
ORBITAL ERROR ANALYSIS FOR COMET ENCKE, 1980

D. K. Yeomans

Several recent studies have been undertaken to optimize mission strategies and

to select appropriate instrumentation for in situ studies of short period comets

(Farquhar et al, 1974; Bender, 1974; Newburn, 1973; Meissinger, 1972;

Roberts, 1971). Although some studies have contrasted the physical character-

istics of several proposed target comets, few have comprehensively studied

the orbital history and ephemeris uncertainties of target comets. In general,

the navigational accuracy of cometary flyby probes is almost entirely dependent

upon the target comet's position uncertainty at the time of intercept. Although

cometary error analyses are necessary for realistic mission planning, such

analyses cannot be conducted in the standard fashion. Comets are affected by

nongravitational forces (Marsden et al, 1973), they occasionally exhibit

slight discontinuities in their orbital motions, and at least one comet (Biela)

has completely disintegrated (Marsden and Sekanina, 1971). Each comet is an

individual. Comets have steadfastly resisted recent attempts at classification.

Hence, it seems clear that, for each comet of interest in mission planning, a

separate in-depth error analysis study must be undertaken to realisticly deter-

mine the target comet's ephemeris uncertainty at the time of intercept. Such

studies should consider a number of criteria in order to assure accurate ephemerides

for prospective cometary targets. Using the 1980 apparition of comet Encke as

an example, these criteria are outlined below.

.CRITERIA FOR ACCURATE COMETARY EPHEMERIDES

1. The target comet should have good observability during the apparition of the

proposed intercept.

Ground based observations made prior to an intercept of a comet are

critically important for reducing cometary ephemeris uncertainties. How-
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ever, for many cometary mission opportunities, recovery of the target comet

prior to spacecraft launch is not necessary. Provided the target comet is

recovered early enough, spacecraft thrusters are fully capable of removing

a priori cometary ephemeris errors with midcourse maneuvers. Fortunately,

for target comets that are recovered approximately three months prior to

intercept, ephemeris corrections up to 0.3 days can be removed with midcourse

maneuvers (Farquhar, 1975). For well observed short period comets, modern

ephemeris predictions have never required a correction of this size. Naturally,

the recovery of a comet, particularly an erratic comet, prior to launch would

minimize spacecraft energy expenditures.

At a particular time, a comet's uncertainty in position can be represented by

an error ellipsoid whose semi-major axes ( a , a , o ) are directed in a

radial Sun-comet direction (r), normal to the orbit plane (n = r x v) and

transverse to the orbit plane (T = n x r). In the absence of observations, the

error ellipsoid will evolve dynamically. In general, the a priori error

ellipsoid component o will reach a maximum value for a true anomaly ( v)

of + 90 degrees, when the radial velocity is a maximum. The transverse

velocity is a maximum at perihelion ( v - 0 ) so that the a priori transverse

component ( c ) is a maximum there. Hence, an ideal observing schedule

would include observations made at a phase ang?>e of 90 when the comet's

v = + 90°, as well as observations made at phase angles of 0 , 180 when the

comet is at perihelion (v = 0°). In a sense, this ideal observing schedule would

allow a direct "view" of the largest radial and transverse error components.

In addition to observations made at optimum phase angles, the observer-comet

distance (range) at the time of the observation is important in reducing a

comet's ephemeris uncertainty. For a particular angular position error, the

linear position error perpendicular to the line-of-sight is directly proportional

to the range. Also, as the range decreases, the relative parallactic displace-
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ment increases; in general, the accuracy of a cometary orbit will be

enhanced if the relative Earth-comet motion is large.

Figure 1 clearly shows the excellent observability of comet Encke during its

1980 apparition. Comet Encke will be easily visible to Earth based observers

for approximately four months prior to perihelion. From July through October

(positions 1 - 4 on figure 1), the comet's range decreases from 2.4 to 0.3 A. U.

The minimum range is 0.28 A. U. on October 29, 1980 when the relative Earth-

comet motion is large. The late October observations are made at a

phase angle nearv90 . Since the true anomaly at this time is approximately

-90 , the radial component of the comet's error ellipsoid is aligned nearly

perpendicular to the line-of-sight. Hence the late October and early November

observations are critical for minimizing the radial position error of comet

Encke in 1980.

2. The target comet should have a good observational history.

Accurate orbit determination is dependent upon the number, quality and

distribution of observations. The most accurate orbits are computed using

consistent observations spread uniformly over a large range of a comet's

true anomaly. An accurate determination of a comet's mean motion and

nongravitational parameters requires a linkage of at least three apparitions.

The resultant "observed minus computed" residuals in the'right ascension

and declination provide an indication of an orbit's accuracy. In general, the

time intervals used in orbit determination are long enough to accurately

determine the nongravitational parameters and short enough so that the

unmodeled time dependence in the nongravitational accelerations cannot

degrade the residuals. An orbit is considered successful only if there are

no systematic trends in the residuals. Although the mean of the absolute

values of the residuals is usually somewhat higher for the right ascension,

they are close enough so that the measurement errors in right ascension and
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declination can be considered equal. These residuals are primarily due to

position errors in the comparison stars, deviations of the comet's center of

light from its center of mass, and modeling errors in the nongravitational

accelerations. For twentieth century observations of periodic comets, the

means of the absolute values of the residuals range from one to four arc

seconds.

Among short period comets, the observational history of comet Encke is

unexcelled. Since 1819, comet Encke has only been missed at one apparition

(1944). It is the only short period comet passing within the Earth's orbit

that has been seen at aphelion (Roemer, 1972). Marsden and Sekanina

(1974) have analyzed the orbital motion of comet Encke from its discovery in

1786 until 1971. Differential corrections were generally made over 13 year

intervals and, for recent apparitions, the means of the absolute values of the

residuals were in the range 1.5-3 arc seconds.

STATISTICAL ERROR ANALYSIS FOR COMET ENCKE (1980)

A statistical covariance error analysis was undertaken to determine the evolution

of comet Encke's error ellipsoid during the 1980 apparition. The computer

program took into account planetary perturbations and considered the errors

inherent in the values for the nongravitational parameters and initial conditions.

The partial derivatives utilized in the conditional equations matrices and the

state transition matrices were computed numerically.

Marsden and Sekanina (1974) have shown that five apparitions of comet Encke can

be linked before the secular decrease in the nongravitational parameters begins

to degrade the residuals. For the present analysis, the 5 returns to perihelion

(1967-1980) are represented by forty actual observations from August 2, 1967

through October 24, 1973 and by 28 additional, postulated observations from

October 24, 1973 through November 16, 1980. One observation was processed at

each of the 1978 and 1979 opposition dates and the 1980 recovery of the comet was
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assumed to occur on July 9. The postulated observation schedule was determined

after considering the relative Sun-Earth-comet positions, the available hours of

dark observing time as well as the apparent nuclear and total magnitudes for

various dates.

The error analysis was initialized in 1967 and the initial a priori 8x8 covariance

matrix was essentially infinite. Each set of observations was batch processed

and the updated covariance was propagated forward in time via the state transi-

tion matrix to the date of each observation. The time history of the comet's

error ellipsoid is presented in Table 1. The first column represents the dates in 1980

Table 1
Error Ellipse Components for Comet Encke (1980)

Date
1980-81

July 9
19
29

Aug. 8
18
28

Sept. 7
17
27

Oct. 7

17
27

Nov. 6

16
26

Dec. 6
16
26

Jan. 5
15
25

A priori errors*
(in km)

,-T
t

4168
4338
4521
4718
4933
5169
5429

5717

6040
6403
6811
7258
7699

7893
6628

399
6663
7880

7627
7143
6663

°n

2130
2084

2036
1985

1936
1894

1876
1921
2117
2604
3480
4612
5595

5683
4481
3477
3445
3452

2946
2150
1432

°T

3239
3275
3327
3399
3494
3617
3769
•3952
4146
4301
4347
4407
5229

8023
12910

16833
13010
8789

6527

5388
4706

1980 observations
Processed**
(in km)

a
r

3352
2917
2572
2271

1992
1644

1469
1217

968
724
504
387
391

416
401
171
315
418

433
426
414

CT
n

1926
1737

1567
1406

1249
1146

945
799
658
524
400
308
269

249.
234
243
289
359

412
445
481

T̂

2471

2012
1683
1426

1213
1026

836
710
564
427
313
264
273

359
579
874
827
688

632
642
677

A (a.u.) r

2.43
2.21
1.98
1.76

1.53
1.31
1.10
0.89
0.69
0.51
0.36
0.28
0.32

0.47
0.70
1.00
1.30
1.52

1.73
1.90
2.05

2.33
2.23
2.13
2.03
1.92

1.81
1.69

1.56

1.43
1.28
1.13
0.97
0.80

0.62
0.44
0.34
0.42
0.60

0.78
0.95
1.11

9 (deg.)

72
78
84
90
96
101
107
111
114
112
103
77
45

29
23
20
15
11

10
11
12

Comments

Comet recovered

true anomaly = -90°
on Nov. 15
last comet observation

perihelion on Dec. 6.6

true anomaly = +90°
on Dec. 27

*A priori, one-sigma errors (km) in the radial, normal and transverse directions. Last observation processed was
mid-September, 1979.

**Evolution of one-sigma errors (km) if one ground based observation is processed at 10 day intervals from July 9
to November 16. Measurement noise = 3 arc seconds.
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on which one simulated ground based observation was made. The next six columns

represent the l-<7 position errors (km)'for the radial Sun-comet direction (£),

the direction normal to the comet's orbital plane (n), and the transverse

direction defined by the cross product of the first two unit vectors (T = n x r) .

The columns headed by A, r and 0 represent the Earth-comet distance in

A. U., the Sun-comet distance in A. U. and the Sun-Earth-comet angle in degrees.

The a priori errors represent the forward propagation of the covariance

matrix obtained by processing all observations from 1967-1979. Columns 5, 6,

and 7 reflect the effect of each 1980 observation on the comet's error ellipsoid.

The final ground based observation on November 16 reduces the a , <r , and a

components to 416, 249, and 359 km. In the absence of further observations,

the error components evolve dynamically; their magnitudes at any given time

are due primarily to the comet's position in its orbit. The exclusion of the

first few recovery observations in 1980 or the exclusion of the 1978 and 1979

opposition observations has a negligible effect upon the position errors

in 1980. However, by taking 1980 observation at 5-day intervals between July 9

and November 16, the errors on December 6th are reduced to 155, 186, and

660 km (<7 , a , <r ). These results underscore the fact that, while

observation made during past apparitions define the mean motion and the

nongravitational parameters, it is the 1980 observations that contribute most

strongly to the reduction of comet Encke's ephemeris uncertainty. The

importance of the 1980 observations is due primarily to the proximity of comet

Encke and the Earth during October and November, 1980.

The present error analysis of comet Encke assumes a 1-a observational error

of 3 arc seconds for both the right ascension and declination. The 3 arc second

value is consistent with the mean residuals obtained from various orbit deter-

minations for past apparitions of comet Encke. Due to comet Encke's

relatively high nuclear activity, the appropriate error value is somewhat higher
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than for most other short period comets. The assumed error for each observation

is the same value, and the observations themselves are assumed to be
2

uncorrelated. This being the case, the only nonzero elements (1/cr ) of the

weighting matrix (W) are equal in value and aligned on the principal diagonal.
TIf F denotes the conditional equation matrix, the normal matrix F WF can be

2 T 2 T —1reduced to \/a (F F) and the simplified covariance matrix becomes o" (F F)~ .

Thus the covariance matrix is linear with respect to observational errors. For

example, although the current analysis has been undertaken using an

observational error of cr= 3 arc seconds, one only has to multiply the error

component entries in Table 1 by 2/3 to obtain the results for <7=. 2 arc seconds.

CHECKS UPON STATISTICAL ERROR ANALYSIS FOR COMET ENCKE (1980)

A less rigorous statistical error analysis of the 1980 apparition of comet Encke

has been carried out by Bynes and Boain (1974). For comparable cases, their

results agree with the present analysis. However, a statistical error analysis

is only as good as its underlying assumptions. For the most part, the statistical

error analysis outlined in the preceeding section was based upon simulated or

hypothesized observations. In an effort to check the statistical results, it seems

prudent to analyze results obtained using actual observations of comet Encke.

The observations of comet Encke from 1937-1973 have been used in five separate

differential corrections. Within the given mean errors, comparable orbits agree with

those determined by Marsden and Sekanina (1974). The entries in Tables 2 and 3

represent an attempt to compare observed and predicted times of perihelion

passage (Table 2) and perihelion distances (Table 3). In each table, the first

column represents the observed time interval over which a particular differential

correction was made. Columns 2-12 give the times of perihelion passage

(Table 2) and perihelion distances (Table 3) for each particular interval. For

example, in Table 2, line 1, columns 2-6 give the observed times of perihelion
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ccoQ^a^§g.we3(2_j"t1-5

j.OS>Q
.

^•a&1

c
-

t-mO
S

en*

CO
cnC

O

oCM"
C

3

cns0
0

CO*

O
il

inaininwocnScn"
rHC

O
C

O
t-1—

 1
m"MenC

O
C

O
oC

xi

CO*
rHrHC

-

C
MC
O

co"
CvJ

rHC
D

cnic-

coot-cnCO*
C

M

in•̂C
O

C
O

cncncnC
O

cC
M

C
MrHcnC
O

C
O

^cninenC
O

ooa;cnrHt
-0C
O

rHinCM*

s?C
O
oC

MCO*

"*CDenirHmcn

D—r-cnt-osCD"

omooenCO*
(ML—C

Mt-t>O
S

enC
O
ocnmoC

M
C

MencnocnCO*

0oincninin*tocoC
O

C
O

cnrHC
O

encnrHmC
M

c-cocnimcn

0
0

rHinmto"

' C
O
oC

O
cn0
5

to"
rHcncnC

O
(MrH

C
M

C
MO
O

O
S

cn"

^
4

C
OoCM
*

C
MC
O

enC
O

eni-Hcninin^_C
O

cnoocnrH

i-H

t
-

enit-mcn

§CO

C
I

orHC
O

1
^

«
>

0
0

C
M

O0t>scnO
S

0
0

C
M

(MC
O

S3cncninC
O

cnin0CMC
M0incn0
0

C
O
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passage for 1947, 1951, 1954, 1957, and 1961 while the remaining times of

perihelion passage (columns 7-9) are predicted (extrapolated) beyond the range

of observations (1947-1961). Carrying this example further, the first predicted

time of perihelion passage (1964 June 3.48639) is compared with the entry

directly below it (1964 June 3.48951) which is the observed, or actual, time of

perihelion passage in 1964. Strictly speaking, any of the 4 times listed below

the 1964 June 3.48639 date is an observed time of perihelion passage in 1964;

they all are within their respective observation intervals. By comparing each

predicted time of perihelion passage with the observed times of perihelion

passage, a systematic correction is noted whereby the predicted and observed

times of perihelion passage can be brought into agreement. This empirical

correction and its standard deviation is

AT = +0. 00423 + 0.00094 days

This empirical correction (AT) is required to allow for the decrease in | A | .
Ll

In other words, by not mathematically modeling this decrease in | A | , each
Lt

predicted time of perihelion passage is underestimated by 0. 004 days. In a

similar fashion, the empirical corrections to the time of perihelion passage

required for predicting 2 and 3 apparitions ahead are +0.013 and +0.03 days

respectively. These empirical corrections for predicting 1, 2, and 3 apparitions

ahead (+0.004, +0.013, +0.03 days) are similar to the values (+0.005, +0.015,

+0.03 days) obtained by Marsden and Sekanina (1974). We can take AT as an

approximate upper limit to the a priori uncertainty in the transverse position

error at perihelion. The comet's velocity at perihelion is approximately
d

6 x 10 km/day so that, at perihelion, AT corresponds to a linear, transverse,

position error of 25,380 km. However, the majority of this error is due to the

unmodeled secular decrease in the transverse nongravitational acceleration.

An empirical AT correction can be added to the predicted time of perihelion

passage to greatly reduce this error so that the standard deviation of AT can
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be utilized as an approximate lower bound to the a priori, transverse position

error at perihelion. At perihelion, this standard deviation (0.00094 days)

corresponds to an approximate linear, transverse position error of 5,640 km.

In a sense, the upper and lower limits on cr at perihelion are "observed"

because they are based upon past prediction accuracies of comet Encke's times

of perihelion passage (Table 2). From Table 1, the statistical, a priori,

transverse, position error at perihelion (1980 December 6) is 16,833 km., a

result that is bounded by the aforementioned "observed" upper and lower limits.

Unlike the AT corrections, the corrections (Aq) required to bring predicted

perihelion distances into agreement with the observed perihelion distances for

comet Encke are not predictable. However an estimate of the "observed" upper

and lower limit can be determined from the maximum and minimum values of
—fi

Aq (determined from Table 3). These values are (8. 9-0.6) x 10 A. U.

or 1335-90 km. These "observed" errors bound the statistical, a priori

radial, position error at perihelion (399 km from Table 1).

From the statistical error analysis, the radial and transverse position errors

after all 1980 observations have been processed are cr = 171 km and a = 874 km

for 1980 December 6 (see Table 1). These position errors correspond to an
— fierror in perihelion distance of 1.1 x 10 A. U. and an error in perihelion

-4passage time of 1.5 x 10 days. These results are compatible with the

standard deviations associated with the differential corrections to the perihelion

distance and perihelion passage time. For example, the orbital solution over
—fi

the 1961-1973 observations yields a standard deviation of 0. 94 x 10 A. U. and
-41. 07 x 10 days for the differential corrections to the perihelion distance and

perihelion passage time.
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SUMMARY

Since the ephemeris uncertainties of proposed target comets determine the

navigational accuracy of cometary flyby space probes, each proposed target

comet should be thoroughly investigated to determine its position error at

encounter. Before a particular comet is selected as a flyby target, the following

criteria should be considered in determining its ephemeris uncertainty:

1. A target comet should have good observability during the apparition

of the proposed intercept. The following conditions aid in minimizing a

comet's positional uncertainty at encounter:

a. Perhaps more than any other condition, observations made at

small range values substantially reduce the target comet's error

ellipsoid.

b. Ideal observations would include those made at a phase angle of

90°, when a comet's true anomaly is + 90 and those made at

phase angles of 0 and 180 , when the comet's true anomaly is 0 .

c. If the comet is observable at the proper time, a large parallactic

displacement between the Earth and the target comet prior to

encounter would allow a reduction in all three error ellipsoid axes.

2. A target comet should have a good observational history. Several well

observed and consecutive apparitions allow an accurate determination of a

comet's mean motion and nongravitational parameters.

Using these criteria, along with statistical and empirical error analyses, it has

been demonstrated that the 1980 apparition of comet Encke is an excellent

opportunity for a cometary flyby space probe. For this particular apparition,

a flyby to within 1, 000 km. of comet Encke seems possible without the use of

sophisticated and expensive on-board navigation instrumentation.
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