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ABSTRACT

A method of determining the stability of linear systems with
many constant time delays is developed. This cechniéue, an extension
of the T-decomposition method, is used to examine not only the
stability but also the relative stability of retarded systems with
many delays and of a class of neutral equations with one delay.

Analvtical equations are derived for partitioning the delay
space of a retarded system with two time delays. The stability of
the system in each of the regions defined by the partitioning curves
in the parameter plane is determined using the extended T-decumposition
method. 1In addition, relative stability boundaries are defined using
the extended rt-decomposition method in asscciation with parameter
plane techniques.

Several applications of the extended rt-decomposition method are
presented and compared with stability results obtained from other
analyses. In all cases the results obtained using the method outlined
herein c.incide with and extends those of previous investigations.

The extended T-decomposition method applied to systems with time
delays requiras less computational effort and yields more complete

stability avalyses than previous techniques.
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SYMBOLS

N X N matrices of real constants

real constants

wing span in equation (4.25), ft
real constants (see equations (l.4)and (1.5))

change in yawing moment coefficient with rudder
deflection, per radian

constants defined by equations (4.25), (4.26), and
(4.27), respectively

modified characteristic quasi-polynomial in
equation (1.23)

function of 2z in equation (1.25)

function of s in equation (1.3)

function of z in equation (1.25)

N X N identity matrix

moment of inertia avout principal axis, slug-ft2
imaginary unit, yﬁ:r

function of 8 1in equation (1.3)

integers

refers to Bk i
integer associated with 9

h|
characteristic quasi-polynomial
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Ly(8), L(s, 0)
M

N

N(T)

N(gg, o)

P(8),Q(s),R(8)
Q
p

A
P

q, r

W(z) W, (2) W, (2)

Ve Welo, w)
x(&)
x, (8

-{x-

resulting polynomial when delays are made zero in L(s)

number of ¢, delays in system

3
dimension of system
number of roots of W(z) with positive real parts

number of roots of L(s) with ¢ > ¢ at e for
fixed ej, j#K

polynomials in s with real ccnstant coefficients
dynamic pressure in equation (4.25), 1b/ft2
integer

real number defined in equation (3,23)

angles defined in figure 2

wing area, ft2

complex variable, o + iw

an upper bound on magnitude of s which satisfies
L(8) = 0, where 8 = ¢ + iy

root of L(8)

number of time delays in system

e
time, sec
nondimensional time

roal and imaginary parts, respectively, of
He (8)/ 7, (8)
integer associated with 6j

functions of 2z defined in equations (1.26), (1.27),
and (1.28)

testing function defined in equation (1.24)
scalar function of time

scalar function of nondimensional time
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;(t) N X 1 vector function of time
Yo ¥y defined by equations (2.13) and (2.14), respectively
z complex variable -
-1wd ‘
o argument of Q(iw) e in figure 2
‘ aps real numbers in theorem 5
f 8 argument of P(iw) in figure 2
i Bp used to denote valuefigg QK at intersection points
v argument of R(iw) e 2 in figure 2
Yp used to denote values of GK at intersection points
8 small positive number
sr rudder deflection, radians
) € small positive number; also denotes '"is an element of"
| C damping parameter
N gain in equation (4.1)
ej constant real delays
8k particular delay being varied :
Ej fixed value of ej t
éj final desired value of ej or maximum value of .
ej to be considered :
: A radius of circular contour containing all N roots : }
? of Lo(s) .
§ s Ho slopes ¢f lines in figure 5 g ‘
% g ‘ real gain constant i
p radius of small circular eontour around any root of
L(s8)
o real part of complex variable s
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|
c specified value of real part of complex variabl s
o] real part of large rodulus roots of L(s)(see %'
K equation (1.41%) '
T>T1sT25Ty constant real time delays ‘
* particular velue of t at an intersection point
of root locus curve with imaginary axis
o identification of an intersection point in theorem 4

sets defined in equation (1.8)

y(t) yaw angle, radians

w imaginary part of complex variable s

0 an upper bound on w in L(8) = 0, where 8 = ¢ + iw
W, natural frequency or constant parameter

w” particular value of w at an intersection point of

a roct-locus curve with the imaginary axis

Mathematical notations:

| | absolute value or magnitude

Eyl, qnj closed interval o Sws w, é
{0, me semiclosed interval 0 < w £ W Ai,
arg argument é

€ is an element of ;
det determinant ‘
x(j)(t) jth derivative of x(t) with respect to t i
<; : B) set of all s having property B |

A small incremental value

U union of sets

ot arbitr.:.ly small positive values

Dots over a symbol denote derivatives with respect o time.
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INTRODUCT ION

Time delays in the mathematical description of a physical system
occur whenever the system is affected not only by conditions at the
present time, but also by conditions which have occurred in the past.
In general, every physical system contains a certain amount of time
delay in its operation or functioning. If the transmission time of an
actior. cannot be neglected, then the mathematical description of the
system must irclude this time delay. This leads to so-called
differential-difference equations (reference 1).

Early forms of differential-difference equations appeared in 1750
in the works of Euler (reference 2) and in 1759 in the works of
Lagrange (reference 3). By 1894, it was recognized that delayed
actions were one of the primary causes of the hunting of governed
engines (reference 2). Systems with a time delay subsequently
appeared in various research areas, such as: automatic control, theory
of epidemics, combustion of rocket engines, and simulation of pilot
tracking task>. (See references 1 to 14, for example.)

The differential-difference equations considered in the present
analysis are linear and time-invariant; that .3, the coefficients and time
delays ar. constants. There are three basic types of differential-difference
equations; namely: advanced, retarded, and neutral (references 1 and
15). The advanced systems are always unstable (reference 16); whereas
the retarded and neutral equations may be either stable or unstable.

The stability analysis, however, is complicated by the fact that the
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assoclated characleristic equation has an infinite number ot rocts.

The most effective method at the present time for examining the

stability of a retarded system with one time delay appears to be the

T-decomposition method (reference 17). Thn research>of this thesis ..
is to extend tl.e rT-de.omposition method to examine the stability, j
and also the relative stability (reference 18) of retarded systems

with many time delays and also to a special class or scalar neutral

equations with one delay.
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CHAPTER 1
EXTENDED -DECOMPOSIT.ON STAB.LITY METHOD

The Mikhailov criteria (reference 19), which is similar to the
Nyquist criteria (reference 20) is used tuv e.amine the stability of
linear dynamical systems described by linear ordinary differential
equations with constant coefficients. A. A. Sokolov (reference 21)
showed the possibility of extending the Mikhsilov eriteria to linear
systems with a transport time deiay. Later, as mentioned by Popov
(reference 19), Miasnikov worked out in detail thke application of the
extended Mikhailcv criteria; and following Miasnikov, Popov considers
some individual cases, Krall (reference 22) also develops some
useful theorems related to the criteria.

It was subsequently recognized by Kashiwagi and Fliigge- Lotz
(reference 23) and Lee and Hsu (reference 24) that the extended
Mikhailov criteria, as discussed by Popov, hau limited validity.
However, by extending the work of Krall and modifying the earlier work
of Sckolov and Miasnikcv, Lee and Hsu (reference 24) were able to
rigorously refine the criteria and proceeded to call it the
T-decomposition method of stability analysis for retarded dynamic
systems.

The Tt-decomposition method, a powerful and convenient tool, has
beer. applied previously to retarded systems with only one constant
time deiay (references 14 and 17). The extension of this method to

examine the stability and relative stability of systems with many

N
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constant delays is presented in this chapter.

A. Retarded Systems
A linear homogeneous differential-difference equation of the
retarded type -ith constant coefficients and delays can be
expressed as

T

x(t) = AX(t) + T A

I x(t - 1,) (1.1)

where ;(t) is an N X 1 wvector, A and Az are N X N constant

matrices, and 2 0 are constant time delays. For brevity,

T4
equation (1.1) is referred to as a retarded equation, or retarded

system. Mathematical treatments of retarded systems can be found in
references 1, 9, 15, and 25. The nature of the soluticnof equation (1.1)

as well as the solution itself is of yreat importante in many physical

applications.

L. Stable systems
The characteristic quasi-polynomial associated with equation (1.1)
is

L(s) = det{sI - A - (1.2)

[ ]
¢

It is known (references 1, 15, and 26) that the solution of
equation (1.1) is

(1) unstable if any root of L(s) has a positive real part, or if
any purely imaginary root of L(s) is a multiple root;

(2) stable (bounded) if ali purely imaginary roots are simple

(not multiple), and the remaining roots have negative real parts; and

REPRODUCIBILITY OF THIS
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(3) asymptotically stable (exponentially) if all roots of L(s)
have negative real parts.

The difficulty is that there are an infinite number of roots of L(s).
For one delay, the r-decomposition method provides ; ccnvenient
means of determining the number of roots with positive real parts.
This method is extended in this chapter to accomplish this

objective when there are many delays.

2. Expansion of characteristic quasi-polynomial

The determinant in equation (1.2) can be expanded and written in

the form
-ng
L(s) = HK(s) - JK(s)e (1.3)
where
N n N-1 M n -, 8
H(8) = L a s"+ 5 T b e J (1.4)
n=0 n n=0 j=1 "Knj
34K
and
N-1 n N-1 M n -ej 8
Je(s) = nEO %nj ° * oy 351 Yag O © (1.5)
J#K
for each K=1, 2, ..., M. All Tz in the expansion of the
determinant are absorbed in eK’ K=1,2, ..., M, A subscript K

appears in equations (1.4) and (1.5) to denote that the specific form
of these equations changes with the choice of Ox in equation (1.3),
although HK(s) and JK(s) do not depend explicitly on eK itself.

(See appendix A for examples of equation (1.3).)
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Equation (1.3) will be used to examine the change in the relative
stability of a system with variations in particular values of B>
while the remaining delays are held fixed.

The following three basic theorems can be used to justify
subsequent statements about the roots of L(s).

Theorem 1: The roots of the quasi-polyncmial L(s) are
continuous functions of ej’ j=1,2, ..., M.

Theorem 2: Let Lo(s) be the Nth-order polynomial obtained by
setting all the delays in the quasi-polynomial L(s) equal to zero.
Then, for sufficiently small values of the delays ej, L(s) has N
roots which are arbitrarily close to the N roots of Lo(s). In
addition, any other roots of L(s) have arbitrarily large moduli for
ej sufficiently small.

Theorem 3: The arbitrarily large modulus roots of the quasi-
polynomial L(s) of a retarded system have negative real parts.

Theorems 1, 2, and 3 are proved in appendix 3.

It follows readily by taking the complex conjugate of
equation (1.3) that all characteristic roots occur in complex
conjugate pairs. Hence, hereafter, only those roots in the upper
half of the s-plane are of interest; that is, s = ¢ + iw with

w20.

3. Relative stability
A system can be stable and yet be unsatisfactory because it is too

lightly damped. This leads to the concept of relative stabiltty

b UCIBILITY OF T
QiltiivAL PAGE IS POQR



S 5l o
-

(references 18 and 27), which is, in a sense, a measure of the degree
of stability. Relative stability is examined herein by computing the
number of roots on and to the right of a specified line parallel to
the imaginary axis in the s-plane. This line is i&entified by

8 =0+ jw, where ¢ is a fixed real number. Stability is a special
case of relative stability, for if there are no roots 8 = o + iw of
L(s) with ¢ 2 ¢ = 0, then the retarded system is stable.

The procedure for finding the relative stability of a retarded

system for a set of constant delays, say 6,, is to: (1) find the

j’
relative stability of the system for a particular set of delays, say

?&, and; (2) examine the relative stability change as the delays ej

are varied from §. to é . If '3

i ] 3
initial relative stability is obtained by solving for the roots of

=0( =12, ..., M), the

L(s) in equation (1.3) with zero delays, that is, solving for the

roots of the equation
Lo(s) = HK(s) - JK(s) =0 (1.6)

The number of roots s = ¢ + iw of equation (1.6) with w 2 0 and
c 20 .3 determined. In order for this number of roots to change

a~ tne delays are varied in a continuous manner to a final set of
delays éj’ a root-locus curve must intersect the (&, w) line in the
s-plane, The intersection points, which occur as a delay eK is
varied, are roots of equation (1.3). Hence, at an intersection point

of “he (¢, w) line and a root-locus curve

-eK 8
L(s) = HK(s) - Jg(s)e =0 (1.7)
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This relation is called the characteristic equation of the retarded

systc .

4. Intersection points
The intersection points, which occur on the line (5, w) as eK
varies with the remaining delays fixed, are cortained in the following

mutually exclusive (or disjoint) sets:

o

ClK = <§: HK(s)

[}
N

172]

.

n

1

%

JK(s) =0, 8 # O)

I
Y

Qg = Re(s) # 0, Im(s) = 0 ) - o (1.8)

[
@

Re(s) = 0, Im(s) # 0 ) - Qg

(g

G = (¢ Re(s) # 0, In(s) # 0) - qy y

where Re(s) and Im(s) denote the real and imaginary parts of s,
respectively. The intersection points are now discussed relative to
these sets.

If s =0 1is a root of L(s), then it belongs to the set fb.
These roots are easily obtained by solving equation (1.6).

In order to consider the intersection points steK, it is useful

to note that L(s) = 0 in equation (1.3) implies

HK(s) = J(8) =0 (1.9)

or

Hx(s) # 0, JK(s) $0 (1.10)

-k et A i
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for finite valuesof 6, and o. If s satisfies equation (1.9), then
selyy and is actually invariant with changes in B It is not

necessary to explicitly calculate these roots for the stability
method to be presented later.
The intersection points seOZK are now determined. First, with

s =g (or w= 0), equation (1.7) can be solved for ¢,6 as

K
H (a)
N | K
eK = p In JK(G) (1.11)

In particular, for intersection points serbK, equation (1.11) becomes

HK(é)

e = - T ln = (1.12)
o I (@)
Notice that the real numbers HK(G) and JK(é) in equation (1.12) must

be of the same algebraic sign in order for real eK to exist, Further-

more, for non-negative delays (eK 2 0) and a stable system (¢ < 0)

(o)

—1z1 (1,13)
Ig (@)
Finally, for SechL)ang equation (1.7) evaluated at the

intersection points is equivalent to the following two equations

) _ -8 ©
5,6 0] =|5@, w |e (1.14)
and .
] H (o, w)
b = - " arg | ———— | - 2pm (1.15)

JK(G, w)

(=0, T1, 2, ..

REPRODUCIBILITY OF THE
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where HK(é, w) = HK(& + iw), JK(&, w) = JK(& + iw). and

H (o, w)
K (1.16)

- m<earg

It
3

JK(G, w)
Equations (1.14) and (1.15) yield the only combination values of w

and ¢, which result in an intersection point se(%KL)f%K of a

K

root-locus curve with the line (g, w) for ej fixed, j # K.
Substituting equation (1.15), into equation (1.14) results in an

equation for w in the form

HK(é, w)

IHK(G, w)|=‘JK(5, w)‘exp % arg -———| - 2pm (L.17»
L Jg (@, w)

In genecral, equation (i.17) cannot be solved explicitly for w 2 0, so
that a graphical or iteration process is required to locate the roots.
For this purpose, a useful upper bound w on w is derived in
appendix C. Also, an upper bound ¢n the integer p in equation (1.15)

is obtained ac

9
1 m K
|p| S5+ ~3n (1.18)
where 9., < 6, and w < w .
RS K - m
For g = 0 (seka), equations (1.14) and (1.15) become
'HK<0, w | = IJK<o, w) (1.19)
and
1 0, w)
GK i, arg 3;?67735 - 2pn (1.20)
(
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Equation (1.19) is independent of the delay Oy s and for each w
solution of equation (1.19), the corresponding delays in
equation (1.20) are shifted by the factor Zﬁﬁ.

An alternate form of equation (1.19) is
2 2
IHK(O, w)| = IJK(O, w)i (1.21)

which, for only one delay eK’ is a polynomial equation in w of
degree N2. The real solutions of equation (1.19) and (1.21) are

the same.

5. Effect on relative stability of changes in the delays

A zero root se{b of L(s) is invariant with respect to changes in
any of the delays; and, an intersection point sefﬁK is invariant
with respect to changes in eK. It is now of interest to find out how
the relative stability changes across the intersection points seOZK
and seﬁjp ke

Let seﬂZK be an intersection point. Then, equation (1.11) gives
the relationship between eK and ¢ on the root-locus curve. In this
equation, fx is a single-valued function of o (eK can, of course,
assume the same value for different values of ¢g). Thus, ¢ must
either increase or decrease as 6 increases beyond the value given
by equation (1.12) for the intersection point. The variation of ¢
(in relation to o) with 6y may be determined by calculating %%;
from equation (1.11) and evaluating this derivative at g = g, or by

calculating values of g, on either side of g = ¢. The retarded

system becomes relatively more stable in the direction of decreasing o.
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The change in the relative stability at the intersection points
8 =0+ nnefkkgjr%K is now discussed. For this purpose,

equation (1.3) is writien as

8.5 - &) 6.(s -8) J.(8) -8,
L(s) = - H (s)e K e X + _HL;TJS e K (1.22)

The roots of equation (1.22) for HK(s) # 0 are the same as the roots

of the modified quasi-polynomial

og(s - @)
G(s) = Wy (s)-e (1.23)
where
J.(8) -6, 0
e ¢ K (1.24)
wK(s)— B () e
Now, let
S\
BK = T
s§=z+¢g
-6 © . %O
JK(s)e = JK(z + 0)e = - h(z) ? (1.25)
HK(S) = HK(z + @) = g(z)
G(8) = G(z + g) = W(z)
J

Then, equation (1.23) can be rewritten using the notation of Lee and

Hsu (reference 24) ia the form

W(z) = Wz(z) - Wl(z) (1.26)
where
W, (z) = T2 (1.27)




e,

ey,

-13-

- . h(z)
Wy(z) = - 2 (1.28)

The following theorem is attributed to Jee and Hsu (reference 24)

where N(r) denotes the number of roots of W(z) with positive real
parts.

Theorem 4: Let z = iw*, where " > 0, Le a purely imaginary
root of W(z) with corresponding delay T 2 0. Let ¢ be an
intersection point of the testingz function Wz(iw) with the unit
circle Wl(iw).

(1) N(7) increases by 1 as T increases across * if the
testing path enters the unit circle at ¢ as w increases across
w* for w > 0;

(2) N(t) decreases by 1 as r increases across T* if the
testing path leaves the unit circle as « increases across w* for
w > 0; and

(3) N(7) remains the same as T increases across T  if the
testing function remains on the same sida of the unit circle as w
increases across w* for w > 0.

Lee and Hsu use an equation similar in form to equation (1.26)
in proving the results of theorem 4 to examine the stability (¢ = 0)
of a retarded dynamical system with one constant time delay T. The

development of theorem 4 is sufficiently general, however, such that

the only restriction required on the Wz(z) function in equation (1.28)

is that it be analytic (or regular) at the intersection points bein;

considered. This is certainly true for the intersection points

oo . L T T S PR VPR % R
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SG%KLJOAK’ for which H.K(s) #0, JK(s) ¥ 0, and w # 0. Therefore,

the following theorem is deduced 11 Appendix B using equations (1.24),

(1.25), (1.28) and theorem 4. In the theorem, N(eK, g) denotes the

number of roots of L(s) with ¢ > & at 6y for fixed 8y» 3 # K.

Theorem 5: Let s = ¢ + i GCBK&J(EK with w > 0 be an

intersection point with corresponding delay eK; or, equivalently,
let w and 8 be simultaneous solutions of equations (1.14) and
(1.15). Let oy < w eand “2 > w be real numbers for which

WK(&, ;) and WK(&, «,) are defined; and such that there are no

other intersection points with imaginary parts which lie on the

intervals [dl’wj and Ew, gzj. Now, for ¢ an artitrarily small

positive number

(1) N(og + €, 0) = N(g, o) + 1

if |WK(&, a1)|> 1 and ’WK(G, 012)'< 1;
(2) N(og + €, &) = N(g, @) - 1

if IWK(&, a1)|< 1 and IWK(&’ a2|> 1; and
(3) N(gy + ¢, &) = N(gy, o)

if both lWK(&, al)l and ‘WK(&, dz)‘are greater than 1, or both

less than 1.

Geometrically, an intersection point between the root-locus curve
¢ line occurs whenever the testing function WK(é, w)

These intersection points are illustrated

RFPEODUCIBINITY OF THE
ORLIINAT PAGE IS PUUR
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axis
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Figure 1.- Illustration of intersection points with respect to

testing function wK and unit circle.
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. . . e e ‘ .
in figure 1, Ttemes 1, 2, and 3 of theorew 5 curtespond,

respectively, to the function WK(&, w) entering, ieaving, and being

) tangent to the unit circle.

A significant feature of theorem 5 is that it is not necessary

to be concerned with finding the first nonzero derivetive of the

real part of root-locus curves with respect

points are simple.

to 8 as is needed in

K

Theorem 5 is used to determine the change in the relative

the method of reference 28, for example; or whether the intersection

stability of the system. Each delay is var-ed, one at a time, in

some continuous manner, so that ultimately all delays attain their

final desired values. As each delay Is varied, it becomes

in theorem 5.

6. Relative stability for sequential variation of delays

A

K

The method for examining the change in the relative stability of

a system with a particular delay fix

fixed is now developed.

The characteristic quasi-polynomial below is obtained after

varying the delays al, cees QK-I

allowing g
Oke1? om0 By

L(s;8 ¢’ 9K+1,...9M)

=

1,---,9](_1,

= He(830s oo By prByqoeenBy) - Jg(si8y,

RN T

~

9K+1"

to vheir rinal desired values,

l

e

while the remaining delays are

K to vary, and fixing the values of the remaining delays

P

Cae B ae e
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where ¢

3
Y170 K-1

are the final desired valves of tlue delays and
b .e.,6., are fixed delays.

QK+1’ )GM y

For se¢ QZK’ the change in the relative stability with 6k is

determined by using equation (1.11). For the remaining intersection

points (se { ) a digital computer can be used to increment

K4k
we(O, qn] in the following equations, for different values of p and

a specified value of o,

g = ¢+ iw (1.30)
= (5.2 z = B .31
HK(S) He(si8y,00hsp o K+1,...6M) (1.31)
= . 5 2 a3 ...8 (1.32
JK(S) JK(syela-'°y~K_1:eK+1: eM) \1 3 )
He(s) 3
Ty - UtV (1.33)
¢ 1
o, = - Llean (Y] - 2pn (1.34)
“K w u _J
. eKé
F = |HKl »iTKJ e (1.35)
J -8, &
_ | K K
in’ b e (1.36)

An intersection point occurs whenever F = 0 or IWK|= 1. In
general, there will be an algebraic sign change in F in the vicinity
of the intersection point. At F = 0, the delay 8 is calculated.
Then, N(eK + €) in theorem 5 is determined by comparing values of
WK on both sides of the intersection point. This procedure is

repeated for all values of p for which &, 5 8, where éK is the

desired value ¢ the K" h delay. Finally, the values of 6 at all

»RODUCIBILITY OF THE
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the intersections are ordered by increasing magnitudes to obtain the
change in the relative stability as Bx increases to éK' This
procedure is then applied for all values of K to determine the
relative stability of the system as each of the delays is varied
from zero to its final value.

If, during an iteration on w, either HK(S) or JK(s) equals zero,
then this indicates one of the following possibilities. First, this value
of s is not an intersection point since equation (1.9) is not satisfied; or
second, s is an intersection point belonging to the szt QlK andwill remain
invariant with changes in Sk Thus, except for a computational
inconvenience, this value of s is of no particular consequence.

This being the case, the computation is continued with the next

iteration on w.

B. Scalar Neutral Systems With One Delay
The extended ~-decomposition stability method may be applied to
a special class of scalar neutral equations with one constant time

delay of the form” (reference 1).

N . .
j__):o[aj xD ey 4 b, x e - ’T‘)] =0 (1.37)

(aN # 0, bN # 0)
The characteristic quasi-polynomial associzted with equation (1.37)

can be expressed as

-SK s
L(s) = HK(S) - JK(s)e (1.38)

e I Ry PP S



where 8§, = T,

K
N ]
HK(S) = jéo aj S
and
N .
JK(s) = - izb bj s?

-

(1.39)

(1.40)

Equation (1.37) is asymptotically stable if and only if all the

roots of L(s) have negative real parts (references 1 and 26).

The basic problem in applying the extended t-decomposition method

to a neutral equation is that theorem 3 no longer can be applied.

However, the real parts of the large modvlus roots of equation (1.38)

anproach (reference 15)

1, aN
O, = - = ln |7
K 5 by

The extended T-decomposition is used in conjunction with

(1.41)

equation (1.41) to examine the stability or relative stability of the

solution of equation (1.37). An upper bound on the rinite roots
s = ¢ + iw which satisfy L(s) = 0 1is determined in appendix C.
For stability calculations (¢ = 0), the intersection points of the

root locus curves with the imaginary axis can be computed using

equation (1.21).

As long as ok

applied in the usual manner.

< o, the extended +s-decomposition method is

it

1 st 2 O
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CHAFTER I
PARAMETER-PLANE METHODS

Parameter-plane methods deal with the plane of two system
parameters in which lines separating the regions of stability or
relative stability are plotted. These regions then give immediate
information concerning the acceptable combination values of the
parameters. Early use of this basic idea can be found in the works
of Vishnegradskii (reference 19), Sokolov (reference 21), and
Neimark (reference 22). Subsequent investigators include, for
example: Mitrovie and giljak (reference 18), Eisenberg ‘reference 27),

and Krall (reference 22).

A. Stability Boundaries in Two-Delay Space for Retarded Systems
It appears that practical applications of systems with time delays

have been limited thus far to one and two delays; for example, see
references 5, 6, 8, 11, 12, and 14. 1If there is only one delay in the
system, then the rt-decorposition method conveniently yields the
intervals of the delzay for which the system is stable and unstable. If
thgre are two delays, then the extended rt-decomposition method can be
used to construct stability boundaries in the plane of the two delays;
however, this process involves the repeated application of
the extended t-decomposition method to obtain enough points to define
the stability boundaries, and also involves the solution of transcendental

equations for points other than those lying along either delay axis.

B I T I Ta—" et TR G dtin s e e % -y
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The purpose of this section is to develop explicit analytical
equations for partitioning the delay space for retarded systems with
two constant deiays into different regions, each of wbich is either
stable or unstable. Afterwarde. “he extended T7-decomposition method

is used to identify the stable and unstable regiouns.

1. Class of retarded systems
Stability boundaries are examined for the class of retarded systems
which has a characteristic quasi-polynomial of the form:

-5, 8 -6, 8

L(s) = P(s) +Q(s) e * 4+ R(s) e 2 (2.1)
where

o N j

P{s8) = on aj s (aN # 0) (2.2)
N-1 i

Q(s) = ¥ b, s (2.3)
=0 1
N-1 .

R(s) = § c, s3 (2.4)
=0

The stability condition (stable or unstable) of a retarded system
with characteristic quasi-polynomial equation (2.1) is the same as that
for the same system with zero delays (e1 = 92 = 0), if the values of
91 and 92 in equation (2.1) are sufficiently small (theorem 2).

As the delays are varied in some continuous manner from essentially
zerc, the roots of the quasi-polynomial equation (2.1) move continuously

and generate an infinite number of continuous root-locus curves in the

P by o e o - - -~ -
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complex root plane; that is, in the ow-plane, 8 = ¢ + 1w satisfies
L(s8) = 0. Clearly, it is impossible to plot all the root-locus
curves of equation (2.1) for a given continuous variation of the
delays. It is possible, however, to determine the number of roots
with positive real parts as the delays are varied by examining the

behavior of the root-locus curves on the imaginary axis.

2, Partitioning delay space into different regions

Root-locus curves are geunerated by the roots of equation (2.1)
as the delays are varied. If a root-locus curve comes into contact with,
or crosses, the imaginarv axis at w» (i~tersection point), then by
definition, s = iw sati=sfies

-iwe -iwd

L(iw) = P(iw) + Q(iw)e  * + R(iw) e (2.5)

!
o

Since the root-lccus curves are symmetrical about the real axis, only
w 2 0 values are considered.

Equation (2.5) can be considered as two equations (real and
imaginary parts) in two unknowns. The two unknowns which are chosen
vary with the different methods w..ich have been used to examine the
stability of systems with delays. For example, in reference 23, 92 =0
and the two unknowns are w and 61; in Neimark's method (reference 22),
the delays are held fixed, and the two coefficients are chosen as the
unknowns with w as a coordinating parameter; in reference 10; the
unknowns are a delay and a coefficient or gain. In the present case,

the two unknowns are 91 and 92 with w as a coordinating parameter,

4
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A vector representation of the complex quantities appearing in
equation (2.1) is shown in figure 2. The two distinct solution sets
to equation (2.1) are shown graphically in figure 3. From the geometric
properties of a triangle, it follows that a solution Lo equation (2.5)

exists if and only if the following three relationships simultaneously

hold:
|p(10)] +]o(1w)] 2[R (1w | (2.6)
|p ()| + [R(10)] 2] (10 | ‘. (2.7)
[R(10)] + o (1) 2|2 (1) | (2.8)

These relations express the fact that the sum of the lengths of any two
sides of a triangle must be greater than or equal to the length of the
remaining side. An equality sign in either of equations (2.6), (2.7)
or (2.8) corresponds to collinear vesztors.

It follows by using figure 2 that the angles r and q in

figure 3(a) are given by

r=n-8+a«a

(2.9)

2}
[}

m - arg P(iw) + arg Q(iw) - we;
and

T‘r-B4y

Q
i

(2.10)
q =m - arg P(iw) + arg R(iw) - we,

wow, solving equation (2.9) for 81 and equation (2.10) for 8, gives

0= 2 - arg P (10) + arg Q(iw) - 1) (2.11)

[
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Imaginary
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Figure 3.~ Graphical representation of two distinct selution sets

for equation (2.5).
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and

92 = iE‘r - arg P(iw) + arg R(iw) - q] (2.12)

The angles r and q are obtained from figure 3(a) by applying the

law of cosines as

lpcio)|? +loca)!® -IRGw)|? _

cos T = 7 TP (1)1 (Ta) | = (2.13)
and
P |2 +lR(igf)_E Jeaw)|? _
cos (-q) = 2P (1w)IR (1w) | =Y (2.14)

Choosing 0 & cos'1 vy £ n and using the geometry in figure 3(a) gives

-
91 = i[; - arg P(iw) + arg Q(iw) - coa—1 v, + ZnKl (2.15)
and
A
8, = i[& - arg P(iw) + arg R(iw) + cos ™! y, + 21K, | (2.16)
where K1 and K2 are integers,
Using the geometry in figure 3(b) gives
1 -1
8, = 3|7 - arg P(iw) + arg Q(iw) + cos " y; + 2nV, (2.17)
and
1 -1
By = o™ - are P(iw) + arg R(iw) - cos ¥, + ervz (2.18)
where V1 and V2 are integers. A solution to equation (2.1) exists

if and only if 8; and 8, satisfy the pair of equations (2.15) and

(2.16) or the pair of equations (2,17) and (2.18).
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Combination values of 91 and 8y for which a root-locus curve
touches the imaginary axis can be determined by plotting 91 and 8y
against w. Alternately, 6, can be plotted directly against e1
for corresponding values of w. This latter type of figure is actually
a partitioning of the delay space into regions of stability (stable or
unstable). It should be noted that Neimark's D-partition methods
(reference 22) can be used to construct regions of stability in the
plane of two real parameters (gains or coefficients) which occur
linearly in the characteristic quasl-polynomial for fixed delays.

Other methods, developed within the last decade, are discussed briefly
in reference 29.

The stability region for the smallest values of delays may be all
that is required to show that the delays are not large enough to make
the system unstable or to indicate how much the delays can be increased

before the system becomes unatable.

3. Special values of uw

There are certain values of w which are useful in evaluating the ;

equations for 61 and 62'

Upper bound on _w.- An upper bound on w can be computed by using

equation (2.5). The dominant power on w occurs, oy definition, in

P(iw); hence, let w = e be the largest positive real root of the

equation
N-1

'aN I“’N i nfo('an{"'lbn,*lcnl)“’n =0 (2.19)

e e
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Then, it follows that w £ W in equation (2.5) and in the
pertinent pair of equations for 91 and 92.

Border values of w.- Partitioning curves are defined only for

those values of w which satisfy equations (2.6) to (2.8). These
meaningful values of @ are determined by using border values of w.
A border value of w is defined as 8 non-negative real value of w
which satisfies any of the equality relations in equations (2.6) to

(2.8), which are:

P(iw)! +|Q(iw)| = R(m)| (2.20)
P(1w)| +[R(10)] =|Q(1w)] (2.21)
R(1w)| +(Q(1w)] = | (i) | (2.22)

These equality relationships also follow by setting cos r = ¥1 or
cos (-q) = T1 inequations (2.13) or (2.14), respectively.

The finite number of border values separates the w space into
different intervals. To determine if a partitioning curve is defined
for values of w in an interval, cos r or cos (-q) may be
evaluated at some vr .ue of w within the interval. Ifafhe magnitude
of cos r or cos (-q) determined from equations (2.13) and (2.14),
respectively, is less than or equal to unity, then the partitioning

curves exist for all values of w 1in that interval.
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4, Stable and unstable regions
The delay space is partitioned into different regions which are
either stable or unstable. The stability character of these regiouns

now must be identified. Toward this end equation (2.1) is written as

-eK 8
L(s) = H (8) - Jy(s) e (2.23)
(K=1, 2)
vhere
ng 8
H (8) = P(s) + R(s) e (2.24)
Ji(8) = - Q(s) (2.25)
.3‘1 8
Hy(8) = P(s) + Q(s) e (2.26)
J,(8) = - R(s) (2.27)

and where '31 and Bé are fixed values of 8y and 62. The extended
t-decomposition method is used to identify the stable and unstable
regions in the delay space. The initial stability is determined by
using equation (1.6), which actually is equation (Z.1) equated to zero
with 61 - 92 = 0,

The procedure used to partition the delay space into different

regions and to identify the different regirns as stable or unstable

is summarized in the following steps:

(1) The initial stability of the system is computed using

equation (2.1) with © = 0,

1™ 8
(2) The range of acceptable values of w are computed using

equations (2.20) to (2.22).
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(3) Partitioning curves in the delay space are plotted using
8y and 92 equations as m varies over the predetermined range
of acceptable values.

(4) 1f the delays do not cross a partiticning éurve as they are
varied in combination from zero to their final desired values, th.n
the retarded system maintains its initial stability. However, if
these delays cannot be varied to their final values without crossing
a partitioning curve, the extended Tt-decomposition method is applied
using equations (2.23) to (2.27).

The stability on each side of a partitioning curve is determined
by counting the number of roots with positive real parts as the curves
are crossed. Stability boundaries are those partitioning curves
which divide the delay space into stable or unstable regions.

The procedure presented in this section can be applied to retarded
systems with more than two delays if the remaining dc“ay: are held
fixed. A particular example of the parameter-plane method in conjunction
with the extended Tt-decomposition method 18 presented in a subsequent

cha ter,

B. Relative Stability Boundaries in the Gain-Delay Space
1. Retarded system
Let the characteristic quasi-polynomial of a retarded system be

expressed as (reference 10)

-eK 8
L{s) = P(8) + £ Q(s8) e (2.28)
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where the gain § and delay 8, are the two system parameters of
interest, and where P(s) and Q(s) are defined by equations (2.2)
and (2.3), respectively.

After eoncountering combination values of £ and 8 which
sacisfy

-BK 8

P(8) + £ Q(s) e =0 (2.29)
for 8 = g + iw, the number of roots with ¢ > ¢ may increase or
decrease. Each of these combination values corresponds to a root-locus
curve intersecting the line (g, w) in the s-plane. Hence, if all
these combination values can be determined and plotted in the plane
of € and eK’ then regions can be established, throughout which
the relative stability of the system remains unchanged.

If Q(s8) = 0 in equation (2.29), then the relative stability of
the system is not influenced by the gain £ or the delay eK and
is determined completely by the roots of P(s). If Q(8) # 0 and

w# 0, then € and p, are obtained fror equation (2.29) as

K
P(s -&eK
|§|= 6(%% e (2.30)
and
1 P(s
B = - ;[ﬂrs ﬁ))‘ - 2pn] 2.1
(p =0, t1,...)
F THE
Y IRKKBEJTY'O
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where s = ¢ + iw. Since g€ does not appear in equation (2.31),
the partitioning lines generated by using equations (2.30) and (2.31)
will be symmetrical about the € = 0 line.

The complex quantities in equation (2.29) are illustrated

geometrically in figure 4. For a given value of 8, the vectors

-8, 8
P(s) and Q(s) are fixed. Multiplication of Q(s) by e K

rotates and changes the magnitude (Lif o # 0) of Q(8) as 8k
changes. The value of O in equation (2.31) make Q(s) e.c,K y
collinear with P(s). Then, £ in equation (2.30) makes the
magnitude of the vectcrs equal. A negative value of £ means that
Q(s) e-eK ’ 18 in the same direction as P(s); whereas, a positive
value of £ means that these vectors are in opposite directions.

If Q(s) # 0, w=0, and o # 0, then

-6, ©

K

P(o) + £ Q@) e =0 (2.32)

from which another partitioning line

: - ;
A 1)

is obtained.

After the plane of € and 6, 1is partitioned into different

K
regions, the extended t-decomposition method with

He(s) = P(s) (2.34)

and

Je(8) = - €Q(s) (2.35)

I S B 4(-)) (2.33)

RS



-33-

Imaginary
axis
~
N
\
\
\

\

\
\
Q(s) \
|
|
l

/

/

/

Q(s)e OB /
/ . Real
\\‘ , 4 T axis
P
P .
£q(syeOk®

Figure 4.- Illustration of complex quantitiés in
quasi-polynomial with gain £ and delay GK.
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"is used to calculate the number of the resulting partitioned regions

with o > o.

It is expedient to note that the relative stability of a region
which contains a segment of the £-axis (eK = 0) may be determined i
by using the characteristic equation for zero delay, equation (1.6),

with £ equal to any value on this segment.

2. Neutral system
Parameter-plane techniques may be used also for the neutral

system previously considered. Thedifferential-difference equation (1.37)

may be written as
2 la, x@ @y ree, xPee - T£]= 0 (2.36)
30 |13 3 )

where bj has been replaced by § cj.

The characteristic equation may be expressed as

-BK 8
P(s)+EQ(s) e =0 (2.37)
where GK =T,
N
P(s) = T a, 8 (2.38) ‘
=0 ‘
and ;
N 3 :
Q(8) = j;b cj 8

The partitioning equations for equation (2.37) are analogous to
those for equation (2.28) and are not repeated here. To examine the

relative stability of the different regions, the characteristic
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quasi-polynomial is written as
L(8) = HK(s) - JK(s) (2.40)
where
H (8) = P(s) (2.41)
Je(8) = - §Q(s) (2.42)

Now, for eK - 0+, L(s) has N roots arbitrarily close to the N roots
of equation (1.6); whereas, the remaining roots have moduli which are
arbitrarily large (|sl— «). From equation (1.41), the real part of

these large modulus roots is approximately

a
1 N
o, =-"—1n |77 (2.43)
K O gey
+
Hence, for eK - 0 and
i P (2.44)
5o
9 <@ whereby, o) < @. Therefore, for any point (g, QK), arbitrarily

close to the £-axis in the plane of E and eK, the number of roots
with ¢ >o is given by equation (1.6). In moving from a region

which contains a segment of the £-axis to other subsequent adjoining
regions, which do not, equation (2.43) and the extended r-decomposition

method are used to determine the relative stability change.
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CHAPTER III
APPLICATIONS FOR RETARDED SYSTEMS

; Several applications of the extended t-decomposition stability E
' analysis technique for retarded systems will be considered in this
chapter. Stability of solutions of versions of the equation

2

S x (D) + 2
dt

T

~

x (€ - 0p) ¥ xl(E' - 8,) - 0 (3.1)

=¥l

which is a normalized form (reference 28) of the equation
¥(E) + 20w % (£ - - )+ w2 x(t - 1,) =0 (3.2)
Cw, % L w, 9) = .

where t = w, t,-1 =W, T and A, = w_ T

will be determined.

The stability character of the solutions in some cases is evaluated

using the parameter-plane methods.

A. Second-Order Differential Equation With One Delay

1. Stability for delay in velocity term

The asymptotic stability for the retarded system

2

d

— B+ 20 T -a) +x. () =0 (3.3)
P P K 1

with { >0 and o £ 0 is now considered.

The characteristic quasi-polynomial of equation (3.3) is

-@ s ;
L(s) - M (s) - T (s)e (3.4)
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where

Ho(s) = 8% + 1 (3.5)
1.(8) = -2(s , (3.6)

The intersection points of the root-locus curves and the
imaginary axis are obtained by using equation (L.21), which for this

example becomes
@ - 1 - ew?=o (3.7)

The only two non-negative roots of equation (3.7) are denoted by

NV < (3.8)

w, =
_ -\/ 2

wy =L +yC + 1 3.9

For convenience in the following development, the o delays
corresponding to w, are represented by

1 “’12 -1

Bp = - q arg E'CTI—I- - 2pm (3.10)

or
1 i
Bp wy (Gp - 1) 2 (3.11)
(=0, f1,...)
The delays corresponding to w, are denoted by
m2 -1
Yp = - 5; arg 2CW2 1" 2pm (3.12)
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or

v

1 b
. a (4p + 1) 3 (3.13)

(=0, *,...)

The testing function for use in the extended Tt-decomposition

method 1s obtained from equation (1.24) with ¢ = 0 in the form

20 wi
W, (0, w) = —5— (3.14)
K -w2 +1
Therefore,
W (0, w)= |l (3.15)
w -1
Some relationships used in the application of theorem 5 are
0< w <w +¢€ < Wy < w, + e (3.16)
|WK(0, 0)|= 0<1 3.17)
1+ &
%
[#e€0, wy + &)~ > 1 (3.18)
K 1 1- &
¢
1+ &
1+ %

where ¢ 1s an arbitrarily small positive number. Then application

of theorem 5 yields
N(B, + €) = N(ﬁp) -1 (3.20)

N(vp +¢)= N(yp) +1 (3.21)
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Intersection points of the root-locus curves and the imaginary
axis occur when @ = Bp and o = w, and when ¢, = Yo and
w=w,. With o = w, or w=uw, understood, thesg intersection
points are discussed relative to the delays B and «_.

The discrete points given by equatiomns (3.11) and (3.13) lie
along the dashed straight lines illustrated in figure 5. For
€ > 0, the system is stable when g = 0; that is, N(0) = 0. Since
the system does not have a root with positive real part, it cannot
lose such a root; therefore, the first intersection point for a
positive delay must ocuur on the dashed line for yp, as indicated
by relations (3.20) and (3.21). This also follows directly from

equations (3.11) and (3.13) since the smallest positive delay is

Yo = n/zwz. Thus, the system remains stable for

< )
03 g < 2w2 (3.22)

For B = vg + € the system is unstable with one root with positive
real part. From equations (3.1l1) and (3.13), Bp >0 and Vp >0

for p > 0. The next intersection point depends on the location of

the crossing point

A 2,1

p = 4t (3.23)

of the two dashed lines in figure 5 with respect to the integer

values of p.
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Figure 5.~ Illustration of Bp and Yp intersection points.
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For p=1«< 3, the second int:rsection point must occur at
Bl. Thereafter, the system loses the root with positive real part
and becomes stable again. The third intersection pqint cannot lie
on the dashed line for BF‘ since the system is stable. Thus, the
third intersection point must be V1 This means the system is

stable for
Bl < eK < Vi (3.24)

For B = vy t+ € the system again becomes unstable with one root with

positive real part. A continuation of this reasoning showa the system

stabie for
< < 3.25
Bp QK YP ( )
and unstable for
yp < eK < Bp+1 (3.26)

whenever p < P.

Suppose P 1is an integer; so that it corresponds to an
intersection point on both of the dashed lines in figure 6. Thus,
at B, the system loses one root with positive real part and
simultaneously gains one root with positive real part. Thereafter,
the stability condition of the system remains the same as for the
previous intersection point p < 3.

For p > B, the dashed line for Bp is located above the dashed

line for Yo' The first intersection point for p > p must occur
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on the yp line. After this intersection point, the system gains

a second root with positive real part. This second root is actually

one of the roots which had an arbitrarily large negative real part

for 8k sufficiently small.

It is now shown that two consecutive intersection points on the

dashed line for Bp cannot happen; and, therefore, the system can

never be stable again for p > 3. A proof by contradiction is used.

Let two intersection points on the dashed line for Bp be denoted

by Bp and B as shown in figure 6.

1 p1+1’

Assume that there are

no intersection points on the dashed line for Yp between these

two points. This means that the dashed line for Yp does not

cross either of the segments 1 or 2 in figure 6. Since the exterior

angle of a triangle exceeds either of the remote interior angles,

by > g (3.27)
But, u, = 2n and u, = 21 in figure 5, and w, > w, in
» M2 w, 1 ®y ’ 2 1
equations (3.8) and (3.9). Hence, equation (3.27) is a
contradiction. The following theorem results:
Theorem 6: For ( >0 and @, 2 0, the solution of
equation (3.3) is asymptotically stable if and only if 8 lies
on an interval
s I
2ﬂp'2 2ﬂp+2
(3.28)

T < & < T
-C 4\/g2+ 1 K Cﬁ/& +1
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for values of p =1, 2,..., where
2
+ 1 -
P < 4C _ (3.29)

An immediate consequence of theorem 6 is that the soiution of

equation (3.3) is asymptotically stable only on the interval

056 < —n2 (3.30)
C +\/g2 + 1
whenever
¢ >—i= (3.31)

This result follows by selecting { in equation (3.29) so that p < 1.
The regions of stability described by theorem 6 agree with
results obtained by Kashiwagi (reference 30), who used a different

method which involves evaluating partial derivatives and the assumption

of simple roots,

2. Stability for delay in displacement term

The asymptotic stability of the equation

2
d

", d '~
—x O+ 20 T x ® + x F - g) =0 (3.32)

& dt
with ¢ >0 and a 2 0 1is examined in this section.

The characteristic quasi-polynomial is

6, 8

L(s) = H (8) - J,(s) e K (3.33)
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where

B (8)

s(s + 20)

-1

N

JK(S)

(5.34)

(3.35)

Equations (1.21) and (1.20) may be used to ohtain, respectively,

and

The only positive real root of equation (3.36) is

w ;\/-2;2 sVact 41

Using equation (1.24) with o = 0 results in

-1
W0 ®) = TG + 20)
Taking the square of the magnitude of equation (3.39) gives

1
wz(w2 + 4@2)

IWK(O, w)l2 =
The following relations hold:

w-e<w<w+e

]wx(o, w - e)|> 1

[0, w s o<1
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where ¢ is an arbitrarily small positive number. Application of

theorem 5 produces
N(eK + €)= N(eK) + 1 (3.44)

Since ( > 0, the solution of equation (3.32) is asymptotically
stable for eK = 0 ari remezins stable as eK increases until the
first intersection point is encountered. Thereafter, the solution 18

unstable. The foliowing theorem results:

Theorem 7: For { > 0 and eK 2 0, the solution of equation (3.32)

is asymptotically stable if and only if

0Sg < ul, can'l(ff) (3.45)

where w 1is given by equation (3.38).

This result was also obtained by Kashiwagi (reference 30) using

the method mentioned previously.

B. Second-Order Differential Equation With Two Delays

1. Stability boundaries

Stability boundaries are constructed in the 91’ 8y plane for

the equation

d2

ﬁle(?) + 2 -‘;—F x, (& - 8) + %, (¥ - 8,) = 0 (3.46)

where

>0, 0, 20, and 6, 2 O.
1

2
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The characteristic quasi-polynomial associated with

B i

: equation (3.46) can be expressed in the form of equation (2
; namely:
9 '61 8 °62 8
3 L(s) = P(8) + Q(8) e + R(8) 2
' where
. P(s) = s2
Q(s) = 2C s
R(s) = 1

.1);

(3.47)

(3.48)

(3.49)

(3.50)

Since ({ > 0, the solution of equation (3.46) is asymptotically

stable for zero delays (initial stability).

Setting 8 = iw 1in equations (3.48) to (3.50) gives

P(iw) = -wz
Q(iw) = 2Cwi
R(iw) = 1

(3.51)

(3.52)

(3.53)

The first pair of equations for the delays 81 and 89 (eqs. (2.15)

and (2.16)) becomes

(3.54)

.
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and

4 22
8, = 1leos™1 “Ale +1), 2K (3.55)
w 2m2 2

The second pair of equations for 91 and 89 (eqa. (2.17) and

(2.18) becomes

—

A 2 2
0, = 1 §+ cos ! |2t "%‘l’ =1} 4 o v, (3.56)
“’L GCw

and

4 2 2
=1, cost (m_;_éc_m_+_1)+ 20V (3.57)
w 2 2 2
L {i]

An upper bound W .- The upper bound of @ 18 obtained by using

equation (2.19) which becomes
2 .
w -2w-1=0 (3.58)

The largest real non-negative value of w which satisfies

equation (3.58) 1is denoted by w - In this case,

w = ¢ +/c2 +1 - (3.59)

Border values of w.- The border values of @ are obtained by

using the relations in equations (2.20), (2.21), and (2.22), which become

w2 + 20w -1=0 (3.60)
2

n -2w+1=0 (3.61)
2

w -20w-1=0 (3.62)
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Notice that equation (3.62) is the same as equation (3.58), so that
w is a border value. Other border values are obtained from the

solutions of equations (3.60) and (3.61) which are, respectively,

-C t‘/cz +1 (3.63)

ct gz -1 (3.64)

€
"

e
[]

Only the positive radical in equation (3.63) is of interest since
w 2 0. Equation (3.64) is only of interest when ( £ 1.

Specific Calculations.- The border values and upper bound of w

are shown in table I for damping parameter values ( of 0.2, 0.5, and

1.
TABLE I.- BORDER VALUES AND UPPER BOUND OF w
Damping parameter, ( Border values of w Upper bound, W
0.2 0.82 1.22
1.22
.5 .62 1.62
1.62
1.0 41 2.41
1.00
2.41
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) £=0.5
Figure 7.~ Continued.
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Figure 8.- Pairs of values of delays 61 and 62 which rusult

in an intersection point for various values of V1 and Vé.
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Figure 8.~ Continued.
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Figures 7 and 8 show the pairs of the delays and 8y which

8
result in a root-locus curve coming into contact with, or crossing,

the iwaginary axis in the complex root plane at w (intersection point)
for various values of (Kl’ KZ) and (Vl, Vz), respectively. Results are
presented for [ = 0.2, 0.5, and 1.

The consecutive I(j curves in figure 7 and the consecutive Vj
curves in figure 8 both differ by 2n/w, as shown by equations (3.54)
to (3.57). Thus, the V2 = 0 curve falls off the scale in figure 8.

The terminal points of the curves in figures 7 and 8 correspond
to a zero delay or to a border value in table I. All border values,
however, do nct necessarily specify a terminal point on the curves.
The value w =1 1is a border value that occurs along the curves in
figures 7(c) and 8(c) and is identified by a singularity in the
slope of the curves at this value.

Figures 7 and 8 can be used to obtain the points w which occur
as the delays are varied in some continuous manner from zero to their
final constant vulues. These points clertrly depend on the manner in
which the delays are varied.

A partiti-ning of the delay space results when 62 is plotted
directly against 91 with @ as a coordinating parameter, as shown
in figure 9. The solid curves correspond to various values of (KI’KZ)
and are generated by using the pair of equations (3.54) and (3.55).
The dashed curves correspond to various values of (Vl, V2) and are

generated by using the pair of equations (3.56) and (3.57). The

totality of curves for (Kl, Kz) and (Vl’ Vz) partition the delay
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space into regions, The arrows on the curves denote the direction
of increasing w.

Sincethesyatanisinitiallyetable,itwillremaipstableuntilthe
the curve (Kl’ 1{2) = (0,0) in figure 9 is touched. To examine the stability
beyond this point, the extended T-decomposition method is used.

The number of roots with positive real parts in each region
containing a point of the el-axis is determined by using
equations (3.11), (3.13), (3.20), and (3.21). The number of roots
with positive real parts in any region containing a point on the
ez-axis is determined by using equation (3.44), which holds at all
intersection points.

Each point on the partitioning curves in figure 9 corresponds
to an intersection point. Proceeding off the (Kl, Kz) = (0, 0)
curve along the el-axia in figure 9 results in the gain of a root
with positive real part., The system, therefore, becomes unstable,
Entering the lower triangular region of the (Kl, K2) = (1, 0) curve
from the left results in the loss of a root with nositiie real part,
so that the system becomes stable again inside the triangular region.
Upon leaving the triangular region on the right along the el-axis,
however, a root with positive real part is gained. and the system
becomes unstable. There are no other stable regions along the
el-axia.

Proceeding off the (Kl’ Kz) = (0, 0) curve along the ez-axis
results in the gain of a root with positive real part. A sccond root

with positive real puart is gained after crossing the (Kl’ Kz) = (06, 1)
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curve, The system accumulate3 an additional roct with positive real
part following each succeeding crossing along the az—axis.

The remaining region to be exsmined is the upper looped portion
of the curve (Kl’ K2) = (1, J). There are no intersection pointe
for 8 = 0 as e: increases from zero to 0.3, since the curve
(Kl’ Kz) = (0, 0) is not crossed. Hence, the system is stable for
(91, 92) = (0, 0.3). Now, with 62 = 0.3, let 94 increase from
zero to some point inside the looped region. An intersection poirt
occurs upon touching the looped region from the left. Theorem 5 is
used to determine the change in the number of roots with positive
real parts at this intersection point.

If 92 = 0.3 {8 associated with an intersection point, then
is either ¢ 2 of two values on the K2 = 0 curve in figure 7. It is
not necessary to know these exact values. It is sufficient to note

that the maximum value = 0.42 occurs on the K2 = 0 curve

®
(figure 7(a)) when w®w = 0.96. Thus, the two values of w occur on
opposite sides of w = 0.96., The direction of the arrows on the

(Kl’ KZ) = (1, 0) curve show that the value of @ at the intersectizn
point on the left of the looped regirr is the one which exceeds 0.96.
Hence, let @ = 0.96 and g =@ in theorem 5 for this inter-
section point. The square of the magnitude of the testing function
is

2 acit

w - 2w2 cos w'Ez + 1

W, (0, o) (3.65)

"N-m .
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vhere §, = 0.3 and ( = 0.2. Nete that

|wK(o, 0.96)|> 1 (3.66)
and

I _
|wK(o, )| < 1 (3.67)

Therefore, by thzorem 5, the system gains a root with positive real
part upon entering the looped region from the left. So, inside the
looped boundary, the system has two roots with positive real part,
and is unstable.

The value of w at the exit point on the right of the looped

region satisfies 0 < w < 0.96. But
W, €0, 0)|= 0 (3.68)

Hence, using equations (3.68). (3.66), and theorem 5 shows that
leaving the looped region on the right results in the loss of a root
with positive real part, However, the svstem had two such roots
inside the looped boundary, ani is, therefore, still unstable.

Thus, it has been sh.wn that there are only two stable regions in
figure 9. These are the initial stability region bounded by the curve
(Kl, Kz) = (0, 0) and the lower triangular region of the
(Kl’ Kz) = (1, 0) curve.

Figure 10 shows the stability boundaries for the retarded system
represented by equation (3.46) when ( = 0.2, 0.5, and 1. The
hatched lines indicate the stable side of the boundaries. These

analytically determined results are in agreement with those of
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reference 28 which were obtained by repeatedly solving transcendental

equations and evaluating partial derivatives. Another advantage of

the extended t-decomposition method over the method of reference 28

is that it is not necessary to know the exact intersection poin.s. ‘
It is well known that the solution of equation (3.46) becomes

more highly damped as ({ increases if 8, = 92 = 0., If 8, £ 0,

this may not be the case, as shown in figure 10. For example, let

62 =0 and 6y = 0.8. Then, the solution of equation (3.46) is

stable for { = 0.2 and unstable for ( = l.

2, Relative stability boundaries

The stability boundaries (¢ = 0) in figure 10 for { = 0.2 are
shown again in figure 11, along with @ = - 0.05 relative stability
boundaries. Explicit analytical equations are not available for
directly generating the latter boundaries. These boundaries were
computed using equations (1.30) to (1.36) and theor« <. The delay

A, was held constant while ¢, =

K 92 was allowed to . :y which

1
generated points on the relative stability boundaries for values of

g. The procedure was repeated with other values of 6, until enough

1

points were obtained to clearly define the boundaries. -
The hatching convention in figure 11 is as follows. Passing !

from the hatched (unhatched) side of a boundary line corresponding to

a particular value of ¢ to the unhatched (hatched) side of the \

boundary results in the gain (loss) of exactly one root with ¢ > g.
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The hatching convention on the boundary lines in figure 11 can
be used to obtain information about the roots in each of the

different regions. These results are presented in table II.

TABLE II.- ROOTS IN RELATIVE STABILITY REGIONS

Region Number of roots with - ig:gitizz
c>0 ¢>-0.05

1 0 0 Stable
2 0 1 Stable
3 1 1 Unstable
4 0 1 Stable
5 0 2 Stable
6 1 2 Unstable
7 2 2 Unstable

The remaining roots nct referred to in table II have ¢ <« - 0.0". H
Every point on the curves in figure 11 represents an intersection
point s =g + iw € (BKL)CKK‘ However, for o # 0, intersection
points s =g ¢  may also occur according to equation (1.12). 1In
the present example, these intersection points only occur for very
large delays and, therefore, do not influence the results shown in

figure 11.
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CHAPTER 1V

APPLICATIONS FOR NEUTRAL SYSTEMS

The techniques of Chapters I and II are applied now to two

specific problems described by neutral systems.

A. longitudinal Oscillations of a Launch Vehicle

The longitudinal oscillation of a vehicle in powered flight can

lead to an oscillating thrust. The time delay between the thrust

oscillation and the structural oscillation can influence the stabiiity

of the system. In connection with this problem, Glaser (reference 11)

examines the stability of a neutral equation which, except for

notational differences, is

K() + 2Qu, %(6) + o} x(£) + N ¥(t-9) = 0 .

The extended T-decomposition method is used now to examine the
asymptotic stability of equation (4.1); and advantage of this method

is noted.

The characteristic quasi-polynomial associated with equation (4.

is
-eK s

L(8) = HK(s) - JK(S) e 4.
where

He(s) = (s + 2¢ w ) s+ “’i (4.
and

J,(8) = - 7 62 (4

K .

1)

2)

3)
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Equation (4.1) is a special case of equation (1.37); hence, from
equation (1.41), the real parte of the large modulus roots (is{— «)

of L(s) approach

1
< 4.
T}' (4.5)

The initial stability of equation (4.1) is determined by using

equation (4.5) and equation (1.6), which becomes
L.(8) = 85(1+M) + 20w s+’ =0 .6)
0 n n .

For 8 > (G and !%' £ 1 1in equation (4.5), ¢, Z 0; thereforr, the

K
system is not asymptotically stable when

In| 2z 1 (4.7)

For |ﬂ! < 1, the roots of equation (4.6) have negative real par.s so

that the system is asymptotically stable for g sufficiently small

K

+
(8 = 07).

The only intersection points that need be considered in this
example are s ¢ (5K' Hence, equations (1.20), (1.21), and (1.24)
and theorem 5 are used to examine the change in stability as Ay

increases. These equations, for this application, are:

:
20w w
.. 1 aE B S
eK = -3 tan wz ~ - 2an (4.8)
n (p =0, 1,000
2 2.2 2 4 2
(m - @) + (2 w ow) w1 (4.9)

REPRODUCIBILITY OF THE
ORIGINAL PAGE IS POOR
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JK(iw) 2
B (o) = 2

2
-w + 2C o, wi + w

WK(O. w) = (4.10)
The square of the magnitude of the testing function WK(O, w) which
is needed in theorem 5 is

2 2 4
. R |

(mrzl - wz) + (2¢ w w)

which can also be written as

2
22 1 5 (4.11)

(-0 ()

Equation (4.9) can be solved for w2 to obtain

in(O, w)

2
2 _ -(zgzwﬁ - wﬁ) i‘VéZgzwﬁ - wﬁ) + wi(l - ﬂz)

w (4.12)
1. 7P
or,
, et -1t l \éga - arl 4 o
n 0 .
w = 2 (4'*3)
-1

There are no real values of w which satisfy equation (4.13)
when the radicand is negative. Hence, the system continues to be

asymptotically stable for all g > 0 as long as

|ﬂ|< 2c\1 - c2 <1 (4.14)
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The remaining values of 1 of interest satisfy

20\ -1 s i< 1 (4.15)

There is exactly one finite positive rea: value of w which satisfies

equation (4.13) when the equality holds, that is, when

20\Je2 -1 = |n| <1 (4.16)

Intersection points of root-locus curves then occur with the

imaginary axis at this value of w ror any corresponding value of

6 in equation (4.8). But, since 0 < w < =,

IWK(O, 0)l= 0, and IWK(O, m)‘=’ﬂ|< 1, it follows by condition 3 of
theorem 5 that the testing function WK in figure 1 is tangent to
the unit cirecle; or, equivalently, that the root-locus curves are

tangent to the imagainary axis at the intersection points. Thus,

for equation (4.16), the system is asymptotically stable, except at the

values of Ok which result in an intersection point.

There are two distinct positive real values of  which satisfy

equation (4.13) whenever

20\/¢2 -1 < |nf< 1 (4.17)

1 < thy . The values
p are denoted by

e A R

(20w w
B = - i |tan {21 - 2pm (4.18)
p wy 2 2
U T W

o o RSN ity e = i
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The values of 9§, corresponding to w, are denoted by

:

20w w
_ 1 -1 n 2\
v, = - L fean 522 2an | 4.19)
2

K

P 2 wi -w

Only positive values of Bp and yp are of interest,

The delays Bp and yp are ordered in an increasing sequence.

Then, the change in the stability of tiie system as By increases
across this sequence is determined by using theorem 5.
It is expedient to note that
0<w <d<w, <o (4.20)
WK(O, 0)| =0 (4.21)
wK(o, )| > 1 (4.22)
WK(O, )= N < 1 (4.23)
Hence, by theorem 5,
N(E!p +6€) = N(Bp) -1 (4.23)
and
N(Yp + €) = N(yp) + 1 (4.24)

Therefore, the system loses a root with positive real part at the
intersection points corresponding to BP and gains such a root at
intersection points corresponding to yp. Since the system i8
initially asymptotically stable [N(O) = Q], it does not have a root
with positive real part to lose. This means that, as e increases

i RODUCTBILITY OF THE
olinlaAlL PAGE I8 POCR
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from 0+, the firet intersection point must occur for a value of
Yp by equations (4.23) and (4.24).

The stability of the system is completely determined in an

algebraic manner once particular values of { and w, are

specified by using equations (4.18), (4.19), (4.23), and (4.24).

To summarize:

(1) The system {8 unstable for
]z 1

(2) The system is asymptotically stable for

|ni< 2e\f1-¢* < 1

(3) The system is asymptotically stable for

20\f¢> -1 = < 1,

except for values of 6y at intersection points.

(4) The system's stability condition (stable or unstable) is
determined aigebraically usirg equations (4.18) and (4.19) along

with the results shown in equ-tions (4.23) and (4.24) for
2c\/c? - 1 <|n|< 1

Using the Nyquist criteria, Glaser (reference 11) obtained

conditions (1) and (2) for positive values of 1. The stability

condition for other values of 7 required the calculation of the

roots of a transcendental equation for particular values cf [ and
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w s whereas, conditions (3) and (4) are completely algebraic.

4.2 Airplane yaw damper crontrol system

The yaw damper control system examined by Beckh;rdt (reference 12)
requires that the airplane rudder deflection be proportional to the
yawing acceleration which has occurred in the recent past. The equations

used by Beckhardt, except for some notational changes, are:

e, ¥(t) + ey Y(£) + eq y(t) = Ca, B (®) (4.23)
r
6.(6) = § y(t - ;) (4.24)
IZ
€ ~ Qsb (4.25)
e, =-C (4.26)
1 n,
ey = C (4.27)
8
vwhere eK is a constant time delay, and E 1is a constant gain.

Equation (4.24) can be substituted into equation (4.23) to obtain

ey V(E) + &) W(E) + ey ¥(t) - C_ E Y (t - p) =0 (4.28)

Sy

Equation (4.28) is the same as equation (4.1) with the

substitutions:
¢1
27 w, = o (4.29)
2
2 %
w, = ‘2 (4.30)
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(4.31)

Hence, the discussion in Sectien 4.1 also applies to equation (4.28).

Stability (¢ = 0) and relative stebility (3 # O) boundaries are generated

tn the plane of § and CK by means of the extended T-decomposition method in
conjunction with the parameter-plane method.

The characteristic quasi-polvnomial for equation (4.28) can be

written as

-QK 8
L(s) = P(8) + £ Q(s8) e (4.32)
where
P(8) = e, 8 1 e 8+ e, (4.33)
ay..
fepm - C 62 (4.34)
6:
or, as
-eK 8
L(s) = HK(S) - JK(s) e (4.35)
where
HK(s) = e, 82 +e5 8+ e, (4.36)
and
2
Je(8) = € C“6 s (4.37)
T

Equaticns (4.33) and (4.34) are used in equations (2.30) and (2.31)
to partition the £, QK- plane into different regions; whereas,
equations (4.36) and (4.37) are used in equations (1.34) and (1.35) in

applying the extended T-decompositionmethod. The equations were solved

N A - T
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on a digital computer by incrementing w in 8 = g+ iw, with g
specified.
The initial stability of equation (4.28) along the €£-axis

(9K ~ 0+) is evaluated by using equations (2.43) and (1.6), which

become:
1 2
°1(='p_1n e (4.38)
8k £ C,
5? i
and
L.(s} = e s2 +e, s5+e,-C £ 52 =0 (4.39)
0’ 2 1 0 n, :
“r
Specific Calculations.- Constants used by Beckhardt are: e, = 0.01024,
e = 0.0N10¢/ e, = 0.250, and C, = - 0.163. With these constants,
5r
eq' ations (¢ .38) and (4.39) become:
1 . ’0.01024
Gg = - — in |[=——=—< 4.40
K=" M 0.163 € (4.40)
and
2]
Lo(s) = (0.01024 + 0.163 £)s“ + 0.00704 s + 0.250 = 0 (4.41)

The solid curves in figure 12 are partitioning curves. For
constant 7, the exlended Tt-decompoegition method was used to
determine which side of the curves should be hatched. Each point
on a partitioring curve corresponds to an in._rsectiou point,

The number of roots in each region of figure 12 with o > g
is determined by using the hatching on the curves and equations (4.40)

and (4.41). For example, let # = 0.04., Then, by equation (4.40) and

Bowe
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the roots of equation (4.41), the systemhas oneroo® with g = - 02.21

when eK — 0+, and the remaining roots have arbitrarily large

negative real parts. Now, as § increases with € = 0.04 fixed,

K
the boundary line for o = -0.5 1is crossed, and the system loses a root :
with ¢ > -0.5. (This is the root which originally had ¢ = -0.21.)
At the point (€, eK) = (0.4, 0.2), the system has no roots with
g > -0.7. The value of ok in equation (4.40) at this point is
o = -2.257.
Every point on the partitioning curves in rigure 12 corresponds
to an intersection point s ¢ SEKLJCEK' The intersection points
8 =g¢€ nﬁK need not be considered since real values of eK in
equation (2.33) do not exist for the present application.
Beckhardt (referenre 12) uses cross plotting to construct a region
in the gain-delay space. The region constructed corresponds to values of
gain and delay which satisfy a criterion for satisfactory damping of
short-period lateral oscillations. This region is essentially that
of the ¢ = -0.5 curve in figure 12. No discussion of stability
is given by Beckhardt,
A more thorough analysis of the control gearing and time delay

necessary for determining a specified damping of the motions of an

aircraft equipped with an autopilot having constant-time-lag

L e

characteristics is presented in reference 31. However, the gain and

PRR N

loss of roots as the boundary lines in the gain-delay space are crocsed

is not dircussed. The extended rt-decomposition method can be easily
applied for this purpose.

{
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CHAPTER V

CONCLUDING REMARKS

Differential-difference equations are used to describe the
dynamic behavior of physical systems with time delays. One of the
major problems involved in dealing with differential-difference
equations is the stab/lity analysis. The reason for this is that
the characteristic equation of the system is transcendental and,
therefore, has an infinite number of roots.

A method of determining the stability of linear systems with
many constant time delays has been developed. The T-decomposition
method of stability analysis has been extended and used to examine
not only the stability but also the relative stability of retarded
systems with many delays and of a class of neutral equations with
one delay,

Analytical equation: have been derived for partitioning the delay

space of a retarded system with two *ime delays. The stability of

-~

the system in each of the regions defined by the partitioning curves

P S

in the parameter plane has been determined using the extended

PRt

T-decomposition method. In addition, relative stability boundaries é
of the rctarded system have been defined using the extended

T-decomposition method in aesociation with parameter plane techniques.
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Several applications of the extended Tt-decomposition metiod
have been presented and compared with statility results obtained from
other analyses. 1In all cases the stability analyses obtained using the
method outlined herein have been shown to coincide with and extend those
of previous investigations.

The extended v-decomposition method applied to systems with time
uelays has been shown to require less computational effort and yield

more complete stability analyses than previous techniques.

‘T:,M‘
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APPENDIX A
EXAMPLES OF EXPANSIONS OF CHARACTERISTIC QUASI-POLYNOMIAL

Example 1: Consider the following scalar differential equation with

two constant real time delays 20 and Ty 2 0:

T

N N-1 N-1
ngb a x(n)(t) + n;b bn x(n)(t - 71) + ngb e x(n)(t - 72) = 0 (Bl)

where x(n)(t) denotes the nth derivative of =x(t). The coefficients
a s bn’ and c are real constants. Equation (Bl) can be written in
the form of equation (1); however, this is unnecessary in obtaining the

characteristic quasi-polynomial, which is

N a ([N-1 al "7 & (N-1 al T2 8
= ) 2
L(s) = Z,a ¢ + n=zo b s |e + nEO c 8 e (B2)
Let
1= N
8= ™

Then, equation (B2) can be exnressed as

-OK 8
L(s8) = HK(s) - JK(s) e

K=1, 2

where

THE
REPR()DUCIBILITY OF
URIGINAL PAGE IS POOR
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N n N-1 n -92 8
H,(8) = Z,a 8 + nEO c 8 ]e
N-1 n
Jl(s) = - ngb bn 8
N n N-1 ny "8 8
H = b
2(s) ngb an 8 + nzb 0 8 e
N-1
n
Jz(s) = - nzb c 8

Example 2: Let the system be described by two coupled linear

equations with one constant time delay T 2 0 as follows:

xl(t) a1 8 xl(t) by by x (t - 1)
= + (B3)
| %, () 891 899 X () ] by, by, Lx(t -

The characteristic quasi-polynomial associated wi*': equation (B3) can be

written as

L(s) = P(s) + Q(s) e ™ + R(s) e 27® (B4)
where

P(s) = o” - (81 + 8yp)8 + a1 a5, - &5y 3y

Q(s) = - (by) ¥ byy)s + ay; byy + @)y byy -8y by, -8y, by

R(s) = by, byy = byy by

Cds

Sy e e e
l““l
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Now, let
61 =T
92 = 2T

Then, equation (B4) can be written as

-SK 8
L(s) = HK(s) - JK(S) e
(K =1, 2)
where
-9, S
Hl(s) = P(8) +~ R(s8) e
J (8) = - Q(s)
1
-9, 8
Hy(s) = P(s) + Q(s) e
Jz(s) = - R(8)

Note that although there is only one time delay + in
equation (B3), there can be two delays 91 and 92 in the asrociated
quasi-polynomial.

A special case of equation (B3) occurs in examining airplane
stability for the controls-fixed case of reference 6 which is modeled
in reference 13. Here, ~ accounts for the fact that there is a time
delay between the occurrence of a given angle of attack of the wing
and the occurrence of the associated downwash at the t- il

(reference 33). It can be shown that the characteristic

jrax
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quasi-polynomial for the controls-free case has the form of

equation (B4), except that the polynomials P(s), Q(s), and R(s)

are of higher degrees.

ZIxample 3: Let the differential-difference equation be

R(t) = AR(t) + BR(t - ) + CR(t - 1) (B5)

where

and T, 20 and T, 2 0 are constant time delays.

The characteristic quasi-polynomial associated with equation (B5)

can be expressed as
2 Ty ® I
L(s) = (s + 1) - (1 - e (1 - e ) (B6)

or

-7, 8 -7, 8 ~(r, + 7,)8
Le) = (s+1)2 -1+e 1 +e 2 4e 1 2 (87)

Setting 8 = Ty 89 = Ty and By =T + T, in equation (B7)

results in three delays; whereas, setting 91 =T and 92 =T,

in equation (B6) only results in two delays. The latter is the

better choice, because the number of computations necessary to

determine the stability of a system with delays increases with the

total number of ej delays,

Equation (B6) can be expressed as

-eK -]
L(8) = HK(s) - JK(s) e

(K=1, 2)

e P
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where

H,(s)
J1(8)
H,(s)

3,(s)

8 + 28 + e
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APPENDIX B
PROOF OF THEOREMS

Theorem 1: The finite roots of the quasi-polynomial L(s) are
continuous functions of the delays ej’ where =1, 2, ..., M.
Proof: The quasi-polynomial L(s) is written as L(s; ej) to

indicate the dependence of L(8) on 6 The quasi-polynomial

It
L(s; ej) is an entire function, so that its roots in the finite
s-plane are isolated. Let s* be any one of the roots of L(s; ej).
Let p be a positive number s .ch that the only root of L(s; ej)

*

contained inside the circle ls - s*|= pis s and there are no roots

of L(s; ej) and L(s; ej + A ej) on this circle. A Taylor series
-9, 8
expansion of the exponential term e ] can be used to show that for

every € > 0, there exists a §(e¢) > 0 such that

L(s; ej) - L(s; 8, + A ej)| < ¢

]

for Is - sﬂ S p < ¢ whenever lA ej| < §(e). Let ¢ < minlL(s; ej)l

on |s - s*|= p, then
. . . ics:
lL(s, aj) L(s; ej + A ej)l <e< IL(s, ej)l

for 'A ejl sufficiently small and |s - s*l = p, By Rouche's theorem

(reference 32), L(s; 6,) and L(s; g, + 4 6,) have the same number of

] i b

roots inside the circle ls - s*|= p< €. Thus, if 8, is a root of

L(s; ej + 4 ej) inside the circle, then § - s*|< ¢ whenever

|A ej|< 6(¢). Therefore, the roots of L(8s; ej) move continuously with 95'
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Theorem 2: Let Ib(s) be the Nth-order polynomial obtained by
setting all the delays in the quasi-polynomial L(s) equal to zero.
Then, for sufficiently small values of the delays ej! L(s; ej) has
N roots which are arbitrarily close to the N roots of Lo(s).
In addition, any other roots of L(s; ej) have arbitrarily large

moduli for @, sufficiently small.

k|
Proof: In the proof, L(s8) = L(s; ej) and Lo(s) = L(8, 0). Choose a

positive constant A such that the N roots of L(s, 0) lie inside
the circle |s|= A and L(s; ej) # 0 on this circle. Taylor series

-ej 8

expansions of the e terms show that for every ¢ > 0 there

exists a 8(e) > 0 such that

L(s, 0) - L(s, 93)|< €

for |8jgs A and |6,|< 6(e), for every j. Let ¢ < min |L(s, 0)
h|

on |s|= A. Then

L(s; 0) - L(s; ej)l <€<,L(s, 0)|

for |s| =)\ and all ej sufficiently small. By Rouche's theorem
(reference 32), L(s, 0) and L(s, ej) have the same number of roots
inside the circle lsl- A,

Let s* be any one of the roots of L(s, 0) inside ls]n A, and
let p be a positive number such that the only root of L(s, 0)
conteined inside or on the contour Is - s*l- p 18 s*. Now, as
befora, it can be shown that there exists a &8(¢) > 0 such that

whenever l93|< 8(¢), for every j,
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L(so 0) = L(B, ej)‘< L(S, 0)‘

for ls - s*l

= p. Thus, by Rouche's theorem, L(s, ej)'and L(s, 0)
% have the same number of roots inside the contour ‘s - s*‘= e

Following the same procedure for each root of L(s, 0) shows
that L(s, ej) has N roots which are as close as desired to the N
roots of L(s, 0) for 6, sufficiently small.

)
All other roots of L(s, 8
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j) lie outside the contour |sl= A, and

; A can be made as large as desired by making eJ sufficiently small.
% Theorem 3: The arbitrarily large modulus roots of the quasi-
¥
polynomial L(s) of a retarded system have negative real parts.
) Proof: It is more expedient to use equation (1.2) than equation (1.3)
H
- in this proof. Thus, 1if 8 = ¢ + iw is a root of L(s), then ;
' }
i i
: T -'r! 8
: det{sI - A - z§1 Az e =0 (Al)
Divide equation (Al) by 8 # 0 to get
- 8 X
A T e Tz
dEtI-;-zglAz . =0 (A2)
Now, as ls|~ o, there are three possibilities for the behavior of o.
f These are:
]
§ Case 1: ¢ — o* (a finite number)
Case 2: ¢ = o
. Case 3: ¢ — -o :
1
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For case 1, useful relationships are
lim l' =0 5
H“w 8|
and
-T, 8
lim e 4 1im Ty °  1im 1 'Tz o*
lsi—‘m s =°_‘c*e . ld—oms=e .0=0
c—o*

Thus, det (I) - 0 in equation (A2). However, this is a contradiction,

since det (I) = 1.

For case 2, equation (A3) holds and, since Ty 20,
-T,6 8 -7, ©
l:’i_'.“m P l_otme Y um (1) _olol 0
o= 8 o - o [si—c |8

As for case 1, these relationships imply the contradictory result that
det (1) - 0.

The only remaining possibility is case 3, so that ¢ - - as
8]~ w.

A consequence of Rouche's thesrem is Hurwitz's theorem,
Krall (reference 22) considers a quasi-polynomial with one time delay
and a system gain and states that from Hurwitz's theorem the points on
the root -locus curve are continuous functions of the gain. Rouche's
theorem is used directly in theorem 1 to show that the finite roots of

L(s) are continuous functions of the delays. The method of proof in
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theorem 2 was suggested by El'sgolt's (reference 16), and theorem 3 is a

. generalization of a theorem by Shaughnessy and Kashawagi (refevence 28).
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Theorem 5: Let 8 =g + iw ¢ Qg with w >0 be an
intersection point with corresponding delay 8y or, equivalently,
let w and O be simultaneous solutions of equations (1.14) and
(1.15). Let ap < W and @y > W be real numbers fo; which

WK(E, ;) and WK(G, a@,) are defined; and such that there are no
other intersection points with imaginary parts which lie on the
intervals [0'1’ wj and [w, “2:] . Now, for ¢ an arbitrarily small

positive number
(1) N(gy + ¢, @) = N(gy, @) + 1

if >1 and

wK(G: 0’1) WK(G, az) < 1;

(2) N(oy + ¢, 0) = N(gy, &) - 1

if WK(&, al) <1 and WK(E-, o, > 1; and

(3) N(eK +€, 0) = N(BK, o)

if both WK(&’ Ql)! and WK(c'r, °’2) are greater than 1, or both

less than 1,
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Proof: Let s =g + iw* e CEKLJr%K with w* >0 bea particular
intersection point with corresponding delay e;; or equivalently, let
w=w" and eK = e; be simultaneous solutions of quations (1.14) and
(1.15). Let oy < w* and oy > w* be real numbers for which

WK(&, ;) and WK(&, o,) are defined; and such that there are no other

intersecticn points with imaginary parts which lie on the intervals

[dl’ w*] and l:w*, @y ] .

If >1 and

WK(G, al) < 1, then the testing function

- - iwe
WK(G, w) = WK(c + iw) enters the unit circle e K as @ increases

LA

across w*. From equations (1.24), (1.25), and (1.28), it can be seen
that WK(&, w) = W,({w) and 6, = 7. This implies that W,(iw)

enters the unit circle 10T o bk g

w increases across w”. But,
by theorem 4, this means N(rt) increases by 1 as T increases across
r*. However, since s = z + &, this means N(og» 0) increases by 1 as
B increases across 9;; that is, N(e; + e, 0) = N(e;, o) + 1, where

¢ I an arbitrarily small positive number. If e; is considered to
be 91( from equation (1.15) and w* 1is considered to be w from
equation (1.14) [or equation (1.17)] , then the asterisk can be

removed from 9; and o*. Therefore, item 1 of the theorem has been

established. Items 2 and 3 follow in a similar manner.
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APPENDIX C
UPPER BOUND w,

In general, the values of w which correspond to an intersection
point must be found by an iteration process. In this respect, it is
useful to restrict the possible values of w to a finite inte.val
[b, m;], where w, is an upper bound on w. The purpose of this

appendix is to derive a polynomial equation, from which w, can be

computed.

A. Retarded Systems
Let 8 = ¢ + iw, where ¢ S0 1is a specified constant. Then,

equation (1.3), (1.4), and (1.5) can be used to show that

kO M -8, © -(8,+ 8,5 ||s
"’N”“P S i’nl*' Knjl + jfl Pknj| © E
J#K
(c1)
where ¢

I - éj (=1, 2,..., M). The largest value of 8| which can
satisfy equation (Cl) is the largest non-negative real root ls' of

the polynomial equation

-ej ¢ d -(aj+ 8g)e

+Knj

e

5| o) 0

. U
o] 1ef* - [ool+|e Knjl P
j#K

n-O

(€2)
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Denote this largest root by 'slm. Then, since

|42 = (5)2 + w2 §’4i:= (&)2 + w;, it follows that

v S/l - @' (€3)

B. Neutral System
The neutral system under consideration is governed by
equation (1.37). The characteristic quasi-polynomiel is given by
equation (1.38), which can be used to write

)lﬂj (c4)

lN T (e ]bj.

laur1bﬂe
where 8 = g + iw. For specified values of ¢ and eK,the largest

value of is‘ which can satisfy the inequality in equation (C4) is

the largest non-negative real root (if it exists) of the polynomial

equation
| -of N-1 -09
K|{ N K\ (|3
-b le s - ¥ '+ b s|d = c5
onl - Rt (i g €
Call this largest real root ls,m, then
« <[0T 2
wSw S s]m @) (C6)

Equation (C5) can be used also tc obtain an upper bound on @ for

a range of parameters. As an example, let 0 S 8 s EK’ and ¢ Tb
o £0, and IaN|>|dle'°eK.~ Then, for ¢ S 0, it is not dif.icult to see

that the maximum value of ,sl which satisfies equation (C5) is certainly
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no larger than the maximum value of |8/ which satisfies the polynomial

equation:

k™ S S e o o

2

Hence, for the range of parameters mentioned, an upper bound on w
can be obtained by setting ls]m in equation (C6) equal to the

largest root ‘s'i 0 of equation (C7).
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