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oF LBSTRACT

The general equations govcerning the large amplitude
flexural vibration of any thin elgstic shell using curvi-
linear orthogonal coordinates arc derived in thig report.
These equations consist of two coupled nonlinear partial
differential equations in the normal displacement w and the
stress runction F, TFrom these equations, the governing 2qua-
tions for the case of shells of revolution or flat plates can
be readily obtained as special cases. The material of tha
shell or plate is isotropic and homogencous and Hooke's law
for the two dimensional case is valid. Modal equatioans ace
@erived on the basis of a series for the assumed vibration
mode. A typical term of the series is taken to be separa>le
in the space coordinates and time. The nature of the modal
eqﬁation obtained for the case of flat plates explains the
reason vhy the nonlinearitg associated with the large ampli-
tude flexural vibration of thin flat plates of any geometry
is of the hardening type. Similarly, the modal equation
applicable for the case of any thin shell shows the reasons
why the softening type of nonlinearity is quite possible in
the case of thin elastic shells. The difference between the
hardening type of nonlinearity in the case of flat plates
and straight beams and the softening type of nonlinearity
"in the case of shells and rings can in general be traced %o

the curvature (or lack of it) of the undeformed median surface

of the structure concerned.
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Introduction,

The nonlinear (large emplitude) flexural vibrai.cn
of plates and ghells have received considerable attention in
the last 20 years. This area is of greatl importance and
interest in the case of structures of low flexwral rigidi-y
which as a consequence are easily deformable. The importimce
of this investigation crises from the fact that when the
flexural vibtrations involve large amplitudes, the frequency
of free or forced vibration is very much dependant upon the
anplitude. Significant changes in the fréqucncy correspond-
ing to the smnall-amplitude vibration can occur when the
amplitudes involved are ho longer small so that the resulting

governing eqﬁationa of the problem are nonlinear.

A somewhat comprechensive bibliography of recent
papers published in the £ie1d of large amplitude flexural
vibration of thin elastic flat plates and shells is given
at the end of this report.‘ This bibliography which gives
82 references on plates and 57 references on shells is taken
from a recent survey paper (to be published) titled ‘'Konlincar
Flexural Vibrations of Certain Deformable Bodies' co-authored
by thic author (Ref.6),

As can be seen from the bibliography mentioned

earlier, the existing literatwre as far as the nonlinear



flexural vibration of thin flat plates is concerncd, relate

to pliics of rectangular, circilir, ellipticel, triangv”-»

and parecllelogrammic geometry. lost of the 1nvéutigation3
carried out so far deal with isotropic plates. In order to
obtain the solutions of problems of plate geometries other
than those alrcady investigated, the governing equations for
the large anplitude flexural vibration of thin elastic flat
plates in orthogonal cwrvilinear co-ordinates are necessacy.
Therefore these equationa have been derived in the next
section where the necessary modification to tackle the proiblem

of buckling of thin elastic flat plates is algo indicated.

In the area of shells, the existing literaturec o the
large amplitude flexural vibraticns relate to diroular eylin-
drical eghells, spherical and conical shells. Recently under
the guidance of the author, work was carried cut on the non-
linear flexural vibrations of orthotropic oval cylindrical
shells. It is of interest to study the behaviour of thin
elastic shells of geometry other thén those mentioned above.
To this end, the general equations governing the nonlineax
flexural vibration of thin shelle of revolution have been

obtained in Section 3. It is proposed to use these equations
in the case of the ogival shell, torus shell ani‘ellipaoidal
shell of revolution. The governlng equations mentioned above
are suitably modified to tackle the problem of buckling of
thin elastic shells of revolution.




Having derived the goyernina equations for the non-
lineay flexural vibration of shells of revolution cs we.l eas
of thin elasgtic flat plates using curvilinear 'fthogonal 0=
ordinates, the governing equations for the nonlineaf flexwral
vibretion of ANY thin elastic shell can be recadily obtain:d,
Frow these very general equations, the goferning equations
applicable for shells of revdlution or thin flat plates can
be obtained as special cases. '

In the last but one zection, on the basie of an
assumed vibration wmode of the preduct type (product of fuic-

tion of time and function of space variables), the modal :qua-

' Gl

tion is determined for the generel case of thin elastic shells.
The modal equation is then specizlised for the case of flat
plates end beams. The characteristic features of the modal
equetion as applicable to thin shells on the one hand and thin
flat pletes and straight beams on the other hand are discussed.
It is ccnclusively ghown that in the case of flat plates and

- : beams, the nature of the modal ecuvation is such that the non-
linearity of the hardening type results.

In the last section, the governing equations for the
postbuckling behavior of flat plates and thin shells obtuined
as a byproduct of the study of the problem of large amplitude

(*. flexural vibration are exemined. It is shown that in general

ORIGINAL PAGE I8
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the set of algebraic equations ia the coefficients of the
assumecd series for the positbuciling mode are a set of
coupled cubic equations in these coefficients in the cage

of both platea and shells. However, in the abgoence of any
lateral load acting on the flat plate, the set of algebraic
equations in the coefficients reduces to quadratic equations.



Section 2.

In this section, the governing equations for the
large amplituie flexwural vibrqtion cf thin elastic flat platcs
in curvilinear orthogonal co-ordinates &;and O, are
derived. ¢;, %2 and % form as usial a right-handed ortho-

gonal coordinate system.

An elemental length ds on the flat plate wmedian

surface is given by

(s = (A due)® + [As de (2.1)

1 end Az ere Leme paramneters of the median gurface ajd

are functicns of the curvilinear orthbgonal coordinates o, and ;.

where, A

For a point off the medien surface at a distance 7% away, the
extensional and shear strains are given by [1] ’ [2]

€y = & + BNy
€ = €3 + PA
Yo = W +2%X%,
(2.2)

where, the median surface strains €,¢, and G are given by



ifr - 3A1)] 1 1 Bw)
= 1l-- V| +5
€ WA, 3“—\+A,Az o0, . A1 ot
B 1 7 171 awy
€ = [-—- + )u] == =
’ {Az day  AAy\ou, Z(Az 812)

‘ Aoy Q(0/AS) An (WAL 1 /0w\/dw
o ST (0 T i |

(2.3)

The curvature expressions 9, ,%,, and %, are given by:
%. = 328 f1 dw\ % g_l_\_!)(i_ _3_3/_)
T T G \A; 3%,/ A, \ary/\A; e,

& i F AL N (aAz)c 3w
TRT T ay 3y \ Ay dw/ AA, \ou

= = = I 4, BW) _'_(_3_&).3.:'.
xtz' - AAy | 9%,y A, a«, du,/ Ap\dx,/\dwy

u, v and w are as usual the compenents of the displacement

(2.4)

vector in the orthogonal co-ordinate directione w,,«, and 45

respectively. From equations (2.4) it follows readily thot,

: = = _1_[a[fA) aw
(xu + xn.) = -V?w = AA, aa'[_ A:/ aa,] atlz[ Ay 3“1]}
(2.5)



For the isotropic case, the strain energy u can be

written ag (See Equation (9.12) of Ref.2):

where,

u, = Extensional strain energy

= & L e ? -2 0-m(e 6y - ) (2.7)

end
u, = Bending strain energy

= -:g- J;{(?C" = "zz) 2. 20-9) [x" %zz-(x’z)z]} dA (208)

Eh ER
In the above C & = and =
. : (-v2) . b o-v®

In view of Equation (2.5), Equation (2.8) can be written as

-

w, = 2 S{vA?= 20-m[o 2y =3¢ 1} dA ' (2.9)

In the above integrals, the elemental arca dA of the
medien surface of the flat plate is given by

da = A|A2 d¢' ddg (2.10)



¥rom the principle of miniunum total potentinl, S(u-wW)e )
where the work done by the applied lcads is given by

J(Pu + Qo +Zw)da
(2.11)

In the abave, é,@ and Z are’ the components of the applicd
loed in the coordinate directions - &,, @y and % respec-
tively. The three equations of equilibrivm obtained from +he
¢ principle of ninimum total potential can be shown %o be:

st =N (389 4 2 2 (4 ) 1 A = 0 (2.12)
s (M M) = No(Job)* s s (8 Na) A AL@ = 0 (2.13)

Dl vAw= o] =2 [, S+ e 3]

o*w (BNn)
= + e S« Ay, 2 Qo / dxy aeng

a‘”}-A Al =0 (2.14)

4 vi(v*w
In the atove, vV*w = v5(v'w) and N", N22 and R12

"
are the rtress resultante defined by N; =/ ¢ dj.
H

Alsu, the function L (A, A;,w) stands for

ORIGINAL PAGE IS
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. { e, [A. au(A”“)] [A Bz ")]” a,m}

+{5] ) S S 2]+ 2 (50 59

(2.15)

where, the curvatures Ry, Ny, and My are defined Ly

Equations (2.4) in terms of the iisplacement component w.

It is of importance to recognise that Equationrs
(2.12) and (2.13) are the equations of inplene equilibriim
and are exactly the same as those develeped by Mushtari in
the well-known Muihtari-Vlagov approximation of thin shell
theory (See Section 17, p.84 of Ref.2).

The expression inside¢ the brace {_} appuar-
ing in Bquation (2.14) can be simplifiecd by means of Equan-
tione (2.12) and (2.13) wherein the load components ¢ wnd )

are neglected. Thus Equation (£.14) can be writicn as:

i, D0-W (_ i'!.’ dw ]
v ‘W A A i N“ A. o, A' day 1.(A A Az aa,_)
11 3 It W\ 7 aA,X‘: aw
N’T"LA:. 20z \A, 3¢z)+ A A) du, M4, 3«.,)]
e I g 1 (kY1 Bw ] -

(2.16)




In view cf Bquations (2.4), the above equation can aleo be

written so
D(-v)
IATES s Lt N %y #Npg Wag 2N g =Z (2.17)
|

\

The function L given by Equétions (2.15) if
written out purely in terms of W will be somewvhat compli--
' cated endl lengthy. However, under certain conditions - to be
discussed below - this function 1L can be shown to be zero.

Por exemple, if the lame parameters A, end A, are such thet

the products of the derivatives of A, (or A,) with
/

1
ow £ a“’) or their derivatives can b:

A—' sc_t., or Az .a_“.z
neglectel in comparison with the tlerms otlthe type

2 (L 32) o _«‘*_(_'_a_w_)

QoL \A; 9% dalg \Az Qduy

then, the function L defined by Equation (2.15) can be

shown to vanish. 1In such a case, the curvature expressions

given by Equation (2.4) also must be simplified to read:

= R T T L e od B T M
x"~ A‘ a“, A, 3«.,) g xz T A?. auz Az aﬁz .
I *w
Mg W r
AA, O,
QRIGINALPM 1Ay O ody
OF POOR QUALITY

(2.18)
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Consequently Equation (2.17) simylifies to

DV“-\V"N"[ 1 9 (\ _a_ﬁ | _sz[.'_ .9_. ..l.. 9..“.’.)]

Ay dx,\A, d¢,/] Az dxp \Az Ouz
l &N 3.
‘2“'2[7\7;\: o s (2.19)

Another way to lcok at this a‘pproxjmation (that i3, L = 0)
is to ccnsider the expression for the strain encrgy U as
given by Equation (2.6) from whish it is seen that W con-
sists o3 two parts, one proportional to the extensional

(;E';ﬂ) and th2 second part proportionel
EX '

to the bending rigidity D = 2 G-9) . From Equation

rigidity C=

(2.9) it is clear that the bending strain energy U,

depende upon two quentities, namely, (v“w)’ and
2 (:-M [?t,. o) -(?(,g)"] . If the integral of the
term 2 Q- (2t %0 = (%07 is neglected in

comparinon to the integral of (V2W)z s then U z-’?-f (W) dA
_ 2 T
and in such a case also, L will vanich,

N _and K are func-

The stress resultants N", 20 12

tions of the stress function F( «,, ®; ) as defined later

on so that Bquation (2.19) reprecsents an equation involving
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W and F. If the terms involving coupling between W anc ¥
are neglected, Equation (2.19) reduces to the well-Xmown
equatior. of the linear bending theory of isotropic flat prates,

nemely, DV4w=z .

It has already been mentioned that Equations ({.12)
end (2.13) are the equations 0f :nplane equilidrium and that
they are the same as those developed by Mushtari in the
Mushtari-Vlasov approximation of thin shell theory [2]

' The stress function P( «,, x, ) is so defined as to sat.sfy

Equatione (2.12) and (2.13) exactly and the relationship hetween

the stress resultants (N”, sz and N12) and the stress fHime-

tion F are exactly the same as those defined by Vlasov .n
the Mushtari-Vlasov approximation of thin shell theory (Sve
Equatior. (17.8) of Ref.(2).), Thus,

| S | BF) I AN/ | BF)

Nyzs = — [ e (Z22)— =
A Az dop\Ay dz) AA, \da \A| B,

' |
N‘zz— (A| ) A Az \ 9) Az ad.z

0o, ! [a2 - aA.)( a,s\z 25 ar]
127 AA, 20,00, \dxa NA, aa. au, Ay 3y

o

(2.20)

obviousl)r,

: = =2F = Az .
(Nll k sz) X .F = A'Az{ A' Bd.] 1[ adz
(2.21)
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Because of Equations (2.20), Pquation (2.16) or
(2.1¢) represente one equation involving coupling between
W and ., Before we proceed to ovtain the second cquation
involving W and ¥, it is worth noting that Bquation (2.1¢)
representia the governing equation of plate dbuckling provided
the signu in front of N, N,, ani N;, are changed from minus
to plus in Equation (2.19). fhie is obviously because for
buckling problems, N,, and N, will be compressive (and

gimilarly for H12) go that for plite buclkling, the governing

equation becomegs:

I 8 71 ow 1 9 1 W
Wil 20 ™ A ——]
il N“A[A. A, \A, aoc.)]+N2’- [Az Sz \Ag dtlg

1 N ] ¥
AAy o ouy

+ 2N|2[

(2.22)

If a more accurate equation than liquation (2.22) is required
for the plate buckling problem, w¢ can uge Equation (2.16) or
(2.17) wherein we change from minus to plus the signs in front
of the terns involving N11, N22 ard N12. In these equatiouns,

Ny Fop

a typical plate element) indefed ly the compressive edge loada
o

that give rise to bucklinghgre de’ ermined from the inplanc

and N, represent the stress repultants (acting on

equilibriwn equations, nanely, Equations (2.12) and (2.13).

o A o S b S s e A S g 3 <
oy A R O M . gt S AT

PRI T——————

e
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To go back to the large ampliiuvde flexurzl vibrat..on
problen of the plate, besides Eouation (2.16) or (2.19),
another equation involving W and F has to bc obtained. I'or
.this, the compatibility equation has to be brought into the
picture. The required compatibility equation can be obtaired
by specialising the compatibility 2quation of Mushtari-Vla:ov
approximation of thin shell theory (See the third of Equations
(5.1) of Refd2).). The specialisation required is to let the
.radii of cuwrvaturcs Ty and r, of ‘the shell median purface tend
to 1nf1n1t& 80 that the shell mediin surface flattens asut ond
becomes the median surfacc of the :Zlat plate. Thus, the con-

patibility equation can be shown to be:

a & 5 8A2 A ow 8A|]}
ax, LA, _am'(Asz) e LT
9 {l (9 ( )_ 0A; Az dW aAz]} -

2.23)

From the atress-straih law for the ieotropic plate
material and the definition of the stress resultant, it rcadily
follows that

. = | :
€= g (Nu=VUN22) § €2 =00 (N -VNy); W= 2€14)

Eh

N2
(2.24)

where the stress resultente R,,, Néz and 312 are defined in
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ternc of F by Equation (2.20). Upon introducing ths above
relations into the left hand side of the conpatibility egua-
tion (2.23), the resulting expression after algebraic eirplifie

cation aid manipulation cen be sghown to be viiere,

Aql
140
~ﬁﬁ~“( VA'I‘)
4
Vv (- )= Vz[ v 2(--- )] and the Iaplacien operator Va
is defined in Equation (2.5) oi- (2.21). In fact, the exprossion

L 4
-!ﬁ?‘ ( ¥V F) can also be obtained by specielising (i.c. let
Ty = end T, =) the final eqiation obtained from the om-

patibilily equation for the case >f lushtari-Vlasov approxima-
tion of thin shell theory. (See S:ction 17, p.84-90 of Refd2).).

The next step is to introduce 61, e 2

by Equation (2.3) into the left haind side of the compatibility
equation (2.23). In doing this, it helps to reumember that

end W as given

€49 €, and W as given by Equation (2.3) have a linear part
and a no.ilinear part. If for the sake of convenience and
simplicity, the nonlinear part is neglected for the time being
and the resulting linearised relationship for 61, 62 and «)
are introduced into the left hand side of Equation (2.23),

it will be seen that Equation (2.23) is automatically satis=-
fied. In checking thig, use has to be made of the felloving
conditionl of Gauss specialised for the case of the median

purface 7f the flat plate by letting the radii of cwrvatures




{‘\

v

%6 1

r’ and r2 of the shell redian gurface tend to inlinity:

& A . f f1 AN
a(t.(A, a(t) % ony (Az day (2.25)

If only the nonlinear terizcs in the strain-displacec-
ment relations given by Equation (2.%) are retained and they
are introduced into the left hand side of REquation (2.23),
the resulting expression will be:

A
22 aE YTk 2y
o* ]
~ o (e e ~ 33, e (o (o)
{ [ LYARE: )} 1A (u ﬂ/)z
adz Ay Lowg L2 \Ag oo 2 'owg/\Ay daxg

- EEe)

As mentioned earlier, the left hand gide of the ccm-

patibility equation (2.23) is also equal to f%ég (‘VﬁF). Fs

b 4
-%;g ( ¥ F) = Expression given by (2.26) above. (2.27)



: 7 3

For workiag out any practicel protlem, exprescion given by
(2.26) needs to be simplified. Pc this end, we employ ihe
pame approximation that is involv-d in making the funeti.n

L appeariag in Rquation (2.14) zero, namely, neglect terms

that involve products with (-a-ﬁl) or (9-’52)
g CLA

2 (A RN . ‘ f
o doty (A,) s a“(Az) e In this manner, the expressimn

given by (2.26) simplifies to:

e

A,Agv Wou aaz) ( ) a«})

Thus, Equation (2.27) reduces to:

: i
T Eh{(A',Az a:, a‘:z - A'% )(A* a«. }
(2.28)

We can arrive at the right hand gide of Equation {2.28)
in another way, starting out with a simplified version of <he
compatibility Equation (2.23) wherein the terms Qé iﬂﬁi)

I 6¢|
end (co N are neglected in comparison with the terms
aﬁz
Ay — and -i = ) and similarly, the terms
(e :A‘ (a) e ae neglected in comparison
? oy
¢ (’ Az P
: A, 26 - (._1 ow :
with the terns ' e ad 2 aa..) The

bagis of such a simplification is the same as before, nemely,
the termn involving the product of the grpdients of the Lamd
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parametc:n 1.1 and }.2 are saoglected in conparison with ter g
involving the producis of the Land pavometers theuwsclves.

Thus tac conpatibility Bouation £7..2%) siuplificu to:

Az 3"(5; A| b’e. a"w
v s g = -
A. b“. Az 30(3 a“, 3&2 (2’29)

Introducing into the above equzition, the nonlineay pert of the

1 > = .'. .L _____bvl :

strain-displacement relations, narely, €, 3 ( =3 u.,) .
a L[l dny = 1 _ (3w 3w

b T 1 (A, aa,) and _“) A,Az(am, 6«2)

- , = : OA, OA2
and neglecting terms involving the producte of ’875.) ,(-5-;')

etc., we will get the right hand ride of Equation (2.28),

Equation (2.28) represente the most simplified version
of the ccmpatibility equation and together with the equiliHrium
Bquation (2.19) constitute a pair of coupled, nonlinear pa:tial
differential equationg in the two functions W end ¥, These
two equations as they stand are velid for the static case.

For the vibration probdblem, the ner.oséary nmodification baged on
the Dfalembert's principle has to be wade. Thus, the loading
term 2 appearing in Equation (2.19) has to be replaced by

[Z‘"m(a,,a,.t)-p——] where p 4is the ress

per unit area of the plate and t 4is time. For free vibration,

Z,, piiea. (0, %, £) = 0. m PAGE 13
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It is worthwhile sumuariring the governing equatione
for fre: undamped nonlincar flexwral vibrotion of a thin
elastic flat plate. These equations in curvilinesr oriho--

gonal coordinates «g end @, are:-

v ey, 2 Y oy 20 2y

(compatibility equation) (2.30)

Ny | ow Na @ /1 awy 2 w
ot 202 2 2L
ikl i (A. aa) A, oy \A, aa,)*A.A:“‘an.a«.
L | (Bquilibeium equation) (2.31)

where, the stress resultante H1‘, sz and N12 are definel

in termg of the stress function F by Equation (2.20).
Bowevér. in view of the approxjusition involved in Equatious
(2.30) «nd (2.31), these streuzs resultants can be approxi-
mately expressed by

L P 1 3" 1 d'F
BERAsi m> R ad N T g e

(2.32)

The abtove approximate expressions dbring to mind the defini-

tion of Airy Stress function of two dimensional elasticity.

( . : The bihawrmonic operator v4 ic defined by v‘ = vz, V2
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where, the Ieplucian operator "Jz is given by

e i A3 21 32

The above equations can be very readily specialised

(2.33)

for the case of any orthcgonal syutem of coordinates @, end

@5; for example, cartesian, polar, elliptical co-ordinatees etc.

With ds, = A, d¢, and c'sy = Agday

Equations (2.30) and (2.31) can be written as,

y'Ee Eh{(as, 33:.) o) (:::: )}

and

(2.34)

'+2N|2

v *w }

PW +D(v4W) = {Nu sz (2.35)

where \74 = Vz.vz and
3 ac---)] E __a__[ a(---)]}
vz( ? { 2 -a_s:[Az s, +A| as;A' 95,

- [az(...) . at(...)'l (2.36)
as? st 1

since the termes involving the proiucts of .?_A.Z and u“
by Ta,
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-2y '}

are neglected in the approximatica employed here,

With suitable modifiéuulons. the pair of equaticam
(2.30) ard (2.31) [ or, Equations (2.34) and (2.55)] eleo
represent the governing equations of the problem of post-
buckling behavior of thin elapstic flat plates. PFor this,
it has to be recalled that both ¥ and P are independant of
time t 80 that the inertia term "pW = O ; also, the signs

in front of the terms involving the stress resultants N11,

N22 and "12 defined in terma of tae stress function F by

Bquations (2.20) have 4o be changzd to minus,

Before concluding this section, a brief discussion
of the mothods of solution involving Equations (2.30) and
(2.31) 4s in order. One method is to assume a deflection
function W that satisfies all the boundary conditions of

. the prob.em, Based on the assumel W, the compatibility

Bquation (2.30) is used to determine the corresponding stress
function ¥F. In general, the assumed W and the correspond-'
ing F will not satisfy exactly the equilibrium Equation

(2.31)s An approximate solution of this equation involves
using th: Galerkin's method. The details of this method as

applied to nonlinear flexural vilration problems are given
in [3] ana [4].
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An elternete method of solution is based on wiiting
the inplime equilibriua Equations (2.12) and (2.,13) in terms
of the “Aisplacement components 2, v and w, For shis, it

will be recalled that N, =(-.§_—:T) (€, +VE), Ny = ( (e,we),

Eh
2Gem) &

and Np= y whare, 81, e, and W are given

2

by Equations (2.3). Thus, Equation (2.12) can be written as:
(269%) - 25, 62w+ o, 26D
v+ (2] - £ 5 i @)
oSG AR 2
2A. aaz[ )aaz .)] (g::_)(:’c\r:)
e
= (3G ) - 2B 3 )]
_ 2 \da/\Ay 0Ky dx, A, 2
-2-::. ;,[::; EEI 3G

o ef_ L 2 [(hyamyouy)

Omcmn, ' (2.3)

M
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In a similar monner, BEguation (2.13) can also be written
in texus of wu, v and w, However, it ie eanier to odbtain
that equetion from Equation (2,37) by interchavging A,

1 and “2 and interchanging wu and v, Having

written the two inplane equilibzimm cquations in terma of

- and Az, «

u, v and w, the next step is to determine from these two
equationn, the u end v functions for an assumed W. The

details of this method of approach arve given in [5] .

ORIGINAL PAGH T
OF POOR QUALITY]
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Section Ci.

In thie section, the governing equations for the
large amp..itude flexvrzl vibration of thin clastic ghells of
revelution are derived. There equatiens cun then be speciae
lised for circular cylindrical, conical, ephoricul, ogivel,
torus chel.ls etec., which are all s)ecial cucec of the shell

of revoluiion.

l— Axis of revolution

Meridional curve

P /
(5 dg)
) /\
P .
5 i 9
0 PR=QR =T,
~dg OP =1

%p | Fig.1

Figure I shows {the meridional curve which when
rotated ebout the axis of revolution generates the shell ol

revoluticn, The two principal radii of curvatwes of the

e g ore gy

e AT T s a——
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shell) modian suxface are :;'1 and :c2 and their directions 2t

any poin: of the shell pedian surface are assusied to coincide
with the directions of the orthogonal co-ordinates ¢ and €,

For a sh:ll of revolution, r, ani r, ere funchions of ¢ only

and not of 6. Also, as can be geen from Figure I,

o= 8§ sing. ... : (3.1)
and,
dr
d¢° = h Cos¢ o 8

The material law for thae orthotropic case is

given by ‘
6y = Ey€y +En€p &{?;(;Uc\%u Pagy
622 = E22 €5 t Ep€, | %
T, =%y G, ' (3.3)

where E ., E22, E1 5 and G are four independant material

constantis of the orthotropic material. For the isotropic

E t Ev
it atey T Wl

The strain at a general point (¢, 6, Y ) can be
written in terms of the six median surface deformational

quantiti:a e,, 32, Wy Hiqy "22 and ®yp 28 follows:
€y = € +HAy

i (3.4)

Y|z = w 1‘2'3""2
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where, the ¢ - 8 - % co-ordinates form a8 ol & right
handed co-ordinate gystcnm, The % co~crdinate ip ponitire
in the direction of the wnit noewvel outward as in [2]

The median swiace dcf;ormation cliaractcrised dy the exten.

gional straines 31 and ea and tlie shear gtrein @ g well

ag the curvatures and =
7(11, ?622 3(12 arec defincd in

terms of the displacerment components u, v and w (which are
ir. the ¢, 6 and % co-ordinate (irections respectively) as
gollows [1] , [2]

ol 7'.“ 1“""z(r“’wb)

u.
§z = a‘ﬂ,e + Vz Cot ¢ +—-—- +-——( W,e)
= .!.. > _|_ . ._l’_ : (w’ﬂ)(w’¢)
W ” Vg + 0 W,y 7 Cot ¢ + nh
s L AN
’(’“ .; a¢(r, }¢)

. _‘___ = = Cos¢ — 5
ﬂg" h o fo ’9) [W,,) o 'lw,'”] (3.5)

noting that the exprocsions for €., ez e
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e

but not on u or v. It is easily scen from Equations (3.5)

that

(#a+2) = - 9w = -2 "éa?K':T)w"’] () (3.6)

The expressions for strain encrgy U, extensional

strain energy U, and the bending.strain cnergy U2 are the

sane ag those given by Equations (2.6), (2.7), (2.8) and
(2.8) whare, the elemental arca 2A in the case of the shell
of revolution is given by

dA = 1,1, d¢ de (3.7)

&

The exprzssion for work done by the applied surface force
components & , @ and Z (per wnit area) in the co-
ordinate directions ¢, 0 and 7 respectively is

W= fAm(iw +@v +Lw) dA

Using the principle of minimum total potential, namely,

dtu-w) = 6U, =0 , the three equations of equili-
brium i the ¢, 6 and ny co-ordinate dircctions are obtained

in terns of the stress resultants 1{1 and the moment

J
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resultanis Mi.‘] which are defined ag follous:

h/z
Ni.' » -‘-fh/2 613 d”d‘

J
[h&
"VZ
(3'8)

Thus,

Ny = C(E+7€) ; Ny = C(€2+7€); Ng= "c's—z?‘) (3.9)

My = D(j{'u""y%ﬂ); Mzz= D (Rzz*"}’%,b M"_-D(l—‘?)%;z (3.10)

where,

C = —=x is the extensional rigidity of the shell

T 0] is the bendiung rigidity of the shell,

The thrce equations of equilibrium are:

Ba¢( N") aae(r' N‘Z)" ("l Cos ¢) Nag + bt d = O (3.11)

36'5 i zz) + ;( N,,)f(r, Cos¢) Ng +tth @ =-O (3.12)



2 3
D(V4W) -D(1- 7’){“; 2 \r Wwe(.) "7:‘“ f};["[:?(' 5l d)}
- & 2[EDw o]+ HED e
2 +Er 2w E 56}
G-t gl el s Fved

-Elﬁsa;s(” W:a) ¢|>f. aZ(N.‘ ,¢)-Z = 0

(3.13)

In terns of the stress and moment resultants, the last

equation can also be written as:

n a’Mzz t aMuz
’(Mu_(os¢) a¢ |’ a¢( Mu)] ro "2()(C S¢)

(2 22)- L] 2]

2]
—Q(N‘z W;g) "—(le W,¢ “Lhi =0

(3.14)

It is of interest to comparc Equations (3.11)
and (3.12) which represent the inplanc equilibriuvm equat’ons
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with thcpe of the lMushtari-Vlapov approxination of thin

shell tleory specialiscd for the cace of a chell of reveliu-

ST e e 0N

tion o that we let Ay = Ty A = T e ¢ and «, =.'3

2 %
(See Section 17, p.84 of Reff2)). This permitsc the uvee of |
the auxiliery function (stress function) P(¢,6) of the

Mushtar!.-Vlapov epproximation so that the stress resultants

R SR T ees et

Nygs ¥y, and N, are defined in terms of ¥((,e) as
follows [2]

o BT

e = *i;{f;(%- F)} . (3.15)

It follows from the above that

(Ny +Ng;) = - V2F = = -F;.T.{ :¢[(r.)"’ ] ':': e‘"’} (; 16)

e S IR R Wi s A Tt T I T O R ST BT SR s

Since 1, ry and r2 are independant of the 6

st

co~ordiilate in the case of shells of revolution, if R11,

N.. end N ,_ as defined by Equations (3.15) are introduced

22 ie
into ths inplane equilibrium cquations (3.11) and (3.12),

the resalting equations will be:
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\c

pAOE T
:&,;‘M =% )

The above two equations are satisfied exactly for shells
of revolution of gero Gauvssien curvature (i.c. ;—’--— = 0)
1 %2
a8 In the case of circular cylinirical or conical shells
provided the applied load componsnts tb and © are %el'0,
In the case of other shell geometries, the last two equa.-
tions will not be satisfied qxactly and in such cases, tle
error iavolved particularly when $ ana © are zero, will.

be assuzned to be negligibdle.

It is worth noting that if in Equations (3.15).
the function F is replaced by w, the resulting expres--

gions become that of 3622, 9(" and (- 7(.‘2) as given by

equations (3.5). From Equations (3.15) it is seen that

('Ni‘l‘-N-lz- = -B(F)

f Y2
(3.17)
where the operator D stands fcr
=L{-a_[!9_ a(...)] _,__az(...)}
B¢ )"r.ro 2¢Lnn 2 1T T a6
(3.18)

Similarly, from Equations (3.5), it follows that

Ko o - _B
(-—'{- f-—é—L) = -D(w)

Because of Equations (3.15) and (3.17), Equa-
tion (3.13) which involves the :'unctions w(¢,0) and F(d,))
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can be written as: qmm:.':;

e o /Y
4 w19 47
D V¢W - D(F) T [a¢ — Ny V ,s,,) ae(r, Nasy w,e)]

o W 9_( F,)} -'__E. .V:'u'»._( Fo)}
kh ap L d¢\l "% ] " whael n ag\n

3 r’- a¢(r w’f’ao) r' L —aa—‘p[—::,_ g;(ro M °°)]

=z 9__ Sin ¢ W (Cos ) Cos¢
o dp \ K2 ¢ s00 ~ £\ Trz ) Wogee

_2_.3_[(%54’ ", ]-2_3_'_'_ W J :
h dpl\ & /7200 Lh 3¢ Lt 2 Pee } (3.19)

The lagt equation involving the functions W and P

is quite complicated because of the preeence of the terms
within the brace {} on the r.ght hand side of this eqia-
tion. These terms multiplied by D(1 =79 ) can be ghown :o

stem from the integral S( X. 'X2 - )C:'a ) dA apprar-

ing in the expression for bending strain cnergy Uz ans giren

by Equation (2.8). If the integral meniioned above is neglece-
ted so that the bending strain onrergy is approximated by

(PZ-)L\( 2y + Ngg) A = (%)L(vzwf dA , , thes,

a considerable simplification of Equation (3.19) results,
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Congequently, the folleowing simplified version of the egun-
tion of equilibrium in the oy coordinate direction i
obtadici.

: : o obw - B _-L{_é_!_o.‘ )
DvAw=-D(F)- o2 (Fhuwe)

; - :o [“::,qb :4’("@':"’)]} =7 (3.20)

In the last equation, all terms on its left hard
side except the first two terms involve coupling between
W end ¥ and hence this equation is coupled, If these tcrms
involviig coupling are neglected, the resulting linear ecua-
tion, nawely, D v = D(F) = 2 represents the equilibiruvm
equation for a shell of revolution according to the Mushieri-
Vlasov approximation of thin shell theoxy [2] =

Equation (3.20) can etill further be simplifie by
introdusing the inplane equilibrium equations (3.11) and
. ' (3.12) wherein the loeding terms ® eand €@ are neglectcd.
Thus, from Equation (3.20), the following equation is
obtained:

v=Beey-N 2 (L, Ny, [Eet g ti)
DV‘W D(CF) r a¢(‘1w’¢) Mz[ ot W¢ *QW»n

2N 1, Cos ¢
sy [W’ef'(" 3 )w’ﬂ] 4

'or' o

3.21)
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Ueing the expressions for 7(.“, 7(22 and 9{.1,‘ ac given by
Equetione (3.5), the last equation can also be written 4.

the fornm

DVAW =D(F) + Ny 2ty + Nop %20 + 2Ny X = Z

(3.22)

It should be noted that Equation (3.22) ie alsc
the governing equation for the buckling of a shell of revolu=-
tion provided it is recalled that in buckling problems, l'n
and N,, are compressive (and similarly for R1 2) so that for

buckling problems BEquations (3.22) becomes

Ny N |
D(v4w) ( e zz = Ny %y =Nao Aoz = 2N %o = Z

é (3.23)

| or, by means of Equations (3.5),

k D(V"W) N" sz) Ny:. a¢( W,4,)

’ *”“h w W,¢] 2:'2 = ’e) (3.24)
(. | In the above equation, N", R22 and N12 repres:nt

the stress resultants (acting ou a typical shell element)

induced by the applied load(s) =hat give rise to t._ .ling.
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Their wvalues Juet prior to buckling arc determined from the
inplane equilibrivm equationes, nemely, Equations (3,11)
and (3012)0

Because of Bquation (3.15), Equation (3.21)
represents one equation involving the two functions W and F.
A second equation involving W and ¥ 4is obtained frem the
compatibility equation. If in Bquationc (3.5), the nonliicar
terns are dropped, the resulting expressions are exactly
those of the Mushtari-Vlagov approxiwmetion gpecialised fo:»
shells of revolution, The compa:ibility equation that ipo
made use of in the Mushtari-Vlasov approximation specialiszed
for ghells of revolution can be shown to be [2]

o Un s ] o l dy,
¥ l’.) 3¢ r. ( 6‘).! a¢r d¢e) |
f. 3€, a"w.
'o 362 —) (Cos ¢)

|

3e a¢ao=° |
(3.25) |

|

If we linearise the expregsions for 61, ez and W

ae given by Equation (3.5) and introduce the resulting
expressions into the left hend side of Equation (3.25),
the result is

{[aq—s'"‘ t +ror.f5(w>] ”""(2%*3%!')}

The u end v dependant terms arite because in writing the

P — ————
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expressions for cuwrvatures p A % and x12 as depeniant

"

solely conu the displacement cowpenent w(,0), [nee Bquation
(3.5)] s an approximation is involved and this approxication
is aleo made use of in the Mushtixri-Vlenov approximaticn. I
the u and v dependant terms ian the curvature expressicns had

p’ - ——a—-- y—— ] v e 3
been Xept, the terus [ 5§ (1.1 gin §) + “{'E] would not

arise. In what fol® sws, thepe terms depending upon u angd v
will be neglected. 1In this approximate sense, the right hand
side of Equation (3.25), upon in':?:oducing the relations for
€4 62 and @ as given by Equation (3.5), will become

[- ofy DLW) + Ko, ( e ”’r:’ )] plus nonlinear terms

depending upon W and ite derivatives .

From Equations (3.9) it follows that

| | - Nz
el " E-h-(Nll_'ysz) ; ez " E-E(NZZ-TN“) 3 Gh (3.26)

Bquatione (%.15) and (3.26) yield

[ Cot ¢ gbﬁ"ﬁ
Ehe. = -F;“_‘:’°°—_I’IT'ZF”+ " a¢ V. ,) WM

.._Li..!. 1 ”Cotﬁ
he fauti gt 'y

EhW =




> )

Introducing Equation (5.27) into the left hand
side of Pauation (3.25) the following exrression is obtalned:-

e loalr sl 2a (3 o) * £ 5+ 20000}
Eh Log¢ "a L Y ag\y 7/ p o0 BT
@ [Cos¢ Cod' ¢ PCos¢ 3
+5$[' K F’”f A Frg - =5 a¢(r. ’¢]

r. Fz 50000 C:t':( s$00, _Y; a;p('r ﬁ‘”‘)]
Ao
s o (] e 2)

The above expression can be shoym to be equal to

[“’ (V4F) + 1o, (“;' —’:i’-)] where,

(3.28)

. V4F = v2 ( VZF) and the la;lacian operator Vz

. ig defined as

o2cc = Lo [n> (- >] ( p?( >}_
Tkt Ldgly ag¢ {3.28a)

Introducing e,, éz and & ap given by Equation
(3.5) :nto the left hand side of Equation (%.25) and
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neglectirz, an mentioned earlicr, the tcrms

q ’ 3 wallpe

exprearzi(n is obtained:

L\[d /I 2 (w o) (Wya4)
- r (\ {( 0)[ Pl - ..._’l l-ﬁ-t—.
.’o ] D V) + r' a¢ (yo W,o )] r° r'

Tl - 0 260
*(s”)\r ,ﬁ) (m)(m)_q (_') :

o¢ \r 1,

= (cos ¢) ("r'.’“’ e 3¢( W) +752 (4 6) (Wgp)

+?'°5 (w, 9) (w, 9¢)]}"‘ 'oil'l (%“‘ * ﬁrla")

(3.29)

On equating expressione (3.28) and (3.29) the
following compatibility equation is obtained:

- (W4E) + Baw) = L !("° La (F'o-w,[ 2

L LT,

- MWy00) (Wy 4 ¢) $ {r,, /l ,6) L (__ ’a) &umnﬂl’ .

¢ R B e
{mi(m) 35 ol v
*3 (e Woc) ,z(,a(,w)m

. ro 'i
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In the above equation, the right hend side connists
of nonlincar terms and if they are neglected, the resvlting
equation is that corrcesponding to the Mushicri-Vlasov approxi-

metion of thin ghell theory [2] ‘

Equation (%.30) is too cumplicated and a simplifizo-
tion of it is esscntial if any solution is to be found for an
actual problem, In such a simplification - to be justifiel
later ~ all the nonlinear terms ccntained within the brace {--}

ton the right hand side of Equatior (3.30) are neglected. [f
in the remaining two nonlinear terx.ns, we further approximase

5} 2
and write g (%- W,0) = —1—- W,ep which means neglecting

( W,0 dr
the term [- ' 0

)] in comparicon to (F" ,60),

Equation (3.30) will finally simplify to:

VAF +Eh[D(W)] Eh{ 27 (\‘\69, (Yz W:aa)(yz ’¢¢)}

(3.31)
_the basis of the simplification mentioned above
requires Jjustification. To this end, the compatibility
equation (3.25) is re-written as: =
’ ORIGINAL ;’éfh
- 9 [‘ (t, € )] 2 (el d"a) h 9%, OF POO
— | G —— — — — — ‘0. — S—
agLn ap ° %) 3\t dg/ ro oot
. = l_ die\ 8w = 32w T -’S.L_‘_ xu)
¢ d¢/ 00  g¢oo 73 I

If in the ahove equation, terms insolving products with ( ¢

are neglected, the resulting simpl..ficd compatibility
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equation is: “_P(uél’m
Yo &'c,  n ¢ v (7"4: ”’79)
AW R e . —fh |~ + 5=
h o¢t to 86* o¢d0 2 ¥y

If in tle above equation, the nonlinear pert of the exprois-

sions fcr €,, €, and @ as given by Equation (5.5) arc

introduced, the left hand side oi the lazt equation yieldu:
L) |+t Sl we)]
w— e | {—W, + — — W,
{21" a¢2 I’o 6 2"0 862 _(I" ”)b
Sl o) o)}
T ageel\e Mo\t W ¢

On expanding the above expressior end neglecting terms involv-

ing products with (i'ﬂ-) or gg—) , we will finally oltain

d¢

the expression,

Fj?.'[(W'W)Z - (‘V'oe)(vf'¢¢)]

Eh

ror 1

The abova expression multiplied by ig the right hand
side of 2quation (3.31).

Finally then, we have Pquations (3.21) and (3.31)
ag the governing equations (for the static case) for the

nonlineasr analysis of thin elastic shells of revolution,.




TR L "LDOORWQU‘IITY

They are a pair of coupled, nonlincer partial differential
equations., If the nonlinear terrs are neglected, Equations
(3.21) and (3.%1) reduce to the governing equations of
Mushtari-Vlasov approximation of thin chell theory specia:.

liged for the case of shells of 1evolution.

It is worth mentioning 1hat Equations (3.21) and
(3.31) also represent the governing equations of the probl.em
of postbuckling behavicr of thin elactic chelle of revolution
provided the signs in front of tle terms involving the stiess

reaulténts N " and N defined in terms of the stress

11 22 12

function F(),0) by Equation (3.75) are changed from minws
to plus. Thus Equation (3.24) holds good; only, the stress
resultants are to be determined srom Equations (3.31) and

(3.15).

For the analyses of nonlinear flexural vibration
problens of thin elastic shells of revolution, Equation (3.31)
remains unchanged as it represcpts the compatibility equavion.
However, in Equation (3.21) 2 has to be replaced by

[Z,,,w(% e,t) ~-P — at?- ] where, p is the mass per unit
area of the shell and t is time. For free vibration
problens, 2 S fieo’ t) = O,

It is worthwhile swmarising the governing equations

for frec undamped nonlinear flex'wral vibration of thin elastlic
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shells of revolution. These equations (in ortrogonel
co-ordinates ¢ and 0 ) involving the normsl displacement
function (9,0,t) and the auxiliary function (etrese funi-

tion) F(({,0.t) eare:-

ot » oo -8 i, - i )
YT Wes) Ttz W (r,z Woss

(bompatibility equation)

(3.32)

pw +D(V4W)={5(F) + -NT'" -;%(—::-W@)
[§ # 4 [ W g+ o] + 20 [ W - S22}

(3.33)
(Equilibrium equation)

Tue stress resultants N11, Héa and N12 are defined

in terme of the etress function F by equation (3.15).
However, in view of the approximations invelved in Equations
(3.32) and (3.33), these stress resultants can be approxi.
- mately expressed by
Nuz-'_zﬁoei Npg = ""“iF.M > Np = “"’F,w,
5 b hto

Aleo, the two terms in Equation (3.3%3) involving

Cos ¢ e (dro)

d¢ can be dropped.

(._' ) T Y
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The biharronic opcrator v4 is defined by v" - v2. i e

where, the Laplacian operator v? is defined by ILquation

(3.28a), But in view of the approximation employed in obigin.

ing Equations (3.32), (3.33), N and so on, V2 can be

11
approxirated as

LG - 1. )
Vz = [-—- o ]
( ) y‘?. a¢2 y92 362
The above equations can be readily specielised for the
case of any shell of revolution; for example, circuvlar cyline

dricel, conical, ogival, torus, spherical ghell and so on.

[ With ds, = r, a9 and ds, = r, d6, Equations (3.32)

i
and (3.33) can also be written as: /
; 2
v4F=Eh{-6(w)+ /a )( }
: L) as; (3.34)
- and,

pw + D (VW) = {D )+ Ny = cas N”’[Yo (dro) = a’w]

. 052 ds/ 95, 9si
2Ny [a‘w ik s'g)ezv_] }
a’.aﬁz ro ds' 353_ (3.35)
4 2 2
where, ¥V = V<. ¥° and from Equation (3.28a)
2 a()] %)
e ) { K 9s, [r" as, | = asp
[32(...) 2°¢) ' (3436)
= + :
a5} ]

asf
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-
S
S
o

or
since terns involving products of .—2 cen be neglected in

as’
dr
- - . 1 O
which case the two terms proportional to (;; ag;) in

Equation (3.35) can alsé be neglected.

It is of interest to ccmpare Equations (3.34) ard
(3.35) with Equations (2.34) and (2.35) applicable for the
case of thin flat plates. If in Equotion (3.34), the term
D(¥) is dropped, the resulting equation, formelly at any
rate, coincides with Equation (2.24). Similarly, in the
absence of the term D(F) and the two tecrms involving the

dr
products of %'(EE?)' Equation (3.35) reduces to Equation
o

(2.35). Thus the influence of the shell geometry is brought
in essentially by the terms D(W) and D(F), where the
operator D is defined by Equation (3.18).

As outlined at the end of the last section dealing
with thii1 flat plates, here also two methodg of solution of
Equations (3.32) end (3.33) are possible. One is to assure
a deflection function W that satisfies all the boundary
conditions of the problem and baszd on the assumed W, fird
the stress function F +ihat catisfies the conpatibility
equation (3.32). In gencral, thc assumed W and the corres-

ponding F will not satisfy exactly the equiladbrium equation
(3.33). The Galerkin's method is employed to obtain an
approximate solution [3] , [4] .
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The alterncte method inm bascd on writing the
inplene equilibrivm Equations (3.11) and (3.12) in terms of
the d!splacement cumponents u, v and w 80 that from the
resulting two equations, we cen ¥ry to find u end v for an
assumed W. For example, if in ‘the inplene equilibrium
equation (3.11), Equations (3.%) are introduced and the median

surface strains 61, 32 and @ definred in terms of u,v and w

by BEquations (3.5) are wmade use of, the resulting equation

can be shown to be:

[a G u.e) - (57w 2 5 o]
g\

-7 [ L Sing +'£; u;ea] *[’Z' > $50 ( )(C°54’)

i Ces ¢ Y Cos
B2 vy +9 [ s - ()]

{(Y'CM)W - HEw-1 5y
+P (Cosp) W +(I%ﬂ)(-!€ W, a)z = :7[';2' (%W"’)zj
~gel(Woo) Y9 * (6) 00 55 =55 o) ]

+Z(V. C05¢)( W,p) : iﬁ [w’¢ Weo * Vog W’”] }
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Similarly, starting out with Equation (3.12), another
equatisn in texms of u, v end w can be written. The
right hand sides of these two equations involve W and
{ts derivetives so that from thepe two equations, we can

try to find w and v for en assumed V. This method has

been used in the solution of the problem of nonlineer
flexural vibration of oval cylindricel shells [5] .
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Section 4.

Having derived the governing equations for the large
amplitude (nonlinear) flexural vibration of thin elastic flat
plates uvsing curvilincar orthogonal co-ordinates oy and %o
as vell as of thin eclastic shells of revolution, it is posville
to generalise and write dowvn the governing equations for the
large amplitude flexwral vibratiin of any thia elastic shell.
From these very general equatioas, the governing equationes
applicatle for shells of revolution or thin flat plates can be

obtaine¢ as special ceses.

For any thin elastic sh21l, let a typical point on the
median surface be P, At P, the directions of the principeal

radii of curvatures which are orthogonal and the orthogonal
co~ordinate directions @y and «, on the shell median surface

are asswwmed to coincide. The elamental length ds on the
shell m:dian surface is given by

GhP s thde R & hadus)-
= (ds )+ @sy)t (4.1)

where, A and A, arc the Lame” parameters and are in general
functions of «q and @ys The principal radii of curvatures

at a tyoical point such as P are denoted by Ty and T, and
they too are in general funciions of @, and Uy The two
Lame” pirameters Aq and A, and the two principal radii of
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cwvatures at a typical point such as P satisfy the tlree

conditions lanown as the Gauss-Codauzi conditiocns, navely,

2 &) o I YR
de,\Nl/) K \ow/) Q3a, a«z (4.2)

(Conditmm, of Codazzi)

and,

— ——— PN e ——

(Condition of Gauss)

[a 18A2+8 ! aA.’] AAg

¢ The strain at a general point (a1, @y Y ) can be
written in terms of the six median surface deformational quanti-
tiea 319 ezp OJ H "11' 7‘22 and x12 as m Equ&tion (304)'

where [1] '

P ow .V /AN W il | aw] 2
i, M = + ek B, BB
= A| a¢-| A'Az 6“2 rl 2 A| 60:.

£ 3 % M N IF1 W
Mg Ba B
Az o, A Az o, hh 2LA; 2ay
: , (O—-I— an b (:_A_')_'__'_ ou (3Az}& w aw)]}
L 90y AA o) A, duy A, AL, da,\day
2, = | BA[)( ]
.A, da, A, am, " AA; \owa\A; 3xp

farnle Rl o i Gela i

| r o%w = oA, ._'_ BW)_' aAg)(__'_ oW ]

Az aaz

x|z=+ (404)

AA L du, daty \dx,/\A, Bu,
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The last sct of equatio"m specialise to thosa
applicatle for the case of thin flat plates, romely, Dqusa-
tions (2.3) and (2.4), provided it is recalled that the rrdii
of curvetures (r and r, ) of the flat plate median surfece are
infinity. With r, - and r, ==, Dquations (4.4) reduce

to Equations (2.3) and (2.4). Farthernore, with Ay = r, end

1
Ay =1 a3 well as @y = 9 and @, = 0, Equations (4.4)
specialise to those applicable f>r the case of thin shells of
revolution, namely, Equations (3.5). It should also be

remembexed that for shells of revolution, r, and r, (and
Lo
hence 1, = m) are functions of ¢ only and not of @

coordincte.

From Equations (4.4), it follows that

(K +22) = -V°W = -Tz aad_' (Al :::l] aa,_[(Az) auz]} (4.5)

Also,

(’:2") ( 2)] ~Dw) = "A As aa r,_(}A‘,z) :aw.] +aaaz[|(A;)§::B (4.6)

It is tou be noted that in the case of a spherical ghell,
Ty =1, = R where R is the reiius of the spherical shell

8o that the operator D (:-.) = V (

Using Equations (4.4), the energy method and stepn
analagous to those outlined in the last scction leading to
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EBquations (3. 32) end (%.33), the oncrnin, equations for the
free, undeanped, large waplitude (nonlinear) flexural vibrae
tion of thin elastic ghells con %e readily obtained in 4« rns
of the normal displacement function W(a,, 0y t) and tle
awiliary function (stress function) P(a,, ¢y t). These

equations can be showm to bei~

1

VE= E“{_ D(WH(A'AZ au, aa, 2 /:, i::)(l\"‘ gc: )}

(Compatibility equation)

(4.7)

d 1w Nga @ /! aW
PW+D( 7W) {D(F)+A| ou, A, Bm.) p: Ag ouz\Ag oy 2

2 ?w
+m Ne) 5= ow, oo }

(E¢uilibrium equation)

(4.8)

where,

N ‘l == laF)+| aAz IBF)]
. Ag adz Ag 002/ A9\ 3, A' oo

. "_L_(l ) ( |aF

and,

- TV A Y/ | aF) a@; 2 ]
Ny = +A|A2 a\'!.adg 3&2)(/\' o4, aa. Ag_ allg)

(4.9)
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However, in view of the approximations involved in Equai:.ons

(4.7) and (4.8) which arc the same as those involved in

.obtzaining Equations (3.%2) end (3.33), the stress resultants

can be approxinated by:

Ny = =3 8 (l _a_g)
/\2 oy A2 oy . ORIGINAL PAﬂl.
= _a_('_' = QO FOOR QuALITN
:’:j—" Ay 0 \A; B0,/ ? '
o FE. {¢.9a)

Ntz s A|A2 M.a«a
The apiroximation involves neglect of those terms involving

products of the gradiente of the laume’ parameters, namely

::'2), (g:’;) ete. o de

It follows from Equations (4.8) that

(N, +N,,) = - v’F and [(N11/r1)+ (Nza/rz)] - = 7).

The biharmonic operator v4 i3 defined by v4 = vz. V2

where, the Iaplacian operator §72 is given by Equatinrn (4.5).

Equations (4.7) and (4.8) can be readily specislised
for the case of thin flat plates by letting By oo and
r, == 80 that D(W) =0 and D(F) = 0 and consequently,
BEquations (4.7) and (4.8) reduce to Equations (2.30) and (2.31).
TPhese equations also specialise to Equations (3.32) and (3.33)
applicable to thin elastic shells of revolution by letting

‘1 el Az BN N, B ¢ and a, = 8. It should be recalled
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that within the frame work of the approximations involved

in obtaining Bquations (3.32) end (3.33), the two terms

ar
proportional to COS b = 1,11.1 ('&.’Qx’a) should be dropped, ‘.
0 0 :

mentioanacd in the last section.

A more accurate equation of equilibrium than Equation
(4.8) cen be shown to be: :

PK/+D(v4w>=[ﬁ(F>-Nu%u"Nu"ﬂ’z”'i””] ( ) 1
4,10

where, %1 90 X

” and 3(,, are given by Rguation (4.4).

For the problem of buckling of the shell (either the
linear tuckling problem or the postbuckling prodlem), Equi-
tion (4.10) without the inertia term pw 1is épplicable provided

the signs in front of N N__ and N1 2 are changed from iiinus

17 722
to plus so that for shell buckling, the governing equation

becomes.

C D(TAW) + D(F)=Ny2, ~Ngp Hyp-2Nyp %y = Z
(4.11)

where, D(F) = - [(N"/r1) + (1!22/1'2)] end % represents

the connonent of the applied surface load in the direction

of the n coordinate. ¥or the linear buckling problem, she

values ¢of the stress resultants K“, N,, and N12 Just prior

22
to bueki.ing are determined from the lincariced version of the
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compatibility equation (4.7) wherein the term D(W) ie
dropped. The relationship between the stress function F and
the stress regultants are défixu.l by Equation (4.9). lor the
postbuckling problem, the stress resuliante appearing in Equao..
tion (4.11) are determined from the compatibilityv equatica

(4.7) which is nonlinear.

4

Vith ds, = A, da, and ds, = 4

1 1
~and (4.8) can be written as:

o da,, Equations (4.7)

V‘anEh{-—I_)(w) +( AL ) ( )
95, ds, dsp/\osk (4.12)
\ and,
‘ - W *w 'w |
W +D(@4wW) ={D (F) +N = ¢ HNyy == + 2N } ,
i IR Tl o~ (4.13)
i
4 v2 2 :
In the above equations, v = . v and from .
equation (4.5), i
: 2N + 3 [ 3D
Ve >4 Sl ST mih el
by 0§ : 98, A, 252 ' 3s,
5 [a’c - 5 a‘e-o]
~lasp  ost (4.14)
since terms involving products »f the gradients of the Lame”
oA 0A : _
parameiers, nawely, Ta’f' and -53-;- are neglected in the

approx'mation employed here.
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S*F 2'F FF
M - DA - d <+
With 1 ab; 2 NZ?. as? an Nl?‘ as| 359_

Equation (4.13) can be written as

2 2 2 2
psowrn - {5 {S8) 20(75) 2 o 2) 2
dsy/ st \ost/ 2s} 9s, 85,/ 93,85,

Ve now define an operator (following Vol 'mir)
OwW,F) = (Ws‘s‘) Fo,5,% (Wszsz) 5151 =2 Fs,5 Ways,
8o that we get,
PW + D (v4wW) = {B(F) -0 (W,F)}

which ie a neat, short way of writing Equation (4.13).

Since,
: ow,wW) = 2 [Q‘Ys‘s, Ws:_sﬁ = (\’%5;52)2]

we can vrite Equation (4.12) as
V4F = Eh{-ﬁ(w)-—l 0 (w,w)}

Equaiions (4.12) and (4.13) hold good for any thin

: elastic shell and i‘t is readily verificd that frem these 2qua-
— tions, “quations (2.34) and (2.35) applicable for thin flat
plates and Equations (3.34) and (3.35) applicable for thin

elastic shells of revolution can de¢ obtained as special casep.
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Section 5.

In this section, on th= bagle of an assumed vibrotion
mode which is taken as the product of a function of time end
function of the space veriables, the modal equation is deter-
mined for ihe general case of thin clastic shells discussed in
the last scction. This modal -equation can then be specialiced
for shells of revolution or flat plates or beams, The chirac—
teristic features of the modal equation as applicable to vhin
shells c¢cn the one hand and thin flat plates and straight lLieaus

on the cther hand are discussed.

Let,

v W(S,,Sz,‘b) = B('b) Wcsl’sz) / (5.1)

where FE(t) is a generalised co--ordinate and W(n1,32) is

the mode shape assuned to satisfy all the boundary condit.ons

(both geometric and natural). Introducing Equation (5.1) in

]} (5.2)

the compatibility equation (4.12), we get

VAF = Eh{ BCt) Dw) + E’z[(as:;sz) (af’: )(

where [2] ’

s 2l 2w =l (5.5)

Equation (5.2) is saticfied provided F 4is asswied as

F(s,s,,t) = B () F (5,52 + 52 E (s1592)




So that,
VAF = -ER[ D] - (5.5)
and
= \2 N
i b Eh[(af:’sz ‘(%s-w)(:sf)] (5.6)

]

If the problem were lireer so that Equation (4.12)
= .
is linear, then, ¥ = O; that is, F(E‘,ca,t) = B(t) '17‘(:5‘,;:2).

The equilibriwm equaticn (4.13) can be written as

L(W,F) = O - (5.7)
where,
- - 2 3 Fw
W.E) = W +D(v4w) - D(F)-N a—ﬂ"N L Ng ——
L(w,F) {P D( V‘b D(F)—N, asp nas% 2 ‘zas.as:. (5.8)

Using tke Galerkin's method,

& [Lw, F]éw. ds = 0

(5.9)
where, dS = A.h, da da, = ds, d52 and &W = (68) W
g0 that Equation (5.9) becomest
J: [L(w,FiIW ds =0 (5.10)

By means of Equations (5.1), (5.4) and (4.%a), Equation (5.8)

B IR ——

A T~ SN R . D
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Yieldg:

Lwe)={pE + B[ DV DR + 52[(‘::-5)(::‘2’)+(:’3(22V’) |
4 2 I o} 7

!

2F 2= e | . 22 i 28\ ,a237
A2ZF )(aw)_ B (F) ] +B’[(a F)(a’w +(a F) d V{)
\os,3s,/ \os, 25, 353/ \as? ds¥/ \asi

&2 @)1}

(5.11)

It is helpful to define the following integrals:

- e —— At

I,=pfs(W)2ds. gt |

L= b.f;(~74W) w ds.

———  ———

I, =-J; [5:6)] W ds

a‘r W a"? F *F Fw ) —
fe® f{ (BeF + asp | a5t ist ¢ 35,25, 35,0% ¥

IS-J{.’-F 927_ IF Fw

o+ — -
ds; dst  9s) asi as.a., as.as,} @ & (5.12)
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In terms of the above qQuantities, Boustion (5.1C) can be

written as:

LB+{I-I5)B+ 1, B +158% =0 (5.13)

The solution to the above nonlinear ordinary differcn-
tial equation involving B(@) helps detecrmine the anpliiuvde
versus frequency relation in thz case of thin elastic shells.
If the shell were undergoing azail anplitude flexural vibra-
tion (that is, the linear probl:m), the associated frequancy
equaticn can be determined from the linearised version of the
modal Ekquation (5.13) go that the governing linear differen-

tial equation beconmesni=

ILB+(1,-15)B=0 | (5.14)

Assuming solution of the form N(t) = B, cos wt, the fro-

quency w as determined from Bquation (5.14) is

@ ==[(IQ_-' 15)]"5

5 (5.15)

The modal equation (5.13) can be readily specialised

for the case of shells of revolvtion for which A, = Tys
A = Tor @y = ¢ and oy = 6 50 that doy = A dq, =, a0
and ds, = A, de, = r  d6. Also, for a shell of revolution,

the elemental area do =Ty r, dap ao.
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It is of interest to obuain the modal equation for
the c&lse of thin elastic flat plates. This can be obtaincd
in a mexner analagous to that uscd to obtain Equation (5.13),
and starting out with Equations (2.34) and (2.35). The
required equation can also be obiained by specialising Eqiae
tion (5.13) for the case of flat plates for which the radli

of curvature of the redian surface ry and r2 are infinity.

Vhen r, =« and r, =, it is obvious from Equation (5.3)
that,

D(W) =0 and D(F)=0 (5.16)
Thus the compatibility Equation (2.34) is satisficd by

F(s,,5,,t)=B%F (5,,5,) / ' (5.17)

comparing the above with Equation (5.4), it is seen that
for the case of flat plates,

g(5|:51)=o (5018)

-

Because of Equations (5.16) and (5.18), it is clear from
Equations (5.12) that for the case of flat plates,

I3=0,; 1,=0 (5.19)
Consequ:ntly Equation (5.13) siwplifies to

LB+1,B+15B =0 ' (5.20)
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The above modal equation which is a nonlinear ordi-
nary Bi7ferential equation helps cdetermine the amplitude ;
versus frequency relationship fer a thin elastic flat yplicte |
undergoing large amplitude flexwral vibration. On comparing
the las’t equation with Equation (5.13), it ic seen that in the |
casc of flat plates, the nonlinear term proportional to B® is |
absent. if the last equatioﬁ is linearised, the governirg i
equation for the small amplitude flexural vibration of a thin :
-elastic flat plate is obtained, from which, the frequenc) w

(rad/second) can be determined as

W=/ Ile. (5.21)

The nmodal equation in the case of straight beams
undergoing large amplitude flexural vibration can also bo
shown to be given by Equation (5.20), For this, it is
easier to work with the governing equation for the large
amplitude flexural vibration of straight beams, namely,

& ddw 2w
PW+EI W-N“W"—'o (5.22)

where, N, = Ea 31 and ‘a’ is the beam cross sectional urea.
From the equilibrium equation in the x-coordiaate
de
direction, it can be shown that &_1 = 0 go that €= C, = Con-
stant. Thus, R" = Ea C, where 91-: [u,x + %(w,x)z}, It can be
MM'P
, mh
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J:(LL,,C+ w? <) dx
LO e jl(vax) dx]

£ 4
% (W) =o, °=lz-j; W, Jde sothat Ny = 22 [ (W) dx.

shovm that C(, =

|
z
-
£

Assuning W(x,t) = A(t). W(x) and using the Galerkin's mcthod

as beforz, the modal equation.can be ghovn to be

JA+JA+ 3 A =0 (5.23)

J = pJC(W)z dx el CT EIJ (‘j:ﬂ)

5 = -Ea.ft( c:‘z;‘)w dx. (5.24)

It is of interest to note that the modal equation
Bee Equation (5.13) or (5.20)]can also be obtained by apply-
ing the lagrange's equa.tion of motion, namely,

)"_(T'u)- (5.25)

where, T is the kinetic energy of the system, U represcnts
the strain energy, B is the generaliscd coordinate and there-
fore, B is the generalised velocity. With,

-Z- £ (W) ds

where W 4is given by Equation (£.1), we get

d (a7
dt ab) 18
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In the above, I, is given by Equation (5.12) so that the

above represents the first tern of Equation (5.13). Similarly
V the other terus of Equation (%.:3) or (5.20) can be shoir. to

stem from the second term of Iagrange's cquation given by

Equation (5.25).

Thus, the modal equaticn from which the frequency
versus amplitude relationship ir determined in the case of the
large amplitude flexural vibrat.on of straight beams and

« plates is of the same type [see Equation (5.20)] whereas, in
the cas2 of thin elastic shells the governing equation [pee
 Equation (5.13)] has an additioral term proportional to B°,

4 It is worth investigating whether this circumstance has mny-
thing to do with the fact that in the existing literaturc,
most of the available solutions for the case of thin ghells
are found to give rise to nonlirearity of the "softening
type'" (that is, frequency decrerses with increasing ampli-
tude) vhereas in the case of flut plates of different geo-
metries the nonlinearity is always found to be of the 'harden-

2 ing type" (that is, frequency increases with increasing
amplitude). In fact, based on “he survey paper [6] and [7] '
it is possible to draw the following general conclusions
regarding the type of nonlineanrity exhibited by the different

elagtic bodies.

33‘?'.3‘;54&
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£ Btrnlaht PDeang =5 . vin oo == = Hardening typo

(1) Rectanguler
(2) Circular

. -1(3) Elliptical
(B) Platest b - = ==—-- Hardening type
(4) Triangular
(5) Skew

(6) Rectangular §
Sandwich type . 4

) RINES = - - - - - c s = e sean= Softening Sype

(1) Circwlar oylindrical] :
(D) Shelle<(2) Oval cylindrical -~ Softening typa
(3) Spherical

J
The above pummary of results raises the question as

to why in the case of straight beams and flaf plates (irrespec~

tive of plate geometry), the nonlinearity is always of tae

hardening type whereas in the case of bodies like rings and

shells the undeformed median swrface of which have curvature

to begin witii, the nonlinearity is of the softening type.

Bquations (5.13) and (5.20) can be written formzlly as

2
%—;e--i-afe +be? 1 ¢ce® =0
¥ (5.26)
where, a,,b and ¢ are real numbers and 0 = o(t). It will

# In the case of cylindrical shells, it ic assumed thot
the :*atio of the axial to circumferential half-vaves
of tie vibration mode is small, If this ratio is lerge,
the .1onlincarity is found to de of the hardening type.
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be easily recognised that the abave eguation aleco represents
the dynanic cquation of a mess-spring conbination where the
spring vestoring force is nonlinzar and is dcfined by « cubic

expression of the form (ase + 10?4 c6?),

Multiply each term of Equation (5.26) by (g% at) and
integrate to obtain

4 = la2a2 12 103 .0 a4
(8) =G, [a.e -'-3 be +29 ]

where C, is a constant of integration to be determined from
initial conditions on 0 and 8. From the last equation,

we can finally obtain
8

t = ..d_e.._
[ (5.27)
where Q(0) =[C. -(d% e + %bo’ + % 54)] is a quartic

in & and o, = 8(t = 0). The integral appearing in Equa-
tion (5.27) is an Elliptic integral of the first kind, The
nature 2f 0 versus t curve will depend upon the conoctants

ag, b, ¢ and co. For the flat plate problem the governing
equation of which is Equation (5.20), the coefficient b = O
in Equation (5.26) so that Q(8) appearing in Bquation (5.27)
becomes a biquadratic. This is truc also of the problem

involving straight beams [see Ecuation (5.23)]

When b =0 in Equatior. (5.26), the solution to the

resulting differential equation where ¢ > o can be showm
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to be (see page 26, Ref.8)

=l vco)t | Ne) (5.28)
where, '
F A :f s ‘:'—::
X9 =) i tamty (5.29)
s the elliptic integral of the first kind and
- where o = cog
2¢14a.) T oa? (5.30)

obviously M <1. The initial conditions are assumed to be
0(t = 0) = 6, and 6(t = 0) = 0., Tt can also be shown [8)
that the period of oscillation of the dynamical system for
which the diiferential equation (5.26) with b = O applies
is given by

¢ = 45 (3
® A/l (5.31)

where, I'(A,7) is the couplete elliptic integral of the first
kind wih modulus X\ . Furthermire, it is lmown that the

2

period T decreases with increas2 in agj, ¢, 6, either indi-

vidually or collectively [8] « When C = 0, we have the

linear problem so that

(.r)limrE T =

Thus,

Jta (5.32)
The above ratio which is cqual to unity for C = O

can be shown to be less than unity for all e > o [8] .
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Consequently, the associsted nor-dimensional frequency

(W/&*) =CT/T) where w is tre frequency for the nonlinear
v problen and @' is that for the linear problem, increases.
Thus the nonlinearity is of the hardening type. Yor any fixed

2

set of values of a, and ¢, sirce the period T decreascs with

increas.ing amplitude eo, the nondimensional frequency (u)/(o*)

will increase with increcase in the amplituvde 8, which is

0
exactly the result mentioned carlier for the case of flat
plates. Thus we arrive at the iarortant conclusion that in

the case of large amplitude flexural vibration of thin flat
plates and straight beaﬁs for which the modal equation has been
shown to be given by Equation (5.26) wherein b = o and
provideé c¢ > o, the frequency iacreases with increasing ampli-
tude (herdening type of nonlinearity)., Note that this conelue
sion is of a very general nature and is not restrictzd by any

particular plate geometry.

A conclusion of a simila: dbroad nature in the case of
thin ehells would be mous¢ intercnting, if such can be found. |
Po this end, we examine the modal equation (5.13) applicable
for any thin shell where the assumed mode shape is givén by
Equation (5.1). Equation (5.13) is of the general form of
Equation (5.26) and by comparing these two equations, we ace

that
aZ = (1,-13) ' (5.33)

where I, and I3 are both pogitive and it is assumed 12> 13

which con be physically justifiecd from the frequeney for the
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linear problem as given by Equation (5.15). The cocfficicnt

13 which depends on the quantity D(T) vanishes for the case
Yof flat plates as can be seen from Bquation (5.3). Thus 4lc
value of the cocfficient ag for a thin elastic shell is less
than that for the case of the corresponding flat platc obteined
by putting the principel radii of curvature r, and ry each
tending to infinity. If aﬁ decreases, ﬁquation (5.26) with

b = 0o will give risc to a large value for period T which means
smaller value for the frequency. Thus the trend of the non-

' linearity is towards the softenirg type which agrees with the
result of almost all the investigations so far on thin elastic
shells of various geometrics. Bt this result based on Equa-
tion (5.26) with b = o is not quite conclucive because in the
case of thin shells, the modal ecuation given by Equation (5.26)
has the term b62 in it. With Vv ¢ o, a gencral sclution to
Equation (5.26) seems difficult. However, let us examine the
equationr

d2e

——— +a.9 + be? =0
dt? (5.34)

where, ag and b are both positive numbers and the initial

conditions are 6(t = 0) = 0, anc. 8(t = 0) = 0. Assuming a

solution of the form
B =A, +A Cos Wb + Ag Cos 301

it can e shown (secec pzec 51 of Rcf.8) that

(= - 26 (5.55)

where ¢y is the frequeney of thy nonlinear problem and
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O.J* = a, is the frequency of the lingor problcm. From cquo,:~
tion (5.35) it is readily seen that the nondimensional freguency
decreascs witvh inecreasing emplituvde 6, which again implicg
softening type of nonlinearity. Thus in the case of thin ghellg,
the decrease in the value of the coefficient ai due to ]3

[sce EqQuation (5.33)] and the presence of the ternm b02 ir. !
equation (5.26) each contributes individually to the softening

tyre of nonlinearity.

So far, we have worked with an asgumed one term node
shape given by Equation (5.1) and determined the modal equation i
for the generalised co-ordinate B(t). The nonlincarity of the |
problem makes the analysis based on an asgsumed mode shape con-
sisting of a finite nuwber of terms very difficult, Quite
naturally, the analysis becomes nore complica‘t,:ed as the nuxber
of terms in the assumed mode shape increases. All the sane,
it is of interest to obtain and examine the nature of the modal

ezuations that result when a series is assumed for the rwole

§5 shape. Therefore, let
S -

ﬁ‘ W(SUSZ,{;) - % Bi'(t)w{(sp.‘:z) (5036) ;
S fi

where, B:L'B are the generalised coordinates and \"71'3 which

are fun~tions of the space variadbles 5, and 32 arc asauted

to satinfy all the boundary conditions (both geometric ani
natural). On introducing Equation (5.36) into the compati-
bility 2:quation (4,12) and examining the resulting equation,
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it will be seen that the strescs funection P has to be

of the formn,

F(s,52,6) = {2,-. [34, P (81,82) +(B)? E‘] +L,Z; B B R F:} p
i¢i - (50')7)

where, the three sets of functions {Fi} ; {Et} and {,F:'

which are functions of only 24 and s, are determined from

2
the following equationgi=-
V4(F) = ~Eh D(W) (5.38)
I e 2 = e (5.39)
VHE) = Eh _(Wi,s,s,) (w‘i:s,s,)(w‘}s,_s,_)]
4t ey - [ (v, & )=(w )@
v (E' E') 2Eh .(w§5|5z)(%’5.52 ) (wi'sls,)(%sﬁz)] (5.40)
Because of Equation (5.36),
Sw= (8Bp)Wp . (5.41A)

where, p takes on (one at a tine) each one of the values

that 4 can assume, Thus, Equation (5.9) yields

_g[L(w, F)] Wp ds = 0 (5.42)

where, L(V,F) is given by Equation (5.8). If ¥ as given
by Equation (5.36) and F as gfven by Equation (5.37) arc
introduced into Equation (5.8) mnd recalling the definition

i
'
h
!
i
t
t
¥
|
i
i
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of stress resultants in terms of T given by Eguation (/.92)
Equation (5.42) can be used to yield the following modal

equation:
{( L), p(ﬁi) +/ - [(Iz)q,'" (13)¢p] By (1), (B)*
"‘(_Is)LP (34.,)5 + 2 [(Is)up (B B;) + (I-,)L_-,P (e Bj)]
+Z, Zk(la)ijkpfai B; Bk)} = o. | (5.43)

In the above, p takes on (one at a time) ecach one of the
values that 1 takes and J # k # i, The coefficients (11)1p,

(12)1p etc. are surface integrals, the integrands of which

=
involve functions of W,'s, ¥'s, F,'e ana ¥/ r;. The explicit

nature of the coefficients are rot given here, as they are
complicated expressions. For esch value that p can tale,
we can vrite an equation using Fquation'(5.43) 80 that there
are as many equations as there tre p's (that is, i's). ''his
set of nonlinear equations are coupled in the generalised
coordinates B;s. If a one tern soluticn is considered

go that 4 = 1 (and eince J # k # i go that the quantiies
with J and k as subscripts do not exist), Equation (5.43)
will reduce to Bquation (5.13). Frou Equation (5.43) it is
readily seen that the nonlinear terms arc of two typen,
namely, of the quadratic type [Bi and By Bj termq] and nf

2

the cubic type (Bz, By BJ end 3,B.B ). If in Equation (5.43),

1°3°k

A et e e L
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the terms involving coupling betveen the generalised coordinstes

are neglected (that is, terms involving Bi BJ, Bi BJ and

By BJ Bk), then, the resulting ecuation has the fornm of Equa~
tion (5013).

If the above analysis stixrting with Equation (5.30)
is carried out for the case of fl.at plates, the modal equation
analagous to Equation (5.43) which is valid for thin elastic

shells can be shown to bei-

where, p as before takes on (one at a time) cach one of the

values that 1 takes and J # k :* i. Equation (5.44) represents

as many equations as there are p's or i's. Comparing Equa-

tion (5.44) with Equation (5.43), it is seen that in the case

of flat plates, the nonlinear terms of the quadratic type (that
j) are absent and only non-
linear terms of the cubic type (that is, Bz, Bi Bj and Bi Bj Bk)

are present. A similar observation was made earlier with

is, terns proportional to Bf and Bi B

reference to Equations (5.13) and (5.20).

A different approach to obtain the modal equatiors iso
possible, This involves writing the expressions for the kinetic
energy T and the strain encrgy U of the elastic body. The

expreassion for U can be obtained from Equations {2.8), (2.7)
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and (2.9) vherein the appropriate relationy for the median

surface straine €,, €, and W and for the curvaturce Ryqs

2
U 2o and 9{12 arc used. Thus ' and U can be obteainea in

terms of the diéplacement components w, v and w. Assuming
for u, v and w the product type of functions invelving the
generaliced coordinates [}ee for example, Equation (5.1):)
and using the Lagrange's equation (5.25), the modal eguations
involving the generalised coordinites can be determined. In
this approach, the compatibility oquation (4.12) and the sim-
plifications and approximations eidbodied in it or in the
equilibriwe equation as given by quation (4.13) are not
involved. However, in this approach, a set of coupled non-
linear ordinary differential equations involving the genera-
lised coordinates will have to be solved. Thits anproach of
deriving the modal equations is similar to what Ma¥ers and
Vrenn [ﬁ] coployed in the solution to the problem of non-~
linear f'exural vibration of thin circular cylindrical shells,

AGE B
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Section 6,

In this section the problem of buckling (lirear
probleﬁ) and poatbuckling of plates and shells arc discucsed
fron a aenerallpoint of view, In Scction 4, the governing
equations for the postbuckling problen of thin clagtic challe
have becn obtained and they are the equilidbriun ecuation (4,11)
and the compatibility equation (4.7) or (4.12). It is helpful
to reproduce these equations herc.

N N
D(w*w) “(—,.'"' + —2L) = Ny 2y ~Ngy Hop=2Np iy = Z

1’3 (6.1)

and,

5 Eh{-ﬁ w) + (as. asz) (aas.w)(as:)} (6.2)

In Equation (6.1), -—(ﬂﬁ a) i3 (F)

For the linear or classicel buckling prodblem, the

values of the stress resultants N11, N,, and R12 just prior

2
to buckling do not depend upon t.e buckiing mode W so that
they are determined from the lincarised version of the ccm-
patibility equation (6.2) wherein the term 1(W) which dcyends
upon the buckling mode W, is nezlected., Thus the strecse
resultants for the lineur bucklinug problem are determined
from the compatibility equation ¢°F = 0, For the post -
buckling problem, the stiress resaltants appearing in Equestion

(6.1) are dctermined from the coapatibility equation (6.7)

which is nonlinears.

Shobtahbibaniiiiniaiaabiontiatbant L a i aa e
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The governing equationf for flat plates can bde
obtained from Equations (6.1) ard (6.2) by rccalling that

for flat plates, the principal radii of cwrvaturco r, ant r

2
are both infinity so that the orerator D vanighes, as

. can be seen from Equation (4.6).

As in the last section, the function W is assiwcmed

as a series so that
W(s,,5) =Z; B W, (s, 55) (6.3)

where Bi; are cocfficients to te determined and Wis are
functioas each of vhich is assuned to satisfy all the boun-
dary conditions (both geometric and natural) of the probdienm,
Vith the assumed mode shape given by Equation (6.3), the
compatibility equation (6:9) is patisficd if F(s1.32)

is assumed as:

Sliiancichiniinail i ah e AL ad & B o u

Flsy,5;) = {P‘F,(s,,sz)+2‘.[B¢§¢(s,,sz) +Bf !.‘(] +Z‘.’L_‘J. B, B; F:F;} (6.4)
i

- where, p* is the applied load (vther than eny lateral load 2)
that gives rise to the buckling problem. WVhen p*u 0,
Equation (6.4) reduces to Equation (5.29)s The set of funce
tions {iﬂ} ' {51} and {r;} arc determined from Equestions
(5.38), (5.39) and (5.40). The function P, appearing in
Equaticn (6.4) ies dctermined frowm the bikarmonic equation

WAL Pagy 1o ViR =0 (6.5)

POOR%
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For the lincar buckling problen, it has been nentioned that
the compatibility equation ia vtFo = 0 po that, Zquation

V
(6.4) sinplifics to
" ‘
. Fla'neav =P Fotsnﬁz) (6,6)
. " where, p* is the eritical value of the load at which buckling

* .
occurs ro that p 4is thc quantity to be determined in tke
linear buckling problem, '

N The stress resultants N11, N22 and H12 are defined

in terms of the stress function P by Equations (4.9) fronm
which we write (in view of dey = A, da, and ds, = A2 daz):

..“ o r-aiF |
N = Las% Az as,X )]
- [ 254 )
2757 a2 T A \osy
g o'F 3\ oF ___/aAz) ‘J (6.7)
NIZ [asl 352 ( a5, Az\a.‘n

The curvature expressions given by Equations (4.4) can be

written as:
C 2w | [aA\/awW
o 22 o fiyuiey
Lasp A \3sz2/\asy

Caw | (aAz aw]
o B £ Nl ¥ a8, (as,)

X ™ [ 25,35, (35.X7§ 3s, 3:.2\/\//:2 352] (6.8)

s tinsens e
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If the same approxivation as used in the previorve
sections, namely, neglecting teras involving producte of the

gradients of the Lame' parameters such as ( ) and (1- £ 5

is made use of, the stress resultants and curvaturea as civcn

above can be simplified to:

°F\ o%F O%F
N"”'(as:) » Na = -(as,’) T 05, (6.9)
and .
’x.‘(:’w. & z_'(-a‘w i~ i ﬂ(a‘w
T ) T8 as§/ > T as.as.) (6.,10)

Using the above relaticns, the equilibrium equa‘:ion

(6.1) can be written as:

cours oy 35 4 8- 05 0
2::,2:,(:::;5) zZ=0 (6.11)

Employing, as in the previous sections, the Galerkin's moethod,
we get,
J;[I_(W,F)] Sw dA =0

where, dA = d31 dsé is the elcmental area on the shell

median surface.

 With éw = (be) ng'; .=+ she last equation yields

S (wF)]Wp dA = 0 (6.12)




 T1 %

By meais of Equation (6.3), we can write from Equation (6.11)

L(W,F)= Z¢{1° +(1), B + (1), B2 +(1,) B} + Z,(1),; BB, + X,a5), B8,

AR (P I g %3

(6.13)

where Jj # ks i and Io’ (11)1 " etc. are defined as follows:

-Z P(t". 3;:2 :'2 as*)]

% 1
asi

e CEHEE]
0= [ 8512k (o (* )G (:::.,) )]

- (19 - [ERNES) 31?)(?:'“;)-2 )]

60, = (L6, Seten - (8RR T o yrd ]
0=~ (D). (ii )2 S0

(F* i) (aa::) as,asz(F: ) (6*.352-)]

0= { oot +

ol
K

and,

- 2 9 2 -
(1= [ eh T 2 e T8 e TR )

35: 95,95, 08,95,
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Define,
3= 5, LW, Oy = S, (1), % oA
(i = SA (1), Wp dA. Gy, = SA(Is)iWP dA g
| /
| up A (14 iWpdA ‘l" S (l5) Wp dA
Oedi = S0 (10 W dA

(615 )

Note that j# ki

“~
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Using Equations (6.13), (6.14) and (6.15) in Equation (€.12),
we finally get:

Jop *5, [m B, + (%), B +03),, B + (1), 8,8

+Z; (%), 8, B + 2 Lk(Jc)JgP(Bi G Bu)] =0 (6.16)

‘JP

Since p can take on (one at a time) each one of
the values i can take on, Eqration (6.16) rcpresents es
many equations as there are p's; that is, 1's, This sct
of algebraic equations is nonlinear becauce each equaticn

3 n2
has cubic terms (Bi’ B $ BJ and B1 BJ Bk terms) and alsc

quadratic terms (B? and B, B, terms ). Furtherrmore, cacl

17
equation has a right hand side given by Jop' Jop vanishes

for a 7lat plate (r1 - ard r, = ) provided the laterszl

loading function Z = 0; in such a case, the set of algebraic
equatims has no constant term. It 4s to be noted that when
Jop = U, BEquation (6.16) is similar in forr %o Equation (5.35)
wherein the inertia tern 51 is dropped and By is treated

as ; parameter independant of time. For the postbuckling
problen of the shell, we have t> solve simultancougly a set

of cubuie equations in the coefficients Bi° given by Equation
(6.16). These cubic equations aave a constant term cven

when the lateral load 2 = 0, a3 can be geen from the defini-

tion o2 J,, given by Equation (6.15).

+
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For the linear buckling problem of the shell where
the buckling loads p* is to be ceternmined, Equation (6.16)
is linearised to give

(0 B+ = 0 (6.17)

'he above represents a set of linear algedbralc equations in

B;s obtained by writing an equat .on for each valus of p.

For determining the buckling loads p*, the characteristic
equatica is determined from the condition that the coeffi-
cients Bi of the assumed buckling mode shape become arbi.

trarily’ large. Thus, the condit: on becomes:

Az |zl =o (5.18)

which or expansion gives the following determinantal

equation:

Uy Gidyy Gy G Gy,

(J.°

(J,)'Z; (74) 52 o Ty dyo| =0

oo (Iy)

. - | |
!ﬂ

c,v"“"w 3 (J‘)ﬁ’ (J1§3- (J1)33 (J1)43"‘ (J1)N3 (6.19)
& l — e P - . -.

It is of interest to spacialise Equation (6.16)

for the case of flat plates for which Ty . and r2 - oo,
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Thug if 2 = 0 sgso that Jop“ 0, the governing algebraic

equation for the posthuckling behavior of flat plates is
obtained from Equation (6.16) as:

Z( B‘- [(J|) +02)1p 3 ¥ (J.’:)i +"" & )*JP J

-?-ZJ(Js)‘JP B; B +Z 3 (JG th‘,(Bj Bk)) =0 (6.20)

Since in general, B1 # 0, the above reduces to a guadratic

equation, viz.,
2,409, B} + 55 Qo) (B:B)) 42, 5,5, (B, B,)

+(J) +%(J4) BJ + (J‘)‘P } =0 (6.21)

Thus, we conclude that for the case of postbucklirg
behavior of flat plates, the set of algebraic equations in
+he coefficients Bi's to be solved simultaneously consists

of quadratic equations in Bi's whereas for the case of the
postbuckling behavior of thin shzllé, the set of algebraic
equations to be solved simultaneously consists of cubic

equations in Bi's and this situation is true when 2 = 0.

It has been mentioned that for the linear buckling
problem, the stress function detcrmined from the compatib ' lity
equation v4F°‘s 0 4is given by Iquation (6.6). For the post-
buckling problem, the stress function F is determined f{irom
the compatibility equation (6.,2) which is nonlinear. Bas:d

i
:
t
t
¢
¥

i
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on this nonlinear compatibility equation and the assumed
postbuckling mode given by Equation (6.3), the set of
coupizd nonlinear algebraic.equztionu in the coefficienis
B;s are given by Equation (6.16). This set concists of
cubic equations in B;s. An approximation to this set of
equations can be obtained by working with the linearised

version of Equation (6.2), namely,

V4F = —EhDW) ' (6.22)

The last equatioh involves the simplest form of coupling
between W and F that is possible for the compatibility
' equation. The last equation together with Equation (6.3)

can be shown to lead to the stress function F given by
/

Fsisd ={b"F (s, + Z, B, F (5,60} (6.23)

It is readily seen that the abovre is a special case of @
given Ly Equation (6.4). Using the last equation in the

equilibriun equation (6.1) and by nmeans of the Galerkin':
method, the set of algebraic equations in the coefficienis

By's can be shown tc be

q-z‘.{u,)‘-,, B+ (), BY + 2 (30, (8, bJ->} =0 (6.24)

The above set consists of quadratic algebraie
equaticns in the coefficients B;e. In fact, Equation (5.24)

can be readily obtained from Equation (6,16) if the cubi:

terms (Bz, Bf Bj'and Bi BjBk terms) ere neglected. Tpg set
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of equations corresponding 4o l:ncar buckling [Epnt is,
Equation (6.17ij§can be obtaincd from Equation (6.24) if
the nonlineer terms (Bf and By UJ terns) are neglected,
Therefore, Equation (6.24) which is based on the compati--
bility Equation (6.22) which is linear in W and ¥ may be
congidered as the "first order postbuckling theory® of
shells. Equation (6.24) which is valid for shells can bo
specialised for the case of flat plates, However, for flat |
plates, it must be remembered that the operator D(--) |
vanishee so that Equation (6.22) reduces o vﬁF = 0 which |
is the governing compatibility ecquation of linear buckling
theory. Thus, for flat plates, there does not exist any
"first order postbuckling theory "; we have only the lineur
{ buckling theory and the postbuclling theory based on Equa-

tions (6.1) and (6.2) wherein I(--9 = 0,

If to the governing eqiations for the postbuckling
probler of thin shells, the effccts of damped vibration are
includeld, Equation (6.1) has to include the terms pW and CW
where p is the mass per unit area of the shell and C is

the viscous damping coefficient. Thue, Equation (6.1) becomes:

: {
Lw,F) = [pW +CW +D(V4W)-(¥ + %&)
S | 2

(6.25)
oy Nll %ll = Na2 xzz o 2N|2 ‘C|z -21 =0 \ i

The compatibility equation (6.2 remains unaltered. In the
—__\\_gbove. Vo= V(81.82,t). Introducing the series for W given

by Equation (6.3)‘where Bi now s a generalised coordinate
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and hence a function of time t, T (V,F) can be showm to be:

LOwW,F) = £, (pW,) B, + (cWy) B; +1.(w,F)
(6.,26)

_ where, L(W,P) 4is given by Equation (6.13). Thus the mocal
equation obtained by using the Calerkin's method as in thle

last section becomes:

RN %)ée]w*(l.);,, B, +(5);, B + 0, B}

P 4
L]
iy 2
(6.27)
( In the last equation, Jip = p{ W, Wp dA and the othor

coefficients such as (Ji)ip’ (J and so on are defined

Z)ip
by Equation (6.15). If the set of functions '{ﬁG} are ortho-

gonal to that { Wi W} dA = O for 4 # p, the coefficicnis

" O for i # p. It is important to recmember that as one

goes from the large amplitude vibration problem to the post-

R Ty

Iy

buckling problenm, the signs of “he stress resultants H11,

Nza ant N12 have to bYe changed., Therefore, there will be a

differcnce in the sign between (Fa)pb and (ia)tv where the

subscripts pb stand for the pnstbuckling problem and fv
stand or the flexural vibratio problem discussed in the

<




395 3}

last scction, Thus, (Fy)y, = = (Fy)o . Similarly,

- o * _*
(B dpys = (Bydp, and (Fy By)pp = = (By F;)rv'

If the loading functioas p* and Z are zero,
end the damping effect is neglected (¢ = 0), Equation (€.27)
reduceis to the modal equatioh d2veloped in the last Section,

namely, Equation (5.35). It should be recalled that when

*
P=0 and 2 = 0, the coefficiant Jop = 0, Also, if IL ie

independant of time t 80 that B, = 0 and B= 0,
Bquation (6.27) will reduce to EBquation (6.16). Thus,
Equation (6.27) is a very general equation from which tre
modal equation for the large emplitude flexural vibraticn
of shells, plates and beams can be obtained. Also, the
governing algebraic equations of the postbuckling prodlem
of shells and plates as well as of the buckling problem
(linear problem) of shells and platers can be obtained fiom
Equation (6.27).

i’
i
i
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Conclusions,

The genecreal equations governing the large amplivuce
flexwral vibration of any thin ela:tic shell' have been derived
in this report using cwrvilinear orthogonal coordinates., They
are two coupled nonlinear partial (ifferentizl cquations and
they can be readily Bpecialised for shells of revoluticn or flat
plates. Although the material is wssumed to be isotropic and
to obey tre Hooke's law for the two dimensional case, the goo-

L]
metric norlinearity renders the gorserning equations nonlinear,

Bascd on a series expansion for the assumed mode
shape, thc¢ modal equations are derived for the case of any thin
flat plate and thin elastic shell. It is showvn that the 1olal
equation ’or flat plates is of a similar nature as the dynanic
equation of a mass-spring coxbination in which the restoring
force of “he nonlinear spring is a cubic and an odd function
of the di?placcment. Thus, the ncnlinecarity associated with
the large amplitude flexural vibration of thin flat platcs of
any planform (rectangular, circular, elliptical and so on) is
of the hacdening type and such a conclusion is also true in
the case of straight beams, On tke other hand, the modal
equation obtained for the case ol any thin ghell indicatere
that a scftening type of nonlinecarvity is quite possible in the
case of thin clastic shells. The modal equation for the rhell

can be rcadily specialised to yletld the wodal equation for a

-~
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shell of revolution or for a flat plate from whieh the modil
equation for straight beaus can then be obtained. The conzlu-

sions drzwn above help to explain the reasons why in the vxiete

~ing literature, most of the availuble solutions for the large

amplitude flexwral vibration of thin shells are found to give
rise to nonlinearity of the sqﬁtcning type whercas in the case
of flat plates and straight beans, the nonlinearity is always
found to be of the hardening type.. The difference betweer

the hardening type of nonlinearity in the case of flat plates
and straight beams on the one hanl and the sofiening type of
nonlinearity in the case of rings and shells on the other hand
can in general be traced to the curvature (or lack of it) of

the undefermed median surface of the structure concerned.

When deriving the goveraing equations for the lirge
amplituds flexural vibration of flat plates and thin shells,
the governing equations for the postbuckling behavior of flat
plates and thin shells can be obtaincd as a bLy-product. S .udy
of thesec equations governing the postbuclling behavior of
plates and shells leads to the following conclusions, In the
case of the postbuckling behavior of flat plates, the algcbraic
equations in the coefficients of thé assumed sceries for the
postbuckling mode are a set of coupled, quadratic equations
in these coefficients, whereas i1 the case of the postbuc dling
behavior of thin shells, the coriesponding set of algebraic

AR
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equations are cubic; this situation is true when the lateral
lordir; function 2 =0, If 2 & O, the set of algebraic
equations in the case of both plates and shelle consists of
cubic erquations in these coefficients. In general, the
conclus..onc applicable for flat plates aleo hold truc for

straigh: beams and those applicadle for shells hold good

for rin;s.

b IR IR —
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