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Abstract This paper gives a tabulation of long systematic and long quick-look-
in (QLL) nonsystématic rate R = 1/2 binary convelutional codes with an optimum
distance profile (ODP). These codes appear attractive for use with sequential
decoders. Simulations for two of the new codes are reported and confirm Massey's
conjecture that systematic and non-systematic codes of the same rate yield

nearly identical computational and error probab.lity performance with sequential

decoding when the number of digits transmitted ir the 'rail" of the encoded frame

is the same for both codes.

This researci was supported in part by the National Aeronautics and Space
Administretion under NASA Grant NSG 5025 at the University of Notre
Dame in liaison with the Communications and Navigaticn Division of the
Goddard Space Flight Center and in part by the Swedish Board for Technical
Development under Grant 75-4165.
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In this paper we report the results of computer searches for long,rate

R = 1/2 fixed convolutional encoders (FCEs) with an optimum distance profile

(ODP codes), i.en. with a distance profile equal to or superior to that of any
other cecde with the same memory M. In a recent paper [1] we introduced the

(M+1)-tuple.d = [dO’dl""'dH] and called it the distance profile of the FCE,

where d, is the j-th order column distance [2], i.e. the minimum Hamming dis-

J
tance between two encoded paths of length (j+1) branches, in the infinitely

long trellis defined by the FCE, resulting from information sequences with a

differing first branch. In particular, dM is called the minimum distance and

d_ is called the free distance of the FCE. When comparing two codes of the

same memory and rate, we say that a distance profile d is superior to a distance
profile d' if di > di for the smallest index i, 0 < i < M, where di +,di.

Systematic ODP codes are already known for M < 35 [1]. WNewly found syste-
matic ODP codes ave listed in Table I for 36 < M < 60, The code generators are
given in an octal form according to the convention introduced in [1]. 1In cases
where the optimum code is not unique, ties were resolved using the numoer of
low-weight paths as a further optimality criterion.

Massey and Costello [3] introduced a class of quick-look-in (QLI) non-
systematic codes in which the two code generators differ only in the second
position. In Table II we list rewly found ODP QLI codes for 24 < M < 50. For
M < 23 such codes are already known [1].

The excellence as regards dM for the ODP codes can be seen from Figure 1
in which we have plotted dM for these codes, the best of the systematic codes
found by Bussgang [4), Lin-Lyn2 [5] and Forney [6], Costello's Algorithm Al
systematic codes [2], and Massey-Costello's QLI codes [3], [2]. The codes are
also compared with the Gilbert bound [2,4]. We notice that the newly found

2
codes have dH equal to or superior to that of any previously known code with

the same memory.
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Recently Massey [7) has conjectured, in opposition to the presumed superi-
ority ;f nonsystematic codes over systematic codes [3], that a sequential de-
coder will perform about as well with a systematic R = 1/2 code of memory 2M
as with a nonsystematic R = 1/2 code of memory M. Since the longer code is
systematic every other channel symbol in the tail (8], which is used to termi-
nate an encoded information sequence, is a beforehand known zero that ~an be
omitted before transmission. Hence the two codes require the same allotted
space for transmission of their corresponding tails, which is the practical
consequence of Massey's conjzcture. To test the conjecture we have simulated
the performance of a stack sequential decoder [9] on a binary symmetric channel
(BSC) for (1) the M = 46 systematic ODP code with dM = 17 and 17 < d_ < 30 of
Table 1I; and (2) the M = 23 nonsystematic ODP QLI code with dH = 11 and d_= 19
given in [1]). 1In Table III, we give the results of decodihg 10,000 frames of
256 information bits for both codes for the BSC with crossover probzbility
p = 0.057, vhich corresponds to tran~mission at rate R = 1.1 RO. where RO B Rcomp'

This table gives striking confirmation of Massey's conjecture; the compu-
tational performances and the decoding error probability are virtually identical
for the two codes. The import of Massey's conjecture, to which our simulaticas
lend credence, is that a systematic R = 1/2 FCE can be used instead of a non-
systematic one without any sacrifice in the effective transmission rate, error
probability or computational performance of a sequential decoder, provided that
the memory of the systematic code is chosen as twice the allotted tail length
in information symbols. Thus, the very long systematic FCE's of Table 1 appear

very attractive for use with sequential decoders.
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Table I1:

o(2)

6T1105h5MET 00
671145UsULAETH
6711U5L5T556M
TIWLE165T U530
6T1IUShSTS5T12
TIWWE165T 36537
6T11U5h5 755606
T1kh61626550012
TG 1626550627
T1WLG1626550L2Th
671145457556L666
671145457556 L66T
6T1IUSUSTSSELE6TY
6T11U505T7556466T76
6T11h545755606676
6T11L5USTSS6MERTED
6T11L5U5T556L66T60
TILLG 1626553260062
T1UW61626555613720h
T1hLG16265556137206
T1WL616265556137206
TIWG1626555613T2064
T1Lh6E162655561 372064
67T1145457556466T0367

6T1145L57556L66T036T0

# paths

N
12

n
1h

39
13

- 38
16

h3
20

60

25
10

ODP Systematic Convolutional Codes with Rate R = 1/2.
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M oM 6{?) Ay
2h Tholi2hTh sholh2L 17k 1
25 Thoh15562 shoh15562 1"
26 Thoh2h173 shoh2k173 "
| Thoh2h172) sholi2h 172k 12
28 Thoh2l1 712 shoh2k1712 2
29 Thoh2h1713 sholizk1713 12
30 Thoh2ho20Th skoh2Lo20Th 13
31 Tholi2ho2072 shokzko2072 13
32 Thoh2402071 shok2koznT1 13
33 Tholi2koz2071k 5koki2hio20714 13
3h Thol2ko20712 shoh2k020712 1k
35 Thok2h026637 5hok2k02663T 1k
36 Thok2h0266364 540Lk2h0266364 14
37 Thoh2h02€66362 shoh2h0266362 14
38 Thokz2ho207121 skol2hko207121 15
39 ThON2E1T136114 5uok2k 17136114 15
Lo Thok2ko2071132 suok2hin2071132 15
k1 Tholi2k17136111 shol2b17136111 15
L2 Thoh2kn20712164 5404240207 12104 16
L3 Thok2ko20T12166 s5Lok2k020712166 16
Lk Thoh2h020713251 SLok2kczuT13351 16
Ls Thoh2h0207133514 5LoL2Ln20T13351h 16
L6 Thok2h0207121636 5LoL2L0207121636 17
L7 TLhol2k0207121635 540L240207121635 17

L8 Thol2h02071216354 S5Lok2Lc20T 1216354 17
Lo Tuok2ho207121635€ sLkoki2h020T1216356 17
50 ThOh2L02071216357 sLoli2k02071216357 18

Table II: ODP QLI Convolutional Codes with R = 1/2,



Fraction of Frames with Computation More than N.

! . N Systematic ODP code opr QLI code
' Me L6 M= 23
278 1.0000 1.0000
, 330 0.8463 0.8416
? 360 0.7230 0.7185
' k50  0.4957 0.502k
: 600 0.3345 0.3378
{ 1100 0.1662 0.1679
! 1700 0.1123 0.1176
2700 0.0743 0.0737

e gl T g i

Fraction of Frames Decoded in Error

0.0002 0.0002

e W ———

Table IIT: Simulation Results for Decoding 10,000 Frames of
256 Rits Each for the BSC with p = 0.057
(R = 1, Ry ® 0.50).
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d" for ODP codes

d, for codes of Pusspang (0 < M < 15), Lin-Lyne (16 < M < 20)
and Forney (21 < M < L8)

dH for systematic Costellc Algorithm Al codes

dM for Massey-Costello QLI codes

Gilbert bound

Memory M

Figure 1: Minimum Distance dM for Some Rate 1/2 Convolutional Codes.
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