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Errata

(a) Equation (16) should read

n, (A) = { yeE™@A) : Pty (y|H!,A) >

Pty (v | H),4) }

(b) Equation (54) should read

ij
‘1 — i vl {
= (R1-rH {rl§) - RiF
" ( ) {R' Y v
£2
s [RER) (3t - 902 +
R p 3
+ (R'-RI) 10g(— 1) ]
R™ 2
P
i
it R!zRI
or
1
ij = ij = ""( i _j
r +
; e 7 (¥ +§7)
if R = R
(c) Equation (55) should read
P, fy (v |H', A) = P, ty (v| Hl, Ay,

i=1,...,M j#i.

}
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OPTIMAL LINEAR AND NONLIK'AR FEATURE EXTRACTION
BASED ON THE MINIMIZATION OF THE INCREASED
RISK OF MISCLASSIFICATION*

Rui J. P, de Figueiredo**
Department of Electrical Engineering

sod

Department of Mathematical Sciences
Rice University, Houston, Texas 77001

We consider the problem of determining an optimal
not necessarily linear transformation A from a real n-
dimensional measure space E°, in which the raw data to
be classified into M (M > 2) pattern classes appear, to
a "feature space” E™ of a prescribed dimension m < n,
in which classification is to be made. The Dayes risk
in the transformed space l', called the "increased risk
of misclassification", Jepends on A and hence will be
denoted by Qu(A). We assume that A belongs to a given
class y of transformations from E"<E™ each member of
¥ being a prescribed function of a vector parameter
@ = (a,,...,8,) characterizing the member. For example,
if x is the class of linear transformations, then mem-
bers of y are constant m X n matrices, the components
of the vector parameter a characterizing a given matrix
A consisting of the mn elements of that matrix. So,
given an appropriate class ¥, we select the optimal A
by minimizing Qu(A) over all A€y, Necessary and suffici-
ent conditions for the existence of such an A are given,
and an iterative algorithm for the determination of & is
presented, Finally, the results obtained are particu-
larized for the case in which the statistics of the
data are Gaussian,

1. latreduction

Suppose that a data vector x = col(x;,....,x,),
belonging to the real n-dimensional Euclidian space E",
is to be classjfied as pertaining to one of the M pat-
tern classes H", ..., Then x may be considered to be
8 realization of a random vector X = col(Xy,...,X,).

We will assume that X;, 6 i=l1,. . . . ,n are continuous random
variables possessing well defined probability density
functions,

For j=l,. .. ,M, let P, denote the prior probability
for the pattern class HJ, and fy(. /HJ) the probabtllty
density function®™* for X conditioned on the clj!l ud
(called the likelihood function for the class H
Note that, lnduutd with these probabilities and ltknll-
hood !unctlnna, E" becomes s measure space.

We will assume that P,, j=1, ., M, are known and
£(. IH’) J=1,...,M, can be learned from available
tralnln. sets, The functions fy(,/H/), together with
their first and second partial derivatives with respect
to the components of x, will be assumed to be continuous
and integrable on E",

Given an integer m, such that 1 < m < n, let A be
a tunctton bclon;lng to a given class Y of Euncttonl
from E to E™(A). Here the m-dimensional Euclidian
space E™ is rhown to be a function of A because the
measure on £ (introduced by the prior probabilities and

'lupportcd in part by the NASA Contract NAS-9-12776,
the U.8, Army Contract No, DA-31-124-ARO-D-462, and

the NSF Grant GK-36375,

**part of tlils work was performed while the author held
#a visiting research professorship at the Mathematics
Research Center of the University of Wisconsin at
Madison, in the academic year 1972-1973,

**%ue will denote the mcmn by £,(./W) and tte
value at x by f (uln ).

the likelihood functions in E™) is dependent on the
transformation A,

in order to formulate the optimal feature extrac-
tion problem, we need to be given one more entity,
nemely a criterion functional, whose value correspond-
ing to a given A will be denoted by

1
QUAL PyyueniB B0 /)00 8 .Y, (1a)

which, when the other arguments are clear from the con-
text, wiil be written simply as
QA) . (1b)

Then the optimal feature extraction problem msy be
stated precisely as follows:

Problem 1: Given Py and fy(./W), j=l,... .M,
class ¥, and a criterion functtonal Q, all doflncd as
above, find A which minimizes* Q(A) over all A € y ,

In the existing literature (see for example (1)
through [6] and the references therein), solutions to
Problem 1 have been obtained assuming Gaussian statis-
tice, using classes of linear transformations, and
based on criterion functionals Q that are probabilistic
distances, such as the divergence, the Bhattacharyia
distance, and the Matusita distance, In general, such
distances lead to solutions that are at best subopiimal,
that is, these solutions minimize a bound on the risk
of misclassification rather than the risk of misclassi-
fication itself,

«n what follows, we propr
choosing the Bayes risk of r &~ .ssification, and in
particular the probability ¢ .isclassification, as the
criterion functional to be m..imized, while the pro-
posed solution may require more computaiional effort
than the solutions based on probabilistic distances
mentioned above, it (the proposed solution) is believed
to be of great value for the following two reasons:

(1) the feature extraction computation is & "design
computation” which is performed off-line and only once
and hence the greater computational effort which may
be required does not constitute a basic limitation;
and (2) the proposed solution would give the maximum
possible accuracy in classification achievable in a
space of a prescribed dimension m,

%o solve Problem 1 by

2 atu traction sed on the -
migation of the Increaged Risk of
tion: blem

éf A is a transformation which sends x € E" to
y €EE” we may write

y = col(Yt.....yn) = A(x) = col(A (x),...,A (x)). (2)

For convenience, we will use the notation
X col(x),...,x), (3)

*1f the criterion functional involves & probabilistic
distance measure to be maximized (rather than mini-
mized), such ae the divergence or the Bhattacharyias
distance, we define Q to be the negative of such a
distance, and minimize Q.

ALI'TYAD ¥00d J0)
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e eol(x_ . ,....x), (&)
and thus express

Alx) = AR, D), ()

M) = A D, 1=, . (6)

Let us introduce the Jacoblan determinant

MWEDH W ED
aul B-.
B g IE, 0 - o el ("
a‘.(‘-=5 ) 3 (x,x)
a'l hl.

From now on we will assume that the class y con-
sists of wmu_umu) transformations A
from E" to E" such that:

(a) The (pure and mixed) second partial deriva-
tives of A(x) with respect to the components of x are
continuous;

(b) Except possibly on subsets of E” where all the
llllllhood functions vanish, tho mapping under (2) of
% to y is one-to-one for every X; and in particular,
J,(x)#0 everywhere, except possibly on the above sub-
l!tl of E",

Under conditions (a) 196 (b) above, we muy, in the
region of interest, express’ the variables x, ... x,
in terms of yy,...,yy, and xg.,,...,%x, by inverting
(2). Spoeltlcllly, there is a unique trancformation

B: E".g" auch that
X =By, (8)

for all ¥, X, and y satisfying (2) in the region of
interest, According to a wellknown procedure”, the
likelihood functions in E™(A) would then be given by
= 4 (B(y, %) X/u)
f(Y/“'l JA)= d: & eee, dv [_.K____]
f e Pl U, mbl .Jﬁ(n(y.i‘).?)l
(9)

Remark l: At the expense of complicating our pre-
sentation but otherwise adding no difficulty to our
formuiation, we could have enlarged the class y of
transformations defined abuve by means of the two weaken-
ing conditions: (I) Allow the class y to include all
transformations A for which the vector x consists of
any combination of m variables from the set (x|, ..,x.]
{rather than only the first m variables from this set)
provided conditions (a) and (b), with appropriate am-
mendments in notation, are satllflad (11) Weaken con~-
ditlg; (b) so that for a given X and y the equation
A(x,x) = y is pe o have a te mber of mul-
iiple roots say x 5?{; ils(y x ‘*ni ﬂy
In a ltlndlrd way, the lntegrandln (9) Hould be re-
Pt.c.d by

1 (1) i)
£, 877 (v, %) ,X/0y (10)
= \3, ey H ok

(End of Remark)

For 1,§ = 1,...,M, let the nonnegative number «. .,
represent the iont of classifying a data vector s¢ '
arising from H' when actually it originated froa a-.
Again for simplicity in presentation and without loss
of generality, we will assume that there is no cost
involved in making a correct decision, i.e. that
€4y " 0, 2wt

It 19 @ well known end easily proved fact that,

d“o to ‘h- reduction in dimensionsality in going fron
to E (A), the Bayes risk of misclassification in
l (A), dencted by Q_(A), is grester than that in E,

For this reason, A) will be called the increased
m and i expressed by

" -
QW = L. “ RNCIRZ an
where ” )
Lity,h) = E LILNCZL N I LTPPR H (12)
hu
and (0, (A),i=1 ... M are decision regions in !‘(A)_
that il

if y E HL(A) one says that it arose from !,
Elo-ontary decision theory also tells us that

(for a given A) the cholce of " (A) i=l, , , M, which
minimizes Q“(A) is given by
QM) = [y €E"M):L (y,A) < L (y,A), 081,

i=1,..., M, (13)

and, in the particular case in which the cost constants
are
€44 -] - eij'

where &, = Kronecker delta, (11) becomes the proba-
bility g! misclassification, (12) and (13) then re-

ducing reupc:tlvely to

L,i=1,... M, (14)

J:. P (y/H A), (15)

LI(Y'A) L J Y
jdi

and

0, (A)=(y€ E'"(A):Pify(y/Hj AP E (/) M) j8h).

b
g Ll (16)

We are thus able to reforaulate Problem 1 as
follows:

Problem 2: Given Py ani fy(./k)) jul,... M, the
class y of functions from E™ to E™(a) satisfying con-
ditions (a) and (b) above, and the criterion functional
Qqn defined by (11), find A € y which minimizes Q (A)
over all A € y,

In order to simpli
duce two addit)ional cc
below,

(c) Every transforn

- analysis, we will intro-
(c) and (d) to be stated

A belonging to y is ex-
pressible as A(x)=9 (x,3), wnere n--c:ol(ll = k) be lon -
ging to a compact subset X of E.k is a real parameter
vector and ¢ is a fixed function ‘from E™* to E™; in
other words, each menber of y is obtained by alligning
a different value to the parameter vector a in the ar-
gument of the known function ¢(x,-) We will assume
that ¢ has contintous second partial derivatives with
respezt to the components of x and a; and that*

£ /i) 0y, 26 /W) ) /20, and S e(y/n) ) /20 2a,
p,q=l,...,k, are continuous and integrable in the

product spaces spanned respectively by the variables
y, ¥ and .p' and y, IP and nl.

Remark 2: The abive condition is not too restric-
tive, For emmple'h the class of all linear transforma-
tions from E" to E™, whose representation consists o

¥{h view of the condition just assumed we will irom uow

on replace capital A by small a in the notation appecar-
ing in (9) through (16), e.g. £ (y/Hj a) instead of
f (y/H JA), except when A denoten a matrix,

JRIGINAL PAGL |
OF POOR QUALITY



i A e

m X n real constant matrices of bounded norm
satinfies (c), In fact, the number k of parameters in
this case is simply the total number m X n of entries
in any suc) matrix,
(End of Remark)

If ¢ 13 & function of y and & let its gradients
with respect to these vectors be defined in the usual
way:

TNy, = cot(—’- VY0, e 4 ), (178)
m

90(7,0) = collz2- 4(y,0) Vy,0). (170)
1

peeey _a_
A.k

Dencte by n“(a) the boundary between nt(a) and aj(a),
that (s -
.‘j(') - {y E E (.):‘i(yl') - tj(yl.)l

Lily,0) g tpb.-).p ¢ 1350, (18)

and ca'l ®(a) the union of Gu(ai,t-l,..,,!l,jﬁ.

In order to avoid singular points in the descrip-
tion of B(a), we require that

(d) For every nonzeroat¥, and i=l, . M, jéi,

Vyltyty,a)-Ly(y,0)) 40,y €@, . i

From now on, we will consider, instead of Problem
-
' :Same as Problem 2 with the additional
restrictions (c) and (d).

3. Negegsary end Sufficient Conditiogns
for an Optiwal Transformation
Conaider the Hessian matrix*
" T

H.Q--,a) - V- V. Q.(a) ? (20)

We first asiert that under the above conditions,
v. Q- and Il. can be evaluated by appropriately
carrying out t.e differentiation operations under the
integral iigr.

Lewszr i, Under the conditions stated,

M
Y Qi = F (.;ly(v.t,(v.-)). (21)

Regef. Define the function L:E'*™~ &' by

'l;{;‘(..) - L*"n.) y ¥ € n (.) or
y€em, @,

l-l,....N.Jil. (22)
From our conditlons, { {s continuous on EX*™ and,
for any given a and ﬂ‘(l) the first and second partials

of L wita re¢spect to the components of a are continuous
on (0, (#y and vpproach continuous limits as y tends to

the nds <y of Ql(l). On the boundary, the partials

have a simple dtlaontlnulty.
measure ltl'". in E"(a) we may write

Q) = :l ]

where we have parposely dropped the argument of l‘(n)
since it v immaterial in this calculation,
For ey given integer q, 1 < q < k , let

Li(y,m) dy = t(y,0)dy, (23)
'-

a,(e)

#Henceforth t'.e superscript T on a symbol will
denote its transgose,

Since B(a) is of Lebesgue

g(a) = . ()
Sioce for every a, ""q-\'.trt-l’ L the in-
tegrand in (24) is integrabie in the product space
spanned by the variabl L) and y, it follows, in-
voking Fubini's theorem in's standard way (Ulth “
an arbitrary real constant and 3' a variable of
integration) that
a
- 9 da  g(a a T .a a)
'. q' ‘l"'lq-lllql Q“‘l"...u
@
a 1 " ri
i A UL U -'qﬂ--'--'u)
- da I dy ~
“a 1%m Bl
qo
8 dl(y,a,,... a )
a Q ¥ » "L 8 “e
. dy o 1 gl Oapir iy
%0 ¢ AT
q
- ¢YIL()'.‘)' ((YU‘I'.'"l‘q-ll.qol.”ll"'l.k)l
Em
Q) - Qa8 O e a8y). (29)

But from the leftmost and rightmost members of the
equalities (25), we conclude that Q. is the antiderive-
tive (with respect to a.) of g or

a Q. (e,
gla) = Q' (26)
q
(24) and (26) for qm=1,... .k, then establish the vali-
dity of (21). Q.E.D,

Lemma 2, Under the conditions stated,

M

ﬂ

H, Q.(a) = i (v v,

u (y,a)) -
=] u (l) l

M=1 M T
s, iy W R E e St
(27)

where the second set of integrals consists of surface
iategrals on the subsets of B(a) corresponding to the
boundaries of not wmore than two reglions. Thus l‘ (a)
is that subset of G“(a} which is the common boundary

between (] (l) and nj(a) only.

ml As in the previous prool we will carry out
the integrations over the entire E®, However our pre-
seatation will be simplified using tndlcltor functions
for the reglons (1 (a). '

In fact let the function u.E'=E' be defined by
1, £€>0,
u() = | (28)
0 £ <0,

Ll -

Then, (21) may be rewritten as

l(l.y) ],

1 M, M T
o (0= T [ ay(( 1 ult, (v, (v )5t
im] f j-l (29)

FL3

Now, provided we are willing to admit distribution
functions, we may transfer further differentietion
operations to within the (ntegral sign; that is

OR'GINAL PAGE I
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v v'q(.) ! dy( L [56( 4
- r -
a'a " ‘d lj lI ( J(Y.') i(Y.l))l-
el

M
l".(‘-,(r.')--'-l(v.l))lu rzlu(tl,(y.a)-'t(y.-))l.

réi
ré}

(92 4, (y,0)]

+,§‘"“,0-"'HW-'”‘.“f Lityv,0), (30)

=i

where 5(:) denotes the delta function,

The last product term in (30) clearly leads to
the first integral in (27),

Consider the remaining set of terms, all in square
brackets, in (30)., The first (delta function) term in
square bracke® reduces the integration of the set of
terms under consideration to a surface integral on
C”(a). 1f yiﬂu(l) is on the boundary of more than
two decision regions, say [(a), nj(.), and np(a),
the product term in the third set of square brackets
vanishes because u(l (y,a)-4£(y,l)) = 0 there, Thus
points on @ (a) caugon to boundaries of more t*.n two
decision rt;ion- make no contribution to the surface
integrals under discussion If y is on the boundary
common to iij(a) and Gy(a) only, then the product term
in the third set of square brackets is unity there,
Thus integration on such points of Gij(l) leads to
ds 7,4 (y,0)-L (y,0))70L (¥,9).

(31)
-
Stj(l
A similar calculation with the values of 1 and |
interchanged leads to a surface integral of the form

(32)

s -‘)’. Yalty(y,0)-L

(y.-))"zl (y,a) .
( ] J
i}

Thus the total contribution to the surface integral
made by Gu(l) is

ds 7 (L (y,a)-L (y,a)7h(L, (y,a)-L
'su(.) a‘’j i L | J

which establishes the validity of the second (double
summation)term in (.7), Q.E.D.

Remark 3: Before proceeding any further, it should
be pointed out that since V Q is contimuous for almost
all a and y, it [alan| from The Lebesgue dominated con-
vergence theorem” that Y Q  is continuous for all a.

In order to describe tne set X, let us now assume
that we are given a function @ of the variable a, with
values in lq, where q < k, satisfying:

(e) O has continuous second partials and is such
that §o(a)]|~ = as [jall -~ =. &

Following convengion, we say that a4 €EE 1is a regu-
lar point of @ {f ¥ 0 (a) is of rank q.

We set

X = (a: ©(a) = ¢ = given constant vector), (34)

Necessary and sufficient conditions for the exist-
ence of an optimal & are formulated in terms of the
following two theorems.

eorem l. Let conditions (a) through (e) hold
and ¥ E: Tefined as in (34). Then: (i) Problem 3 always
has a solition; and (ii) if & is such a -o}uuoa and a
is a regular point of @ , then there is a A € E" such

(v,9)), (33)

that
p L q .
dy (¥ (y,i)) + T A 9V 0 (&) = 0. (35)
RO 4 sey? 88

Broof, X described by (34) is clearly compact in th.
Since Q! is contlnuouioon %, part (i) follows from
Weierstrass's Theorem™ . Part (ii) (ollnv!lfrun Lemma |
and weliknown optimization theory results” Q.E,D.

Theorem 2. Let the conditions as well as & and
be as described in the preceding theorem, & is a local
minimun of Q, on ¥ 1{f there is an ¢ > 0 such that
. _ a 2
Ay L e, @l v el wl® (36)

q
' v (HQ (&) + zl

-
for all b € !k-q. where H (a) is as in (27), V 18 a
kx(k=q) matrix yhose column§ span the null space of the
matrix (V Q(a)) .
Prool. Immediate from Lemma 2 and wellknown results
from optimization theory. Q.E.D.
Remark &4: The following is also clear from wellknown
facts from optimization theory. Let | denote the subset of
of (1, «os,q) such that @ 1is nonlinear if and only if
1 €% (¢ may be empty). ﬁy enlarging if necessary X,
extend it to the set X by replacing in (34) the equality

11

sign by < for those @ 'with {1 €3, I1f @ , 1 €}, are
convex (and hence X, {s convex) and QT ts convex on Xl,
then & satisfying Theorem 2 is & peint of global

minimum of on X,
Next we focus our attention on the following impor-
tant special case.

&, nea a e E action o u
Let us in fact particularize the results just de-
scribed to the case in which the statistics of the

pattern classes are ﬁ’ulltln and the class y of trans-
formations from L™ to E" is linear. Specifically, we

let ¥ be a compact subsct of the real linite-
dimensional inner product space % of real mXn matrices
with the inner product between any two elements A and
B of M defined by 5
T .
A = L L A

(A,') = tr(AB) {e1 j=l iJBl]'
where the abbreviation tr stands for trace,

It is a simple matter to show that (37) is a
valid inner product in 7,

1f g is a real-valued function of a matrix-valued
variable A belonging .o M, such that at some value of
A, say X, g is difierentiable with respect to the ele-
ments of A, on:1 can chow from the abst-act definition
of the gradient'® that the gradien® of g with respect

an

to A, evalupted at r, is simply the wember V‘|(Z) of
M whose 1 clement is

| a

7,80, Sfffl (38)

Formulas for matrix gradients of various types of
real-valued functions of matrices have been derived in
reference [13], Recently, Decell and Quirein® have
used such formulas to express gradients'*™ of the
divergence and Bhattacharyya distance in an easily
computable form.

In what follows, we apply the resuii of Theorem 1
to the Gausgian case by first computing Y f (y/H",K),
at a given A € %, However, in applyin ;pﬁ !cnultl of
Theorem 2, since the Hessian H f (y/H',A) is a linear
operator that cannot be rcpresin ed in matrix form wi-
thout destroying the matrix structure of the element
of 7 on which it is acting, we obtain instead the

ORIGINAL PAGE 15
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matrix H

(/) ‘ggl. for arbitrary B, and nence, by
ucunt‘el B. Note chat ll (A)l is all that
is needed ln ction with (]6). ,u the vector
Vb now eorno!on:o to the matrix B € %, 12

!*. /M B l- thc Gv!nu differencial
Q A;B) of (y/H?,.) at A along B and
uy cmtahlo t’J the formula:

a v f'(yhl JAB) =
1 » J -
:l-; s | V.f,(ylu Ko+ tB) - 9 L (/M WA (39)

( g? oM K)o, tE et . (40)

Returning now to our original problem, under the
normality hypothesis the probability density functions
conditioned on pattern classes, in the transformed
space E™(A) are

-2 U
oW e ? R epi-d -3 D i),
j=1,... .M, (4l)

where A is a m Xxn matrix (bf}onling to ¥), |lj| denotes

the determinant of IJ, and y* and R’ are the mean and
covariance pertaining to H tn E™(A). The latter two

.]titlll are related to the given mean xJ and covariancd®
T assoclated with in the original space e" by

v eaxd, (42)

Jaa®aT, (43)

We will require:
Lemma 3. For fY(yIHj A),J=1,... M, as in (41),

vt (vl 8) =

t /WA (R -3 -3 ) T-0 IR 5 -39y 6 )T

(44)
grg?t. From (41) we obtain
by (y/H7,A)
" —— )
-um’--ﬂ-%@"” @ -39 )y (19, |ARAT| ¢ )
- 31001 519, (y-mH TRAT) iy -aidy ). (45)

The term in the tirst set of square brackets gives

JT'% 1 J'% )
9, |aFA7| AL B A

|
N AT S

T
2 7, AR ]

=
« - &) 2wy, (46)

ere here, as in what follows, we use the fact that
W/is symmetric; while the term in the second set of
square brackets leads to

v‘((r-h':’)r(ﬂ"'n ) Hy-axdy)
=19, -1 ) T y-50)

We assume R nonsingular and ® ¢ Rp ol ... M,

sy Tady o, AT yah y-3t

sy 3Ty’ l‘(.v-ai-’)l
e - 2a) Ty ahHT

- 2 N y-yy (r-yH Tty A (1)

(44) is established,

Q.E.D,
There is a number of ways one may impose constraints
to gulr-ntal conpactneln of v. One is to require that

An,\n 2 0 Lr MT) o v, A €M, ve conat.(488)

Another is to allow only those A € /. consisting of
orthonormal row vectors by requiring that

Substituting (46) and (47) in (43),

aaTe 1, A€, (48b)
For simplicity in presentation, we will assume
x = (A €% : A satisfies (4Ba)]. (48Bc)

An additionz] important consideration concerning
restrictions on the set % is spelt out in Remark 7,
at the end of this section.

By virtue of the above Lemma K Theorem 1 clearly
reduces to:
qg_} Suppose that in Problem } the pattern

cllllIl i T Y, M, are Gaussian with means and
overdasace 51 snd I, 3 JJ=1,...,M, and y is as in (48c)
Th‘n the problem always has a solution. At any such

solution A it is necessary that the following matrix
equation be satisfied
M af. ol a af. -
BoE e p (@)™ sty
fwl ju1 11J
Jéi

+@H YT s i e 0 (49)

where 1 is the identity matrix, iis a Lagrange multi-
plier (to te calculated using (4fa),

o' - v (y-ij)(:r-irjfr ty(ymJ JA) dy, (50)
ﬂ‘(A)

i . a

el e omim gy (s1)
0,

and the circumflex on a symbol denotes that the cor-
resfonding quantity is to be calculated using A,

Remark 5, The iterative #lgorithm outlined in the
following section requires the left side of (49) to be
computed at every iteration using the estimate of A
obtained in the preceding iteretion, At first sight,
the need for the evaluation of the multiple integrals
in (50) and (51) at each iteration might appear as 2
serious drawback of this procedure, Hou-v this Tlf-
ficulty can be avoided if we notice that D lnd dt
are in fact proporticnal to the covariance and mean of
the random variable (Y -; )(where Y/ has the density
f (./H’,A)) when restricted to the decision region
(L, (A). Thus if training sets for the various pattern
classes are available, K the integrals in question may be
replaced by sample averages over appropriate subsets of
training sets, Specifically, suppose that, for
i=1,,., M, pertaining to H) we have the training set

Prl,

the particularization tc the special cases when these

conditions do not hold being clear,
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e O il m

T T L g | T T

LTI e e

e e alis e s 2lan g Ll

‘l'" in l (A) onslltln!'ol the samples y”

Axdl Yj-Au’uhcnl“.. 2% ore the
gliven tulnsn. n-tln tn E", Then we havo for esti-
mates of D7 and d

oM. = 195N (9597, (5
" ,jq e (“)
1 Jg_z4
4 1}] ,54 1939 (53)

€ )

Remark 6. In the particular case in which m=l,

Y= ! AUXJ being a scalar random variable,6 (50) and
(51) bccolc single (rather than multiple) integrals and
can therefore be easily computed without one having to
g0 through the route described in the preceding remark,
Let us assume that the risk is the probability of mis-
classification and hence (14) holds, then the decision
bourdaries are real numbers which are chosen, according
to (16), from among the roots

i)
=
} R NI S h
i)
PRI MR
R ) ert R )lol((nl) D)7 )

f

008 ool L (54)
of the equations
£ (/mE A /W A del, M, g9, (59)

these densities being described by (41). Suppose that
the decision region consists of an interval

a, €y < ol Then a trivial calculation resulting
from the substitution of (41) in (50) and (51) leads to

n"-u’{<zn)*|e"-np<-1(6")’)-a‘lup<-1<s§’)’)r

+ Ere(0,1;85) - Eef(0,1:810)) (56)
MR 1gi)y2 1,2
aed? fexpe 3B D exp(-Re3H D), (s7)
where 1 , -_& '2
Erf(0,1;2) = (2m)? e ds, (58)
0
. "

gilae)) 2(a)-3"), 83048y 2@y -v). (59)

(End of Remark)

Te verify the conditions of Theorem 2 under the
Gaussian hypothesis, we first calculate (omitting the

derivation) the term appearing under the first summation

in (27):

Li(A’B) "

S by UL (yAip) =
0 _(A)
i
i3 4y 'j {
AL
2D aaTai®s Ty (1)) "ot )y AW

)y oMty e
T hash ) aw

T

- (e
) AT )T

-y @edhT

s ) let )y

w1 ATl e Ty () Al
~er () AT )y ot ) AR rdy TRt )y T
) v

oM ) i
st m et

My )y v

@ HTwd) Vet rdy and
wWHmehT ), (60)
where
ome’ day £, M-y ) AR (-5
() (61)
nmye day £ om a3 Td) !
o, (A)
), T )e
A (y-37) (r?) N (y-3) (62)
HWmw' gy (om mo-5H e s @) y-3))
o, ()
(63)
P oy om0 e-shHTad) e -
ﬂl(A)
&) y-3) (-3 T (64)
e gy o M o-vH ) AR )
n‘(A)
&y y-yh) -yHT (65)

Since all the above integrals are expectations,
they may be computed from the training samples in the
same way as (52) and (53),

The surface integral terms in (27) are calculated
in a similar fashion. In the speclal case in which the
risk is the probability of misclassification, these
terms (taking into account the minus sign that precedes
the double summation) reduce to

M-1 M t
z LN J(A). (66)
fel juisl

where
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Way e

(19,8, /" A) = T8 o/ ).
s

Tha

(9,8, /') - 9,8 ol )T, (67)
where for Y, £ (y/H'A), 1 = 1,...,H, ve have to use
the expression given by the right side of (44). Then
quancities similar to those in (61) to (65) result
which again can_be computed from the training samples.
Theorem 4. 1f &
then satisfaction of (36) is equival nt to the require-

ment that
M-1 Mo
e (1 L (L Am+ & NTMs) 4L AB)
iml J=i+l

+hn) el 2 ot pe’)

for every B € 7| such that the transpose “ the py'
rgw of B 1ies in the null space of the p*Y column of
» P l. ses 5 M,

7: Let { denote a set containing m gistinct
elements from (1,...,n) and denote by A the j co=
lumn of A. For some given § , we may Ul‘A to restrict
the class y so that for every A € 7| belonging to x, the
columns A ., | € § constitute a submatrix of rank m,
Since 1ljlnvnrtlnl with respect to non-singular coor=-
dinate transformations in the transforw ' (feaiure)
space, we may, in the case under consise ation, set

: ) €} ) equal to a permutation P o: the columns
of"th- unit m x m iiagonal matrix, leaving the m(n-m)
elements in the remaining columns free for the optimi-
zation procedure, We would optimize these elements by
requiring that the corresponding elements in the matrix
equation (49) satisfy (49) (with the remaining elements
of A set equal to the elements of P).

(68)

The above remark is particularly useful in the veri-

fication of the sufficient conditions. For suppose
that to begin with we let all elements of A vary (since
we didn't know at the outsetwhich columns of A had

rank m) and thereby determined A by means of an iterative

procedure based on (49). Assume that then we find chat
the first i columns of A constitute a non-singular matrix
Ry Thuy let A= (K, ,A.). we may then replace & oy
d.. K, ""K,)) and restbict fhe verification of the suffi-
cianc coadulonl v.th repect to a smaller subset of
matiices B than otherwise required ( since the only
relevan: columns of A are the last n - m columns).

5. QComputs ional Algorithm

Various iterative methods such as the Newton and
gradient methods and their numerous modifications are
available for the computation of the optimal feature
extraction transformation. We will limit our discus-
sion to the case of linear feature extraction of
Gaussian features, our remarks extending trivially to
the general non-Gaussian nonlinear case treated in
Section 3,

The values A_ and \ of the estimates of the op-

‘sl matrix A an8 Lagrafge multiplier i at the pth

.eration are glven, according to (.9) and (4Bc) by
(2
A=A _-K c
P Pl P el J=1 UP.’
BLI!

§ aclay
H(ap_‘) Doyt

@ o aad o) T (698)

r Lp-l ]Hp-l"p-l]'

P-ll"'l

-

satisfies the conditions of Theorem 3,

T

ub\'_la p-1

1
A =a - -
-] I | 2 ) Vl.

- P (E9b)
wvhere all the syvhols subscripted with p-l are to be
computed with the values A _, and A, obtsained et

(p=1) iteration, ¥ and p are variable matrix and

scalar gelne d-uni‘od lccgrdlnl to the iterative
method selected, the lnitial estimates Ay and lo are

set at convenient values, and D;!l and d;!l are ob-

tained by (56) and (57) if the dimension m of the fea-
ture space is one, and by (52) and (53) otherwise.
Note that +« convenient way of writing (52) and (53) 1is

)
N - -
ptle -&- T (y‘q-yj)(y’q-yJ)Tht(yjqi.
N g=l

(70)
L v -
Mede LM iha 0!, (1)
N g=1
where "
Ay ) = 121 u(l](y.A)-Ci(y.A)) (72)
J¥i

We have used the Davidon-Fletcher-Powelll! (D-F-P)
method in implementing (6% b) on the 1BM 370/155%
computer of the Rice University Institute for Computer
Services and Applicaticns (ICSA), The D-F-P procedure
requires function evaluations in addition tp gradient
evaluatione, Evaluaction of Qm(A) at the iteration

may be carried out by the following estimate justified
in the same way as (52) and (53):
M M 1 N

A )= T - —tes Y
G " = =1 N gel
194

1f one knows beforehand that ceriain features are
significant, they may be retained thus reducing the
number of parameters of the matrix A to be determined
according to Remark 7,

6. Conclusion

GCeneral classes of nonlinear anc linear transfor-
mations A for the reduction of the dimensionality of
the classification (feature) space so that, for a pre-
scribed dimension m of this space, the incresse of the
misclassitication risk is minimized, have been investi-
gated. Necessary conditions thal must satisfied by the
optimel A have been presented and sufficlent conditions
for » locnl minimum have been indicated. Even though
the sufficlency conditions ere very complicated, the
necessary conditions lend themselves to the formulation
of iterative algorithms for the determination of the
optimal transformation. In the proposed approach, the
multiple integrals which appear at each step of the
{teration are replaced by certain sample averages over
training sets, a pvocedure which permits the carrying
out of the required computeations with ressonable
amount of effort even for values of m not too low,

Testing of the proposed method on remotely sensed
data provided by the Johnson Space Center Earth Obser-
vations Division is in progress at Rice University
ICSA computer f[ecilities, and the numerizal results
obtained will be discussed in w separate paper,

A, (73)
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