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ABSTRLUT

A theoretical study by J. E, Chance and J. M. Cantu is included in
the Appendix of this paper on the vegetation model of G. H. Suits(l).
The experimezntal bidirectional reflectance of cottén is presented and
compared to the Suits model, Some wheat reflectance data is presented
for a Mexican dwarf wheat. The general results are that the exchange of
source position and detector position gives the same reflectance measure-
ment if the irradiance is purely specular, This agrees with Suits. The
teflectance versus sun augle and reflectance versus detector angle do
not agree with the Suits predictions. There is qualitative agreement
between the Suits model and reflectance versus wavelength, but quantitative
agreement has not been observed., Reflectance of a vegetation canopy with
detector azimuth shows a change of 10 to 40% for even sun angles near
zenith, so it seems advisable to include azimuthal angles into models of

vegetation.

(1)G. H. Suits, Remote Sensing of Enviromment 2,117 (1972).
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FINAL REPORT

INTRODUCTION

The task of identifying varieties of agricultural crops from satellite
altitude has proven to be a very challenging problem. An empirical appro-
ach using statistical techniques has been used predominantly, but in
recent years a physical model approach which includes both models of the
atmosphere and of the plants themselves has been used to try to estab-
lish cause-effect relationships.

The number of temporal variables involved in the problem renders the
empirical approach useless if a training field is used to categorize crops
over a period as long as 1 or 2 hours as was shown by Malila, et. gl,cl)
At the same time these time-dependent parameters make physical models so
complicated that they rapidly become formidable.

The Suits(2) model was an attempt to use only the predominant physicai
parameters of a plant canopy that affect the reflectance. This report is
a study of the properties of the Suits model on cotton and, to a limited
extent, wheat to determine if the dominant charactzristics have, indeed,
been modeled., The principal investigator aroused the interest of a pro-
fesaor from the Mathematics Department at Pan American University, Dr.

J. E. Chance, and a Master's Degree Candidate, Mr, Juan Manuel Cantu, to
further study the mathematical properiies of the Suits model, As far as
was practicable the same questions that were asked of the model were asked
of the field measuremernts with comparisons being made in this report.
The main factors that are of interest are the following:
(a) Will the reflectance measurement be affected by interchange
of source and detector?

' (b) In what regime of source position and observer position is



the bidirectional reflectance function the most sensitive? The
leavt sensitive?

(¢} Does the top surface reflection of leaves, which in many plants
is admittedly non-Lambertian, as observed in single-leaf experi-
ments of Breece and Hnlmes(B) account for the non-Lambertian
propertize of vegetative canopies.

(d) In genernl characteristiecs, how is the qualitative agreement
beiween the model and field measurements? Is the agreement
sbout the same for low leaf area index (L.A.I.) crops and for
high L.,A.I. crops?

() Is the azimuthal variation negligible as implied by Suits!
assumption of azimuthal symmetry?

Most of the data were collected on cotton, sampled from two different
fields where the L.A.I, was 5.3 and 5.5. The wheat was a Mexican dwarf
variety grown in Fagle Pass, Texas. The variety was Penjamo and is nearly
identical to the high-yield varieties introduced 10 years ago into India
and Pakistan and now called Kalyan, Kalyan-sona, and Sona~lika., The L.A.IL.
of the wheat reported here was 2.l and was in a mature green stage with

well-developed heads.

THEORY OF MEASUREMENTS
g2

The reflectance is defined as p = T?fET-g where |ﬁ£] or ]E | axe the
magnitudes of the electric field vectors of the reflected and incident
radiation, respectlvely. Thié can easily be written as the ratio of the
- total clme—averaged "outward" movmng radiant power relatrve to the surface
being considered., In a laboratory spectrometer 51nglc leaf reflectance is
normally measured by irradiating the leaf with white_light from a diffuse

source and measuring the light reflecting in a particular direction. In



order to apply the definition of the reflectance, it appears to this inves—
tigator that one should specify the type of source and type of detector as:
Yhemispherical - hemispherical reflectance” or "hemispherical - angular
reflectance”, ete., This would also dictate that the reflectance function

should be defined as

p = dirradiance

as done by Breece and Holmes(3).

In the case of field studies, the source of irradiance is a combination
specular £rom direct sunlight and diffuse from skylight. In any field
studies one should separately measure both components.

The reflectance of the canopy as determined in this report is the
bi-angular or angular—angular reflectance. The ratio of speéular to diffuse
solar irradiance varied from -~ 95% to a worst case of 67%. If one assumes
pure specular flux from the sum, then the reflectance cam be determined as
follows:

P, (canopy) A (sun)
Pe T  AdpeidA Det coslpet Migynh £ cosfy,m

where the crop is viewed with a detector looking through a solid angle Afl, .

at a projected area M cosBpg:
Deat o,
. Py (sun)

Adynhd  COSBqyy

and

ic measured irradiance of the
sun f£falling on an area AA.

P, is the power in watts

arriving at the detector in
the wavelength interval centered on A. This agsumes a completeiy black sky
and a sun. subtendlng a solid angle AQ a2t the position of'the obsarve:.

Since for field measurements, a technlque must be utilized that 1ntegrates_"



the total irradiancg.qf direct sunlight plus diffuse light. This can be
accomplished in the following manner: Use a diffusely reflecting panel
having a known reflectance, p) (panel), placed in the same positioﬁ as the
canopy whose reflectance is to be determined. One then obtains for the
panel

By (punel Py (sun)
AgDet hA cosenet Agsun AA cosﬁsun

Py (panel} =

where AA is the area seen by the detector. This then yields an integrated

value for the total solar irradiance; the canopy reflectance becomes

2% (canopy) Py (panel)
Ay bApyoy cosfpet pA (panel)ARDet A%xﬂgosenet

p (canopy) =

Because of the experimental difficulty of having a reflectance standard large
enough to be observed at the same position as the agricultural canopy, 2
horizontai panel is placed about 1 meter below the detector head and observed -
from a vertical position of the head. This requires that in the denominator
Bpet ='05, and the equation thus yields

Py (canopy) Py (panel)
Apet cosfpet My . PA (panel)

P 1) - by 1
p (canopy) = " (canopy) » (pane ) 0 (pape b) .
A Apet Bhyoy cosbpat

Ope thus has a measuring technique that does mot invelve the geometry of the

p (canopy) =

detector.

EXPERTMENTAL METHODS:

Reflectance measurements taken in the field are made from the top of
.portable construction platform using a wedun—fllter type radlometer
(Isco Model SR).. equ1pped with a 1, 8 meter flber optlcs probe. The fleld of

view to half maximum ig 13° and full fleld is 19°. The spectral band '



width: is 15 nanometers (nm) in the visible and 30 mm in the infrared with
a range of 380 nm to 1550 nm.

Spectral intensity was measured in the field by viewing the canopy
from 4.9 m-above the top of the plants at some azimuth angle measured from
0° ag magnetic north and a polar angle measured from 0° siraight down
along a plumk line., The radiometer readings were combined with the absolute
reflectance of the reflectance panel to give the absolute bidirectional
reflectance function for the canopy as detailed in the previous section,

The reflectance panel was spray painted with at least 3 layers of
Eastman Kodak White Reflectance Coating #6080 made of barium sulfate and
having a reflectance >97%, The abzolute reflectance was determined perio-
dically from the United States Department of Agriculiure, Agricultural
Research Service (USDA, ARS) at Weslaco, Texas, standard vitrolite sample
usiﬁg a Beckman DKrZA(S).

The variations in radiance from the canopy as a function of azimuthal
and of polax éngle were recorded on an X-Y recorder as follows: A drafting
machine was disassembled and modified to allow the radiometer fiber optics
probe to be ﬁlamped at any polar angle. A 0.1% precision potentiometer
was placed above the rotating head as shown in Fig. 1 to give a voltage
read-out proportioﬁal to the angle displayed on the X-axis of the recorder
while simultaneously the Y—axis is the radiometer ouﬁput. This 180°
azimuth is scanned in about 1 minuﬁe and reversed to.give some indiéation

of the noise and transient fluctuations.

" RESULTS AND DISCUSSION:
'Ca) The first resﬁlt is the effect of interchanging.the source and
detector positions. The altitude or polar angles were measured from zenith

‘and the azimuth angles are magnetic compass measurements.
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Azimuthal scan device made from a drafting machlne.

The sosition semsing mechanism iz a 1 turn 10008 hellﬁot

connected to a 2.2 volt battery.




TABLE 1. Effect of exchanging sun and detector positions.
Cotton measurements are showm for run prefix C and
wheat is prefiz W.

RUN DATE SUN POLAR DETECTOR POLAR | WAVELENGTH | REFLECTANCE
& AZTMUTH & AZIMUTH {nm)
Cc50 | 7/12/75 490, 270° 452, 90° 500 0.0620x0,002
¢7 7/21/75 55°, 90° 450, 270° 500 0.020:0,002
c51 | 7/12/75 50°, 270° 45°, 90° 850 0.22x0,06
cs 7721175 54°, 90° 45°, 270° 850 0.27%0.06
W39 | 4/19/75 359, 270° 30°, 9¢0° 850 0.37£,015
W6l | 4/19/75 2?°, gQ° 3p°, 270° 850 0.30%.014

The indicatred errors are the combined effects of fluctuations on the radio-
meter signal from the cotton crop and from the reflectance panel and the
estimated error in the absolute reflectance of the standard panel. The spec-
alar flux was 78% of the total at 850 nm and 75% at 500 nm on 7/21/75 at a
solar polar angle of 45°; on 7/12/75 the specular flux was 89% at 850 nm and
93% at 500 nm at a solar polar amgle of 11°, The fact that the solar polar
angles were so0 mnch.different for these measurements makes it impossible to
compare sky conditions other than to say that both days were quite clear
(based on similar data reported by Jones & Condit(8). Total solar irra-
diances For the two days in question were 233 watts/cm? for 7/12/75 and 225
on 7/21/75 at 850 nm; these differ by only 4%. This is justification for
considering the sky conditions essentially the same. The 500 nm data has
small error bars anmd shows exchange symmetry; the 850 mm deta has large
error bars and shows differences smaller than error limits. We thus con-
clude that the exchange of source and observer glves reflectance values that

are essentlelly the same for cotton.

The exchange of source and observer for wheat is shown. There is not
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perfect exchange because the sun angle was 359 and 27° for the cases shown.
The specular flux was variable because of the presence of high cirrus
cloudss it wvaried from §1% to 68% specular, Because of these factors, the
exchange property for wheat cannot be verified.

(b) The variation of reflectance of cotton with sun angle is shown in
Fig., 2 and Fig. 3 for two angles of view at 300 nm and 850 nm, respectively.
The general trends are itoward moderate variations until the sun angle is
more than 50° from verticaly the variation in reflectance is more pronounced
in the near infrared compared to 500 mm. The data indicate that a minimum
exists in the 850 nm data for a sun angle of about 40°-50Pin cotton., The
Suits model prediction is shown in Fig. 7 of the report of Chance and Cantu
in the Appendix of this paper. The saddle-point behavior predicted by
Suits shows a "plateau" and decreasing reflectance versus sun angle for a
view angle of <35°, In the observer angle range >50°, there is an increasing
reflectance versus sun angle; in the intermediate range the reflectance is
nearly £lat.

The only gqualitative comparison one can make between the Suits pre-
diction and experimental values is that there is a change in the general
behavior of the reflectance in the vicinity of observer angie 40°, Since
the cotton canopy is nearly uniform, it is clear that the effect is mot a
result of a layer structure at the tops of the plants reflecting most of the
light at extreme solar angles and extreme observer angles. If one accepts
the exchange symmetry, it follows that the isoreflectance surface must have
diagonal symmetry and can have a maximum, a minimum, a saddle~point or
completely flat. This all assumes the relative inseusitivity to the azimuth
angle betﬁeen source and cbserver. We proceed to now look ét reflectanée
versus observer angle at £ixed sun angle, i.e.? slicing the isoreflectance

surface in the direction of fixzed sun angle,
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(¢) The observer angle influence on the reflectance is observed in
Figs, 4 and 5. The reflectance is shown here to be very seneitive to the
polar angle of view at 850 nm, while the variztion at 500 nm is only slight.
The vertical plane through which the detector was scanned contained the sun
in every case (the effect of choosing other planes of observation can be
found from the azimuthal scans).

The combination of reflectamce versus sun angle and reflectance versus
observer angle makes possible an experimental plot of isoreflectance curves
for purposes of comparing these results with the Suits model predietions.
The general features of this plot for cotton do not agree with the saddle-
point behavior predicted by the Buits model, The slices at constant sun
angle and variable detector angle show maxima as seen in Figs. 4 and 5.
This may be attributable to either top suxface specular reflectance from
the leaves or to heiiotropic movement of the leaves. More experimental
evidence will be presented to support the first effecty the second effect
seems to explain the maximum that occurs in the data presented in Fig. &
and Fig, 5. The maximum reflectance occurs when the observer has his back
to the sun looking at about -5° in the IR and at -30° in the visible.

‘This general hehavior of the reflectance might be expected for a collection
of leaves oriented toward the sun.

Shown in Figs. 6 and 7 is the reflectance of wheat at constant sun
angle and variable detectox polar angle. The negative sun angle indicates
a morning sumn. MNote that there is no sign of row effects because the rows
wete only 0.16 meters apart. Since the L.A.I. was only 2.1, it seems that
the data may have been greatly affected by the liglit, sandy—co;ored soil
background. Looking vertically downward, the soil was readily vigibles
whereas at an angle of 30° or more only vegetationvcould be seen. mhe bare
stil reflectance at 500 nm was 0.13 and at-850 mm it was 0.31.

The effect observed by Breece and Holmes on single-leaf non-Lambertian
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reflectance was expected from the top surface of the canopy observed at
extreme sun angles. Observer polar angle versus reflectance is shown in
Figs, 8 and 9. The negative angles for the sun were morning positions; the
negative angles for the observer polar angle were with the observer looking
westward in the plane of the sun. The reflectance showed a high value when
the ohserver was looking sunward in both morning and afternoon at 500 nm.

The effect was not seen at 850 mm. This agrees with the observations of
Breece and Holmes (3) on soybean leaves with a source polar angle of 60°
(shown in their Fig., 6). Their observation was that there was = very strong
tendency for specular reflectance in tha ﬁsible wavelength ranges and the
IR looked nearly Lambertian. One interesting feature of the 850 nm data

was the marked effect of row structuré at extreme sun angles compared to

only a small effect at 500 nm (See Figs., 10 and 11). Compared to Figs. 8

and 9, the row effects are much smaller, while the sun has moved only 12°,
These results can be acecounted for by the following discussion. Cotton has
very large, nearly flat 1éavés « These leaves are nearly symmetrically dis-
tributed about the central stalk of the plant as we detemined by stripping

5 randomly-selected plants. The average leaf slope was 22°., The heiio-
tropic effect was observed with time-lapse ﬁovie photoé;raphy, but the mag-
nitu.de 6f the change in leaf pdsition was only é few degrees in the leaves

in the upper part of thg plant. _The as_ymmet_riéal reflectance versus obse::\(er
angle curves were pfobably due to ndn—Lambertian leéf raflectance as observéd
by Breece an_@ Holmes on corn and s_oybe_ans. The row struci;ure seen in the |
IR and .not in the visihie was mosf .likely d.ue fo the fact thaﬁ the IR pene;--'
tration into the canopy is about 7 1eaveé deep and in. the .v:_i..gib.ier_it_. is only
gbout 2 leavés de.ep (7). Th.erefor.e, the afea bett}een t.he.. fows which had a
low L.A.I. of 2 to 5 would contrast with that in the rows of 10 or more if .-
- the ligizﬁ w#s penetrating to 7 1.eaves deep' as in the infrared, To tﬁe human

eye the canopy was nearly uniform.
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(d) The qualitative agreement between the data gathered in the field
and the Suits model is discussed beginning on page 39 of the report in the
Appendix of this paper.

(e) The azimuthal variations in reflectance are shown for various sun
angles in Figs. 12 and 13 for cotton and in Figs. 14 and 15 for wheat. The
only features are row structures that show in the 830 nm data for cotton.
Azimuthal positions of the detector yield different values of the measured
reflectance by as much as 25% (Fig. 14), so one is forced to admit that

azimuthal angles are imporitant when modeling vegetation.

CONCLUSIONS:

1., Exchange symmetry predicted by the Suits model for interchange of
source and detector is generally verified for pure specular irradiance,

2., The bidirectional reflectance funmction for cotton shows large
variation in the IR at extreme sun angles (i.e., >50° from zenith) and
moderate variation in the visible.

3. The general behavior of the bidirectional reflectance funection
with sun angle and observer angle predicted by the Suits model does not
agree with the observed experimental data for cotton.

4, Azimuthal variation is of the order of 1.0%Z — 40° for both cotton
and wheat.

5. The wheat reflectance data shows very few distinct trends. No
effects of row structure are apparent. Insufficient data exist to make
'generalizations about trends of the reflectance with sun angle and observer

angle.
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Foreword

For the interested reader who wishes to have exact \falues
on Suits' Reflectance ("1/E) graphs contained in this
paper, a description of each theo‘retical,graph. 1s in-
cluded in Appendix 1. Also to be fouﬁd in Appendi_x. 1

are Suits' parametefs for cotton and wheat.
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1. Introduction

Many of the problems relating to the growth of the world's popu-
lation and the maintenance of basic subsistence levels for individuals
within this population depend upon an accuratk inventory of the world's
crops. Current proposed éolutions to the problem of crop inventory
depend on data gathered by satellites-remote sensing. Using ground
reflectance patterns at selected wavelengths as data a discrimination is .
'tb be made among the various crops. Typically, to discriminate between
fields of cotton and wheat a mathematical model is employed that relates
the remotely sensed reflectance patterns to their causes i.e. wheat
canopies or cotton cahopies. Many mathematical models are proposed by
vafious investigators [2], [3], [5] with more or less unknown discrimina-
tion capabilities. These models are roughly divided into two categories-
deterministic and statistical. The deterministic models attempt to develop
a cause-effect relationship between the input parameters {sun angle, viewer
angle, plant parameters, etc.) and the observed changes in the reflectance
patterns, with the ability to explain observed changes in_ reflectance
patterns. This type of model ié desirable since the cause-effect relation-
ship allows one to explain the alteration in reflectance patterns caused
by crop diseases, pests, drought, and to optimize crop yields. The mé.jor
weakness of this type of model is t_he inability to mathematically describe
the subtie relationships that exists between the causes and effects-. In.
fact this is such a serious problem that many reserarchers_' :t_:'elyron stat-
istical models using the philosophy that a crop can be identified by its
reflectance properties by observing a.l_arg_e number of test plots _of. the

same crop and measuring their variabilities. This type of mathematical



model has shown good results in laboratory environments but fails to
discriminate adequately with a moderate diwrnmal variation [1].

The purpose of this study is to examine a proposed family of
deterministic mathematical models for vegetative canopy reflectance
developed by G. H. Suits of the Environmental Research Institute of
Michigan (ERIM) [2]. A solution for each of these models is given,
along with a computer program for implementing these solutions. Pro-
perties of these solutions will be discussed, and the mathematical
models will be compared with actual field data. Finally, suggestions
will be given for improvements of these models and future areas for

investigation will be discussed.

2. The Solution of the Suits' Model for Canopy Reflectance

The importance of recognizing plant canopies by using remote
sensing techniques has continued to grow. Mathematical models have
been developed to interpret data acquired by remote sensing devices.
Tt is hoped that mathematical models can predict different reflectances
for different crops. A study of the models should reveal the weaknesses
and strengths of each model. Also, a study of the different models should
expose the features which can best diffeventiate between different crops.

One of the models developed for identification of plant cancpies
was deﬁsed'by Geymm H. Suits. Suits' model marks the first attempt to -
account for dlrectlonal reflectance as a fimction of view angle. It
also attempts. to trace changes in reflectance to spectral and geometrlc
_ changes within the plant canopy In Suits’ model the plant cenopy is
.d1v1ded into N laver which are 1nf1n1te1y extended The last layer 1s

always bounded by the soil. Each layer can have several c‘omponents ‘



(leaves, stalks, flowers) which exhibit different optical and physical
properties. The components are assumed to be randomly distributed and
homogeneously mixed. The components in each layer are idealized as a
coﬁbination of a vertical and a horizontal panel. The vertical and
horlzontal panels act as, Lambertlan surfaces: that is, they diffusely
reflect and transmit the incident light. The area of the horlzontal
paﬁel is ob;cained by prdjecting the area of the component on a hori-
zontal plane. Similarly, the area of the vertical panel is obtained
by projecting the area of the component on two orthogonal vertical
planes.

The radiant flux that interacts with the canopy is divided into
two types: specular flux which arrives directly from the sun and
diffuse flux. The symbols E,(s,1,X), E;\(+d,i,x), and El(—d,i,x)
represent the specular flux, the upward directed diffuse flux, and the
dowmward directed diffuse flux in the ith layer and level x for a parti-
cular wavelength (1). In Suits' model the level of a layer is measured
dowrward from the top of the layer. Since dowmward in Suits' model is
in the negative direction; then both the level and the total depth of a
layer are negative mumbers. To determine E; (+d,i,x), Ey(-d,1,x), and

By (s,i,x), the differential equations

dE, (+d,1,%)

dx = - ai EA("‘d,i,X)‘*‘bi E)\(-d,i,}{)_ + Ci ER(S,i,X),
&, (-d,1,%) B e
e = ai'EA('“d’-l’x)"bi EA(‘Pd,l,X) -c EK(S,-I,X),
| VdEA(s',i,x) _

ki El(s 3i ’x)



must be solved. The constants ai, bi’ ci’ ci', and k are derived from
measurements of the canopy components. If only one type of component

occupies the ith 1ayer, then

3 = bogm - 0+ oym, a - e291,
bil = [o,n p+'o P '(° z T)],
S =icnhp+(-)on 2D tam 8 1,
1
c,'=lon ©+ (?_) o et T) tan 8 ],
and
ki = [ahnh * (_%-) oA, tan 0 ]

where o is the average area of the proj ectio:_z of the comppnent on a
horizontal plane, o, is the average area of the projection of the
canopy component on two orthogonal vertical planes nh is the nmnber of
horizontal projections per wumit volume, n, is the mmber of vertlcal
projections per mit volume, 8 is the polar angle for incident specular
flui, p is ﬁhe hemisperical reflectance of the component at this wave-
length, and ¢ is the hemlspherlcal ‘transmittance of the component at
this wavelength. If there are more than one type of conponents in
layer 1, then the values a, b, ¢, c', and k are obtained for each type
senarately and added together respectively to obta:m a , bi’ 'Ci’ ci‘,
- and .ki. For example, if there are two types:of_con@onejnts_ in.._laye: i, -
th‘éen '

= a(type 1) + a(type 2).



The boundary conditions require that at the top of the first
layer the only downward directed flux be specular flux. This can be
stated as EA(s,l,O) = 1. Hence the dowrward directed diffuse flux is
zefro, or EA(-d,l,O) % 0. At the layer boundaries, the conditions require
that the upward and downward directed flux be continuous. - Finally, at
the soil level, the boundary conditions require that all downward
directed flux be reflected to produce upward directed diffuse fiux. This

last condition may be stated as

E?L(fd’N’dN) = pS[EA(_d’N’dN) * El(ssN:dN)]

where p_ is the soil reflectance, N is the last layer, and d._ is the
3 N

depth of the last layer.

2.1 Solution to the Bemdary-Value Problem Assoc:l.ated w:Lth the N Layer
Model

The system of differential equations may be stated as

' Ei(x) Ni Ei(x) for i =1,2, ... , N, where

I dEA(+d,i,x)' ] [ -a. b c. |
— _

. dEX_(-d_,i,x) S -b. a, -c.'

E.i x) , and

n
v
=
n
"—I
[
[

dx i
_ dEA(s,i,x) L 0 0 k
dx

C E (+d,i,x) i

E(x)=|E ( -d,i,x) |. For a given x, N, is the matrix representation

LJ\

(s 1x)




!

with respect to the natural basis of a linear transformation L of R®
into R3. If L has three distinct eigenvalues then the matrix representa-
tion of L with respect to an eigenvector basis will be a diagonal matrix.
The elements of the diagonal matrix will be the eigenvalues. In this
case, the eigenvalues aré,gi = (a-.i2 - biz) /2, -gg> and k. If

p+ 1 =1, then g, = 0 and there are repeated eigenvalues. This is
nearly the case in the infrared region which will be discu'ssed'_in
another section of this paper. On the other hand, if ptreld then,
with only one exception, there are three distinct eigenvalues. The

exception occurs when

w

8 = tan~! (gi - 1 opny)| vhere m; is the mumber of com-

) iy ny

ponents in layer i, This angle of 8 causes & =‘ki'

An eigenvector associated with g; is

1 f
8 " &
€; = 1 An eigenvector associated with -g, is
0
4 "8 |
e, = | % . Fin_all}", an eigenvector associated with




" T I - T ¥
814 (8; - k) ¢y + ey’ by
a.? - k.2 - b.2
= = i i i
€y = Eni . Hence the matrix
(a. + k) c.'+c, b,
1 i i’ 73 i’i
- ; 2 .52 .} 2
a; ki bi
1
representation of L with respect to Si = {e‘li, €55 eai} is Di where
~ 0 -
g 0 .
Di = 0 -8; 0 |. Now Ei[x) = NiEi (x) can be expressed as
0 0 ki J

1 E..
- 1i
% 78 % T8
Mi = %_ %_ E,3 The solution to Fi (x) = DiFi (x) is
i i
| 0 0 1
[ A, eFi¥
i
Fi(x) = Bi e &% | where A, B, and C, are constants of integration.
i’ i i
C ekix




Ei(x) = MiF.l(x) or

X k.x
g1 e_+-Ciel e

23

.X
E = A, egl e  + B, e .
{8 = A 1 i 3i

The constants of integration Ai, 'Bi-, and C___.L must now be determined such
that they satisfy the boundary conditions.
At this point, a useful notation will be adopted to represent

the boundary condition at the soil level.

[ a ] _ - [ B (aNd) ]
Let fp b =a-p(b+c). Thus fp .El(-d,N,d.N) =0
L c EA(s,N,dN)

will satisfy the last boundary condition.

.To determine A, Bi’ and C., what will be done is to trade a
boundary condition for am initial condition. Thus t_he boumdary-value
problem will reduce to an initial-value problem.

Let A, represent the upward directed diffuse flux at the top of

the first layer. Then

Ao_ Al
El(O) =| 0 | =M {B, |. Since
1 .G
det M, = 1 - 1 ) 1 0, then M is' nonsingular.
1 (ai'+g'i' ' a:lL' - ‘gi- blié . 1.7 gu]



Thus
A A
B, | =M™}
l::1 1
.. ] L i

The boundary conditions require that

‘Thus
A, _ A Ao
] =W = -1
M2 B2 M1 B1 M1 Ml 0
C2 C1 1
where .
&1d) 1 8l g Jfady £,
3 " & 8 - §
g | &1dt 1 cfid 1 K ¢
1 iy 21 |°
1 1
0 0 kqd;
L 4
Again since M, is nonsingular
AZ Ao
= N -1 37 _"1
_Bz_ M7 M M1 _ 0 .
C 1
2
-Ai A,
=M-1 ¥ -1 -1 '
| In general Bl o .Mi Mi-l_.Mi-l- ‘e Ml_ }fll
c . _

.
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Ay B ]
t il b - =M : =M -1, LN .
At the soil boundary EN(d N) MN BN MN M L _ M1 Ml 0 .
C J '
N 1

Letting cl,, cl and cl 4 Tepresent the colums of the 3 x 3 matrix

2’

MN MN , then EN(dN) = A, c:l1 + cl 3 The boumdary condition

requires that fp (’_EN CdN)) =
Thus | |

fp(EN( )) = fo(Ay cl, + cl) = Ay fp(el,) *+ fp(clsJ 0, or

- . fp (Flg)
Ao fp(cl)) -

It can be shown that for the one layer case

fp(cll) # 0. An attempt was made to show 0 < Ay < 1 for the one layer
case, but the attempt proved wmsuccessful. Beyond ﬁhe one layer case,
it comes difficult to show that fp(cl,) # 0. Thus if fp (cll) =

then this problem has no solution. However, if fp (cll) 70, then the

constants of integration can be obtained from (1}.

2.2 Solutlon to the Infmlte Case for Suits? Model

Another case yet to be considered is ‘one in whlch due to dense
foliage or due to the depth of the canopy, the soil reflectance is

negligible. In this case the boundary conditions become

E, (-d,1,0). = 0
E, (5,1,0) = 1, and
By (+d,1,x + - ®) =
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From the previous section, the solution to the system of dif-
ferential equations is E1 (xj = _Al' 51 el' + B1 i g, * C1 ekix eB.
Again, let A~ be the upward directed flux at the top of the single

" layer. Thus the initial condition for the infinite one-layered case

. becomes

A ! ] A
_ . 1
o lgrE g s | o
0 = A ) B1 . Hence

1 1 £
1 B b C

b, b, 2 1

| 0 0 1 ]

1 -1
Ap *B F *+C g =0andC

1 b, 1 B, 1 1. The boundary condition requires

that £o(E,(d,)) = 0. Thus A, A1dig, (o)) + B, e'gldifp(ez) .
C kldl"f =0, or fo(E (d)) = A o811, *
e p(e,) = 0, or fp (B,(d,)) =4 e tole,) + B (e} «

(gl tk )d

C e 'fp(e,) = 0. The depth of the single layer (d;) becomes

large. Hence

28
| limit A, e °1d1fp(e) + B, fp[e) * c: _e! kl)dlf (e )] = B fp(e) - 0.

d e
1

CFor 0 <p < 1,"'fh'l(le2)” #0. ‘Thus B = 0. With Bl.' = 0 and C1 =1, then

1, 401 : _
. _us.mg_Al .El + Bl 5 + Cl_gz =0,
A (e k) by et + b2

1 2 2. .2
L + -
y Vbl k, al_
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2.3 Solution to the Combination Case for Suits' Model

The combination case was intended to describe the reflectance of
a canopy primarily as initial surface reflectance from the top layer of
the canopy. It is thought that the total reflectance from some CTOpS
such as wheat originate mainly from light interaction with the top of
the canopy crop (the heads of the wheat). The combinatibn case ‘consists
of two layers, the first having a finite depth and the seconﬂ having an

infinite depth. The flux densities of the first layer are described by

_ - k
E, () = Ay e81% e;; + B e £1% €y, + Cy @ 1% e,, where A,, By, and G,
are to be determined. Similarly, the second layer of the combination

case is described by

_ g,X ~g,X k,x
E,(x) =A, 7% &, *+B, e e,, +C, 8% €5,

The initial condition for the top layer is

Ao] 1 1 511_ A, ]

0 a + g 21 - 8

= ' B, |. Thus C, = 1.
} 1 1 £
1 b, b, 21 G,
) 0 1 ]
Also A, 11; + By % +Cy &y, =0 which implies that B, = -(&; + &, b;).

i

In the sec:ond 1ayer, the depth (d, ) becomes large thus

2 d |
limit A, e g‘?df’lfp( e, ) + B, fp(ez;_) +C, a.fa(g2 2) 2fp (e,_,l) B, fole,,) = 0.
dz-y--m
This :melles that B, = 0 since fp (e } #F0 for 0 < p < 1 The botmdary

conditions require that EZ(OJ = 1(d1)’ or



A -V C 1 1 1
2 = ' a8, * 8 2" & f12
M, B, =M B where M, = ' and
1 1
C?_ L Cl .J b2 b2 E22
|0 0 1]
gid, 1 -gyd; __ 1 k;d;
e e e
a; * 8 4 "5 fas
H, = Ld 1 g:d L Fdi g i,
b
1 1
k. d
i 0 0 el ]
Again, M_ is nonsingular since det M, = ( 1 1 ) 1 # 0.
2 2 Cap * g 22- 8 b
Ay 1 A, ] A 1
= -1 ¥ = -1 -
Hence 332 M2 _Ml L B1 Mz Ml (Al * By bl) ‘ LZ)
c, c 1 1.

Let the elements of the sécond row of M,”' M, be h, i, and j. Then
A - (A, + &, b,} i+j=0,and
By Dy i-3

A= T . If h =i, then there is no solution to this problem,

IEh # 1, then A, B, and C, are known and A,, B,, and C, are obtained
£rom (2). | o

- Once 'the constants of mtegratmn have been detemmed for each of '

the three cases, the radlance due to an mflnltesmal strlp in “the 1th

layer can be calculated from Suits' eguation
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u. EA(+d=j—’X) " ':V. EA("d,i,X) + w. EA(S,i,}C)

AL}‘_[]- b 1 T 1 T ]

Ax

where u; = ) N T ovnv? ; g G-J tan @
n3

chhp+on (—)tanﬂ

'

2y2
=3 ony P % sfnv 2 ¢ ) tan ﬂ tan 8

my
where § is the polar viewer angle and m, is the mmber of com- '
ponents in layer i. If i > 1, the fraction of radiance from this
infinitesmal strip of layer i that is seen from the outside is

i-1
exp( Z £ dJ) exp(£;x) where f = Z opy, * C—J oy, tan § and dj is

J
the depth of layer j. The radiance as seen from outside the plant
canopy becomes
i-1
AL, (outside) = exp( Z f d ) exp(£;x) AL,. If i =1, the fraction
J =
simply becomes exp(£;x) and

AL, (outside) = exp(£;x) AL,.

The radiance of the entire. canopy as seen from the out51de becomes the

1ntegra1 of all such contrlbutlons plus the CGDIleUtlQHb of the soil.
As an illustration, take_the_radlance'qf the infinite case..

Now

A k;x

Cede =1 g1X 1
Ea_('*’d_':l:x) ’ 'él—_'_g; _Al_.e ] +-El e, .



1 cgx
E,(-d,1,x) = B-l A 81X 4 £, ©

15
klx

,and'

klx

E,(s,1,%) = ¢ 17, Thus

Ly

. u
= 1

“_

E, (+d,1 - B, (s
J B 1GdLx)BEGLLE) L BELY,

T 1 w ™

fo .

£1x [a 1 A RSLN eklx] dx
J =0 1 gl
(° £ ' KX,

S oA e V] &
-0 1 :
(0

£.x kx

e et dx

1 1 1

Ha a, *g £ tg = f_l—rfl_']

1 1 1
P S B
by Hrg TR e
1 .
legs )

" The reflectance (%-)- from the plant canopy then becémes_ _

7L _ 1 1 1
E- "1 [A.l 2, *tg 578 i gl-_fl * Ky 3
1 1 1
+ v, [A, = + E : 1
S | bl fl * g 2 fl.-l-_k_1
RV e
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Note that in the infinite case and combination case there is no contri-
bution to the reflectance by the soil. In the N layer case, the con-

tribution to the reflectance by the soil can be expressed by

R(soil) = exp[f, d, + £, d, + ... + £ 41 E (+d,N,d).

2.4 Solution to the N 1ayei' Case for Suits' Model with Diffuse Light

In the three cases discussed above, it was assmned. that the only
dowmward directed flux at the top of the first 1ajfer was specular flux.
In cloudy days, however; a significant part of the light falling on the
top of the first layer is dowrward directed difﬁ;se flux, Also, thé
amount of downward directed diffuse flux at the top of the first layer
in the visible region of the spectrum is a function of the time of day
(see Figure 1) as was shown by Jones and Condit [11]. Letting B, be the
amount of downward diffuse flux and C, be the amount of specular flux
at the top of the first layer, then the initial conditions become

EA(+d,l,u) = A,

E‘\(-d,l,o) = B

I
]

E, (s,1,0)
where Bo + C0 =1,
The following discussion shows how the N layer case 1is affected

by changing the initial conditions from

{ B Ay

0 to B0 where 'BO and «, are Jmownt values.

1 C

A change in initial conditions will only change the constants of inte-

gration Ai s Bi.’ and Ci' Previously, the strategy used to solve for the
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Figure 1

Direct Solar and Diffuse Skylight Fractions of Global
Irradiation. These curves based upon data from Jones
and Condit.
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]

constants Ai, Bi, and Ci was to solve for Aj first. It was found that

¢

_fe(CL 3)

A, = Tl - With A calculated, the constants A;, B, and.C,

were obtained from

A, | A
- M-l N M M -1
C; 1
L
L L

With a change in the initial conditions; the value of A, changes. The
value of A, now becomes

By £(CL,) - C, £o(ClL,)

A =- . Agai ith A_ calculated, the constants
s Fo(CLy) gain wi o, Calculated,

_ Ai, Bi’ and Ci are now obtained from

Al Ao
: =M -1l W 1 T oM =1

Bi M~ Mi-l Mi—1 M1 Ml BO
Ci C0

The following changes in NTH2 (a computer program designed to yield the
radiance from Suits' N layer model) were made to take into account -

changes in the downward directed flux at the top of the first layer.

Lines | | _' o |

1304 Print "“Enter fractional contribution of both ._the specular flux"

1305 Print “and Diffuse flux to the total downward directed flux."; =

1306 Input L3, L2
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:;-.rere_inserted. Lines 19ﬁ0 - 2000 wers changed to

1920 A2 = -1 * L2 * (G(1,2) -1 # S1 # (G(2,2) + G(3,2)))
-1 % 13 & (G(1,3) -1 # SL # (G(2,3) + G(3,3)))
G(1,1) -1 % S1.% (G(2,1) *+ G(3,1))

1940 IF A4 = 0 THEN 2480

1050 A = (A2 + AS)/Ad

0

1925 A3

1930 A

1960 R5(1)

n

1970 R6(0) = O
1080 I(1,1) = A¥

12

1990 I(2,1)

I

2000 I(3,1) = L3, |

Similar changes were made on fnf 2 and Com 2 but are not included here
since Inf 2 and Com 2 ar:e special cases of NI‘H 2 (Inf 2 is the one layer
NTH 2 with a large depth) . The resulting programs with these changes

were called NTH 3, Inf 3, and Com 3.

2.5 Tbe Repeated Roots Case for Smts Models

TFor incident light in the wave lengths From 760 to 1250 n.m.
the single leaf absorption for a plant is small [4]. {See Figure 2)
It can be shdwn that for small absoiption, thé Suits' aifferentiél
._equatlon coeff1c1ents a; and b are almost equal. If one assumes that
a; = b the elgenvalues of the matrix N; as dlscussed in 2.1 are
repeated thereby yleldlng a different algebralc form for the solutlon
to Su.lts' Model Smce thls solution is relevant to the work done by
Allen, Gale and Rlchardson, (AGR Mcdel) 1t is 1nc1uded to show the

relatlonshlp between theJ.r vegetatlve reflectance canopy model and the |

‘Suits' Model.
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Figure 2

The Light Absorption for a Single Leaf of Cotton as
a Function of the Wavelength.
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The matrix Ni = -bi .'a.i -ci' has characteristic
0 0 k,
i

polynomial c(}) = Az(ki-a) ‘giving eigenvalues 0, 0, and ki' An eigen-

vector corresponding to the eigenvalue ki is

&)
e, = E, where .'-;1 = _ cila; - ki) - by c;!
2
1 ky
|
1
e T T e S

k.2
i

1)

{2)

To find eigenvectors (if they exist) that form a basis for the

21

subspace Ni x = 0 of three-space we must find non-zero vectors €, and e,

such that
Ni e1=0, Nie2=e1. Let
|
e1= ¢, then
o
3
- a. + b. + Cs -
a; @ b1 @, + C; o, 0
-b.a +a a -c,.a =0
il i 2 i3
k. a, =0

1

3
1

o, must be zero, and a solution is e, =1, 0, = 1 so that
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B, |
If e, = B 0 then the condition that
Bs
Ni e, = e1 forces
-a; B By Byt Cy B TR
- - 1 =
bi 81 + a; 82 c; B3 a.1
k. By = 0
A solution is B, = 0, B, = 0, 8, = -1, so that
-1 T
e, = 0
0

The set S = {e;, €,, e,} is a basis for three-space. Denote the

representation of Ni with respect to S as Ms. Since

Ms e, =.0, Mg e, = el, Ms e3 =-ki ea

0 1 0 ] 'xl i
Ms =10 0 0 |. Ifweletx= x2 the DE system
0o 0 Kk x|
I L] RER
becomes
X) =%X,, %, =0, x5 =k, Xy
yielding
k.x _
X, =C et x.=B,x.=le--A

51 2 177 1

‘where _Al, Bl, C-1 are_cunstants:_of integration.



23

The'géneral'solution to the original system is thus

= + o+
E X, e, X, e2 xg e3

k.x
(Al + le) e + B1 e, * C1 el e

I

3 i
so that

coon ! k.x
E(+d,i,x) = (A1 - Bl) + le + C1 gl e i

. k.x
E(-d,i,x) = A+ le +C, 52 el
. k.x
E(s,i,x) = C,el..
A
)
For the one layer case with the initial conditions 0 it is seen
i
that C1 =1, Al =-£ B1 =g - 52 - Ab. Since fp(el) =1-p,

fole,) = -1, fole) = &
at x = -d gives 0 = -5, + [&, - £, - AJ(-d)(1-p) *+ [£; - g, - A1 (1)

- p(g2 + 1) then the boumndary conﬁition gives

+ e X% [g, - 0(5, + DI, or

A = (&, - &)d@ -p) + g - eK;d {al - p(g, * 1]
| 1+d@ - p)

yielding a solution to the one layer finite case. For the one layer
~ infinite case, let d+-«, which gives.Ab g - Ez so that C1 =1,
By =0, A =&

The infinite solution is

1 St



B(+d,1,x)

i

k.x
- +
52 P;l el

1

B(-d,1,) = =g, + &, &

E(s,1,x) ekix

The N-layer repeated problem is solved in a mamer analogous

to the N-layer non-repeated case discussed in 2.1.

Denote 1 -1 g 1 -(1+d) £y K4
_ _— ) -k.d.
o 0 1 o 0 e K345

with gli and Ezi the eigenvector components using the parameters of
layer i in equations (i) and (2). The unknown initial condition Ao
solves the equation

Aofp(cll) + fp(Cla) = 0 where [Cll, ClL,, C13] =

= (°F -1 i -1

M C%I MN- )_ (Ml M1 ) (Cll, Clz, and Cl3 are the three
colums of M respectively).

If fp(Clll # 0, the system has a solution with

_ . olCly)

° fo(ul)

To find a relationship between the Suits and AGR Models one }
uses the one l_a)(er Suits Model with repeated roots. Let a, = bl, .
(which is equiiralent to assuming that u = 0 for the AGR pér‘amétef 'for
single leaf absc)rptipnj, The. following table Yelates the Suits para-

meters to the AGR parameters.



Suits Parameter
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AGR Parameter

E(+d,1,x)
E(-d,i,x)

E(s,i,x)

Suits Conditions

uT+B|+F|

ntB

B

B
Bt

3
s(n}
t(n)

I(n)

AGR Conditions

E(-¢,1,0) = 0
E(s,1,0) =1
E(+d,1,7) = p[E(-d,1,r)+ E(s,1,7)]

positive direction upward

t(0) =1
I(0) =1
s(r) =0

positive direction dowrward

Table 1. Analogy ‘iable for Suits and AGR Models

Using this table, it can be seen that the differential equations

describing the two models are identical, but the boundary conditions

are different.

As the AGR Model was not designed to measure light reflectance

exterior to the canopy, the look angle § in the Suits Model. does mot. .. .

have an amalogy. Experimental evidence [5], [6], indicates that these

models agree with actual data taken'within a plant canopy:
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The AGR parameters were calculated by use of regression analysis
on experimental data. With the AGR coefficients calculated for a corn-
field in Tthica, New York [5] an attempt was made to calculate the Suits
coefficients, but the conditions imposed on the Suits coefficients by
Table 1, forced several of the Suits Parameters:to be negative, a con-
dition that is pﬁysically impossible. ! | |

3. Theoretical Lighi Penetration in a Plant Canopy Using the Suits
Model

This section of the paper uses the Sults Model to discuss the
importance of canopy depth in reflectance measurements. These deter-
minations were based on the following definition:

the penetration depth of a plant canopy at a given wave-

length of light is that depth at which reflectance

obtained from the one layer finite Suits Model is within

5% of the reflectance obtained from the infinite Suits

Model .

Figure 3(a) illustrates a determination of the penetration depth
for experimental data collected for a co:ton canopy at 850 n.m. As
the canopy depth increases, the reflectance increases due to the in-
creased number of leaves, each leaf acting as a good reflector at this
wave length (the absorption of a single cotton leaf is .018 at this
wave length). The reflectance is within 5% of the infinite canbpy
reflectance (the horizontal asymptote) at a depth of 47 am., indicating
that vegetativé structure below 47 cm. in the canopy contribute less
than 5% to the total reflectance at 850 n. m. Thus, only 47 cm. of the
cotton canopy is sampléd by 850 n. m. light. That is, 850 n. m. light
can be measured as a component of the'total-light'transmitted-td lower

depths in the canopy, but would fail to exit the canopy upward into the
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field of view of the observer. The behavior of 850 n.m. light is
characteristic of most infrared radiation with respect to penetra-
tion depth.

Figure 3(b) indicates an interesting contrast that occurs for
650 n. m. light. As the canopy depth increases, the reflectance
decreases, due to the increased mmber of leaves. Each leaf is now
acting as a good absorber at this wave length (the absorption of a
single cotton leaf is .877). Reflecfance decreases to within 5% of the
infinite canopy reflectance (the horizontal asymptote) at a canopy
depth of 16.4 cm. This behavior is characteristic of most light in.
the visible spectrum.

The process of calculating the penetration depth for various
wave lengths was continued, and the results are shown in Figure 4.
To illustrate the difference between the visible and infrared pene-
tration depth, the convention was adopted of assigning a negative
sign to the penetration depth if the reflectance decreased to its
limiting value and a positive sign if the reflectance 1ncreased to
its limiting value. This graph indicates a greatest depth of 47 cm.,
so that only the first 47 cm. of the plant canopy are useful for
reflection measurements at ainy wave length. As expected, infrared
radiation penetrates to the greatest depths in the cotton canopy and
the visible wave lengths penetrate the canopy to the least depth.
Of great interest is the penetration depth for an estimated 695 n. m.
radiation (no data was available at the wave length, and this result
is based on interpolation). = At this wave %e‘h’gth the graph indicates

that cbserved reflectance data fails to penetrate the canopy, and what
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The Penetration Depth of Light in a Cotton Canopy as
a Function of the Wavelength.
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is recorded corresponds only to surface reflections. In summary, ‘or
the 189 cm. cotton canopy considered, incident light penetrated to a
depth no greater than 47l an. indicating that the soil reflectance data
was not utilized in the model.

Allen and Richardson [7] have observed phencmena analogous to
this with single leaf models. For the cotton crop considered oy = 104,
m, = .00125 and o, = .13. For a maximum depth of 47 cm., the
cumlative L.A.I. is .13 x 47 = 6.11, so that infrared light penetrating
to this depth and exiting the canopy to the observer must pass throu‘gh
12 leaves, and by an analogous calculation, light in the visible region
must pass through 4 leaves, Allen and Richardson found that by stacking
cotton leaves in a spectrophotometer, the reflectance ceased to vary
with 8 cotton leaves in the infrared region and 2 cotton leaves in the
visible spectrum, giviﬁg approximate agreement with the results foumd
by use of the Sui‘l‘:s Model. |

On the basis of this limited data, one can conclude the following
rules for use of the Suits Models:

(a) Since the maximum penetration occurs in the infrared, the
effective depth d of a canopy is no larger than d = 6_/crhnh,

(b) If the canopy to be considered has depth greater than d,
use the infinite model, and

{c) if the canopy comsidered has depth less than d, use the
finite Suits Model and collect ground reflectance data.

These relationships are summarized in figure 5 for a typical plant from .
a canopy.
- Penetration depth is a useful concept in explaining canopy .

reflectance for crops with layered structures such as wheat. As an
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Relationship between Penetration Depth and Wavelength for a Typical
Canopy .

a. 600-690 n.m. with small penetration into the first layer. The
1 layer infinite Suits' Model fits the data well.

b. 500-600 n.m. with moderate penetration into the second layer.
The combination case for Suits' Model fits the data well.

c. 690 n.m. and above with deepest penetration. A multi-layerc
finite Suits' Model fits the data well.
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example, consider Figure 6. In this case, two different Suits Models
were employed on wheat data, the first used an infinite Suits Model ,

and the second a four layer finite Suits Model. The first model used
only the parameters collected for the wheat heads and the second model
used all parameters collected for each layer and the soil reflectance.
As would be expected, the two graphs agree in the visible region, as the
penetration depth is small and the second model is utilizing only the
data from the wheat heads.. The difference between the two graphs beccme
noticeable around 700 n. m.i, where iight has penetrated the layer of
wheat heads in the second model and begins to sample the dissimilar
reflectance properties of the green leaves. This difference continues
to change wntil around 800 n. m., where the penetration depth has
reached the soil level, and remains essentially constant thereafter.
This example stresses the fact that reflectance data from around 650 n. m.
to 850 n. m. contains a great deal of information on the internal

reflective structure of a plant canopy.

4. The Interchange Property for Suits Models

This portion of the paper will establish a rather non-intuitive
property of the Suits Model — the interchange property. In general,
for an isotropic plant canopy, the reflectance is a function of the
s angle 8 and the observer angle § measured from the vertical, and
can be written as

canopy reflectance = R(8,8).
The interchange property thus states that
R0 = RW,8),

1
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or that the same reflectance results whenever the position of the
observer and the sun are iﬁterchanged.

The property will be established by use of the infinite case
of Suits Model for non-diffuse light. From section 2.2 of the paper,

using the infinite model,

_ ~b[bc + (a + K)c'] : c{a - k) + bc!
RO = S R G T B @ & R
'[bC + (a + k)c'] * bc + (a + kK)chy } v (1)
(g2 - X2)(g + k) (g2 - k) (k + k*)
1 i
+ {k e } w,

where these parameters are defined in section 2.1. One can observe a
good deal of syﬁuneti'y in these parameters, in fact, if one interchanges
the roles of § and 0, k becomes k', k' becomes k, u becomes c', c’
becomes u, v becomes c, c becomes v, and w remains unchanged. '
Expression (1) is formidable and the key step in proving this
result is to re-wrlte this expression. After con51derab1e trial and

error, one re-writes (1) as

Rapy = Pbcr (a-gcju-e+@a-golvlatyg ,
2g(a+ g)lg+K(g+ k)

{[bc+(a*g)c'][bu+(a*gJV]}(g+k)+(a*g)(g+k'){[c(a+g)+bc ]u+[bc+(a g)c' v}
2g(a+g) (k+k') (g+k' ) (g+k)

1
+ {E—_‘:—T{—i—'} W._
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While the first two terms are quite complicated, it can be seen
by chservation that both denominators are symmetric in k and k', thus

one needs only show that the two numerators are symmetric in € and #.

\
The third term is already symmetric in 0 and, 8.,

Define the first numerator as

N,(8,8) = -blbc + (4-g)c']u - [be + (a-g)c'lv (a*g)
then ¢

N, (8,8) = -b[bv + (a-g)ulc’ - [bv + (a-g)ulc (a+g)
Oor, rearranging

N,(#,8) = [-b(a-g)c’ - c(a*g)(a-g)]u + [-b%c’ - be(arg)lv.
Using the fact that b2 = a2 - g2 and factoring gives
N, (8,8) = -b[bc + (a-g)c']u - [be + (a-g)c']v (a + g) = N, (8,8).
In a similar manner, define the second numerator as
N,(8,8) = {[bc + (arg)c'][bu + (a+g}v]}(g+k) *
(a+g) (g+k'){[c(a*g) + bc'Ju + [bc + (a-g)c'lvl.
N,(8,8) = {[bv + (atg)u][bc'+ (atg)cl}(g+k’) +
(a+g) (g+k{lv(atg) + bujc' + [bv + (a-glulcl.
These terms can be re-arranged so that
NZICE,QJ = {(a*gu[bc' + (atg)c] + bv[bc' + (arg)c]i(g+k’) +

(g+k) {[v(a+g)2 + b(atg)ulc’ + [b(atg)v + (a?-g2)ulc}.
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But b2 = a? - g2 and factoring gives
N, (#,8) = {ufbc' + (atg)c] + [(a-g)c' + beclv}(a+g) (g+k’) +
rg+k){[bc + (a*g)c'llbu + (a*g)vl) = N, (6,6).

Thus, it has been shown that

. RO, = REE).
Considering that.thé Suits Model is a generalization of a math
model used to describe light reflection from a stack of glass plates,

and that in most optical models the interchange is valid, then this
result should not appear too surprising.

It should be noted that the interchange is mot valid in the
presence of diffuse light i.e. E_q(0) > 0, E;(0) > O, E.q(0) + Eg{0) = 1.
(See 2.4)

For example, in the case that E_q(0) = .6, Eg(0) = .4
R(109,500) = ,752371, but R(50°,100) = .736506. (The infinite diffuse
light Suits Model applied to the parameters for cotton in data set 1.)

Both the N-layered Suits Model and the Combined Suits Model
exhibited the interchange property for non-diffuse light for all data rm
on the computer, but due to the complexity of the equations involved for
reflectance, an analytic¢ proof of the interchange property was not

attempted. Similarly, both of these medels did not exhibit the inter-

change property for diffuse light.

5. Directional Reflectance for the Suits Models

The general problem of calculating the canopy directional

refisctance as a fimction of the sum angle, viewer angle, and viewer
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azimuth has been reduced by the Suits assumption of isotropic canopy
conditions with respect to azimuth, so that the reflectance is a
function of only the sum angle and viewer angle measured from the
vertical. It is expected that such a simplifying assumption might lead
to errors between experimeéntal data and theoretical calculations of the
bi-directional reflectance function.

This section of the paper will discuss the general shape of the
surface R(8,8) (the bi-directional reflectancé fimction) and derive |
several useful formuilas. Using the N layer Suits' Model, the radiance

contribution from the i~ layer is given, from Suits equations as

Xi-1 K i
_ . X
R. = Pi J ei AL;\dx

i
X,
i
where the i-th layer has boundaries X5 and X; respectively,
o \ i-1
P, =1ifi=1, and Pi." e?cp(jzl ijj) ifis> 1.
But
ALy = uE.q + VE_g + wEg where
_ pt T 2
usom T+on T (7 tan g
- prT 2y,
vEom e ton “—— () tan §
= [ 8 2y2
w o'hnh p + Uvnv ) tan # tan 8 (1T)
- -g.X g.X k.x
and E.g A, el +B1ie1 *Cyel
' -g.X g.X k x
E_d=A2ie1+B2ie1 +Caiel
E. =C. &i¥ ’
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Ohserve that Aij’ Bij’ Cij for i =1,2,3, j = 1,2,3 are independent

of the view angle §. For i = 1, (the first layer) x, = 0. Inte-
gration and re- arrangement gives

_UAyy VA, uByy +vByy  ulyy * vGy + Wiy,

1 + +
k - g k *g k +k

R

S Uy VA exp((k, - g,)x,) - uBy; + VB,

exp((k, *+ g,)x,)
K -8 K +g

-
1 1

exp((K1 + kl)xl) .

As @ -+ 32!- , each of the last three terms involving the expomential tend

pr T
2

to zero, and the first three terms approach {E(+d,1,0) + %tan 8].

Fori>1, as § + % , each of the seven terms resulting from
integration approaches zero. Thus R, + 0 as g Fz- for i > 1.
- The ground radiance contribution after N layers is given by

N
independent of @, then the ground radiance contribution goes to zero.

PNE(+d,N,xN), and since P. +0as § -+ % and E(+d,N,xN) is’

Thus, we have shown; that as § appt_roaches ’21 , the only contri-

bution to the reflectance is from the top surface of the canopy. In fact,

Lin R(9,0) = L5 [Eq(0) + Ftan 0] T
pr |
2

This result indicatés for O and § sufficiently close to % ;

R[B,E_i) becomes larger than one, a result that is physically impossible.
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For non-diffuse light a typical surface for a single wave length
of light, as calq.llated_ by the computer forms the shape of a saddle.
Figure 7 is an example of such a surface for a cotton canopy with the
iso-reflectance lines shown to represent the surface contours. One can
observe that the upper right corner of the graph becomes larger than
one as indicated by (1), and that the remainder of the graph exhibits
only a small amoﬁnt of variation.

For diffuse light ‘o"f a \single. wave length with a proportion of
40% direct light and 60% d:j.f;‘:'use light the reflectance surface for a
cotton canopy is shown in Figure 8.

tn this case one can observe that the interchange property fails
to hold, and the contours of Figure 7 erode into the contours of Figure 8.

6. A Comparison of Experimental and Theoretical Results for Plant
Canoples

A comparison of Suits' Reflectance ("L/E) values and the
experimental values for cotton at various wave lengths for the same
sun and viewer angles (Figures %a and Sb) shows that the qualitative
trends exist. The maxima and minima do not occur at the same wave
lengths due to a calibration problem in measuring single leaf reflect-
ance values with the Beckman DK-2A spectrophotometer. The calibration
problem caused a shift in wave length of about 30 nm. As can be noted,
the theoretical values are significantly greater than the experimental
values in the infrared region. Quantitative comparisons between the
theoretical and experimental values are not possible at this time for
several reasons. Among those reasons are normalization problems

between the theoretical and experimental values. Also, there are varying
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Iso-Reflectance Lines for the Reflectance Surface
R(8,0) of a Cotton Crop. © is the Sun Angle and §
is the Viewer Angle.
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Figure 8

Iso-Reflectance Lines for the Reflectance Surface
R(8,P) of a cotton crop using 40% Specular Light and
60% Diffuse Lights.
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Theoretical and Experimental Reflectance Curves for
Wheat and Cotton as a function of wavelength.
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methods used by experimentalists to describe directional reflectance
not all of which yield equivalent results. Another problem is the
finite angular field of view that experimentalists must cope with to
collect enough light for meter readings. In theoretical models, an
aspect in question is the factor = that converts radiance to flux
density. This is a well-established relationship for lambertian sur-
faces. It is not clear however that = converts from radiance to flux
density for non-lambertian surfaces such as canopy surfaces.

Results similar to those of cotton were cbtained in comparing
Suits' Reflectance (“L/EJ values and the experimental values for wheat
(Figure 9c and 9d). Again there is a shift of about 30 mm. between the
experimental and theoretical results due to calibration problems.
Similarly the theoretical values are greater than the experimental
values in the infrared region. A comparison of Figures 9a and 9c shows
that Suits'! Reflectance (“L/E) values for - ton are significantly
greater than the Reflectance ("/E) values for wheat. This is
primarily so because of the different absorption properties of the
wheat compcrents in the infrared region and also because of the soil
reflectance values which play a significant role in canopy reflectance

for wheat due to the low LAT of wheat.

7. Conclusirns

Both the Suits and the AGR models for vegetative canopy reflect-
ance are generalizations of the Kubelka-Mmk theory for the trans-
mission of diffuse light [8]. Both models assume incident specular

light but assume that this light, upon being transmitted through a
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leaf is diffuse enough to satisfy the Kubelka-Munk hypothesis. In the
. words of [5] "Although a typical leaf such as corn has strong specular
reflection, the structure of the leaf is such that the transmitted
light is very diffuse". This article cites [9] as an example of the
strong directional reflectance properties of leaves. Both of these
models, as experiments verify, model light intensity interior to the
canopy well, but fail to accurately model light reflected exterior to
the canopy. [10] indicates experimental directional reflectance trends
for a wheat field not found in the Suits Model. This deficiency in
both Kubelka-Munk Models is due, in the opinion of the authors, to the
failure in consideration of the strong specular reflectance from the top
surface of the canopy. An initial attempt was made to alter the Suits
Model by the development of the combined case, using a thin reflective
top layer, and an infinite.second layer, which resulted only in a
partial success. On the top surface of the canopy, one must consider
both the plant geometry, (leaf distributioms, axial "droop", etc.) and
the single leaf directional reflectance as measured by [9], rather than
the single leaf hemispherical reflectance. The transmitted light
through the top leaf surface is diffuse and a Kubelka-Mumk type model
such as the one proposed by Suits should be adequate to describe li'ght
reflected from within the camopy. Thus, it is felt: that surface specular
reflectance is a phenomena that must be modeled, and can be adjoined to
the existing Suits Model as a refinement.

The existing Suits Models, on the other hand, showed 'qualitative
agreement between the experimental results gathered for cotton and wheat

and the theoretical calculated results for reflectance versus wave length.

\
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Again, the authors felt that qualitative agreement could be converted
to quantitative agreement either with a revised analysis of the con-
version factors necessary to convert between radiant intensity and
radiance for a non-Lambertian source or a re-evaluation of the experi-
mental proceedures needed for normalization of field data.

The Suits Models agreed with work done by Allen and Richardson
on the infinite reflectance of stacked leaf models, indicating that
light will penetrate only through canopies with a cumulative LAT of less
than 6, and that infrared 1light penetrates vegetation better than light
in the visible region. The Suits Model gives a quantitative way of
discussing light penetration through a canopy by means of the penetra-
tion depth. The model indicates that 1ight.incident on a plant cancpy
is reflected to an external observer from very near the candpy surface
in the visible region and the reflections progress to vegetative deeper
within the canopy as the light wave length progresses into the infrared
reaching a maximum depth at about 850 nm. and leveling off thereafter.
Thus, the authors believe that in the wave length region from 650 n.m.
to 850 n.m. light scans a vertical profile of the plant camopy, and
most of the information about the plant canopy is contained in this wave
length region. This hypothesis is especially useful in explaining the
differences between layered crops such as wheat and homogeneous Crops
such as cotton.

It is felt that contimued work on the Suits Models should pro-
gress in the areas of data normalization, for both the experimental and
the theoretical. Further, a "hybrid'" model should be constructed that

incorporates the specular directional reflectance of surface leaves and
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uses the Kubelka-Munk theory for the diffuse light that exists below
the top surface. Both a lack of time and a lack of experimental

data on both singlé leaf and canopy directional reflectance prevented
the authors from completing such a model. Finally, the authors feel
that work should continue on a study of the differential coefficients
proposed by Suits. Some‘of the coefficients could be derived by the
authors, but others were in direct conflict both with the author's
results and established facts. But, since the purpose of this paper
was to test the Suits Model, all coefficients used were those supplied
by Suits {2]. This choice of coefficients explains, for example, why
the reflectance is greater than one for large observer and sum angles
on the directional surface R(%,8) pictured in Figure 7, and could
possibly explain the relative insensitivity of the model to changes in

the parameters o n and o n .
hh vV
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Appendix 1

A brief discussion én how to obtain the theoretical graphs of
this paper follows. The experimental graphs were obtained with data
supplied by Dr. Edwin LeMa.;ter. Since the total LAI(ohnhdI) of the
cotton crop was 24.6, the one layer Infinite case was generally used
on cotton. The four layer N, layer case was used on wheat.

Figure 3. Graph a was obtained using Data set 1 (with 6 = 0°,

g =09, and A = 850 nm.) and using the Suits' one layer model, using
the computer program NTH2. Graph b was obtained using Data set 1
(with 8 = 0°, p = 0°, and A = 650 mn.) and us‘;ing the Suits one layer
model, using computer program NTHZ. The horizontal asymptotes are the
Infinite case reflectance value at the two wave lengths respectively.

Figure 4. The penetration depth at a particular wave length was
obtained using Data set 1 (with @ = 0°) and using the computer pro-
gram NTH2. The depth was varied until the Reflectance ("Y/E) using the
computer program NTH2 was within 5% of the Reflectance (“L/E) using the
computer program Inf2 for‘ a given wave length.

Figure 5. This graph was obtained using Data set 2 (with 8 = 15°
and § = 0Y) and using Stits® four layer model, using the computer pro-
gram NTHZ.

Figure 6. Graph a was obtained using all of Data set 2 (with
6 =15 and g = 09 and wsing Suits' four layer model, using the com-
puter program NTHZ. Graph b was obtained from the data on heads in
Data set 2 ( with 8 = 15° and § = 0°) and using Suits' one layer model,

using the computer program Inf2.
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Figure 7. This graph was obtained using Data set 1 (with
A = 850 mm.) and using Suits' one layer model, using the computer
program Inf2.

Figure 8. This graph was obtained using Data set 1 (with
A = 850 mm.) and with EA(s,l,U) = ,4 and EA(-d,l,O) = .6 using Suits!'
one layer model, using the computer program Inf3 which is the altered
Inf2 program. |

Figure 9.! Fc!xr b‘oth‘ the experimental and theoretical graphs in
Figure 9, 0 = 15° and g = 0°. Graph a was obtained using Data set 1
and using Suits' one layer model, using the computer program InfZ.

Graph c was obtained using Data set 2 and using Suits' four layer model,

using the computer program NTHZ.



Data Set 1

Cotton
Layer 1 1) green leaves
o, = 104 cm.? m, = .00125 1/cm.? d, = 189 cm.
o, = 85 an? n, = .0007 1/cm.?
A(nm.)
500 - .099 107 .100
550 111 .145 .126
600 076 .078 .160
650 .073 .050 175
700 .308 .382 .190
750 .443 .531 325
800 444 540 417
850 442 ‘ .542 396
900‘ .438 .542 .398
930 430 .539 .380
1000 .434 .547 342
1050 432 .551 .353

1100 422 .546 .389



flata Set 2

Wheat
Lay»r 1 1) heads depth = .09 m
= 2 = 3
o .000369 m n 6170 1/m
= 2 = 3
Oy .901015 m ‘ n, 6170 1/m
Layer 2 1) green leaves depth = .20 m
o = -00144 m? n, = 4360 1/m®
=, 0 2 = 3
o 00107 m | n,, = 4360 1/m
2) stems
= 2 = 3
o 0 m n 0 1l/m
‘= 2 = 3
Sy .0006 m n, 2780 1/m ‘
Layer 3 1) green-brown 'leaves depth = .10 m
= 2 = 3
op .00148 m m 8330 1/m
= e d 2 = 3
9, | 000872 m n, 8330 1/m
2) stems
- 2 = 3
op D m m 0 1/m
= 2 = 3
o, .0003 m n, 5550 1/m
Layer 4 1) brown leaves depth = .12 m
= 2 = 3
% .000259 m n 12350 1/m
= 2 = 1737¢ 3
o, 0000646 m n, 12350 1/m
2} stens
= 2 _ = 3
o 0 m n 0 1/m
¢ = .00048 m? n_= 430 1/m?



Green

A Heads Green Brown Brown Stems
' leaves - leaves leaves '

A P T p T P T P T P T P
500 .126 .005 .115  .051 .154 .017 .203 .007 .115 .004 .129
550 .137 004  .119 .066 177 .021 .243 .008 .124 .004 .160
600 115 .003 .095 .033 .146 .013 . 287 013 .093 .003 176
650 .110 .003 .092 .027 .136 .021 .329 .021 .086 .003 .222
700 .371 ~ .005  .308 .258 . 366 .169 37D .031 .367 .035 .203
750 .578 .011 .453 .381 L452 . 266 .402 .043 .595 .102 .294
860 .591 .023 .453 .389 .457 .306 433 .057 .605 .113 .293
850 .595 .038 :452 .%927~ .460 .333 .454 .069 .605 114 .3;6
300 .577 .041 .446 . 384 .456 .546 L4712 077 .589 .103 .329
9507 .543 .036  .434 . 394 .450 .355 .486 .086 ‘.552 .080 .348

1000 .571 .053 439 400 453 .362 487 .094 579 102 . 397
1050 .572 .061 .437 402 .449 .367. .504 .101 .583 .109 .376
1100 .530 .047 423 .398 .440 .368 .509 .104 . 546 .081 .333




Appendix 2

This section contains a listing of the computer programs
associated with the three cases of Suits' Model discussed in this paper.
The computer program NTHZ was designed to calculate the radiance of
the N layer model of Suits. Similarly, Inf2 and Com2 were designed to
calculate the radiance of the Infinite case and Combination case
respectively. Note that the computer programs yield the radiance and
not the reflectance from a plant canopy. To convert from radiance to

Reflectance ("L/E), the radiance must be multiplied by .



53

NTH2 10118 27-HAY~75

1000 PRINT*DD YOU WISH TD READ INSTRUCTIDNS (YES DR NO)"#

1010 INPUT A% . 1 .

1020 IF As<»*YES" THEN 1230

1030 PRINT® THIS PROGRAK DETERMINES THE RADTANCE, AS FROPOSED BY®
1040 PRINT*BWYNN SUITS, FROM A FLANT CANOFY CONSISTING OF N LAYERS.®
1050 PRINT*THE PROBRAM WAS WRITTEN IN FARTIAL FULFILLMENT OF THE THESIS®
1060 PRINT*REQUIREHMENTS DF JUAN . CANTUr WHOSE GRADUATE ADVISOR WAs "
1070 PRINT"DR. JOE CHANCE.®

1080 PRINT® THROWGHOUT THE FOLLOWING CALCULATIONS, THE SAME UNITS OF°®
1090 PRINT"HMEASUREMENTS SHOULD EE USED, THAT IS, IF THE DEFTH IS IN*
1100 PRINT"CH.r THEN THE AREA IS IN CH.¥%2, AND THE WOLUME IS IN CM. k%3,
1110 PRINT® KWITHIN & SINGLE LAYER THERE CAN EXIST SEVERAL COMPONENTS®
1120 FRINT"(LEAVES, STALKS: FRUITS, FLOWERS) EACH WITH 178 OWN SET OF
1130 PRINT*FHYSICAL AND OPTICAL FROFERTIES. THE AREA DF A COHFONENT®
1140 FRINT"IS DIVIDED INTO THE AREA PRUJECTED OGN A HORIZONTAL FLANE AND*"
1150 PRINT*THE AREA FROJECTED DN TWO ODRTHUGONAL VERTICAL FLANES., IF*®
1140 PRINT*THE AREA I5 MEASURED IN CM.x%2y THEN THE NUMBER OF HORIZONTAL "
1170 PRINT*AND VERTICAL COMPONEMTS PER UNIT VOLUME SHOULD BE IN 1/CH k%3, "
1180 PRINT®THE TRANSMITTANCE (T) AND REFLECTANCE (R) OF A LOMPDNENT ARE"
1190 PRINT'UNITLESS AND 0+T<1s 0<R<ly QuT+R<1.  THE SUN ANGLE AND VIEW®»
1200 PRINT'ANGLE ARE MEASURED (N DEGREES. BECAUSE OF THE CHOICE OF co-*
1210 FRINT'ORDINATE SYSTEMr THE DEMIH 0OF & LATER SHOULD BE ENTERED AS®
1220 PRINT"A NEGATIVE NUMBER."

1230 DIM E(3»3)r1(3y1)

1240 PRINT"ENTER WAVELENGTH IM NANOHETERS®}

1250 INPUT J7

1240 FRINT*ENTER NUMBER OF LAYERS» SUN ANGLEr YIEW ANGLE, AND REFLECT-*
1270 PRINT"ANCE FOR SOIL*j

1280 INFUT N1,52,V2,51

1290 S=82%3.,14159/180

1300 V=y2%3.14159/180

1310 MAT G=1DN(3,3)

1320 K3(G3=0

1330 FOR N=1 TO N1

1340 PRINT'ENTER NUMEBER OF COMPONENTS IN» AND LEFTH OF LAYER®iNF

1350 INFUT N2(N)POL(ND

1340 FOR M=1 TO N2(N)

1370 FRINT"ENTER AREA-HORIZONTAL: NUMEBER--HORIZONTALr AREA-VERTICAL:®
1380 PRINT"NUMBER-VERTICAL» REFLECTANCE, ANE TRANSMITTANCE FOR COH-*
1390 PRINT PONENT NUMBER® #M

1400 INFUYT HSNrM)Y rHON s MY pUSENs M) s VAN M) P RICH e MIp TN M)

1410 J=2/3.14159

1420 AN =HS(N s MIFHSINy MIK(L-T (N M)

1430 ACNsMI=AIN MY HUS (N MIRVS (N2 MR (L~ (RP (N2 MO FT (NS MY 72)

1440 BN M) =HSCHy M) KHE (N HYRRD (NeH) FUSINp MY RUE (NP MR CORS (N MY HT (N MY ) /2D
1450 CONrM)=HI(NrMIKHO (N MIARY (N M)

1460 CONrMI=0 Ny HIEIFVS (Ny MY KV (N MIRCIRT (N MY ET NS M) ) A2IRTANCS)

1470 EPCH M) =ahYSINsMISVEINs MIRC RTINS MIHTIN M) ) /27X TANCS)

1480 CH(NsHI=CP(Ns M HHE (N MIKHSE (Mo MY RTINS M)

1490 KN I=HS Ny MY RHE Ny MY +JRVS (N M) RVS (NS HIRTANIS)

1500 K2{Nrrdy=HI (N HIKHO (N M) S JRUT (RS [ XUS (N HIATAN (U

1510 AL(NY=ALMIFALNS MY

1520 BI(N)-BLIN)IHR{NYM)

1530 LNy =Ci I EDINSM)

F540 CR2ANIY-TD RTINS M)

1550 Ki 040 =1 i o)

TEAY RA(NY PR EZONS M)

ORIGINAL PAGE I3
OF POOR QUALITY
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1570 NEXT H

1580 KICNI=RKI(N-1IHKACNIRDL(N)D

1520 KS(N)=EXF(K3(N~-13)

1600 K& (NI=EXP{RI(NI)D .

1610 G1(N)= 5GR(A1(N)**°—31(N)*$2)

14620 ZL(N)=1/CATINIFGLI(ND)

1630 Z2(NI=1/(ATCNI-BLINDY D

16490 Z7(N)‘AI(N)**"—Kl(N)W*2~B1(N)#*E

1650 IF Z7(N)=0 THEN 2500'

1660 ZICNI=CL{AL (NI -K1C(NIIRCT (NI HBL(NIRCRINDY I/ (AL IN) RK2— —K1 (NI ¥R2-BL(NY%%2)

1670 ZA(N)I=1/B1(N)

1680 ZO(N)= ((Al(N)+h1(N))*C’(N)+Bl(N)*Cl(N))/(Rl(N)*#Q-KI(NJ**Q —-H1(NIR%R2)

1420 Wi(NI=EXF{GL(NIXDICND)

1700 W2(NISEXP(-1XGL(MIRDL(NY)

1710 WSINY=EXP(K1{(NIRDLIN)D

1720 MAT E=ZER(3:3)

1730 EC1,1)=Z1CND

1740 E(1:2)=Z2(N)

1750 E(lv3)=Z3(N)

17460 EX2y1)=Z4(N)

1770 E(hrb) ZAIN?

1780 E(2:3)=Z5(N)

1790 E(3+1)=0

1800 E(3:2)=0

1810 E(3s3)=1

1820 MAT D=ZER(3:3)

1830 DC1s1)=W1{ND

1840 D{(2y2)=UD(N)

1850 {3 r3)=W3(N)

1840 MAT P1=INV(E)

1870 MAT P2=EXD

1880 MAT F=F2%P1

1890 MAT H=G

1900 MAT G=F*H

1910 NEXT N

1920 A3=-1R(G(1r3)-14SIK(G(2,3)+C(3+3)))

19230 A4=G(1rl)—1%81K(G{2,1)4+5(3+1))

1940 IF A4=0 THEN 2480

1950 AO=A3/A4

19260 RS(1)=0

1270 R&6{(02=0

1980 I{ir1)=A0

1990 I¢(2r2)=0

2000 I(3s1)=1 A

2010 FOR N=1 TO Ni

2020 E{1:21)=Z1(N)

2030 E(1,23=Z2(N)

2040 E(123)=Z3(N)

2050 E(2:1)=Z4(N}

2060 E(2:2)=Z4(N)

2070 E(2,3y=Z5(N)

2080 £(3+1)=0

2090 E(3:2)=0

2100 E(3+35=1

2110 D(L1yi)=W1¢N)

2120 D(2,2)=WRIN)

2130 B(3y3)=WI{N}

2149 MAT Pi=INV(E)

2150 MAT P3=FIXI

21460 FOR M=1 TO N2(N)

2170 F1CON:H)=VS Ny IRV N MY RCOT ONS MY RS CNG MY ) 72K IRTANIY)

2180 F1CNsMI=FL{NMIFHS (NsHIRHO My id) 2T Ny M)

2190 FICINsMI=US Ny %Yo (N MR IR MIHRSIN M 37278 TaN(VIR

2200 FOONSM) oF TONp MYFHS IN o 11 2 RHE (N Y ERDP (NP M2
210 FI(N /MI=US(N e MRV O RIR( O IN S HHRY (M e )Y /2)

2220 FI(NeMISF 30 aly (YR (IR D ¥ TANTUYRTANSS)

BRI

o _
o 00RO



2234
2240
2230
2260
2270
2280
2290
2300
2310
2320
2330
2240
2350
2340
2370
2389
2390
2400
24190
2420
2430
2440
2450
24460
2470
2480
2420
2500
2510
2530

READY

35

FI(NyMI=FI (N MIFHS (N MY KHE (N MIXRP (N 1)

TN HI=ZINISPE (1101 / CKACNIHBI (N ) IRCI-EXF ({KA(NI+EL(N) JRDLINDID)
TN MI=ZI(NIEPI (2, 1051/ (KACNI-G1 (NI IR(I-EXP C(RAN)-GLIND IRDLIND ))
TE(NsMI=ZI{NIRPZ(Se1d R/ (KIENYFRACNY I YRCI-EXP (KL (N)FRACN) JXDL(NY) )
RICNsMI=FLONSMIRCTLI (N MY ET2ONPMIFTI(NM))
T4(N;M)=Z4(N)*P3(1;1?*(1/(N4<N)+61(N)))*(1—EXF((K4(N)+GI(NJ)*ﬂl(N)))
TS(N:M)=Z4(N)*P3(2¢1>*t1/(ﬂ4(N)—Gl(N)))*(1~EXP((KG(N)—GltN))*Dl(N)))
Té(NrH)=ZS(N)$P3(3r1)mfll(ﬁi(N)+K4(N)))*(1—EXF((K1(N)+K4(N))#ﬂl(N)))
RN HYSF2IN MY RCTA(Ns M) TSN MIFTE(N M) )

TN I ={L/ KL ONYFRACND D IR CLI—EXP (LKL (NI HRA (NI IRDL (NG D)
RE(NsMI=ZFI(NrHIRPI (I LIRTZ2{(NsM)

RACNsMISRIIN MISRZ (N2 MY HRI (N M)

RSC(NY=RS (NI R4 (N M)

NEXT M

R&ECNI=RE(N-T)IFRE (NIRRT (N)

MAT FP4=EXD !

MAT I=F4%F3

NEXT o

Q1=Z1 (N1 YRF3CL1)REXF(GIINL)RDIINL Y)Y
A2=Z2(N1)¥P3(2y1)KEXF (~1%G1 (N1)XD1(N1)?
Q3=Z3(NLIXPI{I 1 IREXP(R1(NLIRDL1(NL))

R7=RK&(N1Y%(Q14+Q24+03)

R=R7+R&(N1)

PRINT®*THE RALDIANCE IS°iR/3.14159:°."

GO TO 2520 _

eprint'this sroblem has rno solution because Trholell)=0."

60 TO 2320

PRINT*THIS IS THE REFEATED ROOTS CASE WHERE K=G, THIS SFPECIAL®
PRINT*CASE WAS NDT CONSIDEREED,® . . .

END



INF2

1000
1010
1020
1030
1040
1050
10460
1070
1080
1090
1100
11310
1120
1130
1140
1130
11460
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
1340
1370
1380
13790
1400
1410
1420
1430
1440
1450
1450
1470
1480
1490
1500
1510
1520
1530
1540
185¢C
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10127 27-HAY-75

PRINT"DO YOU WISH TD READR INSTRUCTIDNS (YES OR NO)'j

INPUT A%

IF A$<»"YES® THEN 1§30

PRINT® THIS FROGRAM DETERMINES THE RADIANCEs AS PROPOSED BY®
PRINT GWYNN SUITS: FROM A& SINGLE-LAYERED FLANT CANOPY WHOSE DEPTH®
PRINT"IS CONSIDERED AS INFINITE. THE PROBRAM WAS WRITTEN IN PARTIAL®
FRINT*FULFILLMENT OF THE THESIS REOUIREMENTS OF JUAN #. CANTU; WHOSE®
PRINT*GRADUATE AD.ISOR WAS DR, JOE CHANCE.®

FRINT® THROUGHDOUT THE FOLLOWING CALCULATIONS, THE SAME UNITS OF*"
PRINT*HEASUREMENTS SHOULD BE USED. THAT ISy IF THE DEFTH IS IN CH.»"
PRINT*THEN THE AREA IS IN CM.¥%2, AND THE VOLUME IS IN CH.%k%3,°
PRINT® WITHIN A SINGLE LAYERs THERE CAN EXIST SEVERAL COMPONENTS®
PRINT" (LEAVES, STALKS+ FRUITS, FLOWERS) EACH WITH ITS OWN SET OF"
PRINT"PHYSICAL AND OPTICAL FROPERTIES, THE AREA OF A COMPONENT IS*
PRINT*DIVIDED INTQ THE AREA FROJECTED ON A HORIZONTAL FLANE AND THE'
PRINT*AREA PROJECTED ON TWO ORTHDGONAL VERTICAL FLANES. IF THE AREA®
PRINT®IS MEASURED IN CM.%%2, THEN THE NUMBER OF HORIZONTAL AND VER-*
FRINT*TICAL COMPONENTS PER UNIT VOLUME SHOULD BE IN 1/CH.%%3, < THE®
PRINT"TRANSMITTANCE (T) AND REFLECTANCE (R} OF & COMFONENT ARE UNIT-*
PRINT'LESS AND 0<T<1»y O<R<1s O<T+R<i., THE SUN ANGLE AND VIEW ANGLE®
FRINT*ARE MEASURED IN DEGREES. REQAUSE OF THE CHOICE OF COORDINATE®
PRINT*SYSTEM, THE DEFTH OF A LAYER SHOULD BE ENTERED AS A NEGATIVE®
PRINT "NUMEBER.*

FRINT"ENTER THE WAVELENGTH 1N NANOMETERS®:

INPUT J7

PRINT*ENTER SUN ANGLEs VIEW ANGLEr AND NUMBER OF COMPONENTS®V

INFUT S2+V3rN2

5=52%3,14159/180

V=Y2%3,14159/180

FOR M=1 TO N2

PRINT °*ENTER AREA-HORIZONTAL» NUMBER~HORIZONTAL: AREA-VERTICAL»”®
FRINT*NUMBER-VERTICALy REFLECTANCEs AND TRANSHITTANCE FOR COM-"
FRINT"PONENT NUMBER® F it

INPUT HSC(H) sHEC(HI » VSIMY s VE(MI fRP(MY 2 TLHD

J=2/3414159

ALHY SHS (M) RHE (MR (T=T (M) ) FVUS (M) RVE (IR (2= (RP(HY+T (M) I /2)

BOMY=HS (M) KHS (HIRRP (M) HVS CHIRVS (MY R IR (MY T (M) ) /2D

CCMI=HST(MIKHE (M) AR (M) +IRVE (MY KVE (M) K (R GMIHT (M) ) /2)RTAN(S)
COCMI=HS M) RHSE (MY KT (M) + JRUS (I VA (MR LIRS (M) +T (M) ) /) RTAN(S)

KM =HE (M3 8 (M) FIRVS (R RVS (MY RTAN(S)

K2(MY=HS (M) ¥HEA M) +JRVS (M) RVE (MY RKTAN(Y)

AL(MI=AL(M-1)1A(M)

E1(M)=B1l(H-1)+H(})

CL(MI=CL(M-1)+C(HD

C2(M)=L2(H~-1)+CP (M)

Ki{M)=K1(H-1)y+K{MD)

K3 (MI=RI(H-1+R2(M)

NEXT M

Z1=((ATCNIYFRIINZ) YRBLOND)I RC2 (N2 +BL (N2 RXRCLIN2D)D

Z2=R1 (N2 RRIHKL (NRIKRI-AL (NI ) ¥

IF Z2=0 THEN 1480

Z=Z1/72 §

G1i=SAR(ALIN2)¥k#2-BL (N2 Rk}

K1l=1/(A1(N2)+61)

X2=( (AL (N2)-KI(N2) YRCL (N2 HC2ONDIRBLIND ) 3 /(=147 )

X3-1/B1(N2}

,{)RIGINMJ PAGE BB

ﬁgE PcKj& CﬂJAlJ



1560
1570
1580
1590
1400
1610
16320
1430
15640
1450
1580
1670
1480
16%0
1700
1710
1720

READY

¥4=( (AL (N2IHRL(N2) YRC2(NDI+B1 (N2 RCI(N2Y )/ (~1%Z2)

FOR M=1 TO N2

F1(M)=HS (HIRHA MIRT (MY VS (M RVS (M R CCT O FRP (M) ) 72 XIRTANCY)
F2 (M) =HS (MY RHA (MY ERO (MY VS (M) RUS (HI R CCT CHYHRT (H) /2 R JRTANLY)
FACRY=YS (HIRVSCHIRS (T MY HRP UM I /IR CIRED)RTANCS) RTANCY)
FIL{MI=FA (M) FHS (HIEHSE (M) RRD (M)
RLOMI=FLCHIRCX1XZR (17 (GLARI(NDZ) 1 I4X2K 1/ (K1 {NDI 4RI (NI I D)
RZCHI=F2 (M (XIHZH (17 (BLHRI(NZY ) 2 4X4% (1/ (RL (N2 HRI(NZI I YD
RICHI=FI(HIKCL/(KLINR)HTRI(NZ) )
R4{HI=R4(M-1)+R1(HITRICGHIFRI (M)

NEXT M

G0 TO 1710 -

PRINT'THIS IS THE REFEATED RODTS CASE WHERE K=G. THIS CASE WAS®
PRINT"NOT CONSIDERED.":

60 TD 1720

PRINT"THE RADIANCE IS"iRA(N2)/3.14159:"."

END

At PASH B
an’.tﬁ%\i% QUﬁLm
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conz2

1600
1010
1020
1030
1040
1050
10460
1070
1080
1070
ii00
111¢
1120
1130
1140
1150
11460
1170
1180
1190
1200
1210
1220
1236
1240
1259
1240
1270
1280
1290
1300
1310
1320
1330
1340
1350
1350
1370
1380
1390
1400
1410
1420
1430
1440
1450
14460
1470
1480
14390
1500
1510
1320
1530
1540
1550
1560

58

10:23 27-HAY-75

PRINT'OC YOU WISH TO READ INSTRUCTIONS (YES DR NO)'§

INPUT A%

IF AS<»*YES" THEN 1240

PRINT"® THIS PROGRAM DETERMINES THE RADIANCE FROM A PLANT caNOPY®
PRINT*CONSISTING OF TWO LAYERS., THE DEPTH OF THE FIRST LAYER IS"
PRINT*FINITE WHILE THAT OF THE SECOND IS CONSIDERED AS INFINITE.®
PRINT"THE FROGRAM WAS WRITTEN IN PARTIAL FULFULLMENT OF THE THESIS®
PRINT*REQUIREMENTS OF JUAN M. CANTU, WHUSE GRADUATE ADVISOR HAS DR.*
FRINT*JOE CHANCE."

PRINT® THROUGHOUT THE FOLLOWING CALCULATIONS, THE SAME UNITS BF"
PRINT "MEASUREMENTS SHOULD BE USTO. THAT 1Sy IF THE BEFTH IS IN EH.s"
PRINT*THEN THE AREA IS IN CM.%%2, AND THE VOLUME IS IN CM.%%3.°
PRINT® WITHIN A SINGLE LAYERr THERE CAN EXIST SEVERAL COMPONENTS®
PRINT* (LEAVES, STALKSs, FRUITS, FLOWERS) EACH WITH ITS OWN SET OF°*
PRINT*FHYSICAL anND DFYICAL FROPERTIES. THE AREA OF A COMPONENT IS *
PRINT'DIVIDED' INTO THE AREA PROJECTED ON A HORIZONTAL FLANE AND THE"
FRINT'AREA FROJECTED ON TWO ORTHOGONAL VERTICAL FLANES. IF THE AREA®*
FRINT®IS MEASURED IN CM.%%2, THEN THE NUMBER OF HORIZONTAL AND VER-"
PRINT'TICAL COMPONENTS PER UNIT VOLUME SHOULLD BE IN t/CH.¥¥3, THE*
PRINT*TRANSMITTANCE (T) AND REFLECTANCE (R) OF A COMPDNENT ARE UNIT-"
PRINT'LESS AND 0«T<1, O<R<i, O«THR<1. THE SUN ANGLE AND VIEW ANGLE®
FRINT*ARE MEASURED IN DEGREES. RECAUSE OF THE CHOICE OF COORDINATE®
PRINT'SYSTEM:» THE DEPTH OF A LAYER SHOULD BE ENTERED AS A MEGATIVE"
PRINT"NUMBRER."

PRINT"ENTER WAVELENGTH IN NANOMETERS®j

INPUT J7

PRINT*ENTER SUN ANGLE AND VIEW ANGLE"?

INFUT S2:V2

§=52%3.14159/180

Y=y2%3,14159/180

FOR N=1 TO 2

FRINT*FOR LAYER"3Ns "ENTER NUMEBER OF COMFONENTS®§

INFUT N1C(N)

IF N=1 THEN 1350

GD 70O 1370 .

PRINT"ENTER DEPTH OF FIRST LAYER'SF

INFUT Di

FOR M=1 70 NI(N)

FRINTYENTER AREA-HORIZONTAL, NUHMEBER-HORIZONTAL» AREA-VERTICAL®

PRINT *NUMBER-VERTICALr, REFLECTANCE, ANL TRANSMITTANCE FOR COMPONENT*
PRINT *NUMBER® i M

INPUT HS (N M) s HECNy MY sUSINsHI s VAN HD s RIINs M » TINS M)

J=2/3.,14159

ANy MISVUSINIMIRUSE (N MIR(1- (RPN HIFT (N HI 3/2)

AN HISACN M) HHS (N MY KHA (N M) R (1T (N2#))

BONs M) =US(NrMIRVEINs MR C(RPINSMYFT (N M) I/ 2D
BONsMYSBON e MY HFHS (N M) RHE (NP MY RRP (NS M)

CONrMI=IRUS N MIXVE (N2 M)XK CIRS(NMIFT (N M) ) /22XTANCS)
CUNyHI=C(NsMITHSINsMIFXHE (N M ERF (NS M)

COONPMI=JRUS N MY RUS (N MR CRP NPT IN 1) ) 22 TANCS)
CRINHISCR N M +HDIN s MY RHO (N MO ¥ T (Ns i

KONeM)=HS (Ns MY RHG (N MY FIRYS(H M IRVE (R MR TAN(S)

K2{NsMISHS (N M) RHG Ny MY F 0¥ UGN MY FUS (NS MIRTANCY)

AL(N)I=AL (NI tAINI M)

BLONY=EHL1(N)I+B(NsM?

C1(NY=CLIN)HC(NP M2

CA(NYL2INIECGUN- M2
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157G
15180
1590
1400
1610
1620
1430
14640
1450
1860
14670
1480
1490
1700
1710
1730
1730
1740
1750
1760
1770
1780
1790
1800
1810
1820
1830
1840
1850
1840
1870
18890
1870
1900
1210
1920
1930
1240
1950
1940
1970
198C
1990
2000
2010
2020
2030
2040
2050
2040
2070
2080
2090
2100
2110
2120
2130
2140
2150
2160

2170

2180
2190
2200
2210
2220
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KLCNIY=K1ENYFR(NSM)

KACNY=KA CNYHRR2EN M)

NEXT M

K3 (N)=EXF (K4 (N=-1)KD1)

G1(N)=SARCAT (NI R¥2=FLINIA X1

ZLINY=1/(ALENYHBLINY)

Z2{NY=1/¢ATLNY ~GLINY)

Z7(MISA] CNYR¥2=K1 ENIKR2~B1 (NI ¥X2

IF Z7(N)=0 THEN 2360

PN = ( CALIND =KL (N IKCLONDFET INYRC2UND )/ (AL LR £X2=K1 (N R¥2-B1 (NI *AD)
Z4(N)=1/B1IN) .

ZSINY = (AL HRL (NI RCZONIHRLCNDKCTCND )/ (AT (D R#2-K 1 (N ¥F2-B1 (NI ¥%2)
MAT E=ZER(3:3) :
E{1s1)=Z1 (N -

E(1s2)=Z2(N)

ECLs3)=Z3(N)

E(2,1)=Z4(N)

E(2r2)=Z4(N)

E(2¢3)=Z5(N)

E{3¢1)=0

E(3r2)=0 '

E(3r3)=1

ON N GO TO 1800,18640

HAT D=ZER(3,3)

D(171)=EXP(BL(LIKDL)

D2y 2)=EXF(-1%B1(1)%01)

D(3,3r=EXFIKLCLIROLY

MAT F1=EXD

GO TO 1870 '

MAT PR=INVIE)

NEXT N -

MAT F=P2%¥F1

IF P(2y1)-F(2,2)=0 THEN 2350
X1(1)=(Z5¢1IXB1C1IKP (2, 2)-F(2y3))/(F(271)-F(2,2))
KZ(1)=-1%(X1(1)+ZS(1I¥E1(1))

X3(1)=1

L1=X1 (1)YKEXF(G1 (1)XDEIR(I/EL (1)) +XRCLIKEXP (—14G1 (1IRDLIR(1/B1(1))
L2=EXP (K1(1)¥01)%<¢Z5(1)-25¢2))

X1¢2)=B1(2)%(L1+.2)

X2(2)=0

XI(2)=EXF(K1(12%01)

FOR N=1 TO 2

FOR H=1 TD N1(N)
FLCNsM)=USINsMIRUE TN MR CCT N MIHRP (NS M) ) /2 YRIKTANLV
FL(NyMI=F2(NrMI+HS (N7 M) XHA CNY MO KT AN M)

F2 (N MI=US Ny HIRVE (N MIRCCT (N M HRT (N2 MDY ) /2)RIRTANIY)
F2(N2M?=F2 (NsH)+HS (N7 MY KHE (N, M) XRT (N2 )

TLONyMI=US (N e MIRVE (N MK CCT AN MY RO (NS MY I /2D

TLCN M) =TLINSMIRCIRKZIKTAN(VIXTANCSE)

F3(Ns M) =HS (N M) KHSE (NS M) ERD (N M) HT1 AN M)

IF N=1 THEN 2090

G0 TO 2210 :

QLCN) =21 (NYEXL (N) R 1/ CKACNI$GE ENY ) IR CL-EXF ((KA(NI+BLIN) IRD1))
R2{N)=Z2CNIRXZENI K (17 (KA NI —51 (ND ) IR (1-EXP ((K4(N)~G1(NII¥D1))
QZ (NI =Z3 NI ¥XI INIRC L/ (KT (NI +RACNDY ) YR CL-EXP (RN +KA (NI )¥D1))
RICNsHI=F1(NrH)%(G1 N HRZNIHG3IND) _

04 (N)=Z4 (N)RXL CNIRCL/Z (KA (N) +G1 CND 1 IR (1-EXF CIRA(NI+B1(N) DXL
QS (NY=Z4 NI AX2(ND K1/ CRACN) =62 (N ) ¥ (L-EXF ((KA(N)=G1(N)I%D1))
RE (NI =ZS (NI EXB (NI .1/ (KL (N +RACND ) D CL-EXF (ORI $RAINIIXDLY )
R2 N MY=F2 (N MR (QA O RS (N +QE(ND)D

R3NP M) F3 (N MIKXZOND £ CL/ CKLOD HRACNI ) YR C1-EXF (CKTCND+RA NI )RD1D)
R4 (N MI=R1 (Nr MY FR2 Ny M) FRI (NI M : - o
RS(ND =RS (M) +RA (Ns i)

GO TO 2300

Q1 CN)=Z1 (NIEXL (NI R(L/ CKANYHBLIND))

A2 =ZFCEXTNI XKL/ (RTENIARA(N D)
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2930 RIINsMI=F1{NsMIK(RL(NYFR2(NDD

2240 RI(NI=ZAINIEXLINIR(L/ (RANI+GLIND D) i
2250 RACNI=ZS (NI EXBINI ¥ L/ CRLICNYHRA(ND D)

2240 RI(NyMISFRUN/MIK(AI(NYFRA(NDD

2270 R3(N!H)=F3(N7H)*X3(N)*(1/(K1(N)+K4(N)))

2280 R4(N:H)=R1(Nrﬂ)+RE(N!M)+R3(NrM)

2290 RE(NI=RG(NIHRA(NIH)

2300 NEXT M

9310 R&OE(NI=RS(N-1)+RKI(NIRRE(N)

2220 NEXT N

2330 PRINT*THE RADOIANCE IS RA(2)/3,1415%+ ", "

2340 GO TO 2380

2150 ppint®this rroblem has mo solution because h=i."
2340 PRINT®*THIS IS THE REFEATED RDOTS CASE WHERE K=G. THIS SFPECTAL"
2370 FRINT'CASE WAS NOT CONSIDERED.®

2380 END

READY
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