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ERRATA -
Please note the following corrections as you read this Report:

I, B Page 11 -~ Line after eqn° (15) should read

Equation (15) is a transcendental equatlon grv1ng nonﬂharmonlc 81newnves..._

2. Pagq 15 - Fourth.llne beloW'the equatlon h TE SR, replaoe EStELdFi by
ext Pnded _

3. Page 21 - First line below Eqn. (42) should read
and the elements ﬁzj are also uncorrelated ...

4o Page 21 = Eqn. (42) should he

PO T N — 2 2
E[\)ij "kg,} - 8'132 .I\ijaikﬁiz (42)

5. Page 23 - Fifth liné,ISecond'paragraph should_read '
may not . . . . . subtract the imege mean before s e .
fé‘ -Page 24 - Sétond-laSt setence should'féad |
Thus, once again we see that even though the covariance function of U

is nonseparable, the KL transform of "U, 13 given boundary conditions’ B"

is a fast transform, i.e., the sine transform.

7. Ihge 26 - rourth llne from bottom.should read
. Let Dy= e e . to the 1 comEonant and . , .

8. 'Page 28 ~ Ninth 11ne from top should vead

Thp bﬂundary L TR {.ui',o..-." uN!‘l ’---'.-o.lo} ' . . !

8. Page 28 - The equatlon for B*j neax the bottom of the page, tho_first lipe

of this eQuatlon wz is missing as marked
! : i

%

. : Yy
2 _ _ T o .
-‘«»[N+1 e v v v ) Moli) + smn—-l-N+1 i e

10, Page 30 ~ Fourth line from bottom should read

' SChEmE is . + =« With g = 0'7'3' .thiS.W&S"_.' LI

1l. Page 23 ~ Line 15 , . , . bock - -3 block
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ABSTRACT.

The purpose of thls study was to apply the fast KL transform algorlthm for
data compressmon of a set of four ERTS multlspectrel images and compare its | f
performance Wlth other technrques studled by TRW, Inc. on the same rmage data - ‘
in contract NASZ- 8394, .- The performance criteria used here are mean square | S '¥

error and signal to noise ratio as used in the TRW effort, The results obtained

here show a superior performance'of the fast KL transform codiﬁg algorithm on
the data set used and with respect to the above stated performance criteria,

A summary of the results is given in Chapter I and details of comparisons and

v . discussion on conclusions are given in Chapter IV,
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R REPRODUCIBILITY OF THL

INTRODUCTION

i; . Image'Transforﬁs

Two dlmenslonal 1mage transforms have attracted c0n51derable ettentlon

durlng the past decade for thelr eppllcatlon in xmage data compre531on (commonly

called 'transform codlng ) If U represents anN X N 1mege matrlx, then, in the

context of 1mage transform codlng, W is ltS two dlmen51onal transform Where

__.W = TUT' L S :__ _‘__'_ o .__(l)

where prime denctes the transpose and T is a unitary two dimensional N x N

matrix.  The restriction of T to unitary matrices ensures conservation of image
energy in the transform domain,
Examples of image transforns are rourler, Hadamard Karhunen Loeve \KIJ,.

Haazx, Slant, Cosine, =tc. [1 8] Typically, the ransformed image W is such

_that most of the image energy 1s concentrated in reletlvely few samples in the

.W-spaoe (usually the lower 'frequency’ samples) so that these few samples alone

are considered important for amy subsequent image processing thereby achieving

‘some data compression,

2. . Dlmen51one11ty v Optxmallty

Two consmderatlons Whlch become 1mportant in selectlng the 1mage transform
for deta compression are a) Dlmenslonellty and b) Optlmellty for Compresslon.

By dlmen51onalmty we refer to the computatlonal effort requlred in 1mplement1ng

EQn. (l) For an arbltrary unmtary transform’ T, it is easy to see thaL compu— :

_tetlon of W takes ZN multlpllcatlons and about as. many addltlons. For 1mages

'the VHlue of h gets large enough (N’* 200 to 1000) to make thls computatlonal

__load unbeareble._ Consequently, the ev1l forces of dlmen51ona11Ly dlctate that

fast computational algorithms. One ¢1assuqf such tranSforms.called podd Transf_-

the choice of T be restlrcted to certaln class of transforms whlch can yleld




squarea ‘sense.

forms (after I. J. Good[lg])_have the property that the matrix T can be written

as a product of‘sevéral sparse matrices in the form

T.—TlTZ...TP_ o o | IR . (2)

where T;ad = 1,...,p (p<<{) are matrices with just a few non-zero entries

{£ © entries per row, say, with r <<W). Thus the multiplication of T .with,

say, an N x 1 vector, is accomplished in about rpN computations. Thus, if

N-#.ZP,'then:typically,]thé computations required in (1) reduce to approximately

erlogzN.;.Depsndingnon the actual transform, one computation can be defined 

" as one miltiplication and one addition/subtraction, e.g., Fourier, Cosine trans—

forms or as one addition/subtraction, E.8., WalshQHadamard_transform;
By o{tlmallty we mean the eff1c1sncy of a transform in achieving data -

comprassion (or bandw1dth compreSSIDn). Usually thls optimality is measured

>

 for a class of images rather than for a single image because, conceivably a-
transform could be optimal for one single image and be very poor for others.

“This raises the question, "How do we defire a class of images?" Here we con-

sider classification of images by their statistical properties as opposed to
tﬁoif linguistic'or'desoriptine.properfiesgIaiﬁhongh nsny”timss:it;may be ﬁos;
sible to quantitatively model linquistic/descriptive images by a statistical
expression. For a given class of images having csrtain second order statis-

13
tlcs, the Karhunen Loeve Transform* is shown to be optlmal [9-1 ]1n a mean

Although the KL transform is optlmal it has dimensionality difficulties.

Flrsﬁ the KL transform is unique for a class of 1mages. Therefore, it has to

~ be computed for that class. Second, even if a closed form analytic expression
* for the KL transform is known, the transformation calculations of Eqn. (1) do

not, in genmeral, have a fast algorithm available. Therefore, the size of image

# Sometimes also called Hotelling Transform after Hotelling.[?’loj



'rhet can be used for KL transform appiieatioﬁ ie quite smail'(ag.S'x_8'or-lees);

; _ An example of utilizing the KI, transform technique is by dividing an image into
e o smailnbiocks'end'then'oodiog_eeoh'blodk. Othefwise, most ‘transform coding

efforts have resorted to the class of fast image transforms described above.

;-,' o | 3. Discreteodosioe,:kL, aod FaetrkL Traosforms.

. Recent experioental results_of_ehmed, Natarejen_aod Reo.tﬁ]-have shown the
_oehavior of’the_Disorete Gosine.iransform (ﬁCT) to_be close to the KLetraoe—
yrorm“for;ohe.Qimensioanl first-order markov .random porcesses whose correla-

tion parameter p has a value around 0;9. Actual implemeutetion'of the DCT
:ﬁ_S e for.2~dimepsiona1.image.eoding-has shownrthat the Dcr_does-perform_oetter thao;

; | Fourier, Walsh-Hadamard traﬁsforms, ete., at low bit rates (bit rates of less
_{i_: : than equal to 1 bit/pixel average). Howevex, at hlgher bit. rates (n,z bits -
| 4 per pixel average), a hybrid coding algorithm employlng the DCT in one dimension
‘and DPCM in the other seems to perform better than the Z-dynensronal DET [207].

This, of coursa, should mot happen if the DCT were truly a good approximation

. to the KL transform, because the rate distortion curve of the KI. tramnsform is =

expected to give a lower bit rate at a given distortion level.  This ambig-

R

- uity regarding the 2-dimensional DAT may be partly be attributed to the fact
that image statistics is not gaussian, and partly that the image covariance

I B E :;functioh is not separable,-

4. Summary of Results - S B
| In thlS study, the fast KL transform algorlthm developed in the nexr two
chapters is appl*ed to a set of four channel ERTS multlspeotral 1mages and
. its performance is compared w;th other technlques studred by TRW Inc. [20] r.

~in contract NASZ 8334._ The xmage date used 1n thla study rs 1dent1ca1 wrth

that used by TRW, Ino. and in fact was Supplled to us by them‘ Flgure 1
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o

summarlzes the.results of this study. ‘Here each clirve represents average

of mean square error over the four channels vs. bit rate obta:med by a given

: techniqu’e . Thus :x.f

gglzc' = medn, square error in the kﬂ.l -’-channel ':_i..m_ag.e., :_ k=1._,__.-._-.l:-__ SR (2)
then
__ L kg o |
average mean square error = % = % f1c : ' (3
: k=1

The KL-Cosine/DPCM, Ki-Hadamard/DECM curves, correépond' to three dimen-

‘siomal.data compression schemes utilizing a 4x4 KL transforin along: the temporal

axis. All curves in 'Fig'. 1 except the 2-dimensional fast KL curves were pbtained

the TRW stﬁdy’ '['_20:_]'; The fast KL curves correspond to two diffevent sets of

expei:imeﬁts; viz, the first set (solid lime) using 255 % 255 size transfor- .

' mé.t:i;o'n'_ and the secord set (dotted lites) using '15‘-}'4'; 15 block transformations. -

on the :‘u'na'.ge.r in the other curves 16 x 16 5pat1.a.1 block size was used in per-
f;:éming e.m.y. .transfor'm codmg. Comparzsons show & super:.or performance of
the fast KL f:ransform cod:.ng algom.thm over other methods.

A deta:u.led dn.scuss:.on of l:hese and ‘other cmnparn.sons with respect to

s:n.gna.l to no:.se ral::.o etc., as Well as conclu51ons of the study are given in

' 'Gha'.p ber IV,

e e A g £ b e e e b
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CHAPTER II
A THEORY OF FAST KARHUNEN LOEVE TRANSFORM '

l;."Imegelcdvariaﬁee'ﬁodel

An 1mage may be thought of as a sample function of a twy dlmen31onal
.rendom process. If 15 denotes the brlghtness at the spatlal coordxnate (1,3)
_then uiJ is con51dered as a randam process. Gon51der cne such process whlch
:hasfzefo mean unlt varlance and is descrlbed by a covarlance ;unctlon

_ given:bj

D . il ﬂiml S Lo
Rm) = Elu, o ootg! =0y P . ' )
. where.
1> pi = correlation parameter, 1 =1, 2. - o - (5

The covariance de::lﬂed above assumes essent:.al y £W0 - propert:l.es v:t.z., o
statlonarlty and separab111ty Although one mlght s;gue for an lsotroplc non-
:separable covariance functlon of the form o e :' S

2 9. - : . B S

Rm =A@
sas'being moreiappropriate,_the- cnvaxianqe,of'EQn.=(4) has been found to
be a reasonable assumption snd has been applied successfully in many different

e . : [5,18,20] . .

-_1mage-p:qcess;ng_problems., 7?77  The primary reason for_prefer;;ng Eqn. (4)

over Eqn, (6) is due ‘to ‘the- amenab111ty of eovarlance in (&) to sumpler

_analy51s and appllcablllty of many ane dlmen51onal results.

2. ' One Dimensional Representation .

Let {xi}'be‘e finite one dimensional random process with zero mean and

tnit variance and a covariance function given by: .-



e

I

PN

D Clay me e s - PRI B . T . ceed 1

E;xixih]-'z IREYE L=0,1,.. 0l . o B ¢))

The zero mean and upity variance assumptions are non-essential but serve oaly
- to present a_simpliﬁied,analysis. It is well known that the sequénte xi.can be

. -represented by a first order statiomary Markov process as

‘ = N ' ' |
Xiq = 0%y + Eg iz0 - 7 | R (8)
CCwith
E[si] =0
and

D = — . - 1
| E[EifjJ (l p_)sij ? 6ij Kro§ecker delta functlén.
It has been shown earlier [1,14].that,the above Markov process for a fixed
N, can alsc be rePresented by o S _ o

=N | (10)

=
A
=

x, = olx,

i 1417F ) + Vg o3
where @ = ——— St (11

L+p

-and {ui, L =1, v .« o4 ﬁ} is a well defined random process,’

- The above representation is defined for a finite process (N = fixed).

The 1nterpretatlon of this representatlon is as follows. If i. denotes the

'best llnear-mean square estunate of x Obt&lnﬁd Erom a 11near comblnatlon cf
the eIEments ‘of the partlal sequence Ex 5 Jrl}, then the residuals {v T

) glVen by



are such that the variance
=42, A 2
B[ (x,~%,)1 2 E[v,]
is minimum., This will be called the minimum variance representation. In
order to find ii wa start by writing

N4+1-1i

i
¥ T E ik T ,E ik i=1, ..., N

and find a., and b.. for each i and k such that E[(x.—E_)z] is minimized.
ile 7 Tik _ . ii

When this minimization is performed [14], the coefficients a,

ik and bik are

obtained as

F=1 - S'S.
ail o bil 1 i N
a;, =0="b. k22, 1245\

3. The 'v' Process

The minimum variance property of the sequence {ﬁi} does not guarantez its
being uncorrelated. 1In fact, in our case, the sequence elements Vi have nearest
neighbor correlation. The corralation properties of the saquence {vi} can be

expressed asg

-
2 . .
B 1] 1= J 2
1-p
2 . . ' 2
E{v.v.] =4 -eg” , |i-ij=1 , §'= —7 (12a)
11 1+
0 s otherwise
.
for i,j = 1,...,.N and
= e : '
E[‘vixj] = B éij _ (12b)

These results are derived in Appendix I,

10
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4. The Karhunen Loeve Transform of Markovian Images

If x is 2 one dimensional n x 1l vector with covariance matrix R,
then the KL transform of x is a matrix ¢, composed of the eigenvectors of R
and is defined by the relation

3'"REé = T {13)
where I' is a diagonal matrix of eigenvalues Yi' If % if a first—order markov

process with covariance given by (see Eqn. (7)), then

— ——

2 n-1 |
l.p P -==- 0 :
N N n-2 |
P l\p_ \-- — P :
2 1 A
P p .
N
R::}I b \\- \\
: } " 2
o - p
o RN
i n—1 2 .
R

.and the elements of the KL transform are given by [11] (for n=even)

it

: - +1 i
0, = aysinle (G - 59 + 5 (14)

1 - pz
2

1 - 2p cos Wy + p

)]

where yi » &, is the normalization constant and {mi} are

the positive roots of

2 .
tan nw = - (Ip7) sin v (15}

cos w - 2p 4+ p2 coS W

Equation (15) is a transcendental equation given non-harmonic sinewaves

of Egn. (14). The KL transform of the vector x may be written as % =0"% or

2

n e

A n
X, = L b X, =

.s a, x. sin [w, {1 + Eil) + 15 (18)
, 913 g i 2

i=1
Due to non~harmonic behavior of the sine terms, a fast algorithm (like the FFT)

. 2
is unavailable in computing the series of Eqn. (16). Therefore, typically n

a - L3 Lad -
computations are required in computing {xi, i=1,...,n}.

11

——— . .
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From (L3) and (16) and using &'¢ = I, 1t is easy to see that

N _ Zz . ’
E\'_xixj] = Y845 (17

Since the éamples ﬁi are uncorrelated, they are quantized independently.
Other advantages of the K, transform are its minimum entropy and minimum mean
square error properties which make it optimal for data compression [9, 13}
These properties assure that for a chosgn ratio of compression, minimum mean
square distortion will res:ult; this. in comparison with all other linear uﬁi—-

tary transformations for the assumed class of signals.

5. The Fast KL Transform for Markovian Images

Consider the sequence [“k’ k=1,...,8}, and represent this by & vector

v, then the N x N covariance matrix € given by (12) is

1 -0 _-‘
—-fy, 1 - - 0
~ - ~ -
¢ - Bive'] = 82 St L T~ (18a)
H 0 s : —e
!
; - 1
L _
& g2 g (1.8b)

where Q is the W x N matrix in (182). The matrix Q ig a symmetric, tri-

diagonal, Toeplitz matrix.

Theorem 1: The KL transform of the 'y' sequence {\’k’ k=1,...08} is given by

- 1.2 , LW (19)
i3 "J ML S W

12
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Proof:
The eigenvectors wij and the eigenvalues li’ of the N x N symmetric, tri-

diagonal, Toeplitz Q are given by [14]

_[.2 . ijT
Yo SVER ST (20)
and

A, =1~ 2a cos N_TT for 1,5 = 1,...,N . (21)

Clearly, the matrix C in Eqn.(182) has its eigenvectors also given by {wij}
(since Bz is a scalar constant), so that the matrix {¢ij} is the KL transform

of wv.

Theorem 2: [1] For the first order, stationary, finite, Markov sequence
{xi, i=0, 1,...,N, N1}, if the boundary conditions X and el are given,
+hen the KL transform of the partial sequence {xk, k=1,...,N} given X s Keoq

is the matrix § with elements wij given by Eqn. (19).

Proof: Let the given boundary conditioms be

Xy = € Ky = 4 (22)

If % and v are defined as N x 1 vectors of components {xl,...,xN} and {vl,...,vN}

respectively, then Equ.(10) can be written as

gx=v+b (23)
where Q is the N x N tridiagonal matrix im (18a) and b is an N x 1 vector con~
taining only the information at the end points; viz.,

bl = gc, bN = qad, bk =0, 2 &%k = N-1 (24)

Since 'c! and 'd' are now given, and y and b are uncorrelated (see (12b))

4 2

p = Efx|e,d] = b (25)

X.b

and

R = Bl Geew) G ¥lesa] = @7 B w0 = 8% (26)

13
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. 2 -1 .
Hence, the covariance of x given énd conditions is simply-- BQ ~. Since
62 is a scalar, the eigenvectors of BZQ—l are given by {wij}, defined above.
Equation (23) above can be rewritten as

X = Q_lu + Q—1b =x" 4+ u=x + X, (27)

where we have defined x° = thv and X is defined in (25). Thus, Eqn. (27)
. o o}

decomposes the random process X into two terms, viz., X and X where x has

zero mean and covariance Ry given by Eqn. (26) and X is the conditiomal

v . - ~ . . S alD
mean of x given boundary conditions, Denoting X = {x and similarly y, 6, X°, etc.

and realizing from theorem 1 that Y¥Q¢ = A, Egn. (27) can be transformed to

yield n B
v, .
A =_£ __:L_ = A0 M (28)
e L Ul R o
iR 1

The definition of b in (¢4) gives
A I ?

bi =Jm O‘.(E—(-l)id) sin _11 = X " (29)

N+l “iti

and application of the result in (26) shows {ﬁ?] are uncorrelated, i.e,,

E[4027] = — &, (30)

From Eqn. (26), the eigenvectors are independent of the correlation para-
meter p and only the eigenvalue Ai depend on the statisties of the random pro-
cess x. This is in contrast with the eigenfuctions ¢ij’ Eqn. (14), which depend
on p through Wy and Yi. Moreover, the eigenvectors of Egqn. (20) are harmonic
sine waves, so that a fast computational algorithm is possible and is developed
in the next chapter. “ |

The decomposition in (27) has some interesting properties. First Xy the
conditional mean of "x given boundary conditions," depends only on the boundary

conditions, as given by (25). The process X is called the boundary

14




response of the process x. The process x° is obtained siaply by subtracting B

the boundary response from the original random process x. Second, the decom-

P e e

position is orthogomal, i.e.,

E[x"x;f] -0 (31)

This follows from Eqn. (5) of Appendix T where

i
t
H
b
i
4
i
H
H
i
H

. Blv,x 1= 0 kK 40, 1215w S

itk

. o -1 . _ _
Since x =Q “v, and X contains xg and X1 only, E[uixo] = E[vixN+l] = 0.

When the boundary conditions are known (i.e., c, d are given) then %, can

. o, s e .
be easily calculated and the vector x 1is written as a modification of the

original vector x according to

o A
X=X - K

: 0 . N .
¥ The vector x can now .be coded by its K, transform, which is a fast trans-

e ey R

form. The original vector x is recovered easily from x° if the two boundary

v 1 A 1

values c, d are separately coded for transmission. This idea above easily i
estended to two dimensions when the two dimensional image autocorrelation is :

separable.

The special properties of the fast KL transform are:

g Y A I Rt Y A 3R e T e

(i) The fast KL transform is independent of the image correlation para-
meter, p. Only the boundary response X depends on p. Hence, the fast KLT :
coding algorithm could be useful in adaptive coding schemes, compared to the

actual KL transform which wvaries with p.

(ii) The transform domain variances are known as a closed form expression
for any fixed p. Hence, the quantizer design calculations are simplified (since 3§

the transform domain bit assignments depend on the distibution of these vari-

ances). These calculations are specially facilitated if the quantizer is to

be adaptively changed with the changes in correlation parameter.

15
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(iii) The number of computations required in fast KI transform calcula-
tions for an N x N image is of the order NzlogzN, the same order as in FFT, or
fast DCT. Strictly speaking, the fast KL transform computations are less than
the fast DCT computations.

Tt should be noted that the fast KL transform is not a numerical algorithmic

fast solution of the conventiomal KLT of the data, rather, it is ‘the conventional

and fast KL transform of a modification of the data., Figure 2a shows how this

modification is achieved, The bout—xdary values Xy s and Xy +1 are passed through
a linear filter to compute the boundary responsé xb(l), . xb(N). Note
that this entire response is generated by only two imput values., The modified
data is then xo(k), 1 £k £ N, which can be fast KL transform coded. The
boundary conditions Xy Xyag are shown to be uncorrelated with xo(k) , and are
therefore coded independently. Figure 1b shows the reconstruction of the data

from the fast KL coded data and the boundary conditions, The linear filters

employed in figures 2(a) and 2(b) are known apriori and each filter requires

only 2N computatioms for a Nx 1 vector for computing its output. The filter
calculations and coding of boundary values can be avoided in some practical ap-
plications by approximating the boundary values by the mean value of the data
vector x and subtracting this mean value from the data vector before compres-
sing it via the fast KL transform. Hence, for zero mean data the boundary con-

ditions may be approximated by zero and only the mean value of the data vector

is coded in addition to the modified vector xo.

6. Two Dimensional Representation

Let the image be described by a zero mean random process uij with i,j =
0,1,...,N,N+1 and autocorrelation of Eqn. (4). Following Appendix II it can be shown

that the minimum variance representation of uij can be written as

U1 7 40, 1,57 T Vi ; (32)
I !
= REPRODUCIBILYLY OF 1iik
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If Vi is eliminated from Eqns. (32) and (33), we get

u,. = . . tou, L)+ .. . - .
ij al(ur+l,3 ul-l,J) a2(u1,341 + ui,J—l) OtlGZ(Hi-I-l,j-_i-l +_ui+1,3—l
: (342)
Yimr, 41 T Y1, ge1) T Vs .
=u,, 4y,
ij Vij ' (34B)

Figure (3a)shows the Gij as a limear combination of the nearest eight neighbors

in this case.

7. The Two Dimensional Fast KI. Transform

The two dimensional result is summarized by the following theorem.
Theorem 3: If uii is a finite, two dimensional random process defined for
i,j = 0,1,...,N,N+1, with its autocorrelation given by Equ. (4), and if the

boundary conditions {uo’., Upg, 52 for ail i,jef0,N+1]} are

“i,07 %i,N41°
given, then the KL transform of the partial field {ukﬂ’
is given by

T=0®y ,

where ¢ is SINE transform defined by elements

_12 . ijw
Vi U ST -

For proof of this theorem we resort to the two dimensional minimum variance

representation of uij in (32) and (33). If U,V, and y are N x N matrices of ele-

ments uij’ v,,, and “'j respectively, then
i

i3

18
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QU =V +3B

VQ2 = v + 132 (35)
where Bl and B2 are N x N matrices containing only the boundary information and

are given by

u,1 U,z T — — — Y,y [¢TiStEW
Fdz]
Bl =t . N-2xows of ‘zeros' (36a)
‘\,f
_UN+1’1 “N41,N{<Nth row
lst Nth
column column
i : -3
Yi,0 ! Vi, N1
i i ?
i Y2,0 Vo, WL
By =ay | | ‘ | (36b)
!‘ :
' VN,0 y | Vi, N
e Y ? —
N-2 columns of zeros
In Eqn. (36b), the quantities v, _ and v, are obtained from the boundary
i,o i,N+1

information of u, and u,

i,0 N1 Tori= 1,...,8, via Eqn. (32). Eliminating
2 3

V in Eqns. (33) we get
QqUQ,= v + B,Q* B,

v+ B (3N

where

=g

4
Ble B

20

TS A N T I T R D

R

e AP S




LRGN

T T IREERST

contains only the boundary _.in'formation. If U, v, and B are now defined as

Nz x 1 vectors corresponding to a lexicographic (diectionary) ordering of the

matrices U, v and B respectively, Eqn. (37) can be rewritten, after noting Q2=Q§, as -

©® 0T=5+ ¥ (38)
where. @ denotes Kromecker product. TFrom Ap'pepdix IT, the vector v has zero
mean and E[-\T\;T] = 5%5%(()1@{\)2)' Hence, from Theorem L in the last section, (&)

is the N* x N KL transform matrix of v and

5, &4 2 BB = cql@_qz)"]ﬁ | 39
~and
A 1- pk
r A 5@ EDTE = ge@e) T B =g k= 1,2 (40)
1+pk

Hence the matrix of eigenvectors of Ru also is ({ @ ¥, so that the Ki,
transform of {uij given boundary conditions Wgs k, £ = 0, N1} is given
by the matrix § defined in Eqn. (20) . Finally, if Eqn. (37) is pre- and post-

. N
multiplied by ¢ and we define W = Uy , Y% =4¢vy , B = yBy , the following rela-

tions are easily verifiecl, if ‘,\l(i) and 7\2( j) are the eigenvalues of Ql, Q2 respectively.

,\\)11 %ij AD ~
= 1. = * * 1
A _ b 22 :
EIV; Vgl = By 818 Mg Bik Oy (42)
and the elements U?_j are aslo uncorrelated. - Again from (38) we get the

orthogonal decompositon of the Image matrix as

6=+ 8, | | (439)
shere § = (; ® Q) %, O, = (Q; @ 0, '8 (43b)
or in matrix form

=0 +u, (44a)
where U° = Qil v le, U, = Qzl B Qél {46ib)
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If we define
" Ve s
.. = __._l (45)
T My

Fal ~ FY
, 2.2 : . . . .
then E[xij] =0, E[xijxkgj =3182aik5j£' Thus Rij are identically distributed

variables of equal variances. If xij:afe quantized, then the dynamic range of

S

each quantizers (corresponding to Xij) will be the same although the number of

bits assignéd to ﬁij will be different,

8. Comments:
The fast KI transfrom has two steps. First, the residuals Vi are calculated
and then a sine transform of the residuals is taken. Alternately, (see 413,

-

we can first take the sine transform to obtain Wij and then subtract Bijlhij =
(Ub(i,j) = the sine transform of the boqndary response) to abtain Uij' In

. ~

any event, the variables'uij (or scaled variables xij) quantized and coded in
the sine transform domain, In conventional sine transform coding, on the other

hand, the sine transform samples wij will be coded. TFurther, the variances of

2,3

0 B18;

U.. are
L3

~~

which are different from the variances of Uij in the sine transform
i - | |
domain., Thus, the quantizers in the sine transform domain and fast KL trans-
from domain will be different.

Comparison with Discrete Cosine Transform (DCT)

The DCT of a sequence ﬁﬁn} is defined as

N-1 N-1 al
% Quilkr 5 <y Sy -1 (46)

¥ x = 2 £ x_cos
m’ B T W C  m 28
m=0 m=o

22



Although both the fast KL and the Discrete Cosine transforms have obvious
relatn.onsh:.p W:Lth DFT, the DCT does not sat:.sfy the ¥, transform Eqn. (13) for

either R (the or:.g:mal covariance of Eqn, (4) or for Ry (the conditional aute-

correlation of Eqﬁ.’ (26)y. The 'relatiunshi.p between the KL transform of Eqn.

(14) and the fast KL transform of Eqn. (20) is more easily seen; the eigen--r

' vectors in- Lhe latter being perlodlc ‘W:Lth Wy of (15) being re.placed by N 1 '

Necess:.ty of ZETO, mean maqe

1'.t :.s easy to check tha.t the sine transform does not d:.agonallze a
matrix cf all constant e.lements. Thus, if the sine transform
is the K ta_ansform of a sequence {x 7 = i < N}, :|.t is not the XL transform

of the sequence {xi + a} where 'a' is a constant., Since the given image data

- may not have zero mean, it is essential to subtract the image mena before ap-

plying the fast KL image coding algorithm, - In blu. block coding it is
advisable to make each image block zero mean before coding, 'The overhead of
transmitting the bock_. mean for 15 x 15 blocks, 7 bit image is only 0.031 bits/
pixel.

9.  Extension to Markov images with Nonseparable Covariances Functions

A random field described by the stochastic difference equation.

e
=g (g gt Vg s T e T B ) Ty (47)
where E[eij ]':0, E[uiik,ji‘_zeij] = 'GD. 51(,06,0,,0 : o (48)
 ewC k=41, £=0
-y 0 ——
Efe..e . -czcz $=41 k=0..og<’.'. | (49)
CBlessfiam, gl = ¢ TF s 2 @<

0 Otherwise
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generates a Markov-l field [217 whose covariance function is nonseparable.

Such fields could give a better approximation to the actual covariance func-
tion of images. If an image is represented by an N x N segment of this field,

then following the notation of the previous sections, we can write
QU + UQ = e + B (50)

where Q, U, B, e are N = N matrices; the matrix @ being tridiagonal as before,
and B containing only the beundary information (this B matrix is obviously

different from that in (37)). In Kronecker product notation., it can be seen

that

A
Er_EéT] = ci (I Q+0 ® 1 = ci R (51a)

A - - _1__
T =El |B]=R B (51b}
2 - -1

A y T~ -
R, = B[(U-g)(@-3) [B]=C R (51c)

£
j=yd
©
41
Lo
L
e
[E=1Y
I
1
rlQ
.
I
L
]
=1

0 Otherwise
The KL transform of R is ¢ { and hence { &) ¢ is also the KL transform of
R, in (51ie). Thus, once again we see that sven though the zgvariance fucntiom
of Uij given boundary conditions B, is a fast transform, i.e. the sine trans-
form. Hence, images represented by random f£ields of (47) can be fast KL coded
by calculating p (boundary response), subtracting it from U and coding the re-

sidual U - 5 via the (fast) sine transform.

24
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CHAPTER III

THE FAST KARHUNEN LOEVE TRANSFORM CODING ALGORITHM

1. Implementation on One Dimensional Tmage Data¥®

It should be pointed out that while Eqmn. (20) is directly related to the
FFT, the elements wij are not the 'imaginary' term in the conventional Discrete
Fourier transform. It is easy to show that ¢ij form a complete orthonormal set
of basis vectors, whereas the imaginary terms of a DFT do not form a complete
set of basis vectors.

Let
N N
A 2 )
y = L § X === ¥ x sin - (52)
ko opoy k&R JWT 2 % N+1

If the DFT is defined as

M-1 s _?;.___.“R‘k < <
zk = DFT{z,} =. Ls Zg et M s 0Sk3M-1
’ J?koo
(53)
then, in order to implement (52) define a variable Z, as
z =10
)
z, = X s £ =1,...,N
z, = 0 , & =N+l,N+2,...,2N+1 (54)
Now let Ek be given by
2W+1 Vi
Pp— 5 oz, sin AT - mlpET{z,}] = 5 (55)

in
X Gmm o+ A2

Since %k can be computed via FFT, Vi ig obtained via this fast algorithm.

section only shows the algorithmic implementation of the sine transform.
25
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2. Data Compression Via the Fast Karhunen Loeve Transform

First comsider the one dimensional case, From (28) we have
~ ~ u
b. A Z. b
i - +

M

]
I

I

|

+ (56)

I-vl
o
>
=

i i

i

Lol

where, bi is known whenever ¢ and d are known. The next question is 'What

» 3
is the bit assigmment strategy for quantization?' From Eqn. (56), if z,and b,

re -

are observables, the original signal x can be constructed by calculating X5

The expected mean square quantization error can be written as

where i
- :

~ V. 'S v

kS - 2 :

z,.= — Bla,r = 5. . 57 .

R A Y Loy J] B o5 (37) 3

Let c¢%, d¥, zi = quantized value of ¢,d, &, respectively 5
-~ -~ Al

x¥ = reconstructed value of x; from z¥, c¥%, and d=. ‘|

|

PO MR R 2\ AWN2 2 oo
e, = E[(x,-xH)"] = 2 E[ (v, VT + (g (sin 57) " @ [ (c—c¥*) :
i i
(-1)7(d-d*)]7] ;
Letting c¢* = ¢ and d* £ d, we get
2
A a " q.
1 a2 1 2 i
e. =5 E[(V,-v¥)"] = = E[(z, - 28)"] = —=
i A% i i li i 1 Ki
i
If qi is small, then to minimize Te,; the number of quantization levels for
the ith component z; should be proportional to 1;-. v

Y

i
Let n, = number of bits to be assigned to the ith compenent and let

n, = b, - b2 logzh

i 1 i
if p' = desired bit rate in bits/pixel, then
N N
I = = -
p'N .E ni Nbl b2 .E logzki
i=1 i=1

26



Now recall that Ai = 1 - 2a cos ﬁg%,
Clearly, 0 < Al < Az < vae CAN < 2 for all 0 <p < 1,

Hence, ny > n, > g e > oy

Let ny = maximum number of bits to be assigned be fixed; then
By = by = by logyly
After solving for bl and b2 we get
3 Al
— T —
(nl p"IN log ki
n, =n, —
i 1 N X
? 10g 22 (582
k=1 k

The result of the above equation will not give integer values to n,. in

general. So a truncation to the nearest integer has to be made.

Let n? [ni] = nearest integer to n_, then the actual bit rate is given
i

by

Proceeding as in the above one dimensional case and assuming negligible

quantization error in the boundary information and defining

n® , = number of bits to be assigned to G,.
1,1 i]
p' = desired bit rate in terms of bits/pixel
. we get
A4
(n,.-p') log -l
. ? p M M1
ofy = gl = Inyy - Ny 5. (58b)
! Z I log -l
i i=1 j=1 A1

o
where [ ] indicates the nearest integer. The two dimensional coding algorithm

can be implemented in the following steps.

27
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;i 3. Fast Karhunen Loeve Transform Coding Algorithm

1. Calculate the statistics (i.e. mean, variance, horizontal and vertical

correlation parameters) of the source image.

2. Create zero mean image, by subtracting the image mean (or mean of the

image block in case of block by block coding) from each point in the image. 3

AT

3. TUse Equs. (34a) and (34b) to compute Gij and Vi j for i, j = 1,...N.

]

it S

f
E Eal . vi'
Sl 4, Take the two dimensional sine tr-nsform of vij to obtain vij' Calculate Xijzx_l
‘ ij -
=! 5. Quantige gij using ngj bits to obtain ﬁij' Details of quantization
i %
U method «re given in the next chapter. The values %ij are used for transmission.
|
i
i U i i i.e, ;50 15 3 = 0,...,8
| The boumlary information, i.e., {ui,o’ ui,N+l’ uo,j’ uN+1,J’ i, =20 ,N+1}
w is quantized separately. In practical situatioms this information may be
§ assumed to be the mean value of the image bdock,
: 6. At receiver comp.te BY. % * % % . If T i
?‘ pute By from  {uf o i we %550 MHea,glt T Toy 0
i .
{ defined as the sine transform of the row {ug j? j=1,...,8}, i.e.
N L]
o
N
H ' 2 jlem
: r o, = (=== I u {n =0 ' =
: 0,i ML Z uo,k sin 4.7 > i 1,...,N
: k=1
i n ~ A
% and rN+1,j’ ci,o’ and ci,N+l are similarly defined as the sine transforms of
; {u§+l,k}’ {U§10}, and {ui,N+1} respectively, for i, j, k = 1,...,N then it
i n
: can be seen that the houndary terms B?j are obtained as
143 7 7 . LM LA i+l A in
B, =l sin — (j + (- 5y pgin —o
| iy NHLECL 1 Fop ¥ DT Ty ) M (Bsin g .
. o j+1a 2 . im 1k
i g, +(-1)J i)— e =L ginp % . J
) (€;o+-1) ¢ ) M D-o% Sper It T S g
- +1 i+l 1342
. Fuk ~1)d % - & + (-1 ¢ |
[wh + DT g+ CDTT gy o D) YN+, NHL
g 7. Compute w%, = —=J 4+ 2l and obtain u¥., the reccastructed image
i /A i3 1}

at the receiver as
= o= i
a3} = Uk o= gy
Figure 3b shows the block diagram f£low of the above algorithm.
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4. Discussion

In practical implementation of this algorithm, W + 1 should equal 2™ for some
integer m, so that an FFT algorithm can be used to implement the sine transform,
The value OfIlll in (58b) is an experimental parameter to bg chogen to minimize
the mean square error. In our experiments we found the values ofrlll between 6
to 8 quite satisfactory. These values were determined by testing the mean square
error of a few randomly chosen image blocks of Channel 1 image.

For large image block size W = 063, and/or small correlation parameter value
p £ 0.7, the effect of boundary values on coder performance becomes less signi-
ficant. Hence, instead of taking an (M+2) x (¥+2) size image block and using the
actual boundary values, if an (NxN) image block is used and all the boundary values
are assumed to be equal to the block mean then the performance of this coding
scheme is unchanged. TFor 15 x 15 image blocks with p < .07, this was experimentally
verified. Note that this approximation does not change the actual boundary value
around each image block, but only uses the mean value as the pseudo boundary of the

blotck.
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CHAPTER IV

FAST KARHUNEN LOEVE TRANSFOM DATA GOMPREﬁSION STUDIES

The-élgorithm outlined in tﬁe previous chapter was-simuiated on four 255
x 255 picture elements multispectral earth data images. The digitized images
were provided by NASA aﬁd are the same as used by TRw; Inc. in a
data compression study under Ames Research Center contract NAS2-8394, Tn all
coding experiments, the boundary conditions were assuﬁed to be coﬁstant and aqual

to the mean value of the image block being coded.

1. Source Data

4. Figures (4) through (7) show the original four multispectral earth data
images.

b. Table 1 lists the calculated statistics of the original four multispec-
tral earth data images.

c., Figures (8) and (9) show the histograms of the original Chamnel 1 and
Channel 3 multispectral images. The histograms of Channel's 2 and 4
are similar to those of Channels 1 and 3 respectively,

In image coding simulations, two different block sizes were used. First,
the entire source image was used as a single 255 x 255 image block. Next, the
255 x 255 source image was divided into 289 EIS x 15 ) small image blocks. Un-
less otherwise stated, (see Table5 } uniform éﬁantizers were used in all the
coding experiments, The improvement of a compandor over a uniform quantizer was
found to be less than 0.5db in terms of S/N ratio, The performance of different
coding schemes is judged by (i) Mean square error and (ii) Signal to Noise Ratio.
This is to enable us to make comparison with other techniques. The mean square
error in encoding the kth channel image is defined as

- u¥ )2
i,j,k i,i,k

1 N
— E }: (u k=1,2,-01,4

N i=l j=1
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Statisticall

Parameters |
i { Average Correlation Parameter Average Correlation Parameter
 Channel No. ; Mean Variance (255 x 255 Coding) (Block by Block Coding)
H
§ ' p hori p ver
i
Channel 1 47.80 130.76 0.93 0,710 0.597
Channel 2 . 52,13 333.16 0.92 i 0.730 0.620
Ciannel 3 . 59.56 121.16 . 0.88 i 0.712 0.591
] Channel 4 T 26,82 41.10 0.89 ' 0.723 0.614

TABLE 1

The Statistics of the 4 Multispectral Earth Data Images
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where N = 255, u, ., and u%_, . represent the original and the reconstructed
i, ik i,k

images for the kth channel. Channels 1,2,3 are given to be 7 bit images and Chan- §
nel 4 is a 6 bit image., The signal to noise ratio for channel k image is defined
in Decibels as
2
(P-P)y

eZ Yt
k

w
I

1010g10

]

where (p—p)k peak to peak signal value

| 127 for k = 1,2,3 and 63 for k = 4.

In comparing the results of this study with other methods, bit rate vs.
average mean square error curves and bit rate vs. average S/N ratio curves are
generated (Figures 1 and 16). This is done by calculating the average mean square error

for a fixed bit rate as

These definitions are consistent with the definitions used by TRW, Inc. in their
study. The impiications shortcomings of these average performance indices will

be discussed in section 5.

2. Fast KLT Coding of 255 x 255 Images

a. Figure (10) shows the 255 x 255 encod.d image of the Channel 1 earth data

e S A A TR oo A ey 4

image with 2 bits/pixel average, 1 bits/pixel average, 0.5 bits/pixel
average, and 0.25 bits/pixel average. Figures (11) through (13) are the

255 x 255 encoded images for Channel 2, Channel 3, and Channel 4, respectively.

All these images were photographed on a Dicomed scanner after contrast stre- f

tching each image according to its histogram.
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FIGURE 10 Fast KLT 255 255 encoded image of the Channel 1 Image
(a) 2 bir:'nixel (b) 1 bits/pixel
(c) 0.5 bics/pixel (d) 0.25 bits/pixel



@ (b)

(C) (d)

FIGURE 11 Fast KLT 255 x 255 encoded image of the Channel 2 Image
(a) 2 bits/pixel (b) 1 bits/pixel
(¢) 0.5 bits/pixel (d) 0.25 bits/pixel
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(a) (b)

(e) (d)

FIGURE 12 Fast KLT 255 x 255 endoded image of the Channel 3 Image

(a) 2 bits/pixel (b) 1 bits/pixel
(c) 0.5 bits/pixel (d) 0.25 bits/pixel
39
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FIGURE 13 Fast KLT 255 x 255 encoded image of the Channel 4 Image
(a) 2 bics/pixel (b) 1 bits/pixel
(¢) 0.5 bits/pixel (d) 0.25 bits/pixel
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Tn calculating the average bit rate, we define a parameter (called pseudo bit

32

Table 2 lists the calculated mean square error amd signal (peak to
peak) to moise (root mean square) ratio of the 255 x 255 encoded image
for each channel earth data images.

Figure 14 (solid lines) shows the bit rate vs. means square error of
table (2).

Figure 15 (solid lines) shows the bit rate vs. signal (peak to peak)
to noise (root mean square) ratio of Table 2.

Table 2 also lists the average mean square error of each channel earth
data images.

Figures (1) and (16) show the comparison of these results with the re-
sults of TRW, Inc. effort cited above [20].

Figure (17) shows the bit allocation pattern of a 255 x 255 image at 1
bit/pixel average for Channel 1. The value of nq (number of bits for

the first pixel) is a desigm parameter, in our experiment, several dif-

ferent values of n,, were tried and the values between 6 to 8 (for 0=0.93)
were found to be most suitable. In order to simplify the quantizer design,

all the elements in the FKL domain that are assigned equal numbers of bits

may be assumed to have equal variances.

Figures (18) and (19) show the output histograms of Channels 1 and 3 images

with 1 bit/pixel average.

rate constant) PP. For different values of PP the corresponding values of the

averapge actual bit rate denoted by ACURAT are printed out,
a desired average bit rate, i.e. ACURAT, and from this list [see Figure (20) ] find

the corresponding value of FP.

gorithm program.

41

Then the user can pick

The value of PP is used in the fast KLT coding al-
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255 x 255 Encoded Images

N
l

Channel 1 Channel 2 i Channel 3 Channel & Average Over All Chanmels
Bit Rate }

M.S.E. SNR M.S.E. SNR i M.S.E. SNR M.5.E, SNR Average Average
in db : in db in db in db M.S.E, SNR in db

2 2.48 38.13 7.39 33.39 3.10 37.19 0.88 36.54 3.46 36.31

1 4,86 35.20 14.46 30,47 8.1l 32.96 2,27 32.43 7.43 32.77

0.5 10,12 32,02 30.05 27.28 17.80 29.57 5.19 28.84 15.79 29,43
0.25 18.02 29,51 53.87 24,76 29,93 27.32 9.13 26.38 27.14 26.99

TABLE 2 M.S.E,: Mean square error

SNR in db: Signal¥*(p-p) to noise

]
:

{rms)

p~p values are 127 for Chamnel 1,
63 for Chanmel &

ratio in db

2, 3
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Bit Rate - Bits/Pixel

0.25

o X =) = s ¢ = Adaptive coding 15x15 bl

15 % 15 block size

, 255 x 255 block size

Channel 3

X__Channel 2

FIGURE 14:

10 5 20
Mean Square Error

Bit rate vs. Mean square error for tae multispectral Images.
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SIGNAL (P-P) TO NOISE (RMS) IN DB
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2.0r \
KL-Cosine/DPCM
1.OF
E K- Hadamard /DPCM 2 Dimensional Cosine
o Cosine/DPCM
50 2 Dimensional
@ Fast KL (15 x15) Hadamard/DPCM
l
L
e 09 2 Dimensional Fast KL
— (255 x255)
M
0.25r . . . . .
0 5 10 15 20 25 30

Mean Square Error

FIGURE 1 Comparison of mean square error for 2 Dimensional Fast KL vs. Other Methods
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e
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SIGNAL (P-P) TO NOISE (RMS) IN DB ~CALE

FIGURE 16 COMPARISON OF S;GNAL TC NOISE RATIO (db) FOR 2 DIMENSTIO™.L FAST KL V3. OTHER
« METHODS (Uniform Quantizer was used in the fast Ki, coding Experiments here)
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3. Fast ELT Coding of 15 x 15 Tmsage Blocks

In bleock by block coding, the correlation parameter values as indicated in
the last two columms of table 1, were used., These are the average horizontal and
vertical correlation parameter values for a 15 x 15 block.
a. Figures (21) and (23) show the block by block encoded image at vari-
ous bit rates of Channels 1, 2, 3 images respectively.
b. Table 3 lists the calculate. . .ans sJuare error and signal (root mean square)
to noise (root mean square) ratio at various bit rates of the four
block by block encoded images.
c. Figure (1l4) (dotted lines) shows the bit rate vs. mean square error of
Table 3.
d. TFigure (15) (dotted lines) shows the bit rate vs. signal (root mean square)
to noise (root mean square) ratio of Table 3.
e, TFigures (1) and (16) also compare the average performance of 15 x 15 block
coding scheme with other methods,
f. The histograms of these encoded images were very similar to those of 255 x
255 block size encoding and are therefore not included here,
g. Figure 24 shows the bit assigrments in the transform domain for 15 x 15
block coding of Channel 1 image. The (15 x 15) block encoded images were
not comtrast enhanced and the corresponding original image is included in

Figures 21 through 23 for comparison between the original and encoded imges.

4. OQOther Coding Experiments

In previous experiments, uniform quantization of ﬁij in the transform domain
was performed, Further, constant correlation parameter values were used in edch
dimension, over all the image blocks. However, the value of the correlation para-
meters can vary over the different image regions. We examined the effect of these

variations as well as the effect of different quantization schemes. The various

experiments are as follows:
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FIGURE 21 FAST KLT block bv block encoded image of the Channel 1 Image
(a) 1.987 bits/pixel (b) 1.004 bits/pixel
f¢) 0.471 bits/pixel (d) Original Image
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(a) (b)

(c) (d)

J

FAST KLT block by block encoded image of the Channel 2 Image
(a) 2.009 bits/pixel (b) 1.058 bits/pixel
(¢) 0.591 bits/pixel (d) Original Image

FIGURE
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FIGURE 23 FAST KLT bloékAby block encoded image of the Channel 3 Image

(a) 2.000 bits/pixel
(¢) 0.591 bits/pixel
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(b) 1.067 bits/pixel
(d) Original Image
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Channel 1

Block by Block (15 x 15) Encoded Images

Channel 2

? Average Over All Channels

Channel 3 Channel 4 Average Average Average

Bit  M.S.E.  SNK | Bit M.S.E.  SMR | Bir M.S.B.  SNR  Bic M.s.E. swe | Sif o MS.E. SR

Rate in db Rate in db ! Rate in db Rate in db *
1,996  2.5186 38.064 2.009 2,1307 32.471 2.000 5.1579 34.951 , 2,000 11,5523 34.077] 2.00125 4.590 34.891
1.031  5.9991 34,295 ' i.058 17.3456 29.684 - 1.067 10.5176 31.857 1.066 3,0057 31.207| 1.0555 9.217 31.761
0.542 10.5002 31.964 0.569 27.4262 27.694 | 0.591 16.0689 30.016 0.591  4,6348 29.308] 0.57325 14.663 29,721
0.102 21,9417 28.664 - - —— - o - - ——- —— —— -—- “ee

TABLE 3 M.S.E,: Mean square error
SNR in db:; Signal¥ (p-p) to noise (rms) ratio in db scale

*p-p values are:

63 Channel 4

127 Channel 1, 2, 3
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(4-1) Take the average value of horizontal and vertical correlation para-

meters of the entire 255 x 255 image as a constant correlation parameter

value to be used in both dimensions.

(4-2) Use the actual horizontal and vertical calculated correlation para-

meter values of the entire image. (The image has different values of the

correlation parameter in each directiom).

(4-3) Divide the image into 15 x 15 small image blocks. Then calculate the
vertical and horizontal correlation parameters of each small image block, and
take the average over all image blocks. The average of these horizontal and
vertical correlation parameters is taken as a single comstant correlation
parameter value for block by block coding.

(4-4) Here the average horizontal and vertical correlation parameters of each
15 x 15 small image block are taken as the horizontal and vertical correlation

parameter values.

(4-5) For each 15 x 15 small image block its own horizontal and vertical cor-

relation parameters are used, We call this 'variable p coding method,' or

'adaptive coding method' since the quantizer for each block will be different.

The probability density model of the transform domain variables gij is

assumed to be the two sided exponential function

p(x) = ce_alxl
where
MK o x|
c=1/C [ e dx)
xMIN
Lo 2
axz ’

cxz = variance of X.

1

A
xMAX maximum value of xij

®MIN = minimum value of Qij = — xMAX
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In some of the experiments, a compandor design was used for quantizing the

Fal
variables X, .- The compandor is implemented as shown in the accompanying

figure.
2. z, . 2%, - X,
U I B O 1] Uniform Quantizer = £ () _H
Nonlinear
function
The nonlinear fu tion £(x) is given by
; XMAX
(00X [1 - exp - BOV/[L - exp FFH] x>0
i
f(x) =4
i £(]x]) , x<0
L.
The output x* is given by £l as
3 z axMAX
- 3 log, [1- AX {1 - exp (- 3 ) 1 z>0
f_l(z) = x¥ =
—ful(lzl) z <0

In our experiments the values of xMAX and xMIN were chosen as follows

xMAX = x mean + 2.5 % SQRT (VAR)

*MIN = x mean - 2.5 % SQRT (VAR)

where

il

X mean = mean value of ﬁij in the image block

VAR variance of ﬁi.

J
The value VAR can be obtained either by actual calculation or by the theoreti-
cal formula for E[Qij] given in Chapter TIII.

Results of many experiments that were tried are recorded in Table 5.

a. Figure (25)shows the block by block encoded channel 1 image with

variable p in each block, These images also have not been contrast eunhanced.
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(a) 1,

FIGURE 25

(c) (d)

DUCIBILITY fHE
REPRODUUIBILALY A
A1 AR 13 POOR
ORIGINAL PAGL 15 TU

FAST KLT adaptive block by block encoded image (with variable o in each block)of

the Channel 1 Image (a) 2.010 bits/pixel (b) 1.076 bits/pixel
(c) 0.616 bits/pixel (d) 0.126 bits/pixel
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b. Table

4 lists the mean square error and signal to noise ratio for adaptive

coding of Chanmnel 1. Figures (14) and (15) show the performance of adap-

tive coder for Channel 1 with respect to 15 x 15 block coding and 255 x

235 entire image coding.

c. Table

ments

5 compares the mean square error for 10 different coding experi-

Explanation of Table 5

c-1

c-2

c-3

c—4

c~5

c-6

c-9

Entire: Treat entire image as a 255 x 255 image block.

Block : Divide entire image into 15 % 15 small image blocks then
perform the coding algorithm.

Constant p: Use the average correlation parameter value for all
image blocks.

Variable p: The correlation parameter wvalue varies for different
image block.

Uniform Quantizer: Uniformquantizer in the transform domain is
used,

Compandor: Use compandor in the gquantizer design.

Actual Variance: Use calculated variance of each image block to
find xMAX and xMIN.

Theoretical Variance: Use theoretical formula to calculate the
variance of image samples iij in the transform domain and then
find xMAX and xMIN as mentioned before.

Bit Rate: Average bit rate for the entire image.

c-10 M.S8. Error: Mean square error
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Bit Rate

Channel 1 M., 8, E.

SNR in db

2,010

1.8534

39.3964

1.076

5.0819

35.0159

0.016

8.8548

32,6042

0.126

1

22,3115

28,5907

TABLE &4 S/N ratio and M.S.E. vs, Bit Rate for adaptive coding of Channel 1 image.

M.S.E,: Mean square error

SNR in db; Signal (p-p) to noise (rms) ratio in db scale
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Experimental Sequence

i 1 2 3 4 5 ! 7 8 g 10
Items : i
Entire {255 = 255 block) Yes Yes
Block (15 x 15 block) Yes Yes Yes Yes Yes Yes ’ Yes Yes
1 ! ? ' . |
Constant o L-Borizontal | 0,7106  0.7106 | 0,7106  0.7104 ' ; 0.93 0.93
P vertical 0.5976 0.5976 ;. 0,5976 0.5976 ' 0.93 0,93
|
Variable p Yes Yes | Yes Yes |
Uniform Quantizer Yes Yes ! Yes Yes
' s
Compandor Yes Yes Yes Yes Yes Yes
|
'Actual variance Yes ; Yes Yas ‘ Yes Yes ;
‘Theoretical Variance : Yes Yes Yes Yes Yes
| { : | i
?Bit Rate (bits/pixel) ' 1.0044 1.0044  1,0044 1.0044 0.9961 - 0,9361  0,9981 0.9961 1.00 1,00 ]
: | ! ' : |
| : " |
M.S. Error 6.4697 6.0278 3.8556 5.1517 5.5427 5.4579 4,8839 5.2107 5.0305 . 14,2570

TABLE 5 Mean square error cpmparison of 10 different coding experiments for the earth data chanmel 1 image

%“The box marked Yes means applicable, the empty box means not applicable,
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5. Discussion and Qomparsions

Complexity of the Fast XL Algorithm

The computational complexity of the fast KI, algorithm in terms of number of
computations is the same as that of cosine, Fourier and hybrid cosine/DPCM coding
algorithms, i.e. O(Nzlogzﬂ) computations are required for coding an N x N block
of the image, The computer memory storage requirements are same as those of any
two dimensional transform coding algorithm,

Performance Comparison with Respect Tmage Block Size

Figures 1 and 16 show the comparison between 15 x 15 and 255 x 255 image
block size. See Tables 2 and 4 also. Tt is clear that w.r.t. both the mean
square error and 5/N ratio 255 x 255 image block size give better compressionm.

On the average, the 255 x 255 block size has maximum advantage over 15 x 15
block size at Ligher bit rates. TFor exawple, at 2 bits/pixel the 255 x 255 block
size gives 1.5 Db better performance than 15 x 15 block size., This difference
becomes less significant at lower rates e.g., it is 1 Db at 1 bit/pixel and
negligible below that rate, This difference is not unexpected because as the

block size increases, larger redundancy can be removed,
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Performance Comparison Among Different Channels

Figure (14) shows the variation of mean square error of channel image as a

function of bit rate. Although the absolute m.s.e. values differ significantly,
these differences are understood by studying the variances of the corresponding
jmages (see Table 1). 1f the m.s.e. value of each encoded image (at a fixed bit
rate) are normalized by the variance of the image in Table 1, then it is seen that
the normalized m,.s.e, are nearly equal for chammels 1 and 2 and the same holds
for channels 3 and & also. For example, at 1 bit/rate, for 15 x 15 block size
the normalized m.s.e. values for channels 1,2,3 and 4 are .046, 0,051, 0.087,
0.075 respectively. With respect to m.S.8., then the four chanmels may be ranked
as 1,2,4 and 3. However, on the basis of §/N ratio (see Figure 15 ) the ranking
is 1,3,%4, 2. This is because channels 1,2,3 images are 7 bit/pixel images giving
a peak to peak value of 127 and channel 4 images are 6 bit/pixel giving a peak

to pealk value of 63. 1f the /N ratio were defined in terms of the ratio of the
variance of the origimal signal to the m.s.e., then the two eriteria will give

a consistent ranmking of channels.
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Comparisons With Other Coding Methods

Perhaps the most interesting (and surprising) results of this study are the
comparisons of the fast XL coding algorithm with other coding experiments per-
formed by TRW, Inc. (see [20]) on the same data. Figure 1 shows the performance
of the fast KL transform coding algorithms vs. other methods, It is clear that
the 2 dimensional fast KL algorithm (255%255) as well as (15x15) dominate the
other methods including the 3 dimensional methods viz Ki, ttempural domain) ~
Cosine/DPCM and KL-Hadamard/DPCM. However, these curves have to be observed with
certain cautiom, First, the mean square error is the average medn square error
over the four channel images. A more meaningful comparison could be to compare
the average of the normalized m.s.e. of each channel, where the normalized m.s.e.
is the ratio of m.s.e. of a channel image and the variance of the original image
signal. Also, the various methods should be compared on each individual chan-
nel as well. Unfortunately, the m.s.e. (due to other methods) per chanmnel is
not available in {207 and hence these comparisons camuot be reported here.

Figure 16 shows the comparisoms with respect to average S/N ratio. The
255%255 fast KL coding sclieme performs better thanm the other schemes. The 15 x
15 block fast KL coding performs better than 2-dimensional cosine as well as Cosine/
DPCM at 1 bit pixel by more than 1 Db, At higher bit rate, e.g. 2 bits/pixel, the
difference between 15x15 fast KL and 2-dimensional cosine is as much as 2.5 Db,
This difference is quite surprising. The cosine/DPQM and 15x15 fast KL have nearly
equal performance at 2 bits/pixel.

The difference in the performance of fast KL vs. Cosine may partly be attri-
buted to the different correlation parameter values used, For 15x15 block coding
we have used lower values (see Table 1, p ~ .6 to .7) whereas in the TRW study
P was taken ~ .9. This difference will cause the bit assignment in the transform

domain to he different.
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Another interesting comparison is noted when Figures 1 and 16 are compared.
While 15x15 fast KI gives lower average mean square error (at 2 bits/pixel) than
the 3-dimension:l schemes, it does not give a higher average S/N ratio, This is
because averaging the m.s.e. over all channels does not average the 5/N ratio

over these channels.

RFEPRODUCIBILITY OF ..o

ORIGINAL PAGE I8 POUK
Adaptive Coding

In the adaptive coding method we changed the bit assignment from block to
block according to the variatioms in the correlation parameters, keeping the
average bit rate of each block fixed. The improvement of this adaptive coding
scheme is only marginal over the non adaptive fast KL, However, a better per-
formance can be expected if the average hit rate per block is varied according
to its variance and the bit agsigmment within each block is based according to

the correlation parameters of that block,

6. Conclusion
1. To the extent of the usefulness of the average mean square error and
average S/N ratio criteria, the fast KL transform coding algorithm
gives superior performance as compared with other 2-dimensional coding

methods for multispectral images,

-2, More detailed comparisons are required to establish the usefulness of
this algorithm from a user's point of view. These comparisons should
include other criteria such as (i) the spatial discribution of errors
in the reconstructed signal (ii) Classification accuracy based on
ground truth. Also a larger set of images should be used to vali-

date the conclusions.

3. The fact that correlation parameter values change signi“icantly as the
image block size is changed suggests non-stationarities in the images

and fast adaptive algorithms could be useful. Since, the fast KL
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transform basis vectors are invariant to changes in image statistics, and
the transform domain variances are known in closed form, application of

this method for adaptive coding is suggested.

Since the Cosine/DPCM algorithm has been shown to perform significantly
better than 2-dimenmsional cosine [207] at high bit rates, an interesting

question is, "How does fast KL/DPQM perform'?
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APPENDIX I

CORRELATION PROPERTIES OF THE MINIMUM VARIANCE REPRESENTATION

The equations of representation of the first order stationary sequence {xi}

with zero mean and autocorrelation

BN E Y

E[xixj] p (1)
are given by

x; = a(xi+l + xi—l) + vy i=1,...,N (2)

Ky = 0% ¥ Vgs Hy TPRy T Vg (3)
where o = p/(l+p2). Meltiplying (2) by X4k taking expectations and using
{1) we get

ol¥l = aolth s oIty o gy (4)

i7i+k

which for {k| 2 1 and with a = p/(l+p2), gives

E[vix ]=0, k#0 15 i%N (5)

i+k

Similarly for k = O, E[xivi] = (l—pz)/(1+02) 4 82; 1

1A

1A
=4

(6)

Multiplication of (2) by Vi taking expectations and use of (5) and (6) yields

+k’

2 2 2
vV = o878, | + 875 8 &

]

082(6

2
1, 170%,-1) T B fk,o )

where Gij is the Kronecker delta function. Similar procedure when applied to
equations (3) gives

- (1.2 . E - (1-02)s - a(l-p?
E[voxk] = (1-p )Sk,O ; E[Vovk] = (1-p )ak,O a(l-p )ék,l . (8

and

x, ] = (1—02)6

_ 2 a2
Elvyer®y kM1 B[ 1= (1-07)8) w11 a(1-07)8)

3

Yi+1Vk
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APPENDIX II

A TWO DIMENSIONAL IMAGE REPRESENTATION

Let {uij i, j = 0,1,...,N,N+1} be a two dimensional stationary sequence
3

with zero mean and a separable autocorrelation function given by

m
] = pl 92 3 Let pl = p2 (l)

U not including the point uij' This is obtained by first writing

o = + +
“i5 7L B (i, ek, - ok, gt ik, 34 (2)
k4240

ke Differentiation of this

expression with respect to a g setrting it equal to zero and after some alge-

and minimizing E[uij—aij)z] over the coefficients a

braic manipulations we get for 1 = (i,j) = N

Kkl |2 ktk ! k-k? ety e-g!
pl [pl !:' L I & 4,1 (pl 1+D| !)(f—l ]+Ql |) s (3)
k' 2!
for all k + & # 0, k' + 2' # 0. From (3) it can be proven aOl = D/(l+p2) =
N I ] 2, ,2> : i
210} aj; = 3y and e 0 for k= + & 4, so that the two dimensional rep
resentation equation defined as u,, = u.. + v.., becomes
ij ij ij
N + + +
urs T 00Uy Yy e g Uig,g)
- az(u +u +u +u Y} +owv (4)
i+1,3-1 it+l,j+l i-1,3+1 i-1,3-1 1]

where o = D/(l+p2). Eqn. (4) can be rearranged to give
uij - a(ui+l,j+ui—l,j) = vij (5)
= S (i.i) <
vij u(vi,j+l+vj,j~1) vij for 1 (i,1) N (6)
Following Appendix I, the statistical properties of vij and vij are obtained,

for 1 £ (i,j) = N, as

I1-1



E[v,.] = 0 = E[v, ] (7

ij ij
: _ a2 Ji-tls L -
; Blvy Vi) = 87 07 0508 1 % i) (8)
; _ o4 - - -
i E[v; Vg 1 = B (8,178,540 178 5 1) B307%0 5410 “53—1,1) ()
: where

2 1-p°

B" = ) .

14p

At boundary points (i=0,N+1;j=0,N+1) the minimum variance representation equa-
tions are somewhat different. These equations are not given since they are
not required for the derivation of the fast KL transform result. gimilar

results are obtained when p, # Py in (1) above.
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APPENDIX TIX

USAGE OF COMPUTER PROGRAMS

Two computer programs written in FORTRAN IV have been developed. These are:
a., IMAGE ANALYSTIS PROGRAM
b, TAST KL TRANSORM CODING PROGRAM
These programs have been implemented on the NASA/MSFC IBM 360/65 and NASA/Ames
CDC 7600 computers., This chapter explains the usage of these programs.

1, TMAGE ANALYSIS PROGRAM

The MAIN routine of this part of computer program does the following
jobs:
a. Print out the histogram and statistical parameters of the image

b. Calculate the horizontal and vertical correlation parameters over
all image blocks

e. List a pseudo bit rate constant versus actual bit rate average table
The subroutines used in this program are:

a, KAR - This subroutine finds the maximum, minimum, and mean [or each image
block, creates zero mean image block and calculates 910, pOl
and bit allocation for each pixel.

b. HISTO-Prints out the maximum, minimum, mean, standard deviation and
the histogram of the 255 x 235 image.

¢. CORRE-Calculates the horizontal and vertical correlation parameters
of 255 x 255 image,

The definition of all the parameters used in these subroutines have

been clarified in the computer listings,

2. PROGRAM USER'S GUIDE OF IMAGE ANALYSIS PROGRAM

A 256 x 256 image is loaded on a standard magnetic tape. In order to
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process via the Fast KL Transform technique, the actual dimension of the image
used is 255 x 255, because if N is the image size N4l must be a power of 2 to

implement the sine transform.

2.1 PROGRAM INPUT

The JCL cards of the image are shown here as a reference for the user.
//GO.FTOIFOOL DD DSN=INPT1, UNIT=TAPE 9, VOLUME=(PRIVATE,,SER=A0001),
/! DCB=(DEN=2, LRECL=512, BLKSIZE=516, RECFM=VS), LABEL=(1l, BLP,, IN),
//  DISP=(0LD, DELETE)
This means the image is loaded in the following format

a. 9-track magnetic tape

b. 800 BPI (bits per ir 'h)

c. Integer®* 2 (2 logical ds to represent one integer pixel data)
There is one input data card and it is:

$INPUT IFRAME=1, N=15, N11=7, ILINE=17, SEND

2.2 PROGRAM QUTPUT

Output listing of this program includes

a. Histogram of 255 x 255 exntire image

b. Horizontial and vertical correlation parameters of 255 x 255 entire
image

c. Print out a table of pp(I) and ACURAT(I), which allows the user to
pick any desired bit rate of the image to be used later in the Fast

KL Transform coding program.
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FAST KI, TRANSFORM CODING PROGRAM

This computer program does the following jobs.

a.
b.
c.
d.

e,

The

Creates differential image of a 15 x 15 image block, {vij}'

Applies Fast KL Transform to {“ij}'

Calculates bit assignments to different elements in the transform domain.
Performs guantization.

Applies inverse Fast KL Transform.

Stores fimal result as a 255 x 255 image on magnetic tape.

Prints out the Histogram and the rasults of analysis of the encoded

image.

subroutines are:

KAR -Creates a zero mean image and computes bit allocation pattern
of a 15 x 15 image block, This subroutine is linked to sub-
routines CODE, QUANT, RECON.

CODE-Creates a differential image of a 15 x 15 image block, calculate
the mean, variance, standard deviation of the transform domain

15 x 15 image block. This subroutirne also calls subroutine XFORM.
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The definitions of IFRAME, N and N1l are given in program listing, parameters
PATO, PAOL, and PCON are obtained form the Tmage Analysis Program. PCON has
a same meaning as PP, the pseudo bit rate. 1In our example PCON = 0.125,
was picked from PP(96), and the corresponding value of ACURAT (96) = 0.99607837
which almost equals the one bit/pixel average rate,

In this program, two magnetic tapes are used, one for the original 255 x
255 image, the other for storing the final 255 x 255 encoded image. The JCL

format cards are shown here for the user's reference.

Tape 3 (original 255 x 255 image)

//GO.FTO3F001 DD DSN=INPTL, UNIT=TAPE 9, VOLUME=(PRIVATE,,SER=A000L),

// DCB=(DEN=2, LRECL=512, BLKSIZE=516, RECFM=VS), LABEL=(l, BLP,,IN),
Tape & (final 255 x 255 encoded image)

//GO.FTO4F001 DD DSN=OUPT1, UNIT=TAPE 9, VOLUME=(PRIVATE,,SER=SAVE),
// DCB=(DEN=2, LRECL=1024, BLKSIZE=1028, RECFM=VS), LABEL=(1l, BLP,,0UT),
// DISP=(NEW, DELETE)
c. QUANT-Performs quantization on the transform domain 15 x 15 block
image samples Rij .
d, XFORM-Initializes and rearranges the data to call subroutine HARM
and implements the Fast KL Transform on a 15 x 15 image block,
e. RECON-Recomstructs the 15 x 15 -necoded image block from transform
domain quantized 15 x 15 image block.
£. HARM--An FFT subroutine which is available in the IBM scientific
subroutine package.
g. HISTO-Calculates the statistics and mean square error of 255 x 255
final encoded image and prints out the output histogram of the

same image.
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b PROGRAM USER'S GUIDE OF FAST KL TRANSFORM CODING PROGRAM
4.1 PROGRAM INPUT

Eirst select the actual of déaired bit rate for encodinglfhe image (ééy
1 bitlpixel) Then the input data card for lst channel image, 15 x 15 block

coding, and horizontal and vertical correlation values nf O ’1, 0. 598 renpec-

_tlvely is,

4.2  PROGRAM QUTPUT
Output liating of this progrem is simple and includes
a, The actual bit rate of 255 X 255 ‘encoded image. '
b, Output histogram of 255 x 255 encoded image, various statistical

parameter, the mean square error in Pncoding, and the signal to '

noise ratio of the encoded image,
The listing of subroutine HARM is not.given in this report, sihce'this is a

standard program available in the IBM scientific subroutine package.

- III=5

,: $INPUT IFRAME*I N=15, Nll=7, EA10=0 71059489, PAOL=D, 59758818 PCON*O 125 $END

Lg.-= i
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