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ABSTRACT

Two areas in the theory of delay systems are studied: structural
properties and their applicationsz to feedback control, and optimal
ilinear and nonlinear estimation. First, we study the concepts of
controllability, stabilizability, observability and detectability.
The property of pointwise degeneracy of linear time-—invariant delay
systems is then considered. Necessary and sufficient conditions for
three dimensional linear systems to be made pointwise degenerate by
delay feedback are obtained, while sufficient conditioans for this to
be possible are given for higher dimensional linear systems. These
resulits are then applied to obtain solvability conditions for the
minimum time output zeroing control problem by delay feedback. Next,
we turn our attention to optimal linear and nonlinear estimation. A
representation theorem is given for conditional moment functionals

of general nonlinear stochastic delay systems. From this, stochastic
differential equations are derived for conditional moment functionals
satisfying certain smoothness properties., We then give a complete
solution to the estimation problem for general linear delay systems.
Stability properties of the infinite-time linear optimal control
gystem with quadratic cost and the optimal linear filter for systems
without delays in the observations are studied. When appropriate
structural properties hold, the optimal control system and the optimal
filter are both shown to be asymptotically stable. Finally, the cas-
cade of the optimal filter and the optimal control system is shown to
be asymptotically stable as well.
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CHAPTER 1

INTRODUCTION

1.1 Mathematical Description of Delay Systems

The research reported in this thesis deals with certain aspects in
the theory of delay systems. Delay syétems constitute a class of
hereditary systems, dynamical systems whose future behavior depends
on past events in a fundamental way. Mathematically, the simplest

delay system can be described by the following differential equation
2(t) = £=(t), x(&-1), tl (1.1)

where x(t} € Rn, and T, a positive constant, is a delay. A moment's
reflection shows that in order to determine the behavior of the system
for t Z_to, one must specify not only x(tD), but the function x(8) on

the interval [tO—T, to]. If we define the fumction

x.: [-r, 0]~ B

by xt(B) = x(t+8) _ | BE[#?: 01 (1.2)

we see that knowledge of the function z; is necessary and sufficient

to determine the behavior of the system for t >U. Thus x_ is the true
state of the system (1.1), and being an element of some function space
defined on the interval [—T; 01, it is infinite dimensional. This is
a fundamental difference between delay systems and finite dimensional
ordinary differential systems. By a slight abuse of languagé,:we shall

still call x(t) the "state' of the systeﬁ (1.1), and call %, the

"complete state."
G




Equation (1.1) is often called a differential-difference equation
of retarded type [1]. From the control theory point of view, we can

have a controlled delay differential equation
x(t) = £[x(x), =x(t-1), ult), ult-1), t] (1.3)

If the system trajectory is not directly measured, but is observed
through output variables =z (t), one can have systems with delays in the

observations

z(t) = hix(t), x(t-1), tl (1.4)

In actual applications, a combination of the above basic types of
equations may, of course, arise, Furthermore, these equations can also
be generalized to include systems with several delays Tys with time-

varying delays T(t), or with delays T(x(t)) depending on the state.

So far, we have described delay systems which have a finite
number of delays. A more general type of controlled delay systems is

described by the retarded functional differential equation [2]
x(t) = flx,, u(t), t] (1.5)

where x, is defined by (1.2)., This includes differential equations

with point delays (1.1) and equations with distributed delays

0
x(t) =f Flx(e+0) 1d8 + ul) (1.6)

=T
While even more general types of delay systems can be defined [3],

they will not play a role in this thesis and hence will not. be discussed.

7=
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Finally, delay systems may also be subject to random disturbances.

One formulation of a stochastic delay equation is given by
dx(t) = flx(t), x(t-T), tldt + dw(t) (1.7)

where w(t) is a Wiener process, and the equation is understood in the
Ito sense. Usually associated with the stochastic delay equation (1.7)

is an observation pracess
dz(t) = h[x(t), =(t-T), tldt + dv(t) (1.8)

As in the deterministic case, the function X, plays an important role

in the theory of stochastic delay systems.

1.2 Dynamical Processes Modeled by Delay Systems

Euler was the f£irst mathematician to study delay differential
equations [4]. While there were a number of mathematical investiga-
tions of such equations after Euler, notably Volterra [5], the basic
mathematical foundations for delay syétems were established in the
nineteen forties, fifties and early sixties [1], [6]. Since then,
the theory of delay systems and, more generally, that of hereditary
systems have been the subject of intensive investigation. While it
has long been known by control theofists that delay systems are the
appropriate models for a wide variety of process control systems t?],
recent applications of system theory havé shown that some biologigal,
ecological, economical and social processes also take the form of

delay systems [8]1, [9]. This has generated a great deal of interest

e




in various aspects of the theory of delay systems in the control as
well as mathematical community. We shall discuss some examplies of

such processes. ’

Example 1. Chemical Control Processes

A basic configuration in many chemical process conitrol sysiems is the

following [10]:

_._..—J\\ Chemical ﬁ T
—1~"| reactor

fe

Here u usually represents a control of the feed rate of raw materials,

Regycle loop

T represents a transformation which changes the relative composition
of the reactants. A typical example in refineries is that T is
composed of a cascade of a reaction cooler, a decanter, and a dis-
tillation column. The recycle loop feeds back a certain percentage

of the raw materials and some byproducts of the chemical reaction.
This recyeling introduces a significant time delay, often of the order
of a few minutes, into the system., To build a suitable mathematical
model for the analysis of such chemical control plants, a delay system

must be used.

Example 2, fstimation in Radar—Sonar Problems

We consider the simplest model of a radar systewm [11]:




ke

Traﬂsmitter \\Na‘
(o

Signal -t +

Processor \\r/*‘ Returns of other targets
Addit;:;\\“\~———n——External noise
receiver noilse fields

Because of the distance of the target, the received signal is a delayed

(possibly distorted) version of the transmitted signal. If we assume
the target is a slowly fluctuating point target, the reflection is
linear, and there are K interfering targets, the received signal can

be written in the form [11]

K ju, & jw t

r(t) = V2 Re {[J§£ Eif(t—Ti)e T+ AMle ¢}

i=0
where %(t) is the complex envelope of the transmitted signal, Et the
energy of the signal, w, the carrier frequency, n(t) the complex
representation of an additive Gaussian noise ptocess, and for the 1th
target, gi summarizes the amplitude information, Ti is the round trip
delay time, and we is the Doppler shift frequency. These multiple-
target situations are often referred to as communigation over multi-
path channels. A basic estimation problem for these radar-sonar
systems is to find optimal estimates for the quantities T and w, 5
i=0,..., K, since these give useful information about the ranges

and velocities of the various targets. This is clearly an important

application of the estimation theory of stochastic delay systems.
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Example 3. Modeling of Epidemics

Delay differential equations have often been used in the modeling of
epi@emics. Let xl(t), xz(t), x3(t), and xé(t) denote the number of
susceptible but unexposed individuals; infective individuals, removed
individuals, and exposed but not infective individuals respectively.
Since the infective individuals are those who were infected some time
earlier, this introduces delays in the dynamics. The following equa-

tion has been proposed for the spread of measles [12]:

x (€)= -B(E)x (£) [2Y + 3 (£-14) — % (£-12)] + ¥

where B(t) is a proportionality coefficient that is seasonally
dependent, Y is the (constant:) rate at which individuals enter the

population, and a unit of time is a day.

A more complex model of controlled epidemics has also been

proposed [13]. Letting u, represent active immunization, u, passive

1

immmnization, the model proposed is

—Bxl(t)xz(t) - xl(t)ul(t—r) - xl(t)uz(t)

Pg-

~~
a3

~
1

%, (£) = a(e) - r(t) - x,()u,(t)

X r(t)

M
Lo
~
ot
~r
I

%, (£) = k(£)Bxy (£)x, (t)

Here B is an "effective contact" rate, a(t) the normalized arrival rate

of infectives, r(t) the normalized removal rate of infectives, and T is

a delay time.

-11-
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Many more examples of processes modeled by delay, or more

generally, hereditary systems can be found in [8] and {9].

"1.3 OGutline of Thesis

Trom the above discussion, it is clear that delay systems arise
in many practical applications. This provides ampla justification
for studying the theory of delay systems in depth. There is a large
literature on the existence and uniqueness of solutions to delay
differential equations without control and their qualitative properties
[2], [14]. However, from the system theory point of view, a large
number of system-theoretic concepts remain to be explored and examined.
In this thesis, we study two areas of interest: structural properties
of delay systems and their applications, and the estimation of sto-
chastic delay systems. In the first area, we are interested in seeing
what are the roles played by the structural properties in control and
estimation problems, and how properties peculiar to linear delay
systems can be exploited to solve control problems not handled by
finite dimensional linear systems. In the second area, we are motivated
by the desire to develop an estimation theory suitable for multipath
communication problems such as that described in Example 2 of this
chapter. Of course, these by no means exhaust the theoretical im-
plications or the practical applications of the ideas and results

developed in our work. An outline of the thesis is given below.

In Chapter 2, we study the concepts of controllability, sta—

bilizability, observability, and detectability in conmnection with

-12~




delay systems. These are properties of great interest in any study
of dynamical systems. While they merit an in-depth study in their
own right, our interest in them stems mainly from their relevance to
the stability properties of the linear optimal control system with
quadratic cost and the linear optimal filter. The various notions
of controllability and observability are therefore examined apd
compared from the standpoint of these two problems. The vesults in

this chapter will be used in a crucial way in Chapter 6.

While Chapter 2 deals with standard system-theoretic concepts,
in Chapter 3 we study a property which is peculiar to delay systems:

the notion of pointwise degeneracy. This property has been studied

previously by various authors [15] - [20] as an interesting aspect

in the theory of delay systems. Our viewpolnt, on the other hand,

is to apply it to the control of linear systems. This motivates the
development of a useful characterization of systems which can be made
pointwise degenerate by delay feedback. These results serve as the

foundation for the comstruction of delay feedback controllers.

In Chapter 4, we discuss the potential applications of the
pointwise degeneracy property in delay feedback control for the
minimum time output zeroing problem for linear systems, The results
of Chapter 3 are thén applied to obtaiﬁ conditions under which the
control problem can be solved. The sensitivity of such a control

system under perturbations of its parameters is alsoc studied.

=13~
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Starting with Chapter 5, we tumm our attention to the filtering
problem for stochastic delay systems. We first give a general dis-—
cussion and show how previous results are inadequate for solving the
filtering problem for delay systems, We next give a representation
theorem for conditional moment functionals of nonlinear stochastic
delay systems. Under suitable conditions, stochastic differential
equations for. the conditional moment functionals can be derived from
the representation theorem. We then specialize these results to
linear systems and give a complete solution to the filtering problem
in this case. The similarities as well as differences between the
optimal linear filter for delay systems and that for ordinary dif-

ferential systems are discussed.

In Chapter 6, we study the stability properties of the linear
optimal delay system with quadratic cos® and the linear optimal
filter. When appropriate system—theoretic properties of contzrol-
lability, stabilizability, observability, and deteetability hold,
asymptotic stability of these optimal systems can be established.
The striking duality between control and estimation is also demon—
strated, This gives what we believe is the first instance other
than the ordinary linear differential systems case where the control

and the filtering problems can both be satisfactorily solved.

Finally, we summarize our findings in Chapter 7 and suggest
some directions for future research. We shall see that many more

theoretical problems associated with delay systems remain to be

1~




solved, It is hoped that the research reported in this thesis will
serve as a useful step in establishing a full-fledged theory for

these systems,

-15-
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CHAPTER 2

STRUCTURAL PROPERTIES OF LINEAR TIME-INVARTANT DELAY SYSTEMS

2.1 Introduction

In this chapter, we study four of the basic structural properties

of linear time-invariant delay systems: controllability, stabilizability,

observability, and detectability. In conitrast to finite dimensional
linear time-invariant systems, where simple necessary and sufficient
for these properties to hold are known [21], [22], the situation in
delay systems is considerably more complicated. Tor example, there is
more than one meaningful notion of controllability or observability,
and the one that is more appropriate depends on the application we have
in mind. The property that has been studied most extemsively is that
of pointwise controllability [23] - [28] (also known as relative con-
trollability or Euclidean space controllability). Necessary and
sufficient conditilons have been given for this property to hold, and
various algebraic criteria have been devised [23] - [28]. Stabiliza-
bility and functional controllability have also been studied by some
authors [23], [251, [29] - [3%&], but the results are far from complete.
On the other hand, cbservability and detectability have hardly been
touched upon in the literature [29]. Our motivation in studying

these properties is to see how they can.be utilized to solve the
stability problems for the linear optimal control system and linear
optimal filter (see Chapter 6). The appropriate notions of con-
trollability and observability for these problems turn out to be

different from previously given definitions, and we shall éxplore

16~




the relations of these various notions. We make no claim to complete-
ness or depth of our investigations here. In fact, a great deal of
work is needed before these structural properties of delay systems

can be clarified.

2.2 Controllability

We shall be concerned with the controllsbility properties of

the system

=(t) = Ax(t) + Bx(t-T) + Cu(t)

x(8) = ¢(9) ee[-1,0] 2.1

where A, B, C are nxn, nxn, and nxm matrices respectively. We shall
denote the solution to (2.1) by x(t,¢,u). We shall also write xt(é,u)
for the complete state of the system (2.1) due to the control u, and

it is defined by
x, (6,u) (8) = x(£+8,9,u) be[-1,01.

As indicated in Chapter 1, the state space of a delay system is a
function space. Several choices for the state space are possible.
The most common one is the space of continuous functions C([—T,O];Rp)
equipped with the sup norm which we will abbreviate by ¥[2]. Other

1

choices are M2 (which is isomorphic to Rprz) [29] and W, "', the
Sobolev space of absolutely continuous funetion on [-7,0] with
derivatives in L2 [-t,0] [33]. Each has its own advantages and dis-
advantages. TFor a discussion of this, see [35]. In this thesis,

we will usually take ¥ as our state space., Occasionally, we will

discuss other spaces when ¥ proves to be inappropriate for the

~17-




problem at hand or when other choices shed light on the problem under

consideration.

Sinee the state space is a function space, there are more than
one notion of controllability that makes sense. The first systematic
study of controllability for delay systems is that by Kirillova and
Churakova [23] and is concerned with pointwise controllability. TFor
simplicity, we will take our set of admissible controls U to be all
R -valued piecewise continuous functions on some interval [0,T], which
we shall denote by PC({0,T]; R™. The same basic arguments can be
used for U = LZ(IO,T]; R@), the space of R™-valued square integrable

functions on [0,T].

Definition 2.1 The delay system (2.1) is called pointwise controllable

if for any ¢ and any x, € RF, there exists a time T and an admissible

1
control u on [0,T] such that x(T,p,u) = % . We also speak of point-
wise controllability on {0,T] or at time T if the terminal time T is

fixed.

By the variation of constants formula [2], [36], the sclution to

(2.1) can be written as

0 t
x(t,9,u) = 9(t,0)$(0)+ I O (t,s+r)BO(s) ds+ J- @ (t,s)Cu(s)ds
where ®(t,s) is the fundamental matrix associated with (2.1) and

gatisfies

-18-
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g—t ®(t,s) = AD(t,s) + BO(E-T,s)

It
-

@(s,s)

a(t,s)

il

0 t <s (2.3)

We will also Wfite (2.2) as

x(t,d),u) = x(t,d’,O) + Ftu

where for any fixed t > O, Ft: U+ R

i
Ftu=f d(t,s)Cu(s)ds
0

A straightforward argument shows that the following is true

[37], [26].

Lemma 2.1 System (2.1) is pointwise controllable if and only if
there exists a time T such that .%(FT) = gt where Z2(X) of an operator

X denotes the range. An equivalent condition is

T
rankf @(T,s)CC'®"(T,s)ds = n (2.4)
0

In contrast to finite dimensional 1linear differential systems,
the fundamental matrix ®(t,s) defined by (2.3) can be singular [171,
[35]. Furthermore, pointwise controllability to any point in RT is
not equivalent to pointwise controllability to the null vector in RE.

To distinguish these cases, we make the following

Definition 2.2 The delay system (2.1) is called pointwise null

controllable if for any ¢, there exists a time T and an admissible

-]19-
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control u on [0,T] such that x(T,d,u) = 0.

It is clear that pointwise controllability implies pointwise
null controllability. The converse, however, is not true. To
discuss necessary and sufficient conditions for pointwise null
controllability, we need the notions of pointwise completeness

and pointwise degeneracy.

Definition 2.3 System (2.1) is said to be pointwise complete if

for each t, there exists a set of initial functions ¢§ €€ i = lyieeyn
such that the vectors x(t,¢§,0) i=1,...n form a basis for R*. If
the system is not pointwise complete, i.e., if there exisis a proper
subspace V of R” such that at some time t, x(t,9,0) c V for all

® €% the system is said to be pointwise degenerate {(at time t).
The relevance of these notions is shown by (see {[26])

Lemma 2.2 If the system (2.1) is pointwise complete, then the

condition

T
rank .[ &(r,s)CC'9(T,s)ds = n
0

is necessary and sufficient for pointwise null controllability at

time T.

The point is that if the system is pointwise &egeneréte, we do
not need éﬁKFT) = R* for pointwise null controllability at T. We
only need&RCEI)ZD {x(1,9,0): ¢ €}, which is a proper subspace of

R'. The notion of pointwise degeneracy has other useful applications,

-20-




and we shall'be studying it in much more depth in Chapters 3 and 4.

The conditioﬁ (2.4) can be replaced by a number of algebraic
criteria [231, [26], [28]. These can be thought of as generalizations
of the well-known controllability results for finite dimensional
linear systems. While pointwise controllability is useful in linear
control problems with target sets in Euclidean space [35], [38], it
is too weak for other problems. TFor control problems with target
sets in function space, we need a much stronger notion of control-

L

lability. Here, following Banks et al., [331, we adopt the space Wé

as our set of admissible controls U. The
(1)
2

ag our state space and L2

reason for switching the state space to W

(1)

is that fer u € L2

and ¢ € Wé , eq. (2.1) implies that x(t) € L2. Hence Wé(l) is a

natural choice for the state space when the control space is Lz.

For further discussions on this point, see [33].

Definition 2.4 The system (2.1) is said to be functionally con-

(1

trollable if for any functions ¢ and § € W, ", there exists a time

T and a contrel u € LZ[O,T] such that xT(¢,u) = 11, If the terminal
time T is fixed, we say that the system is functionally controllable

on [0,T].

The following result of Banks, et al., [33] shows that functional
controllability on [0,T] where T > T imposes extremely stringent con—

ditions on the system which are rarely met in practice.

Lemma 2.3 The system (2.1) is funectionally controllable on [0,T]

where T > T if and only if rank C = n.

-2F -




Functional controllability is too strong for many control
problems of interest, for example, the stability properties of
linear optimal feedback systems and linear optimal filters., We
now develop a new notion of controllability which is applicable
to these problems. We revert to & and piecewise coatinuous functions

as our state space and control space.
Let us first define the function

Wp: BC(I0,T15 BY) + G([E-T,T]; &)
by

T
(Wv) (£) = f 8(t,s)v(s)ds t e [T-7,T]
0

Similarly, define

W C: U(= PC([0,T15 K)) + C([T-T,T]; K™

by
T
(WTGu) ) =J’ & (t,5)Cu(s)ds te[T-1,T]
0

Let us denote the space of all R'-valued functions Y on [t,tr],
which are of bounded variation on [t,t+r] and continuocus from the
left on (t,t-%-'r), by Bo{ft,t'-i-’r]; Rn). We equip BO({t,t-Pr]; Rn)

with the total variation norm on [t,t+T], denoted by Var . For
[tsttr]

9 e B ([t,t+1]; KD, ¢ & C([t-T,z]; R"), define the bilinear form
.9, by (see [21)

t
W05, =V (EG(E) + | U (s+T)Bd(s)ds | (2.5)

T
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We shall refer to <¢,¢>t as the hereditary product at time t.

We adopt the following

Definition 2.5 The system (2.1) is said to be controllable on

[0,T] if there exists no § £ BO(IT,$+T]; Rp) such that <w,¢>T =0

for all ¢ € (W C), but that <,¢,>; # 0, for some ¢; seR{wT).

This definition of controllability may not be very well-
motivated at the moment since PC([0,T]; RP) is not the space of con~
trols. It is obtained strictly as the dual notion of cbservability,
which we will discuss in section 2.4. The physical meaning ofSE(WTC)
is clear and corresponds to functions which can be attained at T by
suitable control. On the other hand, it is not clear to WhatSE(WT)
corresponds. However, this definition of controllability is easily
seen to be stronger than pointwise controllability and weaker than
functional controllability.  For if we take t = T, and take § to be

such that Y(T) # 0, P(s) =0, T <s < T + T, we get %ﬁat
<h,0%, = ' (D)$(T)

Controllability then says that there exists no Y(T)} such that
4}
Pr(T) .[ ®(T,s)v(s)ds # 0, for some v £ PC([0,T]; RP), but that
4]
T

W' (T) J‘ ®(T,s)Cu(s)ds
0

il

0,

for all u € PC{[0,T]3; Rm). Since @(T,s) = EA(T—S) for s & [T-T,T1,

for arbitrary x, € Rp, we can define

1

ey = AT @) "T A(T) A" (T-—t)dt}—lxl ce[r-t,7]
Tt .
=0 te[0,T-T)
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T T
This yields f a(T,s)v(s)ds = =) and shows that {f &(T,s)v(s)ds:
0} 0

v € PC(I0,T]; RO} = R'. If {JT B(T,s)Culs)ds: u e PC([0,T]; R}
0

is a proper subspage of R®, then we can find W(T) such that

T
Pt ('I_‘)j O(T,s)Cu(s)ds = 0,
0

T
for all u e PC([0,T]; Rm). Choosing v such that f &(T,s)v(s)ds = P(T),
0

we see that system (2.1) will not be controllable. Hence controllability
implies:ﬁKF&) = R which is precisely pointwise controllability. On the
other hand, if rank C = n, thenm ig clearly the same as m s Ifrom
which controllability follows. Hence funcitional controllszbility implies

controllability.

Finally, there is a fourth notion of controllability, that of

approximate functional controllability.

Definition 2.6 System (2.1) is called approximately functionally

controllable if for any ¢ and Y £ ¥, there exists a time T and a

sequence {un} in U such that xT(dJ,un) converges to 1.

Again approximate functional contrqllability is weaker than
functional controliability, but stronger than pointwise controllability.
Its relation to our definition of controllability is not known at
present. Its use in delay system problems seems to be- rather limited..

However, it is one of the standard notions of controllability in in-

finite dimensional linear systems [39], and we have stated it for .
completeness. .
w2l ' .




2.3 Stabilizability

We start with the definitions of stability and asymptotic stability

[ 1S

of vnforced delay systems.

Consider the system

x(t) = Ax(t) + Bx(t-T)
x(8) = ¢(8) 8 e[~1,0] (2.6)

where ¢ € 6.

We shall denote the solution to (2.6) by x(t,¢) and the complete state

of (2.6) by xt(¢).

Defindition 2.7 System (2.6) is said to be stable if for every € > {,

there exists a §(g) > 0 such that |¢l < § implies the solution of (2.6)

satisfies |x | <€, for all t > 0.

Definition 2.8 S8ystem (2.6) is said to be asymptotically stable if

it is stable, and there is a-GO such that |¢I < 60 implies the

golution of (2.6) satisfies limlxt(¢)| = 0.
o)

It is known that asyuptotic stability of linear delay systems'is
eQuiﬁalent to exponential stability [2}, [36]. 1Im pther words, (2.8)
is asymptotically stable if and only if there are positive constants

K and o such that lxt @ < Ke—atlfbl, t >0, for all ¢ £ €.

We are now ready to give the definition of stabilizability.
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Definition 2.9 System (2.1) is said to be stabilizable if there

exists a matrix function L: [-T,01 é-RFxn, of bounded variation on
[-~T,0], such that the closed-loop system

0
%(t) = Ax(t) +Bx(t-1) + C .[ aL (8) x (t+6) 2.7)

is asymptotically stable. We also say (A,B,C) is stahilizable to mean

this definition.

As in the control of finite dimensional linear systems, stabiliz-
ability is crucial for the well-posedness of infinite~time control
problems for delay systems (see Chapter 6). MNecessary and sufficient
conditions for stabilizability can be given in terms of controllability
of a finite dimensional system obtained by projecting the complete
state X onto the generalized eigenspaces associated with the eigen-
values with nonnegative real parts [30], [31]. This result is
difficult to use, however, because it is necessary to compute the
eigenvalues and f£ind a basis for the generalized eigenspaces assoc—
ilated with them. One would like to have conditions expressed
explicitly in terms of the system parameters A, B and C. Since the
decomposition of the complete state X, has been given in detail by

Hale [2], this appears to be a hopeful, but still open task.

In finite dimensional systems, controllability is a sufficient
condition for stabilizability. Since the controllability condition
is very easy to check, this is an extremely useful sufficient con-
dition. It is important to see, therefore, if some notion of con-

trollability implies stabilizability in infinite dimensional Limear
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systems. This is an aspect of the theory of infinite dimensional
linear systems that has received quite a bit of attention recently
[401, [41]. We have seen in the above that for delay systems, there
is indeed a notion of controllability that is necessary and suf-
ficient for stabilizability. This notion, however, does not cor-
respond to any of those discussed in section 2.2. It is worthwhile
to give a few remarks concerning the relationships beiween those

notions and that of stabilizability.

It is clear that functional controllability is sufficient for
stabilizability, since functional controllability enables us to move
x_ to the zero fundtion in fipite time. Approximate functional con-
trollability is also sufficient since this certainly implies that
finite dimensional projections are controllable. On the other hand,
pointwise controllability is not sufficient for stabilizability.

An example illustrating this has been given by Morse [42]. The

relationship between controllability in the sense of Definition

2.5 and stabilizability is not known.

2.4 Observability

Here we are concerned with the system

x(t) = Ax(t) + Bx(t-T)
x(8) = ¢(0) 8 e[-1,0] (2.8)
cz(t) = cx() t>0 (2.9)

We would 1like to know when it is possible to deduce the trajectory of

the system x(t), 0 < t < T, from the observations z(t), 0 < t < T.

DT
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In contrast to controllzbility, pointwise observability has very
little meaning. This is because knowledge of x(c) is in general
not sufficient in determining the evolution of the system for

t > 0. We shall define two notions of observability.

Definition 2.10 The system (2.8) - (2.9) is said to be observable

if for any ¢, z(t) =0, t > 0, implies x(t) = 0, t > 0. It is
observable on [0,T] if z(t) = 0, 0 < t < T, implies x(t) = 0,

0<t<T.

Since (2.8) - (2.9) are time-invariant, an equivalent definition
is: z(t) = 0, t > s, implies x(t) =0, t > s, any s > 0. It is useful

to rephrase Definition 2.10 in terms of the initial function ¢.

Definition 2.10' The system (2.8) - (2.9} is said to be observable

if there exists no function ¢ € ¥ such that z(t) = 0, £ > 0, and such

that x(t) is not identically zero for t > 0.

Let us express Definition 2.10' in terms of certain operators.

By the variation of constants formula

0
2(t) = CO(t,0)d(0) + f Co(t,s+r)Bd(s) ds (2.10)
-T
Define the operator MT:%?~+ PC([0,T]; Rp) by

0
() (£) = 8(t,0) 6(0) + J B(t, s+1)B b(s) ds (2.11)

=T

for any t & [0,T]. Similarly, define‘CMT:@?ﬁ- PC([0,T]s i by

0
(@4, & (£) = C¥(E,0)$(0) + j C ot ,s+1) B (s)ds (2.12)

=T
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for any t ¢ [0,T]. Then the system (2.8) - (2.9) is observable on

[0,T] if and only if
N(M) = N(CM) - ' - (2.13)
where N(X) of an operator X denotes the nullspace of X. We will now

prove the following duality result which relates the notions of con-

trollability and observability.

Theorem 2.1 The delay system

x(t) = Ax(t) + Bx(t-T) + Cu(t)

x(8) = ¢(8) 8 e[-1,0] (2.14)

is controllable on [0,T] if and only if its hereditary adjoint syétem [2], [361]

¥(£) = -A'y(t) - B'y(t+T)
y(8) = (6) 8 e[T,T+1], eB_([T,T+T]; RV) (2. 15)
z(t) = ¢'y(t) (2.16)

is observable on [0,T].

Remark We shall usually simply say (2.15) - (2.16) is the adjoint or
dual system to (2.14). Of course, the adjoint system (2.15) evolves

backwards in time starting at t = T.

Proof: Applying the variation of constants formula to the adjoint

system [2], [36], we obtain, for t € [0,T]

L

T+T
y(t) = &' (T, )P (T) %'vf @' (s-T,t)B"Y(s)ds

T

e

(B (£) (2.17)




Hence observability of the adjoint system is equivalent to
N(C'HE) = N(EA)
Relative to the hereditary product, the adjoint of H,?E_ is given by

Hp: PC([0,T]; R") + c([T-7,T]; K7

T
<H,§IP», V>PC = <, HTV>T, where <u,v>pc = f u' (£)v(t)dt.
0

We calculate

T
<H§¢’: V>Pc = J' IP' (T)@(Tat)v(t)dt
0
T AT+HT '
+f f P’ (8)BP(s-T,t)v(t)dedt
0 “T
T T+t T
= tb'(T)f @(T,t)v(t)dtJrf W' (e)B f@(s—r,t)v(t)dtds
0 T 0
= <]’[)’ HTV‘)T
AT

Hence (HTV)(t) =J ®(t,s)v(s)ds te[T-T,T]
0

The reader may note here that HT = WT, with WT defined in section 2.2,

Similarly, the adjoint of G'H% is given by
E,C: PC([0,T1; R") + C([T-T,T1; K

T
(HTGV) (L) = f B(t,s)Cv(s)ds te([T~1,T]
o
(Mote that HTC = WTC). Now ¢ € N(HT*) if and only _if

<Hgb, v>_ =0  for all v & BC([0,T]; Y,
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i.e., ¥ is in the annihilator of;%KHT) relative. to the hereditary
product. Hence the condition N(H%) = N(C'H%) says that there exists

no ¥ such that
<P,d>p = 0 ¥ ¢ e FHELC)

but <, ¢1>T # 0 for some ¢1 E.-OJL’(HT)

which is precisely the condition required for controllability of the

original system.

This duality result will be used in a erucial wayvin Chapter 6.
Since it is based on the use of the hereditary product, it is not
the same as the functional analytic duality between the various
operators and spaces involved. It would be interesting to see what
duality result would be obtained if we use functional analytic ad-

joints for delay systems, as expounded in Hale [2].

Another definition of observability which is stronger than

Defipition 2.10 is that of strong observability.

Definition 2.11 The system (2.8) - (2.9) is said to be strongly

observable if z{(t) = 0, t > 0 implies the initial functiomn ¢ = 0.

Clearly, if the system is strongly observable, it is observable.
The converse is not true. Indeed, the matrix B must necessarily be
nonsingular if.strong observability is to hold. Otherwise we can
choose an initial function ¢ €% such that ¢(0) = 0 and 0 # ¢(s) € N(B),

s E.[—T,O). This yields z(t) =.O, t >0, but ¢ £ 0.
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By exactly the same arguments as in Theorem 2.1, we can show that
the dual of strong cbservability is the following notion of control-
lability: there exists no ¥ € Bo([T,T+T]; R™) such that <¢,éﬁfﬁ;§7§T = (.
Again B must necessarily be nonsingular, This may be taken as still

another notion of controllability if desired.

2.5 Detectability

As in finite dimensional linear systems, this is basically the

dual notion of stabilizability.

Definition 2.12 The system (2.8) - (2.9) is said to be detectable

if there exists a matrix function K: [-T,0] =+ Rpxm’ of bounded variation

on [~T1.,0)], such that

0
x(t) = Ax(t) + Bx(t-T) +~~f dK(B)z {£+D) (2.18)
-T

is asymptotically stable.

Theorem 2.2 The delay system (2.8) ~ (2.9) is detectable if and
only if the adjoint system
y(t) = "A'y(r) - Bly(t+r) - C'u(t) (2.19)
iz stabilizable (again this system runs backward in time).
Proof: Stabilizability of (2.19) requires the existence of a matrix
funetion K': [-T,0] = R@xn’ of bounded variatiom on [-t,0], such that
0
-y {t) = A'y(t) + B'y(t+r) + C° J~ dR' (0)v (£-8) (2.20)
-T

is asymptotically stable. The right hand side of (2.20) 'defines a

Stieltjes integral of the form
~32-




0
f dn' (8)y (t-0)

T
C'K' (6) 8>0
whexre n'(8) = ~ATFCTKT (8) T <8 <0
-A"-B'-C'K' (8) < -T

The hereditary adjoint system to (2.20) is given by [2]

0
x(t) = I dn (6) x (t-+8) (2.21)
—T

Substituting for n(8), we get that (2.21) is

~0
Axw(t) + Bu(t-t) + dR {8} Cx(t+6)
o

x(t)

=T

~0
Ax(t) + Bx(t-1T) + dR(8)z (£+8) {2.22)

Y1

Since the stability properties of the adjoint system ares the same as
those for the original system [2], stability of (2.20) is equivalent

to stability of (2.22). Hence the theorem follows.

The remarks following the proof of Theorem 2.1 concerning the use

of adjoint systems alsoc applies to this case.

Analogous to the situation for stabilizability, it would be
interesting to see what notion of observability implies detectability.
Presumably this would be the dual of that notion of controllability

which implies stabilizability.

From the above discussion, it is eclear that a great deal of
work remains to be done in studying the concepts of controllability,

stabilizability, observability, and detectability. We have merely
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formulated definitions which appear to be useful in control and esti-
mation problems, and pointed out some of the relationships between
these concepts. Our discussion has not even exhausted the definitions
of controllability and observability which have appeared in the lit-
erature. Motivated by the algebraic approach to finite dimensional
linear systems, Kamen and Morse {42], [43] have given some algebraic
definitions of controllability and observability which are useful in

realization theory for delay systems. It is not clear what the

physical interpretations of these definitions are, or what theix

relationships to our definitions are. We shall leave this eatire

area as a subject for future research.
;
J

P
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CHAPTER 3

POINTWISE DEGENERACY OF LINEAR DELAY SYSTEMS

3.1 Introduction

In Chapter 2, we studied some structural properties of linear
delay systems and introduced the concept of pointwise degeneracy.
In this chapter, we shall study the degeneracy property in much more
depth, with a view towards applying it to feedback control. The
degeneracy property of delay systems has recently attracted the
attention of many researchers [15] -~ [20], partly because of its
connections with other system-theoretic concepts (see Chapter 2),
and partly because it is peculiar to delay equations and has no
counterpart im ordinary differential equations. Popov [15] is the
first to make a systematic study of the subject. His fundamental
results have laid the foundations from'which our results are de-
veloped. Since the publication of his paper, many other results
have been obtained on pointwise degeneracy. It is fair to say,
however, that this peculiar property is still far from seing
completely understood. Our viewpoint differs somewhat from these
previous investigations in that we are primarily interested in
applying the property in the construction of delay feedback controls.
We do not therefore study pointwise degeneracy as an intrinsic
property of delay systems. Rather, we study conditions under which
a linear system can be made pointwise degenerate by delay feedback.

Since we rely heavily on the technigues developed by Popov, in
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Section 3.2, we shall first review his results and others wﬂich are
germaine to our subsequent development. In Section 3.3, we give a
characterization of systems which can be made pointwise degenerate
by delay feedback. We shall then explore some of the implications
of this characterization. This will prepare the way for the dis-

cussions in Chapter 4 where these results are used to obtain delay

feedback controls for certain problems in linear system theory.

3.2 BSome Existing Results on the Pointwise Degeneracv of
Linear Delav Systems

We shall be cnneerned primarily with linear, constant delay

systems of the form
x(t) = Ax(t) + Bx(t~T) (3.1)

with an initial function € @ . We first give an alternative de-

finition of pointwise degemeracy of Eq. (3.1).

Definition 3.1 The linear delay system (3.1) is called pointwise

degenerate if there exist an n-vector q # 0 and a number t, > 0
such that every continuous funection x: [-T, tl] + R% satisfying
(3.1) in the open interval {0, tl) satisfies also q'x(tl) = 0,

If the system is not pointwise degenerate, it is called pointwise

complete.

Notation. We will abbreviate pointwise degenerate by p.d. and
pointwise complete by p.c. We will also say (A, B, g, T) is p.d.

at ty or (A, B, T) is p.c. to mean the zbove definition. If the
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time of pointwise degeneracy is of no concern, we will drop the

qualification "at t." from our statements.

1

" Definition 3.1 is readily seen to be equivalent to Definition
2.3 of pointwise degeneracy. However, Definition 3.1 has proved
to be much more useful in obtaining results., We will adopt this

definition of pointwise degeneracy from now on.

Let us note the following important consequence of Definition

3.1:

If (A, B, q, T) is p.d. at tl’ then it will be p.d. on an interval

of the form [tl, ®}, which we will call the degeneracy interval. To
see this, take any number t2 > tla For any continuous function
x: [T, ] > R satisfying (3.1) on (O, t,), define the shifted
funection x: [-T, tl] > B by %(t) = x(t + ty = ti)' Then X is con-

tinuous and satisfies (3.1) in (0, tl). Hence q'ﬁ(tl) = q'x(tz) =0

and x is p.d. at t, also.

This simple fact is of central importance in the application of
the p.d. property in delay feedback control, as will be explained
later. Imn fact, a stronger result holds for the structure of the

degeneracy interval., This will be given in Theorem 3.1.

Definition 3.1 admits a simple geometric interpretatibn. For
each initial function ¢, there corresponds a solution of (3.1),
which we will denote by x(t, ¢). Then pointwise degeneracy means

that there is a fixed vector q such that the solutions x(t, ¢) evolve
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Spdce of
sofutions

The first example of a p.d. system was given by Popov [15].

which has

2 0
A= 0O 0 -1
0]
~ -

0

B= |1

0

g' = [1 -2 ~1]

and T = 1 with a degeneracy interval of [2, =), This example sparked
a surge of interest in the p.d. property. By now, much more is known

about this example. We shall return to it .in Chapter 4.
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Most of the basic results concerning pointwise degeneracy have

been given by Popov. The following theorems are fundamental.

Theorem 3.1 (Popov [15]). Assume that (3.1) is p.d. for the vector

q. Then the largest set of points t., at which (3.1) is p.d. for g

1
is the interval [#T, =), where £ is the smallest integer with the

property
L+
q's(@) "L = 0 (3.2)
and S(0) is the nxn polynomial matrix given by
(01~A)S(0) = B det(0I-A)
Moreover, 2 < & < n~1

Theorem 3.2 (Popov [15]). The delay system (3.1) is p.d. for q at

time tl > 0 if and only if there exist an integer wm > 0, k matrices
Pj, mxn (k is the largest integer such that kT < t1)3 an mxm matrix

V, and an m~vector v such that

P,B =0 (3.3)
A+, B = VR §o=1,2...4k1 (3.4)
PA = VB, (3.5)
vie''2, =0 (3.6)
v'eVTPjﬂ v'By = 0 i = 1,20005k-1 (3.7)
v'E, = q' (3.8)
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Moreover, if the zbove gquantities exist, one can always choose them

so that rank (P1 .ea Pk) = m,

From these theorems, one can deduce the following corollaries,

some of which were obtained by other authors.

Corollary 3.1 (Popov [15]). System (3.1) is p.c. if rank B = 1.

Corollary 3.2. System (3.1) is p.c. if rank B = n.

Proof: If rank B = n, (3.3) implies Pl = 0. Using (3.4) repeatedly,

we immediately see that PZ’ cavs Pk ara all equal to zero, and the

corollary follows. .

This result was apparently established earlier by E.B. Lee. .

Corollary 3.3. System (3.1) is p.c. if n < 2.

Proof: If n = 1, Corollary 3.1 immediately shows that (3.1) is p.c.
Assune therefore an = 2. In this case, rank B is either 1 or 2., But

then Corollary 3.1 and 3.2 together imply (3.1) is p.c.

This result was apparently established earlier by J.A. Yorke and

J. Kato.

Although in the proof of Theorem.3.2, Popov gave a constructive
procedure for finding the matrices Pl""’ Pk’ V, and the vector v,
it is so complicated that in applications, Theorem 3.2 will be difficu}t
to use. However, Popov was able to isolate a class of p.d. systems

which have a remarkably simple structure. These are the -so-called
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regular pointwise degenerate (r.p.d.) svstems.

Definition 3.2. A p.d. system of the form (3;1) is called "regular"

if the pair (A, B) is completely controllable and there exists an

n-vector q such that the pair (q', A) is completely observable, and

(3.1) is p.d. for g in the interval [27, =).

For such systems, the following theorem is true.

Theorem 3.3 (Popov [15]). Suppose (3.1) is

Then there exists an nxn matrix 7 such that

ZAZ = Z%
q‘Z2 =0
q'z = q'eAT_

Equation (3.1) then takes the form

x(t) = Ax(t) + (AZ-ZA)x(t-T)

r.p.d. with respect to q.

(3.9)
(3.10)
(3.11)

(3.12)

(that is, AZ-ZA = B). Conversely, every equation of the form (3.12),

in which Z satisfies (3.9) - (3.11), is p.d.

for q in [2T, *) (even

though the other conditions for regularity may not be satisfied).

The following corollary can be deduced from Theorem 3.3.

Corollary 3.4. (Popov [15]). If B can be written as AZ-ZA where Z

is given by

Z = rq‘eAI

and r is the solution to the equations

(3.13)




q'r = 1 ) (3.14)

q'eAIr =0 (3.15)
q’eATAr =0 (3.16)

then (A,B,q,T) is p.d. on [2T, ).

Finally, Popov [15] has proved the following important result

for 3 dimensional p.d. systems.

Theorem 3.4. Any 3 dimensional p.d. system is regular and can be

written in the form (3.12) with Z given by (3.13) - (3.16).

For later reference, we emphasize here that our results on
pointwise degeneracy and delay feedback are heavily based on Corollary
3.4 and Theorem 3.4. It is also worth pointing out that while (3.13) -
(3.16) are considerably simpler than (3.3) - (3.8), they still imvolve
the calculation of matrix exponentials. Given a triple (A,q,T) it
is not obvious from (3.14) to (3.16) when a solution for r will exist.
Our results given in secition 3.3 will be concerned precisely with
simple conditions on (A,q,t) under which a solution ¥ to (3.14) -

(3.16) exists.

Some additional properties of r.p.d. systems can be deduced from
(3.9) - (3.12). For example, the Z matrix is in fact unique for
regular p.d. systems. To see this, suppose Z1 and 22 both satisfy
(3.9) - (3.12). Then

¥ - =0
q (Z1 Zz) 0




Also

q'AZ, ='q'(z;A + B) = q'2,A + q'B

ATy 4 q'B

q'e
this implies

q'A(Zl - Zz) =0
Similarly, it can be shown that

a'at@, -2, =0 i=0,...,m-1
By observability of (q', A), Zl = Z, and uniqueness follows. It can
also be shown that Zn-l =0 and B" = 0 for r.p.d. systems. The sig-

nificance of these properties are not known at the present time and

we shall not pursue them further here.

We have summarized in the above some known results on pointwise
degeneracy. We will apply these in our investigations in the next

section.

3.3 A Criterion for Pointwise Degeneracy for Linear Delay Systems

Let us motivate our investigations by rhe following control problem

(see also Popov [441). Consider the linear control system

x(t)

Ax(t) + u(t) (3.17)

]

y(&) = q'x(t) (3.18)

The objective is to find a linear state feedback law, possibly delayed

with a fixed delay time T > 0, to drive the output y(t) to zero in
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minimum time for all initial conditions, remaining zero thereafter.

We shall call this minimum time output zeroing by delay feedback.

It is obvious that this problem cannot be solved by using in-

stantaneous state feedback
u(t) = Kx(t)

However, if we can find a matrix B such that (A,B,q,T) is p.d. at
2T, then by definition of the p.d. property, y(t) = 0 for t > 2T.
Furthermore, sSince 2T is the smallest instant at which a delay
system can be p.d. (see Theorem 3.1), this matrix B will be the

solution to our minimum time control problem.

The first question to be examined concerning this approach is
to find conditions on the matxix A, the vector q, and the delay time
T, such that a matrix B will exist with the desired properties.
Corollary 3.4 tells us that if we can find a solution r to (3.14) -
(3.16), then on constructing the Z matrix as in (3.13) and setting
B = AZ - ZA, we will obtain a p.d. system with degeneracy interval
[2T, =), Furthermore, Theorem 3.4 shows that for 3 dimensional
systems, the above construction gives the unique B. Therefore, for
3 dimensional systems an equivalent problem is to find conditions
on A, q, and T such that (3.14) - (3.16) admit a solution. We will

exploit this in the proof of the following theorem.

Theorem 3.5. Given a 3x3 matrix A with eigenvalues Al, Az, AS’ a

3-vector q, and a number T > 0, a matrix B with the property that
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(A,B,q,T) is p.d. exists if and only if the following conditions

are satisfied:

(i) The gecmetric multiplicity [45] of each distinct eigenvalue

of A is ones;

(1ii) If there is a pair of complex eigenvalues, say AZ = AB*,

Al real, then

E + enT(nsinﬁT - EcosET) # 0

where n = A; ~ Red,, & = -ImAZ; o

1

(iii) (q',A) is observable. R

Before proving Theorem 3.5, we first state a lemma which is

completely obvious. This lemma is not restricted to 3 dimensions.

Lemma 3.1. Suppose (4,B,q,T) is p.d. then for any nonsingular matrix

1 -1

F, (FAF —, FBF -, F'"1q, T) is also p.d.

Lemma 3.1 implies that if we are free to choose B such that
(4,B,q,T) is p.d., there is no loss of generality in assuming A

to be in Jordan form. We exploit this in

Proof of Theorem 3.5: Let q' = [q1 4y qS}' We will apply the p.d.

criterion established in Theorem 3.4. By the above remarks, we may
assume, without loss of generality, that A is in Jordan form. Since

n=3, the possible Jordan forms are as follows:
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(I)
Al 0 0
J= |0 Az
0 0 A

Ai’s may not be distinct, and there can only be a pair of complex

eigenvalues.
(11)
10
J= 0 kl 0
6 o0 lz
Al 0 0
or 0 Az 1
P Az

Al’ 12 may not be distinct, but they are necessarily real.

(III)
A 1 0
J= |0 A
0 0 A

A is necessarily real.

We first note that if there exists a solution r to (3.14) - (3.16),
the vectors q', q‘eAI,‘and q'éATA are necessarily linearly independent

- (ef. Popov [15], p. 559). Theorem 3.4 then requires that

qf
det [q'elT A dert weo
T

—fifm

[ A S




We consider each of these cases separately.

Case I. We require

9 93 93
AT AT AT 1
det W = det q,e L qze 2 q,e 3 - 1
Al’f )LQ_T A3T j
;20 2yAge A3h4 |
L FA)T (A AT (A FADT
- _ 2°"3 _ 1743 _ 1

Clearly if any q = 0, then det W= 0 and (3.1) cannot possibly be

degenerate for this q. We must also not have

A, AT (A AT AT |
273 13 1T
(13—l2)e +(k1-k3)e +(h2—kl)e =0
(3.20)
(A2+A3)T |
Dividing throughout by e » (3.20) becomes '
a=h) + (A=A )e(kl_hz)T+ (A, -2 )eal_}‘?’)T =0 (3.21) |
372 i3 21 )

Let v, = ‘\1"}‘2’ Y, = :\1-}\3, and let S
YT Y51 ' :
EQY{sYy) = (Y17Yy) + Ype = Y€ (3.22) Lo

OQur problem now is reduced to finding conditions under which fCYl,Yz) # 0.

We first consider the case where all the li's are real (so that Y1 and Yy

are also real). Without loss of generality, we may assume Y1 >0

(i.e., Al 233). If Yy = 0, we have immediately fCYl,yz) = (). Suppose : ;
YT YA .

Yy > 0 is fixed. We plot Yz(e 1°-1) and Yl(e 2 .1) as functions of Yoo

fCYl,Yz) = 0 at the points where these two functions are equal. Note

that at Yy = 0, both functions are zero, and at Yo = Yq2 they are equal.
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e =
e
[P
O — e
.
J T
S .
|
|
|
J e e —
bt e
1
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i

Y T Y. T
Lyel-pi=el -l

dY2
d YZT - T2T -
and de [Yl(e “"1)1 = YlTe
Y T Y. T
In the region where Yy <0, Y Te 2 < Y4T <el -1, for Y >0. In
this region, therefore
Yt Yol
Yol * =1) S v;(e £ -1)
We can now see that the graphs of the two functions look like
¥
5=
%
t; 8~ ' :




The function; can only intersect at two points. But we already know
that they do intersect at Yy = 0 and Yy = Yqe Hence these are the
only two points at which they can be equal. So in the region Y1 > 0,
f(Yl;YZ) = 0 if and only if Yy = Yq OF Yy = 0. We can now conclude
that if all the Ai’s are real, f(Yl,Yz) = 0 if and only if Yy = 0,

or Y, = 0, or Yy = Yge In other words, det W= 0 if and only if

either 11 = 12, or hz = RB’ oxr h3 = Al’ or any of the qi's = Q.

Next we consider the case when there is a pair of complex
eigenvalues, say,kz = X3*. This implies ll, lz, and AS are neces—
sarily distinct. With Yl and Yy defined as before, we have that
Yy = YZ*. Define 1 = kl - Rekz, E = —Im?\2 (i.e., Yy =0 + 1iE),

Then

£(ryavy) = 248 + (n-if)e WHEIT_ (1 spy (M-1EDT

921 + eV { (N-iE) (cosET + isinET) - (N+iE) (cosET- isinET)}

2i[E+e'" (nsinET - EcosEt) ] (3.23)

It

f(Yl’YZ) = 0 if and only if £+enT(nsin£T— EcosET) = 0. Thus, if there is
a pair of complex eigenvalues, we require precisely condition (ii) of
Theorem 3.5, in addition to no q; = 0. This completes the consideratich

of Case I.

Case II. Since the same arguments hold for either
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we only discuss the former situation. In this case,

AT AqT
e 1 Te 1 0
ALT
eJT = 0 e 1 0
AaT
0 0 e 2
Thus
fa, qy q,
AlT A T AZT
det W = det q.e = (qlT+q2)e - q4e
AlT llT 121
qlkle (q1+q1A1T+q2ll)e qalze
AT AT AT
2 1 _ 2 1
= qq 4q5e [(Azt—l llT)e +ea ]
after some calculations. Hence
det W# 0 if and only if a; # 0, dq # 0
AzT AlT
and (AZT-1~A1T)E +e # 0.
Let v = Al - hz. Then
AZT AlT
(AZT—l—AlT)e +a =0
if and only if
YT+ L1L=elt (3.24)

The only real solution to (3.24) is v = 0. Hence det W # 0 if and only

if qq # 0, 44 # 0, and Al # Az. The same arguments show that if

Al 0 o0
J = .0 AZ_ 1 .
0 o0 Kz.
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det W # 0 if and only if a; # 0, dy # 0 and ll F Az. This completes

the consideration of Case II.

Case III. 1In this case

det W

il

Thus det W # 0 if

If we now combine all three cases, it is clear that the eigenvalues

eM‘ Te)ﬂ:
0 eAT
0 0

E!

9

AT

det e

3'{2

0.3 I 2AT
L2

“qlle AT

9

A
(a;T+g,)e""

AT
(qI+Aq1T+lq2)e

and only if qq # 0.

93
Tz AT
(g 3 T 9;THgy)e

2
(qlT+q2+Aql I§-+qut+q3l)e§j

li are required to satisfy conditions (i) and (ii) of Theorem 3.5.

Furthermore, if a pair (q', A) is observable, then (q'T

also ohservable for any nonsingular T.

It is known that for observability of (q'T

1

l, TAT'l) is

Take T such that

’ TAT-l), the components of

q'T ~ must satisfy precisely the same conditions imposed on the qi's in

the above discussion [46].
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quired for the solution of (3.14) - (3.16). Since conditions (i),
(ii) and (iii) of Theorem 3.5 are necessary and sufficient for the
solvability of (3.14) ~ (3.16), they are also necessary and sufficient

for the existence of the matrix B. The proof is finished.
As an easy corollary of Theorem 3.5, we have

Corollary 3.5. Suppose n » 3. Given an nxn matrix A, an n~-vector g,

and a pumber T > 0, if at least three of the eigenvalues satisfy con-—
ditions (1) and (ii) of Theorem 3.5, and if (q', A) is observable, then

there exists a B such that (A,B,q,T) is p.d. on [2T, =).

Proof: Without loss of generality, we may assume that A is in Jordan
form and in fact the first three eigenvalues satisfy conditions (i)
and (ii) of Theorem 3.5. By observability cf (q', A), the first three
components of q satisfy the conditions imposed in the proof of Theorem

3.5. If we now consider a soclution r to (3.34) - (3.16) in the form of

r= ;14 (3.25)

a little thought shows that the equations to be satisfied for the
solvability of I{s Too and ¥, are precisely the same as those in
Theorem 3.5. By that theorem, we can solve for Tys Tys and rs with
the assumptions in this corollary. Thus a solution to (3.14) - (3.16)

exists in the form (3.25) and the corollary follows.
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We make several remarks to clarify the contents of Theorem 3.5

and Corollary 3.5.

Remark 3.1. In contrast to Theorem 3.5, Corollary 3.5 gives only a
set of sufficient conditions for the existence of the desired B matrix.
The reason for this is that for n > 3, solvability of (3.14) - (3.16)
constitutes only a set of sufficient.conditions, generally not necessary,
for the ewxistence of the B matrix. fo cbtain necessary and sufficient
conditions in the style of Theorem 3.5 for n > 3 sesms to be rather
difficult and remains an open problem. Nevertheless, it is worthwhile
to make a few comments on how Corollary 3.5 ecan be extended. For
example, if A is 4x4 and has two distinct pairs of complex eigenvalues,
Al = AZ*, 13 = Ra*, then condition (ii) of Theorem 3.5 cannot be
satisfied since there are no real eigenvalues. However, in this case,

the modified condition
n't
E' + e’ "(n'sinE't~E'cosE'T) # 0

where &' = Rell - Rek3, n' = Imi\l - Imk3, can be used instead. We can
also relax the requirement that {(q', A) be observable. On the other
hand, Corollary 3.5 is easy to state and apply, and is sufficient for
our purposes later in Chapter 4. We shall therefore be contented with

giving Corollary 3.5 as it stands.

Remark 3.2, Theorem 3.5 and Corollary 3.5 can be given the following

interpretatioh:
Given A, q, and T, and n > 3, there "almost always" exists a B

such that (A,B,q,T) is p.d. on [2T, =). This is because observability
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of (q', A) is a generie property of a pair (q', A) [&7] (coﬁﬁitions
(i) and (ii) are also generic properties of square matrices). Thus,
while pointwise degeneracy of the delay system (3.1) is a singular
property, the existence of a B for which (A,B,q,T) is p.d. on {27, «)

is a gemeric property of A, q, and T.

Remark 3.3. The singular cases where mo B exists are basically
related to the eigenvalues of A. TFor exzample, if in the 3x3 case,
A is symmetric and has two equal eigenvalues, then no B exists
regardless of what q and T are. Furthermore, if B is obtained as
in Corollary 3.4, it will depend on the eigenvalues of A. This
remark will be very useful whén we apply Theorem 3.5 and Corollary

3.5 to construct delay feedback controllers in the next chapter.

Remark 3.4. If the matrix B is obtained in the manner described in
Corollary 3.4, the eigenvalues associated with the delay equation

(3.1), i.e., those values of A such that

det (AI-A-e " TB)

it
o

(3.26)

are precisely the same as the eigenvalues of A. To see this, first

note that (3.14) - (3.16) imply 22 = ZAZ = 0. We obtain successively

det (AI-A-e~7TE)

det [AT-A-e T (AZ-ZA) ]
A A

il

det [AI-A-e *TAz4e A Tyare ™22 Tyay)

det [AT+(e 2Tz-1)A (e T 241) ]

det (T-e~T2) (AT-A) (T+e " T2)

I

1l

det (AI-A)




By a result of Henry [48], the spectrum of the infinitesimal generator

of the semigroup for the delay equation is finite, and the range of

the semigroup is finite dimensional. Kappel [20] has proved a number of

interesting results for this class of p.d. systems.

Remark 3.5. The peculiar condition (ii} in Theorem 3.5 relates the

eigenvalues of A to the delay time T. Indeed, if n =20, & = 2m s

T
E + ent(nsinET-EcosET) = 0. This suggests that for degeneracy to
occur, the period of the natural frequenecy of ‘A should not "matech up"

with the delay time. A more precise interpretation of (ii) is not

known.

Theorem 3.5 and Corollary 3.5 give relatively simple and trans-
parent conditions fox the existence of the ﬁ matrix. Only simple
calculations are necessary to check the conditions. More important,
they give us a hold on when singular situations will arise. As such,
they form the basis for the development of delay feedback controllers

investigated in the next chapter.
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CHAPTER 4

DELAY FEEDBACK CONTROL OF LINEAR SYSTEMS

4.1 TIntroduction

In the previous chapter, we developed a theorem which allows us,
under certain conditions, to assert the existence of a matrix B such
that (A,B,q,T) is pointwise degenerate. This was motivated by the
control problem described at the beginning of section 3.3. 1In this
chapter, we would like to generalize the formulation of the controel
problem to include an input matrix C. Specifically, we would like
to solve the problem of minimum time output zeroing by delay feed-

back for the linear system

x(t) = Ax(t) + Cu(t) (4.1)

]

y(£) = q'=x(t) (4.2)

Let us consider the 3 dimensional case. If we just use delay feedback
of the form

u(t) = Lx(t-T1)

Theorem 3.5 will impose certain conditions on A, q and T for the
existence of a suitable matrix L. Furthermore, if we construct a
matrix B for which (A,B,q,T) is p.d.,. we must also have the range
of B included in the range of C iIn order for L to exist., These

are rather severe restrictions. On the other hand, since the
eigenvalues of A play such an important role (see remark 3.3), we
may be able to solve the problem of minimum time output zeroing if
we can modify the eigenvalues of A. This suggests using a feedback

law of the form
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ult) = Kx(t) + Lx(t-T) (4.3)

We shall see that‘this choice of the feedback law enables us to solve
the minimum time output zeroing problem for (4.1) and (4.2) under
rather mild conditions. We first study the 3 dimensional case, as
the required notation is relatively simple, and the techniques used
can be readily extended to higher dimensions. In section 4.2, we
establish the form of the matrix B for which (A4,B,q,T) is p.d. in
terms of the parameters A, q and T. We then prove a theorem in

section 4.3 which gives necessary and sufficient conditions for the

solvability of the minimum time output zeroing problem in 3 dimensions.

In fact, the proof of the theorem gives a constructive procedure for
finding the desired matrices K and L. For greater clarity and com—
pleteness, a summary of the algorithm is given after the proof of

the theorem. Next, the techniques are adapted to obtain a solution
to the control problem in higher dimensions. Again, we summarize

the algorithm for this case at the end of section 4.4. In section
4.5, we study the properties of the feedback control system under
perturbation of its parameters. Finally, we give some examples which

illustrate the theory.

4.2 Construection of the Matrix B in 3 Dimensional
Pointwise Degenerate Systems

In the development of delay feedback control using the p.d.
property, it is very useful to know the explicit form of B. We
shall carry out the necessary calculations in this section. Using

these results, we show that in Popov's example (see section 3.2),
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degeneracy in fact occurs for a unique T and a unique g (up to

scalar multiples).

Notation. Since all our p.d. systems will be constructed using
Corollary 3.4, they will have a degeneracy interval of [2T,%).

Trom now on, the term p.d. will mean p.d. on the interval [271,®).

As in section 3.3, we considexr three cases:
(I) A has three real distinct eigenvalues
(II) A has two repeated eigenvalues

and has a Jordan form

Al 1l 0 -
J= 10 Al 0
6 O lz

Al and 12 are distinct and necessarily real.

(III) A has three repeated real eigenvalues and has a Jordan form

A 1 0
J= |0 A 1
0 0 A

Throughout this section, we assume (q',A) to be observable. By
Theorem 3.5, we know that there exists a B such that (A,B,q,T) is

p.d.

Case I: Let T be the matrix which diaponalizes A, i.e.,

A 00
v lar = |0 A, 0 8y
0 0 A




with li's real and distinct. Equations (3.14) to (3.16) can be

rewritten as

1

q'TT "r =1 (4.5)
q'TeATTulr =10 (4.6)
q‘TeAIAT_lr =0 _ (4.7}

Letting a' = q'T, n = T_lr, we obtain

QL'n = T (4.8) i

|

'l = 0 (4.9) |

v AT, |

a'‘e 'Ain = 0 (4.10) .

Letting Bi =0m,, i=1,2,3, we can write (4.8) - (4.10) as §

Bl + 62 4 83 =1 (4.11) , 1

AT AT AT »3

1 2 30 _ |

Ble + Bze + BBE = 0 (4.12) B

AlT AZT AST |
Bllle + szze + 83A3e =0 (4.13)

Solving for Bl, 82, and 83, we obtain

- Aot
(AZ A3)e

Bl = (4.14) j
| |
(A2, )eMT L
2 D i
‘ (AdA=A )T
(Al_hz)e 17273
By = - (4.16)
AT ALT As=A)T AT AT
where D = (As—kl)(e 1 .2 ) + (ll-hz)e 273 (e 1 e 3 ) (4.17)
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Note that D is always nonzero since the J\i's are real and distinet

(see section 3.3).

Next, we construct a matrix Z.

- y AT .
Z = Moe _
B (;I+A2)T o 2A2T Gg (A2+A3)T
(Ag=Ag)e &, (o Ade oy AgAgle
o, 2\.T 2T gy AT
1 ~1 1 _ _ 12 N 1 V1T
o, (. F=-A)T o, (A,F2A -A )T (A AT
. ~1 1723 _ g VT3 B 12
Ay2y) o, & (A lz)a;ﬁ (A1-Ayde .
And B = AZ - ZA
B o, 2,7 oy (A2+J\3)ﬂ
0 '&Icll’lz)(kz“Aa)e Ez{ll"l3)(lz'k3)e
o 2A,T o (A FA DT
S s 1 3, _ 173
=3 0‘2 (}\2 ll) (?\B Al)e 0 0:2(}\2 A3) (}\3 Al)e
o QA FA,=A )T o (A 27 ,-A)T
1, B 17727737 T2 _ 1727 "3
(4.19)

Now Z is related to the original system parameters by

7 = na'el® = v lqrrr ATy
= 7 lzy
and B =AZ - ZA
= v arr tzrer Lprr g
= v Iy ’
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Thus the desired matrix B is given by

We note that the range space of B is spanned by the vectors
i and 0 1 (4.21)
o E(AZ—AB)T _ Y ecxl—x3)TJ
%3 %
Case II: Let T be the matrix which brings A to its Jordan form, i.e.,
Al 1 0
-1 _
T AT = J = 0 Al 0
0 0 A2 ,

Completely analogous arguments show that the desired matrix B is given by

AlT AT
nzule [nz(alt+a2)—nlal]e
Alr
B=T 0 "'T'IZOLle
AlT AlT
A=A Ingoqe [ g2y Ing oy THa,)-nqay Je

where o' = q'T and the ni's satisfy

A,T
QL
LO,ADT + O, e
Ny = &, D ‘
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[y -ApInjagingegle

lzt
(Al—Az)n2u3e T

(4.22)

(4.23)




AZT
; —(AZ—Al)e
2 D
Al'r
Ny = g
3 OLBD
ALT AT AT
with D = (lz—ll)Te 2 + e - ) 2

The range space of B is spanned by the vectors.

Ty ny

(A=A ng e

Case III: Let T be the transformation matrix such that

0 0 A

= 2

2

_ AT AT T AT
B =T n0e n 3 (oal'r+oz2) —nzal]e [n 3 (czl 2 -iﬂz'r+a3) -n, (al"c-iﬁz) Je

AT

0 Nyt e -Ng (a1T+0L2) e:\'r

where o' = q'T and the ni's satisfy

—H[2~

AT AT T AT
ny0, & [n, (al'rﬂz)-nlul]e [”2(“1 7 +a2'r+u3)—nl(alf+oez) le

(4.24)

(4.25)

(4.26)

(4.27)

C4.28)




-

i

2.2 2
_ 0T + 2a1u21 + 2a2 - 2a1a3
n, = (4.29)
1 D',’3,{2
1
-2(, T + 0,)
n, = —a——2 (4.30)
' o2t?
1
ny = —5 .31
o :
1
The range space of B is spanned by the vectors
Ny Ny
N3 and My (4.32)
0 Ng

It is important to note that the transformation matrix T will in
general depend on A, Thus the expressions for B given above do not
show B as an explicit function of A. However, the form that B must

assume will be useful in our subsequent analysis.

As an application of the gbove construction, let us re-examine
Popov's example., Using the uniqueness of B, straightforward cal-
culations show thaf for degeneracy to occur, T must be 1, and the g
vector must be such that 4y = ~2ql, dg = ~dy. We can therefore
conclude that Popov's example will be p.d. for a unique vector g,

up to scalar multiples, and a unique T.
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4.3 Delay Feedback Control of 3 Dimensional
Linear Systems

In this section, we apply the results developed in sections 3.3
and 4,2 to obtain the solution of the minimum time output zeroing
problem using the feedback law (4.3) for the system defined by (4.1)
and (4.2). We shall assume throughout this section that the system
(4.1) is 3 dimensional, As in every theorem related to pointwise

degeneracy, the result is simple and elegant in three dimensions.

Theorem 4.1 For matrices K and L to exist such that the closed-

loop system
x(t) = (A + CR)=(t) + CLx(t-1) (4.33)

satisfies q'x(t) = 0, £ > 27, for all initial conditions, it is

necessary and sufficient that rank C > 2, and (A,C) be comtrollable.

It is helpful to discuss the conditions of Theorem 4.1 before
the proof. This will help.to motivate the construction given below.
Rank C > 2 is clearly necessary since otherwise rank CL < 1 and by
Corollary 3.1, (4.33) is always p.c. Controllsbility of (A,C) is
introduced so that we can choose K to shift the eigenvalues of A
arbitrarily (of course, it is necessary for another reason; see the
necessity proof of Theorem 4.1 below); This enables us to avoid the
singular sitﬁations described in Theofem 3.5, For example, if C is
3%3 and of full rank, then obviously we can find a matrix K such that
the conditions of Theorem 3.5 are satisfied. Furthermore, if we con—
struct a matrix B such that (A+CK,B,q,T) is p.d., then since C is

nonsingular, there always exists a matrix L such tnat B = CL. Of
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more interest is the case where rank C = 2. We can still choose K
such that (A+CK) has eigenvalues which satisfy conditions (1) and

(ii) of Theorem 3.5. However, it is not clear a priori that there
will always exist L such that B = CL, where B is such that (A+CK,B,q,T)
is p.d. Indeed, most of the work involved in proving Theorem 4.1 is
to show we can choose the eigenvalues of A+CK in such a way that the
matrix B, constructed as in section 4.2, always lie in the range space

of C.

We shall need the following lemmas whose proofs are given in

Appendix A.

Lemna 4.1 ILet 075 Cos Cq be real numbers with the property

2, AT

a2 ~ 4o, > 0. Then the funetion £(A) 4 (o, + azl + aal Je© for

2 173 1
A real has one maximum and one minimum. TFurthermore there exist
straight lines of the form g(A) = YB(A—B) and g(A) = © each of which
intersect £(A) at three real distinct points, none of which is a zero
of £(A). Here B is a finite real number not equal to any of the zeros

of £(A), YB is some real nurnber dependent on B, and w is some real

constant.

Lemma 4.2 Suppose we are given a 3-vector g, a 3x3 matrix A, and

a 3x2 matrix C of full ramk, with (A,C) controllable. Suppose q'ci # 0
where =N is the ith column of C. Then there exist matrices K and P

such that P—l(A+CK)P ig in companion form, q'P = (al Oy as) is such that

ag - éalaS > 0, and that P-lc has as its ith column
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Furthermore., if the other column can be written as

By
B2
B3
B2
with 31 # 0, then P can be chosen such that E— is not a zero of
1
A 2
nx) = ai+a2A + aBA .

Proof of Theorem 4.1 (Necessity) That rank C > 2 is necessary has

already been discussed above. If (A,C) is not contrcellable, (A+CK,C)
is also not controllable for any K since constant state feedback has
no effect on controllability. Noting that

(CL ACL..., 8"7%c1) = (¢ ac..., A Mo)L
we see that (A+CK,CL) is also not controllable for any L. Since by
Theorem 3.4, all 3 dimensional p.d. systems are regular, this implies
that the feedback system (4.33) is p.c. for any K and L. Thus con-

trollability of (A,C) is necessary.

(Sufficiency) By the discussion following the statement of Theorem

4.1, it suffices to consider the case where C is a 3x2 matrix of full

rank. We give a constructive procedure for finding the matrices K and L.

Step 1! We may assume, without loss of generality, that q'cl 4 0. We

choose matrices K1 and Pl such that le(A+CK1)P1 is in companion form,

lec is of the form

0 Bl
0 82
1 Bq




; . 2
1= (al uz as) with Gy — 4u1a3 > 0. By Lemma 4.2, such

matrices exist {see the proof of Lemma 4.2 in Appendix A for the

and q'P

constructive procedure for Kl and Pl).

Step 2: Choose a matrix K2 such that the matrix

A -1
A, 2 B T(AHCK Py + P

-1
1 CKZ'

has three real distinct eigenvalues A AZ’ and A3. The lis are not

13

arbitrary. Their specification will be given later.

Step 3: Use the Vandemonde matrix

1 1
Py = Ay P
2 2 2
Al A2 h3
to diagonalize A2, i.e.,
Al 0 0
Blar =A= |0 A, o0
27272 2
g 0 l3
. -1 -1 -1
If we define z(t) = P, P.” =x(t), v(t) = u{t)~-(K K, P, )x(t), we see
2 1 17271
that
R s | -1 -1.-1
B = pzlyl [A + C(RH,P ) 1P P,z (£)+B, P Cu (&)
= fz () + ;2] ov(t) (4.34)

Step 4: We now restrict Al’ lz, AS to be such that they are not

solutions of the equation
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. 2
o + ok * 0g)” = 0 (4.35)

. s . ‘ _ 2
This implies q'Ple = (nl n, n3), where ng = o + uzki + QBAi’ has
components all nonzero. By Theorem 3.5, we can construct a matrix
B such that (ﬂ,B,q'PlPZ,T) is p.d. In fact, the results in section

4.2 show that B is given by

n 2A,T N (A, +A)T
24 - _ 25 345 - _ 23
0 nl()‘l A) (Ay-Ajde nlo‘l Ag) (A,=Aq)e
n 2A.T n (AT
1 1 1 3 173
D nzo‘l"ll) (A3=Ap)e 0 "ﬁ;{lz—l?,) (Ag=Apde

n Gl ~A)T N (A 20 -2 0T
1 1772 73 2 1 °7%2 %3
ﬁ;{AS—Al)(Al—Az)e n3(13~A2)(hl—A2)e 0
AT ALT (Aa~A)T AT A,T
where D = (AB—AI)(e 1 —-a 2 )y + (Al-lz)e 23 (e 1 —-e 2 )

Step 5: We now show that there exists a 2x3 matrix L. such that

1
Pgl P11 CLl = B, We know from sectiom 4.2 that Z2(B), the range space

of B, is spanned by the vectors

T 7] 1
1 and 0
T12 (AQ—AS)T T}]_ (;\l-lg)‘t
M3 N3

A necessary and sufficient condition for the existence of Ll is that
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-1
1 1

C). Thus we only need to find a 2x2

-1
1

exists if J2(B) =.%(P;l P

C). Since dimgZB) = dimg?(P;]‘ p

-1
1

ZR(B) CJ?(P;L P ) =2, L

nonsingular matrix

211 212
LZ =
221 322
such that
0 1
211 212
P'Z-l P;l c - 1 0
.. 2 N, (Ay-Agt N (A4=Ag)T
21 22 -— - ﬁ—-e
Ny 3

The first column of Ll is then given by

211
1M 207
D . (AZ—AI)(A3-Rl)e . The second column of Ll is
2 lzl
given by
212
1 Ny ZAZT
D T (ll —AZ)(AZ—As)E . The last column of Ll is
1 222
given by
211 %12
n (A AT n A AT
1M yoaye T L3 o yaaye 2
D m, Pahg) Agide T35 om Aty (AgrAgle
2 221 1 222

~60~
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Using the particular forms of Pl and P2 we obtain

2 173
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B1221 B12'22
B22'21 B2?'22 =
g tBatar  Rpthstys
. E& (Ay=Ay)T . El. (ll-AS)T
N3 N3
. EZ.E(AZ—AS)T " El_ (hl—ks)r
273 n, 173 Ny
2 2Ny (AT 9 2N (AAg)T
AZ—AB-—— kl—lg —
My Ny
(4.36)
We consider three cases
Case A. Bl = 0.
This requires
N, A,=A)T
1- —2-e 2732 0
Mg
N, (A=A)T
1--Lte 13 =0
g
These can be rewritten as
ALT ALT ALT
1
ne = nye 2 . nge 3 (4.37)

Since az - 4o.0,_ > 0, by Lemma 4.1, we conclude that there exists a

constant @ such that the line A = & intersects (al+u2l +,a3A2)e1T




at three real distinect points ll, 12, and h3. These will be the
eigenvalues that we choose. We can solve for 211, 212, 221, and 222

from (4.36) explicitly by

i = s

21 82

4 = M

22 B2
n.o=322-22 -8
117 M2 3 321
g =2 -a% -
12 T "1 3 3722

Case B. 82 = 0.

This requires

Y = X = 3 (4.38)

By appealing to Lemma 4.1, we ronclude that real and distinct 11, AZ
and AB satisfying (4.38) exist. With the eigenvalues thus chosen, the

matrix L2 can be obtained from (&4.36).
Case C. 31,82 both nonzero.
Completely analogous considerations show that we must have
g\ AT B\ AT B\ AT
2 e — L ho2)e L o Rle (4.39)

Appealing to Lemma 4.1 once again, we conclude that desired eigenvalues

Ai’ i =1,2,3 exist, and the matrix L2 can be evaluated from (4.36).
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We have now constructed a p.d. system of the form

-1
2

3(t) = Au(t) + P le CL, 2 (t=7) {4,40)

with q'Plez(t) = 0 t > 2t

In terms of the original coordinate system, we have

. _ -1 -1-1_ .

R(t) = [MHC(RH,PT D Tx(E) + CLo P, BT Tx(e-T) (4.41)
is p.d. for q. The desired feedback matrices are thus K = K1+K2le
and L = LlPEl le. The theorem is proved.

For greater clarity and completeness, we summarize the algorithm
for constructing the matrices K and L in the three dimensional case.

We assume, without loss of generality, that q'cl # 0.

(i) Construct, as in the proof of Lemma 4.2 in Appendix A, Pl,

K, such that P_l(A + CKl)P1 is in companion form, P—lC is of the form

1 1 1
0 &
R
i 83

. 2
aB) with uz - 4ala > 0.

' =
and q Pl (¢ 3

1 %

(i1) Let n(A) = @, + azl + o Xz. If B, = 0, choose three real

i 3 1

and distinct numbers kl, A2, and lg such that n(li) # 0, i=1,2,3,
AT AnT A3T

and that n(ll)e = n(hz)e 2" = n(AS)e . If 82 = 0, choose real

and distinet ll, 12, and A3 such that n(hi) # 0, i=1,2,3, and

Yy




AT AT AT
nOpe’  nOYe® nGye’

Ay N Ay

If Bl and BZ are both nonzero, choose real and distinct Kl, AZ’ 13

sucﬁ that n(li) # 0, i=1,2,3, and
-A.T -A,T

(2& _i’;)e ' =()\ ._E.g.).e_i =()\ _B_z)ii

1 51 ﬂ(Al) 2 Bl n(lz) 3 Sl H(AB)

(iii) Once Al’ 12, h3 are chosen, choose a matrix K2 such that
-1

I
the matrix Pl (A + CKl)Pl + Pl

CK2 has as its eigenvalues Kl, Az, and 13.

(iv) Compute the Vandemonde matrix

1011
By= [ A A, A
9 2 .2
A A Ay

(v) Calculate the matrix L. as in step 5 of the proof. In

1
. -1 4~1 -1
other words, find L1 such that (P2 Pl (A + CKl + CK2P1 )Ple,

-1 -1 . . .
P2 Pl CLl’ Pé Pi q, T) is p.d. The choice of Al’ AZ, and 13 in

(ii) guarantees that Ll exists.

(vi) Finally, the desired feedback matrices are given by

-1
Kl + K2Pl

-1 -1
LlP2 P1

K

i

It

and L

Note that once the eigenvalues Al’ hz, and 13 are chosen, the cal-

culations involved in steps (iii) to (vi) are completely explicit
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and straightforward. The calculations involved in step (i) are
detailed in the proof of Lemma 4.2 in Appendix A. They are all
explicit excepting perhaps the choice of fl and f2. The numbers f1

d
and £, are chosen to satisfy az - 4o, > 0 and —gg-not being a
2 2 173 dlZ

zero of &i + azk + aBAz. A simple search procedure will enable us
to find an appropriate f1 and f2. As for step (ii), we need to find
eigenvalues Al’ lz, AB which satisfy (4.37), or (4.38), or (4.39).
One way of doing this is to plot, as in the proof of Lemma 4.1 in
Appendix A, the function £(A) and draw the appropriate straight

1line to intersect f(A) at three real distinct points. While other

methods for solving (4.37) — (4.39) can probably be devised, the

computations involved in step (ii) will, unfortunately, be nonexplicit.

Remark 4.1 The proof of Theorem 4.1 is rather clumsy and involved.
Since we only assume controllability of (A,C) we only have freedom

in assigning the eigenvalues. The lengthy construction shows that

we can find a suitable set of eigenvalues so that the matrix B we
constructed necessarily lies in the range space of the input matrix

C. CQCertainly a simpler and more elegant proof is desirable. However,
because of the nonlinear nature of the problem, a substantial simpli-

fication may not be possible.

Remark 4.2 Remark 3.4 shows that the eigenvalues of the delay feedback

system (4.41) are precisely those of [A + C(Kl + KZP-I)], and these

1
satisfy (4.44) or (4.45) or (4.46). In general, there are many
solutions to these equations (see Appendix A). If we can choose the

eigenvalues so that they are negative, we will have obtained an

~Th=




asymptotically stable p.d. system. We have not been able to show as
vet that such a choice is always possible. Thus, the closed-loop

p.d. system (4.41) may be unstable.

Remark 4.3 We have assumed that the delay time T is prescribed in
advance and not available as a design parameter. waever, if it is

to be designed, the smaller T is, the larger the elements of the B
matrix will be (see eqs. (4.19) and (4.17)). Hence we have a tradeoff
in this situation. We shall not investigate this point further.

4.4 Delay Feedback Control of Higher Dimensional
Linear Systems

Our goal in this section is to extend the feedback control results
for 3 dimensional systems to higher dimensions n > 3. The method of
proof is substantially the same as that of Theorem 4.1. Notationally

however, it is much more involved.

Theorem 4.2 Tor matrices K and L to exist such that the closed-loop
system

x(t) = (A + CR)x(t) + CLx(t-T)

satisfies q'x(t) = 0, t > 21, for all initial conditions, it is

sufficient that rank C > 3, and (A,C) be controllable.

Proof: Consider the equations

q'r =1 (4.42)
LTy = 0 (4.43)
q'e"Tar = 0 (4.44)
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where qf = (q1 Qgees qn)

Al 0........10
A= 9 AZ 0. .
. 0 * .
- : n-1 0
0 0 - . - . 0 A
n

Suppose at least three of the eigenvalues Ai are real and distinct
with the corresponding qi's nonzero. Without loss of generality,
we may take 11, AZ’ and 13 to be these eigenvalues with 9qs dys dg

nonzero. Under these conditioms, (4.42) - (4.44) can be solved to

give
(A, AT
Lo agape TF a
3 T Q¥4 Ayt AlT - :E: G¥iFs (4.45)
(e ™ - 7)) i=4
AT n AT A.T
3 1 1 it M
r, = - G e~ + Ei:qiri(e -e 7)) (4.46)
2 1 4
qz(e -2 7 ) i=3
n
rl = 1] - qiri (4.47)
=2
AT AT ALT AT AT ALT
AApe T e 2 e Ty=(e e Ty (AyAde 2
where w, = AZT AlT (4.48)
e -8
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Thus Ty: To and r3 are completely determined in terms of the 2n-3
“free" variables Al’ AZ""’Ah’ and T,, Tgye..sT . Constructing

—_ T — _ -
Z = :cq‘eA and B = AZ - ZA we obtain

— Azr lnT -
0 rl(xl-xz)qze - oo (472 dq e
AT ’
(\-A)q.e T 0 '
1771 .
_ . 121 .
B = . rB(AS—lz)qze .
. . ) AT
. * rn—lckn L An)qne
- llt AZT
rn(xn_}\l)qle r (}t Az)qz 0
u -

Note that B is of rank 2, and its range space is spanned by the vectors

0 T, (A -2,)

5 (Ay=A)) 0
and r3(Ag-2,y)
x (A r, (A_-2,)

We now proceed as in the proof of Theorem 4.1l. We need only to
consider the case wherzs C is nx3 of full rank. Construct matrices K
and P, such that P11(A + BK)P; is in companion form with distinct

eigenvalues, and
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0 dy, dyg
] . .
_.1 _ .
PC= | . .
0 :
|
i 1 dn2 dn.’i ’

The restrictions on the eigenvalues will be given later. Next, we

diagonalize P;l(A + BK),P]_ by a Vandemonde matrix-

1 i. . . 1
P = Al }\2 ;\n
2 —_— L) -
n-1 .o-1 Zn=l
7\1 ?\2 ;
so that - - _ :
Al 0...... O
0 )\2 0. .. 0
"'1 '-l é - *
P,” PIT(A + BR)P,B, = A = ' 0
. . 0
N « =« . D0 A
| n
; P - B _
| QPP = (Ng.e. )
1 . _ n-1
N with ni—a1+a2?xi+...+un7\i

!
i
|
i
i
;
i

and q'Pl = (al... Otn)

We now Impose the restriction that three of the eigenvalues, say Al’
12 and }\3 are real and distinct, and that the resulting Nys Nys and

r]3 are nonzero. Under these conditions, we may construct a matrix B
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such that ( ,B,q'PlPZ, ) is p.d. Analogous to step 5 of the proof of

Theorem 4.1, we see that we need to find a matrix L

Let

iz

22

32
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2 such that
0 rl(ll-hz)
rz(kz—hl) 0
) r3(Ag-Ay)
:n(hn—hl) :H(Knuhz)
5 (Ay=2) E £y Ay=2y)

if2




Then

dyoRoqtdyglay dyofyatdyata,
dgolyitdylay dyolgytdyala,
-1 _ . .
rla, = . : )
4 1,2%1% 1, 5% dy-1,2%99%d
| F1rttartdastsy 212+ dno%a9t 00t ey |

We can solve for 211 and 212 independently. Thus we only need to show

that we can sclve for % ) 231, and L., consistently from the

21° “22° 32
equations
= j—]' - = —
dj2221+dj3231 :z: r AT (A ot Y S | (4.50)
id1
R > rihi-l (AyAy)  d=l,...,n-1 (4.51)
i#2

We now eliminate £21’ 322, 231’ 232 from (4.50) and (4.51). Using the
fact that rank € = 3, a little thought shows that we will obtain 2n-6
equations relating hl,..., An’ Tiseess¥ . Since the number of "free"

variables is 2n-3, we expect that it would be possible to choose the

Ai‘s and ri's in such a way that all the requirements are fulfilled.

The simplest way to see this is to examine the special case where

dj2 = 0 for all j except j = m, and dj3

This gives rise to equations of the form

= 0 for all j except j = k.

:E: rili—l (A,-2;) = 0 §=1,0..,n-1 (4.52)
11 jm,k . X
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and E rixi“l(xi-xz) =0 T T (4.53)
i#2 j#m,k

If we take Al’ AZ’ and 13 as fixed real distinct constants, these give
rise to 2n-6 eguations in the 2n—-6 variables A4,..., Xn, Tyseees Too
Eliminate the variables TpsevesT in the above equations. This yields
n-3 equations in the variables RA,..., An' Next we note that these
equations are invariant under permutation of the indices in Ai' Hence
if we reduce these n-3 equationg into a single equation involving li
for some i, say of the form f(hi) = 0, then f(lj) =0, j=4,...n also.
However, the form of equations (4.52) and (4.53) implies that f is an
exponential polynomial [1] and it is known [1l] that the zeros of
these functions are distributed symmetrically about the real axils with
asympteotic distribution separated at a certain distance. Since there
is an infinite number of zeros of these exponential polynomials, it

is possible to choose Aé,..., An such that they form a symmetric set
with the properties 011+a2l.+...+ o Az—l) # 0, Ai's distinet i=l,...,n,

i n

and Al’ A k3 real.

25
With such a choice, the conditions for the existence of the matrix

L2 are satisfied and we can construcit, from L2, a matrix Ll such that

-1 P“l

Pz 1 CLl = B, While we have only discussed the case where dj = 0,

2
j = 1yeeey n-l, 7 #m and dj3 =0, j=150e., n-1l, j # k, the other
cases can be treated in exactly the same way. We can eliminate
variables from (4.50) and (4.51) in a similar fashion to that dis-

cussed above and show that the desired Al’ Az,..., An exist. The

details are therefore omitted. The rest of the proof now proceeds
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in exactly the same way as that of Theorem 4.1.
We sumuarize here the algorithm for comstructing the matrices
K and L. in the higher dimensional case. Again, we assume q‘c1 £ 0.

(i) Choase P., K. such that P_l(A + CKl)Pl is in companion form,

17 71 1
lec is of the form
0 dyp  dy4
0 dyy  dyy
: - . , and q'Pl = (al Ooees uh)
0 . .
... 1 d1:&2 dnB__

(ii) Choose eigenvalues A, AZ,...,A o such that (4.50) - (4.31)
can be solved comsistently for gij’ i=1,2,3, j = 1,2. B8uch a choice

is possible by the proof of Theorem 4.2.

P . o=k -1
(iii) Choose K2 such that the matrix Pl (A + CKl)Pl + Pl CK2

has as its eigenvalues 11, lz,..., An.

(iv) Compute the Vandewonde matrix

1 1 i

P2 = Al Az ln
-1 .n-1 n-1
kl Az Xn

(v) Calculate the matrix L1 from Rij’ i=1,2,3, j = 1.2 such that

-1
2

-1 -1 -1 -1
Pl {A + CK, + CKZPl )Ple, P2 P1

(® 1

CLl, PéPi q,T) is p.d.
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(vi) The matrices K and L are given by

1

K, + K.P_

K=K +X

S T |
L= Lle Pl

Except for step (ii), all the calculations involved in the
algorithm are explicit. To choose the appropriate eigenvalues
Al’ 12,..., An in step (ii), we can first eliminate %,,, 222, 231,
232, Tys Tosenss T from (4.50) - (4.51). This elimination invelves
only algebraic operations., We are then left with n-3 coupled trans-
cendental equations involving exponential polynomials in the variables

A

10 AZ,..., An‘ For fixed, real and distinct Al’ kz, AB’ an iterative
procedure is now needed to find the appropriate values for A4, AS,..., An'
We have not had time to investigate the numerical aspecis involved in
solving these transzcendental equations. However, quite a lot of work

has been done on the solutions of transcendental equations involving

exponential polynomials. The reader may, for example, comsult [1] and

the references therein.

Remark 4.4 Theorem 4.2 gives only a sufficient condition for the
solvability of the feedback problem. It is not possible to obtain
necessary and sufficient conditions by our approach, since for n > 3,

solvability of (4.42) - (4.44) is not a necessary condition for p.d.

Remark 4.5 It may be possible to prove Theorem 4.2 under the assumption

that rank C > 2. A similar argument will then show that we have 2n-4

equations in 2n-3 variables. However, the algebraic difficulties in
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showing that these equations can be consistently sclved for suitable

eigenvalues A ,..., A are much more formidable.
1 n

4.5 Sensitivity of Pointwise Degenerate Systems

In the last two sections, we have ziven conditions under which a
delay feedback system will have its ougput identically zero after 2T
units of time., If these resulis are to be used in practice, we must
ensure that the feedback system will behave reas: 32bly well under
perturbation of its parameters. Since we usually ...ow which particular
combination of state varlables serves as the output, it 1s reasomable
to assume that the ouiput vector q is fixed, and we shall do so. There
are two questions of interest. Suppose for a fixed set of parameters
Ao’ Co’ To’ there exist matrices KD and Lo which give rise to 2 p.d.
asystem (AO + COKO, CoLo’ Q, TO). This yields a (nonunique) '"design"
function f£: (A, G, T) —{X,L), and a "performancs ' function g(t):
(A,C,T,f(AD, C,» TD)) —q'x(t) for t > 2T, C.oatl: ity of £ at
(AO, Co’ TO) implies that the delay feedback desir -rocedure is well-

posed., Similarly, continuity of g(t) at (Ab’ C_, Ty Ko, Lo) implies

0
that small variations in the parameter values give rise to a smell
degradation in the system performance. Note that the continuity
properties of the functions £ and g(t) are related to those of fl
and gl(t), where fl: (A, T)~> B with (A, B, g, T) p.d., and gl(t):

(A, T, fl(Ab, Tof)i—aq'x(t), for t > 2t. This is because in our
construction of the matrices K and 1., we first construct a matrix B1

such that (A + CK, Bl’ 4, T), is p.d., and then we construct a matrix L such

that Bl = CL. If C is the identity matrix and K can be taken to be

i




zero, then the properties of the functions f and g(t) reduce to those
of fl and gl(t). We shall only study the behavior of f1 and gl(t).

This section contains some simple results in this direction.

For the study of fl, we will assume that A has distinet eigen-
values. This is the case of most interest to us since in our proof
of Theorems 4.1 and 4.2, we assign distinct eigenvalues to the matrix
A + CK, We shall concern ourselves only with perturbations of the
4 A(e) and T + €T

form A + €A =T(€). The following periturbation

1 1

result for matrices is known [497,

Lemma 4.3 If A is a simple eigenvalue of A, then for sufficiently
small |e|, there is an eigenvalue A(e) of A(e) with a power series

expansion
Ale) = A + al(l) + ezl(z) + e

and there is a corresponding eigenvector x(e) with a power series

expansion

x(€) = x+ EX(1)+...
where x is the eigenvector of A corresponding to A.
A procedure for computing the 1(1)'5 and x(l)'s from A and Al

may be found in [49]. We can now state

Theorem 4.3 Suppose A has n distinct eigenvalues A, ,..., A_. The
—_— 1 n
matrix B(g) = fl[A(E), 7(e)] has a power series expansion in € for

sufficiently small IEI

Y




(1

B(e) = B + £B + e

where B = fl(A,T)

Prooi: Sinece A has distinct eigenvalues, a transformation T that
diagonalizes A consists of the n eigenvectors of A. By Lemma 4.3,

the eigenvectors of A{e) can be expzanded in a power series in & for
sufficiently small |E|. We can therefore also expand T(e) and T_l(e)
in a power series. This implies g'T{(e) can be expanded in a power
series. Equations (4.45) - (4.49) show that B(e) can again be ex-
panded in a power series in £. Finally, since B(g) = T(E)EIE)T—l(S),
B(g) can also be expanded in a power series in & for sufficiently

small |el.

Next, we consider the behavior of gl(t) again under perturbations
of the form A(e) = A + EAl, T(e) = T + ET,.
Theorem 4.4 Suppose the system

x(t) = Ax(t) + Bx(t-T) (4.54)

is p.d. with respect to q for t > 27. Then the system

éé(t) = A(e)xt(t) + Bxe(t—T(e)) (4.55)
will have, for each t > 2T,

a5 (£) & 7, (©) = ey, () + Py, ..

Proof: Let z(t) = Plxg(t~(k—1)T(s))+ nes + P x (t) where P

& 1eeee By

satisfy Popov's condition (3.3) - (3.8). Then
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Thus,

vz (t)

P A(E) x_ (- (k-1)T (E) )+R Bx (t~kT(€))

+ ..+ PkA(E)xE(t) + P Bx{(t—T(E))

k

Vz(t) + P Alxt(t~(k—l)T(E))+ coa

1 +4e PkAlXE(t)

IP_VT (€)

= v z(t~t (€))
t v(t-s)
+ Ef e PlAle (s=(k-1)t(e))
t-T ()
4+ ...+ PkAlxé(s)}ds
£ o1 () + ey (o) (4.56)

Using equations (3.6} - (3.8) in Chapter 3,

viz(t) -

Combining (4.61)

q'xs(t) = v'(e

The right hand side of (4.58) is precisely of the form avl(t) + EZYZ(t)+...,

v'eVT(E)z(t—T(E))

vt (e)_ Vvt

= v'z(t)-v'e' z(t-1(e))~v' (e )z (£=T(£))
= q'x_(6)=v' (&' " ="z (et (e)) (4.57)
and (4.62), we get

VT Ty a(et (o)) + ey (£) (4.58)

proving the theorem.

-87-




arn e i L et o R _—_——n e e m s T e T

Remark 4.6 Theorem 4.4 does not give any estimate of the magnitudes
of Yl(t), Yz(t), ete. Furthermore, no claim is made on the uniform
behavior in t of the output ye(t). in fact, if the system (4.53)

is unstable, Yl(t),Yz(t), ete., which are really derived from xg(t),
can become large as t gets large. However, if the ori; ‘nal system
(4.54) is asymptotically stable, then for small enough |E[, the
perturbed system (4.55) is also asymptotically stable [2]. In that

case, Yl(t), Yz(t), etc., will go to zero as t pets large.

To a certain extent, the above remark limits the applicability
of the delay feedback approach we have explored so far. If the
parameters of the system are perturbed, the errors in the output may
grow, and hence the performance may become unacceptable after some
time. However, if in the proofs of Theorems 4.1 and 4.2, we can
choose the Ai's such thatgﬁeli < 0, then the resulting feedback p.d.
system will be asymptotically stable. In that case, the above
mentioned problem does not arise. Whether we can always find feed-
back matrices K and L such that the resulting closed-loop system is
asymptotically stable in addition to being p.d. remains an oupen

problem.

4.6 Some Examples

We give two examples which illustrate the use of delay feedback

in certain problems ir linear system theory.

Example 1: ‘'Deadbeat" output control,

Consider the system
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%(t) = Ax(t) + Cu(t)

where
-l 1 0
A= 0 1 0
0 0 1
—O 0
C = 0 i
1 0

y(t) = q'x(t)
with q' = (2 -2 1)
The problem is to drive y(t) to zero in minimum time by delay feedback
control of the form
u(t) = Kx(t) + Lx(t-1)
Let us note that (A,C) is controllable and rank C = 2, Also A

viclates condition (i) of Theorem 4.1. Thus we canmnot solve this

problem by using only delay feedback control (i.e., K = 0).

One convenient choice for K is

0 0 0
K =
0 0] 1
then
1 i 0
A+CK= 0 1 1
0 0 1

-89~

o ;«hAm;ww-mmmw o




and a suitable B is

0 0 0
B = 2e 0 0
0 -2e o

If we take L = {

we see that CL = B.

With these choices, one can easily verify that (A + CK, CL, g, 1)
is p.d. The output y(t) has been controlled to zero and will remain

zero for all t > 2.

The problem that is in a sense "dual" to the deadbeat control

problem is that of a '"deadbeat" observer. Consider the system

x(t)

1]

Ax(t)

Cx(t)

y{(t)

We would like to reconstruct the state of the system. The usual
approach is, under the assumption of observability, to construct

an observer of the form
&) = AR(E) + K[y(t) - CR&(t)]

such that the estimation error e(t) = x(t) ~ %(t) goes to zero
asymptotically. The theory developed here suggests the use of

a delay observer of the form
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2(t) = AR(t) + R[y(£)-CR(£)] + LIy (t—T)~CR(t-T)]

such that a linear combination of the error, q'e(t), is driven to
zero in minimum time. If we can observe all but one component of

the error, q'e(t), is driven to zero in minimum time. If we can
observe all but one component of the error vector, this will enable
us to reconstruct the estimation error and hence the state of the
system in finite time. While finding necessary and sufficient con-
ditions for the existence of such a delay observer is an open problem
at the present, we can give an example illustrating the technique

involved.

Example 2: "Deadbeat" observer.
Consider the system

x(t) = Ax(t)

y(t) = Cx(x)
where
-1 2 0
A= 2 ~2 ~1
1 2 0
1 0 0
C =
0 2 0

(A,C) is observable aud rank C = 2. Since £ and %, are directly
observed, we need only estimate Xqe Using the usual reduced order
observer, we can asymptotically reconstruct the state by a 1 di-

mensional observer.
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Here we shall use delay feedback. Consider an observer of the

form

x(t) = A%(t) - K[y(£)-C&(r)] - Liy(t-1) - CR(t-1}] (4.59)

Then the estimation error e(t) = x(t) - %(t) satisfies

a(t) = (A + KC)e(t) + LCe(t-1) | (%.60)

We want to find K and L such that (4.60) is p.d. One such choice is

C 0-
K = ~-2 1
-1 -1
" 0-
L = 1 0
0 1
L. -
Then
0 2 0
A+ KC = 0 0o -1
0 0 0
0 0 0
ic = 1 0 ]
0 2 0

Equation (4.60) becomes precisely Popov's example, and it satisfies

ey (£) = 2e,(£) - e (t) =0 £ > 2
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But x4(t) = 'ﬁs(t) + e3(t)
= Ry (1) + eg(£) - 2e,(t) for t > 2
= 5‘:3(1:) +yq(e) - & (c) - [y, (t) - 2&,(£)] for t > 2

We know %l(t), %z(t), and §3(t) from the scolution of rhe observer

equation (4.59). Hence X3(t) is reconstructed after 2 units of time.

The tradeoff between using the delay feedback observer (4.59) and
the usual reduced order observer is clear. Delay feedback allows us
to determine the state exactly after 2 umits of time. However, the

delay feedback observer must be 3 dimensional.
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CHAPTER 5

OPTIMATL, FILTERING OF LINEAR AND NONLINEAR
STOCHASTIC DELAY SYSTEMS

5.1 Introduction

After studying various deterministic aspects of the theory of
delay systems in the previous chapters, we turn our attention to
stochastic problems. In this chapter, we study the filtering problem

for stochastic delay systems of the form

dx(t) = f(x%,t)dt + H’(t)dwl(t)

x(0) = Xo(e) be[-1,0] (5.1)
dz(t) = h(xt,t)dt + N(t)dwz(t)
z{s) = Wz(s) =0 s £0 (5.2)

We assume the reader to be familiar with the basic elements of stochastic
processes [50)], and we simply collect the basic definitions here for
future reference. All stochastic processes are defined relative to a
given probability space (R,%P) =nd on an interval of the form [0,T].

The system process x(t) takes values in Rn, the observation process

z(t) in R®. Por simpliecity, we take wl(t) and wz(t) to be standard
Wiener procegses in R™ and RrP respectively, completely independent of
each other. The initial function X, is taken to be some random function
on [-T,0], completely independent of Wl(t) and.wz(t). The maps f and h
are functionals, possgibly nonlinear, defined on €x[0,T]. H(t) and N(t)
are mxn and pxp matrizx—valued continucus functions respectively. Further-

more N{t) is assumed to be symmetrie and positive definite.
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We shail write dw(t) = H’(t)dwl(t) and dv(t) = N(t)dwz(t).
Define Q(t) = H'(£)H(t), R(t) = N°(t). With this notation, w(t)

. . . RS .
is an "unnormalized" Wiener process in R, with

min (t,s)
cov[w(t); w(s)l = J- Q(u)du
0

Similarly, v(t) is an "unnormalized" Wiener process in RP, with
min(t,s)
coviv(t); v(s)] =.J. R{u)du. This notation will be used

0
throughout this chapter.

The basie filtering problem is to estimate some function ¢ of
x(t) given the observations z(s), 0 <s < t. It is well-known that
the optimal estimate with respect to a large class of criteria, for
example minimum mean square error, is the conditional expectation
E{¢[x(t)]|zt}, where zt denotes the O-algebra generated by the ob-
servations z(s), 0 <s < t. We shall also write E{¢(x(t))[zt} as
@{x(t)] or Et{¢[x(t)]}. Our objective in this chapter is to obtain

formulas for $[x(t)] in the case of delay systems.

The nonlinear filtering problem has been extensively studied
by many authors. In particular, Fujisaki, et al., [51] have given
a stochasgtic differential equation for the evolution of $[x(t)]
for rather general stochzstic systems, which includes our delay
model. Specifically they showed that for the delay system (5.1)

and (5.2)
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abix(6)] = Folx® Tae + [FT(e) Inkm,,0)-dIx(e) IR o0 ]+

Rt (e) [dz (&) R (x,, £) e ] (5.3)

where.Q% is a differential operator. If there are no delays in the
system, the unknown terms on the right hand side of (5.3) are of the
formf$f§f§fﬁa;aES:ET and, assuming suitable differentiability con-
ditions, one can write another stochastic differential equation for
Efifgjiifgffsjfj;_leading, in general, to a countably infinite-order
system of iwoment equafions. While there is no known method of analyzing
this infinite set of equations, at least the way in which they arise is
clear. One can thus use approximation techniques to study these

equations, and develop suboptimal filtering schemes.

Unfortunately, when there are delays in the system, the above
procedure does not go through. The reason is that one of the terms
on the right hand side of (5.3) is'$f§?€§5;z;;:ET} and since h is a
functional on the segment X s it is not clear how one can develop a
stochastic differential equation for ETEEE;EEE;;:ES using (5.3).

These difficulties motivated the development of a representation
theorem for a functional of X.. Using this representation, we derive
stochastic differential equations for certain functionals f and h.

The linear case with Gaussian distributions is then studied in detail.
Stochastic differential equations generating the conditional mean as
well as partial differential equations for the conditional covariance
are derived. This will prepare the way for the filter stability
discugsions in the next chapter. We will also discuss some of the
basic difficulties in deriving stochastic differential equations for .

general nonlinear functionals ¢(xt).
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3.2 Existenhe, Uniqueness and Other Properties of Soiutions
of Stochastic Functional Differential Fquations

In order forrour estimation problem to be well-defined, we need
conditions which guarantee existence and unigueness of solutioms to
the functional stochastiec differential equations (5.1) and (5.2).
Since (5.1) can be solved independently of (5.2), we shall be mainly
concerned with conditions to be imposed on (5.1). Conditions on (5.2)

will be stated at the end of this section.

Existence and uniqueness of solutions to stochastic functional
differential equations of the type (5.1) have been studied by Ito and
Wisio {52], and Fleming and Wisio [53]. We state their results here.
Assume

(A.1) £(¢,t) is measurable and continuous on @x[0,T];

{(A.2) there exists a bounded measure T on [~7,0] and a positive

constant K such that
0
| €@, e)-£0p, 1) ] 51<f [¢()-0(s) | dr(s)

~T

(A.3) on the interval [-1,0], %(t) is continuous w.p.l with

Elx(e)ll‘ <o, -T <8 <0,

Proposition 5.2.1 Assume (A.1) to (A.3) are satisfied. Then there

exists a unique solution to (5.1) which is continuous w.p.l and has

boimded second moment, and

E|x(t)|4 j_ert for some positive y < o,

Furthermore xt is a Markov process.
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The proof of Proposition 5.2.1 can be found in Ito and Nisio [52],

or Fleming and Nisio [53], and Kushner [54].

Let us now study some of the properties of linear functional
stochastic differential equations which are relevant ito our later

investigations. We consider the equation

dx(t) = a(xt,t)dt 4+ dw(t) (5.4)

where a(xt,t) is given by the Stieltjes integral

0
a(xt,t) = J‘ deA(t,B)x(t-!-e)
-T
Here, A(t,0) is a function on RxR, jointly measurable in (t,8),
continuous in t, of bounded wvariation in 6 for each t, with

Var A(t,*) < m(t), a locally integrable function on Rn, where Var
[“T:O] ["‘T;O]

means the total variation in [-T,0]. Furthermore, A(t,B8) = 0 for 6 > O,
A(t,8) =A(t,-t) for 8 < -T, an_d it is continuous from the left in 6 on
(-1.0). We shall prove a type of variation of constants formula for
(5.4). We first prove a lemma which will be used later and may be of

some independent interest.

Lemma 5.2.1 Tet G(t,s) be a deterministic function on RxR such that

T
f [G(t,s)lzds < w, for all te:[to,T], G(t,s) is continuously differ-
to
entiable in t, and that f

T AT, ] 5
f !G(t,s)lzdt ds < o(G(t,s) = T G(t.s)).
t, vt '

o (o]
. . L
Then the Wiener integral g(t) = f G(t,s)dw(s). has a differential on
t

[t,»T] 0
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t
dg(t) =:}' é(t,s)dw(s)dt + G(t,t)dw(t) (5.5)

Proof: Proving (5.5) is equivalent to proving that for any tl’ t2 in

[t .T1,

t2 it t2
g(tz) - g(tl) = J' f G(t,s)dw(s)dt +j G(t,t)dw(t) (5.6)
t t tl

By the assumpcion of square integrability of G(t,s), the Fubini type

theorem for Wiener and Lebesgue integrals [50], is valid, and so

t2 t . tl t2 .
J. J. G(t,s)dw(s)dt = J j G(t,s)dt dw{s)
B "t to "1

to b,
+f ZJ. 2 G(t,s)dt dw(s)
t s

1
tl_ tl . t2
= j G(tz,s)dw(s) - f G(tl,s)dw(s) +J‘ G(tz,s)dw(s)
Tty t Ty
t
-fz G(s,s)dw(s)
1

The right hand side of (5.6) now yields

) £y
f G(tz,s)dw(s) - f G(tl,s)dw(s)
t t

o o)

which is precisely the left hand side of (5.6).

Using Lemma 5.2.1, we can easily obtain a variation of constants

formula for (5.4). Let ®(t,s) be the fundéme‘ntal matrix associated
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with (5.4), i.e., that unique matrix which is absolutely continuous in

t., essentially bounded in s, and such that

0
?@—§§=S—)=J dgh (t,0) §(t+6,5) £>s
=T
0
@(t,s) = { for s~ < t<s t=s
I

A discussion of the properties of ®(t,s) may be found in Hale [2].

Theorem 5.2.1 The solution x{(t) of (5.4) can be written as

0 T ~t
x(t) = @(t,O)xo(O)-l- J‘ dﬁ{j @(t,s)A(s,B—s)ds}xo(B) +f &(t,s)dw(s)
-T 0 0

(5.7)

Proof: The fundamental matrix ®(t,s) satisfies the conditions required

in Lemma 5.2.1. We may therefore apply Lemma 5.2.1 to the right hand

side of (5.7) to obtain

0
dx(t) =j deA.(t,B)‘I)(t-PB,O)xO(O)dt
—T
0 T 0
+J‘ ds{jj deA(t,6)@(t+9,s)A(s,B-—s)ds}xo(B)
~T 0 Y~1

t 0
+ J J- deA(t,e)é(t-t-e,s)dw(s)dt + dw(t)
0 “-T .

Applying the unsymmetric Fubini theorem of Cameron and Martin [551, we |

obtain
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0
dx(t) ='j deA(t,G)x(t-I-B)dt + dw(t)
-T

so that (5.7) is indeed a solution of (5.4).

Remark 5.2.1 Similar variation of constants formula for linear

stochastic fupctional differential equations have been obtained by
Lindquist [56]. All are related to the representation of solutions

of linear functional differential equations given by Banks [571.

The mean of x(t),'gft), can easily be seen to satisfy

d - 0 -
Ex(t) = f dBA(t,G)x(t+8)
-T

x(8) = x_(6) 8e[-T,0] (5.8)
whose solution is given by

x(t) = @(t,0)§0(0)+ JO dB{J.T@(t,s)A(s,B—S)dS}-io(B) (5.9)
-t 0
As for the covariance associated with the solution of (5.6), we
shall be interested not only in the c0v§riance of x(t), i.e.,
Bf[x(t)~=(t) ] [x(t)-x()]'}, but also in the covariance "operator"
T(t,0,E) = B{[x(t+0)-x(t+0) [[x(t+E)~x(t+E)1'}, -T < 8, £ < 0.
Heuristically, this corresponds to the covariance of X, . We first

compute it and then give it a more precise interpretation in terms

of the characteristic functional of the @-valued random variable X,

Let e(t) = x(t)-x(t) then from (5.7) and (5.9), and using the

faect that ®(t,s) = 0, t+ < s, we get that
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0 T t
e(t+0) = &(i,0)e(0) + r dB%I tI)(t-%-B,s)A(s,B—s)ds}e(B) +( o(t+0,8)dw(s)
' 0

L

Using the independence of x, and w(t), we get

%

E{e (t+8)e!’ (t+E)}

il

Z(£,9,8)

0 T
@(t,O)Z(0,0,0)@'(t,D)-&-I da” @(t»!-e,s)A(s,B—s)dor.}
-T

0
+L(0,8., 0)a' (t,O)

0 T
+ j' @(t,D)dBj‘E(O,O,B)A'(S,B—s)@'(t+£,s)ds

T 0

0 0 T
+ I do j dB{j @(t+6,s)A(s,B-—s)ds§Z(D,B,OL)
0

%j AT (s,n-s) o' (t-i-E,s)dsf
0

0

If we view %, as 2 %-valued random variable, then its character-

istie functional cb(y,xt) is defined by

¢(y,x,) = Eexp i <y, x>

where vy is an element of ¥%, the dual }spacve of ¥, which is the space
of functions of bounded variations on [~T,0] with y(0) = 0, and <,>

is the pairing between ¥* and @ defined by

0
'Wm>#J a5 (8)(8)

T
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0
Recognizing that for each t, <y, xt> = Jﬂ dy(8)x(t+8) is a Gaussian
-t
random variable, we can easily evaluate
i<y,x >~ 1/2 Q_(y)
$(y,x ) = e (5.11)

where §; is given by (5.9) and Qt(y) is a quadratic form in y given by

0 0 .
Q. (y) = J‘ J dy (8)E(t,0,E)dy"* (8) (5.12)
~T T

The form of ¢(y,xt) implies that we may interpret x_ as a E-valued
Gaussian random variable for eact ¢, with L(t,0,%) as its covariance
operator. These considerations will be useful later in section 5.5

when we study the linear filtering problem for delay systems.
We now state conditions concerning eq. (5.2).
(A.4) h(d,t) is measurable and continuous on €x[0,T].

T
(A.3) f E[h(xt,t)'h(xt,t)]dt<°°
0

We note that (A.1) - (A.5) are not the weakest assumptions for which
our results are valid. However, we have not striven for more gener-
ality because this will only introduce technical complications without
adding insight into the optimal filter structure for delay systems.

From now on, (A.1l) to (A.5) will be assumed to hold.

5.3 A Representation Theorem for Conditional Moment
Functionals

In this section, we derive a representation theorem for the

conditional expectation of functionals of the form ¢(xt) given the
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observations z(s), 0 < s < t. As before, we shall demote c{z(s), 0 < s < t}
by zt, and we shall call objects of the form E{¢(xt)]zt} conditional

moment functionals. Our approach makes use of the Girsanov measure

transformation technique as given in Wong [58]. Using the represent-
ation theorem so derived, stochastic differential equations can be

obtained for suitably smooth functionals ¢, £, and h.
We first note that we can rewrite (5.2) as

N *(t) dz (£)

N“lct)h(xt,mdt + duy (£) (5.13)

=

s
Clearly z(s), 0 < s < t and j N—l(d)dz(d) zy(s), 0<s <t
0

generate the same O-algebra. Define hl(xt,t) = N—l(t)h(xt,t).

In deriving the representation theorem, we shall use (5.13), i.e.,
zl(t) and hl(xt,t), rather than (5.2). The reason for introducing
zl(t) and hl(xt,t} is that the absolute continuity results given
in Lemma 5.3.1 are phrased in terms of standard Wiener processes.

Define a new measure Po on (2,9 by the formula

dPO T 1 T
—_— - — — T
P = eXp [ f hl(xt,t)dwz(t) 5 f hlcxt,t) hl(xt,t)dt]
0 0

(5.14)

Lemma 5.3.1 Po is a probability measure with the following properties:

(a) TUnder Po’ ZI(S)’ 0 £ 5 €T has components that are in-
dependent standard Wiener processes.

(b) Under P, the processes z,(£) 0 < £ <T and x(t), 0 <t < T
are independent.

(¢) The restriction of P0 to o{x(s), ~-T <8 < T is the' same as
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the corresponding restriction of P.

(d) P << PO and

T 1 (T
hl(xt,t)'dzl(t) - EJ‘ hi(xt,t)hl(xt,t)dt]
0

K
il
]
g
3‘-_\

(5.15)
Proof: The conditions imposed on the processes involved give rise to
a virtwally identical situation to that of Proposition 5.1, Chapter 6

of Wong [58]. The proof there applies without change to our case.

Let us denote integration with respect to P and Po by the ex—
pectation operators E and Eo’ respectively. The reader should note
that the true measure relevant to our estimation problem is P. The measure P0

is strictly a device for obtaining the representation theorem.

Let us write g@ for the least O-algebra containing o{z(s), 0 <s <t}
and 0{x(s), -T < s < t}. It is well-known [59] that the function L.

defined by

~t 1 i
Lt = expl J hi(xé,s)dzl(s)— §-~[. hi(xs,s)hl(xs,s)ds]
0 0
rt ~1 1 (*F -1
= exp| h'(xs,s)R (s)dz(s) - E-‘[' h'(xs,s)R (s)h(xs,s)ds]
~0 0

(5.16)
is a (&F,._, Po) martingale. Let ¢ be a real-valued measurable function
on®%, with the property that E|¢(xt)| < ©, Then we have the following

(compare [60])

Lemma 5.3.2 The conditional expectation of ¢(xt) given zt can bhe

written as
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E [¢(x, )L, |21
E[¢(xt)|zt] = -2 ED[Etlzt] a.s., P (5.17)

Proof: Since £ . L, it is known [61] that

dr T
o

t
E [0 (x)Ly|2"]
EO[LT|zt]

E[¢(x)|2"] =

Using the properties of conditional expectations and the fact that

Lt is a (& , Po) martingale, we can write
t t
E [¢(x)Lp]z" ] = E{E_[6(x )0, | 1]27}
= T t
= Eo{di(xt)Eo[LTlg&‘t]'z 3
= E {¢(x)L_|=z"}
o Tt
Similarly, EOILlet} = EO[Lt!zt], and the lemma follows. -

In what follows, we shall omit the qualification of almost sure
equality for conditional expectations. Such qualifications will
always be considered understood when conditional expectations are

involved.

An application of the exponential formula [59] to the functional

Lt yvields
t 1
= ‘ a
Lt 1.+-~[ LSh (xs,s)R (s)dz (s) (5.18)
0

We shall recast the numerator of (5.17) into a morn convenient form

for later caleculations. To that end, we make one more assumption:

T 2
(A.6) J. E|¢(x ) (x,  t)]"de < e, .
0
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From now on, (A.6) will be assumed to hold. We then have

Lemma 5.3.3

t
E [ f § (e )T (xR () da () [2"]
0

t
.-_f Eo[d)(xt)LSh'(xs,s)|zt]R_1(s)dz(s)
0 (5.19)

Proof: An almost identical lemma is proved in Zakai [62]. His proof

can be adapted to our case without difficulty.

Lemma 5.3.4 We can then write the numerator of (5.17) as
t
B [90e)L, 251 = B [6Gx)] + f B {8 [0 Gx,) |, 0" e, 0) | 2°08 (o) dz )
0

(5.20)

Proof: Applying (5.18), we can write

i
B [6Ge T, |25] = E_[00x,) (1t f L' G, )R (s)dz(e)) |27
0

n

£
E [9(x)| 2t]+Eo[ J‘ ¢ (x )L b’ (XS,SDR_l(S)dz (s)| 251

0 (5.21)

Since under Po’ x(t) and z(t) are completely independent, Eo[¢(xt)|zt] =

Eo[¢(xt)]. Combined with (5.19), we get

t
B [0Ge )L, |25 = E_[6(x,) ]+f E, [0 (L b' (x_,9)| 25 IR L (e)dz(s)
!

t
Now ‘]. EQ[¢(xt)LSh'(xs,s)|zt]R_l(s)dz(s)
0

t
= _[. EO{E0[¢(K%)LSh'(xg,s)|thxs]lzt}Rfl(s)dz(s)
0

~107-




A

t -
= j Eo{Eolfb(xt)IztﬁS]Lsh'(xyS)[zt}R Y(s)dz(s) (5.22)
0
since Lsh’ (xs,s) is measurable with respect to the U-algebra ztvxs, the
smallest O-algebra containing zt and o{x(t), —T €< t < s}. Using the
Markov property of X, and the independence of x(t) and z(t) under Po’

we get

t
f EO{EO[(b(xt) Iztvxs]LSh' (x_,8) |zt}R“1 (s)dz (s)
0

T
f E {E [6(x) |xS]Lsh' (x_»8) |25 1R (s) dz (s)
0

]

T
f EU{EO[d)(xt) le]LSh' (xs,s) Izs}R_l(s)dz (s)
0 (5.23)

The lemma folliows from (5.21), (5.22) and (5.23).

In order to get the representation for the conditional expectation
E[(I)(xt)fzt], we need to evaluate the denominator of (5.17). This is

done in the following lemma.

=

Lemna 5.3.5 E_(L |25 = 1- J‘“ E @ 2% ElR! (x,9) | 2° IR (s)dv(s)
0

(5.24)

where V() = z(t) - ft E[h(xs,s)|zs]ds' is the innovations.
0

t
Proof: Since Lt =1+ J. LSh' (xs,s)R'—l(s)dz (s) Lemma 5.3.3 yields

0 .

t £ Sy,—1
Eo{Lt[z ) =1 +f EO[LSh'(xs,s)lz R (s)dz(g)
0
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Applying the Ito differential rule to the function I:‘.O(Lt|zt)ml gives

L g @ )26 @b (e t) 2D (e)dz (1)

t-..
dE (L {z")

t —3 t t _1 . 1 t
+- Eo(Ltlz ) Eo[Lth (xt,t)|z R (t)Eo[Lth (xt,t)|z 1dt

- & @, |z B G, 0) 25182 (o)

+ Eo(Ltlzt)'lﬂ[h'(xt,t)]zt]R’l(t)E[h(xt,t)|zt]dt

- Eo(Ltlzt)-lE[h(xE,t)|zt]R—1(t)dv(t) (5.25)

Since (5.25) is equivalent to (5.24), the lemma is proved.

From Lemma 5.3.2, we know that E[¢(xt)|zt] is given by the product
of the right hand sides of (5.20) and (5.24). In order not to complicate
the computations too much, we evaluate one of the terms separately and

state it as a lemma,

t
Lemma 5.3.6 Eo(Ltlzt)-l.I- EO{E0[¢(xt)|xg]Lsh‘(x§,s)|zS}Rf1(s)dz(s)
0

t ~ -
= ,{. ES{EO[¢(xt)le][hf(xS,S)~h'(XS,S)]}R Lisyav(s)
0
E s,-1 ~ -1
+f B (L [2%) 78, L9, 16" (x,0)E L s)av(e)
(8]

(5.26)

Proof: TFor convenience, define the functions
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p(t,8) = E_{B [90x,) [x 1L 1" (59 1251 (s)
q(s) = ED(LS|ZS)—13' (xs,s)R—l(S) .

Using (5.24), we can write the left hand side of (5.26) as

t t t
f p(t,s)dz(s) - f p(t,s)dz(s) f q(s)dv(s) (5.27)
0 0 0

By properties of Ito integrals [631, (5.27) can be rewritten as

t t ps
J- p(t,s)dz(s) - f J p(t,u)dz (Wa(s)dv(s)
0 0 Y0

t s t
—f pct,s)f ¢ (a)dv (w) dz (s) -f p(t,8)" (s)ds
0 0 0 ’

t 1 t
=f Eo(Ls|zS) p{t,s)dz(s) —f p{t,s)q'(s)ds
0 0

t s
- j f p{t,u)dz(u)q(s)dv(s)
0 0

(where we have used Lemma 5.3.5)

t 5. -1 t s
=f B (1|25l (t ) v (e) ~f f B (t,w)dz (W q (s) v (s)
0 0 Y0

(5.28)
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t s
Now - f f p{t,;u)dz(u)q(s)dv(s)
0 Y0

t s
= - f {Eo[tb(xt)} +f p(t,u)dz (u) }q(s)dv(s)
0

t
+ f E_[6(x,)1a(s)av(s)
0

t s
- - f {EDLED(¢(xt>|xS)]+f B [E_[E_(6G) |x v ) |, 1-
0 0

-Luh' (xu,u) ]zu]Rul (u)dz (u) }g(s)dv(s)

t
+ f  [6(x,) Ta()av(s)
0

(where we have used the smoothing property of conditional expectations)

t s
= -f {ED[Eo(dl(xt)lxs)l-!- f-‘IO[ED[Eo(Mxt)|xs)|xu]1suh'(su,u)|zu]'
0 0

RL (w)dz () Fa(s) av (s)
t |
+ f B, [6(x,) 1q ()dV(s)
0

(using the Markov property of xt)

t
- —f BB (0 Ge) |3 1B [0 (580 TR (8D v (s)
0

"t -1 A -1
+ J E, (lezs) E 19 (x,)Ih' (x,,8)R " (s)dv(s)
0

(5.29)

~111-




(where we have successively used Lemma 5.3.4, the definition of q(s),
and Lemma 5.3.2). Combining (5.28) and (5.29) gives the conclusion of

the lemma.

We are now ready to state the representation theorem for the

conditional moment functionals.

Theorem 5.3.1 Suppose ¢: @ =+ R is such that E|¢(xt)| <, and (A.1) -

{4.6) hold. Then we have the following representation for the con-

ditional expectation of ¢ given 2t

a t Cal
P(x,) = B v (x)] *-.[' ES{E°[¢(xt)le]{h'(XS,S)—h'(xS,s)]}'
0

Rl (s)av(s) (5.30)
Proof: Trom Lemmas 5.3.2 and 5.3.4, we know that
- t,~1 t s
0(x) = E_[$(x)IE QL |27+ | E{E [0Gx) [x ILch" (xg,8) |27}
0
R L(s)dz(s)E (L |zt)-1
ot
(5.31)

From Lemma 5.3.5, we conclude that

B [$x) 18 @, 257

£ ERT -1
= B [4(x)1 = f B [0(x )18 (&_|a%) " G, 0)R () av (s)
0 (5.32)

Substituting (5.32) and (5.26) into (5.31} gives (5.30). The proof is

completed.

-112-




Corollary 5:3.1 The smoothed estimate E[x(t+8)1, - <6 <0, is

given by

t
EC[x{t+0)] = Et+e[x(t+6)]4-.f. ES{ED[x(t+B)lxs]'

t+0
[8" (xg,8)-h" G, ) TIR T (s)dv (s)

(5.33)
Proof: Using Theorem 5.3.1,

EC [x(t4+6) ]

il

t
Eo[x(t+6)]4-'Jﬁ ES{EO[x(t+9),xg][h'(xs,s)—ﬁ'(xs,s)]}Rfl(s)dv(s)
0

I

£+ .
Eo[x(t+8)]+--[. ES{EO[x(t+9)|x§][h'(xs,s)~h'(xs,s)]}'
0
R L (s)av(s)

t
+ f E{E [x(6+0) |2 1[0 G 58)-R' G ,8) 117 T {s)av (s)
t+0

£+8 £ s NN
=g [x(t+6)]4—.[. E°{E [x(e+8) [x_ 1 [h" (x_,8)-h" (x_,5) 1}
£+6 o

‘R " (s)dv (s)

which is precisely (5.33).

Remark 5.3.1 Theorem 5.3.1 is a generalization of the corrgsponding
representation results for nonlinear filtering of stochastic systems
without time delays. While the measure transformation techniques
employed here has been used before in connection with systems without
delays [58], [62], the present form of the representation appears to

be novel even when specialized to systems without delays., The reason
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for this is that in [58] and [62], the authors were interested in
deriving equations for the unnormalized conditional density. They
did not, therefore, give explicit formulas for the true conditional
moments. In our case, conditional densities for the X, process do
not even make sense. This motivated us to derive the Representation
Theorem 5.3.1 for conditional moment functionals. We feel that the
present form of the representation is mich more convenient to use
when we derive stochastie differential equations for conditional
moment functionals. Furthermore, it shows clearly the role played
by the infinitesimal generator of the Markov process X - In the

next two sections, we shall apply Theorem 5.3.1 to derive stochastic

differential equations for the nonlinear and linear filtering problems.

5.4 Stochastic Differential Equations for Nonlipear
Filtering of Delay Systems

While Theorem 5.3.1 can be thought of as solving our nonlinear
filtering problem abstractly, it does not give a recursive solution.
That is, for any fixed t, formula (5.30) is valid. However, knowledge
of E[¢(xt)|zt] and the observations z(s), t < s <t + A, is not
)lzt+A

sufficient to determine E[$(x

et ]. In faect, we must completely

re-process our past observations. For,implementation purposes, one
would like to obtain a stochastic differential equation for the
evolution of E[¢(xt)|zt]. As is expected, this will require certain
smoothness conditions on the functional ¢. In this section, we shall
investigate the foliowing question: under what conditions on ¢ can we

obtain a stochastic differential equation for E[¢(x£)|zt]?
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Let us first make a few preliminary calculations. Let € > O be

fixed and let ﬁ(xé,s) = E[h(xs,s)IzS]. Then

t+e

Elo(x,_ ) ="C1 - Blo(x)]2"]

tt+e
- (6 (x4 )0 (x) I f B{E_[§(x,, ) |x 1 [h(x,,9)-hi(x,)1' |}
0
-Rfl(s)dv(s)

t
- f A CICRI PR IO ETCNOIN P S OLIO)
0

Il
=

i
RUICHRETERET f BLE_ [0 Geppp) =0 (e, ) [,
0
[h(xg,s)—ﬂ(xs,s)]'IzS}Rfl(s)dv(s)

t+e " 5. -1
4-~[ E{Eo[¢(xt+£ﬂxs][h(x%,s)-h(xs,s)]'!z R “(s)dv(s)
t
(5.34)

We will be primarily interested in the limit as € + 0. The last term
in (5.34) is straightforward to evaluate in that case. The difficult

calculation is that of evaluating terms of the form

E [9(x_, ) - ¢Gx)]x]

_EO{EO[¢(X

t+E)~¢(Xt)Ixtvxs}]xs}

E (B [9Cx )-0Cx ) =, 1]x.}

where we have used the Markov property of K. The evaluation of

E0[¢(x£+s)—¢(xt)|xt] corresponds to the determination of the in-

. finitesimal generator of the Markov process xt.
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Let us assume for the time being that the functional ¢ is in

the domain of the generator,aﬁ&, of the Markov process Koo Then it

is true (see Dynkin [64]) that

t
E_[0Ge) % ] — 60x) =J' B_L200x ) |x lda (5.35)

S

In this case, we have the following

Theorem 5.4.1 Let ¢ satisfy the conditions of Theorem 5.3.1. In

addition, let ¢(xt) be in the domain of the infinitesimal generator

adL of x_ and suppose that

T )
f B| L(x,) Ta(x,. )| at
0

Then the functional ¢(xt) satisfies the stochastic differential equation

db(x,) = ELL0 G 25188 + BLOGry) (i, ) -hiaa 1)) ' 2F IR (0 av(e)

(5.36)

Proof: We start with (5.34). For simplicity, let eh(t) = h(xt,t)—ﬁ(xt,t).
Then

) |
f BEE [0 G )0 () 2 1) () | 218 L () av (s)
0

t
= ( E{EO{EO[¢(X

J o) -00e) |2 1] Yo ()| 2°1R T (s)dv (s)
0 : N

rt t+e .

- | mizt EOLg%¢(xu)[xt]du|x§}eﬁ(s)lzs}nfl(s)dv(s)
0 t

rt t+e '

= E{ f EOL;%dJ (xu) | X ]el‘_'L(s) | zs}cluR—1 (s)dv(s)

0 2

[ 4

-116-

s




S e S O 1
=f f E{Eo[b%(b(xu)lxsje}‘l(s) |z R ~(s)dvw(s)du (5.37)
t 0
using Lemma 5.3.3.
Next,

t+e ; 1
5 B{E_[d(x ) [z Jef () [2"JR ™ (s)dv(s)
t

t+e tte
=£ BHoGer L Eo[%‘b(xu)lxs)]e;l(S)IzS}R—l(s)du(s)

tte s.,—1
=J E[¢(xs)et'1(5)‘z IR “(s}dv(s)
t

tte ~tte S
+f f E{Eo[bﬁ{l(b(xu)lxslel;(s)]z R T (s)dv(s)
£ 7s (5.38)
Finally

B[00k, ) ~0(x) ] = BB [0(x., ) - 6(x.)[x,]

e

]

Eyt f 1:+€Eo L6 () |, 1dul
t

fl

e
f B, b0 (x ) 1
| _

tte u
= J' E[.,e%d)(xu)[z Jdu~
t

t+E pu . . 1
- j f E{Eo [J%q’(xu) Ixs]eh (s)]z IR T(s)dv(s)du
t 0

(5.39)
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using the representation in Theorem 5.3.1. Adding (5.37) - (5.39),
we get

t+e

Elox )]z 1 - Elox)]2"]

t+e “ tHE . -1
=f E[,,%tp(xu)lz ]du-i-f E[cp(xu)el_"(u)lz R “(u)dv{u)
t t

tteptte i . . -1
+f J E{E‘O(bvﬁl{lQJ(xu)lxs]eh(s)lz }duR ™~ (s)dv{s)
t s :

t+E.u 1
- f f E(E L0 (x,) |5, 1e] ()] 1 () av(s) du
t Jt (5.40)

Another application of Lemma 5.3.3 shows that the last two terms of

(5.40) add to zero. The proof is completed.

Theorem 5.4.1 is a generalization to systems with delays. of the
usual formula for conditional moments of ovdinary diffusion processes.
While the form of the stochastic differential equation is exactly the
same as that for diffusion processes, there is a subtle difference.
In the diffusion process case, x(t) itself is a Markov process. Im
the delay cage, while x(t) still satisfies a stochastic differential
equation, it is mo longer a Markov procecs. This special structure
of stochastic delay systems is cleaxly shown in (5.36)}, where the
infinitesimal generatoraﬂé of % plays a crueial role. Thus, in
order to apply Theorem 5.4.1, we need to characterize the domain
of the infinitesimal generator of the Markov process x,. These are

t
functionals for which the limit
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. X
ln & {El9 () =, 1 - 6(x)} (5.41)

necessarily exists. This immediately rules out funetionals of the

form ¢(Xf) = ¢[x(t+8)] for some 8 € (-T,0). T¥For in this case,
Elp(x ) =] = E{olx(e+0+n) 1{x }

= ¢p[x(t+0+h) ]

whenever -7 < 6 + h < 0. Since the sample path x(t) is not differ-
entiable, the limit in (5.41) does not exist. It is not possible
therefore, to derive az stochastic differential equation for a

functional of the form ¢[x(t+8)] using Theorem 5.4.1.

Thert: are certain special classes of functionals ¢ which are
in the domain of the generatoreﬂ%. These are those considered by

Rushner [54]. We shall simply state these results.,

Case 1: Suppose the funetional ¢(xt) = ¢[x(t)], and is twice con~

tinuously differentiable in its argument, then
1
== ¥ —_
A b[x(6)] = £ ,t) ", [x(6)] + 5 tr Q)9 (x(t))
where ¢x is the n—-vector whose ith component is %%%{x(t)}. Sub-
stituting into (5.36) gives

dGlx(e)] = B (£, "9, [x() I+ = tx Q). [x(t)1}de

[}

+ B Ix(e) 1[0 (x,, £)-h G, O T S0 v (6)
(5.42)

-119-



e e et i e s e e e me

This is precisely the formula derived ia Fujisaki et al., [511]
using a different technique. We shall denote the operatorag%
in this special case byg?t. In particular, the conditional mean

%(t) satisfies

d%(t) = Et[f(xt,t)]dt + Et{x(t)[h‘(xt,t)-ﬁ‘(xt,t)]}R"l(t)du(t)
(5.43)
Equation (5.43) and the formula for the smoothed estimate, (5.33),
will be useful in discussing the optimal linear filter.

0
Case 2: Let ¢(xt) e ‘[ V() glx(t+0), x(t)]1d8 where Y is continuously

T

differentiable on [-7,0] and g is twice continuously differentiable

in its second argument. Then

A 9(x) = Y@ eglxt),x(©) 1Y (-t)g[x(t-T),x(¥) ]

0, 0
- _{ lP(G)gIXCt+B),x(t)]dB+I wce)%g[x(tw),x(t)}de
-t ' -1 (5.44)

where g% is the operator defined in Case 1 and acts on g as a function

of x(t) only.

Case 3: Let ¢(xt) = D[F(xt)] where D is a twice continuously dif-

o
ferentiable real-valued function, and F(xt) = ‘{ (@) glx(e+0), x(t)1d6
—~T
is the type of functional described in Case 2. Then

Sz = D (@) AT + LD (a)l .Q
£ e T Y 0=F () t e’ T2 Too 1
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where

0 .0
G = J- ( 1!1(8)1!!(11)2 gg Lx(et0),x(t) gy [x(eF8),x(t)1Q, . (£)dbdn
-T J—T i,j i j 1]

and gB denotes partial differentiation of g with respect to the ith
i

component of the second argument.

From the above special cases, we can see that basiecally we need
twice continuous differentiability of ¢ with respect to the dependence
on x(t), and Fréchet differentiability with respect to the dependence
on the piece of the trajectory L As discussed before, this rules
out functionals of the form ¢[x(t+6)1.6 € [-T,0). Hence for nonlinear
systems with point delays, any attempt in deriving stochastic differ-
ential equations for conditional moment funetionals will have to face
the difficulty of functionals not being in the domain of the generator
of the Markov process X . For example, as in the multipath communica-

tion problem mentioned in Chapter 1, if the observation process is of

the form

dz(t) = {hl[x(t)]+h2[x(t—'r)]}dt + dv(t)
then for a twice continuously differentiable ¢[x(t)], we get
dBIx()] =FPx(D)] + [BT(E)Ihy (x(E)) + FCa(E) Iy (x(E-T)

B (e))h x(E)) = BCx(e))hy x(e=1)) 1R (£)av (E)
' (5.45)
If we try to write stochastic differential equations for the unknown

quantities on the right hand side of (5.45), we see that this cannot
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be done for all the unknowns, since ¢(x(t))h2(x(t~T)) does not lie
in the domain of;ﬂ%. Of course, there are many physical problems
(for example, radar problems with spread targets [11l]) where the

0
chservations are of the form.h(xt)==.I,dNG)H[x(t+B),x(t)]d8.
-7

Moreover, one can approximate point delays by distributed delays of
the above form. This will allow us to write a stochastic differ-
ential equation for ﬁTETESHEz;;T. However, we will then get the
unknowncﬁiafgzzgiﬁfﬁzj in our equation for $T§f;535?§;51 If P(-t) # 0,
,ﬁ%¢[x(t)]h(3f) will contain a term with point delay (see Case 2 above),
and we are faced with the same problem as before. In general, if

the functionals involved are in the domain ofddi, i=1,...n, we can
write n coupled stochastic differential equations involving the

moment functionals, just as in the diffusion process case. It should
be clear from the above discussion that this puts rather severe re-
strictions on the functionals involved. Thus, the study of approx-
imations to the optimal nomlinear filter for delay system remains an

important and open problem.

There is, however, one special case where the optimal filter can
be completely specified even when there are point delays in the sys:em.
This is the linear case with Gaussian distributions and will be treated

next.

5.5 Optimal Filtering of Linear Stochastic Delay Systems

We consider the system defined by
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dx(t) = a(xt,t)dt + dw(t)

x(8) = xO(G) 8 e {-1,0] (5.46)
dz(t) = c(xt,t)dt + dv{t) (5.47)
Here a: ¢€x[0,T] + R

c: ¢x[0,T] = R

are continuous linear functionals given by

0
a(xt,t) =f deA(t,G)x(t-i-B)
—T

0
c(xt,t) =f dBC(t,O)x(t+6)
=T

where A(t,8) and C(t,0) satisfy the same conditions as those imposed
on such functions in section 5.2, Also, we take X, to be a Gaussian
process on [-T,0] with sgp E]x0(6)|2 < @, By a similar argument to
the case without delays [56], it is readily seen that the conditional
distributions of x(t+0), for any 6 e[-1,0], given z(s), 0 < s < t,

is Gaussian. For greater clarity in the subsequent exposition, we
shall write %(t]t) = E{x(t)]zt} and %(t+8|t) = E{x(t+8[zt}, 8 g[-T,0].
Using (5.43), we immediately obtain the following stochastic differ-
ential equation for the conditional mean

0
dz(t|t) = ‘[ deA(t,G)ﬁ(t+B|t)dt
=T

0
+[ -[ Et(K(t)x'(t+9|t))deC'(t,e)
=T
0 ~1
—.I- R(t|e)x" (46| £)d C' (£,8) IR (£)av (k)
- (5.48)
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t 0
Here the innovations process V(t) is given by z(t)- j- f dBC(s,B)ﬁ(s-!-B‘S)ds
0vY-1

and hence depends, in general, on the smoothed estimates ﬁ(s+6|s),

-T <8 <0, 0<s<t., Define the "smoothed" conditional error co-

variance as
P(t,0,E) = EC{[x(c+0)-R(t+0]t) 1 [x(+E)-R(e+E[£) 1"}
Then {5.48) can be rewritten as

0
ag(ele) =J- deA(t,e):’i(t+e]t)dt
-T

0
+ j' P(t,0,8)d,C’ (t,B)R_l(t)d\J(t) (5.49)
~T

To evaluate the unknown terms on the right side of (5.49), we use

(5.44) to write the smoothed estimate as

t
(0| t) ﬁct+e|t+e)+f E°{x(t+8) [c' (x,,8)~8" (x_,8) 1R (s)dv(e)

t+0

£
= R(t+0|t+0)+ f

0
.[P(s,t+6—s,6)dgc(s,€)'Rﬁl(S)dv(S)
t+06 Y-T

(5.50)
for 6 e[-1,0].

An inspection of (5.49) and (5.50) shows that the optimal linear filter
is completely characterized by ®(t+8|t), -T < 8 < 0, and the "smoothed"
exrTror covariance function P(t,0,£). It remains only to derive ap-
propriate equations for P(t,0,E). Since the derivations are quite
lengthy, we will present them in Appendix B, and state the final

result here as
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Theorem 5.5.1 The optimal filter for the system (5.46), (5.47) is

characterized by the following sets of equations:

(i) Generation of the condition mean ﬁ(t|t):

0
ag (| t) =I deA(t,e)ﬁ(t+e|t)dt
-T

0
+ f P(t,O,B)dBC'(t,e)R_l(t)d\)(t) (5.51)
~T

(ii) Generation of the smoothed estimate }'E(t-l-ﬂlt), ~T < 6 < 0:

t

0
?c(t+9|t) = :’E(t+9|t+8)+ f P(s,t+6—s,£)dgc(s,€)'R—J'(s)d\)(s)
-T

t+0

(5.52)
(iii) Generation of the smoothed error covariance P(i,0,E):
d 0 ’ 0
EI—EP(t,O,O)= J' P(t,O,B)deA' (t,0)+ j deA(t,B)P(t,B,O)
-7 ~T

0 0

- P(£,0,8)dgC" (£,0)R T (£)ALCLE, EVPLE,E,004Q(e)

kil (5.53)

0
EPn(t,e,0)=I P(t,ﬂ,g)dEA'(t,E)

-T

0 A0
- j f P(£,0,)d LT (£,E)R - (£)d C(E,0)B (£,0,0)
=T ¥ =T

(5.54)

0 0
-1
V3 B (t,0,8)= -f f P(t,8,8)dgc’ (£,B)R ~(£)d,C(E, )P (,0,E)
| Tt (5.55)
where n is the unit vector in the (1,-1) direction, 0 is the unit

vector in the (1,-1,-1) direction, and Pn(t,G,O) and Po,(t,e,g) are
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the directional derivatives of P(t,0,0) and P(t,0,E) in the directiomns

n and ¢ respectively. The imitial conditions are given by

z(0|0) = 50(0), 2(6|0) = ;o(e) 8 e{-1,0]

P(0,0,8) = I_(8,8) = E{l[x_(8)-x (8)1[x ()= (E)1'}
(5.56)

A few comments about Theorem 5.5.1 is in order. Notice the great
similarity as well as the styiking differences in the form of the
solution to the filtering problem for linear delay systems with
Gaussian distributions and the corresponding solution for linear
systems without delays. In our case, we need to characterize not only the
conditional mean ﬁ(t|t) (as in the non-delay case), but also the .
smoothed estimate i(t+9]t), not only the estimation error covariance
P(t,0,0), but also the smoothed error covariance function P(t,0,£).
The complexity of the solution is clearly considerably increased when
there are delays in the system. It is hoped, however, that the results
presented in this and the next chapter will provide a theoretical

foundation for the study of implementable filters for delay systems.

Note that our development only shows that P(t,9,£) is continuous
and has directional derivatives. Of course, if P(t,0,£) were actually

differentiable in (t,0,5£), we could rewrite

5 _ 3 o
(B_E - '-é"é") P(t,08,0) »

/2 Pn(t,G,O)

(8 _a .8 | |
and V3 P_(t,0,0) = (at 25 ag) P(t,0,8)
We would then obtain partial differential equations for P(t,6,%). .
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Theorem 5.5.1 completely solves the filtering problem for general
linear stochastic delay systems. Notice that although functionals of
the form ¢(xt) = x(t+0), -t < 8 < 0, do not lie in the domain of the
generator of X, we are still able to calculate the directional de-
rivatives of the covariances. This is a consequence of the linearity

and Gaussian assumptions.

Let us make a few remarks on the relationship of our work to past
investigations. The linear filtering problem for systems with only
point delays was first considered by Kwakernaak [65], whose results
are similar to those presented in this section. He restricted his
attention to linear filters and followed the approach.of RKalman and
Bucy [66], and his derivations were formal. In particular, he used
partial derivatives liberally when these were not defined. His
"proofs", therefore, were far from satisfactory. Lindquist also
considered the linear filtering problem in [56]. However, he only
gave a complicated integral equation for the filter gain, and did
not derive equations for the covariances. His results are thus in-
complete and do not display the structure of the filter equations.
In particular, they are not suitable for the filter stability in-
vestigations that we pursue in Chapter 6. Recently, Mitter and
Vinter [67] have studied the linear filtering problem from the
viewpoint of stochastic evolution equations. While they did take
in account some of the special features of delay systems, they had
to exclude point delays from their observation model, an unsatis-
factory restriction from various points of view. Furthermore,

their derivation of the optimal filtering equations proceeds via a
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dual control problem. As such, their approach cannot be extended
ﬁo the nonlinear situation. By contrast, our approach enables us
to allow a very general model for the stochastic delay system under
consideration, including distributed as well as point delays. Co-
variance equations have been derived rigorously and the structure
of the optimal filter is clearly displayed. We feel, therefore,
that our results on linear filtering are the most complete and

satisfactory to date.

In the special case where X =0, a(xt,t) = Ax(t) + Bx{t-T),
c(xt,t) = ¢x{t),Q, R constant matrices, it can be shown by exploiting
the connection between linear optimal filtering and optimal control
with quadratic criterion that P(t,0,£) are in fact continuously
differentiable in (t,8,£). When we compare the solutions to the
linear optimal control and optimal linear filtering problems in

Chapter 6, it will be helpful to use the notation

P_(t) = B(t,0,0) (5.57)
P, (t,0) = P(t,0,0) (5.58)
P, (£,8,€) = P(t,8,8) (5.59)

In this case the optimal filter is given by the equations

a% (e | £)=AR(t| £)+B& (e=1| )42 _(£)C'R T [dz (£)-CR(e| £)dt]

(5.60)
:’?:(1:~'L'|1:)=3‘c(t~'rlt—'r)—+-.‘rt P2(s,t-T—s,D)C'Rﬁl[dz(s)~cﬁ(s|s)ds]
et (5.61)
2(|0) =0 -1 <8 <0
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d | _ 1 P & 1 1
EE-PO(t) = APO(t)+P0(t)A ~Po(t)c R CPO(t)+Q+BP1(t,—T)+Pl(t,~T)B
- (5.62)
- (2 _2 ) (t,0) =P 9) [A" c'R tcp +P ) B' 6
at Ye] 1 3 - l(t’ - D(t)] z(ta :"T) (5- 3)

(%E" 2e - %E) P, (£,0,E) = ~P, (£,8)C'E CR] (£,E) (5.64)
with P (0) = 2,(0,6) = ,(0,0,6) =0 -T <8, E<0
P, (£,0) = P_(£)
. P, (£,8,0) = P, (t,0)
| P _(t) = PI(t), P,(t,0,E) = P)(t,E,0) (5.65)

We shall be using these equations extensively in the next chapter.

Notice that in this special case, %(t|t) depends only on
§(5|S), t-T £ 8 < &, and from (5.60) and (5.61), we can obtain
an explicit delay equation for ﬁ(t|t). This is because we have
no delays in the observations., If c(xt,t) were of the_form

Cox(t) + Clx(t—T), then we would have the following equations

‘~§; d%(t|t)=Aﬁ(t|t)+B§(t—T|t)+[P°(t)C;+Pi(t,—T)Ci]R_l'

-[dz(t)-caﬁ(t|t)dt—clﬁtt—r|t)dt] (5.66)
t -1
%(t—T|t)=ﬁ(t-T|t~T)4-.l' [P2(s,tnT—s,O)C;+P2(s,t—T—s,—T)Ci]R .
t—T
. [dz(s)—Coﬁ(sls)ds~01§(s~fls)ds] (5.67)
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if we substitute (5.67) into (5.66), we see that ﬁ(t]t) depends not
only on %(sls), t-T < s £ t, but also on delayed smoothed estimates
%(s-t|s), t-T < s < t. The presence of the delayed smoothed
estimates prevents us from obtaining a delay equation for ﬁ(t]t).
The additional complications which delayed observations introduce

will be discussed furiher in section 6.7.

0,

in

It is worth pointing out that in the case where X,
ﬁ(t+6|t), -t < 68 < 0,can be expressed as a Wiener integral with

respect to the observations z(s), 0 <s < t, i.e.,

t
2e+6]E) =j' K(t,0,8)dz(s) (5.66)
o

for some kernel K(t,8,2). To see this, note that x(t) is a Gaussian
process. Hence the orthogonal projection of x(t+0) onto the Hilbert
space spanned by the observations z(s), 0 < 8 < t is the same as the
conditional mean. Since the orthogonal projections can be expressed
in the form of the right hand side of (5.66), so can X(t+0|t). This

fact will be used in Chapter 6.

So far, we have studied optimal filtering for stochastic delay
systems on a finite time interval. To make the filtering theory of
delay systems more complete, we shall study the asymptotic behavior
and stability properties of the optimal linear filter in the next

chapter.
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CHAPTER 6

STARILITY OF LINEAR OPTIMAL FILTERS AND CONTROL SYSTEMS

6.1 Introduction

In the previous chapter, we derived optimal filter equations for
linear and nonlinear stochastic delay differential systems. In this
chapter, we study the stability of the linear optimal filter for delay
systems. We shall concern ourselves primarily with stochastic systems
with delays in the system dynamics, but no delays in the observations.
Extensions to the general case, including delays in the observations,
will also be discussed. In proving the stability results, we make
essential use of the duality between optimal filtering of linear
stochastic delay systems and optimal control of linear delay systems
with quadratic cost. We shall therefore begin the development with a
summary of the known results for optimal control of linear delay systems
with quadratic cost, and give some new results on the asymptotic sta-
bility of the optimal closed-loop control system. This brings into
focus the role played by the concepts of stabilizability and observa-
bility. Next, we give a duality theorem which establishes the conmection
between optimal linear filtering and optimal control of linear delay
systems. This enables us to identify the gains of the optimal linear
filter with the gains of a "dual" control system in an appropriate
way. We can therefore exploit the known convergence of the control
gains to infer the convergence of the filter gains. The stability of
the optimal filter is then established by constructing a Lyapunov

functional. Cnce the stability of the optimal linear filter has been
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established, it is relatively straightforward to prove the asymptotic
stability of the optimal linear stochastic control system, drawing
upon known results on the separation theorem for stochastic delay

systems [56], [68].

6.2 Optimal Control of Linear Delay Systems with
Quadratic Cost

The problem of optimal control of linear delay systems with
quadratic cost has received considerable attention in recent years.
Various methods [69] - [73] have been devised for solving this problem.

The simplest version of the problem can be formulated as follows:
We are given a linear constant delay system of the form

-‘%:(-Q = Ax(t) + Bx(t-T) + Cu(t)

x(8) = ¢(9) 6 g [-T, 0] (6.1)

Our choice of function space will be %, although basically the same
results hold for other choices, such as M2 [29] 4 [73]1. The admis-
sible control set U is the set of R™-valued L2 functions on [0, T].

The cost functional is given by

T
JpCu,$) = f [x" (£)Qx(t) + u' (£)Ru(t) ldt

0
where  and R are syﬁmetric matrices of appropriate dimensions, Q > O,
R > 0. The objective is to find a control u € U such that JT(u, $) is
minimized. The cases when T is finite or infinite have been studied.

We shall briefly survey the known results and then give some extensions.
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We start with the case when T < %, Then it is well-known [69] -

[73] that the optimal control can be expressed in feedback form by

0
c' -/' Kl(t,ﬁ)x(t+6)d6 (6.2)

=T

1 1

a¥ () = -R C'R (£)x(t) - R

The feedback gains satisfy the following coupled set of partial dif-

ferential equations

d 1 _11
EE-KD(t) = —A Ko(t) - Kb(t)A + Ko(t)CR c Ko(t) -Q - Kl(t,O) - Ki(t,O)

(6.3)

(a Q_) K, (t,0) = ~[A'-Ko(t)ca"lc'1Kl(t,e) - X, (£,0,6)

2t 28
(6.4)

> 2 3 _ -1
(EE—‘ 36 85) Kz(t,B,E) = Ki(t,B)CR C'Kl(t,E) (6.5) f
The boundary conditions are E
K (1) = Kl(T,G) = K, (T,8,8) = 0 ~-T <6, <0 J
Kl(t,—T) = Kb(t)B (6.6) »
Kz(t,-T,B) = B'Kl(t,B) %
Furthermore, |
R (8) = KI(E), K, (t,0,8) = K;(£,&,0) 6.7) S
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The optimal cosit can be expressed as

0
o = h? 1
T = 0" @R @0© + [ 0" @, 0,00(8)d0

=T

0
+ f o' (6)K; (0,8)¢(0)d6
~T

: 0
+ f f ¢' (8)K,(0,0,8)¢(£)d0dE (6.8)
-T ~T
The integral term in Eq. (6.2) represents the effects of the delay on
the optimal control. Thus the optimal control is seen to be given by

a linear map K operating on the complete state x Similarly, the

L
optimal cost can be thought of as a generalized quadratic form.

We now discuss the infinite-~time control problem, i.e., T = =,
For the control problem to be meaningful, we need some condition to
ensure that the optimal cost will be finite. It turns out that the
system—theoretic concepts of stabilizability and observability intro-
duced in Chapter 2 play a crueial role. The following is the basic

result on the convergence of the optimal control law and control

gains for the infinite-time problem [32], [721.

Proposition 6.2.1 Assume that system (6:1) is stabilizable. Then

the gains Ko(t), cht,e) and K2(t,9,£), for £ < T, converge uniformly
in t to L Kl(e), and KZ(S,E) respectively as T +~ <. The optimal
control law for the infinite-time control problem with quadratic cost

is given by
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0
C'R_x(t) —f R

=T

1 1

uk(t) = -R C'K, (8)x(i+6)de (6.10)

where Ko’ Kl(B) and Kz(e,g) satisfy the following set of equations

1

A'Ko + KOA—KOCR C’KO+Q+Ki(0)+Ki(O) =0 (6.11)
4 g (6) = [A'-K CR™TC' K. (8) + K_(0,8) (6.12)
e & o 1 2 (05 .
(§—+ 2\ k. (8,E) = —K! (8)CRLCR, (E) (6.13)
38 + 3g) K209 1 5 :

with boundary conditions

Kl(—T) = KDB

(6.14)
' — 1
KZ(B’ T) KI(B)B
and symmetry conditions
—- — t
K, = Ké 3 Kz(eag) = K2(£,6) (6.15)

The optimal cost is given by

0
WMOREHOLTIORS BEJOINOHOLE

=T

0 0 0
S IENCEIOUOLIEY N IR NOLACRTIGLE
~T

-T -T
(6.16)

Asymptotic stability of the closed-loop system have also been
gtudied previously by Datko [72], and Delfour et al., [32]). In both
papers, the assumption that Q@ > 0 was made. Here we relax the assﬁmption

to observability,
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Let Q = H'H and let x(t) denote the optimal trajectory corres—
ponding to the optimal control u¥(t), i.e., x(t) satisfies

0
G'K )x(t) + Bx(t-T)- J' ca“lc'xcl(e)x(ue)de

-~T

x(t) = (A—CR_l

(6.17)

We then have

Theorem 6.2.1 Assume (A,B,C) is stabilizable and (A,B,H) is observable.

Then the optimal control for the infinite time problem is given by (6.10)

and the optimal closed-loop system (6.17)} is asymptotically stable.

Proof: The first part of the theorem is just Proposition 6.2.1. To
prove asymptotic stability of the <losed-loop system, consider the
Lyapunov functional

0

V() = x" (0K x(£) + f x' ()R, (0)x(£+6)de
=T
0 4] 0
+f x' (t+B)Ki(8)x(t)d8+f f x! (t+e)K2(e,g)x(t+g)dedg
=T -T =T

(6.18)
This, however, precisely corresponds to the optimal cost for the infinite-
time problem starting at time £ with initial function X . Thus we can

write

0

V() - f [x' (s)Qx(s) + u*'(s)Ru#(s)]ds
t

V(xt) is clearly nonnegative. We claim that V(xt) = 0 implies x(t) = 0:
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V(xt) = 0 if and only if

u(s) 0 s >t

]

and x'(s)Qx(s) = x'(s)H'Hx(s) = 0 s >t

By observability of (A,B,H), this implies
x{(s) =0 s>t

Let U, = {¢: V(¢) < &}. Then for some &, > 0, x,_ € U, implies

') 1 t Zl
|x(t)] < K for some normegative constant K. Since V(xt) > 0 and
ﬁ(xt) = ~[x"(t)Qx(t) + u¥*' (t)Ru*(t)] < 0 we can apply the invariance
principle for functional differential equations [74] to conclude
that the solutions of (6.17) X, tends to M, the largest invariant set

contained in the set

{¢: V(9) = 0}

w0
1

Since {:(xt) ~[x' (£)Qx(t) + u*' (£)Ru*(t)]

I

{*(xt) 0 =—— Hx(t) = 0

By observability, the largest invariant set M in S are those solutions of
(6.17) for which |x(t)| =0 for - ® < £t <o, Hence M = {0}, and the

asymptotic stability of (6.17) is proved.

Remark 6.2.1 It is known that asymptotic stability of autonomous
linear functional differential equations is equivalent to exponential
stability [2]. Hence the optimal closed-loop system for the infinite-
time problem is globally asymptotically stable under the conditions of

stabilizability and observability.
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Corollary 6.2.1 Assume (A,B,C) is stabilizable and Q > 0. Then the

optimal closed~loop system (6.17) is asymptotically stable. Since Q > 0

/2

implies Ql =H > 0, we immediately have that (A4,B,H) is observable and

we may invoke Theorem 6.2.1.

Remark 6.2.2 Corollary 6.2.1 was proved earlier by Datko [72] and

Delfour et al., [32] using somewhat different techniques.

Corollary 6.2.2 If {(A,B,C) is stabilizable and (A,B,H) is strongly

observable, then (6.17) is asymptotically stable.

Proof: Follows from Theorem 6.2.1 since strong observability implies

cbsetvability.

In proving asymptotic stability of the optimal filter, the same
basic technique will be used: coastruction of a suitable Lyapunov
functional and an appeal to the invariance principle. The system-
theoretic concepts of detectability and controllability are exploited
there in a natural way. Before proceeding on that route, we shall
first study the duality between optimal estimation and control for

linear delay systems.

6.3 Duality Between Estimation and Control for Limear
Delay Systems

In this section, we extend the duality principle between estimation

and control for linear ordinary differential systems to linear delay
differential systems. We shall exploit this duality in proving the

convergence of the optimal filter gains in the next section. Similar

results on duality are given by Lindquist [751, and Mitter and Vinter [67].
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Consider the optimal filtering problem (in rhe minimum mean

square error sense) for the stochastic delay system

dx(t) = [Ax(t) + Bx(t-T)]dt + dw(t)

x(8) =0 8 <0 (6.19)
dz (t) = [Cox(t) + Clx(t—-‘l‘)}dt + dv (&) (6.20)

where w{t) and v(t) are independent Wiener processes with coviw(t): w(s)] =
Qmin(t,s), cov(v(t); v(s)] = Rmin(t,s), Q > 0, and R > 0. We know from
Chapter 5 that for any vector b, the optimal estimate for b'x(t) ecan be
expressed as_gp ké(s)dz(s) for some fupction kt(s). We define the

"dual" control problem to the optimal filtering problem to be:

T

minimize JT(b,u) =~f [y (£)Qy(t)+u' (t)Ru(x)]dt (6.21)
0
subject to the constraint
y(t) = ~A'y (£)-B'y (£47)~C u(t)~C,u(t+1) (6.22)

with the boundary conditions

y(T) =b
v(s) =0 s > T
u(s) = 0 g8 >T

As in section 6.2, the admissible controls are L2 functions on [0, T].
The following duality theorem holds.

Theorem 6.3.1 Consider the optimal estimation of the quantity b'x(T)

in the system (6.19) - (6.20). Let the optimal estimate for b'x(T) be

b'%(TIT) and let the optimal control for the dual problem (6.21) - (6.22)
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be U Then b'i’c‘(T|T) is related to u, by

T
b'R(T|T) = —f ul(s)dz (s) (6.23)
0
Proof: Consider the function

(s
Oy ,%,t) 4 y'(t)x(t) +_}r y' (s+7)Bx(s)ds

t—-T
where y(t) and x(t) are solutions of (6.22) and (6.19) respectively,

Applying Ito's differential rule, we see that

1

Ay, %,t) = =[y' (£)A+y" (t+T)B+u’ (t)CO-I-u' (t+1)C, Ix(t)dt
+ ' () {{Ax(£)+HBx(t~1) Jdt+dw (L) }

+ y' (£+1)Bx(t)dt—y' (£)Bx(t-T)dt

—[u'(t)Cox(t)+u'(t+T)Clx(t)]dt+y'(t)dw(t)

1

—u'(t)[dz(t)—Clx(t—T)dt—dv(t)]—u'(t+T)Clx(t)dt+y'(t)dw(t)
In view of the boundary conditions for (6.19) and (6.22), we obtain

H(V.x,T) -#(y,x,0)

]

y' (T)x(T) = b'x(T)

T T
-f u' (£)dz (t) +f u' () dv (L)
0 0

T T
+f v (t)dw(t) +
0

e

T
uf (£)C,x(t-T)dt -f u' (+1)C x(t)dt
0

T

gl

0

T T
u'(t)dz(t)+f a' (£) dv (t) +J‘ y' (£)dw(t)
0
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Hence
T

T
Elb'x(T) + f W (£)dz(6) ¥ = f [y' (£)Qy(t) + u'(t)Ru(t)]de
0 0

Minimizing the mean square estimation error is thus the same problem as

the dual optimal control problem, and the theorem follows.

Remark 6.3.1 The duality theorem can be extended to more general delay

systems such as those with multiple or distributed delays. However, as
we shall not need such generality in subsequent developments, we shall
not pursue them here. The restriction of x(8) = 0, for 6 < 0, is
imposed because we want the dual control problem to be one whose
solution is known explicitly. If we allow a zero-mean random initial
function X with E[xo(e)x;(E)] = ZO(B,E), -T <9, £ <0, similar
arguments show that the dual control problem is to minimize

0
Tjlos) = ¥ OF,0,0y(@) + [y @+IBE,(6,00d0y 0)

-T

0 0o 0
+ y'(O)ZO(O,e)B‘y(6+T)d8+ y'(G+T)BZO(B,E)B'y(E+T)d6d£

=T -T =T

T T
+f y' (£)Qy(t)dt + fu'(t)Ru(t)dt
0

0
In order to use the duality theorem, we would have to first solve the
control problem for the cost J%(b,u). These are additional complications
which do not require any new concepts. To avoid obscuring the main
points of our development, we have opted to concentrate on the case

x(0) = 0, 8 < 0.
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We will now restrict our attention to the case where Cl = 0.

Denoting C0 by C, the system now under consideration is

dx{t) = [Aax(t) + Bx(t-T1)1dt + dw(t)

(6.24)
x(8) =0 -T<8 <0
dz(t) = Cx(t)dt + dv(t) (6.25)

The case where Cl # 0 will be discussed at the end of this chapter
since additional difficulties arise. We first recall from Chapter 5

the optimal filter equations for the system defined by (6.24) - (6.253).

dx(t|e) = [A—Po(t)c‘R_lc}i‘c(tlt) + BR(t-T|t-T)

0
-3 f P, (t,~1,0)C'RTCR(t+8| £+€)d6 + P_(£)C'R dz(t)
—T
t -1
+B f Pz(s,tuT-s,O)C'R dz(s)dt (6.26)
t-1
&0y =0 -T <0 <0

By the variation of constants formula from Chapter 5, we can write the

solution to (6.26) as

T -1
R(TlT) = Jf @(T,S)PO(S)C'R dz (s)

0
+f ®(T,s)B f

0 s=T

s
Pz(u,s—T—u,O)C'R ldz(u)ds

(6.27)
where ®(t,s) is the fundamental matrix associated with (6.26), and

satisfies the matrix differential equation
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29%§z§2-= [A—Po(t)C'R_lC]@(t:S) + BO(t~T,%)

B -[0 Pz(t,-r,e)c'R’lc@(t+e,s3de
-T
(6.28)
b(s,s) = I, o(t,s) =0 t <s

Applying a Fubini-type theorem for Lebesgue and Wiener integrals to

(6.27) [50], we can write

T 5 -1
‘[-¢(T,S)B Pz(u,s—T—u,O)C'R dz (u)ds
0 s=T
T uT -1
= -f. @(T,s)BPz(u,s—T—u,O)C'R dsdz {u)
=T u

T T 1
= J' J' (T,uw+6)BP, (1, 8-T)C'R "d6dz (u)
0 0

using the definitions of Pz(t,G,E) and Pl(t,e), and the fact that z(u) = 0
u < 0. Hence

T T
2er|T) = Jr {3(T,8)P_(s)C'R 1+ J[ &(T,5+0)BP, (s,0-T)C'R ™ 'd0}dz (s)

0 0
(6.29)

This gives an explicit representation of %(T|T) in the form

T
(T|T) =f K(T,s)dz (s)

0
On the other hand, Theorem 6.3.1 gives a representation of b'ﬁ(T|T)

in the form
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T
B'R(T|T) = - f uz.(s)dz(s) (6.30)
0

We can therefore compare the representations in (6.29) and (6.30) and
identify the control and filter gains appropriately. This will enable
us to exploit the known convergence properties of the optimal control
gains. We shall do this in the next section and also prove the asymptotic

stability of the optimal lipear filter.

6.4 Stability of the Optimal Filter for Linear Systems with
Delays in the Dynamics :

In this section, we shall put together the results developed in
the previous sections and prove the asymptotic stability of the optimal
filter. It is worth noting here that our proof of the convergence of
the filter gains is rather indireet, being based on the convergence of
the optimal control gains for the dual control problem. However, it is
not obvious how a direct argument can be used. Indeed, variational
arguments for proving convergence of the control gains do not as yet
have a probabilistic interpretation in the filtering context for delay
systems. At the present state of our knowledge, it appears that the

indirect approach has to be adopted.

We begin now our investigations on the stability of the optimal
filter. We first adapt the solution of the optimal control problem
for linear delay systems with quadratic cost to solve the dwal control
problem posed in Eq. (6.21) - (6.22) in the previous seétion. Through-

out this section, we will oﬁly consider the case where C1 = 0, C0 = C.
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We maké the change of variables s = T-t (s will be defined this

way until further notice). Then Eq. 76.22) becomes

iy y(T-s) = -A'y(T-s5)-B'y(T-s+1)-C'u(T~s) (6.31)
Define ;fs) = y(T-s) = y(t)
u(s) = u(T-s) = u(t)

(6.31) becomes

j—sﬁ(s) = A'Y(8)4B'T(s-T)+C u(s)

(6.32)
y(0) =b, y(®) =0, -T<6<0
(Although the initial function here is not continuous, the results in
section 6.2 can be readily extended to cover this case as well [35].)

The cost functional JT(b,u) can be written as

T
TG = [ )'d ) * (Rl las (6.33)
0

The dual control problem has now been cast into the standard form, and
the results of section 6.2 can be applied. We can therefore state that

the optimal control Gﬁ(s) is given by

It

0
TH(s) —R"lcEO(sE(s)— J' R—lcio(s,e);(s—l-e)de (6.34)
* =T

where ﬁo(s) —Eo(s)A’-Aic"o(s) + f{_o(s)C'R_lCEO(s)—Q—El(s,O)-—E:‘L(s,D)

(6.35)
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9 — — . —

(g - -g—e) Kl(s,e) = -[A—Ko(s)ch C]Kl(s,e)-z(z(s,o,e) (6.36)

'a-- - -g-- — 3—.... T - P ] T "l ey

(35 28 BE) KZ(S,B,E) Kl(s,ﬂ)c R CKl(S:E) (6.37)
with boundary conditions

KO(T) = K]_(T:e) = Kz(Tsesg) =0 3 -T £ 6, £ < 0
El(s,—T) = EO(S)B' (6.38)

E?_(s,_r,e) = Bilts,e)

and symmetry conditions

KO(S) = K(;(S): Kz(sseag) = Ké(S;E,B) (6.39)

The closed~loop optimal system is given by

%Ff—sl = [A'-C'R 7GR _(s) T3 (s) + B'y(s-T)

0 —
- [ (:'R_lclt1 (s,8)y(s+8)do (6.40)
*~T

Using the variation of constants formula and the fact that ;ks) =0

-T < s <0, we get that

y(s) = 3(s,0)b (6.41)

where Efs,r) is the fundamental matrix associated with (6.40). Now

define

K (£) = Eo(s) = EO(T—t)

K, (t,8) = El(s,-e) = Ec‘l(:r-t,—e)
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K,y (£,0,6) = K, (5,-0,-8) = K, (T~t,-8,-£)

The following lemma is now immediate and summarizes the sclution of

the dual control problem.

Lemma 6.4.1 The optimal control for the problem (6.21) - (6.22) is B -

given by 5

.
wk (L) = _R“‘lcxco(t)y(t)- f R"chl(t,—e)y(t—e)de (6.42)
where é
K (£) = AR (r) + Ko(t)A'uKo(t)C'R—lCI{o(t)+Q+K1(t,O) + K} (£,0)
(6.43)
(_3.__ -3 3k (£,8) = [A-K (t)c'R'lc]K (t,0) + K, (£,0,8) (6.44)
at 89 1 3 o 1 - 2( b R | -
3 3 D R 1p=1 |
(ﬁ -~ 55 - E) K2(t,8,€) = —Kl(t,G)C R CKl(t,f;) (6.45)
with KO(O) = Kl(O,B) = Kz(oaesg) =0 0<8,E<T :é
K, (£,7) = K_(£)B (6.46) §
Kz(th,E) = BKl(t:E)
and Ko(t) = K;(t), Kz(taezg) = Ké(t,g,e) .

Furthermore, the optimal closed-loop system satisfies
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& y(r) = ~[A'-C'R CR_ () Iy (6) - B'y(e+T)
S|
+ “[ C'RCK, (£,8)y(c+0)do
0
y(I) =b
=0 £>T (6.47)

y(t)

Let the fundamental matrix associated with (6.47) be Y(t,x). We

then have the following:

Lemma 6.4.2 Y{t,r) is related to the matrix ®(s,r) introduced in
(6‘4’1) bY )

Y(£,T-x) = @(s,1) (6.48)

Proof: By straightforward verification, the above two matrices satisfy

the same delay equation as well as boundary conditions. Uniqueness then

vields (6.48).

Combining Lemmas 6.4.1 and 6.4.2 and using (6.41l), we obtain an

alternative formula for the optimal control

-1 o _
~[R7YOK_(£)¥ (£, 1) +.[ R

=T

) !

1

CKl(t,—S)Y(t—B,T)dB]b

T
—{R“cho (£)Y (t,T) +f R_lCKl(t,B)Y(t-i-B,T)dB]b

0 (6.49)

I

Substituting (6.49) into (6.30) gives

T -1
f ¥! (1:,'.|:)K0 (£)C'R Tdz(t)
0

b'R(T]T) = b"

r T -1 I
+ Jr df ¥(£+0,7) 'K} (£,0)C'R dedz(t)I
0o "o '
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Since b is arbitrary, we obtain

Lemma 6.4.3 The optimal estimate ﬁ(T]T) for the stochastic delay

system (6.24) - (6.25) can be written as

T
(1| T) =-II{Y‘(t,T)Ko(t)C‘R_1+'[ Y(t+B,T)'Kl(t,e)C'R_ldS}dz(t)
0

0
(6.50)

We are now in a position to compare (6.50) and (6.2%9). First note
that they are of exactly the same form, with @, PO, BP1 occurring at
the same positions as Y, Ko, and Kl. One suspecis therefore, that

@(T,t) = ¥(£,T)'
P = 4
o(t) = K {¥)

e = !
and BPl(t,e T) Kl(t,e)

We proceed to confiym this. Define

?Z(t,B,E) = BPz(t,G—T,E—T)B'

D T - L
Pl(t,e) Pl(t,e T)B

?o(t) = Po(t)
and recall that Po(t), Pl(t,e), and Pz(t,S,E) satisfy (5.62) - (5.65).
Then it is straightforward to verify that §o(t)’ ?l(t,e), and ﬁz(t,ﬂ,g)
satisfy exactly the same equations and boundary conditions as Ko(t),

Kl(t,e), and Kz(t,G,E). By uniqueness of the optimal control and.

optimal filter, we may identify
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Po(t) = Ko(t)
Pi(t,e—T)B' = cht,e)

BPz(t,e""f,E—T)B' = chtsesg) (6.54)

It remains to prove that Y(t,T)' = ®(T,t). Using (6.54), we see

that

- i .~ 4
Kl(t, £) Pl(t, 6-1)8B

Pz(t—e,ut,e)'B’ (6.55)

(6.54), (6.55) and (6.47) imply that Y(&,r) is the fundamental matrix of

&3(e) = ~[A™-C'R e (£) Iy (6) By (£+T)
0 -1
+f ¢'® Tep, (£-6,-7,6) "B"y(£-0)d (6.56)
—T :

But (6.56) is precisely the adjoint equation to

& x(e) = [A-2 (£)C'R Clx(c) + Bx(e-T)
; -J' BP, (£,~T,0)C'R " Cx(t+0)d8
=T

and it is known [2], [57]1 that
Y(t,r) = &(r,t)’

We summarize this development in

Lemma 6.4.4 The optimal filter gains for (6.19) - (6.20) are related

to the optimal control gains for the dual problem (6.21) - (6.22) by
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P (£) =K (t)
1 _ L -
Pl(t,e )B Kl(t,e)
BPz(t,B—T,E—T)B’ = Kz(t,B,E)
0<t<T , O0<06,E<T
The fundamental matrix ®(t,r) associated with the optimal filter (6.26)

is related to that of the optimal control system (6.47) by

(t,r) = Y(r,t)!

We are now ready co prove asymptotic stability of the optimal

filter for (6.18) - (6.20). Let Q = H'H.

Theorem 6.4.1  Suppose (A,B,C) is detectable and (A,B,H') is con-

trollable. Then the gains of the optimal filter converge, and the

steady state optimal filter is asymptotically stable.

Proof: From the results of Chapter 2, we know that our hypothesis
implies that (A',B',C') is stabilizable and (A',B',H) is observable.
By stabilizability, Proposition 6.2.1 shows that the optimal gains
for the dual control problem E;(s), Ei(s,e) and'ié(s,e,g) converge to
matrices E;, ﬁa(e) and Eé(B,E) respectively as T + ., The definitions
of Ko(t)’ Kl(t,e) and Kz(t,B,E) now imply that these converge to K,
Kl(e), KZ(G,E) respectively as t - ®. By Lemma 6.4.4, we can conclude that
Po(t) + Po
BPl(t,B) - BPl(e) as t + @

BP, (t,0,E)B" BP,(6,£)B’

where (see also section 6.2)
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1

APo-i-POA'—POC'R CP0+Q+BP1(-T)+P£(-‘E)B' = 0 (6.57)

d : 1 ; )
FT) BPl(B) = —BPl(G) [AT-C'R CPO]-BPZ(B,—T)B (6.58)

., 3—) BP. (0,E)B' = BE, (8)C'R —CP! (£)B' (6.59)
\ae ag) S7a2lbs 1 1 .

with P.(0) =P
P, (8,0) = B, (0)
P = P!, 2,(8,E) = P}(£,0) (6.60)

Stability of the steady state filter is then governed by the stability

of the equation

%E x(t) = [A*POC'R_lC)x(t) 4+ Bx(t~T)
0 -1
-B j P,(~1,8)C'R "Cx(t+0)do (6.61)
=T

Using Lemma 6.4.4 and (6.47), we see that the adjoint to the undriven

steady-state filter equation (6.61) is given by

1

&y () = ~[AT-C'R TP Iy () - B'y(e+)

N

+ f C'R™TCR} (B-T)B'y (£+6)d6 (6.62)
0

Let 8 = -t, y(s) = y(-8) = y(t). Then
d — o=l = =
E;‘y(s) = (A-C'R CPo)y(s) + Bl'y(s-T)
T

- f c'R'lcpi(e_T)B'S?(s—e)de (6.63)
0
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We prové that (6.63) is asymptotically stable. Introduce the

Lyapunov funetional
— — —— — T —
VG =T @RI + 7' ) 2008 (s-0)d0
0

Ny .L oL

# [ o eny@de+ [ [ -0, e e
0

c a

¥ (s-£)d6dE (6.64)

Some standard computations show that

P —_— —_ - —_ T —_ -
Viy,) = —{Y'(S)QY(S) + [R lCPO}*(S) +.].R 1CPi(6-T)B'y(s -8)de]'R
0
. [R—lCP - T -1 1 | 1l
Oy(s)-i-f R Lcel (0-1)B y(s-@)d@;]‘ (6.65)
0

Comparing (6.64) and (6.65) with the situation in Theorem 6.2.1, we see
that they are completely analogous. By the same arguments and the ob-
servability of (A',B',H), we conclude that (6.63) is asymptotically
stable. Let the fundamental matrices associated with (6.61), (6.62)
and {(6.63) be @O(t,r), Yo(t,r) and ?;(t,r) respectively. Then it is
easy to see that Yo(t,r) = ?;(nt,mr). It is known [2] that asymptotic
stability of (6.63) is equivalent to the existence of constants o > O,
M > 1 such that

[T, || < me™ 70

Thus ||Y0(t,r)|| = “;K—O("t:-r)H iMe—a(r—t)

Since ®o(t,r) = Y;(r,t), ”@o(t’r)” iMe—u(t-—r)
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The proof of the theorem is now complete.

Remark 6.4.1 It should be pointed out that the convergence of the

filter gains Po(t)’ BPl(t,B) and BPz(t,B,E)B' do not provide as yet

the convergence of the ''smoothed" error covariance Pz(t,B,E). 0f
course, if B is nonsingular, BPz(t,B,E)B‘ converging will imply that
Pz(t,B,E). It is interesting to note that the nonsingularity of B
seems to be related to many questions in the theory of delay equatioms.
For example, it is related to the solution semigroup T(t) being one-
to-one [2], the completeness of exponential solutions [76], and the

convergence of projection series [77].

Instead of identifying Po(t), BPl(t,G), and BPz(t,B,E)B' with the
corresponding control gains as in Lemma 6.4.4, one can directly identify
Po(t), Pl(t,e), and P2(t,8,E) with the Fredholm kernel Pc(t,e,E) intro-
duced by Manitius in the optimal control with quadratiec cost [71].

The details are straightforward and are left as an amusement for the

reader.

6.5 Convergence of Estimation Errvor Covariance Operator

The results of the last section show thait under suitable detect-
ability and controllability conditions, the estimation error covariance
Po(t) converges. Our objective in this section is to prove the con-
vergence of the error covariance operator for the steady state optimal
filter. 1If we express the estimation error e(t|t) = x(t) - %(t|t) in
terms of a stochastic delay equation, its solutions define a trajectory

in the space of continuous functions. By the error covariance operator
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we mean the function

L(t,0,8) = Efle(t+0]t+0)e’ (e+E|e+E)}, -1 < 8, &£ < O.

I}

of course Z(t,0,0) Po(t). However, L(t,8,0) # Pl(t,B), and
n(t,08,E) # Pz(t,e,ﬁ). This is because I(t,0,0) and Z(t,0,E) are co-
variances of the filtering estimation error, whereas Pl(t,e) and
Pz(t,G,E) are covariances of the smoothing estimation error. While
we can show that Z(t,0,E) converges to a steady-state operator

%,(0,€), we have not been able to show the convergence of P(t,0,8),

unless B is invertible (see Remark 6.4.1).

It is easy to see that e(tlt) satisfies the stochastic differ-

ential equation

de(t|t) = [(A-P_C'R™C)e(k|t) + Be(e-t|t-1)1dt

0
+ [ =, (-T,8)C'R “Ce (t+0| t+0)dode + dw(t)
-
-1 0 __1
- P C'R dv(t)-B _f P, (=T,0)C'R " dgv (£+0)dt
=T

(6.66)
Note that for any fixed t, v(t+0) 0g[-7,0] is a Brownian motion, and
hence the last stochastic integral is well-defined. Again, let Qo(t,s)
be the fundamental matrix associated with (6.66). Since (6.66) is an
autonomous equation ®o(t,s) = @o(t-s,O) 4 @1(t—s). Then the variation

of constants formula gives
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I
1

' E "
e(t]t) =f 8, (t-5) dw(s) -] &, (t-s)P_C'R Tdv(s)
0 0
£ 0 1
uf @l(t—-s)Bf P, (~T,0)C'R " dgv(s+B)ds
0 -T

(6.67)
Using a Fubini-type theorem in Doob [50], the last term in (6.67) can

be written as

L ]
f o, (t-s) f P, (-1,0-s)dv (0)ds
0 s—T

t . min (O+T,t)

f f @l (t-s)Pz(—T,U—s)dsdv(c)
0 "o

1

t min(t-0,T)
= @1(t—o-B)Pz(-T,—B)dde(o) (6.68)

070

where we have used v(t) = 0, t < 0. For convenience, we define

1 J.min(t—-s,'r)

L{t-s) = &, (t-s)B C'R "+ &, (t-s-B)P, (~1,-B)dB

0

If we now compute the characteristic functional of the ¥-valued random

variable e (9) = e(t+9|t+6)),then by exactly the same arguments

ele e

as in Chapter 5, we get, for y € @%*,

¢(y,et|t) = E expi < y,et|t>
0 t t
= B exp{i J dy'(r)[f ®l(t+r—s)dw(s)— J( L(t-i-r-s)dv(s):”
-T ] 0
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using @l(t—s) = 0, t < s.

Sinee for each fixed t, the exponent is a sum of Gaussian random
variables, and w(t) and v(t) are completely independent, we can evaluate

the expectation as

- if ]

L

-t =T

dy' (r) -f @l(t+r—s)Q®i(t+G-s)dsdy(G)
G

0 £
T

t
dy' (r) '[ L(t+r—s)RL'(t+0—s)dsdy(0)} (6.69)
0

Therefore, the covariance operator is given by

i
5(t,0,£) =J' 3, (+6-5)Q0] (£+E-5)ds

0
t
+ J'L(c+e-s)RL*(t+e;—s>ds
4]
td
= j' [0, (B+s) Q0] (E+s) + L(B+s)RL' (E+s) 1ds (6.70)
0

The convergence of the covariance operator L(t,0,E) is given by

Theorem 6.5.1 The covariance operator Z(t,0,f) for the optimal

estimation error converges pointwise in & and £ to a statiomary

covariance operator I_(0,8), with
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.,(6,8) =-[ ®1(3+5)Q®i(g+s)ds
0

+J' . min (6+s,T)
)10, @rore o +f 0, (Brs-8)P, (-t,-B)aP]"
0

-R[tI)l(E-!-s)POC'R_l

min(E+s,T)
-

o, (E+s-B)P, (-T,~B)dBlds  (6.71)
0
Proof: From (6.70), it is clear that I(t,0,£) is a2 symmetric operator,
monotonically increasing in t. (See Remark 6.5.1 following the proof.) .

Since the optimal filter is asymptotically stable, ||¢1(t~s)|| E_Me—a(t-s)

for some @ > 0, M > 1. We can therefore make the estimate

t
IIJ 2, (6+s)Q2, (E+s)ds]| |
0

t
< J' |8, (8+2)Q@, (E+s) || ds

0
<llal] [* e oty

0
—20t

_ - (048) 2
= ol pfee @ (1 - 2o )

which converges as t - =, By a similar argument, the second term in
(6.70) is also uniformly bounded in t for each fixed 8 and £. We can

now apply a theorem on the convergence of monotone symmetric operators
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B | - MRS

78] to conclude that

lim  I(t,0,8) = I_(6,E)

t—)'m

exists pointwise in 6 and £, and is given by (6.71).

Remark 6.5.1 The filtering error covariance operator I(t,B,£) is

monotunically increasing in & because we have zero initial estimation
error (i.e., the initial condition for the system is deterministic
and known, taken to be zero in our formulation). If we have a random
initial condition, we may still be able to prove (although we have
not done so) that the resulting %(t,0,£) converges to I _(8,£), since
initial conditions are usually "forgotten" as t + «. We may note
that analogous situations also arise in the filtering problem for

systems without delays.

6.6 Stochastic Control of Linear Delay Systems
and Stability

The preceding development in the stability of the optimal closed-
loop control system and the stability of the optimal linear filter
suggests that by putting the two together, asymptotic stability of
the closed-loop stochastic control system can be obtained. This is
of course the case in linear stochastic system without delays. In
this section, we examine the corresponding stochastic control system

for delay systems and prove a similar result,

We shall first discuss the separation theorem for delay systems

as proved by Lindquist [56]. Again we consider the following linear
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stochastic delay system

dx(t) = [Ax(t) + Bx(t-T) + Gu(t)]dt + M‘dwl(t)
(6.72)
x(8) = ¢(8) e {-7,01
dz(t) = Cx(t)dt + Ndwz(t) (6.73)

Wis W, are standard Wiener processes, completely independent of each
other, and independent of the initial function ¢, which is a2 Gaussian
process. The matrix M is assumed to be positive definite. The ob-
jective is to choose a control law u in a suitable set of admissible

controls such that the cost funectional

T
JT(u,¢) = E .[ [x'"(£)Qx(t) + u'"(B)Ru(t)]dt (6.74)
0

is minimized, where T< ,

Before we define the set of admissible controls, we establish

some notation. By the variation of constants formula, we obtain

T t 0
2(t) = fc@(s,o)qb(l))ds—!- f fc@(s,0+'r)}3¢(c)dcrds
0 0 -1
i S il S
+ .[J- Co(s5,0)Gu(0)dods + ffC@(S,O)M'dw(o’)ds-mwz(t)
00 0“0
A t .=
RO J' f & (s ,0) Gu (o) dods (6.75)
0 "0

Define the set UD consisting of the class of processes u(t} satisfying

the following conditions:
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P

(i) u(t) is measurable with respect to o{z(s), 0 < s < t}
for each t;

(ii) For each u £ Uo, there exist unique solutions to (6.72) and
(6.73);

(iii) f Elu(t)|%dt < =
0

(iv) For each u E Uo, o{z(s), O <s f_t} = U{ZO(S), 0 <s <th
In words, (iv) means that by using a control law u € Uo’

we cannot gain, from the resulting outputs, more informatiom

about the system than that obtained by using no control at all.

We shall take UO to be the set of admissible controls. The following

theorem has been proved by Lindquist [56].

Proposition 6.6.1 The problem of determining u E UD so as to minimize

(6.74) has the following solution

0
G'Ico(t)ﬁ(tlt)-a"lc'j Kl(t,B)ﬁ(t-i-Blt)dB (6.76)

-T

u%(t) = —R_1
where Kb(t) and cht,e) are the optimal gains for the deterministic
optimal control problem (section 6.2), and ﬁ(s]t), t-T < s < t is the

conditional expectation of x(s) given z(0), 0 < ¢ < t (sectiomn 5.5).

Remark 6.6.1 A few comments on the choice of UO as the set of ad-
missible controls are in order. Let us define the set U to be the
class of processes u(t) that are measurable with respect to

o{z(s), O <s g_t} for each t, such that for each u € U, there exist

vl
unique solutions to (6.72) and (6.73), and for which -[ E|u(t)|2dt < oo,
0
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Clearly Uoc: U. The basic difference between the sets U and UO is
that the requirement o{z(s), 0 < s < t} = U{ZO(S), 0<s <t}is

not imposed on U. However, if we examine the proof of Proposition
6.6.1 in [56], we see that the requirement of g{z(s), O <s E_t} =
c{zo(s), 0 <s < t}, for any u in the set of admissible laws, is
crucial. One would really like to prove that the separation theorem
holds also for the set U (which is equivalent to showing Uo = T) but
the truth or falsehood of this is not known at present. We may note
that in the separation theorem without delays ([79], the conditions
(i) to (iv) satisfied by all u € U0 are obtained by requiring the
control laws to be Lipschitz functionals of the past observations.
Even in the case without delays, it has not been established that

U = 1.
o

The expression for the optimal cost is given in

Lemma 6.6.1 Corresponding to the optimal control (6.76), the optimal

cost J% associated with the stochastic control problem (6.72) - (6.74)

is given by

T
J% = EV(XO) + f trM‘MKO (t)dt
0

0

T .
+f tr{KD(t)GR_lG'Ko(t)Po(t)-i- Ki(t,e)GR"l

0 ~T

0 -1 0 A0 -1

1 T

+ I Ko(t)GR G Kl(t,G)Pl(t,B)de—Fj j‘Kl(t,B)GR

-T =T T

'P2(t,€,6)d8d£}dt (6.77)

~162-

T t
G, (£)P] (£,0)d6

G‘Kl(tsg) *




e T g

0
where V() = x'(D)K_(£)x(c;+ j x' (£)K, (&, 0)x(c+0)de

T

0 0 A0
+ .f x'(t+B)Ki(t,9)x(t)d6+ .[ .{ x'(t+6)K2(t,6,£)x(t+E)deE

=T =T

(6.78)
Proof: See Appendix C.

Remark 6.6.2 Lemma 6.6.1 shows that the optimal cost in the delay case

has the same structure as the case without delays: there is a term due
to initial conditions, a term due to the noise in the system dynamics,

and a term due to the estimation error.

We turn our attentiom now to the stochastic control system defined

by using the steady state version of (6.76):

0
u(e) = -R‘lc'KO;’E(tlt)-R'lc'f K, (8)2(+6]t)do (6.79)
-T
where i(t]t) is generated by the steady state optimal filter. Heuristi—

cally, this law is the optimal one for the functiomal

& J' [x"(£)Qx(t) + u' (£)Ru(t) ]dt (6.80)
0

with observations started back at -®, except that it would give rise to
an infinite J%. One must therefore modify the control problem to be
one of minimizing

T

1in %{Ej [x' (£)Qx(E) + u' (£)Rult)]dt}
™ =
0
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or lim

T
j- [=' (£)Qx(t) + u' (£)Ru(t)ldt
T = 0

This introduces notions of ergodicity and invariant measures into the
discussion. Even in the case without delays, the infinite problem has
not really been completely resolved. We therefore content ourselves
with simply the result on asymptotic stability of the closed-loop

system under the law (6.79).

Theorem 6.6.1 Let Q = H'H. Assume (A,B,G) is stabilizable, (A,B,M")

is controllable, (4,B,C) is detectable, and (A,B,H) is observable.
Then the control law

-1 -1 0

u(t) = -R "G'K_%(t|t)-R G'f K, (B)x(t+6]t)d8,
~T

where ﬁ(t[t) is generated by the steady state filter of Theorem 6.4.1,
and Kb’ Kl(e) are generated by the deterministic stationary control
law of Theorem 6.2.1, gives rise to an asymptotically stable closed-

loop system.

Proof: Stabilizability of (A,B,G) ensures that Ko’ Kl(B), and Kz(B,E)
are well-defined. Observability of (A,B,H) then guarantees that

solutions of the system

1

0
x(e) = (A-GR™ G'K ) x(£)+Bx(e-1) - J GR“lc'Kl(e)x(t+6)de

~T
(6.81)

are asymptotically stable (see Theorem 6.2.1). Detectability of
(A,B,C) ensures that the steady state filter is well-defined, and con-
trollability of (A,B,M') guarantees that the steady-state filter is
asymptotically stable. The closed-loop system is defined by the

coupled set of equations
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dx(t) = Ax(t)dt + Bx(t-T)dt—GR"lc'Koﬁ(tlt)

0

- j er 1

G'K, (B)R(+0|t)de + du(t) (6.82)

d%(t|t) = A%(t]t)dt + BR(t~T|t-T)dt

t
+B JF Pz(—T,s—t)C'(NN‘)Hl[dz(s)~C§(s|s)ds]dt

£-T

+2_CT W) T[dz () - CR(t|r)de] (6.83)

Expressing %(t|t) = x(&) - e(t|t), we get

ax(t) = (A-GRIG'K )x(t)dt + Bx(e-r)de
0 1
_J' GR™G'K, (8)x(+0)d0 + dw(t)
~T
-1 0 1
+GR “G'K e(t{e)+ GR "G'K, (B)e(t+8|t)de (6.84)
-T
and de(t]t) = {A~Poc'(m')“1c]e(t|t)dt + Be(t-1|t-T)dt
0 -1
+J' BP, (~,0)C" (NN') " Ce (t+6] £+0) d9dt
8

0

+ dw(t)—Poc'R"ldv(t) _ B J‘ Pz(—r,e)c‘R"ldev(He)dt

-T
(6.85)
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Since (6.85) is decouﬁled from (6.84), the stability properties of

the closed-loop system are precisely those of (6.81l) and the steady
state optimal filter. Since both of these are asymptotically stable

as a éonsequence of our assumptions, the closed-loop stochastic control

system is asymptotically stable as well.

Remark 6.6.3 When the control law (6.79) is applied to the problem

of minimizing

T

T
J = 1lim Ef [x' (£)Qu(t) + u' (£)Ru(e) 1de
T
T 0

Lemma 6.6.1 shows

- 1
Jr trM MK0
+ tr{K GR_IG'K P + ° K! (a)GR'lc'K P! (0)do
o o0 1 o 1
‘ -1

0 0 0
-1, t -1,
+J' K_GR1G"K, (8)P, (8)de+ J‘J' K! (0)GR™1G'K, (E)P, (£, 0) dEab}
T -T =T
This can be thought of as the cest rate associated with the control

law (6.79).

6.7 Filter Stability for Systems with Delays in
The Obsexrvations

In the previous sections, we have discussed the stability properties
of the optimal filter and contrpl system rather thoroughly for linear
stochastic systems with a single delay in the system dynamics. It is

relatively straightforvard to exteand the duality theorem of section 6.3
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to cover situations with multiple delays in the state dynamics.
Combining this with the results of Delfour, McCalla, and Mitter [32]

on optimal control, it should not be difficult to extend our stability
results to these systems. What is more interesting is the case in
which there are delays in the observations. Since similar difficulties
arise for distributed delays as well as point delays, we shall, for

convenience, consider systems of the form

dx(e) = [Ax(t) + Dx(t-T)]dt + dw(t) : (6.86)
x(0) =0 -T <80
dz({t) = [Cox(t) + Clx(t-r)]dt + dv(t) (6.87)

From the results of Chapter 5, we know that the optimal filter is given

by the equations
ax(e|t) = [AR(c|t) + BR(t-T|t)]lde

1 1

; atn - R
+ [Po(t)LOR + Pz(t,O, T)ClR ]

“[dz(t) - C &(t|t)dt - ¢ R(e-t[r)dt]
(6.88)

mt
S‘c(t+6|t) = i‘;(t+e|t+9)+ f [P2 (s,t—l—B-—s,D)Cc') + Pz(s,t+e~s,—T)ci]R"l
t+6

"{dz(s) - C_R(s[s)ds - C,%(s-t[s)ds]
(6.89)

If we apply the same technique as that of section 6.4 to (6.88) - (6.89),

we see that
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dx(tfe) = [AR(t]e) + BR(e-7]e-T)ldt
t -1
+ B [Pz(s,t—T—s,O)Cé + Pz(s,th-S,—T)Ci]R

t-T

*[dz(s) - € R(s|s)ds ~ C,R(s-T|s)ds]dt

..-l
1 _ 1
+ [Po(t)Co + Pz(t,O, T)Cl]R

*fdz(t) - ¢ &(t|t)dt - C,R(e-T|t)dt]
(6.90)
which is not a stochastic delay equation in i(tit). Indeed, it is not
possible to express %(t-T|t) solely in terms of %(s|s), t - T < s < t.

Without this, the technique presented in section 6.4 cannot be applied.

The situation is very similar in the dual control problem, which

is to minimize:

T
Jp(bsu) =J‘ [y" (£)Qy(t) + u'()Ru(t)]dt
0

subject to the constraint

y(t)

y(T) = b

-A'y(t) - B'y(t+1) - Cou(t) - Clu(t+¢)

v(s) =0 s > 7T

i
]
42
v
=

u(s)

Theorem 6.3.1 shows that the optimal estimate of b'x(T) for (6.86) - (6.87)

T
is given by‘.f u%(s)dz(s), where uT(t) is the optimal contrel to the
0

dual problem.
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By the time reversal technique of section 6.4, we see that the
above control problem is equivalent to an optimal control problem
for systems with delays in the control as well as in the state. It
is known [80] that this problem is much more complex than the optimal
control problem with delays in the state only. To understand the
structure of the optimal filter when there are delays in the observa-
tions, it is worthwhile to discuss briefly the control problem with

delays in both the state and control.

Consider the system

x(t) = Ax(t) + Bx(t-T) + Cou(t) + Clu(t-'r)
x(8) = ¢(©) 8 g [-T,01
u(8) =0 8 e {~T1,0) (6.91)

The problem is to find a control u such that the cost functional

T
JT(u,dJ) = f [x' (£)Qx(t) + u' (t)Ru(t)ldt
0

is minimized. The solution to this problem is given in [80]:

t
u(t) = —R_lCé[Pc(t,t,t)x(t)+ P_(t,s+T, ) Bx(s)ds

=T

t
+ f Pc(t,s+T,t)Clu(s)ds

=T
._1 =
=Y (t)R C]'_[Pc(t+‘r,t,t)x(t)+ Pc(t-!-T,s-!-T,t)Bx(s)ds
=T
t
o+ J/” Pc(t+T,s+T,t)Clu(s)ds] (6.92)
t—T
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0 dif £ € [T-T,T]
where Y(t) =
1  otherwise

and Pc(t,s,r) is a type of Fredholm kernel introduced by Manitius [71]

and satisfies appropriate partial differential equations.

The optimal control u(t) is not expressed solely in terms of X s
but also in terms of u(s), t-T <s < t. In order to express u(t)

solely in terms of x, we can regard (6.92) as an integral equation in

u(t). In fact, if we write

£
q(t) = —R_lcé[Pc(t,t,t)x(t)+ ./. Pc(t,s+T,t)Bx(s)d5]

t-T
..1 2
~y{t)R Ci[Pc(t+T,t,t)x(t)+ ./” Pc(t+T,s+T,t)Bx(s)ds]
t-T
-1 -1
and N(t,s) = —-[R CéPc(t,s+T,t)Cl + Y(t)R CiPc(t+T,s+T,t)Cl]
(6.93)
we get
t
u(t) = q(t) + f N(t,s)u(s)ds (6.94)
=T

The properties of Pc(t,s,r) [80] clearly implies that N{t,s) is a

Volterra Lz—kernel. Substituting (6.94) into itself, we obtain
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' t
u(t) = q(t) + f N(t,s)q(s)ds
t_

T

t s
+ f N{t,s) f N(s,r)u(r)drds
t_

sS—=T

~

t
= q(t) + f N(t,s)q(s)ds+
t-—-

T

t min (r+T,t)
+ f f N(t,s)N(s,r)dsu(r)dr
t-2

T*max(t-T,r)

By induction, it is easily seen that in fact u(t) satisfies a Volterra

integral equation of the form

t
u(t) = q(t) +f M(t,s)u(s)ds
0

with M(t,s) an Lz—kernel. The solution for the optimal control u in

state feedback form can therefore be expressed as

T
a(e) = q(t) +f R(t,s)q(s)ds
0
t
=J' dSF(t,s)x(s) (6.95)
=T

where F(t,s) is an Lz—kernel of bounded variation in s. Notice that
in state feedback form, the entire past of the state trajectory must

be used.
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There are two ways to study the stability of the closed-loop system.
We can either study the system defined by (6.91) and (6.94) as system of
coupled differential and integral equations, or we can substitute (6.93)
into (6.91) and study the resulting integrodifferential equation. 1In any
case, the situation is considerably more complex than that without delays
in the control. Stability properties of the optimal system are left as

a subject for future research.

One can see that a similar situation happens in the optimal filter

for systems with delays in the observations. Defining

~1
W(t,s) = [Pz(s,t—T—s,O)C; + Pz(s,t—T-s,-T)Ci}F s

t
Z(t-T]t) = Rt-T|t-T) + ./ﬁ W(t,s)[dz(s)-coﬁ(s[s)ds]
t-T

t
- H/” W(t,s)Clﬁ(s—T|s)ds (6.96)

=T
One can view (6.96) as an integral equation in ﬁ(t~T[t). Again the
kernel W(t,s)Cl is a deterministic Lz—kernel. As before, we can solve
&(t-t|t) in terms of %(s|s), 0 £ s < t. The stability of the optimal
filter can thus be studied from either an integrodifferential equation
or from a coupled gset of differential and integral equations. In view
of the duality theorem between estimation and comtrol, the stability of
the dual control system should be intimately related to the stability of
the optimal filter, in the same sense as the connection discussed in

section 6.4.
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6.8 Perspective

In this chapter, we have studied the stability of the optimal
linear control system and the optimal linear filter for systems with
delays only in the state dynamics. Since the main results are inter-
connected in a rather complicated way, it seems worthwhile to recapitu-

late the various steps involved and put our results in perspective.

We first showed that under the conditions of stabilizability and
observability, the infinite-time optimal linear control system with
quadratic cost is asymptotically stable. This result not only extends
previous work by other investigators, but also shows the important

role played by system—theoretic concepts.

In section 6.3, we established a duality theorem which relates
the solution of the optimal linear filtering problem to the solution
of a dual optimal control problem. This result was motivated by the
work of Lindquist [75], and Mitter and Vinter [67], and paved the way
for exploiting the results of section 6.2 in studying the stability of

the optimal linear filter.

Theorem 6.4.1 in section 6.4 contains the central results of
this chapter, and combines the results of Chapter 2 with those of
sections 6.2 and 6.3. First, we used the duality theorem to give
the precise formulas relating the optimal gains and the fundamental
matrix of the optimal filter to those of the corresponding dual
optimal control system. This is the content of Lemmas 6.4.1 through

6.4.4. Next, we used the duality results of Chapter 2 to assert that

-173~




detectability and controllability of the original system corresponds
to stabilizability and observability of the dual system. Thus, under
the assumptions of detectability and controllability of the original
system, we were able to invoke the stability result of section 6.2 to
conclude asymptotic stability of the dual optimal control system.
Finally, the formulas relating the optimal filter and the dual optimal
control system allowed us to conclude asymptotic stability of the
optimal filter from that of the dual control system. Once these
results were established, it was straightforward to prove, in section
6.5, that the closed-loop stochastic control system is also asymptotically
stable. While the analogs of these results for ordinary differential
systems are well-known, they are new for linear delay systems, and
constitute the first complete extension of the finite dimensional
linear-quadratic-Gaussian theory. Furthermore, they bring into focus
the importance of the structural properties and duality relations in
control and estimation problems for linear delay systems. While our
results deal only with a special class of delay systems, we feel that
the ideas and techniques will be fundamental to the development of a
complete linear-gquadroiic—Gaussian theory for more general delay
systems. We hope that tl:: work reported in this thesis will serve

as a stimulus to the develcpment of such a theory.
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CHAPTER 7

CONCLUSTONS AND SUGGESTIONS FOR FUTURE RESEARCH

In this thesis, we have studied two areas in the theory of delay
systems: structural properties and their applications to control in
linear time-invariant delay systems, and optimal linear and nonlinear
filtering for stochastic delay systems. We summarize our findings
here and indicate what we feel are the main contributions of the

thesis.

In Chapter 2, we discussed th: various notions of controllability,
st~bilizability, observability, and detectability in connection with
linear delay systems, New definitions of controllaBility and obser-
vgbility were given and some duality results established. While we
have not conducted an in-depth study of these concepts, the ideas
presented have proved to be very useful .. connection with linear

optimal control with quadratic cost and optimal linear filtering.

In Chapter 3, we studied the con~ t cf pointwise degeneracy.
We completely characterized 3 dimensional systems which can be made
pointwise degenerate by delay feedback, and gave sufficient cnn-
ditions for this to be possible in higher dimensional systems. The
conditions obtained are felt to be much simpler and more intuitive

than previous results obtained by other investigators.

In Chapter 4, we applied the pointwise degeneracy property to

the control of linear systems, A complete solution to the minimum
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time output zeroing problem by delay feedback was given for 3 dimen-
sional linear systems, while sufficient conditions were given for
the solvability of the problem in higher dimensions. The solvability
conditions are again very simple, although the actual construction of
the feedback controllers is rather complicated. Sensitivity of the
control system under perturbations of its parameters was also studied
and it was shown that "small" perturbations give rise to "small®
degradation in the system performance. Some examples were then given
to illustrate the theory. All these results are new and show that
the concept of delay feedback has potential applications in linear

system theory which are worth exploring further.

We began the study of the optimal filtering problem in Chapter
5. The general nowulinear filtering problem was first studied, and
a representation theorem for conditional moment functionals derived.
The form of the representation is new even when specialized to
ordinary differential systems, and can be thought of as seclving the
nonlinear filtering problem abstractly. We then showed that if the
moment functionals were suitably "smooth," stochastic differential
equations could be derived. When these results were specialized to
the linear case, we obtained a complete solution to the optimal linear

filtering problem, generalizing previocusly known results.

In Chapter 6, we studied the stability properties of the optimal
linear filter. The special case where the observations do not in-
volve any delay terms was considered. We showed that there iz a

duality relation between optimal control with quadratic cost and
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optimal linéar filtering. Under the hypothesis of stabilizability
and observability, we showed that the optimal closed-loop system

for the infinite time control problem is asymptotically stable.

Under the hypothesis of detectability and controllability, we

showed that the optimal linear filter is asymptotically stable.
Finally, the closed-loop stochastic control system using the deter—-
ministic optimal control law and the optimal filter estimate was

also shown to be asymptotically stable. This we feel is the first
complete extension of the familiar linear-quadratic—-Gaussian theory
for ordinary differential systems. On the one hand, almost complete
analogs of the finite dimensional resulis have been obtained: the
linear feedback nature of the solutions for the optimal control and
filtering problems, the Riccati-type partial differential equations,
the duality between control and filtering, and the stability results
based on system-theoretic concepts. On the other hand, the additional
complications due to the presence of delays are also clearly demon~
strated by the form of the solutions. These similarities and diffei-
ences between the finite dimensional theory and the theory developed
in this work give a lot of insight into the behavior of linear delay

systems.

The results obtained in this thuisis suggest that further in-
vastigations in the following topics would be fruitful.
1. Study in greater depth the relations between the various
notions of controllability, stabilizability, observability,

and detectability for delay systems. In particular, algebraic
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4.

conditiong for checking these properties would be very
useful. In addition to the notions discussed in Chapter
2, there are other algebraic formulations of the notions
of controllability and observability [42], [43]1. It would
be very worthwhile to relate these various approaches and
obtain a unified theory. This is very much an open area

of research.

Extend the applications of the pointwise degeneracy property
to the construction of delay observers. We have given an
example of a "deadbeat” observer. The general theory,
however, is lacking, and it would be interesting to see

what precise conditions are required. It is suspected that
this problem will be related to the properties of the adjoint

system.

In studying the nonlinear filtering problem, we have shown
that in order to derive stochastic differential equations,
moment functionals must be in the domain of the infinitesimal

. The characterization of

generator of the Markov process X,

this operator is important in its own right as well as in
applying the results of Chapter 3. It is hoped that a de-
tailed characterization of this operator will pave the way

for useful approximations to the optimal nonlinear filter.

Extend the stability results of Chapter 6 to cover more
general models, for example, those with delays in the

observations. As discussed in Chapter 6, this will be
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intgmately related to the control problem with delays in
the control. It is not clear what techniques are suitable
for this problem. In fact, it is not clear whether the
controllability and observability concepts which have
proved fruitful need to be reformulated of not. Since
many practical systems have delays im the observationms,
this is an important practical as well as theoretical

problem.
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APPENDIX A

PROOF OF LEMMAS 4.1 AND 4,2

" We refer the reader to Chapter 4 for the statement of these

lemmas.

Proof of Lemma 4.1: The extrema of the function £(A) g (a1+u2A+a3k2)eAT

occcur at

2
T

2 2 2
—(a2T+2a3);tﬂja2 T +4a3 —4&1a

2a3T

A = 3

Since a22—4a1a3 > 0, there are two real extrema for f(A). Also, the

zeros of £(A) occur at the zeros of ul+azh+a3kz, and these are at

{ 2 '
—0, Faf0 —4ala3

2u3

Again, since 2—4ala3 > 0, these give two real zeros of £()A). Let

] 2
-az F*faz —4&103

%y

1 2a3

-0, ﬂfa 2—4& o
< = 2 N 173
2 2a3

Let us perturb hi by some number £ and let

2
N (8) = ag(s te)"+a, (s +e)to,

(]

E(a35+25£xjﬁxz)
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. _ ) 2_
Hence ne(sl) = E(a3a+n/az 4ala3)

ne(sz)

|
]
~
2
W
™
|
2
[\
™
i
B~
Q
-t
b=
w
S

This yields

r) - —_— 2_
na(sl) >0 if € > 0, azd €0q > o, 4&10:3
<0 if € > 0, and ea, - /o 2-4(1 v
? 3 2 173
>0 if € < 0, and €qa, < = 2~4m o
* 3 ) 3

<0 if € < 0, and £y > 1,/< _Aa

2
3 Af0y —hoyg
<0 if € > 0, and e0., <a /0 2—4a o
: 3 2 i3

Similarly,

> i >
nE(SZ) 0 if € > 0, and e

>0 if € < 0, and e, é\f::2—4a1a3
___—l
<0 if £ < 0, and ea, z\/ wéa o,

Let us now examine the graph of the function £(A). There are

eight cases, depending on the signs of the ai's.

Case I: oy >0, Oy >0, o > 0. In this case 5 and s, are both negative.

Ife >0, ”5(51) > 0, and if

2
- 4
1/&2 o e

%q

< E <0, nE(sl) < 0.
A 1little thought now shows that the graph of £(A) is of the form
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It is obvious that for any finite real B # s, or Sys there exists a

1

YB such that the line YB(A—B) intersects f(A) at three real distinet

values of A, none of which equals §; OT S,. There also exists a
constant w(w > 0 in this case) such that the line A=w intersects f£(A)

at three real distinect points.

For the other seven cases, entirely similar arguments show that
f(A) must have one positive maximum and one negative minimum, and
hence the required straight lines exist. We shall omit the details.

The lemma is now proved.

.

Proof of Lemma 4.2: Since C is of full rank, we may assume, without

th

loss of generality, that q‘c1 = a3 # 0, where ¢, is the i~ column of
C. Since (A,C) is controllable, we have the following possibilities:
(i) {cl, Acl, cz} are linearly independent

or (ii) {cl, Cya Acz} are linearly independent
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Case (i): {c

12 Acl, 02} linearly independent.

Construct a matrix K1 as follows:

_ -1
Ky = 10¢e _Q][cl Ac; c,]

where e
2

and 0 is the null vector. Then

A+ CKl)c1 = Acl

2 = Azc + ¢

(A + CK) 1 0

and (Al’cl) is controllable, where A, = (A + CKl).

1

Let the characteristic polynomial of A, be p(s)

We can then write

is the second natural Euclidean basis vector in 2 dimensions,

_ 3 2
= 5 +p23 +pls+p0.

) 2
cy = By (&) e tpyhycyipicy) + By (Aycqtpyeq) + Byey

for some Bl’ Bz,

Bl # 0. The transformation

i 0 0
_ 2
P = [Al ey Alcl cl] Py
Py Pa
] -1 , .
gives P AlP in companion form and
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LU

1l

Let q'P (Gldzu3). Then

Q
fl

12 '
1 q' (A cl+c2) + P, Ac1+p10f.3

Q
]

t
g = G Acytp,yly
G, =q'e
3 1

2 B 2
o ‘. o > £ 3 =
If 9 4&1 3 0, and Bl is not a zero of n(A) a1+u2k+a31 , We

are done. If not, take a matrix F of the form

0 1 2
F:::
0 0 0
-1 -1
then P ~(A+CK )P + P "CF
= P"l(A+CK1+CFP“1)P = P-lAZP
0 1 0
= {0 0 1
NS S B |
po Py Py

with p% = Pi+fi' Define a matrix Pl by

10 0
= plfs 2 1
Py = P UIA ey Agey eq] |py 1O
Py Py 1
é..
rle,
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1

-1_- e i _
Then P1 P AZPP1 = P2 A2P2 = 0 0 1
0, P P
0 d12
Furthermore P_lP—lc = P*lC = 0 for some d
£ ore By 2 dag |
1 d32
Now A.c, = (A+CK,)e,+CFP ¢
21 1771 1
_f2 .
= Acl+C = Acl—fzcl
0
Similarly A 2c = Azc +e,~f Ac + (£ 2-p £+ )e
2 71 172 T2 M2 272 7171

Choose fo, fl’ and f2 to satisfy the properties

12 4ofal > 0, where

(2) oy"-4ajo,

al =0, =q'e
37 %374

DN -

1 T 2 1t t
and %y = 9 A2 c1+p2q A2c1+pla3

2 2
' ' — —
q' (A cl+c2)+p2q Ac1+(f2 f2 p2f2+p1+2f1)a3

and
d

(b) Egg‘ is not a zero of n' (A = ai+a2R+a3k2.
12
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= q’Azci+péa3 = q'Acl—fzq'cl + (p2+f2)u3 =

d
12° d22’ 32

%y




A lirtle algebra shows that in fact d = 82, and

12 = B1e dyy

d,, = B

39 +63—281f1+28

1?1 1Pafy-

Some reflection now shows that appropriate choices for fo’ fl’

and f2 exist. This completes the consideration of case (i).

Case (ii): {cl, ey Acz} linearly independent.

We construct a matrix K2 as follows

K2 = [82 0 Dlle Ar:?']—1

1 %2

Let A, = A+CK Then A = Ac, -+ d A 2 = A2 +Ac,+CK, A
3 20 TSR g0y T ACGHTC, SUQ L3 ¢) T A CTAcyTLR,AG .

Let the characteristic polynomial of A3 be p{s) = 53+p252+pls+po.

We can write

_ 2
¢y = BylAg e tp A e tp ey 148, [Aqe tpye, FHBaey

32 is clearly nonzero. If Bl # 0, we carry out the constructions in
exactly the same fashion as in case (i). This shows that we can again
find appropriate matrices P and K such that P—l(A+CK)P, q'P, and P—lC

have the required structure. The proof of the lemma is completed.
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APPENDIX B

DERIVATION OF EQUATIONS (5.53) - (5.55)

To derive the appropriate equations for P(t,8,£), we have to

consider three cases:

(i) 0<t<T, -T<8<0, -T<E<O

]
o

(1) 0<t<T, -T1<0<0, E&

(this also covers the case 0 <t <T, 6 =0, -1 < £ <0,

since clearly P(t,0,E) = P'(£,E,8)).

(iii) 0<t <T, O=E=0.

Since the derivations are somewhat tedious, we shall give details only
for the equation satisfied by P(£,0,8) for 0 <t <7, -T £ 0 <0,

-t £ £ < 0. To avoid notational complications (since P(t,8,£) is a
matrix, to use Theorem 5.3.1 requires the caleulation of Pij (£,0,8), 1
< 1,j £ n), wve will assume everything is scalar. For convenience we

shall write ec(xs,s) = c(xs,s) - c(xs,s)
We appeal to Theorem 5.3.1 and (5.50) to write

B {x(t+0) 2 (t+E) - (£+8 | £) R(£+E ] €)

]

P(t,0,£)

i
Eo{x(t+e)x(t+5) H f ES{EO [x(e+0) x(t+E) | X ]ec(xs ,8)1}
0 .

°R—1(s)d\i(s)
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t
_[ﬁ(t+9|t+6)+-§ Es{x(t+e)ec(xs,s)}R'l(s)du(s)] [R(L+E|L+E)
t-+0

t
* j’ E° {x(t+E)e (x5 8) IR (s)dv(s)]
t+E

= B [x(t+0)x(t+E) ] - R(e+0] £4+0) R (L+E| £4E)

t
+J- Es{Eo[x(t+8)x(t+€)Ixs]ec(xs,s)}R-l(s)d\)(s)
0

it
_ﬁ(t+6| £+8) j‘ Es{x(t—h‘;)ec(xs,s;)}R_1 {s)dvu(s)
t+E

t
~R(t+E] H+E) -{' ES{X(t+8)ec(xs,S)}Rﬂl(s)dv(S)
£+0

t t
- j Es{x(t+e)ec(xs,s)}n“lcs)dv(s) J Es{x(t+£)ec(xs,5)}R-l(s)d\)(s)
t+6

t+E
(8.1)

It is readily seen from (B.1) that P(t,0,E) is continuous in (t,0,£).
Similarly for € in (0,T) such that -T < 8 +e <0, -t <& +¢e <0,

P(t-e, B4c, Ete)

= Eo{x(t+e)x(t+£)}-§(t+e|t+e)ﬁ(t+g|t+g)

t-£
4-'[ Es{Eo[x(t+6)x(t+E)lxs]ec(xs,s)}R_l(s)dv(S)
0

r-E
- %(e+0] c+0) J’ B3 {x(e+E)e (x ,8) IR ()dv (s)

£+
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~ t-£
~X(t+E | t+E) S Es{x(t+9)ec(xs,s) 1R (s)av(s)
t+0

t~€ 1 t-€ .
_j' ES {x(t+0)e_(x_,5) IR cs)du(s)J’ ES{x(t+E)e_(x_,8) }R "~ (s)dv(s)
t-+6 t+E

Hence P(t,6,8) - P(t~€, B+e, E+e )

il
=j ES{EO[x(t+8)x(t+E)|x$]ec(xs,s)}R—l(s)d\)(s)
fald ¢

t
~%(t+8]t+0) I E® {x(t+£)ec(xs, s) }R‘—l (s)dv(s)
t—€

t
_R(EHE | £HE) J' ES {x(t+6)e_(x_,5) IR *(s)av(s)
t-e

i t
_J‘ Es{x(t+e)ec(xs,s)}a'l(sydu (S)J' Es{x(t-i-E)ec(xs,s)}R—l(s)d\J(s)
t+0 t+E

t-£

t—£
+f Es{x(t+9)ec(xs,s)}R_l(s)d\)(s)J‘ Es{x(t+g)ec(xs,s)}R‘l(s)du(s)
t+8

e+ (8.2)

The last two terms of (B.2) can be written as
r.t _1 l"t s _1
- Es{x(t+8)ec(xs,s)}R (s)dv(s) E {x(t+§)ec(xs,s)}R (s)dv(s)

o € o t+E

Al —E -1 ~t -1
- Es{x(t+9)ec(xs,s)}R (s)dv(s) Es{x(t+£)ec(xs,s)}R (s)dv(s)

o £48 J t-g
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t. t
Es{x(t+6)ec(xs,s)}R_l(S)dv(S) j ES{X(t+€)ec(xs,S)}R-l(S)dv(s)
t-€ t—€
s -1 € -1
S E {x(t+9)ec(xs,s)}R (s)dv(s) S E {x(s+£)ec(xs,s)}R (s)dv(s)
t—€ t+E

)

t—£ T
- ( Es{x(t+8)ec(xs,s)}R—l(s)dv(s) S ‘Es{x(t+E)eC(xs,s}}R—l(s)dv(s)
J+8 t—€

(R.3)

Substituting (B.3) into (B.2) and using properties of Ito integrals,

we get

P(t,8,8) - P(t-e, &+e, &+€)

r
=.[ ES{EU[x(t+6)x(t+E)IxS]ec(xs,s)}R_l(s)dv(s)
t—

£
£ -1
—§(t+6|t—8)‘[ Es{x(t+£)ec(xs,s)}R (s)dv(s)
t—£

t
_ﬁ(t+£|t—a) S Es{x(t+8)ec(xs,s)}R—l(s)dv(s)

it-£

t u
- S Es{x(t+e)ec(xs,s)}R_l(s).g Eu{x(t+5)ec(xu,u)}R-l(u)dv(u)dv(s)
t-z t-€

\ s
- S .g Eu{x(t+6)ec(xu,u)}Rfl(u)ES{x(t+£)ec(x5,s)}R—l(s)dv(u)dv(s)
t-£ J t-€
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t
-—j Es{x(t-l-e)ec(xs,s)]’R_l(s)ES{x(t-I-E)ec(xs,s)}ds
t-£
¢ -1
=J‘ ES{EO{X(HB)X(HE)!xs]ec(xS,S)}R (s)dv(s)
t-c

£
_J' §(t+g|s)ES{x(t+e)ec(xs,s)}R“1(s)dv(s)
t

-£

t
- J' ?c(t-!-els)ES{x(t-i-E)ec(xs,s) }R-l (s)dv(s)
t

-£
t

-f Es{x(t+9)ec(x3,s)}l{_l(s)ES {x(t+€)ec(xs,s)}ds (B.4)
t-€

Since for each 6e[-t,0], x(e+8) given 2% is Gaussian, the first three
terms of (B.4) add to zero, being the third central moment of a

Gaussian process. Hence

P(t:esg) - P(t—as B"'E: E'H'Z)

i
= —J Es{x(t-l-e)ec(xs,s)}Rul(s)ES{x(t+£)ec(xS,s)}ds (B.5)
t—-£

Note that thers are no random terms in (B.5). Since (B.5) holds for
arbitrary € in (0,T) with -t <8 +€ <0, -t <&+ <0, we can
divide by % and let € go to 0. If we let O be the unit vector in
the direction (i, -1, ~1), then the directional derivative, Pc(t,e,ﬁ)

of P(t,0,8) in the direction ¢ is given by
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J§'P0(t,e,€) = —Et{x(t+6)ec(xt,t)}R_l(t)Et{x(t+E)ec(xt,t)} (B.6)

Equation (B.6) is the desired equation for P(t,6,8), 0 <t <T,
-T <8 <0, -T <& <0. The same technique can be applied to the
derivation of the equation for P(t,08,0), 0 <t <T, -t £ 06 <0, and

that for P(t,0,0). We only sketch the steps, omitting the details.
By Theorem 5.3.1,

Ind
P(t,6,0) = Eo[x(t+9)x(t)] +-.'- ES{EO[x(t+B)x(t)|xs]ec(xs,s)}R_1(s)dv(s)
0

&0 0)R(e|L) (B.7)

(B.7) implies that P(t,0,0) is continuous in (t,8). Some calculations

yield, for € in (0,T) such that ~T < 6+ € <0, P(t£,08,0) - P(t~e, O+, O)

£ t
=I E° {x(c+0)alx ,s) Hs + j Es{xct+e)x(s)eccxs,s)}R'l(smv(s)
t

t-£
~&(t+0| £) R (e | £)+R(£+0 | £~€) R (t—€ | £-€) (B.8)

The last two terms of (B.8) can be evaluated to give

5

~R(e+0) )Rt | £)+R (40| t-e) R (c-e]t-e)

t t
=.-.[ i(t+9|s)3(xs,s)ds~ J’ ﬁ(t+8[s)Es{x(s)ec(xS,s)}R_l(s)dv(s)
t

-£ t-€E

-t :
= ES{X(t+9)§(SIS)ec(xs,S)}Rfl(S)dv(S)
- t_E
¢t

- Es{x(t+9)ec(xs,s)}R—l(s)ES{x(s)ec(xs,s)}ds (3.9)

“t-e
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Substituting (B.9) into (B.8) and using again the Gaussian property,
we see that

P(t,8,0) - P(t-e, 6+e,0)

t t
= J' Es{x(t-l-e)ea(xs,s)}ds— J‘ Es{x(t-!-e)ec(xs,s)}Rhl(s)'
t-€ g
-Es{x(s)ec(xs,s)}ds (8.10)

Again there are no random terms so that P(t,0,0) has a directional
derivative in the (1,-1) direcition. Denoting the unit vector in the

(1,-1) directiom by n, we obtain

.t
V2 Pn(t,e,G) = E {x(t-l-e)ea(xt,t)}

- -1 t
-E {x(t+9)ec(xt,t)}R (£)E {X(t)ec(xt’t)}(B_ll)

Finally, similar calculations (or using (5.42)) show that P(t,0,0)
has a derivative and satisfies

%E P(t,0,0) = Et{x(t)ea(xt,t)}+ Et{ea(xt,t)x(t)}

~EF{x(t)e Gx , £) IR T(E)Ele_(x,,£)x(t)} + Q(E)
(8.12)
In the vector case, equations identical to those of (B.6), (B.1ll), and
(B.12) hold for P(t,B8,8), P(t,8,0), and P(t,0,0). This completes the
derivation of equations (5.53) - {(5.55). The initial conditions (5.56)

follow immediately from the properties of conditional expectations.
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APPEWDIX C

FROOF OF LEMMA 6.6.1

We apply the Tito differential rule to the function V(xt) defined
in (6.78). We calculate the first and second terms to illustrate the

computations involved.

dx’ (t)Ko (£)=(t)

[dx' (&) ]Ko(t)x(t) dt

+x' (L) [dKo () Ix(t)det=x! (1:)1{0 (&) [d=x(t) ]dt-i-trM‘bﬁ(o (t)de

Il

x' (t—T)B'KO(t)x(t)dt'i'u’ (t)G'KO (B)=(t)dt .

+dw’ (1:)1(0 (£)=(t)dt+x’ (1:)1{0 (£)YBx(t—-T)det+x’ (t)Ko (t)Gu(t)dt

lG'KO(t)x(t)dt

+xt(t)Ko(t)dw(t)~x'(t)Qx(t)db+x'(t)KD(t)GR“
—x! (t)l(i (£, x(r)det—x' (t)Kl(t,O)x(t) dt-%-l:rM'MKo {(t)dt

: 0
dt j. x! (t)Kl(t,B)x(t-l-E})dG
-7

T
d [x' (t)j K, (&,0-t)x(g)do]
t-T

0
{[x" (LA +x" (£~T)B"+u' (£)G' Jdi+dw’ (t)}f Kl(t,e)x(t+9)d9
: -T
+x'(t)Ki(t,O)x(t)dt—x'(t)Kl(t,—T)x(tmr)dt

t
+x' (£) j dtKl(t,U—t)x(d)dUdt
t-T
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0
= [x'(t)A'+x‘(t~T)B'+u'(t)G']‘I. Kl(t,B)x(t+B)d9dt
—T

0
s ' +dw' (t) J’ 1<1(t,e)x(t+9)de+x' (t)Kl(t,O)x(t)dt

-T
—x" (£)K, (t,~T)x (=) dt+x" (t) ° (&= - §-) K. (t,8) Jx (£+6) d0de
* b THIEETLI AL 3t 9@/ ~1tev/IE
—~T
Similar calculations on the last two terms on the right hand side of
(6.78) vields the following expression
dv{xt) = vl(t)dt+dw' (t)Ko (£)=x(t)+x’ (t)KO (t)dw(t)
0

-H:rM'MI(O (&) detdw' (t) J' Kl (£,0)x(t+6)4d0
—T

0
4-~[ x'(t+9)Ki(t,B)d6dw(t)

T

-x" (&) Qxlt)dit—-u' (t)Ru(t)dt (c.1)

0
where Vl(t) = [u(t)+R-lG'Kb(t)x(t)+-d[ R—lG'Kl(t,B)x(t+9)dB]'
~T

0
'R[u(t)+R_lG'KD(t)x(t)+f R G'Kl(t,E)x(t+E)dE]

-t (c.2)

1

Using the beoundary conditions at T for Ko(t), Kl(t,B), and Kz(t,e,g),

we see that V(XT) = 0. Therefore
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ST

T
J- [x' (£)Qx(t)+u' (t)Ru(t) jdt
0

T T
5
— . 1
= V(x) + f v, (£)dt + f ExM'ME_ (&) de
0 0

T T ~0
+ 2 f ¥ ()R (£)dw(t) -+ 2 f f =" (£+0)K; (£,0)dBdw (t)
0 0 Y1

Taking expectations, we get i

iy
T f [x' (£)Qx(t)+u' (£)Ru(t) 1di
0

T T
= EV(::O) + Ef Vl(t)dt +f trM'Mco(t)dt (C.3) .
0 0

T T ,
Now Ef Vl(t)dt = f E'Vl(t)dt
0 0

T
= f E{E[Vl(t)l zt]}dt
0

using Fubini's theorem and properties of conditional expectations. :
Substituting the control law in (6.76) inte (C.2) we get that

0 i
B[V, (£)]2°1 = E{[R—lG‘Ko(t)e(t|t)+J‘ KGR, (£,6) e (t+0]€)do]"

=T

-1 0 -1 t
‘R[R G'Ko(t)e(tlt)-i- f R G‘Kl(t,a)e(t—}-eit)de.]lz 1
~T
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which is preéisely

0
tr{Ko (t)GR"J'G‘KO (1:)1"0 (t)—!-f Ki(t, e)GR_lG'K0 (t)P'1 (t,8)de

T

0
-1,
+f Ko(t)GR G Kl(t,e)Pl(t,e)de

T
0 0 1
+f f K] (£,8)6R G'Kl(t,S)Pz(t,E,ﬁ)dBdE}

=T v-T

(C.4)

E{Vl(t)|zt} is now seen to be a deterministic function and hence

equal to EVl(t). Substituting (C.4) into (C.3) yields the conclusion

of the lemma.
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