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1.0 INTRODUCTION

This document reports on the development of two new shell finite elements
for application to large deflection problems. The elements in question are
doubly curved and of triangular and quadrilateral planform. They are re-
stricted to small strains of elastic materials, and can accommodate large

rotations.

A principal goal of this work has been to obtain accuracy for strongly non-
linear problems commensurate with that which is obtainable in linear finite
element work. This particular goal presents a special challenge, because
the presence of strong nonlinearities in plate and shell finite elements

of conventional formulation cases excessively stiff behavior.

The elements described in this document make use of a new displacement func-
tion approach specifically designed for strongly nonlinear problems. In
order to accommodate this approach, two further new developments were nec-
essary, relative to strain displacement equations and nonlinear solution pro-
cedures. Thus, the developments reported herein represent an attempt at a
considerable extension of the current state of the art for nonlinear two

dimensional elements.

The two doubly curved shell elements developed, a triangle and a quadri-
lateral, are based on the relatively simple linear elements of References 2
and 3. The displacement function development for nonlinear applications is
based on the beam element formulations of Reference 1. The procedure is
called herein the HMN method, in recognition of its first use by the authors
of Reference 1. The strain-displacement equations developed are of the shallow
shell type specially tailored to the HMN procedure. Additional terms have
been included in these equations in an attempt to avoid the large errors
characteristic of shallow shell elements in certain types of problems (e.g.,
Ref. 7). An incremental nonlinear solution procedure specifically adopted
to the element formulation was developed. This solution procedure is of
combined incremental and total Lagrangian type, and uses a new updating

scheme. A computer program was written to evaluate the developed formulations.



This program can accommodate small element groups in arbitrary arrangements.
Two simple problems have been successfully soclved, and are reported in Sec-
tion 10. The results indicate that this new type of element has definite

promise and should be a fruitful area for further research.



2,0 GEOMETRY AND COORDINATE SYSTEMS

There are three coordinate systems that are required for the two new elements;the

local coordinate system, the global coordinate system, and the solution coordinate
system, The elemental matrices are derived in the local coordinate system and are
eventually merged and solved in the solution coordinate system. With slight varia-
tions, these matrices can be discussed for both the triangular and quadrilateral elements,
The geometry of the elements is input in the global coordinate system, The triangular
element is assumed to be a constant curvature element, whereas the initial geomeiry

of the quadrilateral element has the shape functions of the assumed displacements,

Base planes for the local coordinate systems are established as shown in Figure 1 .
The triangle has the x axis parallel to the line joining nodes 1 and 2 with positive
sense from 1 to 2, The y axis is perpendicular to the x axis and lies in the plane
of nodes i, 2 and 3 with positive sense in the direction of node 3. The z axis is

determined by the right hand rule,

For the quadrilateral, a mean plane is established through the midpoints of the straight
lines joining the corner nodes, The x axis is parallel to the line bisecting sides

3,5 and 1,7 with positive sense from side 1,7 to side 3,5, The y axis is perpendicu-
lar to the x axis, lies in the mean plane, with positive sense from side 1,3 to side

7,5. The z axis is determined by the right hand rule.

With these definitions, the transformation matrices can be written from the local to
the global coordinate system. These transformations are presented in the Appendix,
Section 12J1.. The transformations that are required, however, are from the local to
the solution coordinate system. The solution coordinate system is selected to minimize
potential numerical problems by solving the equations in a coordinate system in which

the Z axis is nearly normal to the shell midsurface, This is accomplished by averaging

the normal unit vectors of the local coordinate systems of the elements adjoining each



A A
" node, Figure 2, The x and y axes are selected to lie in planes parallel to
the XZ and YZ planes, respectively, With these assumptions, the transformation

matrix from the local to the solution coordinate system can be written

gﬁ.g - [A} é‘d (2-1)

where the elements of[A] are given in the Appendix, Section 12,1,



a) TRIANGULAR ELEMENT

«

Y
><l‘

b)  QUADRILATERAL ELEMENT

Figure 1 : LOCAL AND GLOBAL COORDINATE SYSTEMS

5



REPRODUCIBILITY OF TIIT]
DRTGTNAL PAGE IS P

Figure 2: SOLUTION COORDINATE SYSTEM (SHOWN FOR
TRIANGULAR ELEMENTS ONLY)



3.0 SHELL STRAIN - DISPLACEMENT RELATIONSHIPS

Shell strain displacement equations take a wide variety of forms, depending on

their intended use, coordinate reference systems employed, and specific terms dropped
in accordance with thinness or shallowness assumptions. Experience has shown that

it is permissible to take considerable liberties in the formulation of these equations,

in order to achieve simplicity, so long as the omitted terms are truly negligible for
the problem types under consideration, It is important in this regard to perform the
mathematical derivation carefully, and to make approximations in the final results,
where the full implications of the approximations are visible, This is the approach
taken here, For ithe present work a formulation applicable to stepwise nonlinear
analysis of a shell element is required, This application suggests several specific goals
for the strain formulation: (1) To handle large rotation effects, the transverse shears
should contribute to in-surface, as well as normal-to-surface equ”ibr.ium; (2) To avoid
undue complexity in the strain equations due to accumulating shell midsurface deforma-
tions and associated nonlinearities, element local coordinate systems and incremental
displacements should be cartesian; (3) To facilitate implementation of an HMN type
constraint procedure, each increment of displacement should involve small rotations,
and updating of local cartesian coordinates should be carried out. These goals can be
achieved by deriving exact strain displacement equations of a shallow shell element in
cartesian coordinates, and dropping appropriate terms in the final result, The approach
taken is a combination of the incremental and total Lagrangian ~pproaches since in-

cremental Lagrangian strain increments are used, and in addition total Lagrangian strain

is used in equilibrium checks during the nonlinear solution procedure,

Kirchhoff Shell Theory

Consider the shell element shown in Figure 3, The element is referred to two
coordinate systems, The x-y-z system is cartesian, and the x-y plane is called the

local baseplane of the element. The element in its initial unstrained state is
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displaced an amount & from the x-y plane. The projection of the x-y system
~n N -t
onto the midsurface of the shell element in its initial position defines the X,Y ,Z

system, according to the equations;

X
Y=y, (3-1)
2w

N
where the superscripts denote the initial state of the element. Z is perpendicular

to X, q . It is noted that * and g are slightly distorted scales of true length,
Points of the shell element located a distance Z above the midsurface of the shell

have the x-y-z locations

o n r\‘)wc ) - e/
Xr‘X"Zo);(\ TXE2W
n ~ awo [a) N [4 (3"‘1)
o . _ i -
gy E G TyTEY
d o ~
2= vz

After a deflection u, v, w, the coordinates of points on the shell are given by
X= XU =2 o
ey ru-E o (3-3)
2= 2"+ W

The directions of u, v, w are, respectively, the positive x, y, z axes, Thus,

cartesian displacements rather than the customary ones parallel and normal to the shell

surface are employed,

H . “
Before deformation, the base vectors of the curvilinear X, ¥, z system are
, r Ye Y

r etc,
2 - 0% = (3~ 4)

with -
Pl 04 'q°+kz'=(x,y,z") (3-5)
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where i, i, k are the unit cartesian base vectors,

Cyevws

and, using the above notational shorthand,

Ge=l(1-2a"") | (-2 "), (w°7)]
57 2[ (2™) , (1-Ew°), (5]
s =[(-&*), (%), (1)]

(3-¢)

The quantities set off by commas are, respectively, the x, y, and z components of
- . ,§

the vectors, After deformation the base vectors are ‘

i

G =98 +[(u-2a?), (v-Ea ] =324k,
Gy =G5 [ (w-20"), (v Bar”), ] =35+ Iy &-7)
9'3 :23'5 *[(“J’), (-, (0)7=§§ *[i‘

LN

The metric tensor of the X ,g‘,z coordinate system is defined by the scalar products

of the base vectors,

(z-8)

o > o ~> o

9y 79/ - 9;

95=5% 5= (3R ) (3/.F) (-9)

AT TN
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Here, the subscripts denote X, ‘(;, or Z. It can be shown that for small deforma-
tions the strains which occur in passing from the undeformed to the deformed state

are described by (Ref, 4 )
’ ’—'é‘ (9,0 9/_)) (.3-19

Thus,

i[(fi, ) (g J) 55] . (3-11)

which becomes
— 4 o T ~»o - ing ™ -
é;J"a[E?;‘}’j *95'/’:’“}’;'1] (2-12)

Performing the indicated operations yields the results for the strain tensor for a

Kirchhoff shell theory

ffg u/.;. —ZL[(-%I)Z.* (X,)a""‘ /U /)2] - Uo/w/
- Z[(J' +a wor/*_a)_ + V' (Q}‘o’/r‘CJ.,)

- Z P s e ., ]

Cg‘g - V.f’aL[(_{,_(__')z*(_\_/_')a"‘(aI')a] b o
-2 w i) (™) (3-14)
—22 ’ 4"lo]

(3-13)
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These equations are to be used incrementally, and the cartesian x, y, z system

for each increment will be obtained by updating immediately prior to the increment*.
Under these conditions, the displacements u and v will be very small compared

to w, and the squares of their derivatives can be ‘neglected, The terms which are
neglectable are underlined. However, in the bending terms, the terms involving
products of v and v derivatives with w and w’ derivatives will be retained,

as these terms provide x- arid y-direction forces due to transverse shears, the absence
of which in shallow shell theory can cause serious errors, With the approximations

indicated, the incremental equations are

A€ =Aa/+(ar"+a}')du'

w

-2 awmend (i) (4 cJ”)+Ay'(af°"+cJ")

+v'(AU')]

*  This updating is not a change in element shape; details are discussed later

in Section 8.

12
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Z&éf;g‘ = AV 't (a)°1r<uf')zxaj'—— ( )
3 -47

Q[A ar AV'(UD';M")& V’AZJ-"" Au'(CJo-,* U./)

‘A tUWAW"
L =32 u'+Av')+:a':Aw’(u°'+w')*'a" Aa)'(w"+w’)
’Q[A - %‘:L_'(Uo/{,_w//+_é_g_‘,/(wo-l+aj./>

o) B (w0 )

7/
uOAQjI/ ; AU. vr ./ , AU'-
S I BT

Af.5 = AL

0,

(3-18)

In these equations, w denotes the displacement normal to the xy plane, accum—
ulated prior to the incremental displacement under consideration. Note that
while the ‘direct strains are actually physical strains, the shear strain

tensor values are half of the physical strain.

Consider Figure 4. Here a relatively large displacement of a beam element is
shown. The element is approximately inextensional, so that accompanying the
large w are necessarily large u displacements. It can be shown easily that
du/dx is also large. 1If u and w are referred to the updated base plane which
corresponds to the end of the displacement and denoted, respectively by u and
w, then u becomes small and 33/3%X becomes negligible. This reasoning justifies
the use of the above strain equations, with the underlined terms neglected,

for the calculation of total strains corresponding to the end of an increment
and the associated updated base plane. This ig importamt to avoid cumulative

updating of strains, which can cause relatively large errors.

13
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Shell With Transverse Shear Deformation

Figure 5 illustrates for an x~z section view the deformations considered in this

section, Again, u and w are cartesian, The rotation about the vy a,us, 95,

ontrols the ‘x=direction dispiacements of material points above and below the shell
mldsurfcce, accordihg to the nghf hand rule convention. The coordinates of points

on the shell are given gy x’=%. ;¥ ¥ ;%= a>® , since no &, or G, need be associ~

ated with the initial shape, w®.  After deformation, the material point coordinates are
. (-4 -~
X=X Ut E 93

=9°""V“£9x (3"19)

[-] .
Z=sE + J + 2

The base vectors are

9 5; [(a+26 (v ze) CJ]

Go-3s +[wrie),(-28), W (s-29)
3. = 95

>0 [@ ,"6 ]
The strains are
é};;“: a'+é[{u')z+£\_{_'_)z+(a_)l)2]+ CJI(,_)o/ (3“11,>

-2 [~ey +u (w‘”—e,') tv ’(w""-»ex’)]
2]
Esg = v'+2’/(_¢£)‘*(v__2"‘+(w')z]+ W
'2[6; + u-(’w"-e;) + v'/w"'#@x')]

g2 ]

ST = ~ o E i - P
e e - ; v’ - .
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As before, the underlined terms and the higher order terms in Z are neglected. :
In this non-Kirchhoffian case there exists a transverse
shear strain whose contribution to the energy of deformation will have to be handled
carefully (Ref, 5 ), because of its tendency to cause excessive stiffness.
The incremental equations are, dropping the noted terms
« ,) ( L} 4
’ / /\r 7 / ot ) /7 I-2%) 326
AEA,‘::AU'«»(CJD/*'CJ)A(J“Z[-Aey tau /‘J —t%)*‘AV ((.J =
XX ’
- u'A@J + v/AQ,L]
0r - ' dwlle )+ av (W' + &, 1)
sy e e o - 2o (o) av ()
9
-~u'Ag, +V'A@(]
< n
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g =0 =2 (auW+av)+ 4 (wswaw + 3 (w™vw)aw
-2[2(08"-00,) L (*-8)+ & (w4 8)) 329
P (w6} ¥ (0 185)
w2 (uae) o vag -uag) +vag)]
R / ’
Alg;=abyy =3 (00, a0 )+ % (w-g,) + &Y (‘wm“@) (3-29)

‘

65
u’ v
.’*?Aey ~'ZA9,

Af..g =A£a£ = 2"/‘.4@ "A&JJ) + 'AEE"‘{UDQ'QS/) + %Z'(—wm—@) (3 -30)
+%A65 - _é-\'/_'Aex

As discussed above for the Kirchoffian case, total Lagrangian strains can be computed

from the above , provided that updating of the element baseplane coordinate system,

with the corresponding transformation of the total displacement components, is carried out.

Shallowness and Baseplane Derivatives

Recalling the definition of the coordinate system X ; 9‘ , z , it is seen that the
mapping of the x~y system into the X -9-5 system has caused X and X, and also
g and 4, to have identical numerical values, Thus, all differentiations with respect
fo X and g in the strain equations have identically the same values if they are re-
placed by, respectively, x and y differentiations, This is required because element

displacement functions will be expressed as functions of x and .

In addition, for the strain tensor values given to be physical strains, it is necessary
that the metric tensor components gT] and 932 be essentially unity, That is, it

is necessary for the lengths in the shell surface to be approximately unity;
o’y
]+ [CJ 1) =

RS ()2 =~ | (3-31)

17



Thus, in identifying physical values with the strain tensor components, it is

necessary that
()%, ()% <ee 1

For the work reported herein, this assumption is made based on the fact that :ach
element, referred to its local baseplane, is very shallow, both before and after
deformation. Thus, all strain tensor values given are physical valves. Note,

however, that the physical shear strains are twice the tensor values,

18
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4,0 VIRTUAL WORK FORMULATION

The formulation of the elemental stiffness matrix which includes the HMN degrees
of freedom alnd the degrees of freedom to be reduced by minimum energy considera-
tions, is virtually identical for the triangular and quadrilateral shell elements, The
general formulation, proceeding from the virtual work expression, is presented in this
section, The details of individual matrices required by the particular element are

presented in Sections 6,0 and 7.0,

The virtual work is given by
b *
F Sgr; =Lo;§~£,;c/F7 (4-1)

where the strain is expressed in terms of the displacement gradients as

’

/
f;, :HO{j@\, +'a‘ﬁjl-jk5d‘9k (4__2)

or

S¢; = (Ro; +A1,,.6,)56; (4-3)

For the triangle, the displacements can be written directly in terms of the generalized
degrees of freedom, The quadrilateral element, however, requires an additional

Jacobian type transformation from the displacement gradients in the parent element to the

displacement gradients in the local coordinate system, In general this can be written
as
— " GOJ'M = GOJ'M for the triangle
6} =GOjngn- (4-4)
. 4-4
GOJ',,, = J;'l Goﬁm for the quadrilateral

Thus, the strains can be written

Sé.’ = é;,. Sa_ r (4-5)

19



B, = (70; *R1 8 )60,
— g (4-¢) =~
- (FI’O,'J' +HJ;J-;< @Okm ?m )GO,

The stresses are

7 s+ D0, 4E, (a-7)

o N
where O is the initial stress and DO,/ is the matrix of material constants,

Substituting the above in the virtual work equation yields

(6% po, , ALy ) Bs:d i (4-8)

-8

L S
/D.“f

The incremental load deflection equation is required

*_ +
A)C; CKO:}A%J’ (4-9)
Koy, =j;; {55; PO, Blj +G0,, 0,71, 4 G'OAJ‘ $ A (4-10)

where higher order products of the incremental displacements have been ignored.

This gross stiffness matrix includes the deformational degrees of freedom, , plus excess de~-
grees of freedom associated with the minimum energy procedure, °<6 , and degrees of
freedom associated with the HMN constraints, &,, Changing from indicial notation

fo matrix notation, the generalized degrees of freedom can be written in partitioned

form as e

Li*_} ____LS-X:. o(j, ;. 0(',1_‘ (4_.1»1)

The triangular element is derived with several options as to the number of degrees
of freedom to be constrained by HMN constraints, Consequently, the generalized
displacements o, assume several forms to account for this variability, This is

discussed in greater detail in Section 6,2,

A rd

20



The stiffness equation then has the form
EA_P*E - [KO] {43*5 (4-12)

In general, the HMN constraint can be written as

= - 4-13
et E1E5ES

;‘?l gJ [ ][ ] (4-14)

Finally, the minimum energy degrees of freedom , X, are reduced out by standard

procedures to yield the stiffness matrix
[K]= [Rs"s’] [Kee ) IR €] [ rus) (4-15)

This matrix relates the generalized degrees of freedom to the associated generalized
forces, For the quadrilateral the generalized degrees of freedom 8* can be written
directly in terms of the nodal degrees of freedom,? . The triangle, however, is
derived in terms of the deformational degrees of freedom and these degrees of freedom

must be supplemented by the rigid body degrees of freedom

§5¥§' 3 [7‘*] 595 (4-1¢)
where [ Tﬂ =[IJ for the quadrilateral,

Applying this transformation yields the elemental stiffness matrix

[K]=[T™17 [x7077] (a-1)

relating elemental nodal forces to elemental nodal degrees of freedom,

21




5.0 HMN Methodology

5.1 Background

The incorporation of nonlinear terms in the strain displacement equdtions can give rise
to problems of excessive stiffness of finite element models for some large defiection
problems. This difficulty was discussed first by Mallett(Ref 6 ), and later by
Haftka, Mallett, and Nachbar (Ref 1 ). These authors found that poor problem
solution accuracy was obtained for large deflection and post buckling problems of beams,
and formulated a procedure for eliminating the problem. They called the resulting

element a "stability element."

The formulation of Haftka, Mallett, and Nachbar (HMN  method ) can be simply
explained as i"oﬂowso The axial strain for small rotations and strains for a beam element

is given by the formula.

6 Qx ta ( (5-4)

Customarily, uis linear in x, and & is cubic. The functional form of &, is therefore:
from u, constant; from 4, through the fourth degree in x. This situation holds also for

the linearized incremental case,

o.v’Au. dur dAur
A&, = U el (5-2)

through the product (aw‘ (C)AU

J—gare retained in their

The result of this situation is that, if the &, strains' due to kR

then
entirety ,/superimposed on the constant strain due to %ﬁ are in general, first, second,

duwr

5

third, and fourth degree-in-x terms due to The strain energy, since it is a

22



quadratic form, is necessarily increased by these additional terms, even if their average
should be zero. This fact, of course, clearly indicates that the element, and associated

finite element models, are too stiff.

The formulation given by Haftka, Mallett, and Nachbar avoids this difficulty by intro~

ducing supplemental. u displacements which include functions of the second through the

fifth degree in x. Through the term ;.ﬁ , thesefunctions create strains of the first
4

through fourth degrees, which are sufficient to compensate the element for the higher

(2
degree (——3’-;-{) type terms. The authors impose the axial equilibrium equation,

96y _
% * P =0

to solve for the amplitudes of the supplemental u functions. This use of the equilibrium

. equation is equivalent to minimizing the total potential energy of the element, i.e.,

to an elemental level reduction of the supplemental  freedoms.

It is noted that in the case of the beam element no inter-element incompatibilities can
result from the above equilibrium, or minimum energy, conditions. This results from
the fact that the  supplemental functions cause no nodal displacement, i.e., the
supplemental functions involve only internal displacements. In attempting to apply the
HMN procedure to plate or shell elements, this latter convenience does not occur. For
these cases, the high degree nonlinear strains due to the o derivatives occur not only
within the element, but also on its edges. Thus the supplemental 4 and v functions
must be nonzero both inside the element and on its edges, and the matter of inter-

element compatibility must be considered. In addition, the high degree nonlinear

23
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strains which are to be "controlled" by the suppiemental functions are now functions of
two spatial coordinates instead of only one, with considerable attendant difficulty.
For these reasons, the details of the application of the HMN procedure to plate and

shell elements are not straightforward. The overall procedure is reasonably clearcut,

however, and is briefly explained below.
5.2  Selection of HMN Functions

We began by illustrating the selection of HMN functions by a simple example, and

then proceed o a more general discussion. In cartesian coordinates, the nonlinear
L dine st dr\ / duwr - .
() derlvghve terms are (&—F) P (53—) , and (a; ( ;)—5-—- , contributing, respechvely,
to 5)‘ , 53 , and gxy . Similar terms apply to the incremental strains, with the
. . . der ) /dAwr -
linearized A€, term being, for example,(vx—)(—é—x— , These types of terms create -
high degree polynomial strains illustrated by the following several equations, which

are representative for a finite element bending formulation

(J=(/—g)()—x">

- )
5= (1-y)ax) S

%)z: ('—aj “‘L‘jz)(qxa) — ax nonlinear

In this example, the nonlinear E:x is of the second degree in Y and X . Presuming

that the basic element w displacement function has the form

w= (Q_+bx)(c.+o(x) (5-5) //1

24



The basic strain form is

g';i = b.((.‘.h{y} (5-¢)

Thus the only &, strain which can be provided by the basic.  function is the one
linear in Y above, and the supplemental w function, here called o , must provide
the terms listed below if it is to cancel out completely the higher degree nonlinear

strains,
~ 3 3 2 3
A~X,yx, yx (5-7)
The . functions are of course one degree higher in % than those of £y .
~ 3
These U functions are seen to contain the lowest degree in X member, X .
This is o consequence of the example chosen for illustration, in which the w function
also
is not complete. In an actual element derivation, & would/ontain also linear in X

terms, and © ' these in combination with the second degree term would result

~ 2
strain terms containing X and hence the necessity for 4 terms like X .

This simple example suggests a procedure for choosing the polynominal forms of the

supplemental & and V functions. The steps involved are:

1. Identify polynomial forms of basic element strain &, &y, Exy.

2. ldentify polynomial forms of nonlinear strains due to <, A &

3. Construct supplemental (I , C such that the combinations U+ o , \/+'\7
contain strains of p»o|ynomia| degrees through the highest nonlinear

forms created by W', A w .
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4,  Examine the constructed functions to assure that they form a complete
set with no intermediate omitted terms, and augment the function set
if necessary to assure this.

This last step poses particular difficulties, which are discussed briefly below.

The procedure above can be followed rather easily for any type of element under
development. In general, however, it must be followed by an additional task which is
highly element dependent, and here lies the essential difficulty in HMN function
development. The difficulty lies in the fact that (X and ¥ functions must be constructed
which, in combination with w and v , form a complete set; and which also do not con-
tribute to the displacements, such as nodal freedoms, which characterize the basic

~ .
element W and v functions. In general this means that ¢« and v must consist partly

L5

of purely internal (pillow) functions, plus other forms which accomplish the needed e
deformations of the sides of the element, without causing any changes in the values of
the basic element freedoms. The pillow functions are needed to make the total W+ 13
and v+y sets complete. The values of U and v along the sides are also subject to
the completeness requirement, as well as the requirement to be independent by 4 and
V' . Thus the X and V' forms, which as developed in the procedure given are simple
polynomial ' forms, must be manipulatéd into element dependent forms suitable for the
particular element under development. This is best illustrated by two examples, given
here for functions of a single variable, but capable of generalization to the case of
two spatial variables. Figure 6  shows a case in which the basic w function is
cubic and &4 must contain terms through the fifth degree, due to a cubic form of &,

AT ™
This is a case in which the element freedoms are nodal displacements and first ' ;l
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derivatives. The task hére is to construct fourih and fifth degree functions which do
not affect values of the displacements and their first derivatives at the ends x =+1.
They have been constructed simply by inspection, and are shown in the figure. Note
that all polynominal degrees from the zeroth through the fifth are represented by the

combined ¢ and & , in order to obtain a complete set of functions.

Figure - 7 s a case in which the element basic freedoms make use of a midside node.

The basic & and &F functions are quadratic, and a cubic ( is required. For elements
belonging to a family with nodes located along the sides, for example the isoparametric
family, it is most convenient to construct the higher degree supplemental functions by
conceptually adding more nodes along the sides. Thus, in Figure 7 . the basic
element has a single midside node and quadratic displacement functions. The addition
of the supplemental & is to be accomplished by adding more side nodes. A cubic &
is needed, and hence two nodes in the interior of the side would be sufficient. This

is not a desirable arrangement, however, because the center node should be retained.
The addifion of two nodes proves workable. The resulting set of five nodes on a side,
including the corner nodes, is capable of representing a fourth degree polynominal,
whereas only a cubic is required. This is not a real difficulty, however, and the
indicated cubic shape for a provides the nacessary function. This shape has the
necessary zero displacement of the end and center nodes. Thus, in using additional
side nodes as an aid to construct the supplementary functions, it is not necessary to

form the highest degree function of which the nodal arrangement is capable.
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Suppose as a further example that a quartic were needed. In this case the two quartic
diagrams shown in the figure would be used. These two shapes together contain a cubic

and a symmetrical quartic, as is easily verified by forming the quantities

x(-PUR(x-1) = 1 (=) (x-p) (x-1) [5-£)

The use of these functions therefore makes unnecessary the explicit use of the cubic form.
This example shows the advantage of the procedure of constructing HMN functions by
adding midside nodes consistent with the nodal arrangements of an isoparametric family.
This procedure has readily provided cubic and quartic forms, while simultaneously
omitting all terms of the basic displacement functions, simply by assigning displacements

to all nodes other than those which participate in the basic function shapes.

The matter of the required pillow functions is usually resolvable based on consideration
of what pillow functions would be required for a higher order finite element whose basic
displacement functions include polynominal forms of degree comparable to & and V.
Thus for the second case above, pillow functions corresponding to a higher order (5 nodes
per side) isoparametric element would be used. For the first case above, if for example
a triangular element based on area coordinctes is being developed, the known pillow

functions of higher degree area coordinate forms can be used.

The above discussion has illustrated by example two methods for constructing HMN
supplementary functions. One method is applicable to cases in which element freedoms
include displacements and displacement derivatives at corner nodes, and the other two

cases in which displacements of both corner and intra-side nodes are used as basic

29



freedoms. In each case, the procedure begins by constructing functions of the needed
polynomial - degree alonig the sides of the element, while causing no displacements of
the basic element type, and achieves completeness of the W+Ol and V' + setsby adding
pillow functions as needed. This procedure meets the conditions which, at the present

stage of development, appear necessary in HMN function methodology .
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5.3 HMN Constraints

The added displacement freedoms introduced as HMN functions must be constrained or
solved for as a part of the finite element formulation or solution process. There are
several alternatives here, and generally the approach to this problem is not straight-
forward. Some of the relevant details are discussed in this section, and further detail

is given in the lafer sections dealing with the two shell elements developed in the subject

research.

The use of the HMN functions is a recognition of the need for highly competent membrane
displacement functions in nonlinear bending problems. These functions can be thought

of as simply added displacement freedoms, and subjected to inter-element compatibility
requirements and solved for in the global solution process. In this case the HMN con-
straint methodology would not exist as such. However, this approach has the drawback
of increasing problem size; it is desirabie to keep to a minimum the number of global
freedoms, in addition, the philosophy underlying the HMN functions--that these
functions are to remove complex forms and keep the strains in the element simple~-
suggests that the HMN functions be dealt with on the elemental level and that the basic

element membrane functions are sufficient in the global solution process.
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Elemental level HMN constraints can be of two types: minimum total potential energy
(equilibrium); and restrictions on the furictional forms of the membrane strains. The twe
approaches can be used together in a single element derivation, operating on different
HMN freedoms. In both cases, consideration must be given to the implied inter-element
displacement incompatibilitie. which are implied by the constraint procedure. The

specific strain constraint. is considered first,

Suppose that the membrane strains, say ER , due to, respectively, the basic element «

functions, the HMN & functions, and the bending « functions are given by

M N
Z. L men ,mno‘
mM=0 n=0
5> o
A wi Py
w X and -
mz:o Nn=o e ‘j : (5 9)
M, Nz

Z wmnxnﬁyn

3
©
3
W
Q
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In these forms, x and y are spatial variables and the double subscripted L, & , and
&y are coefficients which depend on the element freedoms of the type ¢, & , and
¢y , respectively. The upper limits of the sums have been set by the choices of basic
element functions and the HMN functions. Note that for the first summation, the
limits M] and N] are small numbers like 1 or 2, while the values M2 and N2 are
larger, like 4 or 5, and that these upper limit values are the same for the second and

third summations. The latter condition it will be recalled was set by the choice of the

HMN functions.

el

One approach to the HMN constraint procedure is to simply equate coefficients Uy,

and J,,,, for those strain. contributions which ere of higher degree than N\] and N] ,

i.e.,

Patd

Umpp = — C’jmn ., m 7 Mi
(5-10)
(:zmn T T P 7 Ni

In the first case above, while m 2™M,, N may be any value; and in the second case the
similar condition on m and n occurs. This approach generates a large number of
equations and generally involves duplicate constraints, i.e., singularities of the con-
straint equations. It has been tried and found unworkable in the cases attempted. The
procedure amounts to a complete elimination of high degree strains everywhere in the
element (above M] and N] levels). It appears that such an approach would be success-
ful, and it is not clear why it failed to work out. It is recommended that this appraach
be given consideration in possible future work on HMN elements, since alternative approaches
provide only a partial elimination of the high degree strains, and thus would appear to be

inferior.
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Another, simpler approach i§ to eliminate the high degree strains along specific lines in
the elements. For example, the high degree %" forms can be eliminated along a set of

lines (jscj‘ Y g& etc. This takes the form

N Na
Z (&’mn >Km+Z (on.,,,,%n)xm =o ; m >M1
N=0 n-o

M | Me
2_ (Um,, tj;)x'"‘*'{_o(wm g;)x”'v-os m> M,

n=o

This results in fewer and more easily formulated constraint equations and is a much simpler
procedure overall than the one first described. If enough lines, i.e., values Yr Yor
etc., are used, it should give an excellent control of the high degree stiains. In order
to relate the two procedures described above, it is noted that if the strain due to & and
W, say E; , is known to vary as a quadratic in y . then the constraint should be
applied along three Y = constant lines, i.e., Y = tj‘ , Y, +and Y, should be used.
Fewer ¢. values fail to give complete control, and more 9; values necessarily pro-

duce singularities in the constraint equations.

This example involves control of the xm functional forms of the x-direction strain &x;
the lines in the element are in the same direction as the strain itself. Of course,
additionally €, could also be controlled in the hehavior tjn along specific lines

X=X, , Xz, etc. Butif the number of Y lines chosen is adequate to represent the
known Y functional behavior, as illustrated above for a quadratic form, then this two-
direction control of &€, would likely (or certainly) produce singularities in the constraint

equations.
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For the control of the shear strain, exy’ a similar procedure can be used,

and in this case the two-directional control has been used without intro-—
ducing singularities. Thus, for Exy the polynomial forms yn are controlled
along X=X 5Ky eee and the forms x are controlled along the lines Y=Y s¥g e
This is done for the values of n which exceed those provided by simply the
basic element membrane displacement functions.

Control of Ey follows the analogous pattern to that of €t

The above described procedures refer to rectangular elements, for which the
directions of the strains and the directions of the element sides coincide.
For triangular elements a procedure has been used in which the HMN functions
control strains along the sides of the element and are again handled as
described above. Hence, if s denotes the coordinate along a side and n the
coordinate normal to a side, the strain Eg and e,y Can be controlled along
all three sides. Isoparametric quadrilateral elements also deal with strain
directions which differ from the directions of the element sides. 1In this
case a feasible procedure appears to be to impose the HMN constraints on the
""parent" element, and carry the derived constraint equations on for use in
the subsequent distorted elements. The above completes the discussion of
HMN function constraints based on explicit consideration of the forms of

the strain functions. The procedures discussed are illustrative in nature
rather than steps of an established methodology. Inventiveness has been

found to be required for two dimensional HMN element development.

The imposing of HMN function constraints by means of minimum energy
condition is a formal methodology which can be applied without particular
difficulty. It is briefly discussed below. This constraint amounts to a

set of equilibrium
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conditions, and is therefore the type of approach originally adopted for beams by the
authors of References 1 and © . However, for two dimensional elements it
raises questions of inter-element displacement compatibility. These are discussed in

Section 5.4.

The minimum energy control of the high degree strains amounts to an elemental level
reduction of the (L and v/ freedoms. Thus, if the complete element stiffness matrix is

partitioned in the form

k=f ==~ ! (5-1%2)

where the lower rows pertain to the (' and ¥ freedoms, the constrained stiffness
matrix refering to the basic elements « , v , and « functions above has the familiar

form

D"m - ks ko ko (5-43)

This approach tends to produce an overly flexible element due to inter-element displace-

ment incompatibilities.
5.4 Inter-Element Displacement Compatibility

HMN function- constraintseither by explicit strain function control or by the minimum
energy conditions may create inter-element displacement incompatibilities. This
difficulty can be largely avoided in the former procedure by a careful selection of the

specific strain controls imposed, at the expense of relaxing some of the desired controls
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on the high degree strain funcfions. It cannot be so directly avoided in the minimum
energy approach. This section discusses the inter-ciement compatibility matter and

provides recommendations for preferred strain control constraints.

Consider Figure 8 . Line a~b is the side of an element, and coordinate axes x and y ave

perpendicular and parallel to a-b; -The basic element functions are denoted by u, v, and

w, and have amplitudes defined by the nodal freedoms. Consider the determination of

the supplementary function V , which involives displacements parallel to the side a-b.

The strain 55{ is completely controlled by the displacements V , vV and the slope %g{-

The value of V determined by HMN constraints imposed on &y is completely controlled

by %si , since the HMN constraints only apply to those high degree polynomial i

forms which are unaffected by the lower order basic function v . Hence the ¥ function

along a~b will be identical for the elements on the left and on the right of a~b, because
g—;—{; is necessarily the same for these two elements. Still further information concerning
Vs available, however. Since V is determined not only along a~b, but also throughout

the adjoining elements, for example by constraints imposed on 65 along lines a,-b,, a;-b,

-~

v '
in the figure, it is possible to draw conclusions concerning . Not only does the
g ’ P Y 4

(’\\/’) T (%gjg )aw’: (5-14)

correspondence

~ Jwr
hold, but, provided V has been given x-direction variaticn comparable to that of 5—{ ,

also the first term Taylor expansion holds, and

S

Vot (E). XH(?:,”)M * LJ%(%’T)] X (5-15)
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Thus, it can be concluded that

(gg)q?"‘[%(gg)] a-b (=-16)

in which the order of differentiation has been exchanged. Since dw

. S
2 ~4
« is also continuous, it can be concluded that 9;!

as well as V is continuous across the line a-b. It is noted that g—‘Y/ can be discor~

continuous across a-b,

tinuous across a-b; this is required to allow equilibrium for the case of a y-direction

%
line load along a-b. The continuity of 33 across a=b will in general be approximate,

as it depends on the competence of ¥ as a function of x in each element and also on
. . . 9w oV
the exactness with which continuity of 5 is enforced. Nevertheless, clearly 5

tends toward continuity between adjoining elements, across x = constant lines.

Consider next HMN constraints on the shear strain 8"‘5 . The relevant high degree forms

contain contributions from (g_:-{) gf) and from S—% and —j-f— . Continuity between

the elements on the left and on the right of line a-b occurs exactly for %‘—‘-’— and approxi-

mately or exactly for _g_’-:{_ , depending on the particular finite element formulation
X

-

employed. Hence 9, 9F is essentially continuous across a~b. |t has been seen
~ Y Ay _
v, . . i .
that & is af least approximately continuous, and hence also g—;f- is continuous
. ol , . N
across a~b. Since 55— is continuous across a=b, and since U vanishes at the nodes a and

~7

b, w itself is necessarily continuous across a-b, or at least approximately so.
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It has been seen that HMN constraintson E«j and 6,3 along x = constant lines pro-

vides exact or approximate compatibility of 4 and VvV between elements across thes

same lines as inter-element boundaries. 1t remains to consider the use of an HMN con-

e

straint on &, along an x = constant line, for example line a-b in Figure 8 This
strain constraint relates 2% and 9% . Since the latter is continuous, or cpproxi-
0% X
~
. . u . .
mately so, across a-b, this constraint makes e approximately continuous across

a-b. This particular result is not really essential, inter-element continuity of Lt and

v already having been obtained, and hence the use of such an HMN constraint, i.e.,

on an extensional strain whose fiber direction is normal to the line along which the con-

straint is imposed, is not recommended. The likelihood of dependent constraint equations

together with the lack of basic need for this constraint are the basis for this

recommendation.

One further matter concerning explicit strain constraints cnd inter-element compatibility

needs discussion. Consider again the constraint on fxg along line a-b in Figure

ur (_)u.f
For the higher degree polynomiak:. forms iny, the strain is defined by (a )(

1 A

8

and g?* %‘:’. , and the discussion given earlier applies. However:for the highest
X
degree % basic function in Exycnd the lowest degree x HMN function in Cy
. U AV . .
due, respectively, to the terms S and 3-;:. , there is a specidl

problem. For this particular polynominal degree only an HMN constraint condition

would involve the correspondence

du 3V, (0w )/ Ou)
y * ax (ax &y

in which both basic funciions and HMN functions are involved. The term 94 is not

q

in general continuous across line a~b in the figure, and hence for this particular
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polynomial term neither would g—;\’ be continuous, The major difficulty in

application of this constraint is that it is inconsistent with the constramtbased on &y

and involving % in a form which is a function of x. As discussed earlier, the

IV,
3y -

constraint tends to match up the x-directional functional forms of %%Z and
while imposing equality of their y-direction polynomial coefficients., The lowest
degree €xy HMN constraint terms oppose this x-functional form match-up, and
thus can be expected to cause difficulties in the HMN constraint equation set. It

is recommended that the lowest degree €xy HMN constraint be omitted. No inter-

element displacement compatibilities will be caused by this omission,

Finally, the matter of constraint of the HMN functions by minimum energy conditions
requires discussion. In this procedure, the element is effectively made as flexible as
possible by setting the & and v freedoms to values which minimize the strain energy.
It is virtually guaranteed that the result of this constraint applied to HMN edge
functions will be inter-element displacement discontinuities. The possibility is strong

in this case that - an excessively flexible element will result, Therefore, minimum

,
s

energy constraints on HMN functions are only recommended for the internal (pillow

function) freedoms of the HMN set,

The above rationale for the inter-element continuity of V' due to an &, constraint

is dependent on the continuity of %%“ * I all the HMN constraints are as des-

cribed, with, in particular, €5 conditions imposed on lines parallel to the
side , this continuity should be obtained. However, it may occur that the internal,

pillow-type HMN functions are controlled not by explicit strain constraints but by

*
Here % is normal to the side, u is parallel to the side, consistent with

definition used in the element derivation,
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minimum energy conditions. In this case, if these pillow functions are capable of

o . ‘g o
non =zero a: on the element edges, then the reasoning leading fo continuity

of V based on an €sn constraint becomes less certain, The difficulty is that

constraints are operating on & which do not necessarily produce g': inter~-

element continuity. It would appear that even in this case, if explicit €s con-
straints are imposed along lines parallel to the sides, then continuity of g%— and

hence of v , through an &, constraint, would be obtained, For the triangular

element described in Section 6, however, this is not the case, Here, & consiraints are only
used along the sides themselves, ;. and minimum energy conditions conirol

the pillow functions. In this case it would have to be determined by numerical
experimentation whether the combination of & and €. constraints, with minimum
energy internal function constraints, yields satisfactory results. In the initial formu-
lation of the triangle done in f;his contract, not only &5 and &, but also &,
explicit strain constraints were imposed along the sides, It has been verified that this

was unsatisfactory. Inter-element incompatibilities of v occurred, and the resulting

element was too flexible, Consequently, & was omitted along the sides of the element,
5.5 Total HMN Functions and Constraints

The foregoing has tacitly dealt with application of the HMN procedures to incremental
finite element calculations. A subsequent section of this report will deal with iterative
corrections of incremental solutions in order to avoid accumulating errors due to step-

wise linearization, It is noted here that the HMN function magnitudes are also subject
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to accumulating error, and that they also should be improved through iterative
corrections. All the HMN methodology given in the earlier sections applies equally

to total or incremental strains, and thus is applicable to iterative calculations.

5.6  Stiffness Matrix Development Sequence

HMN constraints can be applied at the outset of the elemental stiffness matrix calculation,
or they can be applied after the elemental matrix is calculated. In the first case, the
stiffness matrix never involves, explicitly, the HMN freedoms, as they have been made
dependent on the basic element freedoms before the matrix generation. In the second
case, the elemental matrix is initially derived in terms of all the « , v , w, & and
WV freedoms, as though they were independent, and the constraint is accomplished later

in a standard stiffness matrix transformation.

Those HMN freedoms which are to be eliminated by minimum energy constraints are always
handled in a way similar to the second procedure. The elemental matrix is developed
retaining these freedoms, and their elimination is then accomplished by matrix partitioning
and a standard elemental level reduction. The second type of procedure has been used in

the vork of this contract for all HMN function determination.

The HMN equations and their use to constrain the stiffness matrix are outlined
briefly below. 1In the discussion, the unknowns {Aaa} are the coefficients of -
the EMN functions used to obtain explicit control of the strains along the
sides of the element. The unknowns {Aab} are the coefficients of HMN functions
which are entirely interior to the element, i.e., which vanish on the sides of
the element. Since the derivatives of the functions corresponding to the

{Aab} do not necessarily vanish on the sides of the element, the specific HMN
equations involve {Aab} as well as {Aua}. The {Aq*} and {q*} contribute the

strains due to the bending rotations.
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In general, the HMN equations can be put in the form

[H] [Aqu} [Hol { [2 [Hl(g*)] EAQ ; (5-18)

where [H | is a square matrix. Consequently,

{Ao(,j = [H]"[HG]{ E [H1 (? ) {AQ)? (5-18)

Expand these matrices by adding columns of zeros such that
A ¥ £
= (ea1dct ¥ { ;
{A “«} ) [CU]ZA o@j {"1(? )ngz &y § (5-20)

or

g(A 0(«5 =[c”] zgjz:)z (5-24)

Then expand with the identity matrix to obtain the constraint equation

Aq” T | Jag™ ~. (2q*
Z{A o(bg :{‘54{425 g = [C ] {Ai’(n@ (5-22)
4o,

which is used to obtain the HMN constrained stiffness matrix,

(K1 =[] kL] (-23)
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6.0 TRIANGULAR SHELL ELEMENT

The goal in developing the triangular element was to obtain a relatively simple
nonlinear shell element incorporating an HMN capability., The HMN methodology
requires that relatively high degree membrane displacement functions be used,
particularly if the basic element normal displacement functions contain high degree
forms. For this reason, a relatively simple basic element was desired, and the
BCIZ element was de¢ided upon (Ref 2 ), Simplifications related to a shallow
shell theory but not subject to all of the shallow shell approximations were desired.
This was accomplished through the use of a particularly advantageous set of strain

displacement equations, described earlier in Section 3,

The HMN methodology was incomplete at the start of this work, having been previously
formulated only for beam elements. For this reason, a number of options were re-
tained in the element formulation, relative to HMN functions and constraints, Cal-
culations have been made to evaluate several of these options. The basic approach

to the HMN procedure is outlined in Section 5.
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6.1 ASSUMED DISPLACEMENT SHAPES

The transverse displacement is assumed to be that of the BCIZ element, Reference
2, The displacement is composed of two parts, a rigid body translation, w,

and a deformational displacement w*,
W= w e
3
R »
<. {6-1 ]
3 ; w3 (6=
W= re,t
/= !
o

. “F ¥
Lec:-: 6(,;‘:‘ §Uj —l= [ 9((_}';‘/ @w—; (9&1’*, R

[

6 G a=LOuy Buyl Gy ]
Fog (37344 33.8,) 44 (375,44 35,3,
fom v (35453 8.5.) ¢ i, (37 5,72 38.3,)

For s (300333304 4., (35,723 8.3.)

Fre nse (5, 5o 2 538 e (5342305
Fe o (10044 35:3.) ¢ 4 (57844 5.9,5)
o xa (3735 58,3 ) (3532 10, 5)

The functions F! have the characteristic that they are zero at each of the nodes
and the derivatives with respect to x and y are zero at each of the nodes

¥ x
except at a node where Buwy: or éwx; is nonzero,

Along each side of the element w is a complete cubic, taking the form of

the conventional beam bending displacement shape expressed in terms of area
coordinates. The interior cubic forms are an incomplete cubic. This results
from a constraint imposed in Reference 2 to assure that constant curvature

states are available.
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The membrane type displacements u and v have the same form as the transverse
displacement w with some additions, The basic constant strain state u, v is

added to a deformational state u*, v*, In addition, there are interior fifth order
pillow functions uI, v® and fourth and fifth order edge functions u:], v:l where

m denotes an edge. Referring to Figure 9 , the displacements are written

ue
=J+DL++ULT+ LJ-H..I {V,‘:g
. (c-2)
VESVIAVL VISR Y ngmejz
—_ 3
u= 2 u; Sy
3
ve 2 v
¥ ¢ ¥
U= 2 O

&
+ — . ¥
V - ‘Z 'L'Ig\/l

ey (G"3>

E Lccso(_' ~sin ¥, ez, “Sd, Cos K, - siu zx,J
I.J'VJ = ,_ s,  CoS O,  sind, tasol, Smol 4@5&31
L2 vl =l u® ve us v uf v°
8. 07 6.5] = Los 6k 6ul ]
Lo et 0f] - L6g At 8l

6y 6, 842 = | 6wy, 64 6]

i

]
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L@u: 6&/4* 6\}(,.* ,l~ = l_ e\l;; éuy:- (9u;: J

ai, by, Cm dkm are arbitrary constants

6-3°37F,

G,= 3 3.8

G,e 3E33)

G, = 33,3,

.= 5573,
G,*3,5.3;

H, = 3.°3°

He = 3557 (3.-5,)
He= 3737

Ho= 3535(3,-3)
He= 35 50

Hy = 37 35(3-5.)

~

48



[

e

g

Y4,v,Vv
Iy
3
(X3‘ Ys
{
|
] u
oy 1 '
; o
—_— i PR
VZC { .
{ veé \
ue :sa’l\ j, i \
/ S
¢ Ve '5, I
P ~
P \\
7 3 ~
- Vs S \\
~ ~ ~
Ve -~
Vs u’e \\\ CXZ.\O)
Y 3 RN -
1 (6,0) j " » r
O(B:O X,U,U-
FIGURE 9 : DEFINITIONS AND SiGN CoNVENTIONS FOR

MEMBRANE TDISPLACEMENTS FOR TRIANGLE

49



Ty

EPRODUCIBILITY or L‘,
1SRIG‘JNAL PAGE IS Poui

The HMN functions are required to control fourth degree strains, and hence
need to be of the fifth degree in the area coordinates. Along the sides, the

needed forms are
(3.3, ) (c-5)

and

(3.3.)°(5,.-3..) (c-6)

where m , n take the values 1, 2, 3 and m #»n ., These functions have zero
values and zero derivatives at the nodes, and thus do not interfere with the basic
element freedoms, Each function also is non-zero on only a single side. For

example, (3, 3, ¥ and (3,3, )?"‘(’S‘— 3.) are non-zero on only the side opposite

the number 3 node.

The interior functions required to complete the displacement set through the fifth

degree are

jyz :rn j; (G"7>

and

3. 3735, (6-8)

in which m@#n#p and the indices take the values 1,2, 3. These functions and

their first derivatives are zero at all the nodes.

The interior functions describe membrane displacements in the element local coordin-
ate directions. However, the edge functions are used to define displacements referred
to coordinate axes which are local to the sides themselves. Thus, § and N denote,
respectively, local side coordinates along and normal to a side, and :l;i and C’;,e
denote the HMIN edge functions parallel and normal to the p th side. The side
functions (3,,3,,)1 and (3.3 (3.-3.) are used fo create four functions; two each

for each of \I; and \*/*Fe , where the subscript of 4 denotes the side opposite

50
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node  , and o7mfn, These edge HMN functions have non-zero values along
a single side and decrease to zero at the other sides. Each side in turn has

such functions, aligned parallel and normal to the side, Clearly, no generality

is lost in choosing the side-oriented directions; they are a matter of convenience in

implementation of the explicit HMN constraints,

There are a total of 24 HMN functions, of which 12 are interior, and 12 are side
functions, Notfe all of these functions are always used in calculations, however,
The computer program has various options on HMN function retention and constrainis.

~F

e
In particular, the side functions V'P are in some cases omitted,
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6.2 ELEMENT DERIVATION

The basic triangular element is derived with several options for handling the excess

generalized degrees of freedom, Both minimum energy constraints and HMN constraints

are applied to the excess degrees of freedom to reduce the gross 51 by 51 stiffness
matrix to the final 27 by 27 elemenial stiffness matrix, The .progrcm options designate g
which, if any, of the excess degrees of freedom will be HMN consirained, with the

remaining degrees of freedom reduced through minimum energy. There are presenily

four. such options available, This will be clarified as the derivation proceeds, 1

The virtual work expressions presented in Section 4,0 are applicable to both the tri- L.
angular and quadrilateral shell elements, The stiffness matrix was obtained in a

general form in Equation(d-19), which is repeated here for clarity.

K"J’ = . {[35; DO, B’ej +G\OJ', O, ’qlsjk G‘ij czlxo(j
(¢-9)
B. = o .
B, = (Ao, * A1, 6, ) Go,
Particular application of this equation to the triangular element displacement functions,

Section 6.1, and the details of the derivation are contained in this section. ‘
From Equation(4-4), the GO matrix has the form

o3 - [oof{¢"] s

[0]=L ux,uy Vi, Vy W, &y, W, Wy, Wy .
LC}_‘J=L§*.§°<1,.:°<0.J ‘

57 P R
Lé: LU\ euxu 80.7}\ \/, @Vm Qvg: C‘)‘( G}er( Qufb.tl

¥
uZ euxt 6}“;; e 9&:;:,“ .
4 ‘ - \ I
U, 9‘.7;3 g,j;s PR 94:;] (e-11)
L0<1,J=L°<,J)or Lc(,f‘o(&_{) o Lo{(: o(z_:c(_?J [

L‘;’(a_] =L°<z': O<3_j) or L0<3.) ov L NU/..L_/
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Lo, J=La,b, asb. a, b 1
L O<a J LJ“ J’a 012: 0(22 d(; Olag a, A, Q, AE ablé’.g_/ (G" 1”34,\

L °<3 J = }_C” Ce: C’la Caa C:s Cz: J

I

The form of the GO matrix is given in the Appendix, Section 12,2, Similarly,

the A0 and Al matrices for the triangle can be directly written from Equation(4-2) as

AE. = (,’QOJ*W,’J‘AQJA@/ (c-13)
where

L AE _J:LAE*xAEyy AE;yAKxxAKyyAKaij (_6_14)

and LE1 was defined in Equation(e-1D, Explicit forms for AO and Al are given
in the Appendix, Section 12.3., The curvatures (K‘“ KY:/: Kxy ) are related to the

bending strains by £, =Z K efc. Also, physical strains are used instead of tensor strains,

Finally, the stress=strain relation is given in Equation(4-7)as

o
0= 0, + PO AEx (6-15)

where

lol=L Ny N, Ny Mo My Mny (¢-16)

LJJ :LN)( Ny. N;(y‘ M‘O M; Mﬁ‘jJ

and the matrix of material constants [DO] is given in the Appendix, Section 12.4,
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With these matrices, the gross stiffness matrix of Equation(€-9can be generated,

This matrix is of 51 by 51 order involving the deformational degrees of freedom LSVJ
and the generalized degrees of freedom ["<b£ o<q_,. At this point the concept of

HMN type constraints is introduced, The HMN constraints are applied to the [_o(a_}

degrees of freedom and result in equations of the form

[4] fof=[hd] £325 %0 [naca2)) Jaaty  tem

where

1 _ e * .
O] 7| a1 s Gugi , Be , Oudye | Buns , Ot ys (¢-18)

As indicated in Section 5.6, these equations can bz put in the form

sl -

and the HMN constrained stiffness matrix is then Equation (e-2.0),

[KI=[cTKI[E] (c-22)

Four. options are available for the constraint procedure as indicated in Equations (6-11)
and(@12), All of the [_o(a_] and Lo(b_} degrees of freedom are eliminated either

through HMN constraints or minimum energy reduction,

Option 0: 3'1_0(.1} = Lwvoee d

1% o ) No HMN constraints (6-21)
Loty) = Lo iotieg ]
1 v 24

Option 1: L °< d=Lets] Only normal strain constraints enforced
[_o<£,J Let 2 ¢, ] . (6-22)
/% 8

18 o
Zxo( 3=, consiraints enforced, (=23
o =
1 X &

Option 2: {Lo(" A= Lok, i | Normal, tangent, and shear stiain
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1t

Option 3: l_o(aJ

le,] = L, 01 aba,b, o, b, (6-2%)

1X6 1XG 1% G

[O<,J Only normal strain constraints enforced

1x 18

For Option 3, the six generalized degrees of freedom corresponding to the normal
¢
edge displacement, V , are set equal to zero, i.e., d”, d]2, d2]’ d22, d3],

d32 are zero, The remaining set of displacement functions u.*) ul o w v

v, v’ when used in conjunction with the €, HMN constraint yields a fully
compatible element. The gross stiffness matrix is of order 45 by 45 when the null

rows and columns have been deleted,
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Options 0,1 and 3 are subsets of Option 2 ; consequently the most general

constraints will be developed and the subsets will be obvious,

The constraint equations are obtained by the procedure developed in Section 5.0,
As applied to the triangle, the incremental membrane strains along the three edges

can be written

e
) 24V, u¥ 2avy e’ Sder
AaE, 7,,% — 57 X, ;,r‘mucasdm 3,™ *| 30 ‘%,,w + ;——m ] (6-25)
(4
M) QAU QW QAar dor Jdw
AE_, - '5?‘2‘}7)’ + o—,;zm DMt TR ST (g—zg)
E (”)_, 95“<:> AV - A uf AU 94
A sn © gn @0 + 95 PG COsX,, ™ —Smn 0(,,\ Fs0v T Sin 0<M om0 (6~ 27)
oavi 3w’ jawr  dw® dbw dwr  ddar

'f‘COSo( 35 YA Ky + FA JtH F 53w 570

Jar aAaJ
+ o‘)';;‘nvn 38 [ (M)

where S and N denote edge tangents and normals, M in parenthesis indicates an

edge as illusted in Figure 9 . Application of Equation(c-2gto the three edges of

the triangle and equating to zero the multipliers of the terms j,.,i, and f,:;,

yields two equations per edge or a total of six equations for the | o< | unknowns
(along edge M, 3.0 and jm,+ jmz=l , therefcre the equations can be expressed

in terms of the one variable Jue ). Similarly, application of Equations (¢-25) and (6-27)
on the three edges and equating to zero the multipliers of the terms j,fru and j:’w
yields an additional twelve equations, The basis for these equations is summarized

in Table 4, With the derivatives of the area coordinates with respect to the edge
coordinates summarized in Table 2 and the displacements defined in Equations(6-1) (¢-3),
a major algebraic effort yields the HMN equations in the form of Equation(e-17), These
equations are presented in the Appendix, Section 12,5, Application of these constraints

yields the stiffness matrix in the form of Equation (6-20),
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Table 1 :

HMN EQUATIONS

Equate to Zero

Unknowns Strain Edge the Coefficient of
Area Coordinate
o En" | 5.
O<q En( 1) | 5:
q En® S 33
Ao En® 2 3;'
. En@) 3 j,’
AL Ew &) jl‘f
X, Es" ‘ 3,
b s ’ N
°<b E’(a) 2 j"
o, £ 2 5
045 Esm 3 3,3
Ay E :m 3 5,4
ol Eo | 3
s Esn’ l 3
Xy £ 2 3’
X4 £ SHCL) (4 3,4
< E,8 3 5
ol £ sf)n 3 3"
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TABLE 2: TRANSFORMATION EQUATIONS FOR CALCULATING HMN DERIVATIVES ON
ELEMENT SIDES
y 4
3
\
S\W0E 2 ‘ \\ 4"0 s0¢ 2
/\L‘D \ »
Ac:x) n ’k - ncl)
— /" V’\B) ) \\ ~
- l A_ca) ~ —
é N e,
1 SW0e 3 2
ni<3> Means n(3) Evaluated at "node i"
g, x N s
o , . :
Tet=72 | x N O 4@
5, e RQ 5, ()
X =~ lgnore These Terms for Evaluating Derivatives
Side 1, i =1 Side 2, i = 2 Side 3, i =3
. 3)
/\/,('\ O ﬂz,(n _y13(
. 2)
Ng(i) n'(() ’Y‘Z(ﬂ o
; @) PN
SI< ? 330) -Ez ‘53 ~J.
Y ) 3?
52( £‘<;>~/330 jI(z) g
) > (Z) )
53 “,8 ,({) Jz(z—*i }20
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The remaining degrees of freedom other than the BCIZ or HMN constrained degrees

are then eliminated through minimum energy reduction,

[Kt] =[’?6’:']“[’?S'A][/Zu]d[’zss‘] (6-28)

where the order of [EAA] is tobe 24 x 24, 18 x 18, or 6 x 6 as indicated
by the options listed above.

Since this element is based on the BCIZ element, the derivation is initially per-
formed using the deformational degrees of freedom. The following transformation

converts the deformational degrees of freedom into nodal degrees of freedom,

Z‘S?Z[T#J{ﬁl? . | (6-29)

).?—/ :Z U, 901%' 9“{/1 \/; 6\/%1 gvfjl &y éaf)‘: gUf//

(G—'.’:o)
ua LK N 4

Uz eu Qa% ]

and the matrix [T‘J is defined in the Apendix, Section 12,6, The stiffness matrix

is thus transformed to a 27 x 27 matrix, involving the nodal degrees of freedom.

[]=[T]"[<"][T"] (e-33)
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7.0 QUADRILATERAL SHELL ELEMENT

The quddrilateral element follows the same basic philosophy as the triangle.

It uses the strain displacement functions of Section 3.0, and again proceeds

from a simple basic element to obtain an element with an HMN capability.

In this case the isoparametric element of Ahmed, et al, Reference 3 , with
quadratic displacement functions, was used. This element has one midside node
per side, uses the quadratic displacement forms for the membrane and normal dis-~
placements, and introduces transverse shear deformation which are also of quadratic

form.

The HMN procedure basic approach is given in Section 5, The procedure differs
somewhat in detail from that used for the triangle, due to inhzrent features of the

element geometry and the nodal arrangement,
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7.1 ASSUMED DISPLACEMENT SHAPES

The transverse displacement is assumed to be that of the AlZ element, Reference

3 . The displacement assumed for the parent element has the form, Figure 10
2

W= 2; Fw

Fadr(1-8)( =20 %-7-1)
25 () (-2)(F-7-1)
=7 (1+2)(1+7) (8 +7-1)
For 3 (1-8)(142)(-5+7-1)
Fesg (1+%)(1-%)(4-7)
7 ( I+
4

3}

T

-

(.,"

£)(-5)(1+7)
() "7)/#?)(/* )
(1+7)(1-2)(1-%)

The functions F. have the characteristic that they have the value of unity at

\)

-

node i and are zero at the other nodes.

The membrane displacements u and v have the same form as the transverse dis-

placement but they include the excess degrees of freedom and nodal rotations

5 : 3
o = Z /':’J, ~ i G;Q_.‘ + j%—-z F/-'é:‘
21 1=/ Y
& i =
- X
& Z, Z G:h =35 % rq
/ =1 St
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(7-3)

(7-4)
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G,= (5-%)()+7)

G,z 2(F-¢)01-7%)

Gz (1-39)(1-7)
Ge= 2(i-8(7-77)

6= = (5-1)C1-7)(1+0) 7%
G,z (3+1)(1-2)( 1+ %) 0™
Gs= 7 (5-0)(1=7)(1+7)%
Go=ar (5400(-)(1e7) 7

(1-5)

The functions Ei are identical to the Gi functions defined above except

for .—G‘i replace ? by » and 7 by ‘5 in Gi'
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The HMN functions are required to control third degree strains created by non-
linear terms in the normal displacement. Hence, the HMN membrane displacements
must contain terms through the fourth degree. Specifically, referring to the squaie
parent element of the isoparametric family with local coordindtes ‘f and ¥ parallel
to the sides; (1) the & displacements along lines parallel to the § axis must con-
tain terms cubic in f and quadratic in 7 ; (2) the & displacements along lines
parallel to the ? axis must contain terms quadratic in f and cubic in 7 , which
vanish on the sides of the element; (3) the V displacements along lines parallel to
the f axis must contain terms which are quartic in ¥ and linear in 7 . These
three types of functions are of course repeated for the alternate functions and lines
parallel to the ¥ axis. Figure 11 shows plots of these functions. Note that type
(1) functions involve 3- & and 3- vV unknowns; type (2) functions involve 2- w
and 2~V unknowns, these be;ng of the pillow function type; and type (3) functions

involve 4~ W and 4-V unknowns.,

The functional forms are

Type (1) . (/_,?>(f_ ?3> ; (/,‘y)(;-}s); (/'?J) (5"‘5,3/\

' \ . 2 i (7"(;)
¥ (-3) (00 g0 (=) ()
Type (2) |
O (-8 (1-02) » (1-8%)(7-7%) (o
. 7-7)
G =Ygt (r-0E) (8 %)
Type (3)
&L~ (-1 [(5»7)(/,»?)(?)’“]; (E+1) [(‘/—7)(.:,7)(‘7)&]
G-» [ Gy 1560 [0l

v = -0 [y )R ] L= ) (97 ]
-0 [G-R0+8)G) 15 e[ G-5) T #f(E) ]
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HMN constraints sufficient to determine these functions consist of the following:

Constraints on

E'g on the lines Vl-‘- ~1,0,+]

6'1 on the lines %" -*,0,4-41
é\glon the lines %= */ £ PZSf/

plus minimum potential energy relative to the type (2) functions.
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7.2 ELEMENT DERIVATION

The virtual work expressions presented in Section 4,0 are applicable to both

the triangular and quadrilateral shell elements. The stiffness matrix was obtained

in a general form in Equation (4-16), which is repeated here for clarity

Ky :ﬁ Z(és/ b, By + 3, GO, G AL, ,J GO, f DET [T/ ds o (7-9)

it
B, = (Ro;; +A1;; T, & )J GO,

From Equation (#-4), the GO matrix has the form
(83 - foo] f -

LéJ'—“Las,u Ve Ve @y a)’ 6’ Qx;)<9 &4, © ] (1-1v)

LM} 111

Lo™=L g ietsi o, |

(7-12)
Lol=luv a a 6 w v at &g o
Us ... Ay o .
Ue - .. U ... (7-13)
Ly - s L o & Gy Opa ]
Lol o la, av ay ay by b b 4 1
lewd=loa,a, a; b, by a, a, b, b, b, G-14)

The explicit form of the GO matrix is given in the Appendix, Section 12.7.
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However, since the displacement functions are prescribed for the parent element
in the f' 7 coordinate system, an additional Jacobian type transfermation is re-

quired to obtfain the displacement gradients in the shell coordinate system,

- — (1-~15)
{6} =[5]{]} |
LSJ Luﬂ’ u'(l \/X1 \/’1 A'l 6%197‘155‘) 6!11(1 e‘ 14 ‘jt 7:‘_{—‘ L-7_1G)
The transormation matrix [ J 1 is given in the Appendix, Section 12.8.

The AO and Al matrices for the quadrilateral can be written directly from Equations

as

= (705471, 6.) 86, (7-17)

where
L4E ] = LAE BE, b5y, AE, bepe DK, Oy, 8K, | (119)

Explicit forms for A0 and Al are given in the Appendix, Section 12.92. The curva-

tures (Kxx, Kyy, Kxy) are related to the bending strains by Em(Bending) =Z K, . etc,
Finally, the stress=strain relation is given in Equation(4-7) as
O =0, + DOy AL, (7-19)
where Lo1=1 n o '
‘/)My)/VXZJMZ)MX:M71 ng-/
(7-20)

i 2 ® o e o o . o
LGJ [—M ;/Vyi/v"f/) Ml)NylxMXlM?)M"‘JJ
and the matrix of material constants [DO] is given in the Appendix, Section 12.10Q.

With these matrices, the gross stiffness matrix of Equation(7-9) can be generated. This
matrix is of order 58 by 58 involving the deformational degrees of freedom LA(l_.I '

the degrees of freedom to be eliminated through minimum energy reduction | A, |,
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and the degrees of freedom to be eliminated through HMN type constraints LA, ],

These latter constraints have the form

[HJ{Ao(a} =[HO]{A£J}+[H1 (a))] {AcJ,? (7-24)

Lawl=law, se,, 065, 80 80 06,805, ,805] 5

H1,~' = H.'l;j';( e (71-23)

J

and the matrices [H 1, [HO], and [H1 ] are developed using Table 3 ., As indicated

in Section 5.0, these equations can be put in the form

4q ~- (A
A, :[C] Aj? (7-24)
A 6

and the HMN constrained stiffness matrix is then
[K]=[c] [k][E] (7-25)

The constraint equations are obtained by the procedure developed in Section 5.0.

As applied to the quadrilateral, the incremental membrane strains can be written

I PW° JAar W AW
s == + — 22X LAl T-2C
Abg=of "oF 5F T of 3% "
224y | dw’ gaw | 3 3AY
AEQ =29 T ow o7 fan 9n (-2
‘ _24au | AV W AW, dw” W | ¥ AW |, WS AW _
AE‘“,.- 5o 7 ¢ T3f 57 +5% 56t 56 5t 5 St (7 2.8)
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Table 3 : BASIS OF QUADRILATERAL ELEMENT HMN EQUATIONS

STRAIN FAUATE 1o ZERO THE- LOCATION
AL, “Gg* YN
AEg -6¢° n=0
A€ | -G¢® 721
A -4 g% 1=
Afs -4 ¢ ==l
Aég -5 oy
Als ~4g" €=/
A "6 f-/
Afe - 6$° =0
A€ -G£ -
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Ten HMN type equations can be written by evaluating these strains along various
edges or locations within the quodrilatéra| and equating to zero the multipliers of
terms in the strains, The basis for these equations is summarized in Table 3
With the displacement functions defined in Section 7.1, an algebraic expansion of
Equations (1-2¢-28) , yields the HMN constraint equations in the form of Equation (721},
These equations are presented in the Appendix, Section 12,11, Application of these

constraints yields the stiffness matrix in the form of Equation (7-2.5),

The remaining degrees of freedom, [X, ], are then eliminated through minimum

energy reduction,
[x*] :[,};‘,;2] ~[§361[ELL]“1[/€$ ]

where the order of [ K* ] is 40 by 40, five degrees of freedom at each of the eight

nodes,
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8.0 COORDINATE UPDATING TRANSIFORMATION

A special type of updating is used in the nonlinear solution procedure. This
updating essentially uses convected, or material, coordinates, pertaining to
the element start-of-step orientation, to set up an updated Lagrangian form-
ulation of the incremental equations. The updating requires a special trans-
formation to permit the entire solution process to be purely Lagrangian in
character. For each new incremental solution the accumulated total and the
incremental forces and displacements are referred to the end-of-step element
base plane coordinate system of the previous step. The updated end-of-step
element coordinate systéms are determined for the iteratively converged shape
of the structure at the end of the particular increment in question. Strains
and stresses are computed with reference to the updated systems permitting a
determination of total strain and stress values without the necessity of summing
increments. Updated coordinate systems are also used as temporary coordinate
systems to facilitate the iterative calculations. In this case the

purpose is to obtain an exact strain/stress state on which to base the calcula-
tion of residual lvads and the iterative equilibrium corrections. The sequence

of computations is sketched briefly below:

o Determine end of step element baseplane conrdinate system (converged).
o Compute stiffness matrix, loads, etc., referred to this as a new
start-of-step system.
o Compute incremental displacements, referred to above.
o Determine temporary element end-of-step coordinate system, cor-
responding to computed incremental displacements.
o Transformdisplacements to the temporary coordinate system¥
o Calculate strain and strass (total referred to the (temporary)
end-of-step coordinate system#*#)
o Determine residual loads and check convergence
o Correct incremental displacements, to eliminate residual

loads (uses start-of-step stiffness matrix)

*  This is a special transformation, to be derived in this section.

%% This is not by summing increments; It is a direct total calculation.

The strains and stresses are of the Lagrangian type.
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o Combine correction displacements with prior displacement
increment and repeat determination of temporary end-of-step
coordinate system, strain, stress, and residual load cal-
culations, etc.

o ldentify the last temporary end-of-step coordinate system av

the final, converged end-of-step element coordinate system

At this point the entire calculation passes on to the next loading increment.
The remaining small residual loads are carried on into the next step to avoid
accumulating error. A more detailed description of the solution procedure

is given in the next section. The above brief listing serves to explain the

role of the special displacement updating transformation which is employed to
compute total strains. The derivation of this transformation is the primary

purpose of this section.

Consider Figure 12. An element is shown referred to three rectangular

cartesian coordinate §ystems: the initial one x; for the undeformed structure;

a coordinate system X' whose §4, X2 coordinate plane is parallel to the element

in its deformed state; and a coordinate system ;i whose ;], ;2 plane is parallel
to the element :after a further increment of displacement has occurred. For
simplicity the figure is drawn in only two dimensions. The derivation given,
however, includes all three components of displacements and coordinates. The
original coordinates xl are a cartesian version of the material coordinates.

in the cartesian sense, xé can be considered to be convected with the deformation.
Thus each of §4 and QI have tompanion. colinear x; systems. As the deformation
progresses, the material coordinates are deformed and rotated but still partially
coincide in direction with the §4 and §‘ coordinates, as follows: the convected
xl axis coincides in direction with the §4 and ?4 axes and the convected x; - xg
plane coincides with the §4, X and Ql, X2 planes. In addition, the side of the
element containing nodes 1 and 2 coincides in direction with the convected xl,
and §J, and 2] axes, and node 1 is at the origin of all coordinate systems.

Wl .
] and x are the rectangular cartesian counter-—

Thus, the coordinate systems x
parts of the element convected coordinate system, with the conventions of
coincidence of the origin, the number one coordinate line, and the 1-2 plane.
Note that the metric of X and ¥ contains only zero and unity, while the metric

of xé does not have unit values after deformation has occurred.
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Displacements, both total and incremental, used in each step, are referred
to the current coordinate systems. Hence for the increment whose start-of-
step system is ;%, the displacements Gq(xi), Aﬁi(xi), and U*(xi) + Aﬁi(xg)
are components in the directions of the §4 axes. The total strains and the
incremental strains of the Lagrangian type, referred to the ii system, viewed
as the convected x; system, are derivable from these displacements provided
that they represent, in the appropriate coordinate system, precisely the
deflections from an undistorted shape. At the end of the step, the'Ui-fAIﬁ
are transformed to refer them to the end-of-step ;i system, again as deflec-
tions from an undistorted shape. The derivation of a transformation of

34 + AUi from the E* system to the end-of-step Qi system such that the re-

sulting displacements 4" adhere to this definition is given below.

The undeformed shape in the xé coordinate system is described by the position

vector (Figure 12)

> L
Po =% Gi (3,1)

d . .
where here Gi are the base (unit) vectors of the x; system. Here x; are the

coordinates of points on the undeformed shape of the element. If the unde-
formed element is placed into the X! system (shown dotted in the figure),
its position vector relative to the crigin of the X! system has the same

form,

i &-2)
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> .
where here g, are the (unit) base vectors of the X system. The actual shape

of the deformed element is given by
> H 1 5
P = (x(') +u') gi (8“’)

where here the u' are implicitly defined by this equation to be the deviation
of the deformed element shape from the undeformed shape, referred to the ;ﬁ

system. After the incremental displacement,

> : .
+ AP = (x"J + U+ AU 3i (8-4

>
P

This vector, referred to the ii system, actually defines points on the element
depicted by the solid lines in the figure and "attached' to the %i system.
That is, the Aai are the displacements which carry the deformed element of
the §4 system to the deformed element of the Qi system; 2‘ are the end-of-

step coordinatez of the step for which x' are the start of step coordinates.

The position vector of a generic point of the element in the ! system is given
by

. . -
= (X; - C’:‘,) \'\; @-5)

-ot4

where ﬁ} are the (unit) base vectors of the X! system. The implicit definition

of 4 as the deviation from an undefo:rmed shape is again apparent. Note that

U' defines the deformation condition which corresponds to U+ AU,

=

G

n i j. +
', Then P+ AF =R + P, i.e.,

Let R be the displacement of the origin from x to X .

b . ~ T

{_xi +(Ili-e-n.a-;)] _csr; = R+ (X, + @) h, (8-2)
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This gives the desired transformation and its derivative with respect to

the material coordinates.

S S 3 o Bew

A = ( W 4+ Aw ) >\“‘3 + xo >",3 - xo - R i (8'.9)
~5 5 —_3

2w (3u3 D aw :

— = -+ .+ ., - .

wy AR " At ®ix (8-10)

In the above, distinction between contravariant and covariant components

has not been made, since the coordinate systems are cartesian.

These equations transform the end of step deformations referred to the 24
system to the corresponding start of step deformation referred to the ;i system.
This transformation is used for updating the derivative freedoms of the
element in order to define the total deformation state of the elements both
at the end of the step and equivalently, for the start of the next step.

The displacement freedoms can be transformed using the above equations, or,
alternatively, they can be.obtained by simply subtracting the deformed nodal
coordinates from the undeformed ones, in the %i sys&em, at the end of the
step. Note that in the case of the triangular element the above are "total"
derivative values rather than values of the BCIZ type which omit the simplex
type terms. Thus, the BCIZ transformation Is required to be applied to the

above types of derivatives in order to compute strains in the element using

the standard BClZ formulas.
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9.0 SOLUTION PROCEDURE

Nonlinear solution procedures and the formulations of nonlinear finite
elements are interrelated. Frequently derivation details are specifically
tailored to planned solution procedures. In addition, precisely how the
element equations are used, including updating, transformation, summing
increments, etc., in the solution procedure has important implications re-
garding the performance of the element and the validity of the element
derivation steps. The elements developed in this research haveclose inter-
relationships between derivation details and solution procedure steps. This
section discusses the solution procedure and related element derivation

details.

The solution procedure is a modified incremental lLagrangian type. Each in-
cremental step is subjected to iterative equilibrium corrections which in-
volve the calculation and reversed application of residual loads. To accom~
plish this, element total strains are computed directly (not by summing in-
crements), corresponding to the total displacement state. The total strain
calculation employs an element coordinate system updating which involves the
special transformation described in Section 8.0 The overall procedure can
be classified as either a total or an incremental Lagrangian type, with up-
dating.

The steps in the solution procedure are described below:

1. The stiffness matrices are generated based on the previous end-nf-step
displacements, stress state, and updated element coordinate plane. The
element stiffness matrices are transformed to the solution coordinate
systems, using the locations of these systems for the end of the pre-
vious step. The element matrices are then merged to form the overall
stiffness matrix, referred to the solution coordinate systems. (This
is not the global system.) In iterations pertaining to a given load
increment, the stiffness matrix and related transformation matrices

are not changed.
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The load increment, including the remaining residual load from the
end of the previous step, is obtained and transformed to current
solution coordinate systems.

()

estimate, uniterated, of the displacement increment for the current

The incremental displacement Ae is calculated. This is the first

load increment.

The &éJ) above are transformed into the element baseplane coordin-

ate system |
s = T {57

For the triangle only, for use only in a later calculation of the
minimum potential energy freedom inéré&ments, the above aq 1 are
transformed to the ''deformational' tncremental displacements. These

are the increments used in the BCIZ element derivation.

{hgxmg _ (T*Hna“’i

for the quadrilateral this would be an identity transformation.

The element incremental degrees of freedom are summed into the pre-

vious totals to form new total element freedom values. This uses
%(j- . :

the values szé N from the previous incremental calculation, as

defined in Steps 14 and 15.

8* » _ S*C“‘) 4 Ai(i)

Sim Stm

The sum obtained in this way contains the current estimate of the
displacements of the element, relative to its undeformed shape, and
referred to the current start-of-step element baseplane coordinate
systems. The displacement dertvative freedoms obtained are total
father than deformationai. That 1Is, for example, %ﬁ-includes not
only the BCIZ deformational contributton, but also the contribution
due to the nodal deflections. Since the latter are the ''simplex'

values, we have used the subscript 'SIM! to denote the fact that the
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derivative freedoms in Ssm >contam the simplex contributions.

The incremental deflections are transformed to the global cosordinate

system and summed
{AU°’§ = [F9] {A&"S)g
{Umg - fugs-o'g + {“U(S)g
AlJ) |

Here the aW are the nodal deflections contained in the displacement
AL
Ai('” from Step 3.

The element geometry and location in the globai coordinate system is

uodated in order to update the element baseplane coordinate system.

ERES IR RS

Note that this updating is not a generic element updating. See Sec-
tion 8.0

A new matrix of direction cosines relating the updated element base-
plane coordinate system to the global system is calculated. These are
called
' IT(j)]

[T(j)] is defined such that nodes 1 and 2 are on the updated x axis
and either (for the triangle) nodes 1, 2 and 3 are in the xy plane, or
(for the quadrilateral), the nodes are displaced from the xy plans

such that their RMS departure is minimized.

The current nodal coordinates referred to the updated baseplane co-
ordinate system are calculated. For the triangle, the set of values
X

inciudes only x and Yss due to the definition of [T(J)] given

27 73
above. For the quadrilateral it inciudes all X.y ¥y except vy, Vg, plus

the z coordinate for all nodes. The equation is
[XLS)] - [T(S)“\ ‘:-X—__CS)’_'\

i . i) . .
Here,_IX(J)] contains the quantities Xgi)wn where X _  wis = X&f)w - X&"

n

refers to the X, Y, and Z global coordinates.
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12.

The result of this calculation is that the nodal coordinates are known
for the current state of deformation in the current end-of-step updated
element baseplane coordinate system. These data permit calculation of
nodal deflections relative to the undeformed element referred to this

same coordinate system. The updated element coordinate system is used

essentially as a material, or convected, coerdinate system.

The element total nodal translations are next calculated from the

{acs)*g - {Y_LS)% _ {xco)g

e

The notation ( ) denotes the fact that these translations are referred

equation

to the current end-of-step element baseplane coordinate system. The
'H(j) include the in-plane defections only. For the triangle, the normal-
to-the-updated-baseplane deflections are equal to zero. For the quad-
drilateral, the normal deflection are set equal to the changes in the
normal coordinates determined by the RMS fit of the four nodes to the

updated element baseplane.

The incremental minimum energy freedoms are computed by back substitu-
tion using the same constraint matrices used originally to constrain

the stiffness matrix referred to in Step 1. This calculation effective-
ly uses the tangent stiffness of the element for the current increment

referred to its start-of-step cnordinate plane. The computed quantities

&)
are d_(S) AQL_‘
& (3 ety 3
{“’L - iML i ev o ery asd
b J ! ool .
’ T AQLL.)J
3

depending on the particular HMN constraint options employed.
The minimum energy freedoms are next summed to obtain totals
) (3=-0 )
- aol
{7 = {7+ e
TEhese quantities are not subjected to any geometrical transformation
type of updating.

The displacement derivative freedoms are next transformed to the end-

L
of-step element baseplane coordinate system using the R transformation
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17.

of Section 8. The equation is

(aag - e - 1%

where the notation ( ) denotes displacements and differentiations

referred to the end-of-step element baseplane coordinate system and

the subscript ''SIM" agél‘n notes that the derivatives obtained are

total rather than BClZ deformational quantities; they contain the

simplex contributions. The tr?niformation is applied selectively to
J

the derivative freedoms of{SSIM } , since the nodal transiations

themselves were computed in Step 11.

The nodal translations from Step 11, which are also referred to the
n? (]

end-of-step system, are entered into the{SSl(;")g vector, replacmg

the corresponding translations term by term. At this point, 8 *(]) §

describes completely the element deformation state, relative tilghe
undeformed element shape, and referred to the end-of- step element

baseplane coordinate system. Note that the resulting{ SlM gns the
vector[sza—])} to be used an Step 6 in performing the next incre-

mental calculation. Sféa E is saved for this purpose.
*(j-1)

The BCIZ transformation [T*] is applied to 5SIM to remove the

simplex contributions to the derivatives.
~ o 03) * oW ()
{ §* E = Y:r -Bi Sim

(s
This prepares the vectori% (J)g for use in total strain calculation
in the end-of-step coordinate system.. The resulting strains will be

total Lagrangian values.

The total HMN freedomsgx J) are next calculated. These freedoms are
determined by constraining the polynomial forms of the strains along
the element sides. The equations governing the total HMN freedoms,

in the present form of the computer program, are of the form

%)) * (3 ) g (5-1) (3)
i ZS Y."‘O“)l) % 11¢}“\' 8., ‘\ {e% }

for the triangle, and
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(‘S) 3 ~ R ) Y-y ~ Y
§°La. { = Ycou)] { ‘“‘mg + {_cl(J &-0 >] {w—“’}
L e ~ muy g

for the quadrilateral. Here {qa?s are the HMN function amplitudes and
idb(j)i are the minimum potential energy parameters. {Aé ;:(J"])} and
{gw(J)g are nodal values of the derivatives of{ *(3-1) Eand {A‘L(J)}
respectively, with respect to the current X and y element basepiane
coordinates. {8 *(J- ]))Zand 9 (J)} are contained anS*(j—])E and
z *( )} where these vectors are as defined in Steps 14 and 15. {'S *(J- ])S
refers here to‘the deformations at the end of the (j-1)st step, re-
ferred to the end*of-step baseplane of that step. z’g*(j)g refers here
to the deformations at the end of the jth step, referred to the end
of step baseplane of that step. Equations similar to the above are
used in Step 1 to constrain the stiffness matrix for the incremental

j- 1)]

calculation. From these computations the matrices [60(")] and [€] ;w
p
are saved. Thesa saved matrices are used to compute the total HMN

freedoms at the end of the jth increment.

The use of{é *(j-1 )g andig:(j)i together is an approximation which has
been found of small effect. |t can be made as exact as desired by the
use of zero load increments. The exact equation, of course, would

result from reforming the matrix [€1 (JZ)G:;(J)] using the current9 (4

referred to the end-of-step baseplane coordinate system.

For the triangle, .
3}

3 zdn § {d\"’ or {v.u\\?s
'R z . ov 3
" W 3
A d.s
according to which HMN optlion is chosen.
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18.

19.

!t is noted that the above HMN procedure, particulariy if employed
with occasional zero load increments, determines the HMN freedoms te
control the total Lagrangian strain, obtained by reference to a cur-
rent, updated, element baseplane. Thus, the HMN freedoms are not

subject to accumulated error.

At this point the current totals of all freedoms are available, re-
ferred to the end-of-step element coordinate system. These totals
consist of two sets, as follows:
'gx('))
. Sim
{a’*")g NS
Sim a.
(3)
Ql'b
and
gxtﬁ
A Q)
{i,‘u)} - oL
&)
clb
The former takesi& ;fé)i from Step 14 and is used for summing to obtain
totals for subsequent increments, as described in Step & and further
~|¢ .
explained in Steps 14 and 15. The latter takesi5° £J>§ from Step 16
and is used in the jth increment for HMN function calculation, just
described, and also for strain and stress calculation. The latter
calculations permit the determination of residual (error) loadings,

and hence, iteration of the solution to improve overall equilibrium.

Steps 19 through 22 are calculations performed for each integration point

of the element, leading to a virtual work integration performed in Step

23.

The matrix of displacement gradients is calculated at all integration

points

o 40 (3) YENO))

€. = @{O

o n
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20.

21.

22.

23.

2k,

The strains are calculated

Sy ' )y 2 (D)
B = (Aot 3 Ai\m\’ ©p ) ©a

These are the true Lagrangian strains, referred to original material

"fibers' provided the membrane deformations are small.
The stresses are calculated

By co) (3
C. = O, =« do, E,

Quantities are next calculated which will provide virtual strains at
each integration point and lead to the virtual work integration
~0)) ~ 3 (3)
Auww = AOwma * Aiwmv =M
~(5) )~ W)
Qm = o-vx “wm
) ~ (3)
= (WT) GO, R,

Here (WT) are the weighting numbers for the particular integration

olll

3
VA

scheme employed. The stresses Ghj are taken from Step 21 and des?ribe
the current end-of-step state of the element. The subscript in’aﬁJ)
denotes the particular element freedom corresponding to which the
virtual work of the Oa(j) is sought. The result of summing the‘ﬁg(j)
over all integration points is the total internal virtual work cor-
responding to a unit virtual increment in the mth freedom, and pro-
vides the current generalized load on the element corresponding to

that freedom, referred to the end-of-step coordinate system.

The current generalized loads on the element are computed by summing
over the integration points
= (M

‘a:\)) - 2 Q\.\

INTRG RATION
POINTS

The constraints associated with the HMN and minimum potential energy
conditions and, for the triangle, the BClZ transformation, must be im-
posed on the:ﬁm(j) in order to obtain generalized forces which correspond
to applied loadings in meaning and ordering. The equations are, respect-

ively
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{émg ‘-E‘nf Zacbiz

X . (3 3 G o (3) 5
) = [ag = T 1IN T {87
i~“)§ {T;g(;)-l Z *(J)}

)
7
%

Definitions of terms in the above equations are given in earlier,
ol
related sections of this document. The iQ(J)} are the element nodal

forces referred to the end-of-step element coordinate system.

The element forces are next transformed into the current, end-of-step

NTES
solution coordinate system, using the updated matrix IJ&J)] {see Step h).

{A())§ [.-7\-(5)] gf(;us}

ALS)
Thei}i $for all elements are merged intoc a single vector, each member of
which refers to the appropriate end-of-step, nodal, solution coord-
inate systems, and the residual loads are computed by subraction from
the applied loads, also transformed to these coordinate systems,
2D | A
{Rsi - ;Acs) {Q('))}
L APPHED>
A convergence check is made to ascertain if the residual loads are suit-

ably small, If so, the solution procedure returnhs to Step 1; if not,

the steps below are carried out.

The iterative calculations described below are repetitions of the steps
described previously, using different starting values of .aigl) as
Qescrxbed below. 1in the current form of the computer program, the stiff-
ness matriX for a given load increment is not updated for the iteration
of that load increment. Of course, updating can be accomplished simply
by the use of a zero load increment. It is again noted that the residuals
remaining after convergence has been achieved for a given increment are

always added into the loads for the next load increment.
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The incremental load is set equal to the residual calculated in Step 26.

Step 3 is repeated, using stiffness matrix from Step 1. The results
are correction va]uescﬂ’iAa(j)f. These are added directly to the
previous results of Step 3, the result becoming an improved estimate
offlfa(j)g. Various schemes to accelerate convergence have been us<:'
here, mostly based on constraining the bending type corrective incre-
mental displacements during the iteration. The constraints are applied
on every other iterative step. The best procedure found is to use the
membrane components of the stiffhess matrix from Step 1 in every other
iteration, and the full stiffness matrix in the alternate iterations.
This cannot be recommended as a suitable procedure for general usage,
however, as its success may be specific to the particular problems

under study.

At this point Steps 4 through 27 are repeated exactly as described
previously. The updating now is to an improved end-of-step element
baseplane, and all transformations refer to this improved coordinate
plane. In Step 17 the HMN calculation again makes use of the’é:(j—]),
the values from the previous load step, not those from the previous

iteration of the current load step.
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10.0 RESULTS AND CONCLUSIONS

Pilot computer programs for both the quadrilateral and triangular shell
elements have beén written. These programs can accommodate small assem-
blages of elements, and each includes a nonlinear solution procedure

adapted to the element formulation.

Checkout of the computer programs has included successful compilation, a
limited unsuccessful numerical application for the quadrilateral, and a
detalled investigation of two different problem solutions for the triangle.
The triangle has been used to work out solution procedure difficulties and
to investigate the effect of the HMN formulation in nonlinear problems.
This work has been successful, and it is felt that the value of the HMN
application to two dimensional problems has been demonstrated. The fol=

lowing discussions of results partain to the triangular element studies.

The problem solutions obtained serve to check the membrane only and the
coupled membrane-bending behavior of the the triangular element. The
various transformations, updating, etc., in the solution procedure are

also checked by these probleiss. The problem solutions themselves afe dis-
cussed in Section 10.1 and 10.2. The difficulties involved in the solution

procedure are discussed below.

The solution procedure includes the calculation of residual locads and itera-
tion to improve the structural equilibrium state. The basic solution pro-
ceeds on a stepwise linear basis. In general, the stepwise linearity gives
rise to large residual forces due tn the effects of the rotations. It was
found that divergence of the solution nccurred when the residuals exceeded
certain magnitudes, in particular, magnitudes approaching structural in-
stability loads. These limiting magnitudes were obtained with quite small
load steps, with the consequence that practical solutions of large deflec-
tion problems required an excessive number of load steps. This difficulty
has been resolved, and the solution procedure now performs well for load
steps of essentially arbitrarily large size. Convergence is extremely rapid,

and can in most cases be obtained in a single corrective iteration. The
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current solution procedure uses a constrained, membrane only, stiffness
matrix for alternate iterative corrections, and the total stiffness matrix

for the complementary alternate iterations.

The quadrilateral and triangular elements both permit representation of
elther flat plate or curved shell structures. Curved shell checkout pro-
blems have not been attempted. It is noted, however, that the equations
by which the elements represent nonlinearity due to developing rotations
and curvatures for flat plate problems are the same as those which account
for the effects of initial curvature. Thus, the flat plate checkout work

has effectively dealt with the curved shell features to a significant extent.
10.1  TENT PROBLEM

The tent problem was designed to provide a simple check on the program

flow and solution procedure. The loads and geometry are such that no bend-
ing occurs. The flat membrane stiffness, stresses, and most basic trans-
formations and matrix operations are checked, however. The basic configura-
tion, idealization and boundary conditions are shown in Figure 13. To re-
duce the problem size a plane of symmetry was assumed parallel to the Z axis
and passing through nodes 2 and 4. This problem was successfully solved

as shown by the results given in Figure 14. The seven step triangular

element nonlinear solution is exactly the same as the theoretical solution.
10.2  BEAM PROBLEM

The beam problem is a simple example intended to exercise both bending and
membrane behavior and to check the performance of the HMN procedure. The
structure is a three element, Initially flat plate shown in Figure 15. The
figure also shows the local coordinate systems of the elements and the struc-
tural constraints imposed. As described in earlier sections, several options
are programmed for the HMN procedure. The one used in this sample problem
solution constrains the high degree membrane strains parallel to each

element side, along the particular side In question. There are thus six

HMN unknowns per element. The HMN functions provide displacements tangential
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to a side, of quintic and quartic form in the side-length variable. A1}
HMN displacements normal to the sides have been set at zero. All HMN
interior functions have been retained and controlled by minimizing the
total potential energy. This HMN option is option #1 as described in
Section 6.2.

The overall stiffness in bending of the cantilevered beam of Figure 15 unde:
end load is about 15% too high for the initial linear behavior. This iv
caused by the coarseness of the finite element modeling and the displacement
function of the basic BC)Z elements, specifically the constrained BCIZ

cubic displacement form. Figure 16 shows the end displacement versus load
results, which are almost linear through the load range conslidered. The
deviation from linearity seen in the figure is consistent wlth the effect

of transforming the applied verticai icad to the element solution coordinate
system. The insert in the figure shows the distribution of bending moment
on the edge of element #! over the length of the beam. This distribution
supports the conclusion that the element arrangemsnt is too coarse for
application to this problem with the basic BCIZ element. The total nodal
moment reaction at the support end of the plate is in equilibrium with the

applied load.

Figure 17 shows the spanwise stresses along side 1-3 of element number 1.
The successive plots show the stresses at three load levels and both before
and after a zero load step. !t is recalled that the zero load step is used
to allow the HMN procedure to improve in accuracy by implementing the mest
recently updated nonlinear strain values. For the lowest load level shown,
the diagram on the jeft corresponds to zero values of the HMN function; no
HMN participation has yet developed. The diagram on the right corresponds
to essentially complete HMN effectiveness. Each of the two diagrams on the
left for the higher lpad levels result from partial effectiveness of the
HMN functions, while those on the right again correspond to essentially
complete HMN effectiveness. |t Is seen in each case that the HMN procedure
has reduced the stresses significantly. In addition, the forms of the
residual stresses after updating are of relatlively low order, apparently
quadratic, of the BC!Z type, rather than of the high order

form which would result if the HMN procedure were not used. ‘o oneh
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case the higher degree forms, which are seen tc be predominantly cubic,
occur only prior to the zero load step, when the HMN functions are not
fully operative. Similar calculations have been made for sides 1-3 of
elements #2 and #3. The stresses parallel to the side were computed
before and after the zexy load step. The pesults were essentially the
same as those shown in Figure 17, with again the HMN functions reducing
the stresses to very low levels. In this case the remalning residual
stresses were distributed linearly over the length of the side. As
would be expected, the stress parallel to the side has ildentical values
in the adjoining elements. Finally, all components of the stresses in
the interior of the element are very small also, of the same order as those

parallel to the sides.

As another check on the levels of the membrane stresses, the membrane
strain energy was computed and its magnitude compared with that of the
bending strain energy. This check showed the membrane strain energy to
be negligibly small compared to the bending energy, and further verifies

that the element's control of the nonlinear strains is functioning well.

The study of the stresses along the sides of the element has shown

(Figure 17) that the residual membrane stresses are of forms which are
necessarily produced by the BCIZ membrane functions and the lower degree
nonlinear strains due to bending. The higher degree nonlinear strains

due to bending have been eliminated by the HMN functions. This raises the
somewhat academic question of why the BCIZ membrane functions have not
completely eliminated also the lcwer degree nonlinear strains due to bending
since it would appear that the lowest energy state would have zero values
of these strairs. A complete answer to this question is not known at the
present time. It appears most likely that the cause lies in the use of
HMN option #1; HMN option #2 would provide a more complete control of the

stressg state.
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12,0 APPENDIX

121 TRANSFORMATION MATRICES
12,1,1 Triangular Element

Global to Local Transformation

Input: Nodal Coordinates

Node 1 ( , T ‘“)

) (e) (o)
Node 2 (Kz ) Y ) Zzo )
Node 3 (XW Y e

3)‘3‘) 3

(at ) Y
Define Xa, = X: »Xl (\2.'&)

Then the coordinates of the nodes in the local system are

to o3 o () 5 ]

u] £—>\ IV B b 'S

¢ {3y : LVl -yl -

LO %J Ay /“f/ ¥y J Yo T (12.2.)

&) Aoy (8)
Zaz 3

L .

where the matrix of direction cosines are given below., For simplicity emit the

superwaript | denoting the step, i,e., let

¢3)
: Xz: ] ‘J) “alJ
>\X = T m';p/y >\ j(l, le‘g}
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Then at any step j, the matrix of direction cosines is recomputed,

J’A“ [\ 4 v fAU
pS . Z
>\X - 2 i Mx —.Z | )’{‘ = 7‘2;,‘
!z MZ .... Nz
Ne= g7 AT Ve T

. >\¢j :}lzyx '/“x\)a, /ay: yz>\x

L= (xZ+ i e22)"
VNP AR NNt R
£y (Yo 2, =22 n)
M= (o) Xn = Xar B2)) |
hg=(Xy 75 - T2/ Xs1)
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[ﬂf v

(12.4)
Wi
42.5)
>\x Ay
(12.6)
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Global to Solution Coordinate System Transformation

At a node, average the unit normal vectors Kk of all M elements having
this common node, Figure 2 . Again it is implied that the calculation will be ra-

peated for each solution step

N ACE H f
k = M Z;_.; k(r«‘ (F'Z:: ‘.XE(M) /"‘-zu«\) Vzu«gj ) J
K
(12.7)
A A A GRS
= 3 a4 %l L
I,
K
Since 1 c.ind i are arbitrary, they are selected to be in the XZ and YZ
planes respectively.
; = ka /&\x Vx.l ;.2
J,
K )
4 A
A A A O am e 12.9
Ay o e BRI TR S L @)
and - A
A A A =7
J: LA, Ly st jiﬁ (12.10)
K
A A A A AN AA \A _ _’i A
)\gvﬂzyg,/a:j:—ki&%‘#)‘xvt’ 4 " x Mz Q‘Z'\'l)
Consequently
A A A
A u Ne AV 2T 2 U
A 0\ A [_/7\‘}
Y Av - Ny Ay Yy AV ¢ = - ) 4 V“ (12.12)
A ~ 4 i
(A(’J L..AZ Af;;@ )jz A‘CL‘T) &AE_T}




Solution to Local Coordinate System Transformation

N

From Equations(12.4)and §2.12), for each node of each element at a given load increment

Au (A& 2L

- AT A - s A (1245
Av = [T:I [T] AV [ = [T] Av
Aw Aa/} Y

%:z T'3
[T] = T, Te Tas (12.14)

Tz ] Tse, 7:33

The displacement gradients transform as a second order mixed tensor

o 2 3
U-:L(II/L'*V )(,L:w-
; AL ! X A A A A A A
R R a'=i, a=v,ui & (12 45)
oxJ Ox 4 bR dat wheyre ' Az -
- 2. 3
X =X ) & "j )J("’z
Ay A Ay A Az A
X =X )xz;ff , X2

Expanding this equation and using Equation ({213), the transformation matrix for displace~

ment gradients for each node of each element at a given load increment is

N\ \
r(- )uﬁ (&“J;(
QUX &%3
G\Jy _ ‘9%9,\ Qyz A G)
{ 6 VX > - < a%’y ?
Guwry o
é 9
. - %j )
< \
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( = ‘ ' N ¢ N 1 ' o 4 1 s A
O\L/Ax W " Tn T Ty Tu Te Tn. ‘T;,_ Ty 7;3 (A 7;3 @qy
s . ’ . M ’ ' v ¢ A
- au/gfj - ’u 7, Tz T, T Tz T;z Tra Ty Ta “Talis S
7 [ ] ) . ! s ! ] A
4 Jyak & Ty Ta “TeTer TuTa ’/?. T“- Ty 7;3 (A < (9\’9 \\ ( )
. : . ’ . ’ ' .« ¢ 4 8 A ‘?\.Qni-(
a%)y Tal 24 - Taz. Tu T;.a ng TZZ T;t. 7;4 lza Ta T23 6 (138 {
o [ . L v ' L 4 ] A
- )%K ! 7:'!/ Tla T:s; _TnT;yz ‘TIZ T;L —,:/ T33 - TilTsx @&ﬁ]
‘. ’ PR ' 4 4 ¢ ' . ¢ t A !
L &y/gy ) L-/;; 7—3\ - Y;_LT;,, 7;1 Tsa Taa”;a hT‘z;Tﬂ 7;.z 7:;3__ . @uﬂ)
where
r A n C A \
{ ddi
{ eug ‘/,JA
g - &A .
JV/
7 of

vy _
f Z K Ay (12.18)

urx ) &é\)

A ,
The derivatives with respect to . Xs have been deleted from the stiffness matrix,

The matrices given in Equations @212)and @2.18)can then be re-ordered and assembled

for each node to give the transformation matrix

121.2 Quadrilateral Element

Mean Plane Calculation and Global to Local Transformation

Input: Nodal Coordinates

Node 1 (Xm Ym Zw))
Node 2 ( 2 ‘?i:} : Z?))

L4
LA [ <o) .._m, )
Ne Ag ) Zg }

NUOR O ( ]
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A mean plane can be shown to exist that passes through the midpoints of the
straight lines joining the corner nodes, Figure 1 . For simplicity, the superscript
denoting the step is omitted since the mean plane and the matrix of direction co-

sines is recomputed at each step,

<
o
il

(X, +X%,) Y=g (P+1) Za= 2 (2+Z;)

X, =3 (3G +Xs) r, ‘Z'(Y; +Ys) Zy =+ (24 Zo) (12.19)
X(_:E)(Xl*X3) Z={<Y‘+\(3) ZC:?‘_(Z,’*'-Z:,)
Xe= 2 (ls+d,)  B=i(teea)  Zesé(zg2))
The matrix of direction cosines is
A\/ ( - )\g /Qy Vy AV (1'2.’?-0)
A¢r) e a, | LAZ
L !
where defining -
qu:XL'XA (42 .21)
X&a }IA‘” 2[4
A= 7P A
© AL £ ! ¢ (12.22)
A Mak e
)\'? 3 Dak g = Dab )}2* Ddd
/\7:/0-2 Mx quh,/uj:)); Ax"‘)&/\-z \ \{7; A;Ax")x«(lz gif‘f-?))

A = (Xi * Yb: * sza )'/z_
j«s = Kq ch_ "115015 26&; M3 Xalc ZA‘\.."XL ZJC ) (12.23)

Nk “Xab Tde =Xe Ton
2
qu = (’gaﬁ *MI\‘L - n&bl) UL
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The coordinates of the nodes in the local coordinate system can then be calculaied

using the matrix of direction cosines and the dcfined origin of the local coordinate

X, =2 (X)) Yo=2 (Yt 8) | 2oz (2 20) (12.25)

z <X;*Xo
= (7] (/}Y'; - % (1229
\ , Z: - Za

where the Z coordinate is the initial shape w.

Solution to Local Coordinate System Transformation

The translational degrees of freedom transform like the triangular elemert, Equation 12.13
The rotational degrees of freedom transform as vectors, so that at each node of each

element of a given load increment the transformation has the form

P - : ] (A )
(4 Mw Y T T o Q Aw
. ¢ . A
Av T T 7o O O Av
t I3 _:‘ b A
j Aw > : TS! T’IZ. /’33 Q O < Aw ? <i‘1'2 r)
. . A
(: ”‘ﬁ) w O (’3 3 T‘ 7',-2 A (9"
» R A
i.’-\ L‘?./ O O o Tal TZZ A @.j
08 P - 1 \ y,

A A
where rotations about the Z  axis (AQE) have been deleted from the stiffness

matrix.
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12,2 TRIANGULAR ELEMENT GO MATRIX

The area coordinates are related to rectangular cartesian coordinates (Figure 9 ) by

3 e, €, G 1
(7| €ar € €2 X (1228
3 €3y é;a €35 N}
& > Xadfs J2m
e.* "9, /27
es = (X,-X.)/27 (12.29)
e = Yy /2R
= Xy J2A
e; = X, /27
€y = Cy = Gz O
Then the GO matrix is given by
60537 - e (12.30)
GOz‘a = €z
GO;.e = 65,20
Gof,s = g{l
GOs4q = %-Z’:
GO &7 = -g—fi
GO = 9t
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6o, ,, - 2=
GO,y =3
GO@J = €
GO, €2s
GO, s = €4
GOélg = ‘S)“S“'
6o, = 3=
GO;,:&‘ f)a;i
GO4pe = 37%
GO(s,Z? - —4%5
:
Go,, = 9u
@aD,q = ‘%’"E’
60, = 52
60, = S

Ay

GO? e dx=
, . D)
607}£7 - (}fa
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Go,, = GOg
GO\.L = G‘Oé’,g
Go,. = 0,0
CL”Z U, Vsig
_ o4&
&00"0 - —c—g—)—(_'
- OGy
GO, = W
dHy
GO’J"’C - cos"(fé—x—
_ L
é'Ol,‘ﬂ = Cosdy, oy

QOp = J¢*
GO0ga * %‘_}‘5_
A 3F
G0g o
(Ogis = T4
(GOspe = 5%
Gos,u = O:)ZF:
G048 *= %2%
6Oy = 53
GOy = Tt
GOaig = 3:2;
GOqee = 33y
60q 21 = 5—’;—%
&0, = GOs
60, = GOsq
60,,..= GOse
60, B
60, = 5
QOM,,= cos ,5,”,‘:}1
JH\3

é:CZJR = ‘gczﬁ‘f
GO Hu = GOS’,H
GO;,,_‘ G.Ofll"
06
QOI,W = 5&3
06
60'03?.: yx—&
- oHe
GO,H, = cesoly I
dHz3
60\‘51 = QOS ds d—’\-



N

GOysy = =sim ¢, gx~ * GO, a5 =
GO, 37 = -Sine( , '3%.1 GO, 58 =
GO, = GO.; G0, , =
GOz = GO GO,, =
GOz,:a" Goa,,/s GOz.w’“‘
COm= B GO, =
COua= 552 G0, =
GO,x= tos«, Q;)if','“ GO, =
GOuyn= Cosdy %ﬁ GO, o=
GOupy= ~snk, G~ GO,
GO, = -sind, iﬁ/‘;i GO, .. =
GO, = GOg GO,

GOss = GOg4 GOs.

GOs,s= (05 GO 523 =
GOsv= GO, GO 34 =
GOsm= GO, GO 4y =
GOz GOon 60, =
GO = GO, GO ;50 =
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~sin«, __57_8”::
~Sn g ff—{,ﬁ! “
GO&,[‘,
GO¢ga

GO 6,26

3G,

a4

3 6x

Ep

I,
Cosol, 3yt
cos «, Wz
) oMz
-3in o(, .yga._
IH,

~Sin d3 37
GO 506
G k f‘q
Gasjaa
GO//JQ

GO (10
_GO 1,35

GO: 38

GO, ,e=
GQ,M:

Ga,. =
Go,, =
60,,,=
GO,y =

GO =

GO,,. =
GO;,:{ -

\

dHz

‘S/ﬂo:a W »

aH
S jﬁe&

GO..n
GO ¢, 27
er
9
6.
oy
I
Coso(z ”Z’f
IHa
caSO(: 931
aH,
Sin ol "9y
Itz
51!10(3 ,]51

G034 = GOspr
GO;,.4 = GOs,n
GO,er = GOser
GO, .= GO,
GO,s = GO, 5

G 03{«3 -
GOJ,ﬂ =

~-6.0 15,36
”GQJ,M



T TREER TR

GOI,% = Gal,% 603,1r= Goz,w | 603134 = Gol,u

GOss = GOim GO;4= GO, 4 GO, 4= GO =
6o,, = GO., GO,s = GOuu GOupz = GOg2r
GO4s = GOyup GO4o = GOy GOuw = GO
GO, = GO, GO,,, = G0iu GO4v=  (O,zs
GOy = GO, GOyus = GO+ GOpe= GO,y
GO4 =  GO0z2e GOy5 = GO0 GOy = GOz
6Oyn= GO, 5 GOun = =GO .ur GOy = ~GDopse
GOy = GOy GOyeo = =GOz GOyr = -GOy
GOy = GO,u GOyss = GO zm COye=  GOz,48
GOys= GOz GO4= GOzso GOyn= G6Oqg s
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123 TRIANGULAR ELEMENT A0 & Al MATRICES

AOu
A
702y
HO:.
/70y
HOs3
HOss
KOs,
HO,,
HOys
Ay
RO <>
HO 5
HO.,
A0,
A0,
<,

G4
RO,

=1

g w o on
LXN
Y

1

#" i 1]

"

o

P

d%re

T Wy
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Hl.. =1
Ao =
Flse =1
a1, =-1
Ay =1
ng-zq = -1
Alep =-1
H1,,, =-1
Al.y = -1
Algs8 = -1
A1 449 = -1

/:71345 ""’j.

/’7]97/ = -]
A1 o5 = -1

ﬁj _:r-;z: —1
e, -

Al =~
e = =1
Rl ops = -1
Al = -

(12.31)
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TRIANGULAR ELEMENT DO MATRIX

r_t_‘_z_c_ Fyd
e e %
Evd Fx
=yt Teye O
£
o © 201+
(o) O O
@) @) O
(@] O ®)
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1235 TRIANGULAR ELEMENT HMN EQUATIONS , .

Depending on the option exercised, the HMN equations have the form
1)AXs / ‘ 46(3- . .
[HJ{A “af i ['L/O] {A < M [Hl (9(0‘ )] {Agw? (12.33)
oxo o0xQ o%0

or GX6 or GX)2 or Lxé
ov [8%18 or [18§%i2. or /Br6

where [H1] is the product of a triply subscripted matrix and the column of totul
deformational rotations accumulated in the previous n~l steps.

Hi (8:;)‘:; = ’Z,-Il‘jk QU-:' n-n (12-3&)

The [H] matrix must then be inverted, expanded and reordered to form_the con~ l
straint equation, h

The [H], [HQ] and ﬁ—lk matrices are presented on the following pages.
Terms that are not written explicitly are zero,

THE
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The H1 matrix is written as a friply subscripted variable.

M ’

Hl.jk : Fk:a }'._'/u * F:ku Flia
majk = Kiz ,%}12

f'ﬁ_ng = anr_ F_}ZI tkaz )';jaa
F'ijn = Fkaa F:)za

msj& = Frsz Fju®t Fics F:‘,?_

Hlojx = Frsz Fjze.

H1 7)k = Fkrz Eju "’Em/ /-::)’;2.
ﬁsjk = F?;:z Fj;a

;iq:)k - EK&Z Ejl' FFal Ejzz
Fﬁu,‘k - ’: FJaz

"Tinjk = Fre ~j3. + Fey Ejsa

Hln_jk = FK;?, Fjsz

— t

Fioz F\, 4 sz F,,z

X
~
rs
o -
]!‘
\

H_z/ ] = /—'/‘/z_ F "'/‘[‘" J12+FKIZ F:i” + Fk}l F_{li’.

HIIS‘jk = FKZ'Z Jzn" FkalFJza '}F;:zz FJ'L,’ *FKZ.IF

— ' -

Hl't&jk g anr, FJ"‘“* Pz FJ?_Z

X

| WY
S
x

\

—

Hi]g\;k: FKJa F_jsa* FKJ'?. F,)‘“"
The variables used to define these matrices are:
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i

i

A
ﬁ:
A,
A
A3
7
See Table 2
Ny O
Nén = -nf‘\
N g:): nf,}
M(z\ - nias
Ne'= O
N e
NE= -p¥
sz . 3(3)
N;”: )

A, (s

OF THE
‘PRODUOIBIL 1Y
I(%{IGJI\IAL PAGE IS POOR

)' Nzu)) * e (’"Mm) + ﬁj N'u)

F?( m_jam) 8, (‘St:n) . &5“

H: Nzcz) f'ﬁa (A/

N3 e)>

; )) (12.38)

ﬂ. Q\ *Ra (5“)*5 ¢a)> */?3 (_52.‘ )
..U: )> /? A/3 +ﬁ3 A/(?) (,\)

H,é’s;g)) + F?a 5;3.)

116

;{_{ &Sé:) -.5,“))

for an illustration of the following area coordinate transformations.

5 w .{?(”
Sl\) J(l) 2 )
o
S, = -4
i (2)
S, = 4,
&) A 12'139)
5= 8 (

3

S,G) ﬁ'j(} 85.-{)
)
5P= 87
@) N
Se= 4



——

I S

PR 5 e

T LA 2 o

LTI SR TR

T 5 (12.40)

i\

i\

1
~
W
&

3]
)~
Uy
“
(dﬁ
12
'

3
N
A
[
1
P~
-
Ly
v

I
{
Sy
[#]
[~
|
“
LV2N
[

<@

— - 33
—_— 1))
b Y S' 4 Ys Se,

1

(2)
3 5-3

]
e2) ¢z)

2)
= 29,85 24,5, A

)

H

2".1 5 U)+——j3 lm~25{35m “Zyz 52

"

Z(j 343‘3' 5(3)

)

24y 8 - aIs“’ g, 55

h

PEAFUIRCEEPRCAES N
g, 5 11,87

4 7. 8"

= ’,Z Tﬂ Sgn

36 5.7

9
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e o ?,- J\Zslu) L’\.'Z.:%-G)

z

- ‘ (cont)
- ! FED)

Fire = "2 JH S3

- _ ! ()

Foea = ~2 T 5

= - @) (2)

)'uo = XA sz ths 53

- R Py

FHIO - ;XSSJ":‘FX%S‘S{;:

dg.?o = Xy 5343)'_)(2 5’133

Eg‘u = 24, 5}@) 4 é_ .Tz 5;1)*'2%15:”-2)(\ ng
Equ = 2 XZ-" 53“’* |2. J‘l S'M*axz S;L'\"'a"u 5:.“)
1;63, = 'axaaj;a)'fszS,Ln—szSlw)'f ,’,_.T(,S;ﬁ
'Ezzz F o -lXy 3’ca)._é T 5::—) + Xz 53&)_? 7(353@)
/E:‘ﬂz = ’Z*ﬂszm - 2'. j‘! 51(0 “X3St(n + X3 SLm
~'4,32: = Zx?_Sé_})“é jcjacz)‘“xze.s:n'xasl”)
F?z;n = szf,c“ + é. T 53(l>

Fua/ 7 Texg 5;“) te Ty SSH

Fou = 21Xz Sz,w 123 5,

Eﬂ?— T Xe 5:3) + X3 53(3)—3)(2 Slu)"al IZSJ <

- - 2} o2y ¢} 4]
Fozz © 2X353 -2J45 "X35; tXp S,

"

by

o
]

=& Xz 5203 - é.:y;, S;U) + X3z 530)"X2 3, “

- [ 2 4 ;
)= 1,32,5 (12.41)
T o= x VR

T X PR K

t+y

2

The parameters Fim'l and F. o are defined to be the same as F. . and FimZ'

except replace Si(m) by N.(m),

-
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126 TRIANGULAR ELEMENT T* TRANSFORMATION

. ~ r -
o, i 0 o o 0o o O o o aJ,
L4 Xza X' x N
Elox 27 1 0 =z o0 o© —a%/—" o O 9@&,
—~F Ya3 _ 4 N {_45‘.__
Sy, "z O 1 "5 0 o0 -;; O O Cury,
W o o0 o 1 o ¢ 0O o © W,
- X3z X X 12.42
6’6;28— 25 O 0 ZFH -1 0 FTF O O ﬁ@w,éf( )
23 _ Y2
@a,n,a ”ir:r O o -Z%’r o 4 i/a-? O 0 Bunye
G s ¢ 0O 0 0] O o O J 9] o W
X3a X X
E,rxs 55 O 0 =7y © O ‘é%,' 1 0 Oy
. 723 £l S .
\ Buy, = O 0 3 o o =z o [ Gy
or
CJ, ¢,
é&fx [ G,
' oy (")
o T’“’] e (12.43)
9“}73 eﬁﬂ/)
Similarly for
al u,
*
& [ Gu
. “wep s T . ) (12.44)
. .
¥+
60‘-73 {.euya
where [Tyl is the same as [Ty ] except 1022 = Tu33=Tu55 = T“(,é - T‘-‘gg -

Tu99 = 1 instead of -l
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REPRODUCIBILITY OF #7H
ORIGINAL PA.GE IS Puisn.

V (v

SCORNISE RGN (a9
Pl [

! “‘K |

kév gt ( QVgJ)

where [T,] is the same as [Ty ] except Tvgg = Ty, = Tvgg = 1 instead of -1.

These matrices [Ty, [T,] and [Ty, ] must be reordered to form

(12.4¢)
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12.7 QUADRILATERAL ELEMENT GO MATRIX

GO; i =GO ju = GOijuz ,2GO0} s = GOy (12.47)
j=1,3,59,11:

O =4 g (P25, £ 7) (1200207
-5 (149,7) Fle

4 _ma J= 16,36

2 FH (/ 7 ) gn }

= ¥, 8

A

i

i=2,49,6,0,12;

Go; | .L>7 (14 ¥ F)(; 542777 7) 2 )= 1,11, 21, 31;

4]

n= 1357
T 6,20
=é— h(/‘;/ ){7-‘—216}

\

- 70145, %) fieice

NOTE: i indicates column index in [Goii]’

n indicates value of coordinate at node number n.

1
=1,3,5..... etc, means use n = 1 if j
1} n=3 ifi ”’
" n=5if =21,

I
;—d
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REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR

[GO] Matrix = AZ! Function Contributions, cont'd,

(12.47)
(cowT.)

60,,< 60,

1=78.
J= 4,14 24 34

,J~‘,(/+f,, )("7:7 )(fnf'*?nvf) n=/,3,s,7
3(1-€3)(1:7,7) SAIA

$(1-79(1+5a ) fln

= 4
r? /JS

"

122



[GO] Matrix - HMN Fun,é:fion Contributions

let G = G(f,‘?) represent U

G=G(7, é) represent v
(124}

G- 3 0,6, (£,7), 6= 2 5.6,(73) = £ 6,5, (£,7)

AT JG 3 n 12 .49
T i )ag angeﬁl \ ( ),’
Gn én
(£-37)(1-7) (7-7°)(1-%)
(3-57)(1+%) (7-7°)(1+§)

2 (6-§) (-7 2(7-7)(1-8%)
(1-¢2)(1-79) (1-7°)(1- %)  (us9

2(1-52)(7-7%) 2(1-7°)(§ - §°)

3 (8-)(-79(7?) 2(7-0)(-82)(§°)

a(;+/)(/ %) (H?) £ (e (1-6(5%) -
2 (3-1)(-2( ") S(V-1)(1-53)(f)

3 (5+1)(1-7°)(7) g (7+0)(1-5)(%)

I N N N N
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[GO] Matrix - HMN Function Contributions,

cont'd,

3Gn 3G
7 3% A
/ (1-382) (1-7) (1-3972)(1-§)
2 (1-38%) (1+7) (1=37°)(1+f)
3 2 (1-382)(1-7Y 2(1-374)(1-5?)
4 -2 €(/-77) 29 (]-£3)  E
5 -4 5 (7-9°) -47(% - %)
6 2 (92-%Y) $(3%-4)
7 z (7%-7% z (£°-47)
8 5(7-7°) 7(f-£)
g (-9 4 (f-4)
3Gn 3G m
n,m 37 X3
) -($- 6% -(7-7?)
2 ($-1°) (7-7%)
3 - -92(f-87) -15(7-7°)
2 -2p(1- £%) -25(/-77) r.s2)
5 2(1-37%()- 8% 2(1-382)(1-7%)
G (7-277)(5-1) (5-2§7(7-1)
7 (7-27°)(5 +1) (§-25°)(7+))
8 2 (1-379(3-1) 5 (1-382)("7-1)

£

3 (1-37%)(%+/)
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[GO] Matrix = HMN Function Contributions, cont'd,

Columns 41 thru 8:

i, m, n correspond according to following table,

RO bRl . AEDL N B - ~ v e s -

§ = 4 4o w3 w4 95 W W 98w
n= 4 s 8 9 - - - - -
me - - -~ = 4 & 8 § -
) =80 s s 53 &4 &5 s6 57 S8
n=2 3 - - 7 & - - -
] m o= - oo ) 7 - - / 2 3

BYC

GOy = 5¢

| 3G n

GO:j = 37

3ém (12.53)

GO}J‘: ag

3G m

GO+ = 3y
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12,8

THE TRANSFORMATION T

The transformation required is

0%
I~

|

Qv o
£

|

Qs
L

o
-

|

%
Y

Y%
X1
AV
ay

v
az

—

dw

Y

YA,
3y

dor

3z

]

-\

7]

X

a——

I8

af
N~

L

dq
)
9
oY
2y

Jf

where the matrix [J] is known from Equation

Therefore evaluate [J] at each of the integration points, and invert

to obtain the elements of [J] at each of the integration points,

-—I
I
1

Jai

{
o

Jiz
Jez
JS‘a
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J"3_\

Jos

’

Ny

"

EPRO’DUOIBIL i
O’R’[GINAL PAGE IS PO
v W
0 If
v Jir
¥ 99 (12.54)
oo
3 33
oz
5%
< (12.55)
33
Jz
3
3]
i D]
A4
o L0
gg %" /297 (1259




(XA

i

»
Jr

Jaz

Ju

J2

24/

i
i
jll )‘rz

1 »
Ju  Jz

36y
Y

,.
{
i




12,9 QUADRILATERAL ELEMENT A0 & Al MATRICES

l_é _l = Lux) u:/)\/x,\/g,w,,wg,@,@.“@x) 6,‘},6%1999_' (12 59

- AE LD (8 @
[A&] = |8Fu Ay, AEy, DE 2  AE s L Ay Aixﬂ_j(u.cu)

Z ) - )
AE; -"(RO,J‘ +pj,‘jk9g)A6J' (12.¢9)
£0,, = 1 Al = 1
a o
HOj'S' = a_%;
ﬁOz;{ =1 ﬁfzf,ﬁ =1
A0 = 5
(12.¢2)
go:,e.: 1 9—7437(.:1
HO-?.B = 1 Rl 36s =
yare
lqo_gfz + _a—;g
J -4
ROs, = * 55

Ro.e=1 HAOy=-355  Algs] Al =1
Az =-1 91,W=-1 ,
RO, =1 Hom= -3  Al,.=1 Flg=1
RHQg -1 KOy = -f,s;— Alye=d Al 7

S
®
M
—
B
ﬁQ
'
<&
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AE:

e

= 2 (I?O,J' +)7}/< 9,)4%'

"
%ar’ _
/'70&,! ST ’q]e.n,; 1
2%er] 1., =-1.0
'?04,3 Ix H 6,53 »
/706,// = 1
- 921470 - ._1
/707,)2 " axdy AL 0
__9%®
HOm =~ 5% N
RO, 0= 1 Al e = 1.0
o
'408,1 - T 9 dy
dus® -
ﬁo&a = - a:r& /713,/2,/ 1
) )2("-0 - -
FOgs = - 4 Alyy =1
atuo
A04 = - 333y
/7087 = -1 Rlgue. =1
(d =.1
HOg),z 1 ﬂj 2, 0~
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ey

ﬁ‘zé,t‘u =1

ﬁ] ‘.?n‘l 5\—‘1:0

Al =1

Hiﬂb,‘z = 1!0

Alg e = 1
ﬂlg,u,? =

ﬁjg,z,n = 1
ﬂ-za,!_,/o :.1

(12.¢3)

(12.¢4)



REPRODUCIBH_,HY OF T

ORIGINAL PAGE IS P(}oﬁ

| 12,10 THE QUADRILATERAL ELEMENT [DO] MATRIX

&t EyZ
1-y=& /1~y*
Evt £x
/-y~ /VE
EX
20ty
EX
2¢+Y)
[od] - -
e (12.¢5)
201y}
EAl Eyt’
=Yy /2 (1=vt)
Ey2? E£?
201=y%) 12{1-V*)
EZ?
L 24CItV)
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12,11 QUADRILATERAL ELEMENT HMN EQUATIONS

HMN Equations LHS

a, a, o b, b, a a, b b b
(o0 1 o N
N
1t o o
A o |
- 5y ?t 1 1 o - (12.6¢)
H] = 1 0 L 4 -
o 1 5 7
o ! o
£4
1 o o

Then defining

(fm'ym) the values of ; and 7 at node m
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34
W

20

s 762 (2 20+ %) Z" WX ER ) M2

2,C 135

E ,m W6 G B3 o L) Mz
HOqu =

n ! 2 ;
25 W G (N () SFal £10men) menss
HO:;M':Z h

zn ‘é AN ("71)(’/*24) ‘i T/Zw: 5:&(/‘7«»)(”‘ 7!*) M=2,6

2,6 A7 C’l?..&;;)

: 7o z
S omwyfh gk, LY
HO, =4 ™ ’
/
3
_

e LAY RO N A A TR I
HOypm = f)b[é« 2 (1470) *fM 7 (1 7/:7]0 M= 13,577

——[71-1 (/"7/7) 27(/ ’7»1)_74!,1
S A R AT AT ) I A
gr 33[; ;r« 7,«4{/ 7/’1) /( f;., 7,-,(/ 71)_7&)'

Bl R0 M s

S A0 (-9 D=2,
SEAl ) BB

n

HO

5t

e, 6
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R PRODUCIBIM’L‘Y OF THE

=M
-

| [5{ I“Fm SIS ]Un
HO, . = “‘(B‘Z 7(“57 AN /";m)]df;
z% #E Oet) + € (18]
z u.[f Te18) 5 7208 ]

14,351

g 32[; 7 7»4 (’ ;h ﬁm7 ?A (’ gn)] 07/1
5 T [ T (-8, §.0% (1=, )]

HO 1on=
2 :Z; g'-[?,,(/—jm) vE (-8 o
-5 efE T (150 5.2 ) ] u?

43,517

HOgm {%}37—‘7 wy 7 7m(”'fln>(“g~;) Z [A 7M (“fn)(’*;m)wn
s -3 15 0050

lll

ORIGINAL PAGE IS POOR

M= 143,31

MT 4,8

M= 13,57

(42..7

(cony

vo {,,3,5,72—"7 /" B e -g 7= T
%fwi*gxgé‘ W
noo
o, 5%7@77 T (1-,)(1-5n)as? f,a T (15 ) U =50 )iy M= 1,3,5,7
[ % 2 (m8)0-)es L 0 0-5)(8n) o
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HMN Equations RHS (H.—l) H1,~ H1 H1 ~HI

Note: 1 3 4 5¢

Hlé—*Hl

7o Hlg=Hl,,

by changing sign of (1 fxi) or (1 tyi‘)

5% fnaf;: (1470 (1% D)
(’* Vn)(/"'vlﬂ)

H—i:nm:ﬁ ?‘;
-5 B (1970 )(1+ P)
‘T'ag (“?n)(’*ZW)
5171'7: fma
Hlamn =4
iz §n®
“je Fm
5 £ E (- %)= Th)
— %(/“7'7)(/'7/«)
H1 2 =

‘T’E §§(/-7».)(/—7m)
-5 S (1-0)(1-"7m)

ELE 4B 6 85 % (7))
&[T (1470) + Vn(/*)?M)]

"1 [§n o (150 )+ 8000 (1:720)]
76 [Em o (1= V) ¢ 52 T C120Y]

H1 anm

1
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h,m= )35 7
nM= &6

n:,/';.,(‘s;7 M:a/&'

n:=2,6 M=1,3,57
n,Mm=1,3%5,7
nM=2,6

n=i,3,57 M=2,6
1’7’2)[9 M= ))3/517

(12.¢8)
nm=1,3,57
n‘M s 2Jé
n=435,7 M=-&,e

n=d b ™m73/35,7

M= 1,3,5,7
nM 2,6
ﬂ’/,3,6‘)7 M:ZI(_’p

h=2,6  M=1357



(20 (%) -]
5 [8n2 7 (1-02) # 827, (1-7)]
“Te [?Ma 7n (/"'7*1)'*;/: 7n ("7n)]

5[4, (10 3) #5002 (108
Hlgnm = 8[§ (' ;M +Em (- fn]

Az (6 % (1) + Em 0 (1= £2)]

'6[?»«%(/ f) 5741 (- fn)]

a[gn)?n?m(/ §M gﬁq?n 21 (- 7»4
7[5 (-50) ¢ fnl1-5.)]

H‘Zfﬁl"f:

"‘i[fn% (1-30) * fu 7o (-4 )
76 L5 T (1-4,)+ 5.7 (- )]
g5 Pn T (1+3,)(1+5m)
"L'(l*fn>(/* gm

~i5 Va (145, ) (14 )

la ?M()*'Fn)([*g!%)

;Zﬁ'{ na ?Ma

T, )t
-5 %

133

(82820 0-7) #3262 (1-0)]

hl”’ = 113)5;7
n,™M=4,8
n=43517 m=4%48

n:qls P’“=L315‘:7

M= 13,57
M=4E
n=4357 M=98
n=48 M=)357
(12.¢8)

(<onT)
nmM= 13,57

nM=4%8
n=4379 m=98

n=48 M=}374

M= 13ST

njf\’?' 9/8

n=h357 Mm=48

nme=/ 357
n,M=48

n=1357 M:=48

Pl

n=498 M=135,7



af{ /8 ?Ma(/’fn >()’f,~*»)
Gy 44RO

'/,a 7n&(/‘;m)[/"f“)

"1“& ?Ma(l"fn >[/“‘ f/«t)
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n,m o= 13,57

. (12.ca
h,M = ‘/,fb’ (codr,))
n‘g 1;3,t~/7 r‘.d':Lf.,.g

4 PR -
neae ML 3,57



