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HIGHER-ORDER NUMERICAL SOLUTIONS USING CUBIC SPLINES

8., G. Rubin and P, K, Khosla

Polytechnic Institute of New York
rarmingdale, New York

ABSTRACT

A cublc spline collocation procedure has yecently been
developed for the numerical solution of partial differential
-equations, In the present paper, this spline procedure is
reformulated so that the accuracy of the second-~derivative
approximation is improved and parallels that previously ob-
tained for lower derivative terms. The final result is a
numerical procedure having overall third~order accuracy for
a non-uniform megh and overall fourth-order accuracy for A
uniform mesh. Solut?ons using both spline procedures, as
well as three~point finite difference methods, will be pre-

sented for several model problems.

I. INTRODUCIION

1,

In a recent study Rubin and Graves 2 have presented a

3,4 collocation procedure for the numerical solu-

cubic gpline
tion of partial differential eguations. This'technique ex-
hibits the following desirable features: (1) The governing
matrix system is always tridiagonal so that well-developed,
and highly efficient inversion algorithms are applicable;

(2) cubic spline interpolation leads to second order accuracy



for sccond derivatives, e.g., diffusion terms in the Navier-
Stokes cquations.. This oxder »f accuracy is maintained even
with rather large non-uniformities in mesh width; (3) first
dexivatives ox convection‘effects are fourth-order accurate
for a uniform mesh and third-order with mesh non-uniformity;
(4) derivecive boundary conditions can in many cases be applied
more accurately and with less difficnlty than with conven-
tional finite~difference schemes; (5) a simple two-point
relationship exists between the gpline approximétion for the
first and second derivatives; and (6) unlike finite~element
or other Galerkin {integral) methods, which are generally not
tridiagonal, thé evaluation of Isarge numbers of quadratures is
unnecessary.
Solutions have been obtained for-a number of prdblemsl’2
with explicit,. implicit and spline alternating direction
implicit (SADI) temporal or spatial marching procedures.
Moreover, for the viscous and potential flow problems consid-
ered, it was found that with the spline procedure there wes
no particular advantage gained with the equations in divergence
form, In some recent studies it has been found that the
divergence form may be desirable with flux boundary conditions.,
These results are described later in this paper.

Agreement of the spline solutions with exact analytic
results and very accurate finite-differencé solutions obtained
with a very fine mesh has been quite goodl'2° All comparisonél’z

with conventional three-point finite differcence formulations



demonstrate the iwmproved spline accuracy associated with

(i) the higher-oxrder convectlon approximation, (ii) the trecat-
ment of derivative boundary conditions, oxr (iii) the highex-
ordex accuracy of spline sacond derivatives (diffusion) when
specifying a non-uniform mesh., Solutions for the Burgers
equation, the two-dimensional diffusion equation and the in~
compressible viscous flow in a driven cavity are found in
Refs, 1 and 2,

In the present paper, the cubic spline procedure is
reformulated so that the accuracy of the second-derivative
approximation is improved and parallels that obtained for the
lower derivative terms. The final result is a combined spline-
finite difference numerical procedure having overall third-
orger spatial accuracy for non-uniform meshes and overall
fouxrth-oxder spatial accuracy with a uniform mesh. In order
to differentiate the two spline procedures, we shall designate

the original spline -forrnulationl'2

as spline 2 and the improved
formulation presented here as spline 4.

As shown in sections II and TII, the cubic spline colloca-
tion procedure involves a third~order interpolation polynomial
with the function and the second (or first) derivative of the
function as unknowns at each mesh point. Continuity of the
first (or second) derivative leads to the tridiagonal system
of equations to be considered, In section IV, it is shown how
the familiar central difference second~order accurate finite-

difference theory results from a guadratic spline interpolation

procedure, Using the earlier spline designation, the finite-

3



difference theory is classified as spline 1.

Recently, seoveral higher-order finite-diffcrence schemes
with similar properties have been proposed; i.e,, the functions
and derivatives are considered unknown at each mesh point, or
the functions are colivecated at three points instead of one.

The methods which have been termed Hermitian finitc—diﬁferences's,
Padd approximation7 or compact diffe:encinge, and Mehrstellung9
have been developed for a uniform mesh and have somewhat lower
truncation errors than the five-point pentadiagonal Ffourth-oxder
finite difference procedure, As with the spline formulation,

they remain of tridiagonal form,

In a recent study the authorslo have examined these pro-
cedures, as well as a fourth-order spline-on-spline method, and
found them to be, in fact, identical; i.e., any one can be
derived from any of the others., Moreover, these procedures

have been reformulatedlo

so as to apply to non-uniform mesh
systems as well, As with spline 4, these finite-difference or
spline~on~-spline methods are fourth~order with a uniform mesh
and third-order with a non-uniform mesh, The relative advantage
and/or disadvantages of these procedures, over spline 2 and
spline 4, are discussed in Ref. 10, The main differences are
handling of the boundary conditions, the relationship between
the approximations for the convection and diffusion terms, and
tﬁe truncation erxrors, The truncation errors for first deriv-
atives are identical. The truncation error for the second-

derivative to be discussed later for spline 4 is 50% smaller

than that found with the higher-order finite-difference or



splinc-on-spline collocation formulac.

In order to cevaluate the spline procedures, the trunca-
tion errors, stability limitations and cffecks of boundaxry
conditions will be discussed., Splinc 2 is reviewed in scction
IL, spline 4 is intiroduced and discussed in scction IXI, and
spline 1 is presented in section IV. The stability conditions
for all methods are outlined in section V. Solutions using
both spline procedures, as well as a three-point finite-diffnrence
method, are presented for several model prollems in section VI,
Both uniform and non~uniform meshes are considered, In cach
cage the analytic solution or a very accurate numerical solu-
tion is availabls for comparison purposes, ‘The problems to be
considered include (1) a boundary layexr-like solution of Laplace's
equation, where a spline relaxation method is applied, (2) poten-
tial flow over a circular cylinder with a spline.successive
approximation procedure, (3) the weak shodk solut:ion for the
nonlinear Burgers equation by a two-step expli¢git or an implicit
spline integration, (4) divergence and non-divergence solutions
fof the linear Burgers equation with flux and other derivative
boundary conditions, (5) the impulsive motion of right angle
corner (Rayleigh problem) with SADI, (6) the solution of the
two-point boundary value problem describing éimilar boundaxy
layer behavior, and (7) non-similar constant pressure boundany
layer solutions fon large Reynolds number using physical variables,

The results will be summarized in section VII,



JI., SPLINE 2 = REVIEW OF CUBIC SPLINE TIIEORY

Conslier a mesh with nodal points such that
B=X0<X1 '1}{3 K] <xN<:‘N'}'l=b’

and with

Consider a function u(x) such that at the mesh points Xy
u(xi)cui. Tha cubic spline is a function SA(ui,x)=SA(x) which
is continuous together with its first and second derivatives on

the interval [a,b), corresponds to a cubic polynomial in each

sub-interval x, ;<x<x

SKKy and satisfies SA(ui:xi)=ui. In the

usual spline terminology, spline 2 is defined as a cubic spline
of deficiency one, since all bul one of the three polynomial
.derivatives are continuous,

If u(x) and its derivatives are continuous, it has heen
shownn that the spliné function SA(x) approximates u(x) at all
points in [a,b] to fourth order in max h,. Pirst and second
derivatives of SA(x) approximate u’(x) and u”(x) to third and
second order, respectively. Sce Ahlberg, Nilson and Walsh3 for
detailed proofs of convergence,

If sA(x) is cubic on [xiul'xij' then in general,

H.=X b S
# — . i1
] A(x) _Mi—l ( hj_ ) + Mi( hi )

e -
whers Mi“ SA(xi)'
Integrating twice leads to the interpolation formula on

[xi“l' xi ]t



S, (x)=M + M =
A i~1 Ghi i Ghi
i H] - -
@ ) My lhi) (xi x} + (. - Mih. (x Xy l)

(1a)

The constants of integration have been evaluated from SA(xi)nu
and S, (x; _q)=uy . 5 ,(x) on [xi,xi+1] is obtained with i+l
replacing i in (la).

The unknown derivatives Mi are rolated by enforcing the

continuity condition on S’(x). with S’(xz)mmz on [i~1,1) and

s (x )-~m+ on [h Xy l“' we require ml = ni = m . We find for
i=l, a0 N,
T Nt 1 RO 7 5 MO A 5 e LA M SR
6 Ti-l 3 i 6 i+l hi+1 hi
(1b)

Additional spline relationships that are easily derived are

listed below:

3(u, ) 3(u,-u, .)
B m 1*2(11 g iy hyl e
i i+l i1 i4-1 i
(le)
h,
1!1
LR (M, M, l) ; . (1d)
h- h- u.~Uu.
= . g ook i=l"
me= g Myt My o hy ' (le)
h h, u -
- i1 ikl 14-1 i .
M3 3 MiT e Migy ! hig (L£)



1~1 i i Ti-=l
M, = + -6 == ; (1g)
i hi hi hi
dm, 2m. u, , .=u.
Mym - s R 46 (1h)
it i1 it

Egs. (lb) or (le) lead to a system of N equations for the N+2
unknowns Mi or m,, respectively, The additional two equations
are obtained from boundary conditions on Moo Maiq OF Mo, Mg,
The resulting tridiagonal system for'Mi or m, is diagonally
dominant and solved by an efficient inversion algorithm3.

Spline 2 for Solving Partial Differential Equationsl'2

If the values u; ave not prescribed but represent the solu-
iion of a quasi~linear second order partial differential equa-

tion, ut=f(u, U, U ), then an approximate solution for u; can

XX
be obtained by considering the solution of

(ut)i = f(ui,mi,Mi) .

This formulation is designated spline 2, If the time derivative

is discrztized in a simple finite~difference fashion, we have

Nl
0. "'n

At s (1.0 e (2a)

8=0, explicit; 6=1, implicit; 6=)%, Crank~Nicolson. For the
explicit integration the stability limitatioms are gquite severe,
see Refs, 1,2 and section VI, Therefore a two-scep procédure is

considered and is given as:



. w, ~u
i i . n
Step 1l: E = f
(21)
ntl n
u- -ul
i 1 _ =n-+l
Example:
Considexr the linear Burgers equation
ut+ﬁux=\;uxx : u=u(x,t) ; v=v(x,t{ . (3a)
With (1b) and (lc) we obtain a system of 3N equations for
3(N-+2) unknowns (see Refs, Ll,2 for further details on the
derivation). The system (2) can be \».r:r::i.‘c.tcan'IL as
+1 n--l 11 A .
vn 1B Ve e, VD 117Dy v B, [ovy 4V 01 (3b)
where _
0 0 Y
Ai= [*l/h% 0 hi/6 :
3/11i ’l/hi 0
Oy o, o
. Bi= [(l+l/c)/hi 0 (c+l)hi/3 :
—3(1-1/03)/112 2(1+1/0) /by 0
[ 0 0 Ya
1 hi+l 6
-3 1
Ty e 0 :
L bis hi i

*It is possible to treat the viscous terms (M } implicitly (6=1)
and the convection terms explicitly. As shown in Refs, 1,2, the
stability of the two-step procedure for viscous flows is improved.
TA number of variations on thls system can be derived with the
relations (1).

9



r Mi] r ) (30)

and

n+1

=1 . =gl N .
G,o—l 7 = Bui At H Cf.a = - 0\. i At 7
= - n
Po=L 7 pa= -(1-G)u2At P opa=(l-0) v, At (3d)

A significant advantage of the spline 2 formulation is that with
expressions (1) it is possible to reduce the 3x3 matrix system
(3) to a scalar set of equations for Mj alone. The details of
this reduction process are found in Refs. 1,2.

For equations with two space dimensions such that ut=f(u,ux,
uy,uxx,uyy), a spline alternating direction_iﬁplicit (sADI)
procedure has been presented by Rubin and Gfavesl'z. A spline
successive approximation method can also be simply formulated.
Both techniques are discussed later in this paper where several

example problems are presented,

Truncation Error

For interior points, the spatial accuracy of the spline

approximation can be directly estimated from the formulas (1lb)

10



and (le) or (l1f). Expanding m.e M, and u, in Taylor scries

and assuming the necessary continuity of derivatives for u(x,y}.

we obtain, with °=hi+l/hi',

() ;=M +(a'V) [ h2 (0%41) /12 (oH1)

XX

~(u”) ;h2 (0-1) (20°+50+2) /180

~ (%) n? [67/360+ (6-1) 2 (707=2.0+7) /1080 ]

L4

+ O(h;) ’ (4a)

and
- iwv a -
(ux)i—mi+(u )ihic(a 1)/24 +

1-
+(u’) ;b% oll+o(o-1) 1/180 + O(hf) (4Db)

Fyfell and Daniel and Swartz12 have presented similar relations,
for constant h,, in their collocation analysis of cubic splines
for the solution of two point boundary value problems.

Therefore, the spline approximation witl. a non-uniform mesh
ig second~-order accurate for Mi and third-order for m, . For a
uniform mesh m; becomes fourth-order with M, remaining second-
order accurate, In the next section a finite-difference expres-
sion forx (uiv)i is used to increase the accuracy of M, and hence
the overall accuracy of the procedure, With this modification

this formulation will be termed spline 4,

TIf (Le) is used to evaluate the truncation error for m,, the
constant 24 in the second expression on the right-hand side
becomes 72. For the uniform case, (4b) is recovered in all

cases,

11



II¥, SPLINE 4 ~ DERIVATION AND DISCUSSION

In order to improve the overall accuracy of the spline 2
fqrmulation, it is necessary to reduce the order of the trunca-
tion error for (uxx)i in (4a), Although a number of procedures
are possible, we have chosen a very simple modification, whexrcby
the error term in (4a) for (uiv)i is approximated by a three-
roint discretizatién for M; . This approximation is first-order
accurate with a non-uniform mesh and second-order with a uniform

mesh, Therefore the spline approximation for (u is improved,

xx)i
and parallels that for (ux)i; i.e., third-order accuracy is
achieved for a non-uniform grid and fourth~order accuracy for
uniform mesh. This improvement leads to what is termed spline
4, or a quintic spline of deficiency three.

In a separate studylo this procedure is described in some-
what greater detail and is also applied to the Hermitian or
Pade’"? finite~difference and spline~on~gpline methods in order
to develop these procedures for non-uniform grids.

The development of spline 4 is as follows: The expression

(4a) can be rewritten in the form

(u,) ;=M +h2o(o+1) MM, ), /1240 ((0-1)h{,hf) ,  (5a)

where A=(1l+03)/c(l+0)",

The familiar three-point discretization formula15 is

12



2

M) = "&TB'?-W[MJ.H (l-i-a)Mi-i-oMi_l]
~(o-1)hy (M, }s/3-h3 (L+0%) () /12(L+0)+0(hd) . (5b)
Therefore, (4a) or (5a) becomes
(u,, ) =M+ (8/6) (Mg o~ (140} Mot ot )
=7h} (1+07) (o~1) ) i/li?.O—h:'i(uVi) 4 [0%/360
+(0-1) 2 (707~20+7) /10807 + O(nf) . | (5¢)
with (4b),
() ;=m +0 ((o-1)hg,ng) T (5Q)

and we obtain a uniform higher-order approximation termed
Fspline 4.¢ When o=l, spline 4 is fourth~order accurate and the
truncation error of §5b) is smaller than that chtained with
splinewon—splinelop Hermitian or Padd methodss—g, which are in
Eurn smaller than the error obtained with £f£ive-point finite-
different discretizations,

In the spline 4 procedure the relations (lb-1lh) still apply;
however, the interpolation polynomial is no longer applicable

as spline 4 represents a higher-order interpolation. This point

is discussed in greater detail in Ref., 10. The governing system

1IL is possible to apply (5b) to (4b) to make (u ) fourth-order

even with a non-uniform mesh, see Ref. 10,
*Higher-order procedures, e.g., spline 6, can be derived in a
similar mannexrl®, and spline 2 is recovered from spline 4 with
A set equal to zero,

13



remains tridiagonal., Unlike spline 2, where the system can be
reduced to that for Mi alone, the appearance of off-diagonal
terms in (5b) restricts the reduction process to a 2x2
system in (ui'Mi)'

For the linear Burgers equation the system is still of

the form (3b) with

" n+l

Yi= ~ v; 88tos/6 1 y,= - 04t A/6

n+l
Vi
ay= = viTlgat (1-(1+0) 4/6)

pa= (1~0)v2+lAt(l~(l+U)A/6) ;
br= Vi T (1-0) At A6 . (6)

All other entries in (3¢, 3d) are unchanged.

IV, FINITE-DIFFERENCE THEORY/SPLINE 1

If the procedures given previously for spline 2 and spline 4
are repeated for a quadratic polynomial interpolation with both
derivatives continuous (a guadratic spline of zero deficiency),

we find on [xi_l,xi],

SA(x)zui(x-xi_l)/h+ui_l(xi—x)/h+(ui-ui_l-hmi)(x-xi_l)(ximx)/ha,

where
= = ¢ =
Splx)=uss 8,0x; 1)=u; g0 8 (x5)=my,
and

AN I R — - a
M, = SA(xi)" z(ui vy mih)/h .

14



on [x, ,x.+l], with S (x.*l) =u, ., S (x )=u, and S’(x )=my
we obfain

+— ”+'-='o—l
M, = SA(xi) 2(u -1,

2
i $m, h)/h .

i+l

From the continuity of the second-derivative

o+ =
Mi = Mi
and therefore

m,= (u,

i i1 gep) /20

The expression for Mi becomes

k= - i a
M.,=M, = (\.1.3._’*.l 2ui4ui_l)/h .

Thexefore the guadratic spline of zero deficlency leads to the
central difference expressions. Similax results are cbtained

\ . . . 10
if a non-uniform mesh is considered,

V. STABILITY

For the linear Burgers eguation (3), with 4,y constant, the
interior point stability can be assessed with the von Neumann
Fourier decomposition of the system (3) for hi=h=constant.

With v -Tnexplw(y +rh), I=(~ l) (3) becomes

gL n gtl_ o gn
m. Y, ijw. or vi lvl ,

. § . . . .
whexrco Gi==Ti Pi is the amplification matrix. The von Neumann

condition necessary for the suppression of all error growth

15



requires that the spectral radius p(Gi)gga '"The eigenvalues of
Gi are Ai'

For the one-dimensional equation (3), three numerical pro-~
cedures were considered: (L) convection (mi) and diffusion (Mi)
explicit, (ii) convection explicit, diffusion implicit (two
steps required for inviscid stability), and (iii) diffusion and
convection implicit. With explicit convection, (i) oxr (ii),
both divergence and nondivergence forms of the ‘eguations have
been evaluated in Refs, 1 and 2.

The stability conditions imposed on these schemes is determ-
ined from

Il =1

(i) Explicit convection and diffusion: =0 in (2a,3).

Spline 21'2: |xi|3=(l—6ﬁ(lHCOSm)(2+c03m)"?)3+03§351, where

p=vAt/h®, c=uat/h, &=3sing/(2+coswp), ¢=wh. Necessary stability
Limits are
) sz,

(b) o5 (3)7%,

(c) Rc=c/ﬁ=ﬁh/v < 2(3)gi . . (7a)

I

These results are more restrictive than the limits found for the

forward time central space explicit finite-difference methodls
or spline 1, which are

(a) g<1/2, () e <1, (c) R, <2,

16



Splinc 4: IA[”m(l-(5+cosm)(l-cosm)Bf(2+cosm»”+(3csinm/

(24cosp)?<<l, so thalt neccessary stability limits axe
P

(a) p=L/4, () c=(10)%/6 , () R <(40)%/3 . (70)

Once again these conditions arc somewhat more restrictive than
those obtained with second-order finitoe~differences (7b). The
padeé finite-difference limitation qg(G)%/s is even more rostric-
tive, see Appondix of Refis. L and 2, It is significant that in
all cases the explicit method is unconditionally unstable for
inviscid flow; i.e., R=0.
(ii) Two-step explicit integration (2b):

This procedure, which alleviates the inviscid instability

found in (i), is a two-step predictor-corrector method (see

Refs, 1 and 2) and is similar to the Brailovskaya two-step

finite-difference technique. For p=0, we obtain

c <

- . & a1 =1 = ~%
< @min-[(24coum)(3u1nm) ] (3) 2% . (7¢)

min

This result is more restrictive than the c<l CFL condition found
for the Brailovsgkaya finite-difference method.

Yor B#0, the effect of diffugion when treated implicitly is
to improve the inviscid stability limitation, For u-0, the
method is unconditionally stablel’z. Since the convection terms

are unchanged, spline 4 has the same stability condition.
(iii) Implicit convection and diffusion:
The spline 2 and spline 4 procedures are unconditionally

stable if 021/2 in Eqgs. (2), (3).
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(iv) SADI:

In Ref. 1, the interior point stability analysis is extended
to the two-dimensional SADI procedure; unconditioenal stability
is demonstrated,

Although the implicit procedures lead to unconditionally
stable formulations, as with finite-difference methods, the tri-
diagonal system may not be diagonally dominant, In this case
the inversion algorithm3 may lead to large error growth. Diag-
onal dominance can be achieved by a spline adaptation of the
finite-difference procédure given in Ref. 14. Foxr all the
problems treated here this modification is unnecessary., In other
applications it will play a significant role if accurate solu-

tions are to be obtained,

. VI. RESULTS

Several model problems have been considered in order to
evaluate the cubic gpline collocation methods presented herein,
For each of these problems an analytic solution or reliable
numerical solution is available for comparison purposes. Spline
interpolation (spline 2 and spliite 4) is used to approximate the
spatial gradients., For the one-~dimensional Burgers etquation the
integration procedure outlined in Section II is adopted. Impliecit
or two~step explicit methods are used. For the £wo-dimensional
diffusion equation, solutions are obtained Qith the SADI formula-
tion. The Laplace equation in cartesian and polar coordirates

is evaluated with a spline successive approximation procedure,

Finally, the similarity egquations for the flat plate boundary-layer
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and the two-dimensional stagnation point are solved by diroct
integration of the resulting two~point boundary value problems.
Solutions are obtained with both uniform and non-uniform
meshes, Three~point finite-difference calculations are included
in order to assess the relative increase in accuracy associated
with the higher-order procedurcs,., The results are presented in
tabular form so Lhat meaningful comparisons are possible.
A. Burgers Equation
Phe nonlineay Burgers equation (3a), with x=x%, u=u(x,t)
and x=x~(1/2)t, becomes

ut5(u—1/2)ux=vuxx (8a)

with v constant and the boundary conditions

u=l as x- ~c0 and W) as X~ ., {8b)

The steady state solution of (8a) is

u=[{l-tanh(x/4v) 1/2 (8c)

Spline 2 and the finite-difference solutions of (8) have
been cdiscussed in Refs, 1 and 2. Both implicit* and two-step
explicit integration technigues, as outlined in Section II,
have been applied successfullylpz. Spline 4 solutions have now
been obtained with the implicit* and/or two~step procedures of

(2a), (2b). The system (3) with the coefficients (6) are con-

sidered. In the actual calculations the 3x3 system (3) is

* L3 kd 3 - L] L3 L]
The nonlinear coefficient u is treated iteratively or with
quasi~linearizationl:2,
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reduced to a 2x2 systom. m, in v is eliminated with (le} ox

(3£). The boundary conditions (8b} on u;, u arc specified

N+1l

s L The unca it . -
at XEX o s with xmax33' The boundary conditions on Mm arc ob

tained from the third-order accurate relaticn

(uxx)i+l-(uxx)i = My My (9a)

where i=l or N,
The boundaxy condition (9a) can be applied ,a two forms.

These are outlined for the boundaxry i=1:

(a) (0 ) y= () a=(M,-4,)

with (u evaluated from (5¢), we obtain

xx) 3
(1., )) 1=My+ (8/6) (Mg~ (ko) My+oM,) (9B)

where o=hs/h_. From the governing equation (8a),

[

(u ) a={u) 1 /2v=my/2y

xX

" go that with (Lf),

m1=—haM1/3~h3M5/6 4 (ua-l)/ha

and (9b) becomes
M, (2v+avs/3+h,/3)+M, (b, /6=v(L+0) 8/3)+(VA/3) Ma=u_/hy==1/h_.

(9¢)
(b) An alternate form of (9a), relating only the two points,
i=1 and L=2, can be derived by evaluating (uxx)a from (8a). The
temporal discretization is given by (2a). We obtain

a1M?+l + a;M2+l + aaug+l = a, (od)
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ay= At (v (up+0.5)h,/6) »

a ==t v=(ul=0,25)h,/3) ;

aa=(l+At(u2~l)/hn) ;
a4=(u2+(ug-l)at/ha).

For spline 4, A=(l+¢%)/g(ld0)®. Fox spline 2, set 4=C so that
(9¢) is sccond-~order accurate. Eg. (9b) is third-order accurate
for both spline 2 and spline 4, Similar relabtions are obtained
for the other boundary, where uN+lﬁ0' .

The condition (9¢) is independent of the time step Al and
somewhat less cumbersome, It was found that the accuracy of
the solutions and the time to attain a convexged steady state
solution were virtually insensitive to the choice of the boundary
condition (9¢) or (9d}, This conclusion remains unchanged if
the higher order effects in (9bh), i.e., those terms multiplied
ﬁy A, are treated explicitly in (9¢)., In this way (9¢) reduces
to a two-point implicit formula, In several cases the simplexr
spline 2 boundary conditions were applied with the spline 4
procedure; the solutions always fell between the results of
spline 2 and spline 4, but generally closer to those of spline 4,
Therefore, if simplicity of boundary conditions is desired this
is a reasonable approximation.

Typical results are shown, for v=1/8, 1/16, 1/24 on Tables
1-5, The increase in accuracy as one progresses from the finite~

difference results to those of spline 2 and finally to spline 4



is apparent. This is particularly true with the non~unifoxrm
meshes of Tables 2 and 3. Tor the conditions of Table 3, the
finite~difference calculations with the two~step explicit pro-
cedure did not converge. An oscillatory behavior was observed
after 3200 iterationa. In certain cases, where hi is relatively
large, the natuze of the truncation errors (4a,4b) of spline 2
and spline 4 is such that a local value cbtained with spline 2
may be as accurate or more accurate than that obtained with
spline 4, These are exceptional cases, howevef, and never occur
foxr hi<<l. A percentage error plot for the results of Table 1
is shown on Figure 1, ue(x) denctes the exact solution (8c).

Solutions for other y values are of a similar nature and
therefore have not been included here.
B. Linear Burgers Equatilon

Congider the equation

. = |
u tva 0, on Ogx<l ,

with boundary conditions u(l)=1l and on x=0, vux+u=0. The exact
solution is ue(x)=exp(l~x)/v. Fixl7 has shown that with this
flux boundary condition linear finite element theory naturally
satisfies the required conservation condition at the boundary
and therefore leads to more accurate solutions than obtained with
non-divergence versions of spline 2 or conventional finite~
difference theory.

If finite-difference theory is developed in divergence or

conservation form, the resulting equations are identical with
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those of the linecar, second-order accurate, finite elenent
method, If spliné 2 is recast in divergence form the solutions
are considerably more accurate than the non-consexrvation results
and also ilmprove upon the'conservation finite element (finite-
difference) calculations. Therefore, with fLiie £lux boundary
condition it appears that divergence form may be required if
accurate spline solutions are to bhe nbtained, On the otherx
hand, if a modified derivative boundary condiiion was considered
in lieu of the flux condition, the sensitivitf to divergence form
was no longer apparent. It is possible therefore that the flux
condition represents a singular case.

The governing systems of equations and the boundary condi~
tions for the different formulations are as follows:

Finite-Difference/Non-Divergence Form:

v(ui+l+ui_l—2ui)/h + (ui+l—ui—l)/2 =0 (Loa)
At x=1, =1 (10b)
At x=0, v{uy~ u_)/2h + u_=0 | (10¢)

Eliminating u_, from (10c) with the difference equation (l0a),

we obtain
2v3(u1-uo)/h3+uo(2v/h~l) =0 , (lLoa)

Finite-Difference/Divergence Form = Finite Element

(vux+u)x= 0

Therefore, (vux+u)i+% = (Vux+u)i-%
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or v(ui+l+ui_l—2ui)/h + (ui+l-ui~1)/2 = 0 (1la)

The governing equation (lla) is identical with the non-divergence

equation (l0a). The alterations appear in the boundary conditions

At x=1, uN=l
At .x=0, (vux+u)% = 0, Therefore,
v(ulmuo)/h + (u1+uo)/2 =0 . ' (L1b)

The  boundary condition (11b) differs freft the non-divexrgence
condition (10d).

§§1ine 2/Non=Divergence Form

The governing eqguation (12a) is combined

\JMi'HTIi =0 , (12a)

with the 1 pline relations (l). The boundary conditions are

uN=l, vmo-f-u0 =0 , {(12b)

Spline 2/Divergence Form

.The governing equation (l3a) is combined

( vm-u) vm+u)i_l (1L3a)

i

with the spline relation (lc). The boundary conditions are

and
vmo+u0+a(vm1+u1) =0 , {13b)

where g=0 corresponds to the exaclt boundary value and

g=1 corresponds to an averaged boundary condition,
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The results of these calculations are shown on Table 6,

It is seen that the non-conservation (NC) solutions with ten
mesh points (N=10) are rather poor when compared with either

the finite element or spline 2 conservation (C) solutions., It
is significant that the spline divergence solutions, for both
o=0 and g=l, are considerable improvements over the finite~
element results., As the number of mwsh points increases the
non~divergence solutions do show some improveqent, with spline 2
more accurate than finite-differences, hut these results are
skill less accurate than finite-element solutions., The ten point
spline 2 diverggnce form g=1 solutions are about as accurate as
the 50 point finite element results,

Also shown on the table are ten point solutions with some-
what modified derivative conditions at x=0. The exact solution
is unchanged. ' These derivative boundary conditions were treated
in much the same manner as the f£lux condition for each of the
procedures, For the finite-element solutions an average condition

was applied. Significantly the large differences between diverg-

ence_solutions no longer occur. The spline solutions are always

the most accurate, with a small increase in accuracy when diverg-
ence form is assumed,
C. Linear Corner Flow

The two-dimensional diffusion equation
u, = Jh(u +u. ) u=u(t,x,vy) (l14a)
t Re x»x vy ' v XY

with the initial condition u{0,x,y)=0 and boundary conditions
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u{ts0,0,y20)=1 , u(t>0,x>0,0)=)
u(t,x,y)~0 as x,y-oo (14Db)
has the exact solution

u=l-erf X exrf Y , (l4e)

where X = %(Re/t)%, Y = 32L(Re/t);ﬁ .

This solution describes the impulsive motion of a right-
angled corner formed by two infinite flat plates and results of
the SADI spline 2 calculation have been presented in Refs. 1,2,

The SADI procedure for the diffusion equation (ld4a) for both

spline 2 and spline 4 is given as follows;

Step 1: ugy% = «uxx>§;* +ug ) ) a7/ (2R ) (152)
step 2: uftl = Wi 4 (9,0 T3+ ) TEY) /(2R ) (15b)
where () 457 Mij+(Ax/6)( i1, 4 (LHOIMy SO M, ) 3) (16a)
and (o) 3 4= By gt C8,/6) (g 5yq=(Lho) Ly gho Ly o ) (16D)

L.. and Mi. each satisfy a tridiagonal equation of the form

(1b) ,
by = (M02) /0, (M40 )2 5 A, = (Lo§) /oy (LHa,) 2
O = Byga My 7oy = Ry r hymRgeRg 7 Ky

The spline 2 formulation is recovered with Ax=Ay=0“ The boundary"

conditions for u, are given by (1l4b). The boundary conditions
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for Li"Mij are obtained from (16) with (u ) 0 on

j sxc! 157 (Myy) )
the boundaries, or from (9a) with (uxx)i+l,j obtained from (l4a).

iy~

The solution for step 1 is obtained with the tridiagonal
2x2 gystem for Mij and uij as described by (l5a) and (lb). A
similar procedure for Lij'uij is required for step 2.

The solution for Re=1000 is given on Table 7. A non-uniform
21x21 mesh with ck=oy=l.5 was prescribed. The step size At=0,01,
The solution is shown for t=2,0. Aall of the 591gtions are

reasonably good for this case, but once again the spline solutions

are somewhat better.

D, Laplace Equation

The Laplace equation

uxx+uyy= 0 : u=u(x,y) , (17a)

with the boundary conditions u{0,y)=u(l,¥)=0; u(x,0)=sinmx;
lim y—oo u(x,y)=0
has the solution

ul{x,y)=(sinm)exp(-1v) . (17b)

This boundary layer-like problem was chosen in order to
evaluate the accuracy of the spline procedures, in particular
with non-uniform meshes, when large gradients exist only over a
limited region. In addition, this problem will serve as a
prototype for spline integration using successive approximation

(relaxation) procedures,

LN
Thie procedure has been demonstrated for the Burgers equation
by the discussion leading to (9d).
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Using the general expression for second derivatives (16),
Eq. (l7a) can be put into a spline form, With the tridiagonal

relationship for L. and M, . (1b), this leads to a 3x3 systecm

J J

for the vector v, at all interior mesh points:

J
B35, 9-1"Pa5Vi%Ca5 V4, 501 a3V, 3B gVin, 57 O (18)
where
—uij
Vi3 T | i
| M35
"0 6 0
oyAy/
= | ~6/k2
0 0 0
2 1t+g 1+0 7]
' - - pie
0 (1 3 Ay) (1 z c,x)
(1+0.)
B,s = |%¥ 2(1+a ) 0
Bk 9y Y
1+o
6 brs
:ﬁ'i cx 0 2(1+Ux) ]
[~ . o A o
b,,/6 0| 0 0 x %
C = '—"6"'5' 0 - D — 0 0 0
ij a. k.. Uy i i'j =
Y 3
-5
0 0 0 e 0 1
N i i
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- -
0 0 Ax/G
E:Lj = 0 0 0
)
=R 0 1

The solution is obtained with a successive point xelaxation

procedure,
(k+]) (k+1} (k) (k+1) (k)
13 j[Aljvl,j 1 + c:l.jvn.,j+li DijV1~1 j+ Eljvlﬁl j]

(19}

where the superscript %k represents the iteration parametex,
The system is diagonally dominant and the eigenvalues of the

amplification matrix, see Section V, are all less than or egual

to one. The results of this compuation are presented in Table 8.

The values of uy(.5,0) and u(.5,h,) are compared with the exact
solution (17b). Also included in this table are the results
obtained with the three-point finite-difference approximation
for u_ . and uyy. In order to make a more definitive comparison
'between the spline and finite~difference solutions, the surface
value of uy in the latter case was obtained by spline fitting
the numerical values of u{x,y). In one case noted on Table 8,
a three-point end difference formula was applied. ALl of the
calculations were performed with 10 mesh points in the normal
or y-direction. In certain cases, spline 2 was used in the y-
direction and spline 4 in the x~direction. These solutions are
noted accordingly,

The spline 4 results are the most accurate in all cases.

For a uniform mesh the finite-difference and spline 2 results
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are of ecqual accuracy as there arc no convection effects in the
problem. Morcover, if the spline 2 and the finjite-difference
solutions are averaged, the splinc 4 results ares closely approx-
imated., For a non-uniform mesh the improved accuracy of spline 2
over the finite-difference approximation is now apparent.

The spline 4 results are remarkably accurate with o=1.7,
h,=0.1 and ymax=28.66. For this mesh there are only four points
in the region O<y<l as compared with a uniform mesh (h=0.l1) and
ten points., The coarse mesh, spline 4 results are moxre accurate
thqn the uniform mesh finite-~difference solutions.

The 1.7/.2 notation for ¢ means that o=1.7 for h,<0.2.

For h;>0.2, o becomes unity. In this way the mesh width does

not exceed a specified maximum value. This type of mesh alignment
is useful in boundary layer problems, where a fine grid is desired
near the surface, =»nd a uniform but coarser mesh is required in
the outer inviscid regior.s. This procedure is alsoc applied for

the boundary layer solutions in Section VI.F. An error plot is
given on Figure 2.
E. Potential Ilow Over a Circular Cyliader

The governing equétion in cylindrical coordinates for the

potential flow over a circular cylindexr is given by

L,4 4 -
u___+ o uri oyl uGe =0 ., (20)

The boundary conditions are ur(l,9)=0 and lim u(r,8)-rcosp. The
X Q0
exact solution of Eg. (20) with these boundary conditions is

u=(r+%)cose, Egs. (l7a) and (20) differ only by the appearance
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of the u,. texrm wh;ch is discretized by the relations (le) or
(Lf) . The resulting 3x3 system for uij' Lij and Mij is of the
form (19), The coeffiic.ent matrices in the present case will
be somewhat altered by thé u,. term,

The results of the iterative solution are presented in
Tables 9~11, As in the previous examples, the finite-difference
solutions are obtained by using threr-point central difference
formulas. In Table l1l, the slip velocity on the fore surface
of the cylinder is presented. The superiorit; df the spline
solutions over those resulting from finite~difference discretiza-
tion is evident, It should be noted that the slip velocity in
the finite~difference case is obtained by using a three-point
central difference formula, while the spline seolutions require
only the two-point formula (le). The higher accuracy of the
two-point spline formula over the three~point finite-~difference

relations can be of considerable importance for problems witn

derivative boundary conditions.

F. Similarity Boundary Layers

The boundary layer equations for the flow over a flat plate
(p=0) and the two~dimensional stagnation point (p=l) can be
reduced to the following ordinary differential system by using

appropriate similarity transformations}6 ‘

u’4-fu g (Ll-u?) = 0 ‘ (2la}
£/ = u (21b)

The boundary conditions are

f(o)=0, uf(o)=0, lim u(x)=1.0 - {21lc)
X0
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Accurate numerical solutiong have been reported in the litera-
ture [see Roscnheadlsj.

In the spline 2 and spline 4 formulation, Eq. (2la) is re-
duced to a 2x2 system for u, and M, and the two-point boundary
value problem is solved subject to (2le). For the first-oxder
equation (21b), we obtain the following spline approximation

from {(L£f):
a3
hi
3

41

£ =£,4h

i1~ E P Nyt (ME 3+ SMF3 (22)

l)
where MFi=(u’)i for spline 2, For spline 4, the following

relation to evaluate MF, is easily derived from (le) and (1f):
ME 3 g #MF =2 (W) g = (W) /0y g (23)
P o= (u’
MF =(u’) .

Bgs. (22) and (23) give rise to an initial value problem foxr fi
gnd MF . which is solved by a marching procedure. BEd. (22)
leads to third-order accurate expreésion for fi; therefore, for
non~-uniform meshes and third-order accurate solutions, this
approximation is adequate even for spline-4, For the finite-
difference solutions, a second-order accurate two-point formula
for fi’ which is consistent with the accuracy of the overall
scheme, is cobtained with the trapezoidal rule,’ For p=l, the

nonlinear term u® is treated by quasilinearization so that

(uk—i-l)a _ u(k)(2u (k—l-.'L)_u (k))

k is the iteration parameter.
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The results of there computations for both uniform as
well as non-unifoxm meshes are tabulated in Tables 12-16, The
shear at the wall is proportional to £“/{o) and this term has
been evaluated for a variety of meshes. The results are given
on Tables 15 and 16 for p=0 and g=1, respectively. TFinite-
difference solutions foxr u; are obtained by using the three-
point centrzl difference approximation,

As noted previously, the notation o=1.8/l means that o=1,8
until h, reaches 1.0, at which point ¢=1.0. h, is the first
mesh width off the wall x=0; N is the total nunmber of mesh
points. Ny is the number of mesh points in the boundary layer

5

defined by x<6. At x=6, |u-1l.0[<10" ,

8=0 Blasius solution:

The spline 4 solution for N=6l, ha=0.l and o=1.0 is almost

16 ¢

identical with the “"exact" solution of £”(0)=0.469600,
spline 2 boundary conditions are used with a spline 4 interior
point formulation,f{0)=0.469608, As previously noted, this value
lies between the spline 2 and spline 4 results, With o=1.8/2,
hy=0,5, N=21 and only 5 points in the boundary layer (Ng=5),
the spline 2 value of £7(o) is in error by only 2%. For the
larger h, values the spline 2 solutions are even more accurate
than those found with spline 4. Similar behavior was observed
with Burgers equation in Section VI.A. An error plot is given
on Figure 3,

B=l _stagnation point flow:

For B=0, the exact solution has u”(o)=u*V(0)=0 and there-

fore the inherent lower-order accuracy of the finite-difference
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caleulation is somewhat obscured neaxr the wall x=0., For the
stagnation point solution where £”(0)=1.232588, the improvement
associated with the gpline formulation is clearly demonstrated,
Therefore, it would appear that spline integration should be

extremely useful for boundary layexr problems,

G. Non-Similar Boundary Laycxy Analysis
As a fanal test of the spline procedures the constant
pressure boundary layer equations written in physicul variables

(%,v} were considered:

~1
uaa -+ vu = R _"u
X b4 e Yy

The boundary conditions are
y=0: wu=v=20
y>>L u =1
The initial conditions were given by

u(o,y) = 1.0, y#0 and u(o,0)=0

]

vie,y) 0

The equations were integrated for a Reynolds number Re=10% and
a non-uniform mesh of ten points normal to the surface, The
solution for the normalized skin friction is shown on Figure 4.
The value Ny denotes the actual nunber of points within the
boundary layer. The same criteria of Section VI.F was applied.
As the boundary layer grows with distance x, Ng increases.

With 6 to 7 points in the £final boundary layer profiles, the
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spline 4 golutions axe quite accurate.

VI SUMMARY

It has been demonstrated that higher-order calculation
procedures using cubic spline collocation provide accurate
solutions to a number of model problems, The splinc methods
tormed spline 2 and spline 4 can be used for two-pcint boundary
value problems, as well as implicit, explicit, two-step, AD]L
and iterative integration procedures,

Splinc 4 is fourth-order accurate with a uniform mesh and
third-order with a moderate non-uniform mesh, &pline 2 is
second-oxrder accurate for diffusion terms and fourth-order
(third=order) for convection with a uniform (non-uniform) mesh,
Derivative boundary values are obtained directly without: the
need for end differencing. For implicit lineax éystems, the
spline methods remain unconditionally stable,

The results confirm the higher-order accuracy of the spline
methods and lead to the hopeful conclusion that accurate solu-
tions for more practical flcw problems can be obtained with
relatively coarse non-uniform meshes, The relationship between
the spline methods and similar Hermitian fiﬁite—diffcrence pPro~
cedures must be explored.lo ‘

There has been no attempt to optimize‘the temporal inte-
gration procedure so as to minimize computer times or increase
temporal accuracy. The finite-difference calculations run 20%
to 25% faster than the spline integrations. When spline fitling

is used to evaluate finite-difference derivatives, as in
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Section Vi.C, the computer times are comparable. It is antici-
nated that the reduced mesh requirements with these spline
methods will result in a net improvement in computer storage

and time,
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TABLE

SOLUTION OF BURGERS EQUATION

v=1/8,70 =10, 3l EQUALLY

SPACED POINTS

X

U {

)

SPLINE 2.

SPLINE 4

EXACT

-0.2
-~ 0.4
-~ Q.6
- 0.8

1.4

0

1.0
1.2

1.6
1.8

0.5000
0.6909
0.8447
0.92¢5
0.8675
0.9857
0.5938
Q.2973
0.99£8
0.9995

0.5000
0.6880
0.8290
0.9160
0.9620
0.9830
0.8950
0.8970
0.9990
0.9990

Q.5000
0.6200
0.8322
0.9170
C.9609
0.8820
0.9218
0.9963
C.0283
0.9923

0.5000
G.8200

0.8320
0.2170

0.9610
0.9820
0.9920
0.9860
0.9980
0.8990
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TABLE 2

SOLUTION OF BURGERS EQUATION
v=1/8,0 =i.2, 15 POINTS

Li

kD,

> SPLINE 2 |SPLINE 4 | EXACT
0 [0.5000 ! 0.5000 | 0.5000 (05000
~0.38659 109510 | 0.8214 | 08297 |0.8240
~0.8494|1 0030 | 09778 | 0.9654 |0.9676

-} 40B0/0.9990 | 1 0004 | 09951 |0.9964
20750 1.0 LO | 0.9989 |0.3857
~2.8770| 1.0 L0 | 08599 1.0
~-38420| 1O .0 | 0.9996 1.0
1.0 1.0 1.0 1.0

r%DOO
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TABLE 3

SOLUTION OF BURGERS
EQUATION. v=1/8,0 =1.8,

15 POINTS

U [spLINE 2 |SPLINE 4 | ExacT

0 |0.5000 | 0.5000 |0.5000 |
-0.0662 | 0.5740 | 0.5691 |0.5659
-0.1855 | 06886 | 0.6858 | 0.6774
-0.2001 | 0.8698 | 0.8452 | 0.8321
~0.7864 | 1.0012 | 0.9689 | 0.9567
-1.4818 | 1.0165 | 1,0083 | 0.9973
-2.7334| 1.0267 | 1,0257 | 10
-4.9864| 1.0 1.0 10
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TABLE 4 SOLUTION OF BURGERS
EQUATION: »=l/16, o=1.0,

19 EQUALLY SPACED POINTS

> D [SPLINE 2 SPLINE 4 | EXACT

0 |0.5000| 05000 | 0.5000 [0.£000
~0.2 [02000| 0.825t |0.8356 |0.8520
~0.4 |0.9878 | 0.9641 | 0.8617 (09608
- 0.6 |0.9986 | 0.9952 | 0.9916 (09918
-~ 0.8 |0.9998 | 0.8995 | 0.9982 |0.9985
- 1.0 | 1O |0.9989 | 0.9996 |0.9997
-1.2 | 10 L0 | 0.5999 (0.9999
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TABLE 5 SOLUTION OF BURGERS
EQUATION. »=i/24, &=12,

31 POINTS

X

SPLINE 2

SPLINE 4

EMACT

9
~-0.0688
~0.1514
-0.25085
~0.3695
-0.5122
~-0.6835
~-0.8890
~1.1356
-4.9582

0.50C0
0.6236
0.8618
0.65806
0.9928
0.9295
1.0
1.O
i.O
.0

0.5000
0.6247
0.8606
GC.95286
0.9876
0.9975
0.9986
RY;
1.0
1.O

0.5000
0.6985
0.6602
0.9529
0.8883
0.9979
0.8597
.O
1.0
1.0
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" TABLE 8

SOLUTION OF THE LAPLACE

EQUATION

METHOD -~ULB0) ULEh| & |y |0 [fps
EXACT SOLUTION 3442 07304 (1,0 [0.4[0.1 | 1O
FINITE  DIFFERENCE 3.123 |0.7322
SPLINE 2 3.164 |0.7286
SPLINE 4%, SPLINE 2Y |3.184 |0.7295
SPLINE 4 | 3.142 |0.7204
EXACT SOLUTION 3.142 05335 (1.0]0.10.2| 2.0
SPLINE 4 3.162 |0.5329
SPLINE 4X, SPLINE 2Y  [3.193 |0.5277
FINITE DIFFERENCE 2.528% 0.5401
EXACT SOLUTION 3.142 [0.9691 1.7 (0.1 [0.01 206
FINITE DIFFERENCE 5.189 |0.9686
SPLINE 2 3. 175 |0.9687
SPLINE 4%, SPLINE 2Y |3, 162 (0.9689
SPLINE 4 3.137 |0.9691 |
EXACT SOLUTION 3,142 (0.9291 1.7 (0.4 02| 273
FINITE DIFFERENCE 3.193 |0.9381
SPLINE 2 5,177 |09384
SPLINE 4%, SPLINE 2Y  [3. 164 |0.9387
EXACT SOLUTION 3. 142 |0.7304 |17 0.4 0.1 2066
FINITE DIFFERENCE 3.220 |0.7233
SPLINE 4%, S8PLINE 2Y  [3.185 |Q7283
SPLINE 4 3.130 07313
EXACT SOLUTION 3.1416 02691 |i75(0.1 [0.011065
FINITE DIFFERENCE 3.1694 |0.9588 |
SPLINE 2 3.1676 |0.9668
SPLINE 4%, SPLINE 2Y  3.1551 |0.2689
SPLINE 4 3.1404 |0.969!

¥ EVALUATED BY 3-POINT END-DIFFERENCE FORMULA




SRS Z|BB3CG| €080 L] 2106|094t 16625
12221 | 802H 2| 6188°e| 8OIB | GRiII'P| €6E8C
PISL O EOPE 1| PEIET | 200E S 8805 2| B2H67Y
OGES 0| ¥3I2'1 | BSLS'1| GE08'1LiS0D2| 66431
S0Z2'0 | 80811 | £529'1| 90i18°1 6800 3| OOGO} $ 3INNES
CQZi6' 2| IOFS G| £622°L| PS5 16656
Byb2 1 | 8LEE T &G el yigne S858e
CECL0 | 8YBEl| 6B8IG'l| 59623 8261
c2iS0| 06%i'1| 585631 16387 564271 .
SPGB 0! IS | 84881 L0587 alelelo R 2 INITdS
GE258°2| GISGS| LpGS’L| LOB6T BISYP 6] 18886
82GZ 1 | E¥8L'3| PEITE! LBGE CLIGOY | 9858 E
e62L°0 14881 16058 | 29922 A AT AN
GBS0 | CE2I'Y | 48051 Lipal GBLT
LGLGO| 85801 82081 Hiill ONGO 1| IONIUILNG 3LINIS
PLCG 2| 2LBE'G! 1083 L] 80508 1G8E'6 cgze gl ="y
22121 | 602H 3| 12CCE| 1i16'S IGBERE L= o
POGLO | Cybbl | 18251 24882 AR co'0= 2y
62€S 0| Git21| $289'1| 2085l 11802 ©642% Cl/ & = gv
88190 | OLAI'L| O029'1| v+081| %2002 | 0080} NOILNIOS 1oWX3
oy o ze | oez | o g~ QOHL3N
HAANITTIAD
SVINoHD VO OH3IAD AOTd TIWLLINGLICH 6 FJTEvL

16




l
i)

$826'2| 00LGS| $oos

21 va10c! 22uvc| 16626
O0€L2’i! %3l €56C€°CI SL156°2 90| 2688'E
BISL'0| L25%1: 88031 L3983 8525 2] 635871
YBES0] BLIZ 1] SEL01| 043611223021 g8 12}
2ig9'0| cigi't! 16391 1116 .wm@@.mﬁoomo._ & 3NIdS
1LI6'2] S8PC'S| 0L2TL ! BLLESI 65CH'6| 16886
6062 1 | 164C'3| S¥i3'¢| ¥EHPEC ¥IP0 v| 08388°¢
I82.°0| 20k 1| PSES'L | 8342286382826
| 9190 67418 601071, CO08'1 93881 {g6421
I009°0| Siwit| S0LS'1| €591 CIyB 1 [ 0080} 2 3INIdS

VU2 'e| 6YEE'G] LSPDL, 1888|8056 16886
cEGZ’ ] | SESEY| L0C2 S| 29968'e| 1680y 9688E
1I82L°C| O0CF 1| 8326°t| CG9Z g 9i2eg| 82v 8
Ofi9'0| LE31'H| €091 6G833°1| 0888'1 | 86421
EPeL0] SICH!| 146871 #0881 35281} COCO'T| 3ONIYILANC ILiNd

47

vPLE6'3| 2L8CG| 1063L| €0¥06|8308°8| 16626 cazegl=""
L2L3'1 | 602ve tggeg iitee! istiy]| 9s8ae Li= &
vP6GL°0 | Sriyl) ISB6T| 2488 GL8H'2] 82461 g0'0= %y
69€9°0| GiIZ'1| $A29't| 2096°1| 1i190°2| s6.L21 02/2= Qv
8819°01 042171 00E2t| $%08't| ¥200°2] 00S0t|  NOUMIOS 19vX3
Oy/Ly |OVLe | ovag | ore 0O g~ QOHLIN

HAUNITIAD
SV INOED ¥ OH3IA0 MOTd TWILNZLOd Ol 378l

T e et ey g i it b 7 e e i S e e - e A 58 1 oo et




TABLE 1

gLip VELOCITY ON
THE FRONT OF A
CIRCULAR CYLINDER

aB=a/10

Z F.D.

SPLINE 2 |SPLINE &

\

EXACT

I

7 /10
21/ 10
3w/ 0
i 1O
S5/ 10

~0.5C4
-1.073
-1.477
~ 1756
~ 1 B2D

~-0.620
-3 AT9
-} .623
-1 .208
-2.006

~-0.594
~1.130
-4 550
- 1,828
- §.2e2

~-0.825

-} 476
-1 518

~1.S0e
-2 000
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TABLE 15 0 FOR BLASIUS EQUATION
Yuax | bp | @ DWQEQEW SPUINE 2 | SPLING 4 |Ng/N
a.0 | 0.0 1.0 10.4697265 1046906834 10.468801 |61/6G1
200 1 1.0 1O O.E'JRE%OM DATHABT |0D4TGR50 | 72l
56665(0.061 1.5 10,5646 |0.47CTIE [0.466043 (17110
PE.3330| O 1.5 06049858 |=—--a=="j0 495598 (2/11
164544 0.2 1.5 (0.4908210 |[T———10455625| F/8
13. 365 (0.0 n.@,ﬂ Q474643 [——_0.402(88 |13/2]
16.063 10.05 H.E%;/B 04735974 T—=——="04894728 |IQ/21
12,400 1| 0.5 ﬂ.@m O47S715 (0466230 D469509 | 772l
37.020| 0.6 ﬂ.%,z O.5516803 (0.468082510.477950 | 5/21
B3.936 B H.E%/g O0.827648 0.8067980.8523256 | 5721
£ . §E)
£ (0} = 0. 469600 (ROSENHEAD )
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LAPLACE EQUATION

241 O FINITE DIFFERENCE (DERIVATIVE WITH SPLINE)

b SPLINE 2
© SPLINE 4
2.0
(.6} o)
{0)~U,,, (O) ©
Uy {0) =,y
100 x| — y '
Uy(@ ||

0.8} . 3

04 o
e
0 : : 2 ® -
0 oIz .02/17  OWLT/2 4710 1717
h, /o

FIG. 2 LAPLACE FQUATION
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O (76.24) O(28.82)

o7.5) BLASIUS EQUATICN
14 1— O FINITE DIFFERENCE
¢ SPLINE 2
® SPLINE 4
12|~
o)
To]® ©
o)
o 8-
..Tm § d)
oy
o o
»
8 (4]
4...
o
2 |- @ o}
o ')
b o {ot o%e;%m)
3
0 ——— ‘@_C? @___g) 0002)
§/2 B/21 7/8 T/2L /20 9Nt (0/2 IIL 13721 616 Ng
l8/2 18/3 15 10 18/1 15 18/ 15 181 | o
FIG. 3 ERROR PLOT:. BLASIUS EQUATICON
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