 1s a non-zero
probability of reaching the upper threshold v to make the false

decision on the degradation mode Hl‘ Moreover suppose the real

system is defined as:
dy(t) = a dt + ¢ dw(t)

where a 1s an unknown parameter.

Substituting (4-163) into (4-160) produces

al 8.1
dA(t) i (a2 - 8.1) dt +—— dw(t)
o ag

o~

A(0) = ?LO

Assuming that a; > 0, the relation

1%
Q

a2
1
b= ey
o

implies that a é’-}z*al.

(4-163)

(4-164)

(4-165)

A simple application of the previous analysis will lead to the

following statement: If the instrument i1s defined to be operating

1n the degradation mode on the condition that the real output data

of the instrument show a mean bias magnitude greater than half
of the '"design' value a,, then the miss alarm error probability

will be zero in the single side sequential detection system. Thus

the meaningful performance criteria in this case are the mean delay

time in detection and the false alarm error probability.
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The false alarms are presentation of degradation signals when the
boundary of detection for degradation was reached, while the opera-
ting system is defined in the normal mode HO. The false alarm error
probability o of the detection system is defined as follows:

Il

a= Pr{y <0)

(4-166)

1]

o0
[ P <t - aPyo)

In the equation v is the time of decision that a degradation has ocecurred,
while @ is the instant of occurrence ofthe true degradation with the a

priori distribution:

PO>t) = F (4-167)

Two more criteria of characterizing false alarms are of interest:

N: the mathematical expectation of the number of false alarms be-

fore the time of the occurrence of a true degradation,
T: mean time between two false alarms.

For the assumed dastribution (4-167), a simple deterministic rela-

tion N, T and o can be developed.

By use of (4~166) and (4-167) the following relation can be established:;

(1-a)

1
}.U

(vz 9)

o
I Po(vztdPyt)
0 (4-168)

« t
al Pyvzo) e” 9" gt y
0 ) ‘

where P{v2 t | HU) is denoted as Po(vé t). Expanding the exponeuntial

e qt produces

(1% = fx Py (vZt) dt + 0 (q) (4-170)
q 0
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Using definition T in (4-173) and integration by parts one can show

ITe wzpa <[ (v < 1)
P vztydt = tdP.(v<t
0 0

0 0 (4-170)

& T

Substituting (4-170) into (4-169}) provides
(1% = T + 0(q
q

As q = 0 with T fixed, i.e., the mean time of occurrence of a true
degradation goes to infinity, then it is reasonable to assume that o - 1.
In this case for any small € > 0 there exists a 4 such that for g < %
the following relation holds true:

[d=2)y - T | < €
aqg
Thus for q < a4y the relation can be established:

-y ~ -
(T) = gqT (4-171)

A deterministic relation between N and o can also be developed.

The detection system is characterized by the multi-stage decision
process. At each time an alarm signal occurs a verification is to be
made by the identification system. The detection process terminates
if a degradation is verified, and répeats if a false alarm is discovered.

Because of the useful property of the exponential distribution:

. P(Q>s+vi[9>vi)=P(9>s)
The conditional distribution of the process 8, given that a false alarm
has been discovered at an instant Vs coincides with the unconditional
distribution, even if v; may be a random variable., Therefore until a
true degradation has been verified, each dezection stage can be regard-
ed as identical and independent with the only difference being that one
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more false alarm has been discovered,

Let Al be the event that i false alarms have been discovered before
a true degradation has been verified. Then by definition

[+ od
N= = ipPr {A}
i=1 1
x . i
= % ia (1-«)
1=1
(4-1172)
e .
= gll-e¢) Z 1 03(1_1)
1=1
. o
l.x

Since the case of most interest in practice is the one g -+ 0, then the
value of the error probability o of false alarms in detection system

is usually incompatibly large in comparison with the specification of
the false alarm error probability ¢ in the Wald's sequential analysis
process. In the Wald's case, the error probability ¢ 1s always speci-
fied to be less than 1/2, and is usually specified to be an order of
1-5%, Thus for detection systems, the parameter T is usually the
more meaningful criterion for the false alarm error specification,
Since the parameters T, N and ¢ are related by the deterministic
relations, they are equivalent in mathematical formulation of the de-

tection system.

4,5,2 Derivation of Performance of Optirnal and Suboptimal Systems

Two approaches can he applied for derivation of the performance
of the detection system. One is to formulate the detection system as
a Bayesian problem and the performance 1s derived by solution of the
), and Shiryaev(ﬁé) ). The other
approach is to derive the performance by application of the theory of

Bayesian risk function (Stratonovich(73

firet passage times for diffusion processes. The latier approach will

be used in this thesis, since it gives more physical insight and gives
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a unigue formulation for comparison of performance of the optumal
and suboptimal system. The solution to the first passage problem for
a diffusion process was given'm an early paper by Darling and
Siegert(14). The result was extended to the solution of the perfor-
mance (operating characteristics) in Wald's sequential analysis.

The sequential analysis was originally formulated in the discrete
form by Wald(so).

difficult. Wald solved the problem by developing a fundamental iden-

The exact solution of performance is analytically

tity (Wald's 1dentity) and by neglecting a possible excess of the like-
lihood ratio function over the decision boundary at the final absorption
point. Darling and Siegert formulated the problem by approximating
the discrete process 1n a continuous stochastic process, and derived
the asymptotic solution by application of the Kolmogorov equations of
a diffusion process. Aside from the difficulty of justifying the limat-
ing operations, 1t turns out that this procedure leads to sumple solu-
tions. In this section the general formulation for the derivation of the
detection system performance will first be presented. The main re-
sults of the optimal system performance by Shiryaev will then he men-
tioned. Finally, the derivation of the suboptimal sysiem performance
will be developed,

The problem of solution of detection performance is to derive the
mean tume delay in detecting the degradation under the constraint of a
specified mean time between itwo false alarms. The problem is to be
formulated as follows., Suppose the observation process y(t) defined in
the normal mode 1s observed. With each sample function of the ran-
dom process y{t), a random stopging time v of detecting & "'degradation'
is observed. Associated with a whole ensemblance of observations,
one can define the distribution F(u) of the étopping times v.

Now consider the multi-stage observation method for the detec~
tion system defined in the normal mode Hy. The first stage of obser-
vation 1s defined in the usual manner. If after the first stopping time
V=, the observation is resumed according to the same rules as in
the first stage of observation, and independently of results of the first
stage, then the stopping time vy does not depend on 12 and has the same
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distribution F(u). A similar consideration applies to the duration v;
of subsequent stages.

Let

Kt=max{k:v1+... vk<t}

Pt(u)=P{ [t=(vy+...v )] Su}
“t

<C
T = Eyw)= [ udE (w) (4-173)
0

where EO(- } means the expectation taken with respect to the observa-
tion process defined in the normal mode I-IO. It 1s assumed that the
appearance of a degradation 1s preceded by a long period of observa-
tions of the system in the normal mode, then in the case T<«, a sta-
tionary process of observations in the normal mode can be assumed to
be established in the sense that

1-Pu)=1lm P { [t-tvy +..ov )] >u}

t—oe t

(4-174)
= 217 (1-F (x)dx
T v
u
The equation (4-174) was proved in an early paper on renewal theory
by Doob(lg), 1in which P(*) is defined as the distribution function of the
initial age, and F(-) the distribution function of lifetime.

Let

E (w)=E@-ulvzu) (4-175)
where the conditional expectation is calculated under the assumption
that the observation began at t=0, and is performed according to the

decision rule §, that a degradation appears at time t=u, and that vZ u

is the first stopping time. Then the quantity
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6 t )
T, (T) = fo E,(w) d Py (u) (4-1786)

characterizes the mean time delay in detecting a degradation which

appears at the time 6=t, if the decision rule § 1s used with a specified
mean time T defined in (4-173). It 15 noted that the distribuiion Pf(u)
is calculated under the assumption of the system in the normal mode,
and E 5 (u) 1s conditioned on the assumption that a degradation has ap-

peared,

Define the guantity (t - «)

6 g
7 (T) = E; (u) dP, (u) (4-177)
[z e,

as the mean delay time in deiecting the degradation appearing against
the background of an established stationary process under the normal
mode. The problem is then to find the performance of the optimal
method for which

7{T) = nf 0 (T) (4-178)
5

for given T.

For clarity of presentation, the basic steps in performance der-
ivation will be first discussed. It has already been shown that the op-
timal detection system consists of observing the posterior measure
#(-) (or A(-)) and evaluating it against the threshold for detection. The
diffusion process A(+) will be used in performance derivation because
of 1ts siumpler expression. Let /\o(s) and A_l(s) be the notation of the ran-
dom process A(8) conditioned on the system defined in mode Hy and Hy

respectively. The equation (4-177) will be explicitly written as:

7 (T) = fo"%' (v, T)p (y) dy (4-179)

where p(y) i1s the one-dimensional stationary density function of the
probability distribution established by the process Ao(s). The gquantity
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‘i:'(y, T) 15 the mathematical expectaiion of the first passage time at
which the process f\l(s) exits through the set decision boundary,
under the assumption that 1\1(0) = y at the time of appearance of the
degradation with a specified mean time T between false alarms.

Since only the time delay after degradation i1s of interest, the degrada-

tion 1s assumed io occur at the mnstant s = 0.

Let the homogeneous diffusion process /\O(s) be defined as

di\o(s) = ,uo(f 0(s)) ds + co(f\ O(s)) dw(sg) (4-180)

. ;
It 15 noted that ,uO(° ) and 00(- } are not explicit functions of the tume
variable, as it has been shown for the process X-) in the untruncated
case 1n section 4.2. Then the transiion density function PA (?Lo,y, s)
satisfies the Kolomogorov equations associated with the diffusion pro-
cess » O(s). Since one is interested in the probability density of the
forward variable y 1n {(4-178), then it 13 appropriate io apply the for-
ward equation. If the threshold for detection 15 denoted as v, then it
1s equivalent to have an absorbing barrier at y # v, Due to the defini-
tion of the transition probability of the forward variable, the appropri-
ate boundary condition at v 1s,

pAO (v;v,8)=0 for s>0 (4-181)
In the stationary case, the transition density function p( lo;'y, s)
will approach the stationary density p(y) with the appropriate bound-
ary condition p{vy) = 0. This gives the approach for derivation of the
density function p(y).

The distribution of the first passage time for the random process
Al(s) is a rather complicated expression. However, if the first pas-
sage time is a proper random variable, that is, absorption (detection)

18 a certain event, then the moments of the passage time can be shown
to be the solutions to simple differential equations by the following
theorem for the homogeneous diffusion process (Darling and Slegert(14}).

Let Al(s) satisfy the homogeneous diffusion process:

df\l(s) = ,ul(f\l(s))ds + Ul(/\l(s)) dw(s) (4-182)
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with N (0) =y, B>y >A, and A and B are the boundaries. Here ,ul(-)
and crl(' ) are also not of explicit functions of time. Define the first pas-
sage time TAB(y) {crossing either the boundary A or B) as the random
variable:

Typ(¥) =sup {t1A<A (s)<B, 0555t} (4-183)

Then if T AB(y) is a proper random wvariable whose moments of order

~(n) ~n
< -
nE n, exist, t = tAB(y), the nth moment of TAB(y)’ satisfies the
system:
2=(n) ~(n)
2 dt ~Ta-1
_]2:"0-1(}7) d;z.*‘ ul(y) =0 't'(n )
dy dy
~(0) _
tr=1 (4-184)
7™ 4y =T my= 0 n>0

AB AB

The theorem can be proved by substituting a series expansion for the
moment generating function into the backward differential equation, and
equaling the corresponding coefficients to zero. Since one is interested
in the first passage tame distribution to a fixed state of absorption as a
function of the initial position Al(O) = vy, the backward equation provides
the appropriate method. In particular if one is interestied in the case

of mean time for which n=1; then (4-184) i1s reduced to

2 2~ & o~
1 N
0 (y) —g—'-% +M1(y) VAP
dy dy
T(A) =T(B) =0 (4-185)

The function ¥y, T) in (4-179) can be thus found as the solution to the
equation {4-185).

With the general approach as the background, the performance
of the detection system will be derived.
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(1) Performance of the Optimal System

(The performance of the optimal system has been derived
64)

by Shiryaev . Here only the main resulis will be mentioned for
reference, the details are left to the original paper.

It has been shown in Chapter 3 and section 4. 3 that the optimal
method for detecting the degradation 1s based on observing the sto-
chastic equation:

2
a a
axt) = [ae™MP 1) - L Tga+ L gy (4-186)
o [0}
with the init1al condition A defined as
X =fn (1) (4-187)

where 7 1s the a priofi probability that the sy.s.tem has been degrad-"
ed. In Shiryaev'’s derivation it is assumed that # - 0, then A - -o.
The optimal boundary vy for detection can be derived from (4-47) in

section 4.3, as

- (1-7)} ~ l-o
= Ind 2o L= fnfem (4-188)
! { e(l-7) } @

but it has been proved in (4-171)

l-ox -
- qT (4-189)
Then v = In(q T) (4-190)
Define
p(t) = v - At)
2
a1 ®
r=g5-s (4-1912a)
a



g9
== 8 {4-191b)

A
A
ge . __—9qr__1 2 | (4-191c¢)

The equation (4-186) can be rewritten as:

a
dp (1) = x(l - g - ceP Mhat - —F ay(t) (4-192)
(o3

with the initial condition,

p(0) = o
and a degradation is signaled at the boundary v and p (y(t)) = 0.

The stochastic differential equation p 0(1:) for the system defined

in the normal mode Hy can be written as the diffusion process:

Po(t) 21
dpo(t) =r(l-g-ce ydt - wa(t) {(4-193)

since the observed process in the normal mode can be written as
dy(t) = o dw(t)

The above equation can be further simplified by the transformation to

a natural dimensionless scale s for time t:
s=rt (4-194)

(s}
dp.O(S) =(1~-g- cepo ) ds - \/T‘Z_dw(s)
. (4-195)
PO(O) = o

and a false degradation will be detected at the boundary ¥y with Po {v(s))
= 0. The density p(y) can now be found by the forward equation:
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2
S {2 pp)} - B (@ -g-ce?) - piy} = 2D
oy (4-196)

The equation for the stationary density function p(y) can be sim-

plified to an ordinary differential equation with a variable coefficient:

. ..
a2 - 94t -g-ce)piy)t= 0 (4-197)
dyz dy

The unknown constanis of the differential equation are removed by
the condition (4-181) at the absorption boundary vy = 0,

p(v}=p(0) =0
and the normalizing condition,

or

J plyydy=1
0

The probability density p(y) can be solved as

f.(y) ¥ "f(X)-
eo feo

dx
ply) = 9 = (4-198)
I(y) v -fylx
* el [ e 0 dx] dy
0 0
J A
where foly) = J (1-g-ce”)dz (4-199)
0

~ A L d
To derive the function t(y, T) = i(y), the stochastic differential
equation for the system defined in the degradation mode Hy must be
used, the equation pl(s) can be easily derived from (4-1982) to be

p,(8)
d pl(S) ={(-1-g-ce 1 ) ds -\/Z_dw(s) (4-200)

by using the relation
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dy(t) = a,dt + o dw(t)

and by the time scale transformation (4~194),

The differential equation for t (y) associated with the diffusion

process (4-200) can be expressed as

2~ ~
d Y )+(-1-g-cey) dHy) - -1
dy dy

with the boundary conditions,
HA) = HB) = 0
where A =0, and B ~ c.

Solving (4-201) produces

~ y oo £ (x) -f.(z)
ty=1 [ et dx] e L
0 Z
where
X

fl(x)= f (-1 - g~ ce®)dz
0

1]

—(1+g)x—cex+c

(4-201)

(4-202)

(4-203)

(4-204)

Substituting (4-198) and (4-203) into (4-179) the detection performance
in the time delay for the case g = 0 can be explicitly obtained by some

manipulation:
o t =z t R
[ e S5 {f faz () S5-aw }at
r(c) = c c =z c Z U
e _ t u
[ et Exau)at
[od cu
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A further simplification has been worked out in details in the refer-

ence. The final result can be shown to be:
x -
r(c) = e (-Hi(=c)) -1 +¢c [ e é_f}_(_l:_v)dv (4-208)
0

where the exponential integral is defined:

o e-u
~Ri(-c) = [ ——du >0 (4-207)
C -
For the particular case of interest of sufficiently small values
of ¢, i.e. T is large, (4-207) can be expanded into the asymptotic
series:

~ =4}
-Bi(-c)=-%-fnc+ x (-1 . _¢
1 o (4-208)

where ¥ = 0, 57721 15 Euler's constant,

Usaing (4-208), the asymptotic solution can be simplified o be:

T{e)=-fnc-1-5+0(c) (4-209)

This is the optimal performance of mean delay time 7 {(c) in detecting
the degradation as a function of the parameter c. Substituting (4-191)
into (4-209) and transforming back from the natural scale to real tume

scale, 7(T) can be expressed as

22 a?l 20‘2
Ty =5— {fn[—5- T] - 1.5772+ 03

ay 2_0' ' a1 T

1} (2-210)

where T is the specified mean time hetween false alarms in the real
tmme scale.

(2) Performance of the Suboptimal System

The derivation of the performance of the suboptimal sys-
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tem is approached by solving the firsi passage time of an equivalent
linear detection system with some modification of the boundary con-
dition and application of a limiting operation. Consider the stochas-
tic differential equation of Wald's linear detection system:
M 1
dX(t) = —5 [dy(t) -5a; dt] (4-211)

2
o

The observed process is defined as
dy(t) = a dt + o dw(t) (4-212)

where a is the true unknown parameter defining the operation mode
of the system, and the parameter a is specified as ay for mode I-I1

and as zero for mode HO'

Substituting (4-212) into (4-211) gives
a a
1 1 1
dA(t) =-;§-' (a -?al)dt +-;— dw{t)

(4-213)

1)

u(a) dt + b dw(t)

For Wald sequential analysis procedure, the decision rule is de-
fined as follows: Two constanis A £ 0 and B2 0 are selected by the
set of error probabilities. The decision rule is of single stage, the
detection system terminates whenever A{t) reaches the lower boundary
A or the upper boundary B. The first passage time for Wald's system,
under the assumption that A{0) = y, and that the value of the parameter
a does not change during the whole observation interval, can be ob-
tained by solving the following differential equation:

2~
% p2 Lt L )

dy2

dF‘E -1

& (4-214)

with the boundary conditions %‘(A) = ;(B) =0,

Notice that with assigned boundary conditions, there is no guarantee

that absorption in the boundary B occurs before absorption in the bound-
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ary A, To guaraniee the absorption in the boundary B, the decision
rule is modified as discussed in Section 4.4.1. when the process At)
attains the value A, the process 1s reset to A=0 and the observation
is continued. When the process attains the value B the alarm signal
for the detection of disorder 1s given. If the alarm is verified to be
false, the process is renewed again from the point A=0, and so on
until disorder is detected.

From the described decision rule, the correct boundary condi-
tions are expressed as

{4-215)
t(a) = £(0)

The first passage time for the trajectories reaching the upper
boundary B for detecting a degradation can be derived by solving the
differential equation (4-214) with the boundary conditions (4-215).
This can be shown to be
1 ) -Bh -yh

(B-y+A + Sy (4-216)
u(a) 1 - e AR

;(y, a)=

under the assumptions of the imtial condition A(0) = y and of the para-~
meter a, The parameter h is defined as
2a-a
p = 2ua) | 1

. b2 al

(4-217)

The mean time T between two false alarms is defined as the mean
time for the trajectories A(t) to exit through the upper boundary B under
the assumptions that the observed process 15 of normal mode (a=0), and
the initial condition A(0) = 0. With these definitions, the mean time T
can be derived from4-216):

B
=1 S S =1 _
T=1(0,0 =55 - (B+A 1-eA) (4-218)
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The detection performance of the suboptimal system can be derived
as in (4-179) by:

B .
7(a;, T) = | t(y,a,,T) ply) dy (4-219)
. A

Here p(y) is the probability density of the process Mt) = y at the in-
stant of degradation. As in the optimal case, it is assumed that for
this instant there exists a stationary condition, established in the ob~
servation process in the normal mode. The density p(y) is to be
solved by the Kolmogorov forward equation. The final result can be

shown to be:

(1-eB)eV-1)

A= y<0
A(l-eB) + B(eP-1)
p(y) = A (4-220)
B_
(e -1)(1-e Ay) 0<y=B

A(i-eP) + B(e™-1)

The derivation is based on an application of the method of Green's
function and will be presented 1n Appendix B.

The performance of the suboptimal system can now be derived
by a smmple limiting operation of the above general formulafion. In
the suboptimal system the linear stochastic system is designed with
a feedback of uncertainty information defined by A{t). In the discrete-
time system, the sampled value at each sampling instant i1s actually
a random number, which is reset by the controel to a value zero. It
15 difficult to derive the detection performance when the controls are
applied at boundaries of random values. Instead, the performance is
derived under the assumption that the conirols are applied at a con-
stant boundary A, The cdnstant value A may be régarded as the ex-
pected value of the drift over one sample 1aterval of the A(t)-trajectory
defined in the normal mode. The assumption of a constant value A

can be further justified if one considers the case where the implement-
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ed controls are uS-controls defined in Section 4. 4. 4, and are executed
over very small sample intervals in approximating the confinuous sub-
optimal control law. In the limiting case of the continuous-time system,
the control will almost instantaneously reset At) = 0 whenever A{t) < 0,
This is equivalent to observing the linear system with the lower bound-
ary A set to zero, The detection performance is derived on the basis

of this limiting case. In this case one obtains from (4-218),

B _
T = Iim -1 '(B+Ae Al)
A=>0 u(0) 1~
(4-221)
S S (B - B + D
#(0)

Let the upper boundary under the case A = 0 be denoted as Bl'
The equation (4-216) can be rewriiten as

~ 1 -¥h
t(y: a, T) = ! * [Bl - y+ (e & 7 )] (4-222)
u(a) h

Define x = B, -y, the following relations can be established by defini-

tions:
SN
h{a;) =1, u(0)= ST pay) =—3 (4-223)
o 20
2 B
T = 2‘2’ (e ! - B, - 1) (4-224)
a
i
~ 2 -B
t(x,al,T) = 2;.2' * jx+e 1(1—e}{)] (4-225)
a
1
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(eP-1)(1-eB7Y)

p(x} = lim 0 y= B
470 aa-eB)+ peto)
1
Bl—y
_ (1-e ) < <
= 55— 0= y= B1
l-e Ly Bl
(e*-1)
e -8B, -1

The detection performance 7(t) can be derived by the simple integra-
tion of (4-219);

A By ~
T{t) =7 (al, ™=[ "tz al,T) * p(x) dx

0
2 B -B
26°, 1 1_1 1
=6y oy {Byle T-gBy-e D)
a
1
B -B
S t-2+e N} (4-227)

A simple transformation of (4-292) will give an interesting com-
parison between the detection performance of the optimal and subopti-

mal systems.

Consider the case that T is large which will be of main interest,

an approximate value for the upper boundary Bl can be derived

2 B
T = 2"2 - (e 1-131-1)
]
202 Bl
= e
.2
1
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a2

or B, ~ fn (;:TT) (4-228)

The detection performance (4-227) of the suboptimal system under

this condition takes then the form:

- 2
T & B - D
!
. (4-229)
20‘2 a']2. 3
= ) [T -5 ]
ay 20

The detection performance of the suboptimal system has thus been
shown to be of a remarkably good approximation to that of the optimal
system as expressed in (4-210):

2

2 a 2
T(T)=2;f {In (_;-T)-1.5772+0(2§)}
a1 2c alT

An analys:s of this result will be discussed in the next section.

4. 5.3 Discussion of Detection Performance

In this section the performance comparison of the optimal and
suboptimal detection system will be analyzed. In Section 4. 4.4 the
improvement of performance in the suboptimal detection system has
been intuitively explained as a resulf of control actions that reset the
system state T to the null-discrimination state whenever the system
is operated i the normal mode. A more detailed analysis will be
presented in the following discussion.

In deriving the performance of the detection system the problem
was formulated as a first-passage time of the diffusion process in both
optimal and suboptimal systems. This gives a better insight for per-

formance comparison. Consider the basgic equation of the mean time
delay (4-219):
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B,
7(T) = IA t(a;, y, T) p(y} dy (4-230)

There are two fundamental factors which enter into the basic equa-
tion; the behavior of the stochastic differential equation A(t) and the
boundary values A and B. Each factor will be analyzed in both opti-
mal and suboptimal systems. In the following the system stochastic
equations will be expressed in the dimensionless natural scale s. The
following transformation has been defined in (4-191):

;2
13
="
15
=g -
g=2 (4-231)
s =rt

A, The Stochastic Differential Equation

In the optimal system the stochastic differential equation
can be expressed as

as) = (- 1+ grge WNds + @) ds+v2 dwls)

1 (4=232)
Let the a priori probability of degradation be denoted by 7, then the
mnitial condition of A(s) is defined as

A= fn(—l%

The behavior of the process As) will be studied. It 1s assumed that
g is negligible, i.e., the instrument has a long mean life time. How-

-A(s)

negative number. The equation (4-232) can be rewritien as

ever the term g e cannot be neglected, since A{s) can be a large

- )L(S)-l)ds + (_2_a)ds +\f§— dw(s) (4-232)

24

d s} = (ge
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Denote he = fn g. Consider the term in the brace of (4-233) around
As) = )Le. There are three cases:

{1) As)= )'e’ then the term
-A

(ge M5 1) = (ge ©- 1)=(g {; 1)=0

tends to zero, i.e., this term contributes nothing at the point X(s)= ?Le.

(2) AMs)< Ae’ let As) = )Le - §A, 6A = 0. Then the iterm
(ge" M1y = (- 1)> 0

contributes on the average a positive trend for A(s) through the transi-

tion coefficient, and gives a compensation effect.
(3) Ms)> he, let A(s) = ).e-!— 5A, 8A >0, the term

e-h(s)" 1) §A

(g =(e °"-1)<0

coniributes a negative trend. In particular, if §A is large, then the
term e—altends to zero. This will be the situation when the system

is operated in the degradation mode.

The fact that the process A(s) oscillates about the state A = Mg
provides a convenient and interesting specification for the initial condi-
tion A. In general for any practical system the initial state of degrada-
tion 7 should be a small value, this means that the initial state A tends
to be a negative infinite magnitude. From the above analysis in case
(2), the trajectory A(s) will converge rapidly foward the value le through
the contribution of the large value of the term (g e™*1). For the case
of practical interest a degradation will occur only after a long time of
normal operation, then in evaluating the detection performance it is
unnecessary (and usually difficult) o get accurate information about
the initial state. A convenient and reasonable specification for the ini-
tial state can be assigned to be

A=tg (4-234)

Next consider the corresponding stochastic equation of the suboptimal
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system:
1 aL12 81
dMtE (£(t) - 3 -2—) dt + - dy(t) (4~235)
o a

Transforming (4-235) into the natural scale by (4-231) produces

dne) = (£(s) -1)ds + (-ZE) ds + V& dw(s) (4-236)
i
It has been shown in section 4. 4, 4 that the suboptimal control
§(s) resets A(s) to zero if As) = 0, and no control will be applied
if Ms) > 0. The term ({(s) -1) really contributes around the point
-Ms)_

the stochastic equation, If the system is operated in the normal

AMs) = 0 2 similar effect as the term (g e 1) on the behavior of
mode, As)tends to be negative. The suboptimal resets the state

Ms) to zero. This case is analogous to the condition (2) in the opti-

mal system, If the system is operated in the degradation mode, A(s)
tends to be positive, and no control is applied. This is analogous to

the condition (3) in the optimal system where s is large. This anal-
ysis of the trajectories of the stochastic differential equation is clearly
confirmed by simulation results as illustrated in Fig. 4.6 and F1g. 4.10.

B. The Boundary Values A and B

The boundary values [ A, v] of the optimal detection sys-
tem have been derived in {4-234) and (4-190).

A~ In(g) = i’n(c1
v = fn [1- a'(l-‘ﬂ')]

al(l-7

= fn( 2) = fn(qT) (4-237)

"

In (Ll) + In(T)
r
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The corresponding boundary values [ A, Bl} of the suboptimal sys-
tem have also been derived in {4-228).

A =190
a2
By = in [—2;1-2—‘T] & In[r T] (4-238)

For a specified T, the boundary values of both systems differ
only by a translation by fa(g/r).

A comparison of the system detection performance of the subopti-
mal system with the optimal system can now be analyzed as follows.
Consider the basic equation (4-230) of the detection performance for
the optimal system (denoted by subscript "0'"):

’YN
Tolt) = I). Tty 2., TIpy(y) dy: ye[Av)
Y2 (4-239)
= IO pol2) Ey(2,2,, T) dz z € [0, y-2]

where the transformed boundary can be derived from (4-237)-

a?
(v-N=fo[—5 -+ T]
20

The detection performance of the suboptimal system (denoted by
subscript ''s'") can be similarly expressed as*

B
1.
7(T) = IO t (v 2, T) ps(y) dy (4-240)

y € [0,B,]

2
a

~ 1
where B;= fn ['-2-2— -+ T]
o

The time delay in detecting degradation %“(y, 8y T} 15 evaluated
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on the conditions that the system is operated in the degraded mode
I-Il, that the initial state is y, and that the mean time between false
alarms is specified to be T. The stochastic eguation A(s} for the

optimal system defined in mode Hl can be expressed as

aXs) = [l + e M)+ 1] ds +VZ aw(s) M0) = X (4-241)

Define As) = Ms) - A

Then (4-241) 1s transformed into

dX(s) = (1 + g+ e"MS)) ds +V2 dw(s) N0) =0 (4-242)
c 2
~ a
with N(s) defined m the interval [0, fn(—ly * T)]
20

The stochastic equation As) for the suboptimal system can be shown
to be

ax(s) = [£(s) + 1]ds +v2 dw(s) (4-243)

Since the process Ms) can be assumed on the average to be posi-
tive under the condition of the degraded mode Hl’ then {(s) = 0, and

(4-243) can be rewritten as

dx(s) = ds +V2 dw(s) XM0) = 0 (4-244)
] r
with A(s) defined in the interval [ 0, fn (--L2 * TJ). A larger transition
20

coefficient 1s present in the stochastic equation (4-242) for the optimal
system. Hence by application of the compariscon theorem the optimal
system will in general show a shorter time delay to exit through the

2
boundary fin( & - T) as expressed by the relation

202

to(y: al: T) = tS(.Y’ a1: T) (4"245)

However the difference will be insignificant if the parameter g is

As)

assumed to be small. The term ¢ will initially coniribute a large
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effect, but will show a minor effect when the system is operated in
the degradedmode witha large value of 'i(s). A detailed comparison
of the probability density functions po(y) and ps(y) would be quite
involved, but there is evidence to believe that they will be approxi-
mately of the same distribution from the results of the analysis of
the behavior of the stochastic equations of the optimal and subopti~-
mal systems conditioned on the normal mode HO' Finally, the
boundaries of both systems have been shown to be the same, there-
fore the result that the detection performance of the suboptimal sys-
tem shows a remarkably good approximation to that of the optimal
system is‘ not surprising.

Dafferent detection systems of interest have been discussed in
the Literature. They include the detection system of the fixed-size

(65)

Neyman-Pearson method {(Shiryaev ) and a sequential test devel-

oped for use by radars detecting an emerging target (Gagliandi and
(30)

Reed

a detection system with the so-called degenerated Wald's sequential

(65)) will be briefly discussed, The sys-

tem has been mentioned before in Section 4.4.1. When applied to

). These however will not be reviewed here, In the following

analysis method (Shiryaev

the given problem, the method consisis of observing the process A(t),
“A(0) = 0, and making a decision at the instants when the trajectory
.Mt) first exits one of the boundaries. If My) = B > 0 where B is an
"upper'  bound, then one accepts the hypothesis that a degradation is
present and one verifies this decision. If a degradation has been
verified, the observation terminates. In the case when it 18 a false
alarm, and also for My) = A £ 0, A being the "lower' boundary, the
observation process restarts with A reset to zero.

Let T and 7 be the mean time between two false alarms and the
corresponding mean time delay in detecting a degradation. Then it
can be shown that both T and 7+ are functions of the boundaries A and
B by application of the theory of first passage fime problem. For a
given T the solution for the optimal detection system 1s reduced to
finding an optimal parameter A to minimize 7 (A, T), Shiryaev has

managed to prove by a rather cumbersome procedure the following
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statement: there exists such a T < « such that for all TZ T the
optimal choice of the lower boundary A is A = 0 in the class of
Wald's sequential analysis (i.e, with the constraiat A< 0, B>0},

Two remarks have been emphasized by Shiryaev in his approach.
First Shiryaev claimed that there are no doubts that in reality for
all T the choice A=0 is the optimal one, but the method of proof en-
ables him to establish the result only for a certain bound TI" This
conclusion has been discussed later in a paper by Vorob'ev(79)
Secondly, Shiryaev realized that for the condition A=0 there corre-
sponds the error probabilities ¢ =0, B8 =1, and that from the point of
view of the testing of statistical hypotheses, it is completely inadmais-
sible, However, he argued that the probabilities @« and 8, by them-
selves, without taking account of the duration of the separate stages
of observation, are not reasonable characteristics for the observa~-
tion system, and that a probability of miss alarm § close {o unity
in no way discredits the observation system if the duration of the

separate stages is sufficiently small.

The above result can be explained as follows: By definition Wald's
sequential analysis 1s a single stage decision procedure. The process
terminates whenever the trajectory exits through the upper or the low-
er boundary. For the normal system the trajectory will exit through
the lower boundary with a probability of (1~ ), and for the degraded
system the trajectory will exit through the lower boundary with a prob-
ability of 3. Since the system is operated a priori in the normal mode,
then with the condition M0) to be zero the trajectory will immediately
exit through the lower boundary A of zero, and by definition 1t 1s a
stage. Since there will be only a finite number of times for trajec~
tories to exit through the upper boundary, while there are an infinite
number of times for trajectories to exit through the lower boundary,
this explains the reason that the false alarm error probability ¢ 1is
defined as zero. The miss alarm error probability 3 will be simi-
larly defined as one. The drawback remarked by Shiryaev has been
completely removed in the developed suboptimal detection system
formulation.
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4,6 Simulation Results

To demonstrate the actual numerical performance of the detec~
tion system described in this chapter, a redundant sensor system
was simulated. The simulation results consist of three sets. The
first set 15 to demonstrate the detection technique of the suboptimal
system. The second set illustrates the comparison of detection per-
formance of the optimal, the suboptimal and the linear detection sys-
tem. The third set shows the isolation of the degraded instrument.

The first and second set of simulation resulis are based on a
single gyro system. The dynamic equations for the gyro drift rate

model in the digscrete case are given 1n equation (2-4) by

DG(k-l-l) = FDG(k) + qG(k)

The measurement equations are defined as

D (k)

DG (k) + rG(k) for mode HO

D (k)

DG (k) + m + rq (k) for mode Hl

The statistics of the noises are given as

E [qg®] = 0 , Elgg® gl = Qg sy

R

il
1

E [rg(k) ] 0 E[rg&) ro(4)]

G Ok

The measurement noise rG(k) represents the quantization error. If
Qg 1s the quantum size of the measurement of integrated rate and the
wncrements of angle are calculated by differencing, the variance of

the error in the increment angle is

1 -2
R = =
AB'GQg

The variance RG in the angunlar velécity over the sampling period A
is then derived as

P ks
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A set of real gyro test data is used as reference for the gyro

model in simulation: .

correlation time = 0,5 hour
sampling period = 6 minufes
quantization size = 6 arc seconds

standard deviation over long measurement

interval = 2,0 meru

A simple computation gives the following set of data:

- 2 - 2 -
QG = 2 meru” , RG = 0.2meru”, F = 0.8

The system is normalized so that the following parametric values are used:

QG=1, RG=0.1, m=4, F =08, A=01

As discussed in Chapter 3, the transformed measurement resi-
dual ;G(k) for the single gyro system in the discrete case for degrad-
ed mode I—I1 can be shown to have the normal distribution N(al, o)
with the asymptotic statistics as defined in (3-35) by similar manipu-

lations:

)
u

(A+F V) - m
X

0

Rg/(1-K)

The values of V_ and the steady-state Kalman filter gain K can be ob-

tained by either analytical or simulated computation:
. VX = -0.98146 , K = 0.91368

Thus the detection system is designed with the equivalent speci-
fications to detect a degradation with magnitude ay = 0. 86 in the back-

ground of noise with variance ¢ 221.16.
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A discussion of the transient value of the transformed measure-
ment residual ?G(k) for degradation detection is required. Suppose
a degradation of a constant bias m occurred at the (k+1}¥h sample,
then the measurement residual ':E"G( k+1)} of the implemented system
at that instant will reflect a2 bias of full magnitude, i, e., al(k+1) =m,
The magnitudes aq at the next two samples can be respectively shown
to be:

al(k+2) = (1-FK)m
and

al(k+3) = (1-FK@1-F(1-K)) m

and the magnitude 21 will be finally attenuated to its asymptotic value.
The transient amplitudes of the measurement residuals will give a

large signal-noise ratio for effective detection of a degradation.

The optimal boundaries of the stochastic process A(t) are deter-
mained by the following specifications:

{1) For Wald's linear deteciion system, the false alarm and miss
alarm error probabilities are specified to be 1%. The upper and low-
er boundaries B and A are computed as

B = fn(18) - 4595
o

A = fn( By = -4.595
1-o

(2} For the suboptimal system, the upper boundary B, for de-
tecting degradation is computed under the assumption of the same
specified mean time T between two false alarms as Wald's linear
system. The boundary Bl can be solved by equations (4-218) and
{4-221):

B B
~(B+AEly=eloB -1
i-e
B, = 6.12
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By (4~224), the mean time T can be computed as-

9 &2 B

T . -(e1
A .

- B, -1

[\

a

[y

%

1200

(3} For the optimal system, the lower boundary X and the
upper boundary -y for detecting degradation are determined by (4-237);

A = (9
r

v = Mm(2) + fnT)
r

where the parameter r (4-191) in the discrete-time case is defined as

2
1

9 %2.A

a

The parametric value g of the failure rate is specified to be 0. 001,
this gives the mean life time T : )

T =

m = 1000

1
q

The implemented equation AMt) for the optimal detection system
1s the discrete form of equation {4-55), with some notational changes
for the single gyro system using an integration algorithm of Euler's
method:

a -A

. “tg -1
Ape A gt . (rn 52,) + qA (e

~
g

where Mn) 1s denoted by /\n, and ;n é T(n) 1s the measurement re-
sidual of the discrete time case discussed in Section 3. 3.
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The simulated equations A{t) for the suboptimal detection system
in the discrete form are equations (4-142) and (4-143) implemented

with reset control logic as discussed 1n Section 4, 4. 5.

(1) The recursion equation of the detection system for bias wath
positive polarity 1s represented by:

= ~ _ 1
Anu Jf\n—l-}'(rn 23'1)

and reset l\n = 0 in next iteration if An <0,

(2) The recursion equation of the detection system for bias with
negative polarity 1s represenied by
M =M . +(E ++a)
n n-1 n 271
and reset Mn = (0 in next iteration if Mn >0, Itis to be notad that
the definition of the likelihood function /\n {and Mn) of the suboptimal

system has been modified by a factor of (Ez/al) [See definitions
in (4-136} and (4-139)]

Figures 4.6 - 4.9 demonstrate the detection trajectories of the
suboptimal system. In Figs. 4.6 - 4.7, a degradation of bias value
m = +4 occurs at sample time n = 258. The system detects the degra-
dation at n = 292 in Fig. 4.6 with correct identification of a positive
polarity. This 1llustrates a case in which the instrument happens to
send out ""good" data even after it became degraded. This 1s reflected
by the fact that the system requires more observations to detect the
degradation. Fuig, 4.7 1llustrates the detection trajectory on the basis
of likelihood ratio function for a degradation of bias value with nega-
tive polarity. No degradation is indicated, since this trajectory is
not the correct decision function to apply for a degradation with posi-
tive polarity. In Figs. 4.8 - 4.9 a degradation of bias value m = -4
occurs at the sample time n = 44. No degradation 1s indicated 1n Faig.
4,8, since the trajectory is not the correct decision function to apply
for a degradation of bias value with negative polarity. The system
detects the degradation at n = 48 in Fig. 4.9 with correct identification
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of negative polarity. This illustrates a case where the instrument
sends out bad data right affer degradation. One should not claim a
better detection performance for the case in Fig. 4.9, rather the
difference in sample sizes required for detection reflects the differ-
ent situation of the actual performance of the real system in two
cases. The above fact 1llustrates the advantage of the sequential
detection system, in which the sample size for detection reflects
the quality of the actual wmstrument output data, over the defection
system based on the predetermined number of observations. For
the latter case the detection systermn will lose tune in the case illus-
trated in Fig, 4.8 by having to wait for a decision at the prespecified
sample size, In the case illustrated in Fig. 4.6 the system wall
likely miss the degradation at the test of a prespecified sample size,
and will wait for the next test to detect the degradation.

The second set i1llustrates a comparison of the performance of
the detection systems. Figures 4.6, 4.10, and 4.11 show the com-
parison of performance of the detection systems, with information
of the bias polarity given for Wald's linear system and the optimal
system. A set of identical random numbers is used in the simula-
tion of the linear, optimal and suboptimal systems. The detection
performance of the optimal and suboptimal system can be shown to
be practically the same as illustrated in Fig. 4.10 and 4.6. A com-
parison of the detection trajectories of the optimal and suboptimal
systems in Fig., 4.10 and 4.6 verifies the analysis discussed in Sec-
tion 4, 5.3. If 1s to be noted that in the suboptimal system the bound-
ary value for degradation detection i1s calculated to be IB1 = 6,12,
the same as the boundary value (y - A) used in the optimal system in
Fig. 4.10., The threshold value shown in Fig., 4.6 is modified by a
factor of (32/ ay } to be consistent with the definition of the likelihood
ratio function An which was modified for computational convenience.
The extra time delay in detection by Wald's linear system is clearly
illustrated in Fig, 4.11., Figs. 4.12 - 4.14 show the performance
of detecting a degradation with an unknown bias polarity. The deter:i-
oration of detection performance of the Wald system modified by the

averaging process described in section 4.4.5 is clearly shown in
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Fig. 4.14, when one compares with that of the suboptimal system as
illustrated in ¥ag. 4.12,

Figures 4.15 - 4, 26 show the isolation of the degraded instrument.
The set of parity equations used in the simulation 1s gfiven in Table 2. 4:

(QA-Q ). c+(QC+QD)'

n

1]

3
[y

B

“(QA+QC)' C+(QB+QF)' s=z

(QE+QF)' C—(9A+QB)" s =z,

(Qy - Q) - e+Qp-Qp) - s=2,
(QC+QE)- c~(QB+QD)- 8 = Zg
(Qc - QD)- ¢+ {(Qp - Qp) - 5= 2¢
where ¢ = cos ¢ =0, 851
s = sin¢g =0,526

For all gyros defined in the normal mode, the dynamaic equations
for each parity equation residual (denoted as z) are defined in (3-32)
and (3-33);

x(ktl) = F x(k} + ql(k)
z(k+1} = =(k+1) + T (k+1)

The statistics of the noises are given by

E[ql(k)] = 0, E[ql(k) 9qu(]= Q- By g = 2QG " by,
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The parametric values are then defined as

Q=2 R=0.2 F=0.8 A=0.1

Suppose that instrument A has been degraded with a jump in bias
with value of +10, Figures 4,15 - 4.22 demonsirate the detection of
degradation by the suboptimal system using parity equation residuals
Zy T 24 with simultaneous identification of respective degradation
polarities, while Figs. 4, 23 - 4. 26 correcily demonstrate that the
parity the parity equation residuals Zg and =z g 2re operated in the
normal mode. In particular Figs. 4.19 - 4,20 illustrate the deterio-
rated performance for detecting the degradation of the wnstrument A
by the parity eduation residual Zge In comparison with residuals 245

z, and z 4 the residual zZg suffers from an attenuation of the signal-
. (Sin g2 _ 1
noise ratioc for detection by a factor o5 55"

of samples required for detection for the residual z

The number
3 is 93 compared
17 %9 OF Z4. With the addi-
tional information of identification of the polarity the degraded instru-

to that of 5 or 6 required for residuals z,, =z
ment A can be reliably isolated by an efficient decision logice. The
decision logic can be defined by identifying the parity equation resid-
uals 7y = +1 {or Zg = -1) and zg = 0 (or Zg = 0), and by ignoring the
parity equation residual zg. Similarly for isolation of the instrument
B, the decision logic can be defined by identifying the parity eguation
residuals zy = ~1 and 2y = 0 (or Zg =0), and by ignoring the three par-
ity equation residuals Zgs Zgs and Zgs which magnitudes are all atten-
nated by the factor smé. Here the state of the normal mode HO is
denoted as "'0", and of the degraded mode H, is denoted as """ with
the proper sign identifying the polarity.
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CHAPTER 5

Identification System

5 1 General Discussion

The identification system is the decision stage to determine the nature
of the degradation modes of the operating system Verification of the nor-
mal mode and classification of degradation modes are the decisions to be
made in the identification system Verification is necessary because of
the probable false alarms made in the detection stage or the probable re-
qualification of a ''degraded" instrument Classification identifies the infor-
mation about the nature of degradation in the form of a constant bias or ramp

bias change in the drift rate

The data processing of the identification system is implemented as fol-
lows After a ”degraded” mstrument has been isolated, the identification
system will process a specific parity equation residuals from the parity
equation set C(Table 2-4). The residualis chosento givethe highest sensi-
tivity of the degradafion bias signal with respect to the isolated "degraded"
instrument The basic technique employed for the identification system
formulation is Wald's sequential probability ratio test procedure An invar-
iant transformation is developed to transform the ambigucous three-class
identification problem into a set of pair wise disjoint two-class identification

problems.

5 2 The Problem Formulation

The identification system is characterized by the following features
First, the "degraded" instrument is operating and remains operating in
one of the specified modes, no transition of modes is assumed to occur
In the identification stage of a relatively short duration with respect to

the mean life time of instruments this will be a reasonable assumption
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Second, no a priori information about the instrument operating condition
can be assumed The system must consider all alternate modes and the
two -sided decision process must be used Identification is a single stage
decision process The process terminates whenever acceptance of either
class is decided Third, the reliability of the decision is of main concern
in the identification system The false alarm and miss alarm error prob-
abilities are chosen as the performance criteria Since in the identification
system both boundaries of alternate modes must be specified, therefore

both error probabilities are well-defined

The above analysis suggests that Wald's sequential probability ratio
test (SPRT) is a natural formulation for the identification system The
original discrete-time case of t};e SPRT is well-known (Wald(ao)), the
continuous -time version of the SPRT will be discussed 1In Chapter 3 the
stochastic differential equation A(t) for the case of an unobservable process
in the form of an unknown yet unchanged constant was derived,

(a;-a,)

d) = ——- (dy --%—(a1+a0) at) (5-1)
o

where

At) = fn [—1_%%-] , A0}= 0

The observable process is defined as
dy = adt + ¢ dw(t)

where a = ay for the degradation mode, or a= ag for the normal mode.

A study of the definition of the posterior probability =(t) will show
the fact that the quantity A(t) is the same as the logarithm of the likeli-
hood ratio funpction defined in Wald's SPRT process The initial condi-
tion A{0) with a value of zero reflects a state of no a priori information
of the system being in either normal or degradation mode

The performance criteriaa and § will now be derived by application
of the theory of first passage problem. Let A and B be the lower and
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upper decision boundaries for identification of the normal and degraded
modes Let a(x) and {x) denote the error probabilities with respect to

the process Alt) given M0)= x, and A <x< B Then by definition the false
alarm error probability a(x) denotes the probability of the trajectories of the
process A{t) which is defined in the normal mode and which first exits through
the upper boundary B  Similarly the error probability B(x) denotes the prob-
ability of the trajectories of the process A(t) which is defined in the degrada-
tion mode and which first exits through the lower boundary A

For evaluation of the error probabilities a(x) and B(x) defined for the
specified initial condition x, the backward equation is the appropriate ecua-
tion to apply Let p,(x5y, t) be the transition probability of the homogeneous

diffusion process
dx =p(A) dt + o(A) dwi(t) (5-2)
then pk(x;y, t) satisfies the backward equation:

2
%,%’- = p(x) 2B ap +20%(x) 2 (5-3)
ox

Let ¢(x) be the ultimate probability of absorption of trajectories A{t) in
one of the boundaries A or B, conditioned on M0)= x, By Laplace transfor-
mation of (tr"?i)_ and manipulations as in Section 4 5.1, it can be shown that-

(14)

¢({x) is the solution to the eguation

2
%02(}:) —j;%+ u(x) %% =0 (5-4)

The appropriate boundary conditions must be used For example, if éB(X)
is the probability that absorption in the boundary B occurs before A, then
the appropriate boundary conditions are d)B(B) =1, and d)B(A) =0

The above technique will be applied to evaluate «(x) and 8(x), since in
sequential procedures the error probability by definition represents the ul-
timate probability of absorption of the trajectory AMt) in the boundary The
stochastic process Ao(t) for evaluation of the error probability a(x) 15 defined
in the normal mode H,, and is represented by
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= DN

dAy(t) = - 5 —5 dt + —dw(t) = g dt+ b dw(t) (5-5)
o (o) -

Then the error probability a(x) is the solution to the equation

-
Av]
o,

=

1 du 5-6
5 b — +u 0 G 0 ( )
with the boundary conditions Y(A)= 0, and (B) =1 The boundary condi-

tions imply that the absorption in the upper boundary B occurs before
the lower boundary A. Substituting the definitions of b and By into {5-6)

produces
Py 9y, (5-7)
dx dx

then a(x) can be solved to be

ex—eA
@x) =g 7 (5-8)
e -e

BSimilarly the error probability f{x} is the solution to the differential equa-
tion

de, By (5-9)

with the boundary conditions: Y(B) = 0, {A) =1. The solution B(x) is

shown to be

= (5-10)
B (%) 5 h
It is interesting to compare these resulte with those in Wald's original
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formulation., By definition,

A
A 1-¢
a =a(0)=
eB—eA
{(5-11)
A, B
A e (e”-1)
B =8(0)= eB-eA

Solving the simultaneous equations one obtains Wald's well~known
formula connecting the boundaries A, B with the error probabilities «
and B

A=my
(5-12)
B= gn(}—g-g—)

These resulis have been mentioned in (4-58) of Section 4, 4, 1; In
the discrete-time case, Wald has managed to derive the same results
by the approximation of neglecting the excess of the likelihood function
over the boundaries In the continuous-time case the formula gives the
exact sclution and the derivation is much simpler

5 3 At{ Im-rarirant‘Tré,nsf'orn:lat{on

It was shown in Chapter 3 that the fellowing approach is used in the
design of the detection system

(1) The unknown bias parameters of the degradation modes are not
estimated, instead the detection process is constiructed on the basis of

a "design" value, specified by the mission performance requirement

(2) The degradation mode in the form of a ramp change of the mean
drift rate is not distinguished from that in the form of a constant bias
jump Instead only one detection system is designed for the degradation
mode in the form of the constant bias jump.

The approach is justified by the application of a comparison theorem
for diffusion processes. However the above approach cannot be applied
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in the identification system In the identification system the basic infor-
mation used for identification of different degradation modes is the like-

lihood ratio function of the joint conditional probability density defined as

l\ - ?n P(yl: ey yn IHl’bl)

0 (5-13)

P(yys -oes ¥y | HJ,bJ)

where I-I1 is the ith-degradation mode, bi the associated unknown param-
eter, and { yn} is the sequence of the observation data The determaina-
tion of the joint likelihood ratio function /\n in the identification process
requires not only the specification of a given functional form for the con-
ditional probability density of the degradation modes but also the unknown
values of the associated parameters Thus the parameters must be esti-
mated for calculating An Since the observation data come from unknown
classes of degradation modes, the parameter b must be estimated by
weighing over all possible classes:

Py, =t vy

_P €7 1Py ¥ p B - PED P, by oy, HJ) ‘P (HJ)

Py 1Yy = Yy g By)  PED Ry, lyys ooy o0 H) - PO

‘p(b Iy]_; v Yn_l)

(5-14)

where b represents the unknown parameters in both class, bi and b, Since
samples are unclassified, (5-14) cannot be carried out seperately for each
class in general, and the computation is very difficult (Ho et al (34))
To circumvent the difficult computation procedure, an invariant transfor-
mation is developed to eliminate the effect of unknown parameters on the
identification process

The transformation can be stated as follows Let {yi} be a sequence
of identically distributed (1 d ) and independent random variables of normal
distribution N(a, o), where a is an unknown mean and ¢ is given Let {Ei}

be a sequence defined by the transformation
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n-1

1
Z L E o (y ...y ) - Iy
2l S am-1) L -1 am-1) ®

{5-15)

Then {'Ej } 1s an equivalent sequence of i.d and independent variables
having the normal distribution N(0, o) with the same variance and zero

mean

Moreover the following relation holds:

n-1 n
~2 —_—2
z- = 2 (y.-v.)
71 J =1 *t n
_ 1 n {5-16)
where yn = -E- 31 yl

The proof of the results will be presented in Appendix C,

The transformation reduces the given data {y} to the transformed
data {z}, and replaces in effect the original family of joint distribution
Pn(yn, a) with the new family of distribution Pn(En,i) Here A = Ala) de-
notes the parameter corresponding to the original unknown parameter a
induced by the transformation The transformation leaves the identifica-
tion problem invariant in the sense that the decision procedure at any
stage about the original process with an unknown parameter can-be trans=-

“formed into an 1r"1va1:iant decision procedure based on the transformed

process

This transformation is useful only for the 1dentification stage, where no
transition of states exists, i e the observations are random variables
of identical distribution For the detection stage, where a transition of

states is possible, the mean cannot be eliminated by this transformation

The identity (5-186) gives the intuition that the mean is eliminated by
utilization of the best available information of the updated sample mean.
For fimte storage the transformation must be implemented in the follow-
ing form

n-1 n-1
n({n-1) 7n

[

it =— =
n-1 n(n-1) 1=1 *
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In this case only the cumulated sum of past data need be stored

In Chapter 3 it was shown that if the measurement process z(t) is
defined to be in the degraded mode with an unknown mean biag, the
transformed measurement residuals (3-39) will be asymptotically of
1 d. and independent random variables of normal distribution with a
corresponding unknown mean bias and a given variance In the case of
the ramp bias the transformed measurement residual (3-40) will be
asymptotically of independent random variables of normal distribution
with a corresponding unknown mean of approximate ramp bias and a
given variance An application of the invariant transformation to the
measurement residuals will then transform the original process with
unknown constant or ramp bias into the corresponding process with
zero or an attenuated ramp bias.

Original Class Transformed Class
H, - N(a, o) N{0, o)
H,: N(bk, o) N(-1bk, o)

where a and b are unknown constant parameters, k is the sample index

The attenuated ramp rate -%bk can be derived as follows Let the
original process {y} be defined in the degradation mode with a mean ramp
rate b Then from (5-15}; —

- 1 n-1
E[z ]l = ——— - [b{ Z 1)- (n-1) rn . b]
n-1 vn (n-1) i=1]
(5-117)
- —%\/n(n-_l) . b

nt

(n-1) - b ( if n is large)

B | b

It is noted that a positive ramp bias in the original process {y} is trans-
formed into half the ramp bias with a negative polarity The presence of
a ramp rate in the transformed process will give an effective information
for identification of the degradation mode H,, even if the parameter of the
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ramp rate in the original process is of an insignificant magnitude

To eliminate the effect of the constant bias in the original process
{y} a simple transformation defined in (5-18) can be designed

nz 2 {5~18)

In this case a ramp bias with rate b of one sample interval in the original
process is transformed into a constant bias with magnitude b In com-
parison, the proposed transformation (5~15) will give more effective in-
formation for identification after a sample size of three observations of
the original process Since the parameter b of the ramp rate in the prac-
tical system is usually of an insignificant magnitude, the identification
capability of a small magnitude b by the transformation (5~18) 1n a com-

paratively strong background noise level 02 is guestionable

It has thus been shown that the ambiguous multi-class (1. e , three
classes) 1dentification process can now be transformed into a set of pair
wise disjoint two-class identification processes The verification of the
normal mode is done by processing the measurement residuals of the
original process The classification of degradation modes into constant
bias or ramp bias mode is done by processing the transformed measure-
ment residuals. Both decisions are reduced to a simple testing procedure
against the presence of a constant mean {with known polarity} A mean
is considered to be present if its magnitude exceeds a specified value
B = § - 0 where o is the given standard deviation and § is a positive spec-

ified parameter,

in Chapter 4 it was shown that the suboptimal detection system can
simultaneously identify the bias polarity in detecting the degradation. It
is impoxrtant to assign the correct polarity to the specified value of the
decision threshold B for the transformed process It is noted from (5-25)
that a positive (negative) ramp bias rate in the original process will be
transformed into a negative (positive) ramp bias rate A specification of
incorrect polarity will cause the sequential probability ratio test process
to make a wrong identification decision This is illustrated in Fig 5 1
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Fig. 5.1. Effectof Polarity on Identification System.,

In this figure, the sample x will be correctly classified into the de-
gradation mode if the right polarity 1s aggigned for the specified value B of
the decision threshold for identification. However the sample x will be in-

correctly classified into the normal mode if the wrong polarity 1s assigned.
The block diagram of the identification system is given in Fig, 5. 2.

5.4 Simulation Results

Figures 5. 3-5, 6 demonstrate the clasgsification of the degradation mode
into the class of constant bias or ramp bias by application of the technique of
the invariant transformation (5-18). The classification is done by process-
ing the transformed measurement residuals. The discussion is based on
Wald's gequential testing process against the presence of a specified con-
stant mean., In the simulation results the degradation mode of a constant
bias of +4 against a ramp bias of rate value of -0. 11 is to be 1dentified.

The threshold value of the constant mean is specified to be §-0 with an
appropriate polarity. In simulation the threshold value 4 is specified to be
a value of 0.5 and specified with a positive polarity due to the negative ramp
bias. The parameter o of the single gyro system was defined in section 4. 6.
Figure 5.5 1llustrates the 1dentification of the degradation mode of the ramp
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bias. The likelihood ratio function shows that during the early stage of
identification the decision moves toward the class of the constant bias due
to the relatively small parameteric value of the ramp rate. As the number
of samples increases, the weighting factor of the current data in the trans-
formed residuals become more significant to indicate the presence of the
ramp bias. The likelihood function reflects the information and identifies
correctly the class of the ramp bias The identification of the class of

the constant bias is illustrated in Fig 5.3 TFigure 5 4 and Figure 5 6
demonstrate the trajectories of the transformed measurement residuals.

It can be seen, though not very clearly, that the trajectory in Fig 5 4
shows a zero mean, and the trajectory in Fig 5 6 shows the trend of a

positive ramp rate This illustrates the justification of the invariant trans-
formation discussed in section 5. 3.
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CHAPTER 6

Compensation System

6 1 Problem Statement

After the degradation mode has been identified, a compensation sys-
tem is designed to recover the degraded instrument performance, if pos-
sible, Since an accurate knowledge of the model of the degraded system
is now available, the design of the compensator is simply reduced fo that
of a statistical estimator to estimate the unknown bias of the identified
mode (H, or H,)

The problem of estimating a constant but unknown bias in recursive
filtering has been extensively studied In this chapter, a technique of de-
coupled estimator 1s applied to estimate the unknown bias The conver-
gence rate of the bias estimation will be studied Finally, some discussion
of the simulation results will be presented
6 2 A Decoupled Bias Estimator

(29)

B Friediand hasg developed a technique of estimating an unknown

bias by a decoupled estimator. In this technigue the bias estimate can be
computed in terms of residuals in the bias-free estimate, and thus effec-
tively is decoupled from estimation of the state A block diagram of the
estimator 1s shown in Figure 6,1,

The motivation of this technique is to reduce the dimension of the esti-
mate of the state variable in the filtering process, thus avoiding the compu-
tational difficulties, speed as well as numerical inaccuracies, associated with
large matrices This will be the case when the number of bias terms 1s
comparable to the number of state variables of the original problem The
new state vector to be estimated will be substantially increased in dimen-
sion by the augmented additional bias terms However, the motivation fo
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Fig. 6.1. Block Diagram of Bias Estimator

use this technigue for the compensation system design in this thesis re-

sults from a different consideration. During most of the mission period

the system will be__operated in the normal mode In this case a recursive
filter is designed in the bias-free condition to generate the input information
for the detection and identification systems. Once an instrument perfor-
mance degradation has been detected and identified, the filter should be modi-
fied to estimate the associated bias value This must be done with as simple
modification of the original filter as possible so that the detection and iden~ .
tification processes can proceed as before without any complicated reorgani-
zation. This motivates the use of a decoupled bias estimator

(1) Computation of Decoupled Bias Estimate

The results of the decoupled estimator are based on expressing the so-
lution of the variance equation of the problem with bias present in terms of
the solution of the variance equation for bias-free estimation and other
matrices which depend only on the bias-free computations The following
presentation 1s essentially a simplified restatement of Friedland's results

The notations used in the derivation are consistent with those of Chap-
ters 3 and 4
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Let the dynamic equations be expressed as follows®

%x(t) = -~wx(t) + glt) (6-1)
m = 0 (6-2)

and the observation equation is expressed as
z{t) = x{t) + c(t) - m + vit) (6-3)

The following notations are used

x = original state (scalar)

m = bissterm ({scalar)

z = observation (scalar)

g = process noise, with given statistics of zero mean and

variance E[g(tlg(r )] = W - &{t-7)

v = observation noise, with given statistics of zero mean
and variance E[v{tlv(r )] = V ° s(t-7)

The factor c¢(t) determines how the bias m enters into the observations
For the designed system, ¢ = 1 for the degraded mode I—I1 and c =t for the
mode H,

Define a new augmented state vector
“ e e -
[ !

Y=L g

The dynamic and observation equations can be written as

!
]
e
1]
+
L
o

(6-4)

N
l
o
1
+
<

{6-5)

where

w0 11 B
o[z 9 o-[1] veua

Application of the Kalman~Bucy filtering theory results in the following
equations for optimum estimate 9 of the state 3}
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T

$=af+PriTvi@E-1% (6-6)

where the a posteriori covariance matrix P ig the solution to the co-

variance equation.

pP=aP+PAY -PLY V"

0

lip+awat (6-7)

The covariance matrix P i1s partitioned as follows

PX me
P = P P (6_8)
XIm m

The variance equations then take the form of the following scalar

equations
o
. (P_+cP__)
P o=ezy P- Xz Ly (6-9)
X X
v
. (P.+c-P__ ) (P.+c-P__ )¢
me = [__w - X X1 ] P _ X X1, - P (6—10)
v XImn - m
. (P +cP )2
p =. _3m m (6-11)

It is n-.oted that equations (6-10) and (6~11) together are hémogéneous mn me

and P_ . Hence, if
m

me (0) = .0
P, {(0)=0
then for all t > 0,
me ) =0
(6-12)
Pm {ty =0
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and in this case Px satisfies

P = -2 P_-—+W (6-13)
The mnterpretation of the equation (6-12) and (68-13) is that i1f the bias m

18 perfectly known (Pm(O) = 0) at t = 0, then by virtue of (6-2}, 1t is perfect-

ly known thereafter and the estimation problem reduces to that in which

there is no bias The variance equation (6-13) 1s the same as would result

if m were known to be zero (with probability 1), Let the covariance matrix

in this case be denoted by

- P o
p=| ¥ (6-14)
oo

where P is the solution to Eq. (6-7) for the initial condition,

~ P (0) O
POY=| % (6-15)
0 0

and ?X is the solution to Eq. (6-13) with ?X(O) given.

If the bias 18 not perfectly known, then (6-15) 1s not the correct initial
condition for the problem tc be solved Let

P(0) P __(0)
P(0) = X xm

me(O) Pm(O)

where Pm({)) must be non-zero

It is noted that in (6~9) - (6-11) the equations for PX, me
are all coupled and hence must be solved together A transformation will

., and P
m

now be derived to decouple the solution of the variance equations The
following result is used that if P 1s a solution to (6-7) then any other solu-
tion can be expressed as follows

P=B+V MVL (6-16)
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where

.
~

Ve=(a-pPLTvIiLv (6-17)

M= -MvILTviovm (6-18)

where M 1s a scalar in the designed system case and ¥V can be partitioned
as

<

Then Eq. (6-17) and (6-18) can be expressed as three scalar equations

. B B ¢ oo
VX-'-' ( -w -‘—{r—) Vx ~—v"—Vm
Vm= 0i.e. V_ = constant
. (V. + V. c)2 M2
and M= - —= (6-21)

The variance equations have been decoupled It is possible to solve
for P_ independent of P___ and P_ . then solve V_, V__ and then M
= X pxo X m

The actual values of the desired variances are evaluated as

P =P +V2. M
X X X
P =V MV (6-22)
¥m X m
o2
Pm" V'rn M

The initial conditions are not unique In the important special case in

which me(o) = 0, i e , there is not a priori correlation between the state
and the bias, a convenient choice of inifial conditions is-

223



(o) = P ©)#0

VX(O) =0 (6-23)
Vm =]
In this case
me = VxM
(6-24)
Pm =M

The results of this analysis can now be applied to obtain a form of the

decoupled bias estimate from the equation (6-6)

+
(PX c me)

L=+ (z -8 - ch) (6-25)

v

(P + P c)
(z - % - ¢ &) (6-26)

The equations {6-25) and (6-26) can be shown to be expressed in the de-
coupled form by the transformation:

A A
X = }'Z'i‘VXm (6-27)

Then the final result for the bias estimate can be expressed as

2
MV _+ ¢) (V. + )M
= - $ N+ XV (z - %) (6-28)

where X is the estimate of x which would be obtained in the absence of bias,

i e ¥ satisfies
= wx+=(z - %) (6-29)

The asymptotic solutions of (6-27) and (6-28) are of interest If can
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easily be shown by substituting (6-24), and the equations {6-50) and
(6-54), {6-51) and (6-59) 1n the next subsection into (6-28) that the asymp-
totic solution of 1'/1\1 can be represented as

MD=m (6-30)

and therefore the asymptotic solution of £ will be

2= X+V,_ m (6-31)

These results have been utilized in the discussion of the transformation

of the measurement processes (3-12) and (3-25) in Section 3 3

A gchematic representation of the compﬁtation of estimates in the
presence of bias 1s shown in Fig 6 2.

The corresponding results for the discrete-time case can be summa-
rized as follows

The dynamic equations are defined as

x(k) = F x(k-1) + q (k-1

(6-32)
m(k) = mk-1)
The observation equation 1s
z{k) = x(k) + c{k) m(k) + r (k) (6-33)

where c(k) = 1 in degraded mode H,, and c(k) = k 1n mode H,.

The process noise and observation noise are given with statistics of
‘zero mean and variances: E[ 9, (k) 9 (£} = Q 89 2nd E[ry(k)-r (/)] = R 81cf

respectively.

The derivation for the discrete-time case is more compiicated, but
is based on a transformation of the discrete variance equation as in the form
of equation (6-16) for the continuous-time case

Pik) = Prx) + Ulk) M) UL (k)

where P'(k) is the a priori covariance matrix of the estimate of the aug-

mented state at time k conditioned on the measurement history
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{z() ... z&-D}. Pk is any solution to the covariance equation of
P'(k) with P*(0) # P'(0). U(k) and M(k) are auxiliary matrices The
derivation will then be similarly carried out by partitioning the augment-
ed matrix P'(k) as in the continuocus-time case

Let P;C(k) be the a priori variance of the estimate of x(k) conditioned
on the measurement history {z(1) . =z{&k-D}, Px(k) be the a posteriori
variance of estimate x(k) conditioned on {z{l) .. =z(k)}. The a priori
variance equation and the posterior variance equation are transformed

into the following forms as in the continuoug-time case,

! o 2
Py k) = Px(k) + Ux(k) Mk}

P}'{m(k) = Ux(k) M(k) (6-34)
PI'n(k) = M(k)
and
o 2
P_(k) = PX(k) + V_(k) M(k +1)
me(k) = Vx(k) Mk + 1) (6-35)
Pm(k) = Mk +1)
where
U (k) V_(k)
U(k) = x . V(k) = *
U (k) Vm(k)

and M(k) is a scalar quantity computed as

M(k) S%(k)
"B + R + 52(k) M) Mk) (6-36)

Mk + 1) = M(k)

The auxiliary factors U _(k), V_{k) and 8(k) are recursively computed
as follows-

Vx(k) = Ux(k) - Kx(k) Sik) (6-37)
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where S(k) Ux(k) + c(k)

il

Ux(k-}-l) F VX(k)

The following initial conditions are used:

UX(O) =0, me(O) =0, Um(O) =1

The variance n15}'{ s ﬁx and the bias-free gain %‘x for the bias-free

estimator are computed in the normal manner

K_(k) = PL(k) / (PL{k) +R) (6-38)
B (k) = (1 - ﬁx(k))- B (k) (6-39)
P;{(kﬂ) = F2 Px(k) +Q (6-40)

. . A A -
The corresponding equations for estimates X and m can be written in a

form similar to the continuous-time case

{r) = R(k) + v, (k) £ (k) (6-41)
D) = @ - K (©)S(k) Mlk-1) + K_ () T~ (6-42)

where

xk) = F x(k-1) + ”fcx(k) [z(k} - F x(k-1)]
and

k) = z(k) - F %(k-1)

are the bias-free estimate and the residual of bias-free estimation respec-

tively. The gain K (k) of the bias-estimator is given by

M(k+1) [V, (k) + c(k)] (6-45)
Km(k) - R
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(2) Convergence Rate of Bias Estimate:

For the on-line adaptive system the convergence rate of the bias
estimate determines the rate of compensation for performance degradation,
and will thus have a sigmficant influence on over-all system reliability
and performance In Chapter 2 a preliminary discussion of convergence
rate of the bias estimate was presented. In this section the condition for
the optimal convergence rate will be analyzed and the optimal rate of the
bias estimate will be evaluated

Since the bias estimate will converge to its true value, as the mean
square error of the estimate converges to zero, the rate of convergence
for an estimator is often expressed in terms of mean square error of the
estimate In the structure of the linear estimator the problem of obtain-~
ing the optimal convergence rate is reduced to design of an optimal gain
function such that the mean square error at each and every time is mini-
mized. By definition this is the optimal gain function derived in the
minimum variance Kalman estimator.

Thus the optimal convergence rate can be evaluated by the variance
equations derived for the decoupled estimator The variance Pm(k) for
the discrete-time case must be computed by a set of recursive formulas
It is difficult to get a closed form of the convergence rate of Pm(k) as a
function of the time index k in the discrete-time case. A simpler develop-
ment and a more readily interpretable result can be obtained for the con-
tinuous-time case. The variance equation for Pm(t) in the continuous time
case is represented in (6-24), (6-21) and (6-23),

P_ () = M) (6-24)

M) - (V1) + clt)?
v

M(t) = - (6-46)
with the initial condition PM(O) = M(0). Thus the problem is reduced fo
solution of an ordinary differential equation (6-46) Substituting (6-24)

into (6-46) produces P2 (1) (V (&) + o))
P ) = - ——%
»

Pm(O) =P, (6-47)
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where c(t) = 1 for mode H,, and c(t) = t for mode H2'

The quantity V_(f) satisfies the equation,

P Ry P_(t)

X -
v )Vx(t) -——clt), VX(O) =0 (6-48)

V(t)--(w +

This is an ordinary differential equation with a time-variant coefficient
If only the steady-state Kalman filter is implemented, then (6-48) can be
simply solved Define the quantity

1300 = the steady state Kalman filter error variance
~ P
B =_=>0 -
T (6-49)
= $—
Y =tg0) >0

The quantity Vx(t) can be determined with the result

V() = Ba-eh (6-50)
Y

for degradation mode I—Il, and
v, (&) = e (6-51)
Y
for degradation mode I—Iz.
. 21 _
Define Wm(’c) = —15;;@')' (6~52)

Substituting the solution V (t) (6-50) and the definition W, {t) into
(6-47) produces the expression Cof W oot} for degradation mode Hl

(1- £)2 2f -8y
W_(t) = W_(0) + (AN S e
m m v Y-V

(6-53)
+ —ﬁ——— (i-e 2'YT')

ZVT
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The convergence rate Pm(t) for mode I-I1 for sufficiently large t can
be expressed as

~ 1 -
where the gquantities kl and k2 are defined

28y a-£,

1 -
k, = G S +28~6 (6-55)
P_,(0) vV v
(1-£y?
k= e (6-56)
' v

The expressiocn of Wm(t) for degradation mode I-I2 can be simailarly derived
by use of the solution V_(t) in (6-51) and the definition (6-52).

t ~ -~ ~
W0 = w0+ {(1-Byo + L -7} 2 a0 (6-57)

0 Lo Y

The result is somewhat tedious, therefore only the solution Wm(t) for
large t will be considered.

~ i~ —~ ~2
=~ 1 1, By2.3 B, B ..2, B
W) = W (0) +<5 31— t +(1+~)~2 t +~—4 t)
Y Y ¥
. , -5
TW_(0)+ —E— - ¢ (6~58)
m 3 v
A 1 1 3
= +z ky t
P_(O73 "2

where k2 is defined in (6-56).

The convergence rate P {t) for mode I—I2 for sufficiently large t can
m
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then be expressed as
1

P_(t) =
m 1 Lk'3

A + t (6~59)
Pm(U) 372

The following conclusions can be derived from (6-54) and (6-59):

(A) The convergence rate Pm(t) is also determined by the quantity
(denoted as =V, in (3~21) of Section 3 3)-

3 (P /V)
e R N (6~60)
Y (Po/V+w)

which is dependent on the correlation parameter w of the dynamic system.

For the highly correlated dynamic system with a small parametric value

w, the quantity

(6-61)

-ezroaz
J

and 2
(1-B)r«1
Y
in this case a slow convergence rate will be expected

(B) The convergence rate P_ (t) for degradation mode H, will be much

faster than the convergence rate for degradation mode Hl'
These conclusions are confirmed by the simulation results

6 3 Simulation Results

Figures 6 3 - 6 4 show the estimates of the bias by the technique of
the decoupled estimator Figure 6 3 illusirates the estimate of a constant
bias of a value 4. As discussed in section 6 2, the convergence rate is
shown fo be extremely slow For an egtimate within 95% of the true value
a size of more than 800 samples are required. For comparison the typical
sample size required for detection 1s about 30 samples as illustrated in
simulated results in section 4.6 The saving in time required for detection
compared fo that for estimation will thus be of the order of 25. Figure 6 4

illustrates the estimate of a ramp bias with a rate value of +0.1. The con-
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vergence rate in the ramp bias case 1s much faster as 1s expected from
the analytical expression (6-59),

233



VET

CONSTANT BIAS

r3

2>

100

200

SAMPLES, n
300 400 500 600

700

800

v

FIG.

6.

3

ESTIMATE OF CONSTANT BIAS




Gee

RAMP BIAS RATE

=3

+.10

T-.10

T~.20

IS

SAMPLES, n
200 390 ‘H?O 5(?0 R 690 ?QO

800
L)

900

FIG 6 4 ESTIMATE OF RAMP BIAS RATE




CHAPTER 7

Conclusions and Recommendations

7 1 Conclusions and Contributions

An on-line adaptive technique 1s developed to provide a self-contained
redundant~sensor navigation system with a capability to utilize 1ts full
potentiality in reliability and performance The gyro drift rate is modeled
as a Gauss-Markov stochastic process The degradation modes are defined
by changes in characteristics specified by parameters associated with the
model. The dominant modes resulting in navigation performance degradation
are shown to be of the form of a jump of a constant and a ramp bias of the

gyro drift rate

The adaptive system is formulated as a multi-stage stochastic decision
process a detection system to detect the existence of a degradation and to
isolate the degraded sensor, an identification system fo verify-a degradation
and to determine i1ts nature, and a compensation system to recover the de-
graded sengor performance The inputs to be processed by the adaptive sys-
tem are the aggregated scalar states of residuals generated by a set of parity
equations of outputs of redundant sensors

The detection system is characterized as a process with partial infor-
mation, 1n which the state describing the degradation is inaccessible for
direct observation The problem of solving the partially observable process
is approached by deriving the stochastic differential equation for the posterior
probability of the unobservable state conditioned on the a priori information
and the observable measurement history It is shown that for the optimal
detection system formulated as a Bayesian problem with additive risk and
conditionally independent observations the posterior probability is the suffi-
cient statistic.
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A detection system in a class of the linear system of Wald's sequen-
tial probability ratio test is developed. The feature of the system design
is utilization of feedback of the uncertainty information indicated by the
posterior probability The design of the detection system is formulated as
a combined stochastic control and decision problem The admissible control
region is defined with reference to the value of the information as an indica-
tor of system degradation. A suboptimal control scheme is designed to
avoid the complicated computation for obtaining the solution to the com-
bined optimization problem formulation The suboptimal control law is
derived by utilization of the fact about monotinicity property of the risk
function of detection The suboptimal control for the discrete-time case is
shown to have the characteristic that the control corrects the posterior
probability to a constant threshold number, if 1t 1s less than the threshold.
If the posterior probability 1s larger than the threshold, no feedback 1s
used. The difficulty in extending the results of the suboptimal control law
in the discrete case to the continuocus-time case 15 discussed, and a con~

trol law based on the concept of e-optimal control 1s suggested.

The performance of the detection system is derived by application of
the theory of first passage times for diffusion processes It is shown for
a sequential system with one-sided boundary for degradation detection the
meaningful performance criteria are the mean delay time in detection and
the false alarm error probability.

The developed system is very simple for on-line implementation The
system shows a remarkably close detection performance to that of the op-
timal non-linear detection system It is shown that the developed system
can be simply modified to detect the degradation with simultaneous identi-
fication of its unknown polarity, which is shown to be an important piece of
information for efficient isclation of the degraded gyro

It is shown that only one detection system designed for the degradation
mode in the form of a jump of a constant bias 1s sufficient for all degrada-
tion modes characterized by a systematic mean change Moreover, the
detection process can be constructed on the basis of a "design" value,
specified by the mission requirement, of the unknown parameter in the
real system.,
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In the design of the identification system an invariant transformation is
derived to eliminate the effect of nuisance parameters. An application of
the technique to the measurement residuals will transform the original pro-
cess with unknown constant and ramp rate into a corresponding process with
a zero mean and with an attenuated ramp rate The transformation gives a
sengitive identification capabihity even for a degradation with a small ramp
rate Tt is shown that the ambigucus three~class identification process can
be transformed into a set of pairwise disjoint two-class identification pro-

cess

A technique of decoupled estimator is applied in the compensation
system to estimate the unknown bias such that the adaptive system can be
operated without any complicated reorganization. The long time interval
required for processing information in the estimation process in comparison
with that required in the decision process illustrates the justification of the

multi-stage formulation of the thesis

7 2 Recommendations

In this section suggestions for further study will be briefly discussed

The treatment of the degradation mode having an increase in variance
of the gyro drifi rate will be considered The detection of a change in vari-
ance can be treated by a simple extension to the theory of sequential analysis
with correlated measurements to test the hypothesis I—I0 of the normal vari-
ance agawnst the hypothesis H, of a specified "degraded" variance. The test
procedure consisis of observing the likelihood function of the joint conditional
probability density against two thresholds related to the set error bounds.
The likelihood function can be recursively generated on-line by the two se-
quences of measurement residuals derived from two Kalman fitlers modeled
on hypothesis H0 and Hl regpectively This has been discussed by Newbold
and Ho (56)
case must be handled with some modifications

However, the problem of the adaptive system design in this

First the sequence of measurement residuals is an asymptotically
stationary but not an independent sequence if the Kalman filter model is not
based on the true variance One simple way to ensure independence is to
sample the data at a sufficiently long interval. Since it was discussed in
Chapter 2 that the increase in variance during degradation of the instrument
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is gradual and small, and one notices that the sequence in this case will be
only weakly correlated, then the effect of a moderate increase in the sam-
pling interval will not likely cause a gerious degradation of the navigation
system performance Secondly, since the variance increase during degra-
dation is gradual, there is no justification to assume that a degradation mode
of a change in mean bias will not occur during the same interval. This com~
plicates the design of the identification system If independence of the
measurement residuals can be ensured, the invariant transformation devel-
oped in this thesis can be applied to remove the constant bias mean In

this case by processing the transformed measurement residuals, the degra-
dation modes of variance increase and of a constant bias jump can be
classified. However, there will be an ambiguity in classification between
the degradation modes of the variance increase and the ramp bias, and

some other technique or information for their classification is required
Finally, the problems of the design of optimal and suboptimal systems for
the on-line estimation of the "degraded’ noise variance, for example, by
using analysis of measurement residuals, have been discussed by Mehra (52)
and Abramson W It is noticed that the performance of a degraded instru-
ment due to an increase in variance cannot be requalified, but the updated
variance may give the information for optimal weighing of the measurement
data among different instruments in the navigation system, or give an in-

dication that the instrument will have an impending hard failure

The technique developed in this thesis can be extended to compensate
the drift rate non-stationary component modeled as a random walk process
The random walk component of the gyro drift rate is proposed fo be treated
as an unknown mean of arbitrary form. No modification is required in the
detection system to augment this component into the gyro drift rate How-
ever, in compensation for performance degradation, one would have to be
content to match the unknown complicated function to only one of the two
given classes, a constant or a ramp mean bias. The compensation will be
based on a model with either the constant or ramp bias degradation mode
according to the classification result by the identification system.

An important area is the study of problems involved in choosing use-

ful information in adaptive system designs. One direction of research is
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(10)

to introduce into the information theory the element of value (Brillouin s

Howard (36) (73)

, Stratonovich }. In the present theory information is treated
as an absolute quantity which has the same numerical value for any user.
On the other hand, the value of the information would necessarily be a
relative quantity, and would have different values for different users.

This intuition leads one to seek a notion of the value of information

The design of the detection system in this thesis illustrates an ap-
proach by relating the concept of the information value to the theory of
optimal solutions This is equivalent to selecting the information accord-
ing to a certain figure of merit The question of interest is then to derive
the rhost effective information with respect to the cost functional. One
may conceive of a situation where more information may lower the effec-
tiveness of choosing the optimal solution The design of the detection
system illustrates a case in which not all information i1s useful, and it
is possible to carry out further minimization of the risk function of

detection by choice of only useful relevant information

The above formulation introduces an application of the concept of the
value of the information In many adaptive systems, the question of
interest is how measurements should be made so that one can extract most
effectively all the relevant information which will be utilized in designing

the adaptive system  This problem remains an open question
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APPENDIX A

DERIVATION OF WALD'S RISK FUNCTION

Let §(w) ={~ (w), d{w)} be some decision function from the
results of observations on the process {y(s), s = 7 }. Here 7w ) is
the random stopping time for terminating the observation, d(w) is the
terminal decision rule. The terminal decision space D0 consists of two
points c10 and dl' The decision d; will be interpreted as the decision that
the hypotheses I-Ii is accepted. Let o (§) = P{d(w) = d1 IHO} and
B(6) = E{d(w ) = dg IHI}- be the false and miss alarm error probabilities
at the terminal decision for the decision function §(w ). Then the risk
function associated with §(y) is defined as

R(s,7) = 7 {c B (r)+3-8(8) }+ (om) {e Eg(r)+b-a(s))

(A-1)
Notice that R(s,7) denotes the total expected cost starting from the
initial state 7 to the terminal decision based on the decision function 6.
For the case of specified « and B, 2 and b are the Lagrange multipliers.
The coefficient ¢ is the sampling cost per unit time.

Letao, = P{a= a; ly(s), s = t } be the posterior probability that
I-I1 is true based on observations {y(s) , 8% t} . Define the operator-

B, () = m B & (1) Byl

Then {A-1) can be written as-

R(S, 7) = 7{c By(M)+3+ B(6)}+ (1-n) {c Ey(r) +5 + a (9)}

(A-1)
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R(6,

cE (M+ar3- P{dw = d,|H,}

+ (1-mb-: P{d{w = dll Hy}

n

CEF(T)+W§fQP{d(w) = d,] y(s), s=7}dP ()

+

1-mnb- fQP{d(w) = d; | y(s), s =7} dPO(w) (A-2)

A
Now for any function S('frT ,7 ) of states 7, T, = 7{r} at the final

decision

. .
E, {—— -S{r.,7)}=E

S(r, ,7) (A-3)
b {8y, )3

T

where 7 1(7) 1s the posterior probability that H, 1s true. The relation
(A~3) can be verified as follows

T.
E. { * . S(7r7. , T}
a7
i
771
= 5 [ S(r,.,7) 'dPi(w) (A-4)
T Q. 7!'1(7")

where 3 1s¢ the set of observations whlf;ki lead to decision of termination at the
instant : Pi {(w } denotes the conditional joint distribution of observations
NSRRI generated by the random process { y(s), s =7} Writing
explicitly Pi ()} gives

P, (@) = #ylyp) e (7 )

As discussed under equation (4-36), the 'generalized' notation {yT }
. : . A .
is used, while Y. denotes the observation Ay, = (y. - ¥y - _1) inthe real
system. If can be seen that the observations are independent random vari-
ables and moreover of identical distribution denoted as ,ul(' ) The latter
comes from the statement of the Wald's problem that the state a is an un-

known, yet constant value, and there is no transition of states in the obser-
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vation process. In this case the posterior probability ?Tl('T ) can be ex-

pressed as

wi(T) =

7, du (y.)... du (y,.)
i 1v1 1 YT i=0, orl

= TTk dﬂk(yl) ceew d”k(yr)

k=0

Then one can obtain:

T
i

wl(T)

. dPi(w) =

"N g

Ty o d My (yl)... day (y.) (A~5)

k=20

The relation {A-3) can be proved by substitution of (A-5) into (A-4),

On using the relation (A-3) the following relation can be established

wi P{dw)

by identifying S(-)

Similarly

f (1 - MP{dw)
Q

dol Y{S), SéT} * dpl(fﬂ)

j 7 W)+ P{dWw =dgly(s}, s=7}dP ()
o’ .

= mir) » Pldw) = dgly(s), s<rhand By = B

1.

1]

d | yes), s <7} dP, ()

[

fg(l -7 P{dw = dy]y(s), s37}dP (v)

by identifying $(+) = (1-7(7)) » P{dw) =d, |y(s), s<r}end E, = E,.

Then (A-2) can be rewritten as

R {5, 7)

v

c B, )+ [ [Em () Pla@ = | yie), s=7)
Bra-r @Pldw = 4| (), ssrYdP, ()

¢ E_ (1) + fgmm (37 @, B~ @i dP_(
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Define
K(x) = Min | a T, %(1-%)]

Then
R{g,w) 2 E l[er + K _}] (A-8)

244



APPENDIX B

DERIVATION OF STATIONARY PROBABILITY
DENSITY FUNCTION

It has been discussed in section 4. 5. 2 that at the instant of degrada-
tion a stationary condition, established in the observation process in the
normal mode, can be assumed fo exist The stationary probability density
function p(y) generated under this condition is to be derived in this appendix.
The density p(y) is solved by the Kolmogorov forward equation The forward
equation for p,(y,t) can be shown to be

2
1 @ 2 9 . oply,t)
= =5 {b" ply, )} - == {(0) * p(y, t}} = 2L (B-1)
2 5y? 8y 5t

where the observation process A(t) defined in the normal mode is represented
by

dA(t) = p(0)dt + b dw(t) (B-2)
with parameters .
o
p(0) = "
o

The equation (B-1) is subjected to the homogeneous boundary conditions at
the absorbing boundaries A and B,

Py(A,1) = py(B,t) = 0 t>0 (B-3)
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and to the initial condition X0) = 0,

Py, 0) = &(y) (B-4)

The partial differential equation (B-1) can be solved by application of
the Laplace transformation

[+ o]
Ply,s) = [ exp(~st) - p(y,t) dt (B-5)

Then (B-1) 1s transformed into

2 ..
o p op

1% (b 2By 3

2 2 8}" +ay ‘SP“P(Y,O) (B 6)

9

Substituting (B-4) into (B-6) yields

o 8y Y

subject to the corresponding boundary conditions in (B-3).
The equation (B-7) can be solved by the method of Green's function

g {y.0,8). The function g (y, 0,s) satisfies

af 825
2
o

(—5+2B)- 6B =0 (B-8)

1
2
ay oy

everywhere except at y=0. The equation (B-8) can be solved as an ordi-
nary differential equation with s considered as constant Since the station-
ary condition of the probability densivy is the only piece of information de-
sired, the final value theorem will be applied to save the effort of taking the
inverse transformation The final value theorem is stated as

lim p(y,t)=1lim sp(y,s) (B-9)
%o s> 0
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Multiplying (B-8) by the constant s, and using the relation (B-9) the
equation {B~8) can be simplified to

2
.__g_d +9p_- (B-10)
a

-~

where p = p(y) é ply, )

The Green function gly, 0) satisfies the equation (B-10) everywhere ex-
cept at y=0, and is subjected to the conditions in (B-3). Let g (y) and
g (y) be the solutions to the equation (B-10) in the region A =y < 0 and
0 <y = B respectively with boundary conditions

gAY =g (B) =0 (B-11)

then p (y) and p+(y) of the Green function g(y, 0) take the form

1A

5 (y) g(0) + g (y) A< y<0

(B~12)

+ — +
p(y)=c- g(0); gy Bz y>0

- +
where the associated functions g (y) and g (y) can be easily solved to a
constant factor as

g (y) = (e - 1)

(B~-13)
gy =@a-87Y

Sukstituting (B~ 13) into (B-12) and normalizing p(y) to a den51ty function
produces

(1-eB) (2771 A

A
wd

A

o

A(l-eB) + Blef-1)

ply) = (B-14)

A B-y
) (=" ") o<ys B

A(l-eB) + B(e®-1)
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APPENDIX C

PROOF OF PROPERTIES OF INVARIANT
TRANSFORMATION

Let {Ei} be a sequence defined by the transformation

~ 1 n-1
Zpo1 " (yy +oeet v )~
n-1 f(n-1) 1 n-1

Y2 (ni 2) (C"l)

vn{n-1) o

where {yi} is a sequence of independent and identically distributed (i, d )
random variables of normal distribution with an unknown mean a and a
given variance 0. Then {;J} is a sequence of i d. and independent ran-
dom variables having the normal distribution with zero mean and the same
variance Moreover the following relation holds

n-1 ~3 n - 9 _ 1 b (c-2)
Z 2, = Z (y.-¥yV. )iy =—=— Z V. C-
=1 J i=1 1 41 nono, Vi

This result can be proved as follows Since the {z.} are the result
of a linear transformation of yl's and { yi} are of normal distribution,

S0 {EJ} are of normal distribution. The statistics of {E]} can be de-
rived as follows (for 1 = n=1): '

- 1 n-1
Elz, ;1= {B( = y.)-(@1Ey )} =0 (C-3)
n-1 \/n(T-—ﬁ =1 1 In
n-1
E[Zrzl_l] = n(]r;."l) E {ifl yi - (n"]-) }’n }2
_ 1 n-1 9 n-1
= amony B U 12221 ¥y - 2(n—1)yn(1;21 y,)

{equation continued)
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+ (1?52 }

1

ooy (DB + (a-1)0-2) + (B

~2(n-1)% - [E®)1® + (a-1)% B(yD) } :

Ely?)) - [E() % = o (C-4)

Here the i. d. and independent properties of { yi} distribution have
been used in the derivation. Hence it has been shown that {;i} are i.d
random variables of normal distribution N{0, o). To prove the indepen-
dence of random variables of normal distribution, it is sufficient to show

that the random variables are uncorrelated:
B[z, z] = E[E’k] E[ZJ] =0 k#j

~ o~ 1 j .
Blzymd = 8 R R I (C-5)
T Bl vl T A
k
{ Z ¥; " K Y H
1=1 ) )
1 1 J
) : CE[E (y-vg) s (D oyt
V1) Vk(k+1) j=1 1 Yitl =1 1 k+1
1 1 J k
i ' [ 2 E{(y;- v, [ 23 ~kyy) ]
VI VD) asL iy bt k+1

Tt is easy to show that (k> j)

k
E {0 L2 % k Yyl

=E {(yl - YJ+1)Y1 + (.'Yl - YJ+1)YJ+1 ] =0
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by using the fact that the random variables {y} arei d and independent,
By, - yj) =0
E(ylyj) = E(y,) E(yJ) i#)
Ey2-y71= 0

The symmetry of E{EJ Ek] with respect to its indices j and k implies the
same result for case k<j. This concludes the proof of the first part.

To prove the identity

n-1 n
~2 - .2
z.® I -
=1 J =1(y1 ) {C-6)
where
— 1 B
Y. o & ¥
noonosiqva
Consider the equivalent identity
n n-1
- ,2 — 2
z (y-yv) - ZAy.-¥._q{)
=1 1 “n j=1 1 n-1
(C-7)
-1
1 " 2
= ( Z y.-(n-1)y )]
Yy Yy
valn-1) 1=1 1 n
This can be proved by some manjipulation
83 n-1
- .2 —_ 2
z (y;~vy) -2 (y."vy,.q)
1=1 1 n 1=1 i n-1
n-1
_ - - 2 = 2
-12=1 v -7 (v, - ¥, P+ v, - T

2

1

(01) F = Fop)” * 7, - 7
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But (yn - §n) = (n-1) (§rn - _';'n_l)

Thus the relation (C-7) can be shown-

n — 9 n-~1 _ 5

Z Ay, -y) - Z (y.-¥. _q)

j=p L @ j=p 4 Tnol
(yn-if'r)z _ 3

h n-1 + (yn - lyn)

2

!

D 5, - T

]

I
{—=—1[ £ y,-ny,1}?

\/tm i=1
= [“""‘1‘—[{;1 y. - (a-1)y_ 1 1%
Voln-1y  i=t "1 n
or u -
z (v - 5" - = (7~ T2 = B2, -8)

By repeated applications of the equation (C-8) and by a summation of both
sides of the formed equations the following identity can be proved.
n n-1
- 2 _ ~2
z (yi - ¥ n) = E z

C-9)
i=1 =1 3 (

This concludes the proof of the statements about the transformation
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