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2. Stability of the Analog Low-Cost Large Space Telescope Due to
Quantization

2-1. Introduction

The objective of this chapter is to conduct an investigation on
the pointing stability of the low-cost Large Space Telescope (LST)
System under the influence of quantization at various locations of
the system. Only t»~ analog model of the LST system is considered
in this chapter. e stability of the digital LST systen with quan-
tization is considere in Chapters 5 and 6.

The block diagram of the simplified analog LST system with
quantizers is shown in Fig. 2-1.

The describing function method is used to determine the condition
of self-sustained oscillation in the LST system due to the effect of
each of the three quantizers acting alone. The present analysis
considers only one quantizer at a time.

Let the analog describing functions of the quantizers QD’ QT' and
QR be represented by ND' NT‘ and NR’ respectively. In neneral, the
describing function of a quantizer nonlinearity is a function of the input
amplitude, E; quantization level, h; and the number of quantization
levels, n, which depends on E.

For the LST system shown in Fig. 2-1, the "characteristic equations"
of the system when each one of the quantizers is acting, are given as

follows:

R —— ———




Displacement Quantizer QD:

3 . 2 . ¥
va + ND(Kps + KI) + Kps 0 (2-1)
Torque Quantizer QT:
J s3 + N.(K s2 +Ks +K,)=0 (2-2)
v T''R p I
Rate Quantizer QR:
J 53 +Ks + K, + N 32 =0 (2-3)
v ps * Kp * NeKp

These equations can be conditioned by dividina both sides of the
equations by the terms that do not contain the describing function, so

that the stability » uvation is expressed in the form of
1 + NG(s) = 0 (2-4)

where N is the describing function, and G(s) is a linear transfer
function. The condition of self-sustained oscillations is found by
investigating the sossible intersections between the trajectories of
-1/N and G(s) in the complex p‘ane.

For the equations given in Egs. (2-1), (2-2) and (2-3), the equiva-
lent transfer functions are
Ks + KI

Gn(s) = —P
D 2
s7(J,s + Kg)

(2-5)
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KRS

Gy(s) =

Gy(s) =
R 3
va + Kps + KI

(2-6)

(2-7)
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Figure 2-1. Simplified analog LST system with quantization.
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2-2. Analog Describing Function of the Quantizer Nonlinearity

Consider that a quantizer has the input-output relation as shown

ir Fig. 2-2. Let the input to the quantizer be a sine wave,
e(t) = Esinut (2-8)

The quantization level is h, and let the magnitude of E be such that

e oon
{2n - 1)h g {202 1)h (2-9)

where n is a positive integer. A typical output of the quantizer is

shown in Fig. 2-3.

The fundamental component of the Fourier series expansion of y(t)

is
ye(t) = ¥y sinuwt (2-10)
where
g (M@ .
=t vt sinatdat (2-11)
)

Evaluating the last integral, we have

el ‘5/2
i— 4 Y(t)sin;,;tdnt + %.-;
1 oy

nh sinwt dut

/2
ihsinwtdot + = " nhsinwt dut (2-12)
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Then,
-1
ah " 4nh
Ty e o *Z‘ ifcosa,,y - cosay] + == cosa,
Since
o
sina, ?E

/ : jz
" 2i = 1)h
cos ay 1 - -(—Z-E—L]

.

Expanding the right-hand side of Eq. (2-13), we can show

_4h D
Y & ). cosa,

i=1

Substituting Eq. (2-17) into Eq. (2-18), we have

v, - 4Tr—h rzl {l ; [(21 5 ”h]Z}'l/Z

=1

The describing function of the quantizer is written as

Y 7 211/2
N(E/h) = ?} . %% 121 [1 2 [ 2i-E1 h] }

that

(2-13)

(2-14)

(2-55)
(2-16)

(2-17)

(2-18)

(2-19)

(2-20)
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Figure 2-4 shows the plot of N(E/h) as a function of E/h. We
shall show in the following that

Eim N(E/h) =1 (2-21)
F-m

Letting x = E/h, Eq. (2-20) is written b
n . 121/2
o+ & 8- (2] (2-22)

Expanding the quantity inside the summation sign in the last

equation, we have
vk W ha i e AY
=2 b 4 - it D -4y &

%[)1?1)(53155:[%_21;]3} (2-23)

Or

_ _lig[1 - %.]8 e } (2-24)

Taking 1imit as y approaches infinity and n approaches infinity, in |

the last equation, we get :

Wi R e



: Sy 2 44 38 1548 ]
WN(X)' —— 1 - - - - = 8 & @
oo gom X 121[ a0 &' 4" e
Now N-=e
N NE T R n® Ly n° e n I o’ BEIAG .]
xo "X 20 a5 s T mad Y
n-iu)
A 08 I B8 el 2 e TR | N TR
m Ty BNy N
]
'%IJI-xzdx
0
1
.2 {x | IR 4 % sin lx}o
=1 (2-25)

Since the describing function of the quantizer nonlinearity is
always a real number, the function -1/N(E/h) in the magnitude (db)
versus phase coordinates will 1ie on the -180-degree axis for all
values of E/h. The plot in Fig. 2-4 shows that the magnitude of
=-1/N(E/h) is infinite for 0 < E/h < 0.5. For 0.5 < E/h < 0.707, the
plot of -1/N(E/h) extends from infinity to -2.09 db along the -180-degree
axis. Over the range of 0.707 < E/h < 1.5, =1/N(E/h) extends from
-2.09 db to 1.9 db along the -180-deqree axis, etc. As E/h approaches
infinity, the plot of -1/N(E/h) is reduced to the zero-db point.
Figure 2-5 shows the plot of N(E/h) in magnitude versus E/h and shows
the multivalued property of the function.
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Figure 2-4. Analog describing function for the quantizer nonlinearity.
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2-3. Self-Sustained Oscillations of the Analog LST System with
Quantization

The transfer functions of the three quantizers, QD. QT’ and QR'
given by Eqs. (2-5), (2-6), and (2-7), are plotted in Fig. 2-6, together

with the -1/N(E/h) trajectory. The following system parameters are used:
Ky = 1.65 x 108 Ky = 3.70 x 10°

Ky = 7.33 x 10° J, = 41822

Figure 2-6 shows that since the plot of GD(s) uoes not intersect
the -1/N(E/h) trajectory in the finite domain, the quantizer OD will
not cause any self-sustained oscillations in the LST system.

Both the curves for GT(s) and GR(s) intersect the -180-degree axis
and the -1/N(E/h) trajectory at 25 db.

Thus,

20 Logyo|1/N(E/R) | = 25 db (2-26)

which gives
N(E/h) = 0.05012 (2-27)
Figure 2-4 shows that for this value of N(E/h),

E
K= 0.5 (2-28)

or

E20.5h (2-29)

12
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This means that the quanti.ers QT and QR each independently may
cause self-sustained oscillations to occur in the LST system. Further-
more, the self-sustained oscillations will have an amplitude equal to
one-half the level of quantization h. Another point of interest is
that the intersect between GT(s). Gp(s), and -1/N(E/h) corresponds to
n=1, so that tne quantizers QT and QR are essentially acting as a
simple relay with dead zone.

Figure 2-6 shows that the frequency of the oscillations caused by
QT is 1.5 rad/sec, and that caused by Q is 6.3 rad/sec.

It is interesting to point out that the analysis in Chapter 1 shows
that the displacement quantizer QD produces far greater quantization
error than the t.rque and rate quantizers. However, the describing
function anaiysis shows that QD does not cause self-sustained oscillations,
whereas QT and OR may excite oscillations with amplitudes equal to one-
half the level of quantization, h/2. A1l these factors must be taken

into consideration when selecting the quantization level.
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3. Stability of the Analog Low-Cost Large Space Telescope with
Reai:tion Wheel Friction Noniinearity

3-1. Introduction

The objective of this chapter is to conduct an investigation on
the pointing stability of the analog model of the low-cost Large Space
Telescope (LST) System with the reaction wheel frictional nonlinearity.

Although the LST system is digital, the stability study on the
analog model will establish a limiting case when the sampling period
becomes very small, thus providing a check on the results of the digital
system.

The block diagram of the digital lTow-cost LST system, including the
reaction wheel dynamics, is shown in Fig. 1-1. It has been shown in
Section 1-1 that the dynamics of the LST system can be simplified.
Figure 3-1 shows the block diagram of the simplified low-cost LST
system with the reaction wneel nonlinearity.

The A of the system shown in Fig. 3-1 is

A =1+ K, + G665 + NGgG, (3-1)

where N denotes the continuous-data describing function of the reaction
wheel frictional nonlinearity.

Substitution of the expressions of G]. 64. GS' GG' and G7 into
Eq. (3-1), we have

K

K
= _R- ___L\
8=1 +va+(K My

; ) (3-2)
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Setting A to zero, and rearranging Eq. (3-2), we get

3

I s * wans"’ + JpulKys + Kp) + s = 0

which is the "characteristic equation" of the system.

(3-3)

17
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3-2. Condition of Self-Sustained Oscillations in the Analog LST System
with Reaction Wheel

It has been shown [1] that the nonlinear frictional characteristics
of a reaction wheel can be described by the Dahl model. Therefore, the
analog describing function of the CMG frictional nonlinearity derived
in [2] cai © directly utilized.

The equivalent transfer function that N sees is determined from
Eq. (3-3) by dividing both sides of the equation by the terms that do
not contain N. We have

Nva
14 Jnu("v‘3 R Kgsﬁ Kys + Ky) = .
Thus'
J s
Geq(S) B 3 !2 (3-5)

JR“(JVS + KRs + Kps + Kl)

The condition of self-sustained oscillation is investigated by
plotting Geq(jw) and -1/N in the magnitude (db) versus phase coordinates.
Figure 3-2 shows the plot of Geq(jm) of the LST system with

Ky = 3.71 x 10°

1.65 x 108

-

5

>
"

7.33 x 10

L=
"

41822

= 0.2

18
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Figure 3-2. Geq(jw) and -1/N plots of analog LST with reaction wheel and
fr?ctional nonlinearity.
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and the plots of -1/N with

(1) y = 8470 (i) y = 84700 (i11) y = 8470
TGFO = 0.0424 TGFO = 0.0424 TGFO = 0.424

Since the Geq(J“) plot never enters the region bounded by -180°
and -270° in which the plot of -1/N lies, the analog LST system will
not have self-sustained oscillations, due to the reaction wheel

frictional noniinearily,
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4, Stability of the Digital Low-Cost Large Space Telescope Wi*h
Reaction Wheel Friction Nonlinearity

4-1. Introduction

In this chapter we shall investigate the condition of self-
sustained oscillations of the digital low-cost LST system with reactirn
wheel friction nonlinearity.

The block diagram of the simplified LST system is shown in Fig.

4-1. The equations written for the outputs of the samplers are:

@e(z) = -GA(z)¢e(z) + N(z)GB(z)OR“(z) (4-1)
GRH(Z) = Gc(z)¢e(z) - N(z)GD(z)OR“(z) (4-2)

where N(z) denotes the discrete describing function of the reaction
wheel friction nonlinearity. Since the friction nonlinearity of the
reaction wheel can be represented by the Dahl model, N(z) is identic.)
to the discrete describing funct on of the CMG nonlinearity [2].

The transfer functions in Eqs. (4-1) and (4-2) are

ho'17273

6) =¥ s,

(G, G,6,6
| (-3

%(2) = 37K,

(4-5)

(G, G,G,6
ho 17475
G.(2) =% 13%—2;554

N
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The signal flow graph representing Eqs. (4-1) and (4-2) is shown
in Fig. 4-2. The A of the system is obtained from Fig. 4-2,

b= 1+ Gy(2) + N(2)[6,(2)6y(2) - Gyl2) G (2) + Gy(2)] (4-7)

Setting A to zero, the last equation can be written in the form
of

1+ N(:)G.q(z) =0 (4-8)

where

G,(z)6,(z) - G,(2)G_(z) + G (z)
A D B D
Geq(z) ¥ o WA(:!S' (4-9)

The individual transfer functions are evaluated as follows:

bl o2 { N ]
A J:a‘sﬁ[(snn) :J(shn)

K 2‘

3; 2a(z - 1) -az(z-n a-s-aa(z-e"l)

= K,

] . e'aT

1 T
G = - -
B(Z) q [Z o i e_ar) (4-11)

23
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N(2)Gy(2)

Figure 4-2,

N(z)GB(z)

Signal flow graph.
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G (2) = Jé Gy(2)

Gp(z) = ;:; Gg(2)

(4-12)

(4-13)

25




4-2. Self-Sustained Oscillations in the Dijital LST System With
Reaction Wheel Nonlinearity

Figure 4-3 shows the plots of Geq(z) in Eq. (4-9) for various
values of n with T as a parameter. The integer n and sampling period T
are related to the frequency of oscillation by the following equation:

2n
n

mc-—f
The following system parameters are used:

6

= = 5
K, = 1.65 x 10 kg = 3.71 x 10

Ky = 7.33 x 10° J, = 41822

JRH = 0.2

In Fig. 4-3 the curve for n = 2 extends up to approximately 30 db
at T = 0.7 sec. Also, as n is increased the curves for Geq(z) approach
the curve for Geq(s) presented in Fig. 3-2. The plots of Geq(z)
together with the plots of -1/N(z) allow the study of seif-sustained
oscillations in the digital LST system.

Figures 4-4 through 4-6 show the plots for -1/N(z) for various n.
In these plots y = 84700 and TGrO = 0.424. 1In all cases, the magnitude
of the lowest point of the -1/N(z) curve as E approaches 0 is given by

. ] 1
Lim =
[N(Z)] 2
E-0 YTGFO

With the given parameters this point is at -83.66 db. The curves

for n = 2 are shown in F.4. 4-4 and consist of two straight lines at

(4-14)

(4-15)

26
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-180° (for 0 < ¢ < n/2) and -360° (for m/2 < ¢ < n). The plots for
n=3and n=4 are shown in Figs. 4-5 and 4-6, respectively. Several
values of ¢ are plotted in each case to illustrate the effect of the
phase of the input signal. It should be noted that for odd n the curves
repeat every 180/n degrees starting from ¢ = 0, and for even n the curves
repeat ever. 360/n degrees starting from ¢ = 0. As the input amplitude E
goes to infinity, the curves also go to infinity and span a region 180/n
degrees or 360/n degrees wide for odd or even n, respoctively. This
region is centered about the -270° line. Thus, as n goes to infinity
these curves approach the -1/N curve of the continuous system shown in
Fig. 3-2.

For stability analysis it is sufficient to consider only the bounds
of the -1/N(z) plot for a fixed n. Self-sustained oscillations can
occur if the G(z) curve corresponding to the same n intersects with
the F(z) plot. Figures 4-3 through 4-6 show that self-sustained oscillations
can readily occur in this system with the choice of T determining the
possible n values which can exist. As the critical regions for higher
values than n = 4 can be easily visualized, it is apparent that this
system will have self-sustained oscillations for integral valu2s beyond
n =4, However, as n increases, the amplitude of oscillation decreases
and the oscillation will eventually cease as T gets smaller and smaller
and n gets larger and larger.

If v and Tero 2re increased then the curves of =1/N(z) move up with
the end point shifting according to Eq. (4-15). Figures 4-7 through 4-9
show the plots of -1/N(z) for n = 2, 3 and 4, respectively, with y = 8470
and Toen = 0.0424. In this case the lowest point is at -23.66 db and
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n=2
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self-sustained oscillations are possible only for n = 2 over a fixed
small range of sampling periods. If T is chosen to exclude the critical
region, self-sustained oscillations can be avoided.
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5. Discrete Describing Function of A Quantizer

5-1. Introduction

The effects of quantization and the study of quantization error
conducted in Chapter 1 are all based on the assumption that the digital
system with quantization is stable and free from sustained oscillations.
Since a quantizer is a nonlinear element, it can cause self-sustained
oscillations. In Chapter 2 the condition of self-sustained oscillations
in the analog low-cost LST system with quantizer is studied by use of
the continuous-data describing function. However, in reality, the low-
cost LST system is a digital system. The interaction between the sampling
operation and the quantizes will bring about phenomena which can be
grossly different 7rom that in an analog system. Therefore, it is
essential that the discrete describing function (DDF) of a quantizer be
derived. To the authors' knowledge the DDF of a quantizer has not been
derived in the past.

Figure 5-1 shows the input-output characteristics of a quantizer.

The input of the quantizer is denoted by e*(t), and the output by y*(t).
It is assumed that the input of the quantizer is the output of an ideal
sampler. Therefore, e*(t) and y*(t) are trains of impulses. Furthermore,
it is assumed that the input to the sampler, e(t), is a cosine wave, and

thus the amplitude of e*(t) is modulated by a cosine wave; that is,

e(t) = Ecos (wt + ¢) (5-1)
e*(t) = E kE cos (kwT + ¢)6{t - kT) (5-2)
=0

b
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Figure 5-1. (a) Quantizer nonlinearity.

(b) Input-output relation of quantizer.
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where E is a constant, w is the frequency in radians per second, T is
the sampling period in seconds, and §(t) denotes the unit impulse

function. The z-transform of e*(t) is

Ez) = i E2 [(z - coswT)cosd - sinwTsirg¢] (5-3)
2" - 2zcoswl + 1
The z-transform of y*(t) is denoted by Y(z).
The discrete describing function of the quantizer nonlinearity is

defined as

Nz) = H (5-4)

As in the case of the relay-type nonlinearity, we assume that
because of the periodic nature of the sampler, e*(t) and y*(t) are all
periodic functions of period nT, where n is a positive integer greater

than or equal to two. Thus,

w = ﬁ (5"5)
or
ol » %:l (5-6)

A R R TR .

The DDF N(z) is incorporated in the "characteristic equation" of

the system,

1+ N(z)Geq(z) =0 (5-7)
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for the determination of the condition of self-sustained cscillations,
where Ge"z) denotes the linear transfer function which the quantizer
nonlinearity sees. Graphicaliy, the condition of self-sustained
oscillation characterized by the period nT is determined by the inter-
sections of the Geq(z) trajectories with the critical regions of -1/N(z),
all for the same n. Therefore, the DDF problem involves the determination

of the critical regions of -1/N(z) for the quantizer for n =2, 3, ...



5-2. The DDF of A Quantizer for n - 2

In order to illustrate the derivation of the DDF of the quan'izer
nonlinearity, we shall first consider the case of n = 2; that is, the
self-sustained oscillation is characterized by the period which is equal
to twice the sampling period.

For this mode of oscillation, the waveforms of e(t), e*(t), and
y*(t) are shown in Fig. 5-2.

For n = 2, Eq. (5-6) gives wT = n; Eq. (5-3) becomes

E(z) = E2Co58 (5-8)
The z-transform of y*(t) is written
v(z) = 02 (5-9)

where k is a positive integer. In this case it is assumed that the

value of E is constrained by the following equation:

{2k =1 ¢ geos g < {2k L (5-10)
Using Eqs. (5-8) and (5-9), we have

-m]ﬂ.g.ﬂ%i (5-11)

For a given set of values of k, h, and ¢, the constraints on the

values of E for n = 2 are

4



2k + 1)h

Emax * 2¢cos ¢ (5-12)
. (2 - 1)h

Emin cos ¢ (5-13)

Substituting Emax and Emin into Eq. (5-11), we have

1 2k + 1
l " Wz) max(k) = - 1“—§[*"l (5-14)

P N%ET n(k) = . Lgﬁzi_l). (5-15)

mi

The last two equations indicate that the critical region for -1/N(z)
for n = 2 is the line which extends from -(2k - 1)/2k to -(2k + i)/2k
on the negative real axis in the polar coordinates.

It can be shown that

1

ilTiTmaxu’ﬂ) ; HGET max(k) e
E Since
:
B

ﬁ{£7 max(k) . 2k2: %E (5-18)

thus, Eq. (5-16) is verified.
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Figure 5-3. Critical region of -1/N(z) for quantizer for n = 2.
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Similarly, using Eq. (5-15) we can show that, in general,

1

6] (k) (5-19)

min

1
k+1) >
m‘in(+) N(z)

Thus, let S(k) be the set which is bounded by

1 1
- NI , (k) and - m—)' (k) ’
27 | max Z) Imin
and S(k+1) be the set which is bounded by
fey] (k1) and - Wyl e
max "  min
then
S(k+1) < S(k) (5-20)

for k= 15 2. 3 ves
Equations (5-14) and (5-15) also show that

; 1 ; 1

Lim |- 1163 (k)| = &im |- N(z) (k)| = =1 (5-21)
k-0 [ N2) | pax ] k-0 l NZ) | min

This result implies that as the number of quantization levels increases,

the quantizer characteristics approach a linear gain, and the critical

region reduces to the (-1, jO) point in the complex plane.

The critical region for n = 2 is shown in Fig. 5-3.
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5-3. The DDF of A Quantizer for n = 4

Before embarking on the derivations of general expressions of
-1/N(z) for all n > 2, the case for n = 4 will be considered as an
illustrative example.

For » = 4, the input pulse train of the quantizer can assume a
maximum of two different pulse amplitudes, ko and k]. The mode of
oscillation is thus characterized by A = (ko. k]). where k0 and k] are
positive integers. Figure 5-4 illustrates the input and the output of
the sampler when the former is shifted through 360 degrees. It is
observed from these waveforms, as well as will be verified later by
equations, that the critical region for n = 4 repeats every 90 degrees
for ¢, so that only the range for -45° < ¢ < 45° needs be considered.

For n = 4, coswl = cos 90° = 0, z = j. Thus, Eq. (5-3) becomes

E(z) = —5e2— (zcos ¢ - sin ) (5-22)
ikl I8
With reference to Fig. 5-4, the expressions of the input to *he
quantizer for th2 various ranges of ¢ are written as follows:
h(koz + k])z

=90° < ¢ < 0° Y(z) 5 (5-23)
"+

h(-k,z + ky)z
-180° < ¢ < -90° Y(z) — (5-24)

2" 4}

h(koz - k])i

0° < ¢ < 90° Y(z)

In

(5-25)
z- + 1
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h(-koz - ky )z

90° < ¢ < 180° ¥(z) = (5-26)
ok B
The constraints on the magnitude of E over these ranges of ¢ are
tabulated as follows:
(2lto = 1)h (2ko +1)h
g £ [E0MS 9} § ~=Sogeme (5-27)
and
(Zk] - 1)h (Zkl + 1)h
sedpgias £ (RSUEG| 3 togeans (5-28)
These inequality conditions lead to maximum and minimum bounds on E.
When tnese Emax and Emin are substituted into
N 163) ]z - -y : (5-29)
and along with Eqs. (5-23) through (5-26), the equations that define
the boundaries of the critical regions are obtained as
s Nl]zi and s ﬁ!]zi
max min
For instance, for -90° < ¢ < 0°, from Eq. (5-27),
(2ko - 1)h
Eminl * “Zcoss (5-30)

Using Eqs. (5-22), (5-23), and (5-29), we have

[
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ﬂn—n% eyt )
= t -
minl 0 . 1 e

Rationalizing the last equation, we have

where

1

T N(Z)

Let

" WD)

min 1

minl

Zko-'l

R =
z(kz + kf)

Zko-l

I._T——T
Z(ko + k,)

Zkool

= ——!—Tf(k‘ tan¢ - ko) + j(-ko tan¢ - k])]

Z(ko + k])

R+ jlI

(k.l tang - ko)

(-kotan¢ - k])

Then, solving for tan¢ from Eq. (5-34) gives

where

R+k°C

tan ¢ § mepagt

2

1

2k -1
(ko + k])

(6-31)

(5-32)

(5-33)

(5-34)

(5-35)

(5-36)

(5-37)

——
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Substitution of Eq. (5-36) into Eq. (5-35) yields after simplification,

ko 2k° -1
I'-RTR-——!ET—' (5-38)

which is the equation of a straight line in the complex -1/N(z) domain.
Similarly, from Eq. (5-27),

(2ko +1)h
Emax1 ® ~Zcos ¢ -90° < ¢ < 0° (5-39)

Following through the same procedure as described above, we have

| S

W] * 23 + Ky (tane - 9) i
0

max 1
which is represented by a straight line with the equation

ko 2ko +1

I--E]—R-——TET_ (5-41)

The boundaries for -1/N(z) when the constraint equation of Eq. (5-28)

is used are denoted as

| !
- and -
N(z) N(Z) | i 2

max 2

The equations which define the boundaries of -1/N(z) for the entire
range of ¢ are tabulated below:
k 2k -1

-90° < ¢ < 0° I--F-QR- K
1 2

(=]

(min1)
90° < ¢ < 180°
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B - o -
| E-]_R -—'2';]—— (MI”
kl Zk‘ -1
I = E; R + —EFD— (min2)
k] Zkl +1 P
I = 'ro R + —?Fo-— (MIZ) (5'42)
ko 2ko -1 ( )
-180° < ¢ < -90° I = R + minl
ky %,
0° < ¢ < 90°
ko 2k° + 1
A F; R+ EEl (max 1)
k] 2k] -1
I'-R_‘;R-_ﬂio— (min2)
k] Zk] $-]
[ = - E;.R - u-?E;—— (max 2) (5-43)

These equations show that for the oscillatory mode of n = 4 and
A= (ko. k]). the critical regions are bounded by straight 1ines, and
that it is sufficient to consider the range of -90° < ¢ < 90°.
However, Fig. 5-4 shows that k > k, for -45° < ¢ < 45° and k, < K
for 45° < |¢| < 90°, thus, the critical regions for modes A = (ko. k1)
and A = (k]. ko) are identical. It is necessary only to consider the
range of ¢ from -45° to +45°. In general, one does not have to use the
constraints on ¢, as the intersects of the eight equations in Eqs. (5-42)

and (5-43) will naturally define the critical region.
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Modes A = lba, 0) and & = (0, k)

Figure 5-4 shows that when ¢ = 0° or 180°, k‘ = 0, and the mode is
described as A = (ko. 0). Similarly, when ¢ = +90°, the mode is
b= (0, k).

For the mode A = (ko. 0), Eqs. (5-42) and (5-43) are reduced to

d Zko -1 ata 1)
[ - —z-l-—— min
0
: Zko +1 ( n
L8 ma
i X
[ =- f%— (min2)
0
1» 2':':‘ (max 2) (5-44)
0

These four lines define a square as shown in Fig. 5-5,

For the mode A = (0, k]). it is simple to show that the critical
region is described by equations of the same form of Eq. (5-44) with
ko replaced by kl' Therefore, the square region shown in Fig., 5-5

is also for the mode A = (0, kl) with ko replaced by k].

Mode & = (ho, k,), ko = k,

When ¢ = +45°, +135°, ko = kl' as shown in Fig, 5-4. The critical

region is now described by the following four equations:
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Figure 5-5. Critical regions of A = (ko. 0), (0. k]). and (ko. ko).
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Zko +1
I =-R - ——EE;——
Zko -1
I=R+ _—EI;—_
2k° +1
I =R+ i (65-45)
0

The critical region is again a square, as shown in Fig. 5-5.

In general, the critical region for the mode A = (ko. k1) is
defined by the intersects of the eight equations in Eqs. (5-42) and
(5-43). As an illustration, Fig. 5-6 show. tne critical region for
A= (2, 1) which is also for A = (1, 2). Notice that this critical
region is bounded by that of A = (2, 0) or A = (0, 2).
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Figure 5-6. Critical regions of a4 = (2,0), (0,2), (2,1),
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