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A THREE-DIMENSIONAL SOLUTION OF FLOWS
OVER WINGS WITH LEADING-EDGE VORTEX SEPARATION
Part I—Engineering Document

Guenter W. Brune, James A. Weber, Forrester T. Johnson,
Paul Lu, and Paul E. Rubbert

Boeing Commercial Airplane Company
SUMMARY

The application of a new, general, potential flow computational technique to the
solution of the subsonic, three-dimensional flow over wings with leading-edge vortex
separation is presented. The method is capable of predicting forces, moments, and
detailed surface pressures on thin, sharp-edged wings of rather arbitrary planform. (It
should be noted that operational limitations related to doublet panel spacing and
density requirements, behavior at large planform breaks, convergence characteristics,
etc., have yet to be extensively explored.) The wing geometry is arbitrary in the sense
that leading and trailing edges may be curved or kinked, and the wing may have
arbitrary camber and twist. The method employs an inviscid flow model in which the
wing and the rolled-up vortex sheets are represented by piecewise continuous,
quadratic doublet sheet distributions. The Kutta condition is imposed along all wing
edges. Strengths of the doublet distributions, as well as shape and position of the free
vortex sheet spirals, are computed in iterative fashion, starting with an assumed initial
sheet geometry.

The numerical method has been written in FORTRAN 2.3 language for the CDC
6400/6600 digital computers. To demonstrate the validity of the method, selected planar
wing geometries have been analyzed in incompressible flow over a wide range of angle
of attack. These geometries include: (1) delta wings of differing aspect ratios, (2) an
arrow wing, and (3) a gothic wing with swept trailing edge. Wing normal force
coefficients, load distributions, and detailed surface pressure distribution are presented
and compared, whenever possible, with theoretical results of the leading-edge suction
analogy and with experimental data. Good agreement with the available theoretical and
experimental data is demonstrated.

During the contract period only a limited number of check cases were executed. It has
since been found that more general wing geometries, particularly ones with kinked
leading edges, might experience convergence problems. Problems of this type can be
caused by inadequate panel density, a poor initial guess for the fed sheet geometry, and
inappropriate modeling at planform breaks where a second free vortex is sometimes
present. Ongoing work is aimed at improving and clarifying the operational limits of
the program.



INTRODUCTION

The flow at the leading and tip edges of a swept wing with sharp edges separates at
moderate to high angles of attack, producing vortex sheets that roll up into strong
vortices above the upper surface of the wing. The formation of these vortices is
responsible for the well-known nonlinear aerodynamic characterlstlcs exhibited over the
angle-of-attack range (fig. 1).

A description of the physical aspects of the flow phenomenon is provided in references 1
and 2. A line of attachment (point A in fig. 2) is found inboard of the leading and tip
edges on the lower, or windward, side of the wing. The crossflow velocity components
inboard of this line are small, so the flow is swept rapidly downstream in this region.
The flow velocity outboard of this line of attachment is of the order of the freestream
speed, and streams outward from the leading edge. A similar outward flow occurs on the
‘upper surface of the wing with about the same velocity but with a different direction. A
shear layer is convected from the leading and tip edges to a position above the wing
under the influence of its own vorticity, where it rolls up to form the principal vortex.
The air outboard of the shear layer flows first upward, then inboard and around the
principal vortex, and finally downward toward the wing, forming a line of reattachment
on the upper surface (point B in fig. 2). The crossflow velocity inboard of this line of
attachment is small, and hence the air in this region flows rapidly downstream.

Just outboard of the upper surface attachment, the flow is directed toward the leading
and tip edges. It accelerates before passing under the principal vortex, and then slows
as it approaches the edge. The boundary layer sometimes separates because of the
adverse pressure gradient. The flow immediately reattaches, forming a secondary vortex
in the opposite sense to the principal vortex, and the flow then continues outward to
form the shear layer off the leading edge. A weaker tertiary vortex has also been
observed in the boundary layer near the edge. The secondary and tertiary vortices, for
simplicity, are not shown in figure 2. Experimental studies of the principal shear layer
indicate that its form is relatively independent of Reynolds number.

The rolled-up part of the vortex sheet consists of three regions: (1) an outer region in
which the distance between turns is large compared to the diffusion distance Vut,
where » is the kinematic viscosity and t is the time in which the fluid element in the
sheet has traveled from the wing leading edge; (2) an inner region where the distance d
between turns is of the same order of magnitude as the diffusion distance; and (3) an
inner viscous core that is very small and represents only about 5% of the diameter of
the vortex sheet. In the outer region, where d >Vt, convection is the dominating
influence. In the second region where d is of the order of Vut, the vortex layers are less
defined but convection is still important, while diffusion dominates the central
viscous core.

The leading-edge suction analogy described in references, 3, 4, and 5 provides a method
suitable for calculating the magnitude of the nonlinear vortex lift on a rather broad
class of wing planforms. Polhamus (ref. 3) reasoned that the normal force needed for the



Spiral vortex sheet

Reattached streamline

Nonlinear

vortex lift

L




Principal vortex core

Figure 2.—Cross Section of Flow Over Delta Wing With
Leading-Edge Vortex (Crossflow Model)




flow around a leading edge to reattach to the wing is equivalent to the leading-edge
suction force necessary to force the flow to be attached to the leading edge in an
unseparated condition. The unseparated leading-edge suction force is calculated, and
then rotated normal to the wing to obtain the lift contribution of the leading-edge
vortex. The total wing lift computed by this method agrees well with experimental data,
but the leading-edge suction analogy does not give flow-field details or detailed surface
pressure distributions.

Several attempts have been made in the past to theoretically predict detailed pressure
distributions and flow fields about swept wings with leading-edge vortex separation.
Most of these past methods were limited to slender configurations in which considerable
simplification occurred because the problem could be reduced to a solution of Laplace’s
equation in the crossflow plane, for which conformal mapping became a powerful tool.
Smith (ref. 6) developed the best known method of this type by improving the work done
earlier in collaboration with Mangler (ref. 7). Assuming conical flow, which is
approximately valid near the apex of the wing, he was able to predict qualitatively the
type of pressure distributions that had been observed experimentally. Those pressure
distributions (fig.3) exhibited a vortex-induced pressure peak at about 70% local
semispan of the wing. Toward the trailing edge, Smith’s method overpredicted the
experimental load distribution by a considerable amount, the reason being that his
conical theory did not satisfy the Kutta condition at the trailing edge. Figure 3 shows
qualitatively such a comparison of Smith’s theory with experiments and also, for
illustrative purposes, spanwise pressure distributions from linear lifting surface theory
(ref. 8) and from R.T. Jones’ slender wing theory (ref. 9) at two chordwise stations of a
delta wing. This figure (supplied by Mr. Blair Gloss of NASA Langley), shows clearly
that none of these theories can even approximately predict aerodynamic load
distributions of wings with leading-edge vortex separation, and demonstrates the need
for an accurate prediction method for this type of flow phenomenon.

Several authors have published prediction methods based on the vortex lattice
technique, among them Rehbach (ref. 10), Mook and Maddox (ref. 11), and Kandil,
Mook, and Nayfeh (refs. 12 and 13). Sufficient data on pressure distributions have not
been available from these references for a thorough comparison with the method of this
document. .

The method described in this report models the flow over wings with leading-edge
vortex separation as an inviscid and irrotational problem. The method is completely
three-dimensional and capable of predicting detailed pressure distributions as well as
overall wing-load coefficients. The wing, wake, and primary vortex sheet are modeled as
thin surfaces. No attempt is made to model secondary flow separation or multiple
primary vortex sheets. Special attention is paid to the modeling of the viscous core of
the rolled-up vortex spiral within the framework of inviscid flow theory. This viscous
core model is termed the “fed sheet model” in this report. A very simple treatment of
the core region is adopted, justified mainly because the diameter of the viscous core
region is small compared to its distance from the wing. The fed sheet model described in
this report, although adequate for most wing geometries and flight conditions, can be
improved and must, therefore, be viewed as an interim solution.
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An advanced aerodynamic panel method (ref. 14) is used to solve the mathematical
model problem describing the leading-edge vortex flow. This new method uses source
and doublet panel networks as basic building blocks from which a great variety of
boundary value problem representations can be composed. In the present work, only the
doublet networks are used to simulate the thin surfaces under consideration, but the
computational algorithms (e.g., source networks) are available for extending the method
to handle wing thickness and fuselage simulation in the presence of free vortex flows.

A short summary of the method described in this document has previously been
published (ref. 15).



Coo, Cog: Coms
Cogs Cons
Comm

cL
Cm
cN
cp
Acp
Cr

Cref

SYMBOLS

matrix of aerodynamic inﬂuenceh co.efﬁcients
vector in the near plane of a panel surface
aerodynamic influence coefficient

aspect ratio

parameter of Smith’s conical solution
matrix, defined by equation (42)

vector in the near plane of a panel surface
wing span

matrix, defined by equation (23)

matrix, d_eﬁngd by equation (41)

coefficients, defined by equation (60)

lift coefficient

pitching moment coefficient
normal force coefficient
pressure coefficient

jump in pressure coefﬁciel;t
root chord

reference length

correction term of Jacobian
matrix, defined by equation (19)
matrix, defined by equation (40)
function, see equation (46)

unit vectors of local panel coordinate system
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Poj;
P(¢m,0)
Q(£m)
R

e 4
rpQ

‘function, see equation (46)

force

vector, defined by equation (52)

function, see equation (46)

Jacobian

matrix, defined by equation (37)

potential of an elementary doublet

chord length of panel segment in transverse geometry cut
number of panels on one-half of configuration

pitching moment

freestream Mach number

numbef of doublet parameters in neighborhood of panel
number of doublet parameters on one-ha]f of the configuration
normal force

number of free-sheet panels on one-half of the configuration
one-half of the number of wing panels

panel normal vector

panel corner point

vector defining panel corner-point location

panel center

position of field point

position of elementary doublet

residual

vector from elementary doublet to field point




Sw

o+

X,y,Z

X0, Yo, Z0

Xp

Ax

<

<} N

panel area

wing area

local wing semispan

time

component of freestream velocity

freestream velocity

velocity

normal velocity component,

average sheet velocity

velocity induced by a panel doublet distribution
weights

wing fixed Cartesian coordinate system
coordinates of panel center

pitch axis |

distance between transverse geometry cuts in x-direction
angle of attack

strength of line vortex along terminated edge
semiapex angle of delta wing

constant in Quasi-Newton method

vorticity

jump or perturbation of variable

scaling parameter.

Kronecker delta

panel inclination in transverse cut
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A : sweep angle

w(éEm) strength of panel doublet distribution

He doublet parameters along edges of networks

m doublet parameters on one-half of configuration

'p.k doublet parameters in neighborhood of panel

Uy doublet parameters not located along edges of networks

Ko, gs L7, coefficients of panel doublet distribution
KEEs Bgn, Ky

v kinematic viscosity

§> velocity potential

&mn, L ' local panel coordinates .

Subscripts

LE leading edge

L | left side of‘ configuration

1 lower side of sheet

R right side of configuration

TE trailing edge

u upper side of sheet

X,y,2 components in wing fixed Cartesian coordinates
&t components in local panel coordinates

o freestream value

Superscripts

D . difference of values across the sheet

(1) iteration number

S average values of both sides of the sheet
T transpose of a vector

11



THEORETICAL METHOD

BOUNDARY VALUE PROBLEM

The flow over wings with leading-edge vortex separation is modeled on the following
assumptions:

e The wing is a thin surface (camber surface) in steady, symmetric flight.

° The flight Mach number is low subsonic; i.e., the flow can be regarded as
incompressible.

e Vortex lift is produced by a symmetric pair of primary vortex sheets separating
from the leading edges of the wing.

e Secondary flow separation and boundary layer displacement effects are neglected.
e  Multiple primary vortex sheets do not form.

o The flow surrounding wing and vortex sheets can be regarded as inviscid and
irrotational, i.e., as potential flow.

e Vortex breakdown does not take place.

° The diameter of the viscous core of the rolled-up primary vortex sheet is small by
comparison with its distance from the wing surface and by comparison with a
characteristic lateral dimension of the wing.

The essential elements of this inviscid, irrotational, and incompressible flow model are

the wing, wake, primary vortex sheet (termed free sheet), and the so-called fed sheet

representing the core of the rolled-up vortex sheet (fig. 4).

The flow is governed by Laplace’s equation for the velocity potential, ®

V24 =0 (1)
. -' . - » .
The velocity, V, in turn is obtained from
- o '
V=Vd - (2)
The boundary conditions imposed on the flow model are:

e The flow must be everywhere parallel to the wing surface, i.e.,

n-VS=0 ' (3

12
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Figure 4.—Boundary Value Problem

13



The symbol B stands for the unit normal vector of the considered surface. The
superscript S of the velocity indicates an average sheet velocity, defined by

- -
=V, + %) @

- >
where Vy, V] are the velocities on the upper and lower sides of the sheet surface,
respectively.

e The free sheet and the wake cannot support a pressure differential. This statement
expressed in terms of the jump in pressure coefficient across the sheet reads

ACP =0 (5)
In addition, free sheet and wake are stream surfaces; i.e., they must satisfy
n-VS=0 ®6)

e . Kutta conditions are imposed along the leading, side, and trailing edges of the
wing in the presence of free sheets and wake emanating from these edges.

‘The Kutta condition need not be treated as a separate boundary condition. Satisfaction
of the stream-surface boundary conditions (3) and (6) of wing, free sheet, and wake will
result in a smooth flow off the wing edges. The additional requirement of zero pressure
jump across the free sheet and wake in the immediate vicinity of the wmg edges is
already stated by equation (5).

. The freestream is undisturbed at infinity.

° The fed sheet (fig. 4) is an entirely kinematic extension of the free sheet. Its
dimensions are taken from a conical flow solution used as the “initial guess” in the
present iterative solution procedure applied to the fed sheet. This is a simplified
model of the true physical vortex core region, which is viscosity dominated. The
tacit assumption in this model is that the boundary conditions applied to the free
sheet are sufficient to adequately position the fed sheet. Appendix A explains why
this model is used instead of one in which the fed sheet is required to be force-free.

GEOMETRY DEFINITION
GENERAL DESCRIPTION

The geometry of the configuration (fig. 5) consists of four elements: wing, free sheet,
wake, and fed sheet.

The wing is represented by the mean geometric surface (camber surface) with an
arbitrary distribution of camber and twist. The wing must have a pointed upstream
apex. Leading and trailing edges of the wing may be curved or straight, and the latter
may be swept forward or backward. The panel scheme described replaces curved wing -
edges with straight-line segments.

14 .



a. Three-Dimensional View

Free sheet
(partly unwrapped)

Free sheet
(partly unwrapped)

Fed sheet

b. Transverse Cut

Figure 5.—Elements of Configuration
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The free sheet, a thin surface attached to the leading edge of the wing, extends in the
streamwise direction from the apex of the wing to the point of maximum local wing
span. The shape of the free sheet in a transverse cut through the configuration
approximates a spiral. Approximately one-half of the first turn of the spiral provides a
sufficient model in most cases.

The wake is a thin surface attached to the trailing edge of the wing downstream of the
point of maximum span and includes the extension of the free sheet in the downstream
direction (fig. 5). The wake geometry is generated by straight lines parallel to the x-axis
of the wing-fixed Cartesian coordinate system.

The trace of the fed sheet surface in a transverse cut (y,z-plane) through the
configuration is a straight line connected to the last point of the free sheet and is
approximately perpendicular to the free sheet.

The geometry of the configuration is symmetric with respect to the x,z-plane.

PANEL SCHEME

The geometry of the configuration is defined by panel corner points. A wing-fixed
Cartesian coordinate system is employed to specify corner-point positions. The origin of
this x,y,z-coordinate system (fig.5) coincides with the apex of the wing. The x-axis
(positive in downstream direction) is parallel to the wing root chord.

The geometry of the configuration is paneled as follows. The x-coordinates of transverse
planes cutting the configuration (fig. 6) are specified. The distance Ax between cuts need
. not be equal. These transverse cuts define the x-coordinates of all panel corner points.
The wake region is not cut, but is bounded by a transverse cut far downstream of the
wing. The computer code places this last cut at 50 wing root chords downstream of
the wing.

Corner points of the panels are then defined along the geometry contours of each
transverse cut. This must be done such that the number of wing panels is the same in
each spanwise row of panels. The same rule must be observed when paneling the free
sheet. Figure 7 shows the panel corner points in a typical transverse cut through wing
and free sheet. The fed sheet is represented by a single panel in the y,z-plane.

The paneling of the wake is completely determined by that of the wing, free sheet, and
fed sheet. A single wake panel is useéd in the downstream direction. The wake panels
are generated by straight lines parallel to the x-axis.

Examples of the wing panel scheme are shown in figure 8. Because of symmetry, only
one-half of the configuration. needs to be paneled. Curved wing planforms are
approximated by straight-line segments. (The algorithms extending the numerical
representation to encompass curved panels are now available, ref. 14, but were not
implemented in the present work.) Figure 9 displays a spanwise row of quadrilateral
free-sheet panels between two adjacent transverse cuts. An example of the wake
paneling is given in figure 10 in which the wake panels downstream of the free sheet

16
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Wake region

] Far downstream

Figure 6.—Transverse Cutting Planes of Configuration
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Figure 7.—Panel Corner Points in Transverse Cut of Configuration
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Figure 9.—Spanwise Row of Free-Sheet Panels
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Figure 10.—Example of Wake Paneling (Not Complete)
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are not visible. It can be noted in figure 10 that in the spanwise direction the number of
wake panels is not always the same as the spanwise number of wing panels.

PANEL GEOMETRY

Consider the single panel shown in figure 11 located between two transverse cuts, x; and
Xj+1 . The same type of panel geometry is used for the paneling of the wing, free sheet,
fed sheet, and wake. Triangular panels such as those at the apex of the wing are
special cases of the shown quadrilateral panel shape in which two corners coalesce.

The four corner points of a panel, Pjj; Pj ji+1; Pi+1.5 Pi+1,j+1, are used to define a

planar panel surface that approximates the nonplanar geometry surface. This planar
. U =

surface is the so-called near plane defined by and containing the vectors A;; and B: j (see

fig. 11). The latter are written in terms of vectors that define the panel corner point

1 t - _ - - g ->
peations &8 Aij = B+ Piger =Pivn =P o @

> = - - -+
Bij = Pij+ Piaq i - Pije1 ~ Pirp,j1

The panel normal vector & at the center Py.. of the (ij)th panel is then
0ii P

- -
n = —f\r‘lfTB,U— o= (n,,n,,n,)
'IAij X Bijl Xy 2 (8)

Projecting the four corner points onto the near plane and connecting the new points by
straight lines defines the panel geometry. All original corner points turn out to be
equidistant from their projections onto the near plane.

In addition to the global Cartesian x,y,z-coordinate system, a local panel coordinate
systein (fig. 11) is introduced whose ¢£,7m,{-coordinates are defined as follows. The
{-coordinate points in the direction of the panel normal; the n-axis is perpendicular to {
and to the x-coordinate of the global coordinate system. The ¢-axis (positive in
downstream direction) forms, with % and ¢, a right-handed Cartesian coordinate system.
The ¢- and x-axes are in general not parallel. The unit vectors of the local panel
coordinate system are denoted by &, &y, é’;.

The transformation from x,y,z- to ¢,m,{-coordinates is performed by

[ [ n,n " nen, 1 ( A
S R T L T T Y (P
Y Z#n? iy 12
Ny Ny y > C)
17(7| ° Fizen? ezaaz |70
: n,, +n, ny“+nZ
L§ ) i ny ny - n, _J LZ—ZOJ

where the coordinates of the panel center Poij= (x0,¥0,20)ij are the average values of the
original panel corner-point coordinates.
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NUMERICAL METHOD
INTRODUCTORY REMARKS

The numerical solution of the boundary value problem is accomplished by a panel-type
influence coefficient. method. The numerical method formulated in this section is
entirely based on an advanced panel method for the solution of Laplace’s equation
subject to Neumann, Dirichlet, or mixed boundary conditions (ref. 14). Only certain
features of this new method that center about the use of doublet distributions to
represent the various elements of the adopted aerodynamic model are employed.

The surface of the configuration is divided into panels, as explained in the section on
“Geometry Definition.” Doublet distributions dependent on a finite number of unknown
doublet parameters are defined for each panel. A finite number of control points on the
surface are selected at which the boundary conditions are satisfied. This discretization
of the problem leads to an aerodynamic influence coefficient formulation wherein the
solution is achieved by assembling logically independent networks of doublet panels. In
this context, a network is defined as a portion of the boundary surface on which a
certain distribution of doublet strength is specified, together with properly posed
analysis (Neumann) or design (Dirichlet) boundary conditions. It is always composed of
a rectangular array of panel's that may be input independently of all other networks. A
network is logically consistent in that it contributes as many equations to the overall
problem as it contributes unknowns.

The essential features of the numerical method are:

o Discrete values of doublet strength are assigned to certain standard points on each
network. A local distribution of surface singularity strength is obtained by fitting a
quadratic doublet form to these discrete values in an immediate neighborhood by
the method of least squares.

e Certain standard points on each network are assigned as control points. These
points include panel center points as well as edge abutment downwash points. The
latter serve to automatically impose standard aerodynamic edge conditions, e.g.,
the Kutta condition, zero potential jump at thin edges, continuity of singularity
strength across abutting networks, etc., producing logical independence for each
network. In all cases, the number of boundary conditions on each network coincides
with the number of assigned surface singularity parameters.

e Two expansions are employed in the calculation of the aerodynamic influence
coefficients: a near-field expansion and a far-field expansion. All resultant
integrals are evaluated in closed form using recursion relations, which contain the
fundamental logarithm and arc tangent transcendental terms that appear in
constant-strength panel techniques. :
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DOUBLET PANEL
The distribution of doublet strength ,u.(f,n) on a panel is quadratic; i.e.,

WEM) = o * by £+ iy ¥ Mgp T8 + gy B0 + iy A’

(10$)
The six coefficients, p g, p & Moy Hgp Bgqp Kyy are not assumed independent; rather they
are a linear combination of an independent set of doublet parameters uj. The
parameters uj are the singularity strengths at a set of discrete points on the network
surface. The linear relationships between the six coefficients and independent.doublet
parameters are later determined by the method of weighted least squares.

Consider now the velocity V induced by a distribution of elementary doublets over a
smgle panel S at a field point P = (¢,1,0).

V(P) ff M(Q)VpK(PQ)dS 11

The integration is to be carried out over the panel area S with Q = (£1,m1) denoting the
position of the elementary doublet on the planar panel. Further,

dS =d§;dny 12)
_' 1 I'pQ Q - _ (13)
K(P’Q) = — IrpQ| = IpQ
47 | rPQ3

where K(P,Q) is the potential of an elementary doublet. The vector %Q is
?PQ = (E‘S])gg+(n-n1)€n+§é} (14)

and points from the position Q of the elementary doublet to the field point P. The vector
g is the panel normal fig = (0,0,1) for planar panels. Applying the gradient operator

23+ 0e 12
Pttt ar% (15)
to K(P,Q) yields
VpK(P,Q) = (r *ng)
P ’ A (16)

Appendix B contains details of the integration of equation (11). The analysis
distinguishes between:

1. Field points P that are located. in the vicinity of the panel S, in which case no
. approximation to the integrand for flat panels is used. Then

IK:UK U= ! K=3,5 a7

'PQ YE-ED2+(-npP+g2
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Field points located a sufficient distance away from the panel surface to justify the
following approximation to I‘PQ_K

L= UK+ kUK +mnpi k=35 U =

1
K . (18)
"PQ VE2 +02 442

This approximation is applied when U is greater than 2.5 times the maximum
panel diagonal.

The result of the integration of equation (11) can be written in matrix form as

()

#o
V}; . “5
Vo b = DI ﬁ’gé | (19)
vi. ”572

L#nnJ

where v., vy, v, are the components of the perturbation velocity V in local panel
coordinaies of the inducing panel.

NETWORKS

The configuration is modeled aerodynamically by five networks termed:

Analysis network (wing)
Design network (free sheet)
Fed-sheet network

Wake network

Network number 5

The analysis- and design-type networks are the two basic networks, whereas the
remaining three are specializations of the analysis network. The last network is needed
for that wake panel downstream of the last fed-sheet panel.

Figures 12 and 13 show schematically the arrangements of doublet parameters w; and
the control point locations for the analysis and design networks, respectively. These
choices of the locations of the doublet parameters ensure a stable computation. For each
of these networks the number of control points at which the boundary conditions or edge
conditions are satisfied equals the number of unknown doublet parameters. The edge
control points serve in the matching of the various networks across their common

boundaries. These points are slightly removed from the edges for this purpoese (107° of
the maximum panel diagonal).
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An individual panel of both the analysis and the design network is assumed to have a
quadratic distribution of doublet strength, which is defined by equation (10) in terms of
six coefficients. A linear relationship between these coefficients and those doublet
parameters uy on the panel itself and on its immediate neighbors is determined by the
method of least squares. For each panel S the residual R is minimized.

N
1 2
R = —2“ k§=:l Wk [#(E_k, nk) - “k] (20)

The weights Wk are chosen large (10°) when (¢éx,mk) actually lies on the panel S, and -
are unity if not. The number N of the doublet parameters uyx depends on the position of
the panel within a network. In the case of a panel of an analysis network, N equals 9
unless the quadrilateral panel and its neighbors are triangular. For most panels that
are part of a design network, the summation is carried out over 16 doublet points. Only
panels located along the edges of a design network have fewer neighboring doublet
points, in which cases N reduces to 9 or 12.

With u(£k,mK) given by equation (10), the residual R reads

N .
_ 1 1 2 1 2 2
R =~ kz=:l Wk(ﬂo tugb gyt e HepErmy T3 gy - uk) , @y

which is minimized by
JoR 0 oR 0 dR

oR dR dR

—_ = - = = -_— = — =0 — =0
g ° Oug 0 Bupy Mg ey My
This procedure gives the following intermediate result
r#O 3
, Mg
- } g
] Qo[ (i
(6 x6) (6 x N)
“577 .
u
. nnJ

26



with

and

1 i
2 Wk YWk TV TWerES TWdEak T Wi n? ]

1, 3 1
2 Wiék ZWkEkz Y Wimkék TWi S TWiking Wi 3 e

2 Win
1,2
L Weék
etc.
2 Wignk
1 2
> Wik
Wk Wk W]
Wi £ Wi - & Wk
Wk Wi - meWk
[Cz] i 1,2 1,2 | )
?Ek Wk '2—51( Wk PN §£k-wk
EmcWr  BmcWi - Bk
1 2 1 2 12
TmWE MW - Wi

~ The desired linear relationship between the six coefficients of the quadratic doublet
distribution and the N doublet parameters uy can then be written as
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where the coefficients of the matrix [C] depend only on the chosen weights Wk and on
the geometry of the panel scheme.

Figure 14 shows the wake network unwrapped. This network is of the analysis type but
is simplified assuming that the doublet distribution varies only in the lateral or
n-direction.

Figure 15 illustrates the chosen positions of doublet parameters and control points for
the fed-sheet network, which is like the wake network of the analysis type. The doublet
strength is constant in the n-direction, and varies quadratically in the direction parallel
to the terminated edge.

The number 5 network needed for the wake panel located downstream of the fed sheet
has a constant distribution of doublet strength. This is a consequence of the choice for
the doublet distributions of the neighboring fed sheet and wake panels.

MATCHING OF NETWORKS

The relative positions of the five networks described in the previous section are
illustrated in figure 16, which also shows the location of most of the control points, *
particularly those along the edges of networks. The reader will notice that at some
boundaries edge control points appear in opposing pairs. This is the case along the
centerline of the wing and along leading and trailing edges of the wing. At other
boundaries such as the one between free sheet and fed sheet and between free sheet and
wake, there is only a single point controlling the edge condition.

o
The downwash V=1 - VS is specified at edge control.points. In order to explain the
implications of this edge condition, the downwash in the vicinity of the common edge of
two smoothly adjoining networks is expanded as

€+ A(%;i)e In s + regular terms . (24)

A
Vo(s) = .

Here, s is a coordinate tangential to the network surface and perpendicular to the edge,
Ape is the jump in doublet strength across the edge, and A(du/ds)e¢ is the jump in-the
derivative of doublet strength across the edge. A control point placed near the edge
(e.g., at s = 0+) requiring that downwash be finite will tend to make Au, vanish, i.e. u,
continuous across the edge. This can easily be shown by taking the limit

lim  Agg(s) = lim gsvn(é)—A<%’§> sins—s(. . .)g =0 (25)
s>0+ s=0+ ¢

Placing a second control point on the opposing panel of an adjoining network will, in
addition, force A(8u/ds)e to vanish, thereby establishing continuity of (du/0s)e.

28



Wing

/ Free sheet

Doublet parameter
Control point
>
Unwrapped
u=pin)
t
® o D e k]
|
—o——0——0—
l Wake panel
¢
¢
Figure 14.—Wake Network (Simplified Analysis Network)
Free sheet
m#uln)
" Fed-sheet panel (unwrapped)

Control point
Doublet parameter

1

Figure 15.—Fed Sheet Network (Simplified Analysis Network)
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Hence, across the centerline of the wing and across leading and trailing edges, u as well
as du/ds are continuous, since control points are grouped in pairs along these edges. In
addition, the derivative of u must vanish along the centerline to produce a symmetric
distribution of u. As a consequence of the particular construction of the wake network,
the derivative of u in the freestream direction vanishes along the trailing edge.

Doublet strength, but not its derivative, is continuous across the common boundaries of
free sheet and wake, free sheet and fed sheet. Thus it will be seen that the network
edge downwash points are, in essence, a logical algorithm designed to produce the
desired degree of continuity in doublet strength across network edges, and are
functionally quite different from.the downwash points appearing in the centers of
panels.

AERODYNAMIC INFLUENCE COEFFICIENTS

In subscripted notation, aerodynamic influence coefficients Ay; are defined by

—DS - k= Ea 77,§
i ], 2, PN ND

where VS is the average velocity at a particular control point, u; are the doublet
parameters of one-half of the configuration, Np is the number of these doublet
parameters, and Uy are the components of the freestream velocity in the direction of the
local panel coordinates

U, = (Ug, Up, Up) @7

The vectors €, é’,,, 32 are the unit vectors of the local coordinate system of that panel on
which the control point lies. For future reference, equation (26) is rewritten in the form

QY [ B r
VS A, UJ
4 vnS = | Ay MERLN - (28)
v.Sl A U
$ $s §
) LY wy

-
for the components of VS in local panel coordinates.

VS = (VES, V,,S, V§S> (29)

-
In particular, V, S is the component of the velocity normal to the panel surface at a
control point, i.e., the downwash

S.vy =7-VS
VS =V, =0V (30)
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To derive expressions for the aerodynamic influence coefficients, the analysis proceeds
by first computing average perturbation velocities at a control point due to a panel
distribution of doublet strength. The latter is represented by the six coefficients of the
quadratic doublet distribution (see eq. 10). So the objective is to find equations of the
form '

r“O A

VES’ #E
M

vns}= ] n > 31
“ .

S 133

A\

Hond

The perturbation velocity components vg, w, /4 induced by a panel doublet distribution
are already known from equation (19). These are also the average perturbation velocity
components of both panel sides unless the control point is located on the influencing
panel itself. In this case the average perturbation velocities change to

r 3 r
S 1)
Vg VE~3 Ty
1
4 v,nS > = 4 vn+§'y$> (32)
1.s
A" A\
) e

where y,, yy are the components of the sheet vorticity 3 in local panel coordinates.
Vorticity ¥ and doublet strength u are equivalent concepts in potential flow theory
related by

Y =nxvu (33)

Recalling the definition of the panel normal vector & = (0,0,1), the components of Y can
be written in terms of the components of Vu as follows

_ _ou _ ou _ .
e T "3 Mm% Te =0 (34)
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or upon introducing u(£,m) from equation (10)

Hence,

with

(K} =

Yg T =By~ HgnE g
Tp T Mgt “EE£+#«§7?77
'Y{ =0
.
ko
(1] ]
7 Mg
Hn
0 Mg
L W
1 1 1
7 0 -zE g
1 ]
.0 —'2- 0 -'2‘2
0 0 0 0

(35).
(36)
0
21
> @n.
0 |

Combining equations (19), (32), and (36), the average perturbation velocities induced by

a single panel take the form

[DI + 15,K] |
J

33
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(38)
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The Kronecker delta 8;; indicates that the coefficients of the matrix [8;;K] are zero if
the control point i does not lie on the influencing panel j(i#j), and that they are given
by equation (37) ifi =j.

At this point of the derivation of aerodynamic influence coefficients, advantage is taken
of the symmetry properties of the flow field. The assumption is made that the vortex
separation is completely symmetric with respect to the x,z-plane of the wing.
Consequently, the distribution of doublet strength is also symmetric; i.e., each doublet
panel on the RHS (subscript R) of the configuration has an image of equal strength on
the LHS (subscript L). Hence,

{#0, Ky M, Megs Hep, #nn}L = {#0, K, My, Megs Hep, ”T?TI}R (39)

However, the velocity perturbation caused by a panel of the RHS at a particular control
point differs from the perturbation induced at the same point by the image panel. The
sum of the average perturbation velocities of a panel and its image at a control point on
the RHS of the configuration takes the form

fIJO N
o .
n
vO¢= (DKl ¢ " b (40)
~ Heg
VS
¢ M
)

with
[DK] = [D] g +[8;K] + (D],

Next, the six coefficients of a panel doublet distribution must be related to the doublet
parameters p; defined on one-half of the configuration. Recalling that equation (23) is a
linear relationship of the panel coefficients and the set uk of doublet parameters of the
immediate neighborhood of the panel, this is easily accomplished by enlarging the
coefficient matrix [C] Then :

(K0 )
B

o
Yoee [ [Co] {4 @b
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where most of the coefficients of the enlarged matrix [C(]are zero. An indexing system
explained in the description of the computer code identifies the nonzero coefficients

of [Cp].
Introducing equation (41) to (40) yields

VES
A\

St = B} [B] = [DK] [Cg] (42)

Vgs

The reader is reminded that equation (42) only gives the velocities induced by a single
panel and its image, even though {[.Lj} is the vector of all unknown doublet parameters.
The perturbation velocities induced by all M panels of one-half of the configuration and
their images are obtained from

Y vS
Lo = (Al (43)
S
M
0-3,

The matrix [A] is the matrix of aerodynamic influence coefficients, i.e.,

[A] = “—A". ;

which was introduced earlier by equation (28).
SOLUTION PROCEDURE

The boundary value problem of wings with leading-edge vortex separation is nonlinear
because the shape of the separated vortex sheet as well as its strength are unknown.
The solution procedure must therefore be iterative. Details of the iteration procedure -
are discussed in this section. First, the choice of initial values for the free-sheet
geometry and the doublet distribution is described. The result is termed “Starting
Solution” of the iteration. Then a description of the perturbation technique follows and
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is used to update free-sheet position and doublet strength during each step of the
iteration, entitled “Update Scheme.” Finally, an outline of modifications of the basic
update scheme, introduced to ensure stability and economy of the computation and
known as the “Quasi-Newton Method,” concludes the description of the solution
procedure.

STARTING SOLUTION

An initial guess for the free-sheet geometry is established based on conical solutions of
Smith (ref. 6). Smith’s results are reproduced in figure 17, which shows the shape of the
free sheet and the size of the fed sheet for various values of the parameter a. The latter
is defined by

a = . (44)

where a denotes the angle of attack in radians and y is one-half of the apex angle of a
‘delta wing. The sheet geometries of figure 17 represent transverse cuts through the
configuration normal to the wing surface. The y,z-coordinates are nondimensionalized
by the wing semispan s. The locations of the line vortex along the terminated edge of
the fed sheet are given for several values of a (0.2 <a =< 3.0) and are connected by a
dashline. The straight line between the last point on the free sheet and the lme vortex
is the trace of the fed sheet. An example is shown for a = 1.4.

The shape of each free sheet is subdivided into seven segments of approximately équal
chord length. The corner points of the segments, as well as the nondimensional
coordinates of the position of the terminated edge, are contained in the computer code.

Figure 18 explains how an initial free-sheet geometry is obtained for a nonconical wing
geometry based on the tabulated data of Smith. For this purpose the assumption is
made that initially the shape of the free sheet at a particular chordwise station is the
same as that of a certain delta wing. This delta wing is locally equivalent to the
considered nonconical wing geometry and is defined as a wing that has the same apex
position and the same local semispan at that chordwise station where the initial
_ free-sheet geometry is to be computed. Thus, the parameter a can be calculated at each
transverse cut for a given angle of attack and a given angle y=arc tan (s/x). Linear
interpolation of Smith’s data provides the desired initial free-sheet geometry for a
chosen number of free-sheet panels. All free-sheet segments of a transverse cut
(y,z-plane) have approximately the same chord length.

The described procedure also provides the size of the fed sheet at all geometry defining
transverse cuts. The lateral length of the fed sheet and its relative position (i.e., local
angle with the end of the free sheet) to the neighboring free-sheet panel is fixed
throughout the subsequent iteration procedure; however, it changes absolute position in
response to movement of the free sheet during the iteration.

It should be emphasized that Smith’s conical data provide only the initial free-sheet
geometry. This is a convenient choice and a.good guess for wing geometries that are not
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too different from delta wings. The computed doublet distributions and the sheet
geometries computed in subsequent cycles of the iteration procedure are, in general, not
conical.

An initial guess for the doublet distribution of wing, free sheet/wake, and fed sheet is
computed by satisfying identically the stream-surface boundary condition

at all boundary points. This equation is rewritten in terms of aerodynamic influence
coefficients and doublet parameters as defined in equation (26)

A;—U [.lj +Ug—] =0

where the subscript { denotes components in the direction of the local panel normal at a
particular control point i. Introducing matrix notation allows the computation of the
initial guess of the unknown doublet distribution {[.Lj(l)} from

[Asi s = - o

UPDATE SCHEME

Beginning with an initial guess for the sheet geometry and the doublet parameters, the
sheet position and doublet strength must be updated so as to satisfy more closely the
pertinent boundary condition of the leading-edge vortex problem. For this purpose the
governing nonlinear boundary condition equations are perturbed, and with the -
assumption of small perturbations, a linear set of equations is derived for the
perturbation variables. The perturbation technique shall now be discussed in detail.

The boundary value problem can be written symBolically in terms of the following three
equations: )

E(pe, 1, 0) = 0
Flue, up,0) = 0 | (46)
Glre, up, 8) = 0

In this notation, the u, are those doublet strength parameters defined at the edge
points of networks across which the Kutta condition has to be satisfied. The u, are all
remaining unknown doublet parameters. The angle 6 stands for the unknown free-sheet
position and denotes the panel inclination in a transverse cut or y,z-plane. The above
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equations state the boundary conditions of the problem and in particular have the
following meaning:

E = 0 expresses the stream-surface boundary condition, 1 - VS = 0, at edge points of
networks where the Kutta condition is to be satisfied.

F = 0 symbolizes the boundary conditions Acp = 0 of free sheet/wake and @+ VS = 0 of
the wing.

G = 0 stands for the stream-surface boundary condition, n - VS = 0, of free sheet
and wake.

The above equations are expanded in a Taylor series in which all second-order terms of’
the perturbation variables Aue, Auy, A8 are neglected.

(i+1) = p(i) 4 OE 9E oF

E E +alle Ay +a/.1 Au +89 A6

P = PO+ B e 35 au+ 55 a0 4"
(i+1) = ) 96 9G

G G + Dpg + ou, App+ == 30 Al

The superscripts (i) and (i+1) indicate the (i)th and (i+1)th cycle of the iteration,

respectlvely All partial derivatives are known functions of the known values p,e(l), T Y 0(i)

of the (i)th iteration cycle. Moreover, the following abbreviations are used

B+ = E(#e(i+])’#r(i+l)’9(i+l ))
pG+1) = F(“e(iﬂ)’“r(i+l),9(i+l)>
c® = G(“e(i)’“r(n’e(i)>

Equations (47) can be written in matrix form as a set of linear equations governing the
perturbation variables. The assumption is made that all boundary conditions are
satisfied at the end of each iteration cycle, i.e.,

Gl = g

40



In addition, it is assumed that as a necessary requirement for satisfying the Kutta
condition along wing edges, the stream-surface boundary condition is always satisfied at
edge boundary points; i.e., EW = EM*V — 0. This condition is not sufficient for the
Kutta condition to be satisfied, but by nature of the free-sheet boundary condition, a
second condition, Acp = 0 just slightly outboard of wing edges, will be satisfied when the
solution is achieved. Hence, the equations governing the perturbation variables read

™~ o T Y r
E  3E  E| [, o )
op, Op, 00 e :

Oue  Omp 90| )T

w

G oG oG (i)
96 04 94 AD _ G
ope  Oup 00 C y . ¢ y

According to the terminology used in Newton-type iteration schemes, the coefficient
matrix is called the Jacobian. The coefficients of the Jacobian are calculated with the
following assumptions: :

e Changes .of the aerodynamic influence coefficients due to changes of the panel
inclination 6 are neglected during each cycle of the iteration.

e The vector normal to the free sheet at control points in the vicinity of wing edges
is not affected by changes of 6.

e The length of panel segments in transverse geometry cuts, x = constant, does not
change during the iteration. (This is a fixed constraint throughout the iteration

that serves to fix the transverse length of the free sheet.)

o  The free-sheet geometry is updated such that panel corner points remain in their
initial transverse cuts.

Details of the derivation of the Jacobian are contained in appendices C and D. The
listed assumptions imply, in particular, that the coefficient

oE _
—5—0

The number of equations in.(48) can be reduced by eliminating A, as follows:

{A#e} = -[3%] 1[ gfr] {Aur} BT
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Upon introducing this expression to (48) one obtains

-1 T ) )
[oF  oF <a13_> e oF]| | )

- —_— A
o, ~ g \Bm) Ou, 30 Hr
4 > = 4 > (50)
1
aG 9G ( oE oE aG i
ot S| IAg -G
Laur aue <aue> T 80— ) )

QUASI-NEWTON METHOD
This scheme (ref. 16) is used to solve for doublet strength and free-sheet position.

Represent the quantities of equation (50) symbolically as Ax = (Au;,A8), the coefficient
matrix (Jacobian) as J, and the right-hand side as (-f). Equation (50) becomes,

JAx = -f (51)

These equations are solved iteratively. Represent the ith iteration by superscript (i).
The scheme proceeds to find the corrections Ax? from the equation

1O Ax®D = () (52)

and forms the new approximate solution (next iterate)

LD = () ¢ 5D Ax(D (53)

where J® = Jx@), fP= fxV) and 8 is a scaling parameter to limit the step size of

the correction vector. The Jacobian at x'*? is obtained by using the following update
formula : g

3D = 5@ 4 p (54)
where

@ 2 (D00 axD) Ax®T

ax(DT ax

In this way, there is no need to reevaluate the n? partial derivatives for the Jacobian at
every iteration. The superscript T denotes the transpose of a vector.

‘Since the aerodynamic influence coefficients form an essential part of the method, a
procedure of generating new aerodynamic influence coefficients only after every five
iterations is included in the iterative scheme. This approach can help to reduce the
overall computing costs. ’
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The scaling parameter 89 is introduced to alleviate the problem of overshoot in the
classical Newton scheme. For each iteration cycle, the following criteria are used to
determine 8¢

0< s <
and
s 11axy < xy)
where ¥ is a predetermined quantity (y = 0.1 is presently used in the computer code),
and || |l is the Euclidean norm representlng the length of a vector. In addition, a
halving process of the scaling parameter & ® s applied to ensure the inequality

D < ey

The quality of the solution is monitored by examination of the residual defined by

R=Y [{A (Acpsheet» {A(" wmg)}'J (55)

k
where k ranges over all appropriate boundary condition points.
The edge doublets pe are updated at the end of each iteration cycle.
WING LOAD AND SURFACE PRESSURES
Once a converged solution has been calculated the pressure jump across the wing and

the pressures on upper and lower wing surfaces are obtained from the following
equations, which are derived in appendix E. "

2 25 '
Acp = —5 V2 - Yu (56)
P Uooz )
cp = 1- 1?<VS-VS+VS°V;1+‘]1—V#'V#> 57
u Ug*
- - - 1
cp, = 1-—‘—2(v3-v5-v5- Vit 70 Vu) (58)

The average Velocity VS = ('\723, \_/:,S, \_725) is calculated from equation (28) with the final
converged distribution of the doublet parameters u;. The gradient of u can be
determined from

Vi = (g gl Fuggm) Ty ¥ (it gk ) (59)
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which is derived by applying the operator
_ i - _a_ -+ 0>
V=gt e ot ar &
to the quadratic distribution of doublet strength wu(¢,m) of the panel (see eq. 10). The

coefficients Kg My,  etc., of the doublet distribution, in turn are linearly related to the
distribution of doublet parameters by equation (41). This equation can be written as

[CR %o
i Cot
u Co
MY |—— - {“j} (60)
£ D I S
Hen Cogn
fm) L Com ]

where Cgg, Cog Conm etc., denote the rows of the coefficient matrix [Cp]. With this
notation Vu becomes : :

—

W = [Cog * Cogg * nCog|{14{% * [Con * Copn * 1Comliiit % @0

Having calculated Acp from equation (56), the normal force coefficient of the wing cy
defined by

Ng
CN = (62)
p 2
—2U°° SW
becomes
2 & (63)
CN = S-'W E Ach(nZS)j (
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The various symbols ha‘;e the following meaning
Nf normal force
Sw total wing area
S panel area
n, component of normal vector in z-direction

Nw number of wing panels on one-half of the configuration

The pitching moment coefficient cy,, defined by

Mp

C =

m  p 9 : (64)

5 Uoso™ Cref Sw
takes the form
N
w
- 2 ’
Cm = Crof SW z ACPj[“z(XO XP)S]j (65)

where

Mp pitching moment
Xo x-coordinate of panel center
xp pitch axis

cref reference length
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COMPUTER PROGRAM USE

PRACTICAL INSTRUCTIONS

Some practical hints are given in this section to assist the user in preparing a computer
run. The code is written in FORTRAN 2.3 for the CDC 6600 digital computer and is also
operational on the CDC 6400 system. The program occupies 120 000 octal locations of
central memory in an overlay structure, and uses eight disk files. Many cases have been
executed to check out the code and to gain confidence in the solution procedure. Most
computations were highly successful, but there were a few that did not converge to a
solution within the allotted computer time. These were mostly wing geometries with-
kinked leading edges. The user must be warned that he might occasionally encounter a
case which, in spite of careful preparation of the input data, does not converge as
rapidly as desired. If this occurs, numerical experimentation with different paneling
and/or different choices for the initial geometry might hasten convergence.

Number of Unknowns: The code is presently limited to 130 unknown doublet
parameters u; and panel inclinations ¢ (in sum total). The doublet parameters pe
located along the centerline and the edges of the wing are not counted in the sum.
There are as many unknown doublet parameters p on wing and free sheet as there are
panels, and the number of unknown angles of the free sheet also equals the number of
free-sheet panels. Hence, the total number of unknowns is equal to the number of wing
panels Ny plus twice the number of free sheet panels Ngg, and must satisfy

Ny + 2Npg < 130 (66)

An example of a panel layout is given in ﬁgﬁre 19. Table 1 provides additional
information for this particular case.

Number of Wing Panels: At least 25 wing panels should be used. Cases with sparser
wing paneling probably converge to a low-quality solution. The user should also recall
that the number of panels in all spanwise rows of wing panels must be the same.

Relative Panel Size: The numerical scheme is not sensitive to strong variations in panel‘
size. Convergence difficulties, however, might be encountered when using a small
free-sheet panel next to a large wing panel along the leading edge.

Number of Iterations and Updates of Aerodynamic Influence Coefficients: Sixteen
iteration steps should be sufficient to obtain a converged solution in most cases. The
program automatically updates the AIC’s after every five iteration steps, so that during

15 cycles the aerodynamic influence coefficients are calculated four times.

Monitoring of Convergence: The residual defined by equation (55) is a measure of how
closely the boundary conditions are satisfied. The residual must decrease rapidly in an
iteration with good convergence characteristics. In addition, the behavior of the wing
normal force coefficient ¢y as well as the pressure jump Acp across the free sheet should
be monitored to judge the quality of the solution procedure.
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Figure 19.—Panel Layout for Arrow Wing
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Table 1.—Arrow-Wing Data

Control points

panefzenter, Edge controf
Network Panels doublets u, points 0
Wing 30 30 14 0
Free sheet 48 48 7 48
Fed sheet 6 0 8 0
Wake 11 0 13 0
Network number 5 1 0 1 0
Sum 96 78 43 48

Total number of unknowns = 78 + 48 = 126
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Computer Time: The code uses most of the execution time for the computation of the
aerodynamic influence coefficients. In order to obtain a first estimate of the total
solution time, the following procedure is suggested. First, a trial run with one iteration
cycle and one AIC update should be made. Multiplying the computation time of this
trial run by the total number of AIC updates and adding approximately 25% to it gives
an estimate of the total execution time.

INPUT DATA PREPARATION

The keywords with the $ sign are important for identifying the corresponding input
data values. Only the first three characters of the keywords following the $ sign will be
needed in the program. All data cards with numerical values use format 6E£10.0. Table 2
shows an example for the printed card image of the input data.

Variable
Card Card Name
Number - Column (Default Value) Description/Comment
1 1-5 $CASE
2 1-70 . Title information
3 1-70 User identification
4 1-16 . $ALPHA (DEGREES)
5 1-10 ALPHAD Angle of attack in degrees
6 1-13 $ASPECT RATIO
7 1-10 AR Wing aspect ratio (defined as 4s/x);
' this value will be used for delta
. and arrow-wing preprocessors
8 1-16 $TRANSVERSE CUTS
9 1-10 TRAN Number of transverse cuts of
. the wing network (< 10)
10 1-60 X (D x-coordinates of transverse cuts
for the wing network
11 1-14 $SPANWISE CUTS
12 1-10 SPAN Number of spanwise cuts of the
wing network (< 10)
13 1-60 YSP (D Percent values for spanwise cuts
(0.0 (100% = 1); this card is intended
for use with preprocessor
14 1-15 $CENTERLINE
15 1-10 CTRA Number of transverse cuts

along centerline
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Table 2.—Card Image of Input Data.

A COMPYT EP PPOGRAM

S ...FoP s s

A THOFE NTIMENCIONAL SOLUTINN OF FLOWS NVER WINGS
WITH LEADING FDGF VCRTEXY SECARATION

e e e o= L1SY_OF INPUT NATA CARDS -

N0y _CAPD TMAGES

Y RCASE . — e
2 INCASE « PRERTCYING WING AFONYNAMTC LNANS FAP 4 NELTA WING
kS IDUSCER « SAMPLE CASE FOR USING 0I.74 WING PCEPPICESSOR

Lk ®ALOHA (DEGRFFS) -
5 23.93 '

5 LASPERT RATTP

T Y e
) R TRANSVERSE CU™S

9 6 _ ,

5 S 1. 2. *, b, 5.

11 ESPANWTST CUTS

12 6.

1 e 2 Y. 3 5 3 1. _

14 LCENTERLINE ‘

15 6. -

16 eIFLTA WING PREPROCESSOR

17 St

1¢ eFoEC yADT X

19 S e N

2 eOTTCH AXIS

2t L.28

22 _ _RITCSATION

23 15,

24 eoQTN”

2= - . S S —_ e e

24 tEND AF SASE
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Beginning with card 16, the input format distinguishes between preprocessors for
planar delta wing, arrow wing, or gothic wing, and a general cambered wing geometry.

Variable
Card - Card - Name
Number Column (Default Value) Description/Comment
16 1-25 _ ) $DELTA WING PREPROCESSOR
‘or $ARROW WING PREPROCESSOR
or $GOTHIC WING PREPROCESSOR
17 : 1-60 YLE() y-coordinates of wing leading edge
i 0.0) for each transverse cut;
this card is intended for use
with gothic-wing preprocessor
18 1-12 $FREE VORTEX
19 1-10 SFS Number of spanwise cuts for
_ the free-sheet network
20 1-11 . $PITCH AXIS
21 1-10 XPITCH x-value of pitch axis
22 1-10 . $ITERATION
23 1-10 T™X Maximum number of iterations allowed
for the iteration procedure; the given
number should be a multiple of 5
since the AIC’s are updated at
every 5th iteration
24 1-6 $PRINT
25 1-10 PRINT Printing output occurs at every
(5.0) PRINT iteration; the given number
is recomended to be a multiple of 5
(see reason given in card 23)

26 1-12 ‘ $END OF CASE

The input format of a general cambered wing geometry is:

Variable
Card Card Name :
Number Column (Default Value) Description/Comment
6 119 $INPUT WING NETWORK
17 1-10 FNZ Number of corner points; this number

should be equal to the product of
number of transverse cuts and
" number of spanwise cuts
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Variable

Card Card Name
Number Column (Default Value) Description/Comment
18 1-60 ZM(2,]) y,z-coordinates of corner points
ZM@3,D input by each transverse cut
19 1-10 FNLE Number of wing leading-edge
corner points
20 1-60 YLE®D) Indices of wing network corner points
for leading edge from nose to tail
21 1-10 FNTE Number of wing trailing-edge
‘ corner points
22 1-60 YTE() Indices of wing network corner
points for trailing edge
(from centerline to leading edge)
23 1-12 - $FREE VORTEX
24 1-10 SFS Number of spanwise cuts for
free-sheet network
25 1-11 $PITCH AXIS
26 1-10 XPITCH x-value of pitch axis
27 1-10 $ITERATION
28 -1-10 TMX Maximum number of iterations allowed
(5.0) for the iterative procedure;
the given number should be a multiple
of 5 since AIC’s are updated
at every 5th iteration
29 1-6 $PRINT
30 1-10 PRINT Printing output occurs at every PRINT
(5.0) iteration. The given number is
recommended to be a multiple of 5
. (see reason given in card 28)
31 1-12 $END OF CASE

PRINTED OUTPUT DATA

An example of the printed output format is given in table 3, which shows the results for
a delta wing of aspect ratio 1 at 20° angle of attack computed in the 15th cycle of the
iteration procedure. The input data of this case are contained in table 2. The output -
format is self-explanatory, but a few symbols and words must be defined:

STEP SIZE is the length of the vector Ax? obtained from equation (52).

CIRCULATION ALONG TERMINATED EDGE OF FED SHEET is the strength I of the
line vortex along the terminated edge computed at the midpoint of the side edge of the
fed-sheet panel.
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Table 3.—Example of Printed Output Data

CUF OF SQUARES OF OfSTINUALS = &, 85104584 48F-03

STE® STZE (LENGTH OF COE°€C'fCN VECTNPY =  3I,568957E+C0

MING PANE] NumMpee 1 _T1 25
FOEE SHEET PANEL NUMBEP ?6 TN 65
FED SHEEY PANEL NUMPER 66 TN 70
MAKE PONEL NUMBE® 71 T2 84
CIRCULATION BLNNG TERMINATED EDGT OF FE) SHEFT
X X b4 PANEL CIRCULATICN
5003 0812 307 65 2005
1.540210 a24LS 21189 67 20673
2.500¢C 3967 «1984 68 « 8914
?.50C0 «570¢C 2806 69 1.1929
L5000 + 7E87 23728 74 1.6725
CICULATYON ALONG WING TYRAJLING SOGF
X v 4 PANEL CIRCULATICN
£.2020 1257 .Ceet 71 1.3656
5.0009 3757 .gcen 72 1.39%0
£22002 2625C 25000 73 1.5324%
€.C000 «875¢( «000C 7 1.7389
FeuB10 1.125° LOr L 75 17542
DANCY 7Y CcY hAab 4 Yyx yuy yuz YLX YL Y 14 nZe cPy CPL AFEA
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k4 1.5000C «112°F .0019 1.1460 «5269 . ~.007¢ 8291 o .BLR =.C07C #P8EQ -.5805 « 305 0750
2 1.5€20 21875 220108 1.7297 1.0687 22008 JR1EL 22022 W Q0D 2,5777. _=1.,2872 L2905 __ .075C
Q 1.5010 «2E2F «0C23 1.5722 1.1872 e i1F2 795 3602 .2162 1.6093 =1,5684 «25(8 « 0750
1r 1.87)3 »327F 2 1.19%6 eCLb. U101 7120 «€5%6 £ 7032 7363 =-.7227 .. 627 «075C
11 245010 21625 200070 1472 2432¢ ~al369 28478 279 =a(C49 253(7 = 3037 s 2871 21258
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13 2.50)¢ «312¢ 000" 1.(56R 9980 0016 .A299 .2179 «5L16 1,205 =1.1176 2669 +125¢C
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Table 3.—Example of Printed Output Data (Continued)

203010 125546 24540 -,00(7 8616 2 (691 =20057 8748 23194 22527 2175C
iR T,803C so27€ .N00¢ «9374 «9.99 -e0337 +3L79 «17¢63 - 0037 1.3726 ~e8226 «23.0 «176C
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25 4.5000 1.0125 «00090 +9758% «5433 -.0108 «8135 +5112 ~.0198 « 3234 2468 «0.767 2250
26 25000 1278 0066 1.2360 20129 42229  ,r29p 25165 29797 af112 .

27 «5000 «1306 0178 1.2972 3592 ‘e 3848 8128 «2849 1.401¢ «t321
2» «5000 «1301 .0301 1.3150 «2586 «5393 «8739 . ebbll 1.1475 «[051
20 5008 1287 20423 3.3432 21137 28627 49348 ~a2011 1.1553 20072
3¢ +5000 «1207 «0534 1.384L6 «.C768 « 7220 1.0047 ~ok60L8 1.1008 <0071
k31 «5000 01122 0625 1.43A8 -, 2914 +6856 1.0857 -e7375 s 470 o580
32 25010 aifye 889 1,.8.28 _ =.4k92% 25298 1.1755 =.98"714 N 0159
3z «5C30 «0892 0714 1,5688 - 5228 « 2376 1.2677 ~-1.1212 «1848 « 0033
38 1.5000 .3819 «3172 t.227¢0 «3783 +2081 «T7€0% «5619 «9161 e GILS
3F 1.50a0 23886 21534 122522  .3263 23609 JA346 a2 6N 1.0207 =2£009 -
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hn 1,500 «3013 « 2076 1.L3C8 - 4739 +5121 1.14615 ~«¢(97 «6252 <0269
49 1.50L 226847 22150 1.4325 -5012 22321  1.2258 ~1.i479 23192 . (063
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51 3.5020 L0170 «1226 1.1059 « 3289 «3u7h 7774 27014 «8823 -+ 0061
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Table 3.—Example of Printed Output Data (Concluded)

X Y Z CONRDINATES ~F CORNE® POINTS

FREE SHEFT NFTWORK
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CIRCULATION ALONG WING TRAILING EDGE is computed at the midpoints of the
panel trailing edges.

ZCX =xg

ZCY =y coordinates of panel center

ZCZ =129

VUxX = (Vu)x components of Vu on upper side of the
VUY = (Vy) sheet surface in x,y,z-coordinates

VUz = (Vu)Z

VLX = (Vl)x components of Vl on lower side of the
VLY = (Vl)y sheet surface in x,y,z-coordinates

VLZ = (Vl)Z

DCP = Acp jump in pressure coefficient across the sheet
CPU = P, pressure coefficient on upper wing surface
CPL = °p) pressure coefficient on lower wing surface
AREA = §; wing panel area
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VERIFICATION OF THE METHOD

RESULTS

Numerous example cases have been executed to validate the method and its generality.
Cases selected are compared with available theoretical and experimental data for a
range of different geometric configurations including delta, gothic, and arrow wings.

The capability of the method to predict overall wing coefficients is shown in figure 20
for a delta wing of aspect ratio 1 at low subsonic speed (My = 0). This figure shows the
well-known nonlinear variation of the normal-force coefficient ¢y with angle of attack.
Several values of ¢y were computed for angles of attack up to 20° and agree well with
the experimental data of Peckham (ref. 17) and theoretical results from the
leading-edge-suction analogy of Polhamus (ref. 3). The corresponding load distribution
at a = 20° is plotted in figure 21 and compared with Peckham’s experimental results.
Although only 25 wing panels were used on one-half of the configuration, the
completely three-dimensional, nonconical load distribution was well predicted, including
the location of the vortex-induced pressure peaks and the decrease of the load toward
the trailing edge.

Figures 22, 23, and 24 show detailed surface pressure distributions for a delta wing of
aspect ratio 1.4559 at a = 8.8°, a = 14°, and a = 19.1°. Upper and lower surface pressures
are well predicted for the higher angles of attack, as the comparison with experimental
data (ref. 18) illustrates. At 8.8° the differences, although unclear, may be due to the
blunt trailing edge of the experimental model or an inadequate definition for the
fed-sheet geometry. The experimental results clearly show the effect of the secondary
vortex separation, which takes place on the upper surface just slightly outboard of the
main vortex. The present method does not model secondary vortex separation and,
consequently, produces a slightly different shape for the pressure peaks.

The method can be applied to more general configurations. For example, figure 25
shows the method applied to a gothic wing having a swept trailing edge and a curved
leading edge. This figure shows good agreement of the normal-force coefficient ¢y with
experiments (ref. 17) at the relatively high angle of attack of 14.3°.

Figure 26 shows the predicted load distribution of an arrow wing. Experimental data
are not available for comparison, but the plotted loads appear to be realistic and
demonstrate that the method is capable of handling other than delta-wing planforms.

CONVERGENCE CHARACTERISTICS

The progress of the solution is monitored by examining the residual errors in the zero
pressure jump boundary condition on the free sheet and wake, and the stream-surface
boundary condition on the wing. Figure 27 shows the convergence characteristics for a
delta wing of aspect ratio 1 and a gothic wing of aspect ratio 1.60. Each configuration
has 25 wing panels.
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Figure 20.—Normal Force Coefficient cp. Delta Wing
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AR=1,M_=0,a=20"

Present method
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Peckham, a = 20.5°
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Figure 21.—Load Distribution of Delta Wing, a = 20°
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F/'guré 22.—Surface Pressure Distribution of Delta Wing, o = 8.8°
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AR = 1.4559, M__ = 0, & = 14.0

Present method

Cp & © A O O Experiment of
Marsden
-1.6 P 30 Wing panels
-1.2

Figure 23.—Surface Pressure Distribution of Delta Wing, a = 14.0°
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Figure 24.—Surface Pressure Distribution of Delta Wing, & =19.1°
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Figure 25.—Normal Force Coefficient ¢y, Gothic Wing
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Figure 26.—Load Distribution of Arrow Wing
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The paneling and convergence characteristics for the delta wing are shown at the lower
side of figure 27, where the normal-force coefficient ¢y is shown as a function of
iteration number for two different angles of attack. The dashed lines indicate the value
of ¢y obtained from the leading-edge-suction analogy. For this case, the aerodynamic
influence coefficients were updated in each cycle of the iteration. The solution quickly
seeks a level after only one or two iterations and then exhibits some oscillation, often a
characteristic of Newton schemes.

The paneling and convergence characteristics for the gothic wing are shown at the
upper side of figure 27. For this case, the aerodynamic influence coefficients (whose
computation consumes the largest fraction of computer run time) were updated only
after the fifth and tenth iterations. The difference in convergence characteristics for the
two cases is apparent.
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CONCLUSIONS

The work reported here demonstrates one of the applications of a new general, subsonic
potential flow computational technique recently developed (reported in ref. 14). With
the use of this technique, a three-dimensional method has been formulated for
predicting the flow field about swept, sharp-edged wings characterized by the presence
of vortex separation at the leading edge. The basic approach has been verified for
selected wing planforms such as delta wings of different aspect ratios, a gothic wing,
and an arrow wing. Further numerical experiments conducted after completion of the
contract work uncovered convergence problems with the present computer code for more
general wing geometries like double delta-wing planform, diamond wings, and cropped
delta wings. The problems do not appear to be fundamental in nature and are due in
part to a lack.of experience concerning panel density requirements, the accuracy of the
initial guess, and the appearance of a second vortex at a planform break that is not
" modeled in the present code. The work to date has been successful in overcoming the
most dlfficult aspects of the problem and provides the basis for development of this
initial capability into a method suitable for supersonic flow and for complete
configuration analysis in subsonic and supersonic flow. In addition, it can be applied to
related problems involving free vortex sheets that are encountered in the areas of
powered lift, jet interactions, jet flaps, and so forth.

Boeing Commercial Airplane Company
P.O. Box 3707 '
Seattle, Washington 98124
September 24, 1975
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APPENDIX A
COMMENTS ON CHOICE OF FED-SHEET MODEL

A simple method for treating the core of the rolled-up primary vortex sheet was used by
Smith (ref. 6) in his conical approach to the leading-edge vortex problem. This model
consists of a single vortex with a fed sheet (see fig. 28), which he calls “feeder sheet.”
The sheet size and orientation are adjusted so that the total force on the vortex and on
the fed sheet is zero to provide a unique solution.

The three-dimensional method described in this document uses an even simpler
representation of the viscous core region. The fed sheet is treated as an entirely
kinematic extension of the free sheet, and no boundary condition is applied to the fed
sheet. The tacit assumption in this simplified model is that boundary conditions applied
to the free sheet are sufficient to adequately position the fed sheet, whose typical
dimension is small compared with dimensions associated with the free sheet and with
-distance from the wing. Size and initial position of the fed sheet are taken from conical
flow results of Smith. ' '

This fed-sheet model was the outcome of a theoretical investigation of the relation of
mathematical discrete line vortices to the problem of leading-edge vortex separation. In
particular, it was discovered that Smith’s fed-sheet model, when applied to the
three-dimensional nonconical flow problem, would contain two self-induced infinite
forces, with no possibility of mutual cancellation, and that for this reason the boundary
condition of zero integrated force over the vorticity could not be applied (ref. 19).

The origin of these infinite forces can be explained with the aid of figure 29, in which
the fed sheet carrying a surface distribution of vorticity 7 is ‘shown. This vorticity
merges into a discrete line vortex of strength I' along the terminated edge. The line
vortex along that edge will be curved in the three-dimensional and nonconical flow
problem. This curvature is responsible for one of the infinite forces, since any curved
discrete line vortex induces on itself an infinite component of velocity. When a curved
vortex is free to move with the surrounding fluid (as is the case with free leading-edge
vortices), it will move with infinite speed and will change, in general, its shape with
infinite speed (ref. 19). The curved discrete vortex forming the terminated edge is not
allowed to move with infinite speed and, for that reason, will always sustain a trans-
verse component of force that is infinite in magnitude. :

The other infinite force is experienced by the fed sheet and acts in the direction parallel

to the terminated edge. It is present in all cases where the fed sheet is feeding vorticity
into the edge vortex, i.e., when the strength of the edge vortex changes a}ong its length.
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APPENDIX B
PANEL INFLUENCE COEFFICIENTS

B.1 INTRODUCTION

In this appendix we shall calculate the potential and velocjty induced by a source or
doublet distribution on a curved panel. As shown in figure 30, let S be the curved panel
surface, 3 its tangent plane projection, 6 a point on S, A the normal to S at 6, and P a
field point. The potential ¢ at P induced by a source distribution o on S is defined by

o= ff o(ﬁ) ds (B-1)
S v
where . . |
- - -
R=(E_X’n—Ya§_Z)=Q—P ) (B72)

and

R=IRl = VE-02+@-y)2+E&-2)2

The potential ¢ at P induced by a doublet distribution x on S is deﬁnéd by

o= ff, #Folam)? es
_ S |

o ) (B-3)
A
- {f “<‘R 3“>ds
S 4R

The velocity V induced at ﬁby a source or doublet distribution on S is defined by

—> —

V =V ) (B-4)
We assume that the surface S is defined by

2 2)

§=ak"+bn”, (el . (B-5)

We also assume that S does not deviate significantly from X, more precisely that

5§ << 1 ' (B-6)
where

_1 Max 3335 B
5 *2(£,n)e>3% a2g2 + b2y f . | (BT

(Nominally we assume 8 < 0.066.)
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The distribution of singularity strength on S is assumedﬁ to be linear in the case of a
source panel and quadratic in the case of a doublet panel. To be specific we assume

o=ogtogitopn, (EneZ . (B-8)
and
- 1 2 1 2
M= opgt gt uen t SueES Fpgptn tsu,me, (En)e . (B-9)
B.2 EVALUATION OF SOURCE AND DOUBLET
INTEGRALS FOR AN ARBITRARY FIELD POINT
Let us first consider the evaluation of source potential defined by equatlon (B-1).
Evaluation of source velocity and doublet potential and veloc1ty will be qult;e similar.

The first step in the evaluation procedure is to transfer the integral over S to the
equivalent integral over 3. We have :

_ ( -1 AA 4 _ , :
A aR)eeEmdian, (810

From equation (B-5) we obtain

sec (?G)‘ = VI +‘4a2‘52 + 4b2 ‘2| . o (B-11)

Substitution of equations (B-2), (B-8), and (B- 11) into (B 10) yields an explicit integral
for ¢. However, the integral cannot be evaluated in closed form as it stands By

employing the hypothesis that 82 is negligible compared to unit (hypothe51s (? -6)) the
integrand can be approximated by terms that are 1ntegrahle in closed form. A wniform
approximation to sec ({,n) can be obtained by noting that

4222 + 4b2n? < 1657 | (B-12)

hence
AN . : F
sec (§,n) ~ 1 (B-13)

A uniform approximation to 1/R is somewhat more difficult to obtain smﬁ:e this factor is
singular. Let (xg,yo) be the point on X closest to (x,y) and set

2

zg = §(xg,yg), h = z-2p, and r = \_/(E 4,'x52+(ﬁ )' (B-14)
Then
R = Va2 + h2) - 20 —29)+ (5 - 20)3 _,
(B-15)

T3 .| -G -2y + Gz’
=Vr2+n? - Y1+ K% ( %] :

r2 + h%
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Let _
Max 3 I§ - zp %

T Emez| 1 (B-16)
Then '
“20(S - 2g) F(§ - 2002 gerh + €212 :
29 = 0/ erg e2 <etel (B-17)
r“+h +h )
Therefore if €2 is everywhere neghglble equation (B-15) yields
1 Nl ll(§ 20) . _ o)
"R '\,«7 —T , p = r +h . (B-18)
But
 Max ;If(i,n) t(xp, y0)|g
€T mex
_ Max la(§ + xg)& - xg) + b(n +yg)m-yg) 1]
S (Emez r
o " > 5 (B-19)
Ve ayg?l B
< @ff)ez {\ﬁwo) R } S

M oo 2 A .
< (5,7?;1);2 3@(E+XO)-+b2(n+yo)— . 2$

< 85 .

A much better bound on e isavailable when (x,y) is several panel diameters away from 3 and
the assumption that 82 is negligible becomes unnecessary. However, in this case a far-field
expansion will be used to obtain an efficient approxxmatlon to the right sxde of equatlon
(B-10).

_ _Sl_lbstituting' equations (B-8), (B-13), and (B-18) into (B-10) and rearranging we ob'eain
¢ = o(x,y) I(1, )+ o,(x,y) I(2, 1)+oy(x, y) I(1,2) (B-20)
where
o(x,y) = ogt OgX + opy (B-21)

Ox(xa Y) = OE

oy(x,y) = o,
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Here
IMN) = -z [HOLN, D) + a(BHM+2,N, 9+ 20HM + 1,N,3)
+ b(hH(M, N +2,3)+ 2yhH(M, N+ 1,3)  (B-22)
+ c(hH(M, N, 3))] |
where
¢ = ax2+by2.—zo ‘ (3,23)

and
(& - M- l(n - y)N-1
\/(S X)2+(n y) +h? )K

d¢ dn . (B-24)

H(MNK)—ff <

The H integrals will be evaluated in the next section.

To find V equation (B-20) can be differentiated. For this pyrpose zg may be treated asa
constant since its derivatives with respect to x and y either cancel or are negligible on
account of hypothesis (B-6). The derivatives of the H 1ntegrals then, are sxmple
combinations of the H integrals themselves; i.e.,

-M-1DHM-1,N,K)+KHM + I, N, K +2)

Bl

9 H(M
PP H(M, N, K)

-(N-DHM,N-1,K)+KH(M,N+ 1, K+2) (B-29)

9
3y HOM, N, K)

]

—i HM, N,'K) ~KhH(M, N, K+2) .

Actually, it turns out to be easier to calculate V by differentiating equation (B 10) and
using a generalized form of equation (B-18); that is,

S WL ek i I (B-26)
RK pK ,0K+2 ’ ! _ ' | '
In either case we obtain
- X - - - )
Vo= o(x, y) J(1, Do, (x, IE, Dogx. y) I, (B-27)
where
(M N) = (1M, N, (M, N), (M, N) (B-28)
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and

I (M, NY

~ 2 [HOM + 1, N, 3) *+-a(3hH(M + 3, N, 5) + 6xhHM + 2,N,55)) - -
+ b(3hH(M + 1,N+2,5) + 6yhH(M + 1, N + 1, 5))
+ cBRHM + 1N, 5))]

Jy(M, N)

-ZHH(M, N+1,3) +a3hHM+2,N+1,5)+6xhHM + |, N +1,5)
+b(3hH(M, N +3, 5) + 6yH(M, N + 2, 5)
¥ c(3hH(M N+ 1 5))]

.
v

J,(M, N) [ hH(M, N, 3)+a(H(M+2 N, 3) - 3h2 H(M +2, N, 5)

+2xH(M + 1, N, 3) - 6xh2H(M + 1, N, 5))
+ b(H(M, N +2,3) = 3h2H(M, N+ 2, 5)
+2yHM, N + 1, 3) - 6yh2HM, N + 1, 5))

+ c(H(M, N, 3) - 302H(M, N, 5))] .

Doublet potential and veloclty can be evaluated similarly startmg with equations (B-3)
*'and using

= 1 - (- 2a¢, - 2bm, 1) ‘ (B-29)

V1 +4a2¢2 + ab2n2

along with equation (B-26) and hypothesis (B-6). We obtain

= w06 Y LA, D+ a0 y) 1R, D + g, y) 1(052)

. , . L (B-30)
gy (X, ) 1G, D +ay (x,¥) 12, D) +5u,(x, y) 1(1,3)
where ' ’
_ L e 9 R U
ux,y) = pgt HEX + My +5HeeX™ + U XY F 5ty 0y =
py(X, ) = pet MgpX + Begpy
Hy(X,¥) = py FugpX ¥ ipny . -
(B-31)

Mxx(X,Y) = by
Hxy(X¥) = By

- Hyy(X,¥), = py
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and

1 T
14, N) = 7z [RHOM, N, 3) +a(HOM +2, N, 3) + 302H(M + 2, N, 5) + 6xhZHM + 1, N, 5)

4m
+b(H(M, N +2,3) + 302H(M, N +2, 5) + 6yh?H(M, N + 1, 5))

| (B-32)
+c(-H(M, N, 3) + 302H(M, N, 5))] .
We also obtain
— - - -+ - .
Vo= y) I D+ g (x, y) 32, D + g (x, ) 301, 2) (B-33)
o TG D+ T2, +4 T
FHxx(X, ¥)IG, D+ py (X, y) 12, 2) +5uyy(x, ¥) §(1, 3)
where | |
T, N) = (1,0, N), 1, (M, N),J,(M,N) (B-34)
and . . |

- '
J(M,N) = 2 [3HHM + 1, N, 5) +a(3HM + 3, N, 5) - 2HM + 1N, 3)

+ 15h2H(M # 3, N, 7) = 2xH(M, N, 3) + 30 xh2H(M + 2, N, 7)
+b(3HM + 1, N +2,5) + 1Sh2HM + 1, N +2,7) + 30yh2HM + 1, N+ ], 7))

+ c(r3H(M +1,N, 5)+ 15h2HM + 1, N, 7))]

J,(M,N) = 2= [3hHM N+ 1,5+ a(3HM + 2, N+ 1,5) + ISK2HM +2, N+ 1,7)

+30xh2H(M + 1N +1, 7)) + b(3H(M. N.+ 3, 5) ~ 2H(M, N + 1, 3)
+ 15h2H(M, N + 3, 7) - 2yH(M, N, 3) + 30yh?H(M, N + 2, 7))

+c(-3HM, N+ 1, 5) + 15h2HM, N+ 1, 7)]

1 - -
LM N) = 2-[HOM, N, 3) - 302H(M, N, 5) + a(3hHM + 2, N, §)

~ ISH3H(M + 2,N, 7) + 12xhHM + |, N, 5) = 30xh3HM + 1, N, 7))
-+ b(3hH(M, N + 2, 5) - I5h3H(M, N # 2, 7) + 12yhH(M, N + 1, 5)

- 30yh3HM, N + 1, 7)) + c(9pHM, N, 5) - 15h3HM N, 7)]
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B.3 CALCULATION OF H INTEGRALS

In this section we shall compute in closed form the integrals

HM, N, K) = [f (¢ - M-l
2

N-1
(7’ - Y) ds dn:

(B-35)
oK

p = \[(E—X)2+(n—y)2+hz
for M = 1, MXQ; N = 1, MXQ-M + 1; K = 1, MXK,2.

Here MXQ is the maximum value of M + N-1 required and MXK is the maximum value
of K required. The following values of MXQ and MXK are evident from the previous

section.
‘Panel Type - ' MXQ = MXK

Source potential (flat panel)
Source velocity (flat panel)
Doublet potential (flat panel)
Doublet velocity (flat panel)
Source potential (curved pahel)
Source velocity (curyed:panel)

Doublet potential (curved panel)

D Ot O AW W N
N OO W W W=

Doublet velocity (curved panel) (B-36)

The integrals H(M,N,K) may be computed with the aid of the following algebraic
recursion relations. We have the obvious identity

HM + 2, N, K) + HM, N+ 2, K) + th(M, N,K) = H(M, N, K -2) (B-37)

Integration by parts yields .

: 4

(K-2)HM,N,K) = (M-2)HM -2, N, K) - E vg FIM-1,N.K-2) (B-38)
1

and
4

(K-2)HM,N,K) = (N~2)HM,N-2, K-2)- E VnF(M,N— 1,K-2). (B-39)
1
The summations on the right sides of equations (B-38) and (B-39) are over all four sides

of 3 with the contribution of a typical side L displayed. Here £ is the unit outer normal
of the side L (see fig. 31) and F(M,N K) is the line integral defined by

(£ - x)M-1 ( - y)N-1

K de> p = \[(,E—x)2+(77—y)2+112 . (B-40)

FM,N,K) =
L f
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The procedure for evaluating the F integrals will be described later. Assuming the F
integrals are known, the recursion relations (B-37), (B-38), and (B-39) may be
recombined to yield an efficient procedure for calculating the H integrals. Because some
of the H integrals are singular on the edge of S, it is actually necessary to consider
three slightly different procedures, depending on the relationship of the field point to
the panel. Let us define dy to be the minimum distance of the point (x,y) to the
perimeter of X. If 8, is some small number (nominally chosen as 0.01), we have the
following three procedures.

Procedure 1: |h| = 6}1 dy

1. 4 ’ ' 4
H(I,1,1) =-nl ) tan‘l[a(!lzcl-9102),c1c2+a22122]+ 2, aF(1,1,1) (B-41)
1 1
where
c| = g2+|h| 912+g2 , € = g2+|h} \/_222+g2
and
g = \la2+h2
2.
1 ~ 4
H(l,1,K) = ———=|(K-4)HQ,1,K-2) + aF(1,1,K -2)|;
(K - 2) h? Z;. (B-42)
K = 3,MXK, 2.
3.
| 4 4
HO,N D = 503 h? ¥ vF(I,N, D+ 3 aF@2,N, D|;
1 1 (B-43)
N =1,MXQ-1.
4.
1 2 2 4
H(L N, 1) = xrf-h (N—2)H(1,N—_2, 1)+ h? 21 vpF(1,N=1,1)

4 (B-44).

+ ¥ aF(I,N, D|; N = 2,MXQ.
1
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4 .
1
HM, N, D) = gran—py| DM - 2D HM-2,N, D +h? 3 »FM-1,N, 1)
I

4
+ z: aF(M,N, D{; M = 3,MXQandN = |,MXQ-M+1.
1

4

H(1,N,K) = (Klz) (N-DH(I,N-2,K-2)- 3 »F(I,N-1,K-2)|;
i 1 .

N=2,MXQand K = 3, MXK, 2.

H(2, N, K) =ﬁ - Z‘:: vgF(1,N,K-2) ;
N=1,MXQ-1 and K = 3, MXK, 2.
HM, N,K) = -HM -2, N+ 2, K) -hZH(M - 2, N, K) + HM - 2, N, K - 2);
M=3,MXQand N=1,MXQ-M+ 1 and K = 3, MXK, 2.
Procedure 2: |h} < 6hdH and (x,y)e X
1. H(1, 1, NHK + MXK) = 0.0

where NHK is a positive integer (nominally taken to be 16).

4

H(1,1,K~2) =-(—K—f—4—) h2(K -2)H(1, 1,K)- 3 aF(l, 1, K-2)|;
1

'K =NHK + MXK, 3, 2.
3. All remaining steps are as for Procedure 1.
Procedure 3: |h| < 8ydjjand (x,y)e 2

Define

H*(M, N, K) = HM, N, K) - 2nA(M, N, K) [n{M+tN-K
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where- - °

0if M or Nis even

AM, N, K) = (B-52)

b-1-3-5..aMm-1-1-3-5...N-2)] _
otherwise.

IK-2XK-4)K-6)...(K-M-N)]

Then Procedure 2 may be used to calculate H*.

We now evaluate the integrals F(M,N,K) for the indices M,N,K required by the H
evaluation procedures. It is apparent that we need only the following F integrals:

F(1,1,K) ; K=1, MXFK, 2 _

FOM, N, 1) ; M=1,MXQand N=1,MXQ-M + . (B-53)

F(1,N,K) ; N=2,MXQand K =3, MXK - 2, 2
where

MXK -2 if |h| = ShdH (B-54)
MXFK =
NHK + MXK -2 if |h| < 8, dy

These integrals may be obtained with the aid of three recursion relations. We have the
following obvious identities:

FIM+2,N,K)+F(M,N+2,K) + 112F(M, N,K) = FIM,N, K ~2) (B-55)
and .
VEF(M +1,N,K)+ vnF(M, N+1,K) = 'aF(M, N, K). (B-56)

Integration by parts yields

—(M—l)VnF(M—l,N,K—2)+(N-l)VEF(M,N~1,K—2)

(B-57)
+(K—2jVnF(M+ 1, N, K)—(K—2)VSF(M,N+ 1.K) = EIM,N,K-2)
where
M-1 N-1 2
B, N k) = B2 (oY) ,
p

1 (B-58)

p =V E-02+m-y)?+n2
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The quantities E(M,N,K) may be evaluated directly or else recursively with the aid of
the formula ‘

P(D = (XZ+XI)P(I;—1)—XIX2P(I-2) . (B-59)

where

P(I) = Ayxylml - A x -

The recursion relations (B-55), (B-56), and (B-57) may be recombined. to yield an
efficient procedure for evaluating the required F integrals. Here, again, the singular
behavior of some of the F integrals near the edges of S requires a special case. Let us
define dp to be the minimum distance of the point (x,y,z) to the perimeter of S. Theq if-
3¢ is some small number (nominally chosen as 0.01), we have the following two
procedures. ' '

Procedufe 4: g = 5ng

F(1,1,1) = log(v92 +g2 2)

1.

| |
F(1,1,K) = =———|(K-3)F(1,1,K-2)-v_EQ2, |, K-2)+vE(1,2, K -2)}|;
| g2<K-2)[ T 262

(B-61)
K = 3, MXFK, 2.
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<
3. a. IfanI. |V£|

G F(,N,1) = (N—_ll—)[(zN- 3)av F(1,N -1, 1)

: (B-62)
- = (N=2)@2 + v h ) F(, N =2, D+ v, N-1,- D]

N =2, MXQ.

» _ -
(i) F(M,N, 1) =TgF(M—1,N+1,1)+ViEF(M-1,N, 1);
(B-63)

M=2,MXQand N=1,MXQ-M+ 1.
<
b If Il < ]

() FM,1,1) = (M—ll—)[(zm 3 av FM -1, 1, 1)

—(M—2)(a2+vn2hz) F(M=-2,1, ) -v E(M~1,1,- 1)];

_ (B-64)
M = 2, MXQ.
-y
(ii) F(M,N,1)=—V§F(M+1,N—1,1)+V1F(M,N-1,1);
K m (B-65)
N=2,MXQandM=1,MXQ-N + [
4. ' :
" UR(L,2,K) = vaF(l, 1, K) - ’¢ ,2 ;
> < b T K=2 (B-66)°
(K-2)@%+gH) "7 |,
K =3, MXK -2, 2.
5.
F(1,N,K) = 2avF(I,N - l,K)—(a2+v$2hz) F(1,N-2,K)
5 ' ’ (B-67)
+9,2F(1,N=2,K-2);
N=3,MXQand K = 3, MXK - 2, 2.
Procedure 5: g < ﬁng ‘
1. F(1,1, MXFK +NFK) = 0 - . . . (B-68)

- where NFK is a positive integer (nominally taken as 16) .
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2.

F(1,1,K = 2) = g5 [PPK - D F(L, 1K) + 0, B, 1, K- 2) - (L, 2, K - 2)] 5

K = MXFK + NFK, 5, 2. (B-69)

3. F(1,1,1) as well as all other F integrals may be computed in the same manner as
for Procedure 4.

This completes the calculation of the H integrals.

B4 EVALUATION OF SOURCE AND DOUBLET
- INTEGRALS FOR A DISTANT FIELD POINT

If the point Pis a large distance from S, the approximation. (B-18) may be replaced by
an approximation based on this fact. Let

|P' miQ =13 B
Then . B I
1. 1 __1 1 ' Cer
RVR2o@- 9+ ° \/l+'2(P 2 BW
'. _ ) |
Let
. ——1‘ .MaX NP o . . L e
Then
2
29+ Q| < 2e+e? (B-73)
2 A
Hence, if
e << 1, | . (B-74)
we have :
' 11,88 1(Q 3@-3? - " BBy
RSP p3 23~ (B-75)

Only the first three terms of the binomial expansion are displayed (monopole, dipole,
and quadrupole). In practice this expansion is used only when € is less ‘than 1/5. All"
three terms are used unless € is less than 1/8, in which case only the first twa terms are
required. . :

Substltutmg (B-75) into (B 10) and using hypothe51s (B-6), we obtain”for the soufce
potential

¢ = opl(1, D+ 051(2, D+ onl(l, 2) - (B-76)
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Here

_ 11 L - ~
IM, N) —'»-H[—P-C(M, N)+l—)§(q(M, N) -:p) (B-77)
-ilk (M. N)- 35 - paev, Np|
7 53 aaM, -3p * pa(M, N))
where : .
© M, N) =ff M-l N e g | (B-78)
FM,N) = (COM+ 1, N), CM, N+ 1), aC(M +2,N) + bC(M, N +2)), _ (B-79)
- qa(M,N) = C(M+2,N)+C(M,N+2), S B-80)
PAM, N) = (F-qM + 1, N), 7 M, N+ 1), & - qM + 2, N) (B-81)

. +DBp - g(M,N+2),

and.
(B-82)

o
1
|

In computing the last component of pa, the last component of § may be ignored on
account of hypothesis (B-6). The integrals C(M,N) will be evaluated later. The induced
source velocity may be obtained by differentiating equation (B-76) and is given by

V = 0p 0, D+ 0, 32, 1)+on321,.g) - (B-83)

where

TN = - [—Piz C(M, N) F+;—3(J(M,N)—3(B-6(M,N))B)

. o e ) . (B-84)
+}%(3p?.*(M’ N) +%(qng, N) - 5(5 - M, N)))IS)] .

A similar expansion may be obtained for the doublet-induced potential and velocity.
Substltutmg the approximation (B-75) into equation (B-3) and usmg hypothes1s (B- 6)
we obtain:

o N 1 '
o= g l(l;l)+u€ 1(2’1)+“77[(]’2)+2“SE 1(3’1)+“ETI ]( 2)+2u1m I(1, 3). (B-85)
Here

(M, N) = 4L[P—12( M, N) —P—(nq(M N) - 35 - ph(M, N))] (B-86)

‘85



where

R(M, N) = (-2aC(M + 1, N), -2bC(M, N + 1), C(M, N)), (B-87)

nq(M, N) = -aC(M +2, N) -bC(M, N +2), (B-88)
and | |

pi(M, N) = ('p*- TM+ 1,N), P - AM, N+ 1),ap - "M +2,N) + bp - (M, N + 2)).(1_3-89) |
In computing the last component of pn the first two c_oméoner;ts» of M méy be ignored on .
account of hypothesis (B-6). The induced velocity may be obtained by differentiating

equation (B-85) and is given by > e

— - e - | - = 1 A-» " ]
V= g T, D+ g T2 1 4 0y T, 2 + 50 T3, 1D+ gy T2, 2) 4 01, 3). (B-00)

Here , .
. ,
TN = o [9_13 (@, N) - 3(5 - M, N+ po (Brae, M) - 15(F - phom, N) B
(B-91)
+ 3ph(M, N) + 3np(M, N))]
where
ABM, N) = (~24 - G(M + 1, N), 255 = G(M, N+ 1), B - 4(M, N)) . (B-92)

In computing the first two components of np, the last component of § may be ignored on
account of hypothesis (B-6). Note that the quadrupole term of expansion (B-75) is not
used in the computation of doublet-induced potential and velocity.

The computation of the C(M,N) integrals of equation (B-78) is similar to the
computation of the H integrals of section (B.3) but much simpler. The range for the
indices M and N is the same as that for the H integrals; i.e.,

M=1,MXQ: N =1 MXQ-M+1  (B-93)

where MXQ is given in (B-36). Using the same notation as that of figure 31, we note
that integration by parts yields v

1

4 o
CM,N) = iRy 21: aG(M,N); M= I, MXQand N=1,MXQ-M+1 (B-94)

where

GM. N) =/ gM-1N-1 4o M =1, MXQand N=1,MXQ-M+1  (B-95)
L - R
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The integrals G(M,N) may be obtained with the aid of two recursion relations. We have
the obvious identity

ve GM + 1, N) + v, G(M, N+ 1) =. aG(M,N) - (B-96)
Integratlon by parts ylelds S
—(M-l)v G(M 1 N)+(N—1)V¢§,G(M N - )= DV, N) | @)
where - . |
2

DM, N) = gM-1,N-11

I ' . (B-98)

The quantitieé D(M;N) may be evaluated directly or else recursivé]y with the aid of
equation (B-59). The recursion relations (B-96) and (B-97) may be recombined to yleld
an efficient procedure for evaluating the G mtegrals ; :
Procedure 6:

1. a. If|V| |V£|

@GN __E D1, N+1) N=1,MXQ. \ - (B-99)

v : -
(i) GM,N) = —TQG(M’— I,N+ 1)+%G(M- 1, N);

T (B-100)
M=2 MXQand N=1,MXQ-M+ 1.
b. Iflvsl < |Vn|
() .GM, 1) = -5 DM+ 1, 1); N= 1, MXQ (B-101)
P . n . . - oo - -
. P - B -a _
(i) G(M,N) = nG(M+l N-1)+ nG(M N=1x (B-102)

=2,MXQand M =1,MXQ-N+1.

This completes the evaluatlon of the source and doublet potentlal and veloc1ty for a
distant field point. S
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APPENDIX C
GEOMETRY UPDATE COEFFICIENTS

The coefficients dE/30, 8F/a6, énd 0G/36 of the Jacobian, equation (48), are termed
geometry update coefficients. They are calculated based on the following assumptions;

a) Changes of the aerodynamic influence coefficients due to changes of the panel
inclination @ are neglected.

b) The vector normal to the free sheet at control points close to wing edges is not
affected by changes of 6. '

¢) The chord length of panel segments in transverse geometry cuts (y,z-plangs) dogs
not change during the iteration, i.e., l; ;; = constant (see fig. 32a).

d) The free-sheet geometry is updated such that panel corner points move only in
transverse cuts, i.e., Ax = 0.

Coefficient JE/30

E=n" VS is defined as the normal velocity at boundary points in the vicinity of v'vir}g
edges. Hence, C

=4

) oan 25, - avSs
Qb _ on Loy - ' .
5 =35 V2 +n 3 0 (C-1)

The coefficient is zero due to assumptions a) and b) and because 81/80 = 0 at all
boundary points on the wing.

-Coefficient 0F/90

The quantity F stands for i VS on the wing and the pressure jump Acp across the free
sheet. Let

Fj = /- VS (wing) (C-2)
and
A =2 35
F2 = Acp T 2 AR (free sheet) (C-3)
o0 .

which is given by equation (E-li). Application of assumption a) ,reslults in

0F) , avS . ~
56 - " g 0 (C-4)
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a. Transverse Cut Through Free Sheet

Free sheet

b. Single'Panel

-
Pit1m

i

Transverse

i+1,m+1
cutm

Transverse
cut mt+t

Pi,m+1

Figure 32.—Notation for Updating .of Free-Sheet Geometry
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an_ 2 23S ) L e
Vu is a vector parallel to the free sheet; i.e.,
Vu-m =0 (C-6)
Differentiating equation (C-6) for 8 gives

Noting that 8/06(Vr)Ad is a vector normal to the free-sheet surface for small rotations .
A#, and recalling that 7 is the unit normal vector (11 - n=1), equation (C-7) leads to

d an\w - I
20 (gu) = - (VM 'T2>" (C-8)

Equation (C-5) thus takes the form

I ’U"2<‘—"'VS><‘-’“’33> 9

Expressions for 91/86 will be derived below.
- Coefficient 3G/99

- .
G = - VS is the normal velocity component at the center of a free-sheet panel. Hence,

3G _ gs . oi (€10
30 -V 30 :
taking assumption a) into account.
Derivative o1/00
The panel normal vector is
-~ . .
i = -0 (G
IN| :
with
- -
N=AxB

on _ 1 |dN [+ ON\- (C-12)
W“Tﬁ‘la_e’ N3 /" _

- - -



9 -* - - . . - . 3
The vectors A and B are expressed in terms of vectors pointing in direction of the panel
corner points from some common origin. They read for panel i,m

— _ = - - - (C-14)
Aim T Pim *Pir1,m ~Pim+1 ~Pir1 m+1

S - - N B s
Bim = Pim* Pime1-F Pit1,m+1

itl,m~

Assumptions ¢) and d) are used for the calculation of the changes in panel corner-point
positions. Adopting the notation of; figure 32a for the mth transverse cut through -the
free sheet, the partial derivatives 9P/ take the form

- K
aal;‘;?l =40 (n#m or j>i)
S LO
[ o 7 (C-15
aej’,n = 4 ’lj,n smﬁj’n - (n=m,j<i)
L lj,n cosﬂj,n

. . nd =~ - . .
Consequently, the derivatives of Aj 1, Bi m, Nj,m are zero for n¢m, m + 1, or j=i.

"Hence,

© 3l m |
=5 =0 (m#m,m+1,0rj=>i)
%, ,
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APPENDIX D
DOUBLET-STRENGTH UPDATE COEFFICIENTS

The following coefficients of the Jacobian, equation (48), are termed doublet-strength
update coefficients.

OE . E . OF . dF 3G . 3G

One ~ Omp * Opg m ’ a“e ’ a“r
The boundary conditions F'= 0 are divided into
F) =m-VS=0 , (wing) D-1)

2 -
Fy = Acp =FVS_'VM=,0

o0

(free sheet/wake) : (i)-’2)‘
Coefficients 0E/0u, QFl/ap, 0G/op (u = pe, pr) |
The symbols E, F, and G represent normal velocities at control points

VS = it VS _4 (D)

which can be written in subscripted notation as

S - . o 4
V;— A§ l.l.J + Ug (D-4)
The derivative of Vg with respect to a partlcular doublet parameter u, is
EAVRS
§ - A (D-5)
a#n § n

Hence, the coefficients 0E/du,, dE/Our, 0F1/0pe, 0F{/0pup, 0G/Oue, 6G/3}Lr are
aerodynamic influence coefficients.

Coefficients dF9/0p (1 = pe, tr)

Differentiatihg Fo with respect to a particular doublet parameter pp, gives

oFy 2 [aV8
U &

3s..0 . (D-6)
= * UM+ VE e — (gu)
T ou, GITI > :

Recalling equation (26)

VS = (Akj #j+Uk>E’k k=£0,0 O
one obtains | |
avs ' |
== A& k=£m,0) D-8)
Hn :
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" The subscript n of

Next, the gradient of u = u(€,m) is to be expresséd in terms of the doublet parameters y;
before the indicated differentiation can be performed. Applying

0 9

V= 3E%

ER TR
to the quadratic distribution of doublet strénéth defined by eqixation (10) yields
Uk = (ug +pgel + ) € + (uy + gk +upon) &) (D-9) -

The six coefficients of the panel doublet distribution are linearly related to the doublet
parameters u; by :

- N - a9 7 | (D-10)
) Coo_ L ]
Mg Cog
Mn Con
4 ¥ = | — — — — — — — 4 Hj >
Heg Cogt
Hen _ Cogn
Hon Conn
\ y . -J \ y

This is ;equation (41) rewritten with Cgg, Cog, Conetc., denoting the rows of the matrix
[Co]. Then Vpu takes the form

vu = (COE + ECOES + nCOET){IJ_]} 6—3% + (Con + ECOEn + nCOn"?){#j} ?n (D;ll)

Hencé,

2 = (C 2 4 L >

a“n (vu) (COE + ECOSE + nCOETI)n eg + (Con + ECOin + nCO_m?)n en (D-12)
Introducing the terms given by equations (D-7), (D-8), (D-11), and (D-12) to equation
(D-6) results in

oF -
a_urz: - .U_j? {[Azn (Cog + £Cogg + nCogp) * Am, (Con * £Co, + nCOm?):Hpj % (D-13)

*# V¢S (Cog * £Cogg * 1Coga), + Vi (Con * ECotn * "Conn) .|

Agn Ao (Cog * £Coge + Co¢n),» (Con * ECogn * 1Conn) ,

indicates the nth term of the row of the coefficients.
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APPENDIX E
PRESSURE EQUATIONS

For incompressible flow the pressure coefficient cp reads

_ Vv (E-1)
‘p U2 -

where V is the velocity vector and Uy is the magnitude of the freestream velocity. The
velocities of the two sides of a doublet sheet are different, say \7:1 on the upper side and
\7; on the lower side. Introducing the average velocity VS and the jump in velocity

V‘?, i.e.,
- 1{=> -
vS = 7(Vu + Vl) (E-2)
vD - Vu_-»] (E-3)
‘one 6btains
Vy = V243V | (E-4)
\7] = VS _%VD . (E-5)

Recalling that doublet strength u is the jump in potential across the sheet,
M= (I)Ll - (I)l (E-6)
the gradient of u
. — - —
Vu = P, -Vdh =V, -V =V (E-7

u-

is seen to be equivalent to the jump in velocity across the sheet.

Hence, the pressure coefficients on upper and lower sides of the doublet sheet take the
form

" 02 )
cp, =1 —-—l—' VS'_\;S—VS' vu .+'.1—Vy -Qu) - (E-9)
P U2 4
oo
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The pressure jump, defined by
Acp = cp - cp | (E-10)
becomes

(E-11)
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