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SUMMARY

Possible contamination of the upper atmosphere from the by-products
of an industrial society was created the need for regular sampling of
high-altitude atmospheric components. 	 Atmospheric sampling has been
carried out by NASA for a number of years using U2 aircraft. 	 These air-
craft have insufficient flight altitude capability for monitoring the
growth of some potential contaminants which may be generated by aerosol
container usage.	 This report examines the increase in sampling altitude
which could be obtained if the U2 flights were supplemented by flights
using an available high-performance supersonic aircraft, the Phantom F4-C.

Altitude potential of an off-the-shelf F4-C aircraft is examined in
this report.	 It is shown that the standard F4-C has a maximum altitude
capability in the region from 85000 to 95000 ft, depending on the minimum
dynamic pressures deemed acceptable for adequate flight control. 	 By
using engine overspeed capability and by making use of prevailing winds

E

in the stratosphere, it is suggested that the maximum altitude achievable
by an F4-C should be in the vicinity of 95000 ft for routine flight oper-
ation by NASA personnel.	 This altitude is well in excess of the minimum
altitudes which must be achieved for monitoring the possible growth of t
suspected aerosol contaminants. #
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INTRODUCTION

There have been recent suggestions that use of freon powered aerosol
pressure containers can lead to significant modifications in upper
atmospheric constituents over an extended period of time. If this happens
one of the more serious consequences would be degradation in the ultra-
violet radiation shielding properties of the upper atmosphere. It is
thought that aerosol container atmospheric degradation can be detected by
monitoring the relative density of a variety of chemical specie over a
period of several years. A prime candidate for such a monitoring process
is the chlorine radical C Z0. Figure 1 prepared by NASA's Ames Research
Center provides a prediction of the anticipated density increase of this
atmospheric component over the next sixty years.

Ames Research Center has now been engaged in upper atmosphere sampling
for several years. Samples are collected by U2 aircraft. This vehicle
has a cruise altitude capability of about 70000 feet. Predicted increases
, n C 

Z 
0 concentrations at this altitude during the next sixty years, Figure 1,

,re small. Therefore, if the growth of this upper atmospheric constituent
is to be effectively monitored an aircraft having considerably higher
altitude potential is required. Ideally this aircraft would be an existing
vehicle, easily maintained, and having an altitude potential on the order
o ,' 90000 feet. Several modern military fighter aircraft have the potential
for this altitude if a zoom climb maneuver is employed. The zoom climb
maneuver concept is based on a kinetic potential energy Exchange in which
the vehicle is accelerated to high speed and then exchanges velocity for
altitude. An extreme form of this maneuver is typically employed when
establishing aircraft time-to-climb records. For example, the F4
Phantom fighter has an altitude potential in excess of 100000
feet if the day, location, and vehicle weight are carefully selected. The
Phantom is a prime candidate for use in upper atmospheric sampling. It
has

a) Wide distribution and availability, over 4000 built in
several variants.

b) Demonstrated high altitude capability.

c) In certain versions, notably the RF4-C, an equipment bay
large enough to contain the sampling equipment.

This report defines the altitude potential of standard F4-C aircraft

El zoom climb maneuvers. Maximum altitude sensitivity to various para-
meters is presented. The parameter variations considered are

1) Zoom climb initial weight.

2) Minimum flight dynamic pressure.

3) Thrust improvements (available from engine overspeed or
cold day operations).

4) Stratospheric wind distributions.
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Trajectories are optimized by small perturbation techniques using
the variational calculus procedure described in the following section.
A nominal control history, Figure 2, is used to generate a nominal
flight path. 'This path supplies the altitude history, Figure 3. The
control history is then perturbed by a given amount represented by the
shaded area in Figure 2. Of all control perturbations of given magnitude
that producing the largest altitude gain, eh, is employed to generate
a new trajectory and the process is repeated until further altitude gains
are impossible.

The aircraft and planetary representations and simplifications for
i	 this study are summarized in Figure 3. All trajectory computations in

the present study were performed using the Atmospheric Trajectory
Optimization Program, ATOP. This program has been developed with both
NASA and USAF funding over a period of many years. The program, its
past applications, and its derivatives are discussed in References 1
through 12. Program details are given in a later section. For those
interested in results and not methodology the next two sections should
be passed over.

{



OOK

90K	 Altitude,

a0K	
Feet

70K

60K



i

FIGURE 2.

SMALL PERTURBATION METHOD OF VARIATIONAL CALCULUS
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FIGURE 3. AIRCRAFT AND PLANETARY MODELS
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THE STEEPEST DESCENT METHOD

Problem Statement

Point mass motion is governed by three second order
differential equations of position together with a first
order differential equation governing the mass. By suit-
ably defining additional state variables, it is possible
to reduce these equations to a set of first order differ-
ential equations. Point mass motion is, therefore, governed
by a set of first order differential equations. The form
of these equations is

If (X.(t), am(t), 
t)I

n = 1,2 . . . .	 N

Z s 1,2 . . . .	 M	 (1)

That is, there are N state variables whose derivatives
xn(t) are defined by N first order differential equations
involving the state variables, together with M control vari-
ables, am (t), and t, the independent variable itself.

Constraints may be imposed on a set of functions of the
state variables and time at the end of the trajectory. In
this case, n set of constraint functions of the form

^p	 ^pxn^T), T f j =

C
P r 1,2 . . . . . . . P	 (2)

can be constructed which the final trajectory must satisfy.
Any one of the constraints may be used as a cut-off function
which, when satisfied, will terminate a particular trajectory,
The cut-off function can, therefore, be written in the form

	

n =n(x,(T), T) = 0	 (3)

and determines the trajectory termination time T. In all,
then, when the cut-off function is included, there are
(P + 1) end constraints.

Finally, it may be that some other function of the state
variables and time at the end of the trajectory is to be
optimized. Hence, a pay-off function

t	
f

4.0( (T), T)	 (4)

which is to be maximized or minimized, can be constructed.'



Now, suppose that a nominal trajectory is available. The
requirements of this trajectory are modest; it must satisfy
the cut-off condition, Equation (3), but it need not optimize
the pay-off function or satisfy the constraint equations. To
generate this nominal trajectory by integrating Equations (1),
the vehicle characteristics, the initial state variable values,
and a nominal control variable history must be known. Once
this nominal trajectory is available, the steepest descent
process can be applied. To do this, the trajectory showing the
greatest improvement in the pay-off function, while at the
same time eliminating a given amount of the end point errors
as measured by Equations (2) for a given size of control vari-
able perturbation, is obtained by application of the Variational
Calculus.

Equations (2) provide an end point error measure, for they
will only be satisfied if the end points have been achieved.
Therefore, any non-zero ^p represents an end point error which
must be corrected. A convenient measure of the control variable
perturbation can be defined by the scalar quantity,

DP2 	T Iaa(t)^ W(t) aa(t) dt	 (5)
tC	 I0

where W is any arbitrary symmetric matrix. In the case where
all control variables have a similar ability to affect the
trajectory, W is taken equal to the unit matrix, and D p2 be-
comes the integrated square of the control variable perturbations
6a(t). It might be noted that if Equation 5 is to have meaning,
it is essential that all control variables have the same dimen-
sions. To meet this condition, the control variables can be
expressed in non-dimensional form.

The constraint on control variable perturbation size repre-
sented by Equation (5) is an essential element of the steepest
descent process; for the optimum perturbation will be found by
local linearization of the non-linear trajectory equations about
the nominal path. To insure validity of the linearized approx-
imation, the analysis must be limited to small control variable
perturbations by means of Equation (_5) which provides an integ-
ral measure of the local perturbation magnitudes.

Single Stage Analysis

The steepest descent process has been outlined above. To
implement this method, an analysis of all perturbations about
the nominal trajectory must be undertaken. In the present
report, all perturbations will be linearized; only first
order perturbations in the control and state variables will be
considered. The objective of the linearized analysis is

8
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determination of the optimum control variable perturbation in
the sense discussed in the previous section.

Denoting variables on the nominal trajectory by a bar

nominal	 (6)
M	

M( t )

.	

^and
Xn(t) nominal	 (7)

where there are M control variables and N state variables.

Now consider a small perturbation to the control variable
history,6a(t); this in turn will cause a small perturbation in
the state variable history, 6x(t), The new values of the vari-
ables become

a(t)

	

(t) 
+

sa(t)	 (8)

and
X(t)	 i(t) + 6 X(t)	 (9)

The nominal state variable and perturbed state variable
histories can also be written as

{ x(t)^ ' { x(t.) +	 t I f (;F (t), 3 (t), t) dt	 (10)
to

{ x( t )}	 {x(to)} +	 t f	 6 X,	 + 6 cf ., t 
I 

dt
to

Subtracting Equation (10) from Equation (11) and using
Taylor's expansion to first order,

X(t)	 it
t

aF 6Xn + af 4am It hxw

0	
(12)

where
(13)

t)
f 

and where the repeated index indicates a summation over all
possible values. Differentiation leads to

d 6.n +	 am
ax(t)	

of	 (14a)
C

yy
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dt
(18)

F

tiJ

f

or in matrix form	
s.

l

{Zx( t)} [F ] f6x^ + J 	(14b)
 i

where

Fij as and Gij = as 	 (15)

Here the (;L,j ) th ,dement lies in the i th row and j th column of
the matrices; F is an N x N matrix and G is an N x M matrix. 	 I

The effect of these perturbations on pay-off, cut-off, and
constraint functions must now be determined. A general method
for obtaining these effects, known as the 'adjoint method,'
Reference 13,is to define a new set of variables by the equations

[^ (t)J 	 CF(t)^'C^(t)^	
(16)

By specifying various boundary conditions on the a, the
changes in all functions of interest can be found in turn. To
show this pre-multiply Equation (14) by X' and Equation (16)
by dx', transpose the second of these equations and sum with
the first giving

J
. IL (6 X ) + [41 6X ^	 1XI'[Fil ax I + IXITGI{6a}

- C^J CFJ ^az (17)

which may be written as

Integrating Equation (18) over the trajectory

T

^dx T	 dx^toAaa^dt	 (19)
JX ^t 

Now define three distinct sets of a functions by applying
the following boundary conditions at t = Tc

f

d^	 l	 (20a)

^saxiTN (T)	 (
a

Xi
	

(20b)
2`	 f

f	
({T `CX(T) J ,z ^	 l	 [X,,(T)^	 (20c)

J FRI JT

10



(i.e., from T to to) to obtain the functions, iXo (t) }, 02(t)l,
and JX^ (t) ).

Substituting each of these functions into Equation (19) in
turn and noting that

(T) JJ 6x J6x	 [2fl{ax l= "Ot=T	 (21a)

IX 
fl 

(T) 
JJ6x 

= 1 ^{ax 1= ant=T	 (2 lb)

[XO(T)TI ax}  ̀;x—J6x -
1Ot

=TJ	 (21c)

It follows that

T	 11

dot=T i` I o J[GJ^da^dt +I X,,(to)j ^ax(to)^to 	 l1 	 (22a)

TI	 ll11 llant=T 	 L^nJ^cJl ldt +[,n(to)]{6x(to))
Q

(22b

{31^}t=T _\ a^ Gl{aoc^dt +rX "(to) { ax(t.o)^
i	 Jt	 J J`	 L	 `

(22c)

Now, Equations (22) give the changes in pay-off function,
cut-off function and constraint functions at the terminal time
of the nominal trajectory; however, on the perturbed trajectory,
the cut-off will usually occur at some perturbed time, T + LT.
In this case, the total change in the above quantities becomes

F

S l_	 a	
}
dt +

l
X (tG ao	 ) ax(t A +^(T) ATJ[^^	 Jd

I

I

<z

}

W	

to	
o	 o 

I	 (,23a)

	

[X,,(to )j ^Sx(t.)JdQ =-
J

T

LAnJ[c] 
ajdt +  	 + n( T) AT

to	 (23b)

	

d1G = `T ^J,l rG as dt +	 (to)l ax(to)} +f3G (T)^AT
J	 JL l^ ^	 [	 J ^	 ))
t	 J (23c)

11
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Equations (23) supply the change in pay-off, cut-off, and
constraint functions on the perturbed trajectory.

P

	

	 The time perturbation in Equations (23a) and (23c) may be
eliminated by noting that, by definition of the cut-off function,
Equation (23b) must be zero.

r

:. OT = 1	 TL^nJ Gaa^dt + I X^(to )
Jt 6

x( tO 4	 (24)
T t0 [ t	 L 

Substituting Equation Q4)into Equations (23a) and (23c)

T

kofJ (
(25a)

aO 	 Isa }dt + ko2t(01 {ax(t04
0

f

^4 a [Xog] '

 

[G] f 6a} 
dt + IX^'^(t0) ' 

^Jx(t0)	 (25b)

0

where

{^^^^ _ {^^}	 T	 (26a)

(26b)L
i2(T)

Equations (25) reveal the significance of the a functions,
originally defined by Equations (16) and (20). At time to,

s
,1gives the sensitivity of O(T) to small perturbations in the
ate variables at to. Similarly, X^Q(t) measures the sensi-

tivity of ^(T) to small perturbations in the state variables at
'	 any time t. The sensitivity of the constraints day to small
E	 state variable perturbations at any time is likewise defined
k	 by each row of the function X(t).

f`

	

	 A measure of the sensitivity of a trajectory to control
variable perturbations can be obtained from the quantities a 'QG
and a^'nG. Consider a pulse control variable perturbation at

r time t'., that is, 6(t-t'), where d is the Dirac delta function.
With this type of control variable perturbation, it can be seen
from Equations (25) that the changes in pay-off and constraint
functions will be a	 (t')'G(t') and a 	 (t')'G(t') respectivel y ,^f2	 ^'^	 p	 y
for fixed initial conditions.

In order to apply the steepest-descent process, the perfor-
mance function change, Equation (20a), must be maximized; subject
to specified changes in the constraints, Equation (25b) and a

12
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given size perturbation to the control variables, Equation (5).
This can be achieved by constructing an augmented function in
the manner of Lagrange which is to be maximized instead of do.
For the present problem, the augmented function is

3

	

u-	 [xodH 16d} dt; + \4d a(to ), JX(to ){	 }
^	 o

t	
[G]

	 fax(to)^
+`VJ   

Jkt^ dt + [,XOjJt.)] 

+µ	 T 1
6a] ^WJ ^1 dtIto(27)

where the v are P undetermined Lagrangian multipliers, and p
is a single undetermined Lagrangian multiplier. The objective
now is to find that variation of the control variable history
which will maximize U.

Consider a variation of da , that is a d ( da). Then,
it is always possible to write any da distribution in the form

{ sat	 A(t)^ k, or [6.J i [A(t)]k	 (28)

where A(t) prescribes the perturbationshape;and k, its mag-
nitude. Now that part of Equation (27) which depends on da,
the perturbation in the control variable, can be written in

	

the form	 K

T	 r ((	 I T	 1 rk	 J^A(t) ^^^ I G{A(t) dt + k°^^'^G
	dt

t
^

5 l J	 t0
0

+ k2µ T A(t) WIfA(t) dt	 (29)

^to	 ^	 s

So that

dU ^
jT

	

	 X
nJ[G] tA(t)dt+LtA(t) dt
t 	`	 J	 J t^	 c	 o

(3Q)	 z	 .

+ 2kv^ 
t
T LA(t)J rW1 A(t )) dt^	 L J !	 f ..
o	 is
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a

S

t

r

F

f	 ^

or

T

ii	 l - lau = (LX d [G]16k . A(t4 +LvJ1Xj11]' 1 G1 {ak . AWt

to	 +2 11 Lk . A(t)i 
[ W] 

{ak . A(t)1 dt

T

Lx od[G]+ Ly osil [G]+ 246 aAw111, (5a ) dt

to

(31)

where it has been noted from Equation (28) that

d (6 (1) = A(t) 8k	 (32)

Now, since Equation (31) holds for any A(t) L it follows
ghat it is a general relationship. Further,for U to be an ex
tremal, dU must be zero.

If U has been maximized by means of a control variable
perturbation da, dU must be stationary for all small pertur-
bations to the da, that is, for all 6(6a). The only way in
which Equation (31) can be zero for all d(da) is for the
coefficient of d(da) to be identically zero. That this last
statement is true follows from considering the case where, over
some finite time interval between to and T, the coefficient of
S(d,a) is, say, positive. If this were the case, we could
choose a d(Sa) distribution that was also positive in this
same interval and zero elsewhere between to and T. It would
follow that U was also positive, and, hence, U could not be
maximum. A similar argument holds when 6(6a) is negative over
any interval .`.n to to T.: Hence, the coefficient of b(da) must
be identically zero in the whole interval to <_ t < T. This
argument is essentially based on that presented by Goldstein`,
Reference 14. It follows that

'	 (33)+ 1 ^^, [X,^jj]j[G] = 2Nl6a, [ W ]l
14

i

I	 ^



Transposing, noting that W is symmetric, an

}	 ,u	 ] [	 l

Substituting Equation (34) into Equation 625

ds 2 	I^,^} ♦ [ I^^, )
µ

where

td#	 tdik -Ix 4,11(to)] ' { ax(to)}

and

r('	 l	
T 

r	 ll r ll l	 jr
LI4,,PjL1.4GnJGJ[WJ-1[G [114,pl dt

	 (36a)
o	

J

^'	
11'  	

11dt(36b)^t

[G] [

WJ

-1 
[ G J{ ^^i21 

0

For subsequent use define the integral

T
Ir l r	 ll140.0cJt [X.Ojjj l

G J 1 W I1 [ G J l X.0521dt	 (36r)
0

t	 The multipliers v can be expressed in terms of the multipliers

{
y by Equation (35a)

(^}s -[Ip(37)
2µ{dS^+I^^} 

Substituting Equation (34) into Equation (5)

DP2 kµ2 Imp + [IO-OJ I } + I 
J	

+ [ 
J [z^ ^]	 }	 (38)

Transposing the second term in the right hand side bracket

Dp2	 1_ (I.. + 2 I ^ (S I. ►,. } + I	 I t I: ,. _] { Y J^	 (39)



..	 --- .

----------
 

a

and noting that 
[I
	 is symmetrical gives

;	 J

4µ DP2	 1,	 =^y^ I1G^ -1 10,0 + 1y,12 I dA J rI 	 j dp)	 (40)L	 J[ J{	 t	 L	 t)
So that

2µ = ± Imm-
:tLdo ĵ

J 1,00 1 =w^I	
(41)Dom- 

	 Il^w Id-I

Substituting Equation (41) into Equation (37), the remaining
Lagrangian multipliers are obtained_ in the form

tI^^ 	 [_^ ^J -1 
Igo {do )

DP2 - LdoJ [I , 0-1 idol	 (42)

The optimum control perturbation is found by substituting
Equations (41) and (42) back into Equation (34) and is

1 6a I - + [ W]
-1 

[ G] 1 Xoj? - [ X4,Q] IOC]-1 { I^pol

X	 DP2 - ldol [14,

[W]-1 [G] [X,,,]
+
	,

  L=-1 { do)	 (43)

With this equation the steepest-descent control pertur-
bation has been determined. Perturbing the control variables
according to Equation (43) gives the optimum change in the
trajectory as discussed in the section entitled, "Problem
Statement, with tb e added effect of changes in the initial
value of the state variables included through the term in ds.
The appropriate sign to use on the first term of equation (43)
can be determined by evaluating do. Substituting the optimum
control perturbation into Equation (25a) results in the
equation shown on the following page.

16
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i

dm -	 l f ,0 - [100 [ = 1^1^,'1 { 1j,01) (nP
2 - I dOl L=1^^^-1 {dftl)

[_,^^^ [
I.l { 

d^} +[a,0n(t0), { 6x(to )l	 ( 44)

As the gvantity in the radical must be positive to assure
the change in 0 is real, it follows that the negative sign
must be taken when minimizing the payoff function and the
positive sign when maximizing the payoff function.

An Alternative Analysis Using the Independent Variable
for Cut-Off

In the analysis of the previous section, it is implied
that any function of the form

n (x.(T ), T) - 0	 (45)

will suffice to terminate the trajectory. While this is true
in an analytic sense, in practice any function passing through
zero more than once in the cut-off region may be difficult to
employ for cut-off purposes.

f	

^

I

{
{

Y

Figure 1.-- Double Valued Cut-Off Function

Figure 1 presents a nominal cut-off function history which
decreases monotonically. The perturbed cut-off function
history, shown dotted, behaves in a different manner in that

4	 it passes through zero twice in the cut-off region. As the
trajectory must be integrated numerically, there is a danger
that cut-off will occur the first time SZ passes through zero
instead of the second, thereby introducing both errors in
the linearized perturbations and preventing the build-up of
the anticipated cut-off function history.

17
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dm	 Imm [
I 'P-01 [ I4, ]-1 1 1

04) DP2 - I dfi
J

	fdO
f
)

^^1

♦ ll1^m^[I1L1^r1 ds^ + [X OQ(to )j 1 bx(to)^	 (44)

As the quantity in the radical must be positive to assure
the change in 0 is real, it followt that the negative sign
must be taken when minimizing the payoff function and the
positive sign when maximizing the payoff function.
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POINT MASS TRAJECTORY EQUATIONS

Basic State Variables

Preceding portions of this report derived a successive
approximation scheme for computation of optimum trajectories
generated by a set of first order differential equations. The
analysis is quite general and holds for trajectories generated
by any set of first order differential equations. The object
of the present section is to specialize the analysis to point
mass vehicle trajectory problems. This will be accomplished
when a suitable set of state variables, together with their
derivatives, the control variables, and the forces associated
with the control variables has been specified. First, a suit-
able coordinate system is selected,and Newton's Laws in this
system are used to define the vehicle's motion.

Several suitable coordinate systems are available for
point mass trajectory computations. The basic Get of coordi-
nates used in the present analysis is a rectangular set rota-
ting with the earth, ( Xe , Ye, Z e ). This coordinate system is
illustrated in Figure 4.

^..^ _gyp

Position of vehicle in
l	 inertial space at t= to

I	 ^

— — — — —	 Xe

8	 cyp(t-to)

Xirertial

Ze, Zinertial

Figure 4	 Basic Coordinate System
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	 The Xe and Ye axes lie in the equatorial plan+, tl= x . pr,:,if;ive
Xe axis being initially chosen as the inters(_cti.on of thi: plane
with the vehicle longitudinal plane at t = t- o	Ye l: ^° to
the west of Xe, and Ze is positive through the South Pole.
Denoting the radius vector from the center of the earth to the
point mass vehicle by R , its magnitude is given by,

4	
^RI^ 

^2+Ye2+^	
f

(45)

The angle between R and the North Pole is given by

0 1 - 90 - O L 	 (46)
where OL is the latitude of the vehicle. As a result of the
earth's rotation, an observer in the (Xe, Ye, Ze) system would
detect an apparent motion of the point mass if it were at rest
in inertial space. In time At the apparent displacement of
such a vehicle would be

6R apparent° R sin 0 1 . w  At	 (47)

to the west. In vector notation

Anagwent ` it xWpdt -top x RAt	 (48)

This apparent displacement is independent of the v hicle's
motion and exists whether or not the vehicle is at rest in
inertial space. In general, then, to an observer in the rota -

ting coordinate system,

(a-R)e ` (aR)inertial + ( a R)apparent	 (49)
r,

.: (W inertial - (SR), +WrpxRot	 (50)

Dividing Equation _(50) by AT and taking the limit, it
follows that

t
1dR(51)

QVInertial  (dt)e +WpK R

Y	 .
 V*  tr ^c R	

(52);;
inertial	 t	 P	 F f
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The vector R in Equatior.	 (51)/ could equally well be taken
as any vector; the arguments of Equations	 (45),, * to	 (525"" still
hold.	 Therefore, in general, for any vector quantity the oper-
ational-equality

^^ \^^itlertirl ^ C^ e ♦ Wp x	 (53)

can be defined.	 Applying Equation (142) to Equation (141), the
inertial acceleration is given by

I

Minertial	 ^Ft) e 

+W 
P x ^d % e + tjp*R	

3
_

dR

_ CI
d 	 + tdP x rdt}e + Wpxt.^ x R	 (54)
dt/

Now Newton's Law applies in inertial space so that in the
rotating system

i

d2R	 + 2Wp x	 + wj; uwpx R	 (55)	
4,

dt2	t

Here F	 is the total force acting on the vehicle. 	 This vector
equation can be expressed in component form using the relation- 	 {
ships

R . _ Xe . t + Ye . j + ?,e. k	 (56)

wp - -wp-k	 (57)

F	 Fx . i + FY . j + F= *k	 (58)
f	 r.e	 Q

Here	 I,j, and k	 are unit vectors aligned along the Xe, Ye, and
F Ze axes, respectively.	 Equating components on either side of

Equation	 (55)
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Fxe .Xe + 2wpYe - WP2 Xe	 (59)
M

•	 2
Fme . ye	

_ lop	 (60)(60)

F..ze = Z
	

(61)

M e	
E

These equations are not yet in a suitable form for the
steepest descent analysis to be applied, for they are not in
first order form. The transformation of Equations (59) to
,(61) "into first order form is immediately accomplished if
the following quantities are defined as state variables:

Xe

Ye

Zeue

ve
we

(62)

where

Ve = dRe = ue .l + ve. j + ve.k
d

With this set of state variables the following expressions for
the state variable derivatives are obtained from Equations (59)
to '(63)—

Xe . ue (64)

ye ` ve (65)

to =
we (66)

ue • F^ - 2wpve + -,2 X. (67)

♦e Fme + 2w	 +	 2 
Ye

(68)

M^ F (69)
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These equations are in the same form as Equation (1)

provided the total force is a function of the state variables,
a set of control variables, and time. When the mass is vari-
able, it too must be introduced an a state variable. Any
expression for the rate of change of mass of the form

• n i (%n(t), aa(t), t)	 (70)

may be used in the analysis. The above state variables, Xe,
Ye, Ze, ue, ve , we, and m will be referred to as the basic
state variables. In certain problems it becomes necessary to
specify additional state variables; these will be discussed
later in this section of the report.

Control Variables

i

ir

The total force acting on the vehicle has three distinct
sources: first, aerodynamic force as a result of interaction
between the vehicle surfaces and the planetary atmosphere;
second, gravitational force as a result of vehicle and planetary
mass interaction; and finally, thrust forces introduced by the
vehicle propulsion system.

Before aerodynamic forces can be computed, the atmospheric
properties, vehicle velocity relative to the atmosphere, and
vehicle attitude must be specified. Atmospheric properties can
usually be specified as a function of altitude which, in turn,is a function of the state variables Xe , Ye, Z . Vehicle velo-
city relative to the atmosphere is also a func ion of the state
variables, for ue, ve, and we are the vehicle velocity compo-
nents in a rotating system. The first and second factors
determining aerodynamic forces are, therefore, functions of
the basic state variables.

The remaining factor entering into aerodynamic force
determination, the vehicle attitude, is clearly not a function
of the basic state variables. For, given the vehicle's position
and velocity, we are still quite free to specify its angular
orientation in space. The angles which determine vehicle
orientation may, therefore, be utilized as control variables by
which aerodynamic forces may be modulated. Any set of three
independent angles could be utilized for this purpose. Conven-
tion suggests use of the vehicle angle-of-attack and angle-of-
sideslip to orient the vehicle reference axis with respect to
the velocity vector. Angle-of-attack, (a) , is the angle
between the velocity vector and the vehicle reference axis when
viewed in the vehicle side elevation. That is in a rectangular
coordinate system, x, y, z with x along the vehicle reference
axis, positive forward, y perpendicular to the vehicle plane of

1

f

23



Y

4 .

^l

i

symmetry, positive to starboard, and z completing a right hand
system, a view normal to the x-z plane is considered. If u, v,
w are the components of the vehicle velocity with respect to the
atmosphere in this body axis system

a - tan-1
 
G)

I

V

Figure S.—Angle  of Attack

Sideslip tingle (0) is the angle between the velocity
vector and the reference axis when looking down on the vehicle 	 j
planform, that is along the z axis. In this case,

B	 tan-' (u)	 (72)
/x

d	 ,^

t

f

Figure 6.— Sideslip Angle
1

Angle of attack and sideslip completely define the attitude
of the vehicle with respect to the velocity vector. The third	 n:
angle required to establish vehicle orientation in space is a
rotation about the velocity vector. This last angle, bank angle

24
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(BA), will be taken as zero when the vehicle plane of symmetry
is vertical and the vehicle upright. Positive bank angle will
be taken as a positive rotation about the velocity vector, as
in Figure 7.

Vertical

Vehicle plane

q
BA is the angle between the
aircraft z axis and the
vertical Mien viewed along
the velocity vector

Figure 7.— Bank Angle

With the above set of angles to describe vehicle attitude, 	 1•
the velocity vector known and a given atmosphere, the aerodynamic
forces can be completely specified.

L

Returning to the second source of vehicle force, gravitation,
from Newton's Laws, this is merely a function of position and
mass. It is, therefore,- completely defined in terms of the state
variables and, hence, introduces no new control variable.

The final source of vehicle force, thrust from the -propul-
sion system, involves the atmospheric properties, either due to
the atmospheric back pressure degrading the vacuum thrust or by
virtue of the atmospheric fluid used in the combustion process 	 r
which creates thrust. The propulsion unit efficiency may be

5
25
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affected by Mach number and, hence, velocity so that thrust
forces depend on the basic state variables of position and
velocity in a similar manner to aerodynamic forces. If the
propulsion system has a fixed orientation within the vehicle,
the control variables introduced to describe aerodynamic forces

li	 suffice to describe thrust forces also. It may be, however,
that the propulsion unit has a variable orientation within the

ik,	 vehicle. In this case, additional control variables to describe
the relative position of the propulsion unit with respect to
the vehicle are required. With vehicle attitude already spec-
ified by a, 0 and BA, two additional angles are sufficient
to orient the thrust. These may conveniently be taken as the
cone angle from the reference axis, XT , and the inclination
about the reference axis, OT . This latter angle will be
measured positively about the reference axis and be zero when
the thrust force is perpendicular to the port side of the veh-
icle plane of symmetry, as illustrated in Figure 8.

I

)n,

Figure 8.— Thrust Angles

One other control variable for thrust remains to be speci-
fied; this is the throttle setting, N, which serves to determine
the propulsion unit power setting on variable thrust engines.

In all then, to specify the forces-acting on a point mass
vehicle with a single propulsion unit, six control variables,
at Or BAP XT. OT, and N are required. If there is more than
one independently controllable propulsion unit t additional XT,
OT, and N must be defined.
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Coordinates and Coordinate Transformations

Local geocentric-horizon coordinates.—-Components of
the planet-re^nce acceleration are integrated to obtain
the planet-referenced velocity components (ke, fe, 2e). Vehicle
position in this coordinate system is determined by integration

7	 of these velocities. Vehicle position in the planet-referenced
spherical coordinate system will now be determined. The spher-
ical coordinates are longitude, geocentric latitude, and dis-
tance from the center of the planet. Angle "C" represents the
change in vehicle longitude and may be written

C = 6 L - 6 
	

(73)

Angle C is related to the vehicle position by the expression

C = Tan-1 (Ye)	 r (74)e

The relationships are illustrated in Figure 9.

NP
Local•Qeocenti

horizon coordinat

Y

Z10 Ze

Figure 9.--Relation between Local-Geocentric, Inertial and
Earth-Referenced Coordinates for Point-Mass Problems

To describe body motion relative to the planet, a local-
geocentric-horizon coordinate system is employed. The Zg-axis
of this system is along a radial line passing through the body
center of gravity and is positive toward the center planet.
The Xg-axis of this system is normal to the Zg-axis and is posi-
tive northward; Ygg forms a right-handed system. Figure 9 shows
the relation of this coordinate system, to the other systems
employed.
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To locate the X.-Yg-Zg axes with respect to the Xe-ye-Be a;
first rotate about Ze by an angle (180 0 + C) and then rotal
about Yg through the angle ( 90* - ^L) . The first rotation
defines the intermediate coordinate system shown in Figure
The transformation is given by

1X I
	 Cos (1800 + C) Sin (1800 + C) 0	 lXe

lyg	 -Sin ( 1800 + C) Cos (180O + 0 o	 lye
IZ e	 0	 0	 1	 lz 

el
or

1X	 -Cos C -bin C 0	 LX e

lyg	 Sin C -Coo C 0	 lye

lz e	
0	 0	 1	 1z e	 (75)

	

The second rotation is shown in Figure 	 The transfor-
mation matrix for the second rotation is given by

1X9 	C08 (900	 0 -Sin (900 r #L)	 1XI

lyg	0	 1	 0	 lyg

1z 
91	

Sin 
(900 -	 0 Cos (900	 lz e

or

ix 
9	

Sin #L 
0 -Cos #L	

1XI

lyg n 	 0	 1	 0	 lyg
	 (76)

1z 9
	 COO IL 0	 Sin # L	 'Zel

I	
.	 I	 /	 I

1800 + C	 X,

X.

Y

z

X1	 z

Figure 1D-- Intermediate Coordinate System Transformation Figure 11— Final Rotation in Transformation from

from Earth Referenced to Lot-Al-Cleocentric Coordinates 	Earth-Referenced to Local-Geocentric Coordinates
28-
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F^ In this analysis, a positive rotation is defined in the
sense adopted for vector cross products in a right-handed system.
That is; a positive rotation about the z-axis occurs when the
x-axis rotates into the y-axis; positive rotation about the
x-axis when y-axis rotates into the z-axis; and positive rota-
tion about the y-axis when the z-axis rotates into the x-axis.	 1

y The intermediate coordinate system (X', Y 	 Ze) is eliminated
by the method of successive rotation.	 TA complete transfor-
mation is given by

g 1X Sin OL	 0	 -Cos m L -Cos C	 -Sin C	 0 lX
g e l

lyg = 0	 1.	 0 Sin C	 -Cos C	 0 lye 3

I
1Z Cos OL	 0	 Sin ¢L 0	 0	 1 lZe (77) f

8 1

This can be reduced to the single transformation matrix

1X8 -Sin OL Cos C	 -Sin ¢L Sin C	 -(cos OL lge

I'

lyg = Sin C	 -Cos C	 0 lye t

lZ8 -Cos OL Cos C	 -Cos OL Sin C	 Sin OL lZe (78)

which defines a direction cosine set (i', j, k) by the equation

lXg it	 J1	 kl 1Xe

lyg = i2 	J2	 k2 lye

lZg 13	 J3	 k3 lZe (79)

T,

Planet referenced velocity in the local-geocentric coordinate
system is given by	 f 

x

xg it	 Jl	 kl Xe

Yg	 i2	 J2	 k2	 Ye
3

Zg	 i3	 J 3	 k3	 Ze	 (80)
^	 v

x and

a	
y8	 X28 

+ y2g + Z28
	 (81)x

^	 U
Flight path angles are computed by

	

o =tan-1 
(Yg	

(82)

_ y	 Xg
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and	 Y - sin-1 
(_Z8

	

v$	 (83)

Here a is the heading angle and A is the flight path angle.

	

Wind Axis Coordinates.— Aerodynamic and thrust forces 	 f
for point-mass problems are conveniently summed in a wind -axis
coordinate system, (XA, YA, Z A). Since the equations of motion
are solved in (Xe r Ye, Ze) coordinates, the wind-axis components
of force must then be resolved into this basic system.

When winds exist, defined by atmospheric velocity compo-
nents along the local geocentric axes, vehicle velocity rela-
tive to the atmosphere is the vector difference of vehicle
geocentric velocity and wind velocity. The wind axis system
is then determined by the vehicle airspeed, V A , and the flight
path angles relative to the atmosphere XA and QA. If wind
velocity is zero, VA = Vg, XA = X and GA = G. If there is
a wind, with velocity components (Xgw, Ygw, Z gw ), then

'r

VA = ( Xg-Xgw )
2 
+ ( Yg-Ygw )

2 
+ (Zg-Zgw)2

(84)
YA	 sin-1-(X9-Xgw)/vA

J 	(85)

QA = ten- 1 (Yg-Ygw)/(Xg-Xgw)J
	

(86)

Forces are first resolved from winch axes to the local
geocentric coordinates. The wind axes are defined relative
to the local geocentric axes by three angles: heading, QA;'
flight path attitude, kA, defined above; together with angle,
BA.	 }

X

yA 	 xA	
A

Y'----	 ^.^. Ya	
Xg

rA

Y

Yt	 A ^`	 YA	
B 6A

B^	 X

YA	 ZA	 \
AZ 	 f

°A

Figure 12.— t:

Relationship between Local-Geocentric -Axes and Wind Axes-	 a

i
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Appropriate transformations are

I
X'

coo °A	 sin oA	 0	 XB

A	
X^	 Y'	 _	 -sinaA 	cos aA 	0	 yB

Y	 X•	 Zg	 0	 0	 1	 Zg I (87)

x

s	 9

p

^y	 XAXA 	cos YA	 0	 -sin YA	 X'
X''

Y'	 =	 0	 1	 0	 Y1

Z	 Z„	 Z"	 sin Y A	 0	 cos Y A	 Z8	 (88)

and

XA	 1	 0	 0	 XA

Y,G

_

YA	 =	 0	 cos BA	 sin BA	 Y'

YA ZA	 0	 -sin BA	 cos BA	 Z'1
(89)Z „	 A

r	 The complete transformation from local geocentric horizon coor-
dinates to wind axes then is
XA	 cos YAcos OA	 cos YAsin OA	 -sin YA	 X9

s	
YA	 _	 -sin aA cos Bp	 cos aA cos BA	 cos YA sin BA	 Y9

{
_	 + sin YAcos aA sin BA	 + sin YAsin vin BA

„q	 ZA	 sin apsin BA	 -cos apsin BA	 cos YAcos BA	 Zg
+ sin YAcos aAcos BA	 + sin YAsin aAcos BA

s	 which defines a direction cosine set

XA	 r1	 Si	 t1	 Xg

F
k

1

! Lr

i
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Yp

yam'

The resolution of forces from wind axes to local geocentric then
becomes

FXg	 rl	 r2	 r3 FXA

FY8 = el 	82	 83	 FYA
k

FZ9	 tl	 t2	 t3	 FZA	 (91)	 r'

For the rotating -planet, the local geocentric components must
be resolved into the Xe-Ye-Ze system. The required direction
cosines are given by Equation	 E

FXe	 11	 12	 13 FX9
1

FYe _ a 1 	^2	 ^3	 FYg

FZe	
kl	 k2	 k3 FZg

(92)
f	 ^:

The combined transformation from wind axes to local geocentric
can be defined as a single matrix transformation

FXe	
01	

02	
03	

FXA	 M9X	 f

FYe	 P1	 P2	 P3 -FYp +	 gY jm 
e

FZe	 ql	 q2	 q3 FZA	 MgZ
(93) f

Body-axis coordinates.-- Origin of this system is the ve-
hicle center of gravity with x-axis along the geometric longi-
tudinal axis of the body. Positive direction of the x-axis is
from center of gravity to the front of the body. The y-axis is
positive to starboard extending from the center of gravity in
a water .-line plane. The z-axis forms a right-handed orthogonal
system. To permit the use of body (x, y, z) axes aerodynamic
data, and to convert the body axes components of thrust to the
wind axes system, a coordinate transformation must be made. The
coordinate transformation shown in Figure 13involves rotation
first through angle of attack, a, then through an auxiliary

	

angle, S'. Noting that	 s:
i	 .

i
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the transformation is

XT cos a	 0 sin a x

y' = 0	 1 0 Y

Z' -sin a	 0 cos a	 Z

Xp cos $' sin S' 0 x'

Yp = -sin S' cos s' 0 y'

Zp 0	 0 1 Z'

• cos,s' cos a sin S'	 cos $' sin a x

-sin s' cos a cos S'	 -sin $' sin a y

-sin a 0 cos a Z

which defines the (u, v, w) direction cosines

Xp u1 u2 u3 x

Yp = vi v2 v3 Y

Zp vi v2 v3 Z

C9s)

C9

S

which define the force coefficient transformation

-CD	 ul	 u2	 u3	 -CA

	

CY = vl 	 u2	 u3	 CY

-CL	 Vi	 v2	 v3	 -CN	 (97)

The relationship between body and wind-axes aerodynamic coef-
ficients is now established. Note the negative directions of
the coefficients relative to the axes.

Inertial coordinates.-- The selected inertial coordinates
coincide with the earth references (Xe, ye, Ze) system at time
zero. At a later time they differ by the rotation of the earth,

34
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Wpt.	 The transformation between inertial velocities and planet
f referenced velocities is derived as follows.

, Let R be the displacement of the point -mass,	 ( See Figure 9).	
1

In inertial coordinates

R	 XlX + Yly + Z1 Z (98)

and

r V	 R = AlX + Yly + ZlZ 09)

In planet-referenced coordinates

R	 Xe1X 	 + Yely	 + ZelZ
e	 e	 e

However, due to the rotation of the Xe, Ye, Z e coordinate system,
the velocity is

V	 R =	 nt + w 	 x R (100)

where

XelXe + Yelye + Ze 1Ze' (101)

The planet ' s rotation is about the Z-axis which is also the Ze-
axis.	 Therefore,

Y
wp	 -WplZ	 -wp1Ze

and the required cross product is

lXe 	lye	 lZe {

up x R =
0	 0	 -wp = (Xewp ) lXe - (Xewp)lye

Xe	 Ye	 Ze
(102) p

If Equations	 (99),	 (101), , and	 (102)	 are substituted into
Equation (189), it, follows that

XlX + Yly + ZlZ a (Xe + WPYe)lXe + (Ye - WpXe ) lye + (4)1Ze
ff

(103)

The relation between the unit vectors in the inertial system
and unit vectors in the planet referenced system are obtained

^Y ` by a single rotation about the Z-axis.
i
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The transformation matrix is

1Xe	
Cos wpt -Sin wpt 0	 ix

lye	 Sin wpt Cos wPt 0	 ly

lZe	
0	 0
	

1	 1Z	
(104)

The transformation from planet-referenced velocities to inertial
velocities is made with the inverse of the matrix of Equation
(104) r and the component relations derived in Equation (103)-

X	 Cos wpt Sin wpt 0	 Xe + wpye

	

Y = -Sin wpt Cos wpt 0	 Ye - wPXe

Z	 0	 0	 1	 Ze
(105)

The components of inertial velocities are used to calculate the
inertial speed of the body as

	

VI =FX+ Y2 _
+j 
	 (1,06).

9

I
3

1

i
3

k,	
1

Equation (106), is valid regardless of the inertial coordinate
system involved.

Local-geocentric to ueodetic coordinates.-- Positions on
the planet are specified in terms of geodetic latitude and
altitude (for a given longitude) while the motion of the body
is computed in a planetocentric system which is independent of
the surface. In the computer program, flight-path angle a`
and heading angle c are calculated with respect to the local
geocentric coordinates. By definition X D and CD are angles
measured with respect to the local geodetic. Although the
maximum difference that can exist between the two coordinate
systems is 11 minutes of arc, it may be desirable to know XD
and OD more accurately than is obtained when measured from
the local geocentric.'

It will be necessary to resolve the geocentric latitude
to geodetic latitude for an accurate determination of position.
Figure 14 presents the geometry required for describing the
position of a point in a meridian plane of a planet shaped in
the form of an oblate spheroid.
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Figure 14.-- Planet-Oblateness Effect on Latitude and Altitude

It is apparent from this figure that the most significant
difference between the geocentric referenced position and the
geodetic position is the distance A8 on the surface of the
reference spheroid. The distance can be defined by a knowledge
of the angle OL ; the geocentric latitude; Og, the geodetic
latitude; the corresponding radii; and the distance OC.

The relationship between the geocentric and geodetic lati-
tude of a point on the surface of a planet which is an oblate
spheroid is obtained as follows. The equation for the surface
in a meridian plane is

X2	 Z2+ -- = 1
Reg	 RP2	 (10-7)

The tangent of the geodetic latitude can be found by determining
the negative reciprocal of the slope of a tangent to this ellipse.
The expression for this tangent is

Tan 0 = -	 1	 - Reg ZB
8	 d -Z)	 2	 (108)

dX B	 XB ,.

Note that Z  is a negative number in the northern hemisphere.



The tangent of the geocentric latitude of point B is

C Y Tan OL	 - ZB
	

9g	
X	

(10 )
B

Substituting Equation (109) into Equation (108), gives the
required relation

2
Tan m8 = 

Re

P 
z 

Tan OL8

R	 Lilo)

The expression for the radius of the planet at point B in
terms of the geocentric latitude of the point and the equato-
rial and polar radii is obtained by the rectangular to polar
coordinate transformation

-ZB - R^L
B 
Sin OL8	 (111)

XB = Rhg Cos ^L 8
	 (112)

and, solving for RtL by substituting Equations (111)1 and (112) '^
into Equation (1075,, g gives

ReR	 _

R4L =	 Rp Sin kg + Re Cost ^Lg
6	

(] 13)

. cos 
O
L

cos	 Re	
^(Re/Rp)(tan oLg/tan 0L) 2 sing dL +coat +I,

L.4

it may be seen from Figure 14 that

(114)

iE

f^

or

h sin ^g = OP sin ^L - R ftg sin 4Lg	 =j115)

Likewise

(116)

or

h cos ^9 = bT cos *L - ROL
g 
cos 4L 8
	

(117)

If Equation. (ji5) is divided by Equation (117) / and then the
quotient is divided by tan OL ,there results4
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^fj

1

1

cos
OLSLR

	 ^OP	
(sin ^L ) - R4Lg 	[5p (cos 	 - ROL

J

L9	 OL, q	 (11^,)

Or

coa ^L	 cos ^L

cos OL	 sin ^Lg)	
^(Re2 - R

P2 )/RP21 ^ROLg /OP J	 (119)g

Finally, if Equation (119) 	 is multiplied by (R.p sin OL W(Re sin ¢L),-it follows that	 g

p	 Re sin	 _
( Re) (tan	 /tar. ^L ) _ ( R—} + C1 - (	

/Re)2	
(	 Lg) (R	 /r^P)L9	 RP

r

P	 a	
RP sin OL	 oLg	 (120)

Let

U = (Re tan 0L9/RP tan OL)

_ (RP tan Og/Re tan OL)
	 (121)

Then it follows from Equations (113) ' and 	 (120) 4 that
R

U = (R ) + [Re/OP) [ U/	 U2 sin2 OL + cost 
OL} 

1 1 - (RP/Re)2)
(122)e

Equation ( 122)	 is solved by an iterative scheme,

Then -1	 Re U
fg =tan	 [( R	 ) tan ^L )	 (123)

P

The flight -path and heading angles corrected to the local f:`
geodetic latitude are computed by

t

= Sin- 1
	Zg -

1 XK ( ^g - OL)}
YD

=Sin-1 (Vgl

{.
^;

C

8	 \	 1241	
V	

/	 (	 )B

Since the magnitude of vector Vg is equal to the magnitude of F'
vector Vgl

and

C
D
 = Sin-1	

Yg	
Sin-1 	 _	 Yg

_	 .

91
2 + 1fg12	ilk	 + Zg (d g — ¢ L )^ 2 +	

g?

9

(125).;
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Auxiliary Computations

In addition to the computations which can be made from the
problem formulation as presented in preceding sections, several
other quantities are available as optional calculations.

a. Planet-surface referenced range, RD

b. Great-circle range, R 

c. Down- and cross-range, XD and YD

d. Theoretical burnout velocity, Vtheo

e. Velocity losses, VP' Vgrav, VD , and VML

f. Orbital Variables and satellite target

Planet-surfaced referenced ran e.r- The total distance
traveled over the surface of the p anet is computed as the
integrated surface range. If the distance traveled by the
vehicle over a given portion of the trajectory is

t
RD	 r 2 Vg dt	 (126)

ti

then the curvilinear planet surface referenced range is
t2

RD =	 R^L Vg Cos y dt	 (127)

t	 Rl

The flight-path angle, a, is referenced to local geocentric
coordinates for this computation.

Great-circle range.-- Great-circle distance from the launch
point to the instantaneous vehicle position, R , may also be
required. Expressions for this distance are d9rived as follows.

By spherical trigonometry, (see Figure 15)

Cos	 _ Cos (904L)Cos(904Lo ) + Sin(90-4L ) Sin (90-4Lo ) cos(eL-eLo)

or simplifying	 (128)

Cos # = Sin 4L Sin *Lo + Cos 4L Cos 4Lo Cos (eL-eLo)
(129)

Therefore,

Rg n *R' COS-' [Sin 4L Sin 4Lb + Cos 4L Cos 4Lo Cos ( eL-9Lo ),_• (130)
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However, since the planets are generally oblate spheroids, R'
is not a constant radius. An approximation may be obtained by	

k`

averaging the planet's radius at the launch point and at the
vehicle's position. Therefore, define the average radius, R',
as

R^L + Rko	 !
(131)

2

and the surface-referenced great-circle range from the launch'
point to the vehicle is

Rg - ROL + ROLO Cos-1 [SinOL Sin ko + Cos mL Cos 4Lo Cos( eL-ALo }l	 p
J

2	
(132	 >

Down- and cross-range.-- Down- and cross-range from t^e
initial great circle can be determined. The initial great
circle is determined from the input quantities ao, ^Lo, and
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eL 	 (see Figure 16)	 Then the cross range of a particular
tr2jectory point is defined as the perpendicular distance from
the point-to the initial great circle. The downrange is then
the distance along the initial great circle from the initial
point to the point P at which the cross range is measured. From
the spherical triangle, Figure 16, the great circle range LF to	 -;
the point F is computed by Equation ;(132)-

The right spherical triangle LPF is solved for the down-
range, XD , and the cross range, YD.

XD = R' cos-1
	 Cos LF	 (133)

(.Cos (sin l(sin LF sin ))

YD - R' sin-1 (sin LF sin	 (134)

where
(135)

d

R' is defined by Equation (131)



i
i

Theoretical burnout velocity and losses.-- For trajectory
and per ormance optimization studies, it is convenient to know
the theoretical burnout velocity possible and the velocity
losses due to gravity, aerodynamic drag, and atmospheric back^,..
pressure upon the engine nozzle. 	 These quantities mayP	 P	 9	 9	 Y be com-
puted as follows

{ Theoretical Velocityt2

TVAC
Vtheo =	

dt
(136)

M
ti

Speed Loss Due to Gravity

2

? Vgrav	 -	
-gZg Sin Y dt

1
(137)

Speed Loss Due to Aerodynamic
Drag

2

,-	
VD =	 D	 dt

(138)
M

1

Speed Loss Due to Atmosphere
Back Pressure Upon the Engine Nozzle

t2
f	 PA

VP	 J	 -	 me	 dt (139)

t1

Maneuvering Losses

t2

f	 TVACm- PAe (140)
AML -	 1	 cos  a - 1	 dt.

tl

The resultant velocity Vg(t2) is obtained by adding the components 

,. computed to the initial value Vg(tl)
€F

^# ^t2)	 ^, ^t Z)	 ^theo + V rav + VD +VP
g	 g

(141).
g

The maneuvering losses are valid only if XT is zero for the
engine.
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Orbital variables and satellite target.-- Certain functions
of use in orbital trajectory calculations have been added to the
point mass equations of motion used in the Steepest Descent Opti-
mization Program. These functions permit the specification of
terminal conditions in inertial space when this is convenient. A	 k'
further set of functions will permit rendezvous calculations with
a satellite in a circular orbit about a central planet.

Orbital variable calculations commence immediately after
the calculation of vehicle inertial velocity. Flight path;
angles in inertial space are computed from the expressions

	

-1 	Yg + WP Rcoa^L

CI = tan	
%	

(142)

8

Z
6

YI	 sin
-1 
	(143)

rVI

The inclination angle, i, is the angle between the plane con -
taining the velocity vector and the center of the earth, and
the equatorial plane.;

-Z

Y

j

'r

Figure 17 Orbital Plane Geometry.
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Applying spherical trigonometry to Figure 17, we obtain the re-
lationship

cos i	 cos^L sin aI	 (144)

The difference in longitude between the vehicle and the ascending
node, v, is given by

}

	

	 tan v = sin mL tan aI	 (145)

The inertial longitude is given by
l'

eL - Wpt	 (146)

and the inertial longitude of the ascending node by

Q = 6I -	 (147)

It is convenient to know the central angle, u, in the orbital
plane.	 Measuring from the ascending node, we obtain

tan u =	
tan @^	

(148)
cos aI

The orbital variable.calculation introduces positional and
velocity information from a second body.	 This body is a satel-
lite considered in a circular orbit about the earth.	 Its orbital
height, hs , is specified, and remains constant. 	 Position in the
orbit is computed from an initial central angle, cs o , by the
expression

Os 2- 	 + wst	 (149)

- The satellite angular velocity is obtaiped from the satellite
} inertial velocity, Vcs , where

j acs	 R^	 +h	
(150)e

where ug is the gravitational potential constant and Re the
' earth radius.	 It should be noted that Equation	 (150)	 assumes

a spherical earth; for the earth radius is taken as constant,
and noire of the higher order gravitational harmonics are it<-

'^ cluded.	 Knowing Vcs , it follows that
,4

t
cs

WS -
	 (151)

Re+hs

4	
The variables of this section provide sufficient information to

j	 either rendezvous with or terminate the trajectory in a speci-
fied position relative to the satellite.

i
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VEHICLE CHARACTERISTICS

Methods by which the aerodynamic, propulsive, and physical
characteristics of a vehicle are introduced into the computer
program are presented in this section. Form and preparation of
the input data are discussed, together with methods by which
stages and staging may be used to increase the effective data
storage area allotted to a description of the vehicle's proper-
ties.

Aerodynamic Coefficients

The primary objective of the aerodynamic data input sub-
program is to provide for a complete accounting of the various
contributions to the aerodynamic forces and moments regardless
of the flight conditions of the vehicle being considered. Two
techniques are available for use in the digital computer pro-
gram: (a) an n-dimensional table look-up and interpolation and
(b) an m-order polynomial function of n variables prepared by
"curve fit" techniques. In the first method, the proper value
for each term is obtained by an interpolation in "n" dimensions
where the number of dimensions is taken to be the number of
parameters to be varied independently plus the dependent vari-
able. This method has the advantage of accurately describing
most non-linear variations with reasonable preparation effort.
The amount of storage space which must be allocated to such a
method, however, can achieve unreasonable proportions and may
require substantial computing time for the interpolation as the
number of dimensions are increased. The second method has essen-
tially the opposite characteristics; that is, a large amount of
data may be represented with a small amount of storage space,
and computation time is held to reasonable limits, but the data
variations which may be represented must be regular. A substan-
tial amount of effort can be required for the preparation of
data by a curve-fit technique. Both these methods are very con-
venient when the amount of data to be handled is moderate, but
tend to become unmanageable when large amounts of data are
required. This usually occurs when the program, having several
degrees of freedom, is committed to one or the other of these
two techniques. Therefore, the computer program incorporates
both of the techniques discussed as a compromise to take advan-
tage of the more desirable features of both. To do this, a
general set of data equations have been programmed which define
each of the aerodynamic forces. In general, the coefficients 	 s
for these equations will be obtained from a curve-read inter-
polation. Several simplifications may be made to the equations
d:el?e.nding on the flight condition and vehicle to be considered.

46



1

I;
(

	

	 Often the particular application will not require some of
the terms listed in order to describe the flight path and vehicle
under consideration. The subprogram is arranged so that the com-
puter will assign a constant value to any curve for which the
data has not been supplied. For most curves, the constant value
will be zero. This technique may be used to reduce the time
required for the preparation of data. Values intermediate to
those introduced in a tabular listing will be obtained by linear
interpolation.

Aerodynamic Forces

Aerodynamic forces are customarily defined by three mutu-
ally perpendicular forces. These are lift (L), drag (D), and
side force (Y). Lift force is perpendicular to the velocity
vector in a vertical plane; drag force is measured along the
velocity vector but in opposite direction; side force is meas-
ured in the horizontal plane, positive toward the right, pro-
vided the bank angle is zero. I £ the bank angle is not zero,
L and Y will be rotated by -BA about the velocity vector.
Coordinates are shown in Figure 18.

L	
L	

s

.r

x	 r

0
a	 y

i

iz 	Z 	 y	 ^!

Figure 18.— Aerodynamic Forces - Wind Axes

These forces may be expressed in the form	 k

i
L	 q(V,h) SCL(V,h,a,0)	 (152) ?r

D = q(V,h) SCD ( V,h,a,a)	 (153)	 j

Y = q(V,h) SCy ( V,h,a,8) (154)

where q is the dynamic pressure and S a convenient reference:
area. The aerodynamic coefficients CL ,, CD , and Cy may be ex-`
pressed in terms of the aerodynamic derivatives.

x;
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CL= CLo + CLa a + CLa2 al a I + CLS I Bi

+ CL0 20 2 + CLas a Ig

CD 
= CDo + CD a Jai+ CDa2 a2 + CDs 's1

+ CD 02 s 2 + 
CDa6 I a I 1s 1

Cy = Cyo + Cya j + Cya2 a2 + Cy00

+ Cy 62 0151+ Cyaslals

(155)

(156)

(157)

Alternatively, the aerodynamic derivatives may be expressed
as tabular functions of Mach number (M N ), a, and $, that is,
functions of the state variables and the control variables.

On occasion, it may be convenient to measure the aerodynamic
forces in the body axis coordinate system introduced in a pre-
ceding section, pages 28- to 30. 	 In this case, normal force, (nf) ,
is measured along the -z axis, side force (y) along the y axis,
and axial force (a) along the -x axis, as in Figure 19.

01)
(nI)

x	 (Y) _ _ -Y .
_	 as	 1

I V
I
i	 IV

1	 I
A
z	

z

Figure 19.— Aerodynamic Force in Body Axes

The specification of forces in the body axis system is
similar to that in the wind axis system

of = gSCN

a = gSCA

Y	 gSCy
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where the body axis aerodynamic coefficients are

CN 	CN	 + CN + CN 2	 a ICE )o	 a	 a

+ CNS is I + CNO2 02 + CNas a 1(161)

CA $ CA 	 + CA Ia I	 + CAa2 a2o

+ CAS (s I + CA S2 02 + CA 	 Iasi	 (162)
as r

Cy = Cy. + Cya Ia' + Cya2a2 1	 i3

+ Cy s s	 + Cy 02 s Is(+ Cyas Ials	 (163) k
i

Thrust and Fuel Flow Data

r

i

The techniques employed to introduce thrust and fuel-flow
data into the equations of motion are developed in an approach
similar to that employed for aerodynamic data. 	 An n-dimensional
tabular listing and interpolation technique is used with the
independent variables being defined by the type of propulsion
unit being considered.	 For the present formulation, the propul-
sion units are grouped into the following options: 	 (1) rocket,
(2)	 air breathing engine.`

i
Propulsion option (1) rocket.-- The thrust of a rocket r

motor is assumed variable with stage time, altitude,and,if the
rocket is controllable, it will also vary with throttle setting.
The altitude effect is determined by the exit area of the A'
nozzle, Ae , and the ambient pressure, P.	 If the thrust is
specified for some constant ambient air pressure, the altitude }
correction can be calculated within the subprogram. 	 If the
rocket motor is uncontrolled, the vacuum thrust, in pounds, will
be introduced by a tabular listing as a function of time, in
seconds, and corrected as follows:

T = Max	 [Tvac - PAe , 0)	 (164)

The propellant consumption rate is specified by a tabular
listing	 in slugs per second as a function of time,in seconds,
for the single engine options, or computed from the thrustand
the engine specific impulse, I Sp, for the multiple engine options. }

If the rocket is controlled, the propellant mass flow rate mf
i

is introduced by a tabular listing as a function of throttle
setting.	 The thrust is then specified by a tabular listing as
a function of mass flow rate. }
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Propulsion o tion (2) air breathing engines.--An air-
breathing engine is strongly affected by the environmental
conditions under which it is operating. Engines which would
be grouped in this classification are turbojets, ramjets,
pulsejets, turboprops, and reciprocating machines. The param-
eters considered significant in the program are

(a) Altitude (h-ft)

(b) Mach number (MN)

(c) Angle of attack (a-degrees), and

(d) Throttle setting (N-units defined by problem)

Both the thrust and fuel flow are functions of these variables.
In order to accommodate these variables, a five-dimensional
tabular listing and interpolation are used to obtain both thrust
and fuel flow. The thrust has no further correction as the
effects of all parameters are assumed included in the interpo-
lated value.

En ine perturbation factors.--The engine options include
provision for two data sca i.ng actors for use in parametric
studies. These are in the form

T = E13 TVAC + E14	
(165)

Components of the thrust vector.—rhe equations used to

	

reduce the thrust vector to its components along the body axes	 s
are

Tx = T cos XT 	(166)

Ty = -T sinX cos^T 	 (167)

and
TZ	 T= -T sina sink T	

(168)

^T and XT are defined and explained in the control variablesection.
1
a

Reference weight and pro2ellant consumed.--Rate of change
of vehicle mass, m, is set equal to the negative of the total
mass flow rate, -mt. m is integrated to give variation of
vehicle mass, m. The instantaneous mass is used in the compu-
tation of the body motion. The reference weight is obtained
by an auxiliary calculation



C

The propellant consumed is computed as

mf = mo - m	 (17Q.

where mo is a reference mass input equal to the initial vehicle
mass

Stages and Staging

A problem common in missile performance analyses and
encountered frequently in airplane performance work is that
of staging or the release of discrete masses from the contin-
uing airframe. The effect of dropping a booster rocket or
fuel tanks is often great enough to require that the complete
set of aerodynamic data be changed. Configuration changes at
constant weight, such as extending drag brakes or turning on
afterburners, may also require revising the aerodynamic or
physical characteristics of the vehicle. Another use of the
staging technique is possible with the present computer pro-
gram which does not involve physical changes to the configu-
ration; this technique may be used tP revise the aerodynamic
descriptors as a function of aerodynamic attitude or Roach number.
With this use of the stage concept, accurate descriptions of
the forces acting upon the vehicle may be maintained over wide
attitude ranges, if required.
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VEHICLE ENVIRONMENT

f

The models for simulating the environment in which a
vehicle will operatc are presented in this section. This
environment includes the atmosphere properties, wind velocity,
and the field associated with the planet over which the ve-
hicle is moving. The shape of the planet and the conversion
from geodetic to geocentric latitudes are also considered.
In the discussions which follow, the descriptions of vehicle
environment pertain to the planet Earth. The environmental
simulation may be extended to any planet by replacing appro-
priate constants in the describing equations.

Atmosphere

The concept of a model atmosphere was introduced many
years ago, and over the years several models have been de-
veloped. Reference 15'outlines the historical background of
the gradual evolution of the ARDC model. The original (1956)
ARDC model (Reference 15, ) was revised to reflect the density
variation with altitude that was obtained from an analysis
of artificial satellite orbit data. This revision is the
widely used 1959 ARDC Model Atmosphere and is the basic option
in the present program.

The advantage of a model atmosphere is that it provides
a common reference upon which performance calculations can
be based. The model is not intended to be the "final word"
on the properties of the atmosphere for a particular time
and location. The atmosphere properties are quite variable
and are affected by many parameters other than altitude.
At the present time, the "state-of-the-art" is not advanced
to the point where these parameters can be accounted for;
it may be several years before the effects of some parameters
can be evaluated.

1959 ARDC Model Atmosphere.-- The 1959 ARDC Model Atmos-
phereis specified in layers assuming either isothermal or
linear temperature lapse-rate sections. This construction
makes it very convenient to incorporate other atmospheres,
either from specifications for design purposes or for other
planets. The relations which mathematically specify the
1959 ARDC Model Atmosphere are as follows (Reference 16-)
the 1959 ARDC Model Atmosphere is divided into 11 layers as
noted in the table below.

4

t
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Layer H -Lower Altitude Upper Altitude
Geopotential Geopotential

4 Meters Meters'

1 0 11,000
2 11,000 25,000'
3 25,000 47,000
4 47,000 53,000
5 53,000 79,000
6 79,000 90,000
7 90,000 105,000
3 105,000 16o ,000	 !

6 9 160,000 170,000
10 170,000 200,000;
11 200,000 700,000	 1`

For layers 1,	 3,	 5,	 7,	 8,	 9,	 10,	 and 11, a linear molecular-
scale temperature lapse-rate is assumed and the following
equations are used:

HSp 1 ± .J. b35c7o
Meters	 (171)

(TM)b r1 + Kl(HgP - Hb)] OR	 (172)l
T= TH A- B tan-1 1 H•SD=O cR	 (173)

P Pb 1 + Kl(Hgp - Hb) 	
-K2

Lb./Ft.2	 (174)
Ll

p pb	 + K1(Hgp - Hb)	 -(1+K2)

1
1 S1ugs/Ft.3	 (175)	 k'

9

VS 49.021275(	 i)1/2 Ft./Sec.	 (176)
Z

v 2.269681 x 10-8	
T3/2•	 T+1	 .72 p

Ft.2/Sec.	 (177)	
i.

i

For the isothermal layers 2, 4, and 6, the following changes
are made

P =	
Pbe-

K3(Hgp-Hb) (178)	 4 t
r

j^
P _
	 Pbe-K3(Hgp -Hb) (179)

y	
q

I

9
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Values of the temperature, pressure, density, and altitude at
the base of each altitude layer are listed below along with
the appropriate values Kl , K2 , and K3.

lam
QWctcr 1 2 3 It 5 6

x1 •.22556913 x 10-4 	0 .13846580 x 10-4' 0 -.15920187 x 10-4 0

[2 -5.2561222 0 11.388265 0 -7.5921765 0

K3 0 .15768852 x 10-3 0 .12096887 x 10 -3 0 .20623442 x 10-3

% 518.688 }x'1+-988 389.968 508.788 508.788 298.188

R 2116.2170 472.67599 51.715418 2.5154578 1.2180383 2.1082485 x 10-'2

q, a.37692 x io
-3

7.06110(8 x 10 - " 7.764389e x 10 -5 2.8803201 n 10-6 1.3947125 x 10-" 4.1190042 x 10"

to 0 11000. 25000. 47000. 53000. 79000.

ar

QWtity 7	 8	 9 10 az

t1 .24145841 x 10-4 	.%6 <̂!1910 x 10	 .75434123 x 10-5 .35071476 x 10 .22212914 x 10-5

x2 8.5411986	 1.7082391	 3.4164794 6..8329589 9.7613698

K3 0	 0	 0 0 0

110 298.188	 406.188	 2386.188 2566.188 2836.188

Pb 2.1811754 x 10
-3
	1.5564912 x 10-4 	7.5604667 x 10-6 5.8971644 x 10 -6 2.9769746 x 10-6

op 4.2614856 x 10-9 	2.232442k x 10-10 	1.8458849 x 10-22 1. 338T990 x 10-12 6.1150607 x 10-13

/0 90000.	 105000.	 160000. 170000. 200000.

Values of the appropriate constants to be applied in the tem-
perature equation, Equation {l-M., are listed below.

0-90 1.	 0.

90-180 .75951115	 .17416404 220,000. 25,000.

180-1200 •93578678	 •27396592 1800000. 140,000.

U. S. Standard Atmosphere, 1962 .--The part of the U.S.
Standard Atmosphere, 1962, below 90 kilometers geometric
altitude (295,276 ft. altitude) is defined in the same way
as the 1959 model--by the hydrostatic equation and a piecewise
linear variation of temperature with geopotential altitude.
Equations (171) - to :(179)--are, therefore, applicable with a
different set of constants. These constants, based on the
published, tabulation of atmosphere properties (Reference,17)
at the base altitudes, are presented below. The 1962 model
uses a different set of relationships above 90 kilometers.
These have not been included. The tables define 1962 model
properties between sea level and 295,800 ft. geometric altitude.
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Values of the temperature, pressure, density, and altitude
at the base-of each altitude layer are listed below along with i

`i the appropriate values of K l , KZ , and K3. i
Layer

{ quantity	 1	 2	 3 4
a

K1	 -.2255877 x 10-4 	0	 .48012406 x 10- 5 .12199559 x 10'4
t	

I

r
K2	 -•5255871 x 101 	0	 .32844801 x 102 .12202470 x 102

K3	 0	 .1576958 x 10-3 	0 0

Th	 518.67	 389.97	 389.97 413.1o4

Pb	 2116.217	 472.6812	 114.3431 17.22518 x

Pb	 .1708202 x 10- 3.2377002 x 10'2 	.7061512 x 10'3 .2429209 x 10-4 ,

Hb	 0	 10999.474	 19999.191 32354.854'

Layer
Quantity	 5	 6	 7 8

K1 '	 0	 - .7383899 x 10-5 -.1572230 x 10- 4 0

K2	 0	 -.1709562 x 10+2 -:8602817 x 10 0

K3	 .1262323 x 10' 3 	0	 0 .1891214 x 10-3

'	 !
'

Tye	 487.17	 487.17	 454.668 325.170
r

t
Pb	 2.302550	 1.226346	 .3766873 .2106440

Pb	 .2753526 x 10- 5 	.1466537 x 10-5	 .4826665 x 10-6 •3773977 x 10`7

Hb	 47051.501	 52042.023	 61077.348 79192 .936
r

Within the altitude range considered, T and T	 (Equation (173) 1) s}
^ Mare equal.

I Atmosphere limitations.-- The validity of the 1959 ARDC

model is limited to altitudes below 700 km; although the pro-
gram is arranged to extrapolate the relationships to greater
altitudes, if desired. 	 Extrapolation to greater altitudes is
accomplished by altering the cutoff altitude. C

At an altitude greater than 2.6 x 106 feet, no calculations

^r
are made, and the program sets kinematic viscosity, speed of

'p, sound, pressure, temperature, and density to zero. At and below ".
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sea level the parameters, pressure, temperature, and density
are set to the values below. Other terms are computed as normal.

Pressure	 = 2116.2170 Lb/Ft 2	(180)

Temperature = 518.688 O R 	 (181)

Density	 = 2.37692 x 10 -3 Slugs/Ft3	(182)

At altitudes between 90 kilometers and 2.6 x 10 6 feet, the
speed of sound is set to 846.50255, and kinematic viscosity
is set to 2.3519252 x 10 -7 over density. Other terms are
computed as normal.

The 1962 model is limited to altitudes below 295,8000 feet
(90 kilometers). It is suggested that zero values be returned
above that altitude. At and below sea level, the sea level
values should be employed. When the atmosphere constants are
determined from the published tabulations at the base altitude,
the calculated values at intermediate altitudes may not agree
with the tabulated values to the number of significant figures
in the tables. This has been allowed for in the 1959 model
by developing coefficients with the necessary extra precision
to give agreement between the calculated values and published
tables at all altitudes. The values calculated by the 1962
model are good to about four significant figures, which should
be adequate for most purposes.

Kinematic viscosity and speed of sound lose their physical
significance at very high altitudes, and are not normally
defined by model atmospheres above 90 kilometers. The constant
values by the 1959 model option were added to provide data
required by the aerodynamic heating routine. The aerodynamic
heating calculation should not be used with the 1962 model
option above 90 kilometers. The constant values of v and Vs
in the 1959 model will give reasonable values of Mach number
and Reynolds number for use in the aerodynamics calculations
to altitudes somewhat above 90 kilometers, say 350,000 feet,
above which constant aerodynamic coefficients should be used.

Winds Aloft

The winds-aloft subprogram provides for three separate
methods of introducing the wind vector: as a function of

	

altitude, a function of range, and a function of time. This 	 E
facilitates the investigation of wind effects for the conven -
tional performance studies. The wind vector is approximated
by a series of straight line segments for each of the methods
mentioned above.
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Four options are used to define the wind vector in the
computer program. The three components of the wind vector
in a geodetic horizon coordinate system can be specified as
tabular listings with linear interpolations (curve reads)
in the following options.

I
Wind options (0).-- In this option the wind vector is

zero tthroughout the problem. This allows the analyst the
option of evaluating performance without the effects of wind.
This option causes the winds-aloft computations to be bypassed.

Wind option (1).-- In this option the components of the	 1
wind vector are specified as a function of time. Wind speeds
are specified in feet per second and time in seconds.

Wind option (2).-- The three components of the wind vector
are introduced as a function of altitude in this option. Wind	 z
speed is specified in feet per second and altitude in feet.

Wind option (3).-- In this option the components of the
wind vector are introduced as a function of range. Wind speed
is specified in feet per second and ranee in nautical miles.
The range utilized in this computation is the great-circle
range.

By staging of the wind option, it is possible to switch
from one method Qf reading wind data to another during the
computer run. Care must be exercised in this operation, however,
as the switching will introduce sharp-edged gusts if there are
sizeable differences in the wind vector from one option to
another at the time of switching. This effect should be avoided
except in cases where gust effects are being studied. i	 .

Gravity

This section presents the equations necessary for the
introduction of the gravity components into the equations of
motion. These components were determined by taking partial
derivatives of the gravity potential equation. The potential
equation adopted has been recommended for use in the Six-	 # 't
Degree-of-Freedom Flight-Path Study computer program by AFCRC.`
Constants for the potential equation were determined from 	 j=
References 18, 19 and 20. l	 ,t

Spherical harmonics are normally used to define the grav-
ity potential field of the Earth, References 18 through 20. 	 F
Each harmonic term in the potential is due to a deviation of
the potential from that of a uniform sphere. In thepresent
analysis the second-, third-, and fourth-order terms are con-
sidered. The first-order term, which would account for the
error introduced by assuming that the mass center of the Earth t,
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is at the origin of the geocentric coordinate system
to be zero. With this assumption

24
U= R 1+ 3 r Re l	 P2 + 5 ( Re 3 p3 +	 ( Re 1 P4+..

\ R	 0 R J

where P2, P 3 , and Pq are Legendre functions of geocen,
itude OL expressed as

P2 = 1 - 3 sing OL

P3 = 3 sin OL - 5 sin3 OL

P4 = 3 - 30 sin2 OL + 35 sin  OL

ry

r

The gravitational acceleration along any line is the partial
derivative of U along that line. At this point, it should be
noted that the three mutually perpendicular directions in the
spherical coordinate system are identical (other than sign) to
those in thq local-geocentric-horizon coordinate system which
is defined previously. Therefore, the acceleration in the ^L
direction is identical to gX , and the acceleration in the R

	

direction is identical to -gZ 9. 	 Or in the equation form:

aU -	 - 2J Reg )
	

3H Rea l	 4K Rp4

gZg = - aR - R	 3 ( 3 / P2 - 5	 / P3 30 ( 54	 l P4
R	 R	 \ R 1

R 2	 R 3	 R 
4

J	 e	 H	 e	 K	 e
+	 1 + 3 R P2 + 5 (R	 P3 + 30 R	 P4 (185)

R	
)

1 au L =	
3 ( 

Re )2
gX	 = R a,0	 2	 l R	 (-6 sin 0 L cos 0L)

g	
R	 l[[	 (186)

+ H (/ Re 35 
R	

{3 cos ^L - 15 sin2 ^L cos ^L)
\\` 

R 

4

+ 30 ( Re ) (-60 sin OL cos OL + 140 sin 3 OL cos OL)

Collecting terms:

R3	 R 4
gZg	 -^	 1 + J ( Re ) ' p2 + 5H Re	 P3 + a (Re ) P4	 (187)

R2
 3	 4

= 1^	 Re	 3H Re	 2K Re 1	 ,
8X9	 2	 -2J (R ) P5 + 5 ( R-) P6 + 3	 R ) P7	 (1.88)

R2
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where

P5 = sin OL cos OL

P6 = cos OL (1 - 5 sin g OL)

P7 = sin ¢L cos L (-3 + 7 sing OL )	 (189)

Equations f-1570 ' and •(188)' are used in the gravity subroutine
with the following values recommended for the constants:

Ug = 1.407698 x 1016 ft. 3/sec.2

Re - 20 ,925,631. ft.

J - 1623.41 x 10-6

K = 6.37 x 10-6	 (190)

It should be noted that these constants and equations per
-tain to the planet Earth; however, it is possible to use these
same equations for any other planet. For this reason, the
values of these constants is an input to the program so that
the applicable constants may be inserted for the planet under
consideration. Due to limited knowledge of the gravitational
fields of other planets, it is probable that zero values would
be assigned to some of the harmonic coefficients when the pro-
gram is used for entry studies on other planets.

The above equations are applicable to a non-rotating planet
as the centrifugal relieving effects caused by the planet's
rotation are included in the equations of motion. In addition,
the effects of local anomalies must be added if it is desired
to make a weight-to-mass conversion based on a measured weight.
The program has the options of retaining the first, third, and
fourth order terms.
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AIRCRAFT CHARACTERISTICS

Weights

During the 1962 F4H-1 time-to-climb record flights, Reference 21,
a considerable effort was made to reduce the vehicle flight weight.
Production F4H-1 and record flight vehicle empty weights were:

Vehicle
	

Empty Weight	 AW

Production F4H-1
	

29365

Record Flight Vehicle (3KM-15KM)
	

25903	 3462

Record Flight Vehicle (20KM--30KM)
	

25520	 3845

l

as

i
t

i

i

In addition to weight saving measures the record breaking vehicles
employed non-standard General Electric J79-GE-8 engines and the record
attempts were deliberately made during cold weather conditions to improve
propulsion system performance characteristics for weight comparison
purposes.

In standard F4H-1 aircraft empty weight quoted in the 1960 weight
statement, Reference 22, and the currently quoted empty weight of in-
service F4-C aircraft, Reference 23, at Edwards AFB are:

Vehicle	 Empty Weight

F4H-1 (F'4B)(1960 weight statement) 	 27345

F4-C (Edwards AFB 1975)	 32500-33500 (:3et)

For the present report it will be assumed that an average Edwards AFB F4-C
might be made available to NASA and an empty weight (net) of 33000 lbs.
will be utilized. In addition, Edwards AFB pilots have indicated that safety
considerations dictate 2000 lbs. fuel on-board at approach and a require-

ment for 600 lbs. of fuel for a descent from 40000 feet. Early calculations
indicate that zoom climbs to high altitude will consume approximately 1600 lbs.

of fuel. Based on these figures it is assumed that vehicle weight at zoom
commencement	 should be approximately 37500 lbs. (1166 slugs).

r<

Propulsion	 }
f
r

The F4-C Phantom is powered by two J79-GE-12 engines having a 	 r
nominal rating of 17000 lbs. static thrust at sea level per engine. -Thrust

produced by these engines and their fuel flow varies strongly with Mach
number, altitude, and throttle setting. That is, the thrust and fuel flow
are of the form



T = T (M, h, N)	
(191)

W - W (M' h, N)	 (192)

where

T = Thrust, lbs.

W = Fuel flow, lbs./hour

M = Mach number

h - Altitude, feet

N = Throttle parameter

The F4-C engines have a wide range of throttle setting capability
both with and without afterburners ignited. This capability is illustrated
by Table I which presents thrust and specific fuel consumption for the
related J79-GE-17 engine which powers the Phantom F4-E vehicle.

Actual thrust and fuel flow capability of the; J79-GE-12 engine
which powers the F4-C is presented in tabular fashion in Table II. These
tables are in a form acceptable to the ATOP program of Referencesl. and 2
which is used to perform the trajectory optimization studies of this
report. Format of Tables II(a) and (b) is as follows:

Thrust

TTABoO = H1 , H2 , - - - HH'

Ml , M2 , - - - MM,

N 1 , N2,

T	 T	 ---,
H1M1N1 H 

2 
M 

1 
N 
1

- TH-M1Nl,T Him 2N1 , - - -

TN MN2

Fuel Flow	

H M

TTAB11 = Hl , H2 , - - - HH

Ml , M2 , - - - MM

N1, N2,

WH1MIN1 - - 
WH MMN2

The data of Tables II(a) and II(b) was made available through the
studies of Reference 3.

61

i



1

F	 ;i	 1

IF`:

•i

Y

TABLE I.	 TYPICAL EFFECT OF THROTTLE SETTING ON THRUST i

3	 SPECIFIC FUEL CONSU14PTION OF THE PHANTOM F4-E (J79-G
r f

t
(lbs. fuel/hour/lb. thrust)

Power Thrust (lbs.) R.P.M.

Specific
Fuel

Consumption

Max. Afterburner 17900. 7460 1.965

Military 11870. 7460 .84

Normal 11100. 7435 .81

90% Normal 10000. 7140 .79

75% Normal 8330. 6900 .76

Idle 350. 5000 1130 lbs./hour

3

i

4.
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TABLE II(b). FUEL FLOW OF THE J79-GE-12 ENGINE hsHICH POWERS
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TABLE II(b). FUEL FLOW OF THE J79-GE-12 ENGINE WHICH POWERS

THE F4-C PHANTOM (cont'd).
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TABLE 11(b). 1'UEL FLOW OF THE J79-GE-12 ENGINE WHICH POWERS

THE F4-C PHANTOM (cont'd).
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Aerodynamics

Aerodynamics for the 14-C are functions of Mach number, altitude,
and angle-of-attack. For three-degree-of-freedom trajectory calculations
lift and drag coefficient variations are required. Lift coefficient is
a direct table lookup of the form

C L = C L (a, M, h)

Drag coefficient has two components

CD = CD (a, Ni, h) + AC  (M)
1

,actual values of lift coefficient and drag coefficients employed for the
F4-C trajectory calculations are given in Tables III(a) to III(c).
Tabular format of these tables is similar to that employed in the pro-
pulsion section. Source of the F4-C data is the Air Force Flight Dynamics
Laboratory through the study cf Reference 9.
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TABLE  III(a). LIFT COEFFICIENT vs. a and M , 1 .4-C AIRCRAFT
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TABLE III(b). DRAG COEFFICIENT vs. C I and MACH • , F4-C AIRCRAFT
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TABLE III(c). ADDITIONAL DRAG COEFFICIENT vs. MACH NUMBER
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DATA CALIBRATION BY

i LEVEL ACCELERATIONS

` Trajectory Calculations

A series of level acceleration trajectory computations were t

` performed to delineate maximum Mach number capabilities using the
aircraft propulsive and aerodynamic characteristics of the previous
section.	 Trajectories were simulated by using the commanded flight
path angle (y) option of the Reference	 land	 2 program.	 That is, the

A

vehicle flies an angle-of-attack schedule which attempts to maintain a
specified flight path angle history, in this case

f

'y =	 y (t) = 0	 (195)

Table IV(a) presents,a typical acceleration starting at 40000 feet with
an ': initial velocity of 1000 feet per second. 	 Vehicle initial mass is

1250 slugs (40217 lbs. weight). 	 Maximum Mach number achieved is M = 2.06
at a time T = 375 seconds and range R = 99.02 nautical miles.	 Theoretical
maximum altitude capability at the end point based on energy conversion is
E = 102000 feet.	 Table IV(b) presents the terminal states achieved in a {{i
series of level accelerations starting at initial altitudes varying from

20000 to 50000 feet.

Some points should be made regarding these trajectory calculations-
First, the maximum Mach number achievable is, a function of the vehicle
weight.	 As the weight diminishes vehicle Lift coefficient for level flight t"r
diminishes and hence a reduction occurs in drag-due-to-lift.	 As the drag
diminishes the vehicle speed can increase until thrust again equals drag.;
Maximum speed therefore increases slightlywith reduced vehicle weight.
Second, the flight path control used attempts to steer a given flight path
angle by an iterative numerical process. 	 !Over the period of time involved

( (approximately 400 seconds) slight errors; in flight path angle cause a 3

cumulative altitude error.	 Thus initial and final altitudes differ to
some extent. The final flight path angles 	 of these simulations have little
effect on maximum Mach number. 	 Third, maximum trajectory simulation time
was 400 seconds.	 At the highest altitudethis is insufficient time to
develop maximum velocities -.— Thus the maximum attainable'Mach number at
altitudes in excess of 40000 feet, and the corresponding theoretical
altitudes are undefined by the simulations. Subsequent simulations revealed''
a maximum Mach number capability of 2.0 at 50000 feet. 	 This results in a
theoretical altitude capability of 107000 feet.

Figure 20 illustrates the level acceleration traj ectories in the Mach
k altitude plane.	 Time checks are displayed at 50 second intervals.	 At the

k lower altitudes the closeness of the time checks at trajectory termination
` is an indication that the limiting Mach number for given vehicle weight

ic being approached.	 At the higher altitudes (H > 40000 feet) very slow
k	 '- 4ct° eleration capability is encountered. 	 However, as the vehicle Mach

number increases the increased spacing of the 50 second time checks

indicates that the vehicle is travelling below its limiting Mach number.

a
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TABLE IV (a)

EXPLORATORY F"-C ACCELERATION

FROM V='1000 FT/SEC @ 40000'

T M H	 FT	 Y° W (LBS) R (NM)" E (FT)

t

µ 0 1.03 40000.-	 0 40217. 0 55353.

S0 1.21 39889.	 1.2 39825. 8.93 61127.

J 100 1.40 39908,	 1.4 39355. 19.30 68307.
5

4 150 1.60 40121.	 1.6 38797. 31.20 77165.

^

&

200 1.79 40348.	 18 38148. 44.65 86892.

250 1..94 40946.	 0.1 37430, 59.45 94965.

300 2.01 40583.	 0.1 36687. 75.09 99418.

350 2.05 40628:	 0.02 35938. 91.11 101421.

375 2.06 40637.	 0.01 35569. 99.02 101951. ar-

a
Tj	 ,

e 11	 9

I

,

t

i
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TABLE IV (b) i

TERMINAL STATES F4 -C ACCELERATIONS -

RUN H0
TF

MF
H TF w 

R  E 

s	 1 40000. 375. 2.06 40637. .01 35569. 99.02 101951.
`2 40000. 400. 2.06 41320. .02 35366.- 105.77 102703.

`	 3 35000. 400. 2.06 39257. .24 34163. 112.06 100935. d
4 35000. 400.' 2.06 39259. .24 34163. 112.08 100936.
5> 30000. 400. 2.03 38417. .78 33462. 111.20 98196.
6 25000. 350. 1.80 26610. .26 33057. 94.72 77742, r

[J
20000. 250. 1.47 14048 -1.13 34552. 61.54 52006. {

8 45000. j400. 1.91 45778. .20 36715 93.04 98881 l
9 50000. 400. 1..35 49280.. .12. 38062. 73.30 75490. J

i

i

i





Maximum Mach Number Correlation

Level acceleration flight path calculations have been performed to
establish	 F4-'C maximum Mach number capabilityin the altitude range of
prime interest for zoom commencement.	 Based on the results of Reference 25
this altitude is about 40000 feet. 	 These calculations also serve to
calibrate vehicle aerodynamic and propulsive characteristics employed, r

Thus in Reference 10 discussions with pilots who fly 	 !F4-C aircraft have
indicated a maximum Mach number capability of 2.10 on occasion. 	 The
present maximum Mach number of 2.06 is in close agreement with this figure.
It appears therefore that the aerodynamic and propulsive data of the previous-
section provides a good but slightly conservative model of the 	 F4-C

F aircraft.

It may also be noted that Reference 26 provides a predicted Mach-,
altitude_ steady state flight envelope for the F4-C aircraft. 	 This flight`'
envelope is reproduced in Figure2l for reference purposes. 	 Again it may
be seen that a maximum Mach number capability of 2.10 is predicted in the s

vicinity of 40000 feet: 	 However, the vehicle weight employed in these
calculations is not noted in Reference 	 26. The zoom weight of Refey,4,nce 26
is 33238 pounds, somewhat below the value of 37500 lbs, employed in the
present calculations.

a^
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'' ENERGY MANEUVERABILITY METHOD

4.
In the _early fifties Rutowski, Reference 27 and Lush, 	 Reference 28,

independently proposed an energy maneuverability method for certain --
trajectory optimization problems.	 Their underlying assumption was that
kinetic (velocity) and potential (altitude) energies are readily exchange-
able and that the major factor in climbing to a flight condition (V, h)
is the build-up of a specific energy corresponding to the flight point.
Specific energy is defined as the-vehicle energy content per unit weight of
vehicle.	 That is

!
[. E _ mg (h + V2 /2g)	 (196)

. and

E= h + V2 /2g	 (197) 4:s
where

f	 E _ Vehicle energy

E	 _ Specific energy-

Further, accepting the hypothesis that energy build up is the dominant ++

factor in achieving a given flight condition, local optimization at each
poi11_t along a trajectory leads to the conclusion that the time derivative ^;	 3
of specific energy, dE /dt, should be maximized at each energy level. 	 This
in turn implies that tie vehicle should follow the loci of the tangency
points between the contours

2
Es = h + V /2g = constant 	 (198) r

and

is = dEs/dt = V(Tcosa - D)/mg = constant	 (199')

a Asstming the thrust is parallel to the velocity. the work done in time At is

AE = (T - D) VAt:_ 	 (200)

' or

,I Es = W Limit ^Ot
= (T - D) W
	 (201)

This last expression may also be recognized; as the first-order expression
for steady-state rate-of-climb.	 Assuming equilibrium flight and small

j angles of attack

(T - D) = W sin ti	 (202)

86



so that rate of climb, R
c
, is

t
r

R=' V sin y	 (T _ D) W = Es	 203C

Time to fly between two specific energy levels E S 	and ES	 is simply
1	

2

Estt	 `	 dt _
	 (Es2	 dE	 (204)

rt JE	 E	 (dE/dt)J
s^	 `

k

s	 s
1	 1

f and it is assumed that an aircraft flown at constant energy requires
A negligible time for state changes.

The accuracy of the energy method has been `examined in some detail
.r in Reference 26.	 Both time--to-climb and the vehicle's ability to exchange
w kinetic and potential energies were considered. 	 For maneuvers near the

j limit^of a vehicle's Zoom altitude capability time estimates by the energy'

,._. method are inappropriate since a ma'or	 art of the flight path involves a7	 P	 g	 P
k` near constant-energy arc. 	 Again the assumption of perfect ability to

exchange kinetic for potential energy is seriou sly in error.	 To co
m
pletelyg	 P	 gY	 Y	 P	 Y

convert
	
vehicle's kinetic e

nergy topotential energy requires vertical - -
qF flighta	 apogee. 	vertical flight from the higher energy

states of a high performance aircraft involves a pullup from almost hori-
zontal flight.	 This pullup creates largedrag due to lift increments'

j

which dissipate energy.	 Maximum altitude capability is thus a sensitive
trade between drag losses which dissipate energy,; engine thrust, and energy

n
	 capability

h
	aircraft
  

operating limits, and the tendency =
- too seek a highpullupnangle to maximize energy exchange. 	 In such a situation

more exact methods of trajectory optimization based on the variational
calculus must be employed.	 All optimum trajectories in this report are

: obtained through the ATOP program of References 1 and 2.	 Theoretical
altitude capability based on energy content at zoom commencement will be
employed only as a reference measure. 	 This idealized altitude capability
can be attained only if enough thrust is available to balance the drag
forces during and after the high-g pullup.

o
iEi 	y

t	 ,

r'

i C
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a.

PROGRAM VERIFICATION }

In 1954, Rutowski published the energy-climb optimization procedure,
Reference 27, which was based on a localized maximization of the aircraft
energy buildup in the Mach-altitude plane.	 This was the first of several
efforts which were developed in the 1960's and which used variational
calculus methods for solving aircraft performance-optimization problems.
The present program is based on the use of a variational steepest-descent

I.r algorithm and the formulation includes stage points and branched-trajectory
options.	 The program is both versatile and computatior.?lly efficient,
particularly when used with extremely complex high-ordered system equations.

The success of the variational steepest-descent method in the solution
of aircraft performance optimization problems is evident from the strong

M

support given to this technique by leading government research centers.	 The
reason for this support is clear when the performance gains obtained by this
method are examined:	 In Reference 25 are presented results related to
several F-4B time-to-climb flights.	 Of particular interest are Figures 2
and 3 of this reference, which show paths in the Mach-altitude plane for -a
number.of record flights.	 The actual flight paths flown are compared with

y; the paths predicted by the programs of References 1 and 2, and it is found
that a-considerable increase in performance is:obtained by attempting to
follow the predicted optimum.	 In a typical case, a 23% improvement in
performance over that of the flight handbook is obtained by both 'theory any
actual flight, even when the path is not stringently followed. 	 These results
are included as Appendix A of the present report for reference purposes.

'-- It is noted that this gain is obtained without vehicle modification,
but simply by controlling the aircraft in a near optimal manner.	 It should
also be observed that the performance sensitivity to departures from the
optimal flight schedule is not very large, and that the derived optimal'
path is not difficult to implement.

k Multiple Extremals

In certain applications, it may happen that multiple extremals exist
between the initial and final conditions, such that small perturbations of
each extremal produce a decrease in performance. 	 During the present study
two distincts sets of extremal trajectories were found from the initial 3

conditions selected in Figure 21.	 Since the time-of-flight was free, and onlys
the final altitude was to be maximized, it is apparent that this maximum
altitude should be independent of the aircraft initial condition. 	 Nevertheless,
from both initial conditions, the F4-C immediately dives to lower altitudes,

pull-up to the near constant-energy zoomand this is followed by an abrupt 'pull-up
^

x maneuver.	 The final altitude reached from the higher initial energy state
(point	 II), however, was superior to that achieved on the path beginning
at the lower energy state (point; I). 	 Since a trajectory could physically
connect points I and II, and since the final altitude achieved from point II
is;,greater than that achieved from point I, it is concluded that -two extremal
trajectories must emanate from point I.	 The optimization process has con-
verged to the inferior extremal, (which in this case is ,a shorter flight)

=f! as illustrated in Figure 22.	 The multiple extremal problem is eliminated. by
beginning the computation at the highest energy level, for then the subaTc

r I-II no longer exists.
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NUMERICAL RESULTS
; t

The optimization program has been applied to the basic F4-C aircraft,
as described by its inertial,thrust and aerodynamic characteristics. 	 The

` parameter of principal interest was the terminal dynamic pressure, since the
low density and low speeds at maximum altitude could make the aircraft
difficult to control at this time. 	 Additional results relate to the effects
of increased thrust, horizontal winds, and decreased gross weight of the
aircraft.

r

Terminal Dynamic Pressure Limits on Altitude Capability

The computations were ,performed with the F4-C initially at 50000 ft
' altitude, and at M = 2.06.	 The initial mass was 1166 slugs, and the terminal

dynamic; pressure was specified at 10, 20 or 40 psf. 	 Results are shown in
Figure 23, and it is seen that the maximum altitude varies from 88191

(qf = 8.7 psf) to 82780(qf = 39.9 psf).

The question of specifying an'adequate minimum dynamic pressure is one
which must be answered by use of detailed simulations using both transla-
tional and rotational degrees of freedom. 	 These simulations should include
details'as to the flight control system, and the aerodynamic stability
deviations at large angles of attack and large sideslip angles. 	 For
reference purposes, it may be noted that recent F-15 high altitude time-to-
climb record flight went safely over the top with a dynamic pressure less
than 10 psf, Reference 29. 	 It is doubtful that routine sampling of the
upper atmosphere would be performed at such low dynamic pressures, however.

Effect of Increased Thrust on Maximum Altitude

When the available thrust is increased by 100, the maximum altitude
a

increases, as shown in Figure 24.	 According to data provided by General
Electric to McDonnell Aircraft, Reference 30 .,a 2% increase in engine rpm
at M = 2.0 generates a thrust increase of the F4-C of 10%. 	 This is increased
to 12% at M = 2.2, and is decreased to 6% at M = 1.9. -Since the Mach number
on the nominal flight exceeds M = 2.0 for about 750 of the powered portion
of the zoom climb maneuver, an average value of thrust increase equal to
10% has been assumed.	 As shown in Figure 24	 an increment of 2000 to 4000 ft
altitude is obtained from this thrust increase,_ depending on the final
dynamic pressure specified.

Effect of Tail Winds on Maximum Altitude

The Mach number attainable by the F4-C- at a particular altitude is
independent of the winds, but the kinetic energy is not. 	 That is, the
inertial velocity of the aircraft is increased when a tail wind is acting
on the aircraft, and this additional inertial velocity can be converted to

^T ^Y

an increment in final altitude. 	 The wind profile given-in Figure 25 was
taken as representative, and it is noted that the initial extra velocity,
at -50000 ft altitude is only 75 ft/sec.
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The effects of this tail wind profile are shown in Figure 26, for
terminal dynamic pressures of 10, 20 and 40 lb /ft 2 .	 The 3 curves indicate
that the wind and the extra thrust generate approximately equal altitude
increments.	 It is .a matter of interest that the minimum altitudes reached
during the zoom-dive vary from about 33000 ft (qf = 10 lb /ft 2) to 4300Q ft
(qf = 40 lb/ft 2), and the peak wind velocities were assumed to occur
between 30000 and 40000 ft.

Effect of Reduced Initial Masson Maximum Altitude

E. When the aircraft mass is reduced due to the burning of fuel, greater

f accelerations result from a given thrust, and this has a modest effect on
the altitude capabilities.	 The initial weight was reduced from 37500 lb to
32170 lb.	 The optimization procedure was then carried out at the initia l
Mach number of 2.10, because at this speed the drag is in equilibrium with
the loo additional thrust.

As shown in Figure 27 for a final dynamic pressure of 20 psf, the
increase in maximum altitude due to this mass reduction is 1750 ft,

Transients in Selected Trajectory Variables

The transient variations of Mach number, angle of attack, altitude,
etc., during a typical optimal flight are shown herein graphical form, to
indicate the expected values attained by these variables. 	 The flight chosen
for this example is that for which the altitude reached is 92.6kft and the
minimum dynamic pressureis 20 psf.	 This example includes the effects of
winds and the additional thrust while the gross weight is at its nominal 	 =

t^
value.	 As!shown;in Figure 28, the dynamic pressure and the normal acceler-
ation reach peak values during the zoom-maneuver, when the altitude is near
its minimum.	 The angle of attack varies more smoothly, and has a peak value
approximately mid-way between the minimum and maximum altitudes, when the
flight path angle is also near its peak value of 450.

These results indicate that control variations during such a flight
need not be abrupt or extreme, and that normal accelerations can be kept
below 4'g's.	 In fact, the output data for the 12 cases given in Table V
shows that the largest normal acceleration encountered is 3.96 g's, which
could be significantly reduced by further trajectory shaping, or by intro-
ducing constraints for this quantity.

In Figure 29 is shown the trace of this representAtive'trajectory in`'
the Mach-altitude plane, at intervals of 8 seconds.
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Energy Variations During .Zoom-Climb Maneuver

Other interesting results can be prepared from the output data

i
tabulated in Table V.	 These relate to the kinetic and potential energies

v and their rates of change, and a computation of these variables has been
carried out by W. Page, the NASA technical monitor of the project. 	 The
results obtained show how the energy components vary during the maneuver,

a
and help to explain how energy is lost during the transfer from low to high
altitudes. If the thrust could be varied during the zoom-climb so as to
cancel the drag, of course, the theoretical maximum final altitude could be
reached by converting all of the initial kinetic energy to potential energy.
However, the thrust capability varies with Mach number and altitude in a
different way than does the drag, which also depends strongly on angle of
attack. In addition, the final velocity must be high enough to permit
aerodynamic control of the aircraft. Consequently, of the total initial
energy available, a portion remains as kinetic energy as the aircraft
passes over the top. The velocities at this time vary from 550 fps to
1150 fps, depending on the terminal dynamic pressure constraint imposed.
The remaining energy loss is equivalmit to only about 5000 feet altitude,
and this is proportional to the time integral of the difference between
thrust and drag during the maneuver.

The energy rate has been derived in equation (200) as

dE = TV - DV A dE
T + 'ED

dt	 dt	 dt

which is the sum of a "thrust energy" rate and a "drag, energy" rate. In
the energy state approximation, -this is assumed to be equal to the sum of
the potential energy rate and the kinetic energy rate

dE	 d (mgh) + d (11aV2) A 
`
dE 

+ dEk

dt	 dt	 dt	 dt	 dt

and these derivatives can be accurately approximated by finite differences
1=	

,

^f
read from the discrete printout in Table V. 	 The result of the computation rf	 a

in a typical case is given in Figure 30, which shows incomponent form how
the components of energy -date vary during the maneuver. 	 Data for this example
is given in Table V(e),x

s

In this example, the final dynamic pressure is 20 psf, and the curves
show that the energy remains nearly constant during the maneuver. That is,
the thrust and drag energy rates are nearly equal and opposite, as are the
potential and kinetic energy rates. Of the total energy loss of 17940 ft,
about 35% is due to the imbalance of thrust and drag, while 65% remains
in the form of kinetic energy as the aircraft passes over the top.

A second 'example of this type is shown in Figure 31, and in this
example only the initial velocity differs from the values assumed in
Figure 30.	 The Mach number is initially 2.1 in this case, for which numerical E`
results are given in Table V(j).	 Here the total energy "loss" is 23430 ft
of which 52% is due to the imbalance of thrust and drag, and 48% remains in

Y

the form of final kinetic energy. i4
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The time-variation of the specific energy is shown in Figurc; 32 for
h4	 t A, 	 It '	 . b h	 ' hL e two trajectories bus	 iscusse	 is	 h seen t at in of cases t.
energy increases slightly during the dive maneuver, when the thrust
exceeds the drag, after which the energy reduces to its final value.
These transients help to explain why the final altitude depends upon the
initial Mach number, and why there is no unique answer to the question:

What is the maximum altitude attainable for a given combination
of aircraft, engine, wind and final dynamic pressure?

The dependence of the final altitude on the initial aircraft velocity
(or total energy) in the altitude maximization problem finds an analogy
in the problem of minimizing the arc length from the point P to the
line-segment boundary in the sketch below. 1

A^

Nominal
P	 ...	 (example)

Here it is seen that a numerical perturbation method may converge to either
{ of the local minima (A or B), depending principally on the nominal path

assumed.	 Initial directions below the corner are likely to converge to B,
and conversely for initial directions above the corner. 	 By analogy, if

t the initial aircraft energy is less than the maximum attainable ; the process
! does not first optimize the "initial condition", but rather begins the

dynamic portion of the maneuver, and this may lead to an inferior optimum,
as described in the discussion under "PROGRAM VERIFICATION'!.

When the initial velocity does not correspond to the maximum energy
condition, as in the lower curve of Figure 32, the longitudinal acceleration

} due to the available thrust is extremely low. 	 This means that a fiery long
{ transient time (300 seconds or more) would be required to increase this

initial velocity to the maximum energy value shown as the upper curve of
-T. Figure 32.	 The numerical process in this case instead begins with a

zoom-dive maneuver, and maximum altitude is attained at about the same
time as found fur the upper curve, from the maximum energy initial condition.
The final altitudes attained from these two initial velocities differ by

i less than 300 ft and this is a measure of the "error" introduced by the
existence of multiple extremals.

^a
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CONCLUSIONS

t;

It has been shown that a standard F4-C aircraft, zooming at safe
operational weights, is capable of monitoring upper atmosphere pollutant
levels. Generally, altitudes attained varied through the interval from
85000 to 95000 ft, depending largely on terminal dynamic pressure, but
the effect of improved thrust capability,of stratospheric winds and of
reduced .aircraft mass on altitude performance have also been investigated.

The peak normal accelerations on the optimal paths are high (up to
4 g 1 s), but it is likely that further trajectory shaping could reduce
these peak accelerations without significant effect on the maximum altitude.
Other problems which will require additional study include:

i) Mechanization of the optimal paths for pilot guidance;

ii) Analysis of F4-C handling qualities at low dynamic pressure;

iii) Shaping of re-entry flight paths; and

iv) Effect of range safety and environmental acceptance of high-
boom paths at prospective sampling sites.

(..	 ,



TABL£ V. COMPUTER OUTPUT DATA 	 f

Run pT Vw of Mo Wo hf

1 0 0 8.7 2.00 37500 88191
2 0 0 20 87167
3 0 0 40 82780

4 +10% 0 10 `92645

5 +10% 0 20 90033

n .	 6 +10% 0 40 84928

7 +10% 150 10 94625
8 +10% 150 20 92612°
9 +10% 150 40 2.00 87403

10 +10% 0 20 2.10 90371

11 +10% 150 20 2.10 37500 93458 #

12 +109. 0 20 2:10 32170 92127l•

a.

b.

C.

d.
e.
f.

g.
h.
i.

J-
k.
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APPENDIX A

PAST COMPARISONS BETWEEN PREDICTED OPTIMAL PATHS

AND ACTUAL FLIGHTS PATHS FLOWS

The success of the variational steepest-descent method in solution of
aircraft performance optimization problems is evident from the strong
support given to this technique by a series of contracts let by leading
Government research centers concerned with this area. The reason for this
support is clear when performance gains obtained are examined. Figure 1
presents the 1962 time-to-climb record flights of the McDonnell F-4B aircraft.
Figure 2 illustrates how closely these paths follow the minimum time ascent
paths predicted by the References 1 and 2 program. Figure 3 provides a
comparison between flight handbook performance estimates, a minimum time
climb obtained by the References 7 and 8 program, and an attempt by Marine
Col. Yunck to fly the predicted optimum.

The predicted optimal path and the path flown by Col. Yunck both produce
a 23 percent improvement in aircraft performance over the flight handbook.
During the Cuban crisis of the early sixties, results of this type were
produced routinely from the References 1 and 2 program to aid in Air Force
readiness, studies. It should be noted that unlike optimization studies in
other technology fields, these performance gains are ob^ained without vehicle
modification. To obtain these performance gains while retaining flight
handbook methods would have required a 23 per cent increase in aircraft design.
capability, several years' effort and several billion dollars to replace
an existing fleet of aircraft which could achieve this capability simply by
being flown in the optimum manner. This one example serves as a_lasting
example of:

1) The high cost associated with an oversimplified approach to
performance optimization; and

2)` The insignificant computational cost of adequate performance
optimization studies for production aircraft when compared to
the resulting payoff.

Further details of these F-4B performance optimization studies may be -
obtained from Reference 5.
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